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The aim of this paper is to further develop mathematical models for bleb formation in cells, including
cell membrane interactions with linker proteins. This leads to nonlinear reaction—diffusion equations on a
surface coupled to fluid dynamics in the bulk. We provide a detailed mathematical analysis and investigate
some singular limits of the model, connecting it to previous literature. Moreover, we provide numerical
simulations in different scenarios, confirming that the model can reproduce experimental results on bleb
initiation.

Keywords: cell blebbing, surface PDEs, fluid—structure interaction, free boundary problems.

1. Introduction

Bleb formation or ‘blebbing’ is a biological process during which the cell membrane of a eucaryotic cell
is disconnected from the cell cortex. The inflowing cytosol pushes out the free membrane part which
builds a protrusion called a bleb. Due to regeneration mechanisms of the cell the membrane connection
to the cortex is restored and the protrusion is healed after some time. Despite these phases seem to be
well established the particular cause for the transition from one phase to the other or the initialization
of the whole process are still subject to debate. Blebbing has been related to many interesting biological
processes such as mitosis (Boss, 1955), cell spreading (Breiter-Hahn ez al., 1990) and apoptosis
(Robertson et al., 1978). It has also been noticed as migration mechanism, especially in embryonic
(Concha & Adams, 1998; Hofreiter, 1943) and cancer cells. Nevertheless, according to Charras et al.
(2008), the lamellipodia migration mechanism had received a lot more interest and the authors found
it necessary to emphasize the importance of deeper investigations into bleb formation. Following their
promotion effort has been made to derive bio-physical models and develop an understanding of this
phenomenon by numerical means focusing on fluid-membrane interaction (Strychalski & Guy, 2013,
2016; Young & Mitran, 2010), on membrane dynamics including linker influence Lim et al. (2012)
or on linker kinetics Alert et al. (2015). There has also been effort in enhanced mechanical modelling
(Woolley et al., 2014) and on developing models of a full bleb life cycle in three dimensions (Manakova
etal.,2016).
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2 P. WERNER ET AL.

In this work we propose a model for bleb formation in three dimensions taking into account the
following aspects:

e clastic properties of the membrane described via Canham—Helfrich energies;

e forces of the actin cortex exerted on the membrane via linker proteins;

e activation and deactivation of linker proteins as well as possible movement of the proteins;
e intracellular fluid—-dynamics and the corresponding fluid—structure interaction.

A key issue of the cell blebbing phenomenon is the fact that there are actually two free boundaries,
the membrane and the cortex that strongly interact via linker proteins. We describe the membrane by
a height relative to the cell cortex, which is subject to forces exerted by a surrounding fluid as well as
proteins that connect the cell membrane with the cell cortex and act like springs (cf. Alert et al., 2015).
We take into account that these proteins may disconnect by introducing a ripping rate function whose
steepness is controlled by a small parameter ©#. This way we rediscover the model of Lim ez al. (2012)
by ignoring movement of the linker proteins and passing to the limit ¢ N\ O.

Besides the detailed mathematical modelling we provide a detailed analysis of the model in the case
of small deformations of the membrane relative to the cortex, where a linearization of the mechanics
applies. The key nonlinearities we focus on are hence due to the presence of the linker proteins. Besides
well posedness of the time-dependent model we prove the existence of stationary solution and show
that some critical pressure (e.g. arising from cortex contraction) is necessary and sufficient to form a
bleb, which we define as a deformation above a critical height of the membrane relative to the cortex at
which linkers are ripping off. As mentioned above we study singular limits and show that the models of
Alert et al. (2015) and Lim et al. (2012) arise as special cases respectively scaling limits of our model.
Moreover, we provide a numerical study of the bleb initiation by a critical pressure.

The paper is organized as follows: after having fixed some basic notational conventions in Section 2,
we derive a fourth-order evolution system of equations in Section 3 starting from first principles. The
main result of Section 4 is a global-in-time existence theorem for solutions of this system. The following
Section 5 is devoted to proving existence of stationary solutions and studying stability of a particular
subclass of stationary solutions by means of nonlinear semigroups. The analytical part of this paper ends
with Section 6, in which we pass to the limit ¢ N\ 0 in the parameter controlling the disconnection rate.
Finally, we illustrate some properties of our model numerically by presenting simulations of different
biological situations in Section 7 and conclude in Section 8.

2. Preliminaries

General By Iy we denote the identity on the set X. We denote the minimum of two values x and y by
xAy.Let F : X — Y for Banach spaces X and Y; the Gateaux derivative of F in directionv € X atx € X,
if it exists, written as %(F ) | . The space of Radon measures or regular, countably additive measures
on a measurable space £2 € R” that is absolutely continuous with respect to the Lebesgue measure is
rca($2).

Differential operators and vectorial Sobolev spaces Gradients Vu (in the weak and strong sense and
independent of whether they are on open sets or manifolds) of scalar functions u are column vectors.
The Jacobian Vv of a vector-valued function v is the matrix whose lines are the transposed gradients of
the components of v. We write _# (v) = (Vv + (VV)T) for the symmetrized gradient. The set of k-times,
k > 0, weak differentiable, X-valued functions, where X is a vector space, on some open set £2 C R3 is
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H*(£2,X). We will also employ the subspaces of mean-value-free functions,

fraeo]

HE (2)= {u e HY(2)

mvf

of functions with time-constant mean value,

Cony(0,T],X) = [u € C([0,T],X) ‘][ u(t,x)dx = ][ u(0,x) dx for a.e. t € [0, T] } ,
2 2

T € [0, 00), of solenoidals functions,

k
H(2)=lue @) V-u=0 7,

and the traces of solenoidal functions,
k 3 k 2
Hyoa(t///,R)zlueH(//l)'////wv///do =0],

where .# C R3 is some two-dimensional manifold with outer unit normal field v yand o2 the Hausdorff
measure with Hausdorff dimension two.

Shape derivatives For denoting the shape derivative of a functional % in directions 6 and ¥ we
following the notation in Delfour & Zolésio (2011) using d (#:60) for the first and d* (#:6, ) for
the second shape derivative. We denote by

M[v]l = {x+dv(x) |x € M},

for a hypersurface M, § € I C R, I being an interval, and v : M — R?, the perturbation of M by
v. In this particular case the shape derivative of the functional % being defined on M;[v] is d (#;v)

d
=& (7 M500))] 50
Differential geometry The notation of this paragraph follows Amann & Escher (2006) and Barrett

et al. (2020). With Diff?(X, Y) we denote the set of all C?-diffeomorphisms mapping the Banach space
X into the Banach space Y. The set of functions

{(/) IxX— Y‘Vs € J: ¢(s,) € DIfff(X,Y) AVx € X: () € Ck(J,Y)},

where J is a real interval, is denoted by Diff*4 (J x X, Y). We call an n-dimensional manifold I" C Rrtk
areal submanifold. The tangent space of a real submanifold at a point p € I'" is denoted by T),I" < R+,

Let (Fs)se , be a family of real submanifolds in R” with a mapping X : JxI" — Uses Iy such that X°
is a global parametrization of I'y on a reference manifold I". We call the set A5 € J) = (J {8} x T
an evolving manifold. If I', are hypersurfaces, then we use the term evolving hypersurface. For functions
f¥: I’y = N, where N is a set, we define the function

fi¥9Iiseld)— N, (s,x) = ff(x).
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4 P. WERNER ET AL.

An evolving manifold ¥(I;; s € J) is smooth if Tpg(l“s;s elJ) #{0} xR"forall p € UTy;s €J).
For such a smooth evolving manifold we denote the velocities 9, (X*) | o (X" y~! by ¥". If the manifolds
are orientable, i.e., there exist smooth outer unit normal fields v, : I', — R3, then the velocities can
be decomposed in their normal ¥, = Viv,, V5 = ¥} - v, and tangential ¥, components. We define a

Vs 1%
differential operator

92 (N, =8, (fo (5.0) > (s. @), 0 ()"

called the material derivative (of f with respect to X).— The parametrization mapping shall always be
given by the context if not stated explicitly.

For any real submanifold I C R", the tangential gradient V. of afunctionf : I’ — Ratp € I' is
given by

Ve, = Prr (V(f)|p),

where f is any differentiable extension of f to an open neighbourhood of p in R” and IPT r is the
orthogonal projection onto the tangent space 71" of I" at p. The projection matrix [ — v (p) Qvr(p)
and the projection ]PT], r are identified. This Way, we also acquire the partial tangential derivatives

8r,i(f>|p=(vp(f>|p)i, ie{l,....n).

For a differentiable, orientable real submanifold I” € R”" with normal field v, we denote the
Weingarten map by A : I' — R® p > Vr(v)’p. Then, the mean curvature of I' is H' =

tr(%f ) = V[ - v and the Gaussian curvature is K I — det (%‘F )

Physical dimension and units The sets R”, n € N, are identified with the product sets R” x & x %,
where Z is the set of all physical dimensions 2 = {T,L,M,N,...} (meaning time, length, mass, etc.)
and 7 the set of all physical units. For x € R", we denote by (x) its second component (called the
physical dimension of x). When we write x, we always refer to the first component.

3. Modelling

As mentioned in the introduction, many details of the process of bleb formation are still subject to
research and not fully understood. Therefore, we aim at a rather abstract model following the general
description of the process in Charras ez al. (2008): the main parts of a eucaryotic cell that are involved
in bleb formation are the cell membrane, which is basically a bilayer of lipid molecules, the cell
cortex, which is a network of actin fibres, and elastic proteins which connect the cell cortex to the cell
membrane. These linker proteins are only stretchable to a certain length above which they disconnect
from the membrane. Inside the cell there is a fluid that is called the cytosol and the cell is itself swimming
in an extracellular fluid. Caused by mechanisms which have not completely been understood yet, a
certain patch of the cell cortex contracts and raises the pressure on the membrane locally. This way, the
corresponding membrane patch is pushed so far away from the cortex that most of the linker proteins
disconnect. The cytosol that pushes against the free membrane patch now causes the formation of a
protrusion which is called a bleb. Over time, the protein linkers are reconnected to the cell membrane
causing the membrane patch to be fixed to the cortex again and the bleb to vanish.
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Qext(t)

FiG. 1. Cell geometry.

3.1 The fluid system

Let 2 C R3 be a bounded, connected and open set with sufficiently regular boundary. We require
this set to be partitioned into the open connected set £2°*, modelling a reference region exterior to the
cell, the open connected set .Q(i)“t, modelling a reference region interior to the cell, and the boundary
///O of .Q(i)m, which shall be a two-dimensional orientable Cz-manifold, modelling the membrane in its
initial state; its unit normal field is denoted by v, : %, — RR3. The region which is occupied by
the cell at time 7 € [0, 00) is given as the image 2'(r) = @ (7, 2M) of @ € Diff' ([0, 00) x 2, 9),
where @ (0, -) = . Consequently, the exterior region is 2°'() = @ (t, 98’“) and the whole domain
is denoted by 2 (1) = 2% (r) U 2" (r) and .4(1) = & (t, 1///0). Furthermore, the cell cortex is denoted
by ¢ C .Q(i)m and is modelled as a sphere which is fixed in time. Figure 1 illustrates a typical geometry
compatible with the previous description.

