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ON FINITE ELATION GENERALIZED QUADRANGLES 
WITH SYMMETRIES 

DIRK HACHENBERGER 

We study the structure of finite groups G which act as elation groups on finite generalized quadrangles 
and contain a full group of symmetries about some line through the base point. Such groups are related 
to the translation groups of translation transversal designs with Parameters depending on those of the 
quadrangles. 

Using results on the structure of p-groups which act as translation groups on transversal designs and 
results on the index of the Hughes subgroups of finite p-groups, we can show how restricted the structure 
of elation groups of finite generalized quadrangles with symmetries is. 

One of our main results is that G is necessarily an elementary abelian 2-group, provided that G has even 
cardinality. In particular, the elation generalized quadrangle coordinatized by C is a translation generalized 
quadrangle with G as translation group, that is, G contains full groups of symmetries about every line 
through the base point. 

I .  Elation generalized quadrangles and 4-gonal jamilies 

The general background of this paper is the study of finite geometries admitting 
a particular group of automorphisms such that the geometry under consideration can 
be coordinatized by that group, and, where the properties of the geometry are 
reflected in the subgroup structure of the automorphism group. Indeed, in the cases 
considered here, the existence of such a geometry together with its automorphism 
group can equivalently be formulated as a combinatorial problem concerning the 
subgroup structure of the coordinatizing group. Therefore, nonexistence results and 
examples of these geometric structures can be obtained by considering a pure group 
theoretic problem. 

In the present paper, we study the structure of finite groups admitting certain 
families of subgroups having 'extreme intersection properties' (see the conditions 
(KI) and (K2) below). The rnotivation therefore is due to the fact that these groups 
arise as automorphism groups of finite elation generalized quadrangles. 

Since their introduction as generalized polygons by J. Tits in [201, finite generalized 
quadrangles have been studied intensively in the past three decades. The standard 
reference, which we refer to for details, is the monograph of S. E. Payne and J.  A. 
Thas [16]. Here we give only the definition of the particular geornetry we are 
interested in, together with its automorphism group. 

Let s, t 3 1 be integers. A .finite generalized quadrangle 2 of type (s, t )  is a triple 
(9, Y ,  ?Y), where 9 and 9 are nonempty and disjoint Sets whose elements are called 
points and lines, respectively, and where 4 is a subset of the cartesian product 9' X Y ,  
the incidence refation, satisfying the following conditions. 

(GQ1) For any P in 9, the set 2$: = {IE Y :(P, I) E $) has cardinality t + 1. 
(GQ2) For any 1 in Y,  the Set .?: = (P E 9 :(P, I) E 4) has cardinality s + 1. 
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