Both the fluid in the inner region, representing the cytosol, and in the outer region with pressures
P .Q’T — R and velocities u' : .Q’T — 3, i e {int, ext}, are described by incompressible stationary
Stokes equations in Eulerian coordinates

,u’Aui + Vpi =0 (3.1a)

V.ul =0, (3.1b)

on .Q’T =U refo.ryit} X Q/(f) with final time T > 0 (time dependency will be brought into the system
by boundary conditions). This is justified by small length scales as in Strychalski & Guy (2013). For
any functions g' : £29 — X, i € {int, ext}, into a vector space X, we associate the function

g (tx) x e 270

gmm:[ﬂ%x)ermm.
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6 P. WERNER ET AL.

We further pose a homogeneous Dirichlet boundary condition at the exterior boundary
=900V .#1) =09,

which does not change over time,

where y,, is the trace operator. For every ¢ € [0, 00) letf, € L)Z,O(7 (A1), R3), (f”) = %, ie{l,2,3}, be

a force we will specify below. The stress at the interface .Z(¢) is subject to a Neumann-type boundary
condition:

[T v ) =15 (3.2)
where T = pu_#(u) — pl is the Cauchy stress tensor of the interior and exterior fluid and we define

gl &) =y, (g [gen (1, ~)) Ly =0 (g fQiTm (, ~)) for any function g : 28U Qi1 — X. To assure
well posedness of the problem we further require

[u] =0 on .Z().

Taking an energetic point of view we consider a variational formulation of the Stokes equations (3.1)
with boundary conditions (3.2) (the no-jump condition is encoded in the solution space):

ProBLEM 3.1 Findu € H' ([0,T],H~' (2, R%)) N L* ([0, T1, H} (2, R?)) and p € L ([0,T],L*(2))
such that

o=

(S, 79) 2 greny = 0V - iz = Fo Or2ean w) (3.3a)
(V)2 =0 (3.3b)

forall g € H} (2,R?) and q € L*(2).
REMARK 3.2 Another formulation of the Stokes equations includes the term (Vu, V@) ;2 (ZRG)) instead
of % ( BAOE j((p)) [2(GRC) - We observe that, because of u being solenoidal,

(V. (Vo))

_ ((W)T,w) - (v : (Vu)T,qJ) —0,

[2(ZRGI) [2(ZRGI) 12(2,R3)

so both expressions are equal. The motivation to use the latter is related to the structure of the employed
Neumann boundary conditions.

We introduce a function 4 : [0,T] x € — R, (h) = L, which is intended to give the membrane’s
height relative to the cortex in normal direction vy i.e.,

A1) = {x + h(t,x)vx) |x € €} (3.4)

We further require .Z(¢) lying in a sufficiently small tubular neighbourhood of % (this approach is
analogous to Elliott ef al., 2017):
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A PDE MODEL FOR BLEB FORMATION AND INTERACTION 7

ConpITION 3.3 Let Uy (¥) = {x+6v%»(x) |x € CK}, 8 > 0. Then .#(t) € U (%), such that the
orthogonal projection
Py : Us (6) — €(1),y — argmin, ¢ |ly — x|,

exists.

Yet there is no guarantee that the mapping in (3.4) is bijective between ¢ and .#(r) as multiple
points in .Z(f) may have the same projection point rendering the existence of a function 4 impossible.
Therefore, we also pose an invertibility condition for the parametrization of the membrane over the
cortex:

ConbDITION 3.4 It shall hold,
0,P(t,y) = 0,h(t, x)vep(x) 3.5)
fory € ), x = Pyy).

Potential energy In view of Condition 3.3, we define a rescaled height h = 8h and we may regard
A(t) as small perturbation of ¢ by ’Ev(@o with order of magnitude §. In particular, we write .Z(r)
= G [h(t. )ve].

In order to derive a mathematical model, let us turn to the bio-physical properties of the membrane-
cortex system just described: the membrane shall consist of lipid molecules arranged in two layers. On
the cortex, there are proteins connected to the membrane, therefore called linkers proteins. They are
considered stretchable and shall obey Hooke’s law for springs, so we can assign the potential energy
density functional

1
V() = 260, 1) 72

where £ € L™(%,[0,00)), (§) = MT~2, is a function playing the role of a spring constant in every
spatial point and p, € L2(?), (:%) = L2, is the density of active linkers (further explanation below,
see Section 3.4). There are several models (cf. Seifert, 1997) for the surface energy of membranes. A
widely used example is the Helfrich energy (cf. Helfrich, 1973 and Zhon-can & Helfrich, 1989):

2
WMy = / al (H‘///—i—Hb///) + kK do?,
2

where H? : .# — R, Hb//[ € Rand K7 : .# — R are the mean curvature, spontaneous mean
curvature and Gaussian curvature of .#, respectively, with bending rigidity « and Gaussian bending
rigidity k.

The second-order expansion of the total energy density of the membrane-cortex system at time
t € [0,00) is

V (0.50) + 7 ) = Vie.0)+ # ) 5 (55 (v 1)

+ 82 (% (V (1,8h))| o(h, 1) + d* (Vﬂ;ﬁvgﬁvcg)) +0(8%)

—~ 1 —~ ~ o~
= W (M) + 5d (Wihvy) + 8 (Eépa ||h||i2 @+ d* (W hvy, hv%))

+0(8%),
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8 P. WERNER ET AL.

where we have used that the derivativei of V/(% [Z(t, ~)vc5]) with respect to 6 at 0 are equal to
the shape derivatives of # in direction A(z, )V at zero. If the cortex was an equilibrium shape of
Helfrich’s energy, then we would have d (“//, hv%o) = 0. However, this may be especially not true if
the cortex is contracted due to myosin motor activity. Therefore, we model d (7/, ﬁv%)) = (8p0,a 2%
for py € L*°([0, T], L>° (%)) interpreting p,, as a stress that is exerted on the membrane due to the cortex
contraction and transmitted by the fluid. The energy functional up to second order therefore is

o~ 1 o~ o~ o~
I (6,128, 6, o kG §) = W (M) + 62 ((Po@mﬁ) + 504 [Fl2 + & (#5Tvg, hv%)) :

REMARK 3.2 Setting d (W,ﬁwg) = (81)0,@ 2% introduces a mechanism by which an initially flat

membrane in a resting fluid may be deformed after all: not considering d (”//,ﬁv(g) as a parameter but
instead taking the terms that come out of a computation of this shape derivative would only change
the coefficients of the A,k and & terms in the variational principle we will derive below. The resulting
equation is homogeneous and therefore does not show any deforming behaviour in case the membrane
is initially flat and the fluid velocity zero. The more physical but also rather complex approach for
introducing this mechanism would be to relate the pressure p,, to shape deformations of the cortex and
then describe the influence of p,, on the fluid introducing another surface-bulk coupling this way.

3.2 Connecting the fluid and the membrane model

The fluid system is not closed but subject to external forces f;. This is exactly where the membrane-
cortex system comes into play: the potential energy of this system is considered to be the source of
forces acting on the fluid and therefore being transformed into kinetic energy of the fluid. We also
take a damping effect due to friction between the fluid particles and the cortex into account with a
linear friction model with friction constant ¢ having dimension (¢) = MT~!L=2. In order to enforce
Condition 3.4 these forces are all directed normally to the cortex, so the tangential part of f; is zero:

d _ o~
fi=-% (7 (1.1:8, .,k €)) | 09 — 87 (c0,hvigs Vi) 12 s, (3.6)

Recalling (3.5) we have the fluid particles at the membrane moving in the direction of the cortex normal.
Taking the length of the velocity vector to be the change of the membrane’s height in time we have
specified the Dirichlet boundary of u at .#(r), and we therefore may express

[T )] vy = 247 ([0, (8h(1, ) vig] ) -
where [¢]x = ¢ o X(1, S~ for X(1,-) := Iz + h(t, -)ve and any function ¢ with domain € and
Yo Y00

IN : H! (%(t),R3)—>L2 (%(r),R3)

is the Dirichlet-to-Neumann operator of the Stokes problem Problem 3.1. A definition and references
to important properties of this operator is given in Appendix A. By combination of both descriptions of
the Neumann data we are going to derive a partial differential equation (PDE) model:
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A PDE MODEL FOR BLEB FORMATION AND INTERACTION 9

3.3 PDE description of the height function

Approximation of the Dirichlet-to-Neumann operator For sufficiently regular Stokes flow velocity
we can make use of the small height condition Condition 3.3 to approximate the time-dependent
Dirichlet-to-Neumann operator (see Appendix C) with its stationary version on %. This way we arrive
at a gradient-flow structure

d ~ ~
“dh (S (1. 18,6, pgu k.56 €)) | 09 = 5 (cd;hr, ')V%’fﬂ"%)y(%,m)

+8 (2.4 (3v4) - 0veg) 12 o) + 0(87)
=52 ((CIHl(cﬁﬂ@) + 9%) (alﬁvcg) ,(pv%:)Lz((g]R3

= 82 <L (8;];\1%) s ¢V%)H_%(%R3) + 0(53)

(3.7)
o+ o(8%)

with L = cly g3y + Ay and ¢ € H* (D).

Calculating the variation of the potential energy

To derive a full PDE description for 4 we have to calculate the variation of the potential energy
functional. So first, we calculate the first and second shape derivatives of #. Recall,

1@Glvd) =5 |

%s[hvee]

(H#)? do? + & /

HHydo® + / SH2 + kK do?,
@[ v

G[ve] 2

where H° is the mean curvature of Cs [;l\lkg]

Observe that the integral over the Gaussian curvature is constant in § due to the Gauss—Bonnet
theorem (%} [ﬁv%] is homeomorphic to %) and therefore vanishes when differentiated in 8. The
necessary calculations have been carried out before for the Willmore energy, e.g., in Elliott e al. (2017,

p-7):

1 _ _ 2 o~ o~

Edz( H? daz;hv%)) - / (agh+ | #7R) + 207 20V 2R
€ ¢

+2HV - Vgh + HhNgh - Vo H

o~ ~ 5 A~ o~

—H*Vh - Vih — EHZhA%h

5 1
e (ZHtr (%3) — SHA + 5H“) do?.

The additional calculations use the same techniques and the interested reader may consult the appendix
(Corollary 3 and Corollary 5) for details:

& ( / Hdaz;m%) _ / Dhte (AL A+ BA) —RH A~ IH | AP+ HY -V h+ PH d o
€ €
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10 P. WERNER ET AL.

and
d? (/ 1da2;ﬁv%) =/V%Z.V%ﬁ—h2|%‘]’2+h2H2doz.
€ €

Spherical cortex shape Significant simplification of these terms is achieved by considering %’to be
a sphere with radius R:

[ 23 2.7 22 2
54 ( %H do ,hwg) =ﬂg(A<gh) — 2z Vih - Vghdo

(cf. Elliott et al., 2017) and

2 2.7 _[2 2
&\ [ Hdo%hvg ) = | ~Vgh-Vihdo
¢ ¢ R

(cf. Corollary 4) and

~ 2
d? (/ 1d02;hv(g> :/V(gh-v(gh+—2h2daz.
¢ ¢ R

O

Force density equation All together we arrive at the following expression for (3.7):

— (pEh, ‘p)Ll(%) — (P P12y — ath, @) = (L (8,hvg) ’(pvcg)H’%(%R%’ (3.8)

where
a(h,@) =k (Agh, Agy) re TV (Ve V) pery T A0 e
with y = % (= + 3Ho+ 1H3) and 2 = < ZHE.

REMARK 3.3 The form a (-, -) may not be coercive on H2(6) nor may it be non-negative. In order to
assure at least non-negativity, we make the following considerations:

In case H, > 0, we follow Elliott et al. (2017) and derive a Poincaré-type inequality from Courant’s
min—max principle

212 R? 2412 R 2.2
/h do g—/lV%hl do é—/(A%h) do”,
(g 2 (g 4 (g

2 is the second eigenvalue of the Laplace—Beltrami operator, on span {l}l, i.e., for all functions

R
with mean zero. As H2(6) = span{1} & span{l}l for every u € HZ%(%) there is a constant m («’s mean
value) and u, (being mean-value-free) such that u = m 4+ u;,. We observe

where

a(u,u) = a(m,m ~+ uy) + a(ug, m + ugy) = a(m,m) 4+ 2a(m, uy) + aug, ug)
2
> i + 200mg) 205y + 2 o | 2

> 0.
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A PDE MODEL FOR BLEB FORMATION AND INTERACTION 11

In case Hy < 0 we need a compatibility condition on H, and R. We require %HO + %Hg > 0. This
leads to % + %HO < 0, and further H, < —%.
For coercivity we shall therefore require H, € (0, 00) U (—o0, —%).

3.4  Protein linkers

The quantity p, has been mentioned before in modelling the potential energy of the membrane-cortex
system. It models the density of linkers that are connected to the membrane. We also take linkers into
account that are disconnected and whose density is denoted p;. Both active and inactive linkers are
considered to be mobile species diffusing on the cortex. Moreover, they are transformed into each other
as result of overstretching above a critical height 4* € C(%,[0,00)), which causes active linkers to
disconnect, or regeneration mechanisms connecting inactive linkers to the membrane again. A reaction—
diffusion kind of system may be used to model these processes:

h — h*
%4
h— h*
s

where 1, n; € [0, 00) are the active and inactive linker diffusivities, k € [0, 00) a regeneration rate and
r: R — [0, 00) a disconnection rate being Lipschitz continuous and r [_, )= 0 (a typical example
is the non-negative part). The disconnection of linkers from the membrane is considered to be a fast
process. To account for this, a (small) parameter ¢+ € (0, co) is used for rescaling the argument of r. (In
Section 6, we analyse the solution’s behaviour when ¢ Y\ 0.) For the sake of readability we may use the

abbreviation
h—h*
h =
o () ’( ? )

REMARK 3.4 Approaching the linker movement by a reaction—diffusion model is motivated by the work
of Alert & Casademunt (2016). They consider the following equation for the membrane height 4 and
linker density p, (we adopt the notation of this work for their parameters and quantities):

o (3.92)

Par (3.9b)

0:0q — NgAgPq = kp; — 1

0,0; — N;Agp; = —kp; +r

in the following.

coh = py — Ehp, (3.10a)

3,00 =k (po — Pa) — kott (W) p,, (3.10b)

with a maximal linker density o, and a disconnection rate k ¢. However, there is an important new aspect
to the model presented here: the concept of inactive linkers is not present in (3.10), but a gauge protein
density p, is assumed of which a part is connected p, and py — p, is disconnected. As consequence of
this condition their approach is limited to scenarios where the cortex is intact. Nevertheless, it has also
been observed (Charras et al., 2008) that bleb formation may be triggered by cortex disruption (leading
to a hole in the cortex). This case is contained in our active-inactive linker setting with p,(0,x) =
0;(0,x) = 0 for x € D, where D is the area of the hole in the cortex (cf. Section 7.3).

Indeed, (3.10) is a specialization of our model: set n, = n; =  and p,(0, -) + p;(0, ) = py. Adding
(3.9a) and (3.9b) we get

3,(py + 0) + 1l (0, + ;) =0,
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12 P. WERNER ET AL.

which is solved by p, + p; = py. This way we can express p; = py — p, giving (3.10).

After having derived a PDE model for the blebbing phenomenon we will deal analytically with the
following issues in the next sections:

1. global-in-time existence of weak solutions (Section 4),

2. existence of stationary solutions and their stability (Section 5),

3. convergence of stationary solutions to a singular limit when ¢ Y\ O,
4

. and rediscovering the model for bleb formation proposed in Lim et al. (2012) (Section 6).

4. Time-dependent solutions

In the following three chapters, we analyse a variational formulation of (3.8), (3.9a) and (3.9b) having
the following strong equivalent for sufficiently regular 4, p,, p;:

L(8,hvy) - v+ kK AZh — y Agh + Mh = —Ep,h + pg (4.1a)
00y — NgAgpy = kp; — 1y (h) p, (4.1b)
0,0; — MjAgp; = —kp; + 1y (h) pys (4.1¢)

where we write ry (h) = r (h_lTh*) Let us summarize the properties of the parameters involved:

e k and A are non-negative constants, whereas y is also a constant but not necessarily non-
negative.

e The operator L in front of the time derivative is the sum of the identity and the Dirichlet-to-
Neumann operator of the Stokes problem.

e The function £ is in L*°([0, T],L°°(%)) as well as the pressure p,. Also, & is assumed to be
non-negative a.e.

e The repairing rate k is a non-negative constant.
o The diffusivities n,, n; are taken to be positive.

e The disconnection rate r is assumed to be non-negative and Lipschitz; the corresponding
steepness parameter ¥+ shall be non-negative as well.

e The critical height #* is a non-negative L*°([0, T'], L°°(%)) function.
For better readability we introduce the following forms: b, (0, 0,) = 1, (V. V40,,) 12 r3) and
b; (01,0;) = 1; (Vegpi, Vﬁg"i)Lz(%,RS) :
PrOBLEM 4.1 Find

he Ly (10,71 H@) 0 H (10,71, HY, (),

puspi € L2 (1071 H'@) N H' (10.7),H7' (%))
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A PDE MODEL FOR BLEB FORMATION AND INTERACTION 13

such that
(L (811/”)39”) ’ @V%)Lz(cg) +a (h» ‘P) = (pashv w)LZ((b&) + (Po’ (p)L2(<g) (423-)
(0,045 O’a)H,l(%//) + b, (pgr0,) =k (03, %)chg) — (rg () pg, %)Lz(gg) (4.2b)
(0001 0i)yy1 g + bi (015 03) = =k (01:0) oy + (o () P 03) 125 (4.2¢)

for all ¢ € H*(¥), o, € H' (%) and o; € H'(%) and initial values h(0,-) € L2(%), p,0,-) €
L*(%,10,00)), p;(0,-) € L*(%,[0,00)).

The antisymmetric structure of the linker equations allows for a simple conclusion:

LEmMA 4.2 (Mass conservation). Let p, and p; be parts of a solution to Problem 4.1 in the strong sense.
Then, there exists my € [0, co) such that for almost all ¢ € [0, co)

/Dpa(t,x) + p;(t,x) dx = my,.

Proof. Add (4.1b) and (4.1c), integrated over D, to achieve

/Dat(pa + pp) dx = /D’IaADPa + n;App; dx.

Then, with the divergence theorem on closed manifolds, we get
/ 9;(pg + p;) dx = 0.
D

The integral and the weak differential operator commute, so |, p Pa + p; dxis constant almost everywhere
in time. Considering the non-negativity of the initial values the claim follows. (]
4.1 Global-in-time existence
In the following we refer to

e the initial values p? = p,(0,-), p? = p;(0,-), B° = h(0,"),

o the coefficients «, y, A, the pressure p, the critical height 4*, the linkers spring constant £, the
function r with its Lipschitz constant L,, the parameter ##, the repairing rate k,

e the positive definite, self-adjoint operator L = %, and the constant & > 0 such that
E llul}p o < Lits )25

as the data of Problem 4.1.
We set

Xp =12 (0.7LH' @), Y =17 (10.7].L%%))
and define the operator

Fr Xe x Y xYr — Xp xYp xYp
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14 P. WERNER ET AL.

such that a triple (h, g,. 5;) € X7 x Y7 x Y; is mapped to (Hy(p,), Gy(h)) with Hy : Y, — X; such
that H;(p,) solves

(L (31"1"(5) "PV%)LZ(%,R—‘) +ahe)=— (P_afh’ ‘/’)LZ(%) + (PO’ ‘P)L2(% 4.3)

and Gy : X; — Y7 x Y7 such that G,.(h) solves

]

(8tpa’0—a)1-1*1(<g) +b, (,Oa,Ua) =k (Ioi’aa)LZ((K) - (rz? ( ) pa’aa)Lz(% (4.42)

(Btpi,oi)H_l(% +b; (p;0;) = —k (pi,cri)Lz(C@ + (ry (h) pa,a,-)Lz(Cg) (4.4b)
for all ¢ € H*(%), and 0, 0; € H' (%) with initial data 1%, p0, p.
REMARK 4.3 (Well defined). The unique existence of a solution to (4.4) follows by standard parabolic
PDE theory. Existence and uniqueness of solutions to (4.3) may be shown by employing a Petrov—

Galerkin-type approximation argument. (We refer the interested reader to Appendix B.) Hence, Fy is
well defined.

We aim at a Banach-type fixed point argument. To this end the following a priori estimates are
derived, which will give us Lipschitz continuity of the map F;. We will then show that F;- is contractive
in a rescaled topology of X, and Y by introducing the rescaled L° norms

lu| = esssupyc ey (5 llull(s))

-1l € {llll2¢% > Il g} for a constant B > O that we may choose with respect to the problem data
and 7. In the following, X and Y are equipped with their corresponding rescaled norms. We will not
state the rescaling constant explicitly since, from now on, the rescaling factor of every rescaled norm
we deal with shall be ¢! if not stated otherwise.

REMARK 4.4 We will make use of the following interpolation embedding, which is a specialization of
Amann (2000), Theorem 3.1 for 6 € [0, 1] and m € [0, 00):

L2(10. TLH™(@) N H' (10,7}, H™"(#) = H (10,71, (H"(6), H"(¥)), ,)
isometrically. Choosing 6 = % and m = 1 we have

Hi ([0, T1,X) = L*([0,T],X),

| EHI@) < L (©);

2

(H'@.17®)

-

hence

L2([0, T],H (%)) N H' ([0, T],H_l(%”)) < [ ([o, T],L3(<€)) , (4.5)
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A PDE MODEL FOR BLEB FORMATION AND INTERACTION 15

A priori estimates There will be a lot of constants in the following estimates, so for ease of notation
and in the sake of readability, we will slightly abuse notation and write C(¢, Z,...) or similar for an
expression that only depends on the problem data; it does not necessarily denote the same expression in
every occurrence. For convenience, we abbreviate /i = fD hdx.

LemmAa 4.5 Let o, € Y7, p, = Oa.e.and T > 0. The following bound holds for 1 = Hy(p,):

2
L2(®)

2 = 0 2 2
”h”LOO([O’T]’Hl(CK)) < C(Ts =, Ev Vﬁ)( HS((h - h())”‘g) + ”pO ”LOO([O,T],LZ(%&)) + EO) (46)

Proof. (i) We observe that because the mean value of 4 is constant in time, we have i = A, and
L(3,hvy) = L(3,(h — hig)vgy). As [, L(3,hve) - vpdx = 0, we have [, L(3,hve) - higvgydx = 0, so by
testing (4.3) with ¢ = h, we achieve

1

S0 18 (= By [ Laggms) + 5 | Ach 12y + ¥ | Vit 2agms, + 2 W12

2 (€RY) © (ERY) 3]
== (:O_agh’ h)LZ((g) + (I’O’h)LZ(?f)

S (Po’h)LZ(%’)’
where we dropped the term — (6,£h, k) () because of its non-positivity. We note that
E i} < & Nl < & vl sy < (L uv) oy < 15000 | 12
foru € H .(%)); therefore,
VE [~ Bl gy < 156~ hpwo) |2
leading to

1021 < 2 o315y + 281 [SCC = Fig)vig)

2
2@

With this simple observation the remaining right-hand side term is bounded by employing the Cauchy—
Schwartz and then the Young inequality:

1
Eat IS ((h = hg)ve) ”22(%1@3) +K HA%hHiz«@ +v ”V%h”i%%,ﬂ@) +A ”h”iz(%)
4.7

1 1
< Mol + 10+ £ 56— R [

€20z Aeniga4 G| uo Jasn BingsBny Alun AQ Z20¥28S/ L 00BRUY | /y/o0I4e/Wwijewi/wod dno olwapeae//:sdjy Wol) papeojumod]



16 P. WERNER ET AL.

The Gronwall inequality then gives us the bound:

2 a1 ! (t—s)28 ! 2 2
e + e ||p0||L2(<g)+2|<ﬁho ds

Is (¢~ R i

2
|L2(‘€,1R3) @ < HS((hO — fig)vey)

2
— 0 _ 2 2
<C@E.E, |<é1>( s« =, .+ Tpolieqorize, + ho)).
(4.8)
With the positive definiteness of L we even have
1112 0 < CE. £ 06D ( [0 by, + oo oz + 1) + 7).
H'(%) O\ 2 Le(o.1L2(6) T o) o
This finishes the proof. g

LeMMA 4.6 Let T > 0 and h € X;. The following a priori bounds hold for (p,, p;) = G (h):

75112
TEHCEpDro Wl 24011280y

2
LZ(%)) '

(1 D B 2qorascan) € Iro ®lizqoryssco

. 2 2
(@) Hpa Hioo([O,T],Lz(%”))—i_”pi”im([O,T],LZ(‘@) < (”,02 “LZ(% + ”p? HLZ((@)
(ii)

+ |0}

2|
2@

2 2
| o ”LZ([O,T],HI(CK)) + [ 8,04 “LZ([O,T],H*I(%) < Ck, 15 m;) (

Proof. (i) We test (4.4a) by o, = p,:

1 2 2 _
Eat ”pa “LZ(%) + 17, ||V%”pa HL2(<¢9”,R3) =k (pi’pa)Lz(%) - (rﬂ (h) pa’pa)Lz(?f)

and (4.4b) by 0; = p;:

1 _
70 | o: ||i2(<@ +n; | Vego; ||22(%”,R3) =~k (0 01) ;2 + (9 (1) Pas £1) 121

and add the equations leaving out the non-positive term — (rﬂ (h) Pa> pa) 125 On the right-hand side
(ry = 0 by assumption):

1
Eat (”pa Hi%g) + Hpi”iZ(f@) + 1, ”V‘ﬂ’a ”i%ﬁ@) +; ” v%pi”iz(?zm) +k ”pi ”i2(<f)

Sk (brPa) 2y + o () Pa- i) 2

r 4.9)
<5 (Il + Il +

=\ 12
I
n ( e loice
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A PDE MODEL FOR BLEB FORMATION AND INTERACTION 17

We may absorb ¢ || O ||i4 @ N the left choosing ¢ small enough. The Gronwall inequality now implies

2
0
Pa

- n2
+‘ 2 )etk+C(k,n,-)||m(h>||L2([0,T],L4<<@)
L2(6)

L2(%)

o}

Iealiin ©+ oz <

thus giving the claimed L% — L? bound.
(ii) We start again with (4.9), drop 7, HV%OI- Hiz @ + k ||,0,-|}i2 @ Oon the left, integrate in time and

then also drop || o ||i2 @ @+ ”:0[ Hil(% () on the left:

2 N 2
2n, ” \ ”LZ([O,T],LZ(%,R%) < (Tk + C(k, n;) “’”0 (h) ”Lz([O,T],L“(%”))) (”pa ||L°°([0,T],L2(<@)

2
+ [l > ([0.71.L2(%)) )

We further test (4.4a) by o, € H'(6) with ||o, | ;1 @ < Lsuchthat (0,,0,) 14 > 0 w.Lo.g., shift the
gradient term to the right and use the Holder inequality on the right-hand side terms:

(0000 Ol 0y < Ma | Vigpal 2y + K [0ill 2y + Iro W] i [0l 230 -

Squaring the inequality and integrating in time we obtain

T ) 5 )
/O (acpm aa)Hfl (% dS < C(k, Tla)( “ V(gpa ||L2([0,T],L2(<K)) + “pl ||L2([O,T],L2(%ﬁ)
T N )
+ /0 179 @) sy O | £l 720 ) ds)
2 2
< c, m,)( 19epa oo rrizen + 1o 2oz

2 NI
+ ”pa ||L°°([O,T],L2(%)) ” ry (h) ”Lz([o,r],ﬁ((g)) )
U

LeEmMMA 4.7 Given a time T > 0 there exist constants M; > 0, M, > 0, depending on the data of
Problem 4.1 such that the operator F maps the set
Ky = {@v,w) € Xp x Yo x Yo lllul s o 7y ) < Mis
2 2
||v||LOO([0’T]’L2((&}0)) + ||W||L°°([0,T],L2((6’)) < Mz’

v,w>=0 a.e.},

into itself for initial data 4, ,02 >0, p? >0a.e.
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18 P. WERNER ET AL.

Proof. We choose M, as the expression on the right-hand side of the equation in Lemma 4.5. The bound

T(k+1§/%)

M, then directly follows with Lemma 4.6 by setting M, = N (” o ”22(‘5) + || p? ||i2((§)) e for

some sufficiently large N, N e [0, 00).
We may consider (4.4a) and (4.4b) as reaction—diffusion system with right-hand side

) — f] (,Oa, pl) _ klol - rz?(}_lzloa
TP ) = (fz(/’a’l)i)) B (_kPi + 1y (h)Pa)'

According to Pierre (2010, Lemma 1.1) quasi-positivity of f is sufficient to guarantee preservation of
non-negativity. We see immediately that for r,r, > 0, f,(0,7,) = kr, > O and f,(r{,0) = ry(h)r; > 0,
so p, and p; are non-negative since the initial data are non-negative. Therefore, F(Ky) C Kp. U

To apply Banach’s fixed point theorem we have to show that there is a § > 0 such that F;; is a
contraction for an arbitrarily chosen 7' > 0. To this purpose we choose an arbitrary pair of arguments
u= (h',p,", 5;"), v = (h? p,% p;*) and derive a bound on the difference of (h', pl, p}) = Fy(u) and
(h2, pg, ptz) = F;(v) in the rescaled norm:

|FT(’4) - FT(V)|XTXYTXYT SLju— V|XT><YT><YT’

where L € [0, 1). For ease of notation we abbreviate 1, = h' — n?, Pap = ,o; - pg and p; , = ,oi1 — ,ol.2.

LeEMMA 4.8 There is a § (depending only on problem data) such that the following estimate holds:

|hA | L>®([0,TL,H' (6)) < Lh |'O_aA| L ([0,T1,L2(6)) (4.10)

for some L, € [0, 1).

Proof. Subtracting (4.3) for the two different arguments one achieves (using the linearity of L):

(L((3ha) ve) "PV%’)LZ(%R% + K (Aghy, AW)LZ(% + v (Vigha. VW)LZ(%),]W)

+2 (hA’(/’)Lz(% =— (p‘alghl,(p) + (ﬁazghz,tp) 4.11)

L2(%) 2%

(i) We then test by ¢ = h, and insert a suitable zero expression on the right-hand side. (Note that /2, is
mean-value-free as h! = hy = h2.)

1 2 2 2 2

70 IS (hav) | 2 egmsy + 6 | Achal iz + v | Vishal rsy + 2 1hall 2

- (p_aAshl’hA)Lz(‘g) B (ﬁa2éhA’hA)L2(‘f) .
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A PDE MODEL FOR BLEB FORMATION AND INTERACTION 19

The last term on the right-hand side is non-positive, so we drop it. We apply the Holder and then Young
inequality and use the positive definiteness of L:

1 2 2 2 2
§3z IS (Bavi)) | 2wy + 5 [ Ahall oy + 7 [ Viha ||L2((€,R3) + a2

1,_ 2 2 1 2
<3 1P0alizn |60 oy + 5 Malisco

2
LY(%)

| -2 2
< 5CE.66) (||paA||Lz((@ 2 e NN ||m) :

With the Gronwall inequality we obtain

- 4 2
I8 (ha20) Fxcze) 0 < €260 [ 0[], 01

By multiplying the inequality with ¢~# and inserting e~#*¢#* under the right-hand side time integral
we arrive at

4 2
— 2 — — — - 2 1
18 gz, 0 < 250 [ e gl 0[], 0
2 " B0 [ 1]
= = s—t
< C(T,E,%.8) |paA‘ L ([0,T1,L2(%)) ‘/0 ¢ h 14D (5) ds.
Observe
! 2 2 1 2
/ eﬁ(s—t) hl (s)ds < ”hl H / 8/3(5—[) ds = th ” ﬂ_l (1 _ e—ﬁt) ,
0 LX) L2([0,TLLYE) Jo L ([0,TLLH(E))
so by choosing § appropriately large, the claimed contraction estimate follows. O
LeMMA 4.9 The following estimates hold:
|0ial o120 F |Pasl = qomize < Lelhal oo (4.13)

forL, € (0,1).

Proof. (i) Subtracting (4.4b) for the two different arguments and inserting a suitable zero expression
on the right-hand side we obtain

(3014 Oi)g-102 + 1 (Vi ar Vi) 12cm3) = —K (P14:00) 12

(0 (1) = (7)) £2:03) gy + (9 () o) -
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20 P. WERNER ET AL.

By choosing o; = p; , we find

1 2 2 2 - _
Eat [pia ”LZ(%’) +1; | Vegpia ”Lz(%,ﬂ@) +k|pia ”LZ(%‘) < ((rﬁ (hl) — (hz)) p;’piA)Lz(cg)

(o))

We apply the Holder inequality on the right-hand side and then use Young’s inequality with a parameter
& so small that ¢ | p; , ||i4 (4 can be absorbed by the H ! norm on the left:

2 2
LY®) ‘ L2(%)

1
Pa

1 1 - -
531 ”piA”iz(%’) +a ”pmuiﬂ(ﬁg) 4e H (”z? (hl) -7y (hz))

+ 01 (D),

L% “'OaA ”22(% ’

4.14)

where o is some positive constant.
Next, we subtract (4.4a) for the two different arguments and insert a suitable zero expression on the
right-hand side to obtain

(atpaA’oa)H—'(%) + 114 (VigPan- V%”a)B(%,W) =k (pig-o, )LZ(%)

(0 () = (1)) £2:0) oy = (0 () £ 00) -

Testing with o, = p,, , leads to

1 _ _
S0 Pas e + e IVapaaliagass) = K (iapun) s + ((ro () = o (1)) £l £an) o

- (rﬂ (712) Pans paA)L% <k (0ip5 Pan) e+ ((rﬁ (’32) —ry (ﬁl)) Pa> puA)Lz(% :

Applying the Holder and then the Young inequality on the right-hand side terms we obtain

1 2 2
50 1eanlio + na 1 VePasl2egms) < (Hpm Hm) +[Paalt2e)

#3100 () =0 (),

(4.15)

1 2
L6((b&) L’;((b&) 5 ||’OaA ”LZ(CK) :
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A PDE MODEL FOR BLEB FORMATION AND INTERACTION 21

We add (4.15) and (4.14) leaving out all non-negative terms on the left-hand sides:

% (az “I%A”é(%) + 9, ||IOiAHi2(<g)) < % H (rﬂ (;12) — Ty (711)) iﬁ(% ‘ Pclz ;(‘63
w3 100 () =0 () [ 2

k 2 2 1 2\ |12 2
+§ (”IoiA”LZ(%/) + ”'OaA”LZ(%/)) + 4e H’"ﬂ (hz) 4@ ”'OaA“B(%))
1 2
+§ ||PaA||L2((g)'

The Gronwall inequality now implies

2
ds
L)

1 < . T 2 -
| s A||iz(%/) ® + || p; A||i2(<g) (1 < C(n;,%,9,L,) /0 L=ICEEnD) |y ()| 14 ) I, ”i(,(% ‘ p)

We multiply the inequality by e~#’ and insert e #%¢#S under the right-hand side time integral:
- 2 2 TCHEn) | ro ) oo
(1 2anlfage © + il 2y @) < Cn 60,10 O I i,

e " as —gsi= 12
P /0 Bse 3 [y | LW)‘

< - 2
< C(n;, 6,0, Lr)eTC(k""p’"") o &) 10 qo.11.04 6.

2
ds
L3 (%)

Pa

2

t
PLICS) ‘
3%

Pa

’ |BA } iw([o,T],LG(%”)) /0

TChEN) | ro )} o0
< Cly, %9, 1,y I E e i)

1 1
t 2 t 4 2
512 2B(s—t)
|4l L2 ([0,T1,LO (%)) (/0 ¢ ds) (/0 ‘ L3(6) ds) '

Due to the a priori bounds on ,ocll and the interpolation mentioned in Remark 4.4 we know that

tee 3
(It ) =1
0 L3(6)

is also bounded. Hence, choosing B large enough (depending only on problem data and T'), we obtain
the claimed contractive estimate. O

Pa

2
L*([0,T].L3(%))

Pa

Pa

THEOREM 4.10 (i) Given any T > 0 Problem 4.1 has a unique weak solution in K.
(i1) Therefore, given the fact that the bounds in K include only problem data, Problem 4.1 is well
posed in terms of the definition of Hadamard.
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Proof. Let T > 0 arbitrarily chosen and define K as above. It is clear that K is closed in X X Y X
Y;. The fixed point operator F; maps K into itself according to Lemma 4.7. Furthermore, F is a
contraction due to Lemmas 4.8 4.9, so the Banach fixed point theorem applies on F and guarantees the
existence of (h, p,, p;) such that Fr(h, p,, p;) = (h, p,, p;) what immediately implies that (A, p,, p;) is a
weak solution of Problem 4.1. Banach’s fixed point theorem also guarantees uniqueness of such a fixed
point, so the weak solution is unique. g

5. Stationary solutions

a.e.

In this section we deal with solutions (h, Pus ,oi) of Problem 4.1 with 9, = 0,0, = 0,p; =0,
which we call stationary solutions. From now on we only consider the case where a (-, -) is coercive (cf.
Remark 3.3) and &, 1* and p,, shall be time independent. As pointed out in Remark 3.3 the coercivity
requirement puts restrictions on the spontaneous mean curvature, i.e., Hy € (—oo, —%) U (0, 00).
Physically speaking this means that we either consider a membrane whose natural tendency is to form
a concave shape (negative curvature) with a curvature of an absolute value of at least % or a strictly
convex shape (positive curvature). Apart from this all assumptions on the parameters are the same as in
the previous section. The associated stationary problem reads:

PROBLEM 5.1 (Stationary variational problem). Find & € H?*(%), PP € H 1(%, 10, 00)) such that it
holds

K (A(z,,”h’ AW)LZ(%/) + Y (V%h’ VW)LZ(%P’RS) + A (h’ ¢)L2((,g) = - (gpah’ (0)]42((5)) + (p()’ (p)L2(%/) (513)

Mg g&fpa, V%’U )LZ(%RS) =k ()Ois O'a%LZ(Cg) - %rﬂ (h) P> Ua;L2((g) (Slb)
77,' Sfloi» <gf7,' Lz(%j,ﬂ@) = - (pi:ai LZ(%/)) + r]? (h) paaai LZ(%’) (SIC)

for all ¢ € H*(%),0,,0; € H (¥).

a’ i

5.1 Basic properties

LEMMA 5.2 Let i and p, be parts of a solution to Problem 5.1. If p, > 0 a.e., then||2]| ;24 is bounded
by a constant depending only on «, v, A, p, and the domain €.

Proof. Testing (5.1a) with & we obtain
2 2
K ”A‘Kh“LZ(%’/) +v ” V‘Kh“LZ(%R3) +2 ”h”iz(f) + (shpa’h)ﬂ(% = (Po’h)LZ(%/) )

Due to the coercivity assumption on a (-, -) we stated at the beginning of the section we further have

1

2

for some o > 0. Choosing ¢ small enough (depending on % and «, y, and A) such that ¢ ||| 2%

be absorbed on the left-hand side we derive

may

. 1 2
@ 1l < o IPolace

with & > 0. Since « also depends only on %, «,  and X the claim now directly follows. O
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A PDE MODEL FOR BLEB FORMATION AND INTERACTION 23

The special structure of (5.1b) and (5.1c) also gives the following:

LEMMA 8 Let p,, p; € H' (%) be parts of a solution to Problem 5.1. Then

NaPa T MiPi = Pg

for p, € [0, 00).
Proof. Testing (5.1b) and (5.1c) with the same o € C2°(%) and adding both we get

(nav"b’”pa + 1;Vgpi, Vo )LZ(%’”,IR@) =0.

On closed Riemannian manifolds all weak solutions of this problem are smooth and only differ up to a
constant. Therefore,

r]aloa + 77,:01 = ,00 a.c.
for a constant p, € [0, 00) since p,, p; = 0 a.e. 0
With the previous results we are in the position to state the following observation:

LEmMA 5.3 Let h be part of a solution to Problem 5.1 with non-negative linker densities. If p, is
pointwise a.e. large enough, then there exists a set M with two-dimensional Hausdorff measure non-
zero such that (h(x) — h*) [;,> Ofora.e.x € €.

Proof. Choose an arbitrary function p, € L?(%,[0,00)) and consider the problem of finding #* €
H?%(%®), for s € [0, 00), such that

0
K (Agh', Ag) oy + 7 (Vih', Vi) 12 gy T4 (B, 0) Lz(%ﬁn—g (E7.0) pigy = 5 (P0:#) 2y (5:2)

for all ¢ € H*(%), where 0o is the constant of Lemma 8. We note, A* =" sh!, which directly implies

sup h*(x) = ssup h' (x).
x€¥ xX€C

Assume /' < 0. Testing (5.2) with 4! we find || A | e <0550 h' = 0, which is no solution to (5.2).

Therefore, there exists x € € such that /! (x) >0, s0 supm%h1 > 0.

Since h* is continuous, there exists x* € & such that 2°(x*) = sup, . h°(x). Choose s* large enough
such that #*° (x*) > h*; then, we have a ball Bg(x*) € € (in the induced subtopology of ), § > 0,
where #*" (x) > h*, x € B 5(x*), which is a set of non-zero two-dimensional Hausdorff measure.

Now assume /4 being part of a stationary solution to Problem 5.1 with pressure s*p,, and being lower
or equal 2* almost everywhere. Then (5.1c) becomes

N (V(ﬂ)i’ V(égi)LZ(sﬁR»*) +k (pi’ai)LZ(%’/) =0,

a.e.

so p; = 0. Consequently, n,0, = po for some py > 0 (cf. Lemma 8). Therefore, & fulfils (5.2) for s*.
However, this contradicts the observation & | Bs ()™ h* made above and the claim must be true. O
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Elimination and reconstruction of the inactive linker density Motivated by Lemma 8, we introduce
two auxiliary variational problems, which are parametrized by m, (recall Lemma 4.1) or p, respectively,
such that for every stationary solutions of Problem 4.1 there is an auxiliary problem that is fulfilled by it
and whose solutions allow for construction of a solution of Problem 5.1. In case n, > n; we will employ

PROBLEM 5.4 (Auxiliary problem). Let m, € [0, 00). Find h € H*(%) and p, € H' (%) such that

a (h’ (P) + (%—hpa5 ¢)L2(Cg) = (pOs (P)L2(<g) (538')

RDE I (GRUIERROR)
by (par0) + (=2 + 1y () P =—(((2=1) [ podx+m), .
¢ (’Oa U) (( Uk " ( ) Pa? Lz((f) |(ﬂ n; (gp "o 7 LZ((@&) (5 3b)

for all ¢ € H*(%) and 0 € H' (%).
In case n; > n,, we will use

PROBLEM 5.6 (Auxiliary problem). Let py € R. Find & € H?(%) and o, €H 1(%) such that

a(h, @)+ (Sh[)a, (p)LZ((bf) = (Poa (p)LZ(Qg) (5.4a)

kn k
b, (g +(( <+ h) ) = — (po» 5.4b
o (00 0) ) ry(h) ) pg. 0 o T (P0:9) 2 (5.4b)

forall ¢ € H*(%) and o € H' (%).

LEMMA 5.5 (i) For all stationary solutions (4, p,,, p;) of Problem 4.1 with total linker mass m, Problem

5.6 is fulfilled with py = - ((77— - 1) Jip oo dx + mo) (and therefore also Problem 5.4).

(ii) In case n; < n, all solutions (h, p,) of Problem 5.4 (with parameter m) can be extended to a
solution (A, p,, p;) of Problem 5.1 such that 5,0, + n;0; = const and f(g,oa +p;dx=my. If p, = O ace,
then p; > O ae.

(iii) In case n; > n, all solutions (4, p,) of Problem 5.6 (with parameter p,) can be extended to a
solution (k, p,,, p;) of Problem 5.1 such that n,p, + n,0; = py If p, = 0 a.e., then p; > 0 a. e.

Proof. (i) Leth, p, and p; be stationary solutions of Problem 4.1. According to Lemma 4.1 it holds

my = / 0y + ppdx. 5.5
4
Additionally, due to Lemma 8, we have

Po = NaPq + n;0;- (56)

Inserting (5.5) into the integrated version of (5.6) gives an equation for pg:

1 1
o= g (10 [t foias) = 5 (s (= [ n))
(e Lo ) () )
=—|=/ p,dx+my— | p,dx)=—{|——-1 p,dx+my).
%] (m 7 0 J 121 \\n; v 0
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A PDE MODEL FOR BLEB FORMATION AND INTERACTION 25

Inserting this expression and p; = %(po —n,p, ) into (5.1b) we get

(Vo Vig) o + ( (222 + ry ) =X (e -y dx + dx
Na (V6Pa> V69a) 12() 0 0) %) g T\ G TT0) J P
1 4 l O &

(i) Now let (h, pa) be a solution of Problem 5.4. Choose

o= (1) v om)

and set

1

pi=— (0o = Napa) -

N;

We know
kn, k
N (V%opa’ Vcﬁaa)Lz(% + — + rﬂ(h) Pgr9q =P 04 dx,
Ni e M 4

SO

k
Mg (V%pa’ V%Ua)LZ(%) + (rl? (h) pa’aa)Lz(%’) = ’7_ ((pO - rlapa’aa)Lz("b’j)
i

=k(p;, Ua)LZ(fg)
and p,, satisfies (5.1b). We further calculate the following:
Vp, = Voo [ - = v, (!
wpi = Ve | — (Po = 14Pa) ) = =V | ~*0a)
n; n;
o)

ﬂchg,Oi = _navcfpa'

and p; fulfils (5.1c).
A small computation shows

1 €1 n
/pa+pidx= —(Po—napa)+padx=—po+(1——“ /Padx=mO~
¢ & N; nN; niJ)Je

Furthermore, if o, > 0 a.e., then a standard maximum principle guarantees non-negativity of p;.
(iii) The reconstruction of p; is just the same as in (ii) with p, being directly given. [l

REMARK 5.6 In the case n; > 7, the total linkers’ mass is given by

/ L ) dx /( ”“) + L
my= [ p,+ —(Pg— NP = ) PaT —Po X
0 %a n 0 ala @ n a 77'0

i i i
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It is not hard to see that

Kd 1]
—pp S My < —p,
ni 0 =X M0 = oy 0

(the latter inequality being due to f% Py dx < nl fcg P dx) implying that there are stationary solutions
with arbitrary small (but non-negative) or arbitrary large mass. We conjecture existence of stationary
solutions for all non-negative masses m. However, it is not clear how a surjective map from p to my
can be defined—not even a continuous map, so the mean value theorem is not directly applicable; hence,
a rigorous argument is still missing.

5.2 Fixed point argument
THEOREM 5.7 There exists a solution (4, p,,, p;) to Problem 5.1 with p,, p; > 0 a.e.

Proof. 1.)Letn, = n;. According to Lemma 5.5, it is sufficient to prove existence of solutions (%, p,)
of Problem 5.4 where p, > 0 a.e.
Fix m > 0 and let

K=hM@eW%wﬂ%ﬁwm%<HMM%,

0<p, a.e.,/ padxémo],
G

. . . . cont
where C is a constant depending on the constant in Lemma 5.2 and the embedding constant of H?(%) <

L>®(%®). K is clearly convex and bounded. K is also closed: let (h”, ,og)n oy be a sequence in K that
converges in L (%) x L'(%). Hence, for all n € N,

/Pgdx<mo,

O

and, as L' (%)-convergence implies convergence of the integrals f(bp o dx gty f(g 0, dx, the inequality
it preserved in the limit. Furthermore, for all x € ¥ and all ¢ > 0,

| =0
B (x)

so, due to L! (%)-convergence,

which finally gives (using the Lebesgue point property)
p, = 0ae.

We now define
F:K— H*® x H(®) C L® %) x L'(®
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A PDE MODEL FOR BLEB FORMATION AND INTERACTION 27
(based on Problem 5.4) with (h ,oa) =F (}_z, ,o'a) being the functions satisfying

a(h,@) + (Eh0y @) 12 = (Po- #) 124 (5.7a)

arrro@)oee), = () [raem) |
Sow)+ (e @) pue) =g (1) [aacem) [oae @

for all 9 € H>(%) and all 0 € H'(%).
It holds F(K) C K: in order to show non-negativity of p,, we test (5.7b) with (pa)_:

2 k _
() faom) [
L2(%) |41 \\ n; ¢ ¢

By assumption 7, > n; and the right-hand side is always < 0, which implies (pa)_ = 0 a.e. The
appropriate a priori bound of p, is obtained by testing (5.7b) with 1 and leaving out the gradient term
on the left-hand side:

k
. (1) ) (3 em)
n; Je UF 4 UF

Dividing both sides by k2 leads to the claimed bound. The bound of % follows directly with the non-
negativity of p, and Lemma 5.2.
F is continuous: let (h", ,o"a”)nGN be a sequence that converges in K. Take an arbitrary subsequence

F (i_z"k, 0,"%) = (K™, pg*). We have the a priori bound

S
L2(6) n;

(Pa)

Ny V(ﬁ(p a) -

7] ey < P o)+ D [0 2
immediately by Lemma 5.2. We also observe

k(g )/ _ )/ g (][ )2 g 5 ][ 2
— (= - dx+m wkdx < —Smg+ ¢ wkdx) < —Smg+¢ 7k dx.
4] ((ni (K:Oa 0 <gpa 48772 0 %)pa 4877'2 0 (g(pa)

i i

%, SO & f(g (,o;”‘)2 dx can be absorbed on the left-

hand side of (5.7b), which gives a uniform bound of || on

We can choose ¢ small enough such that % <

k H H (@) So by weak compactness, there are

subsequences A", ka‘f, R ,5;% such that the integrals in (5.7) converge and we have for the limits
F(h,p,) = (h,p,) - (5.8)

Due to unique solvability of (5.7), & and 0, are the same limits for all subsequences R and o™,
respectively, so /" and p]; converge to F (h, p,). However, this implies that F is continuous.

F(K) is relatively compact: choose a sequence (h”,,o’aq) = F (}_z”,,o'a”). From the previous
calculations, we have a bound of || oy || (%) and know that [|7"(| 2 is bounded a priori. The compact

embeddings H' (%) &P (%) and H%(®) p L (%) directly give us a convergent subsequence
(A", pg*) in L>(6) x L' (6).
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With these properties of K and F, Schauder’s fixed point theorem applies, so F' has a fixed point
in K. This fixed point (%, p,,) is a solution of Problem 5.4, which then may be extended to a solution
(h, p,, p;) of Problem 5.1 due to Lemma 5.5.

2.) In case n, < 1, the proof is similar: we choose p, > 0 and set

K= [ (h, p,) € L(6) x L! (%’ 12l < C ||p0||L2(<5),

1]
0<p, a.e.,/ P, dx < —pq
€ Up

and define
F:K— H*(® x H'(®) € L® (%) x L'(®

(based on Problem 5.6) with (h, p,) = F (h, §,) being the functions satisfying

a(h,e) + (Shﬁa,(ﬂ)Lz(cg’) = (pO"p)LZ(%’)

kn - k
b, (pa’a) + ((_a +rp (h)) ,Oa,U) = _100/ o dx
n; e N 4
forall ¢ € H*(%) and all 0 € H' (%). O

5.3 Local exponential stability of non-critical stationary solutions

In this section we will be concerned with the local stability of stationary solutions for a specific ripping
T
interpolation function r (h) = (}%) for solutions below the critical height #*. We are going to make

a linearized stability argument using nonlinear semigroup theory (for an introduction see, e.g., Barbu,

1976). Note that, due to Lemma 5.2, there are stationary solutions h < h* a.e. for sufficiently small p,.
a.e.

Without loss of generality we set £ =" 1. Observe that the operator

2 Hrlnvf(% - ernvf((g)
X+ L (xv%) “Vg

is invertible as it is linear and its kernel is zero-dimensional (to see this, one may test with x and use the
positive definiteness of L).
In the following we will be concerned with a strong version of Problem 4.1:

ProBLEM 5.8 Find h € H' ([0,T],H*(®)) N L*([0,T1,H*(%)) and p,, p; € H' ([0,T],L*(#®)N
L2([0, 71, H*(%)) such that

h
N\ pa | = (hpgp;) + F (hpg ;) + G (5.10)
Pi
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with the operator

- HO(®) x H*(6) x H*(6) — H*(%) x L*(%) x L*(%)

L (—k ALh + y Agh + Lh)
(h’ Pyg> pi) = N AgP, s
;AP

which is densely defined and closed, the nonlinearity

F: H%(%) x HX(®) x H*(%) — H®(®) x H*(%) x H*(%)

~-z (hpa)
(h’ pa’pi) = kpp—ry (W) p,
—kp; +ry (1) p,

and inhomogeneity

flpo(x)
G:%— [0,00),x —~ 0 )
0

for initial data p,(0, ), p;(0, -) € L*(%, [0, 00)), h(0,-) € H*(%) and p, € H'(%).

REMARK 5.9 Well posedness of this problem follows with sufficient regularity of initial data and
the inhomogeneity almost by standard techniques as presented, e.g., in Evans (2002, Chapter 7):
Using a Galerkin approach we take existing solutions #, p,, p; of Problem 4.1 and express them with
eigenfunctions (wk) reny Of A constituting a Schauder basis of L?(%). We obtain the projections
R (t,-) = Do arOwy, pI(t, ) = D il bp(Owy and p"(t,-) = D 1L cx(Hwy. The projected height
equation 1s

(L(athm""@”)’ (pv‘K)LQ(%) t+a (hm’ (p) == (”m(hpcz)’(p)ﬂ(‘é/) + (pgl’ ‘p)Lz(‘é)

for ¢ € span{wy,...,w,,}, where &, is the projection into span{wy,...,w,}. We differentiate in time
and test by 9,4™. Integrating in time then gives an energy estimate of the L2([0, T], H*(6)) norm of
d,h,, (the nonlinearity on the right-hand side is uniformly controlled due to the already established a
priori bounds of the solutions). L?(%) regularity for 9,0, and 9, p; is established by testing the projected
equations with 9,0;" and 9,p.", respectively. Control of the nonlinearities also helps with establishing
increased spatial regularity.

This result makes us confident that existence theory of (4.1) might as well be developed using
nonlinear semigroups.

LEMMA 5.10 A stationary solution to Problem 5.8 is locally exponentially stable iff it is an
exponentially stable stationary solution to the corresponding linearized system (see below).

Proof. Due to Desch & Schappacher (1986, Theorem 2.1) the claim follows if we can show
differentiability in H>(%) x L*(%)? of the nonlinear C, semigroup generated by &7+ F.
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Applying Theorem 3.3 in Jamal er al. (2014), it is sufficient to show Fréchet differentiability of
F in H*(6) x L*(6) x L*(%) on a sufficiently small ball around a stationary solution @, P> Fi) with

h < h* a.e. and the Lipschitz continuity of the derivative therein. Indeed, its Fréchet derivative is

d Fn ) z! (_P]?hA - hpaA)
— Pap>Pip) = 0
d (h, Pa’Pi) A Fapr FiA _k;)?A

for (h, pg. p;) € B,(h,pg.p;),r > 0, where r is chosen sufficiently small such that i < h* a.e. (This is

possible because H?(%) & e (©).)
Note, as ! is linear and bounded, we may drop it in the following calculations without loss of
generality. Consider for (1, p, 4. p; ,) the difference quotient

[+ 1s) (u + Pas) = o0 = Pihs = hPaslipge)
121l 2 () < 129 x12(%)
Ik (0 + pi2) = 19 (hA+hy) (P + £ap) = ko 19 () (p,) — kpiA”LZ(%’/)+
1Al g2 x 226 < 12(%)
=k (o + 1) 7o (= hia) (- Pas) + ko =1 ) pu + ka2
11200 26 12 '

After straightforward simplifications we obtain

“hA'OaA HHZ(%’)) + “rﬁ (h + hA) (pa + 'OaA) ”LZ(‘K)
1720l 526y x 126y x 12 () bl pyxz@xz@

(Since h < h* a.e., ry (h) vanishes a.e.) Again, we use the imbedding H%(®) & oo (%) to conclude
that if /2, is small enough, h + h, < h* a.e., so the last term vanishes and all together the difference

. H2(% o . .
quotient goes to zero as (h4, O, 4> P o) i? 0; hence, F is Fréchet differentiable. O

For a stationary solution (E P> Fl) of Problem 5.8 with p,,0; > 0 a. e. and with mass
f%p_a + p; dx = m( and h < I* a.e., the linearized system of Problem 5.8 is declared as

PrOBLEM 5.11 Find &, € H! ([O, T],H2(<g)) N L2([0, T], H* (%)) and PansPin € H! ([0’ T],Lz(%)) A
L2([0, T1, H* (%)) such that

hp
0 | Pan | = ﬂ(hAv PaA»PiA) +d (F)] 7. pa.pi (hA’ Panp> piA)
Pin
or, equivalently,
3, (hy) + .27 (KAgghA — YA, + /\hA) =—L" (Bhp + oy ) (5.11a)

9 (Pgp) = NgAgPup = kpin (5.11b)
0,(p o) — MiAgpip = —kpip (5.11¢)
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with initial values

hp(0) = 1" =R, py5(0) = p — B pif(0) = p) — 7, (5.12)

such that pg, ,o? > 0.
We start by showing that the inactive linkers decay exponentially:

LeEmMA 5.12 Letp; 4 € H?(%) be part of a triple solving Problem 5.11. Then,
[01a® 20 < exp (=) 0,4 O] 24

for w € (0, 00).

Proof. The operator
A: HX () — L*(©),u — —n;Aqu + ku

is self-adjoint and its resolvent R, (A) is bounded by m for all A > —kAn;: we have the energy
estimate k A 7; ||u||12q,(<g) < (V%nu, Vfﬂi)Lz(% + k(u,u);2 = c¢;(u,u), so the bilinear form ¢; +
A (u,u) 24 is coercive for all A > —kAn;, s0 ¢;(u, ¢) + A (U, 9) 124 = (f, @) 124 has unique solution

for all f € L*(%). As u = R, (A)f we have the estimate ||R,\(A)f||L2(%/) < Hk;/\n, Il 2

Therefore, 0 (A) € (—o00, —k]. So A generates an analytic semigroup T (Engel & Nagel, 2000, p.
105, Corollary 3.7). This also implies the growth bound of the solution p; , () = T(#)p; ,(0) (Renardy
& Rogers, 2004, p. 416, Theorem 12.33). O

Despite equations (5.11b) and (5.11c¢) looking very symmetric their decaying behaviour is not. To
show exponential decay for the active linkers we require an additional condition: the initial values
(5.12) to be chosen such that f(gpg + p? dx = my, so f(g,o‘m + p; 4 dx = 0, which we call the mass
conservation property.

LeEmmA 5.13 Let p, , be part of a triple solving Problem 5.11. Then,

‘/ Pan dx‘ < Dexp (—wt)
¢

where w > 0 is the same as in Lemma 5.12 and D € (0, 00).

Proof. From the mass conservation property we have

[gpaA—i_piAdx:O’

s0, using Lemma 5.12, we find

'[gpwdx‘ <[g|pi| dx < D' || i oy < Dexp (—o01)

for D', D € (0, c0). O
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For || Pap(t, ) H 125 Ve have at least a time-uniform bound:

LEMMA 5.14 Let p,, be part of a triple solving Problem 5.11. Then p, , is bounded in [|-[l ;2.4
uniformly for all ¢ € [0, c0).

Proof. The operator
B : Hz((@ — LZ(cg)’ Pap > _naA(KpaA

is self-adjoint and its resolvent R, (B) is bounded by % for A > 0. Therefore, o (B) C (—00,0] and so it
generates a strongly continuous (even analytic) semigroup bounded by 1. As p, , solves (5.11b), it has
representation as

t
Pan(®) = T()p, 1 (0) + /0 T(s — 1)p;5(5) s,

where T is the semigroup generated by B. Consequently,

t
loes®lizcn < Ioea@ iz + [ exp-09 [50 zp 05

so we finally have

(©
12Ol (exp(—awt) — 1).
w

oan® ||L2(<g) < [ pan(© ”LZ(%) —k

Combining these lemmas we even find exponential decay for the active linkers:

LeEmMA 5.15 Let p, , be part of a triple solving Problem 5.11. Then
”'OaA HLZ(%) S B, exp (_aat)
fore,, E, € (0,00).
Proof. Test (5.11b) with p,, , to get
1 2 2
Eat ”IoaA “LZ(%) + 1, ”V%”paA HLZ(%’) =k (piA’ 'OaA)LZ((K) :

Next, we apply Poincaré’s inequality (Neumann type) and Young’s inequality (the modulus ¢ is specified
below):

Ly 2 K 2 2 L af 5.13
5% “'OaA”LZ(%’j S e ”:OiA”LZ(%) te ||paA||L2(<g) ~ 7 ||Paa T %paA LZ(CF)’ (5.13)
where I7 is the appropriate Poincaré constant. Observe, due to Lemma 5.13, that

2@ - ”paA ”LZ((@”)

<[fra

Pap — ][ Pan dx < Cexp (~on)
€ L2(%)
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for a constant C; > 0. Therefore,

with [8(7)| < C, exp (—wt) for some C, > 0. Squaring the terms, it follows

S0, as || Pan “LZ(%) is bounded (cf. Lemma 5.14), we have
2

P —][p dx
‘aA %ﬂaA 2%

with [¢ ()| < C5 exp (—wt) for some C3 > 0.
Substitution into (5.13) gives

bus= 1 paads] = loualizg +30

L2(%)

2
= [ Paalizn + 250 [2anl 2 +300°,

Pap — fgpaA dx

L2(%)

O

= “'OaA“iz(%) +¢@)

Ui
[Paalizes = 750

1 2 k2 ) n
S0 1Paslizee < 3 oializgg + (e = 72)
k2 n .
s (4: 21O 720 + ﬁ“) exp (o) + (e = ) [peal2o
where C, > 0.

Set E(g) = 2C, (% RO ||iz(%) + %), B(e) =2 (e — 1) and apply Gronwall’s inequality:

t
0anllz2 < 1047245 exp (Bl + /0 E(e) exp (—ws) exp (B(e)(t — 5)) ds

t
= 1 2ea @l 50 B0 +exp B [ BE) exp (= @+ Bie ).

The parameter ¢ is still free, and we choose it such that —w < B(¢) < 0. With E, = || a4 0) ||iz @ +
Jy E(e) exp (— (w + B(e)) 5) ds and &, = —pB(e) the claim follows. O

The last step to showing local exponential stability of Problem 5.2 is showing exponential decay of
the height difference:

LEMMA 5.16 Let h, be part of a triple solving Problem 5.11. Then
I all gy < Enexp (—ayt)

for £, «), € (0, 00).
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Proof. First, we observe that for stationary solutions with h < h* a.e., there are no inactive linkers,
ie., p; £ 0. (This can can be seen in the last paragraph of the proof to Lemma 5.3: since ry (h) =0,
the right-hand side of the inactive linkers equation is zero and therefore testing with p; shows that

||E”f11 @ = 0.) This has the critical implication that 7, is constant in space (see Lemma 8). Second,

recall that the operator L is positive and self-adjoint, so we have positive square root S = L. We apply
Zon both sides of (5.11a) and test with / ,. Then, we make use of Young’s inequality and leave out the
terms of the bilinear form on the left-hand side

1 _ 1 -2
50 15hal 20 < (P2t ) [hal iz + 25 Bl 1Paal iz

< B(e) |Sha| o + Ee) exp (=20,1).

_ B[l S
where E(e) = ——— and B(¢) = 57 (¢ — p,)-
Application of Gronwall’s inequality leads to

t
[S7a 72000 ) < 2[[S (2 (0)) 245 exP (Blo)D) + /0 E(e) exp(—20,,5) exp(B(e) (t — 5)) ds

t
=25 (h,(0)) ||i2(<@ exp (B(e)t) + exp(B(e)1) /0 E(e) exp(—(Q2a,, + B(e))s) ds.

As in the proof of Lemma 5.15 we choose ¢ such that —2«, < 8(¢) < 0. Going back to (5.11a) we find

1 2 _ b _
alhp,hy) < =50 ISh Al 1200 = Pa lhal 2y © + 17 oy @ [Lanll 2y © IRall 2y ©-

We see that the right-hand side consists only of exponentially decaying terms, which gives the decay
rate for 11, in ||'||H2(%. O

THEOREM 5.17 Every stationary solution (Z, P> Fl) of Problem 5.8 with & < h* a.e. is locally
exponentially stable under disturbance that fulfils the mass equality condition, i.e., a solution (h 0> ,ol-)
of Problem 5.8 in a sufficiently small neighbourhood of (E, Pas Fl) with f(g pg + ,OZQ dx = f%)p_a + p;dx
converges exponentially fast in time to (E, Py ﬁl)

Proof. The linearized problem of Problem 5.8 in a sufficiently small neighbourhood around (ﬁ, Py Fi)
is Problem 5.11. Due to Lemma 5.10 we only need to show exponential stability of Problem 5.11 in
zero. However, this follows from the results in Lemmas 5.12, 5.15 and 5.16 and we are finished. O

6. Singular limits

We are going to have a closer look at stationary solutions in the limit ¢ Y\ 0. This way we also rediscover
the model of Lim et al. (2012) as specialization of our model. Henceforth, we restrict to the special

: : T
disconnection rate 1y (h) = 3 .
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6.1  Singular limit of the stationary system

THEOREM 6.1 Let (hﬁ, ,ojf, p? ) be a solution to Problem 5.1 for the parameter 9. For every (z? )nen With

H2 (4 . H! H (4
lim, ., , = O there exists a subsequence (¥, ), _, ith 2" g 1O, pu —(/@ 0 and pl D p?
such that
0 0
twhf) — (81°00-9) 1y T (092 (6.12)
b, (,0(?, cra) =k (pl- ;)UG)LZ(‘@ — (rO’Ga)L2(<g) (6.1b)
b; (pfs0,) = —k (o ,al.)L% + (70 9%) 2 (6.1¢)

for all ¢ € H*(6), 0,,0; € C.(6), where 1y € rca(%). (We identify a Radon measure and its density

ll’ 1
function w.r.t. the Lebesgue measure in the following.) Moreover,

(h* - h0)+r0 -0 (6.2)

a.c.

Proof. Let (z?n)neN be a zero sequence. Lemma 8 and the non-negativity of solutions of Problem 5.1
(cf. Theorem 5.7) implies boundedness of || p3”|| 1o and || ,of "Il Lo () independent of 9. By testing
(5.11b) with ,off " we derive an H' (%) bound on ,og " uniformly w.r.t. ¢, (the critical term including ry
can be dropped due to its non-positivity). We employ Lemma 8 again; this time to see that 7, ch,og "=

—niV%pp? " and conclude that the H' (%) norm of pf " is as well bounded uniformly w.r.t. ¢,. Lemma 5.2
assures the boundedness of ”h’?" - independently of #,,.

In H'(%)? the theorem of Banach-Alaoglu gives us a weakly convergent subsequence (pa", p;"),

o (p2,p?) € H'(%)? as well as going to another subsequence (hﬁ")neN of (h®),c does in H(%).

We use the Rellich—-Kondrachov theorem to single out another subsequence (pz,/") converging in

neN
L*(%) to ,02 (since weak convergence in H L@ implies weak convergence in L*(%) to the same limit).

Analogously, we have convergence of a subsequence (h’s")n oy O 1O in L2(%), which includes another

subsequence (hgﬂ)neN converging pointwise to 4.
Due to weak convergence

(hg",(p) — a(h (p)

for any ¢ € H*(%). Moreover,

(0t~ 15)

‘ (ho ( pgn) ’ (p)LZ(%)

pd — p&

(o8 (0 =19) ) 5,

ol 20 + ”ho —

2%

Sn
S Hh HLOO(‘@ 12(%) 12(%) |oa (p”Lz(%’

so we have

(h7 05, 0) 12y — (h pa,w)m%
and (6.1a) holds.

€20z Aeniga4 G| uo Jasn BingsBny Alun AQ Z20¥28S/ L 00BRUY | /y/o0I4e/Wwijewi/wod dno olwapeae//:sdjy Wol) papeojumod]



36 P. WERNER ET AL.

1
To retrieve (6.1b) and (6.1c) test (5.1b) with a smoothed signum S, € H' (%) of p, with S, H—(ig)

sgn o pg”. We then have

(chpﬁ”, V‘KSS)LZ(%) + (r{n (h{n) pa{">S8)L2((g) =k (,Of",SS)LZ(%/) .

Therefore,

(e ) 55.) oy < €1 (10 s 1y + [ 154D )

for a constant C; > 0. So in the limit ¢ — 0 we get the estimate

<G

H 7o, () 0| 1

for a constant C, > 0 due to the a priori bound on p, and p,. This implies weak-x-convergence

in rca(%) of a subsequence T, (hg”k) pﬁ"" to a Radon measure r, € rca(%). As h® and h* are in
o] * n, * Cn Eny * n + Cn S

L*®(®), (h* — h*« "o hoe ) pg © € rca(%) and (h* — h*7 "o h*" ) pg * weak-x-converges to

(h* — h°)+r0 in rca(%). We observe that

supp ((h* - hgﬂk)Jr) N supp (rlnk (hf"k)) =,

+
(e = non) "y, () i =0

and (h* — 1%) "y = 0. O

SO

6.2 Model without diffusion

We now turn to the system (5.1) with , = n; = 0, which will lead us to a model of Lim ef al. (2012) in
the I"-limit ¥ — 0. Recall, that a sequence of functionals F, : X — R, n € N, defined on a topological
space I'-converges to a functional F : X — R iff

(i) Forallx € X and x, =3 x, liminf,_

F,(x,) = F(x) and
(i1) For all x € X there exists x,, "% x such that lim SUp,,_, oo F, (x) < F(x).

Vanishing diffusivities have not been treated in our previous existence proofs for the time-dependent
or stationary case. We attack this issue by reducing the system (5.1) to minimizing an energy functional.
In this order we choose a function p € H'(%),p > 0 a.e., and formally substitute p; = p — p, into
(5.1b). This way we obtain the following:

h— h*
r( )pazk(p—pa)@paz

kp
5 ) =ggoh, (6.3)

k+r (h;h*
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where gy : R — R, x —~ k+r(kf*—"* ) . Inserting into (5.1a) we have only one equation left:
B2
a (hs (p) + (hgﬂ ° h’ ¢)L2(Cg) = (po, go)L2(<g) ’ (64)

whose solutions are the critical points of the following energy functional
Sy H(® - R
1 h(x)
Sty =zati+ [ [ sg 0 dsae [ poconc ax
€J0 4

LEMMA 6.2 There exists a minimizer of _Z,.

Proof. This functional is coercive in the H 2(%) norm:
1 1 2
5@ () = [g PoRC) dx > Cy il = 2= IPoll gy = & 1224

C, > 0, and we choose ¢ smaller enough for ¢ ||h||22((@ to be absorbed by C, ||h||12qz(<f).

SetA(h) = La(h,h) and B(h) = [, [ sgy (s) ds dx + F(h), where
F:H*®% —> R, h> —/po(x)h(x) dx.
¢

Note that A is weakly lower semicontinuous in H 2(%). We show that B is weakly continuous in H 2(6),
so A + B is weakly lower semicontinuous in H*(®).

B is continuous in C,(%): take a sequence (hn)neN converging in C, (%) to h. Now observe that for
all § > 0, there exists an N € N such that for all n > N, it holds

h(x) hn () h(x)
'/ / 58y (s)dsdx — // 585 (s) dsdx| < |€] sup / 58y (s)ds
€ JO0 ©J0o x€E | hn(x)
h(x)
< |¥6] sup / 58y (s)ds|,
xe€ |/ h(x)£$

SO

e e [ M
/ / sy (5) ds d =3 / / 52, (5) ds dv.
% J0 % J0

Conclusively, B(h,) — B(h) forn — oo.
Since H2(%) ‘&' C,,(%), for every sequence (h,)

take from every subsequence a subsubsequence (hnk)

neny converging weakly in H?(%) to h, we may
i that converges in C, (%) to W' It holds /' =)
as weak convergence in H%(®) implies weak convergence in L2(6) and convergence in C,(%) implies

(strong) convergence in L2(6). So with the previous result B(h,,) e B(h). ([
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With this lemma we have proven that for every p € H 1 (%), p = 0 a.e., we find a minimizer h of
. with which we may then define p, = g, oh, and further p; = p— p, such that (4, p,, p;) solves (5.1)
with vanishing diffusivities. It is easily checked that the constructed linker densities are non-negative.

LeEmMMA 6.3 For @ “\ O the energy functional ¢, I'-converges to

1
Ho ) = za(h,h)Jr/go(X)dx—/Po(X)h(X)dx,
3 3

where g, (x) = § min{h(x)?, (h*)?}.

Proof. As the other terms in _Z,, are independent of % we only need to consider the functional

h(x)
Yy H*(®) — R, hi> / / 58y (s) dsdx.
€Jo

It is first shown that from any (9,),cy — O and any (h,), .y that converges in H*(%) to h a
subsequence such that ¢, (hn) — %, (h) can be singled out. (For the sake of notational simplicity,
we abbreviate ¥, =, and g, = g,.)

In this order, rewrite

T () h(x) Iy (x) h(x)
/ / 58, (s)dsdx — / / sgo(s)dsdx = (/ / 58,(s)dsdx — / / 58,(8) dsdx)
€ J0 €J0o 5 J0 € J0
h(x) h(x)
+(/ / sgn(s)dsdx—/ / sgo(s)dsdx).
€J0 €J0

We take a subsequence such that ,, converges in C,, (%) to h. For any 8 > 0 consider a sufficiently large
h(x)
/h 58, (s)ds

k such that
iy, () h(x)
// sgnk(S)dsdx—// 58, (5) ds dx </
€Jo ©Jo € |J h(x)£s

h(x)
<// 58y, (5) ds dx.
€ Jh(x)=5

is uniformly (in k) bounded. Now consider

dx

This term converges to zero for § — 0 since H 8y || L5o(%)

h(x) h(x) h*
// 58,(s)dsdx = / psdsdx+/ / psdsdx
EJ0 {xe€ | h(x)<h*} JO {xe€ | h(x)>h*} JO

h(x)
+ / / 58, (s) dsdx.
{xe€| h(x)>h*} J h*

€20z Aeniga4 G| uo Jasn BingsBny Alun AQ Z20¥28S/ L 00BRUY | /y/o0I4e/Wwijewi/wod dno olwapeae//:sdjy Wol) papeojumod]
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Due to the monotonicity of r, g, (s) monotonically decreases to zeroand g, < g; € L' (%), the monotone
convergence theorem applies, so the last term converges to zero for n — oco. Therefore,

h) n—00 P 2 P2
58,(s)dsdx — —h(x)“dx + - (h ) dx
%Jo (xe€|hx)<h* } 2 (xe@| hx)=h*} 2

Take any clustering point of &, (hn) and a subsequence %nk (hnk) converging to it. Using the previous
result we single out another subsequence that converges to ¢, (%), which has to be the clustering point,
50 %, (h) < liminf, , %, (h,).

Choosing an arbitrary / and taking the sequence &, = h converging to it the previous considerations
also lead to ¢, (h) > limsup,_, .. %, (h,) and the claimed I"-limit is shown. O

LEmMA 6.4 The Euler-Lagrange equation of ¢, is given by
2 h
Kk AZh — y Agh + Ah + phH l_h_* =pp

0 x<0 . - .
for all h € H*(%) with H(x) = [ | * 0 being the Heaviside function.
x>

Proof. Let h be a stationary point of _7, i.e., £ (_#, (h+ev))|y = 0 for all v € H*(%). Take an
arbitrary v € H*(%) and consider ¢ > 0 small enough such that & < h* a.e. implies & + sv < h* a.e.
Then calculate

0

d . 2 x) 2
e (‘/gmln{(h(x) + ev(x))~, (h ) }dx)

d d 2
i h(x) + Zdx g+ — / h*) dx
o ( /{m(xkh*}( ) + ev(x) )o de( {XGWM*}( ) )

— /{ a ((h(x) + sv(x))z) ‘ odx = 2/ h(x)v(x) dx

xeh(x<h+ ) d€ {xe Bl <h* }

h(x)
- 2/ h(COH (1 - —) b(x) dx.
D h*

The other derivatives are standard and the claim follows. O

0

We may summarize the results of this section as follows:

THEOREM 6.5 (i) For a total mass density o> 0 and a ripping parameter ¢ > 0, any minimizer # of ¢,
constitutes a (variational) solution to Problem 5.1 for 5, = n; = 0 together with some p,,, p; € H L.

(ii) Sending ¥ to zero minimizers of _Z, converge to variational solutions of the model of
Lim et al. (2012), cf. p. 2, Equation (2) therein.
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Proof. (i) Take any p and ¥. Existence of minimizers of ¢, is guaranteed by Problem 6.2. As critical
points the minimizers solve (6.4). Defining p, according to (6.3) and p; = p — p, we get solutions of
Problem 5.1 forn, = n; = 0.

(ii) Follows directly from Lemma 6.3 and Lemma 6.4. O

7. Numerical examples

In this section we discuss results from numerical simulations of the parabolic PDE system we analysed
in the previous sections. The predicted bleb size after a typical bleb formation time is compared against
heights observed by biologists. Furthermore, we investigate the role of the critical pressure defined in
Lim et al. (2012) for static systems in the case of our time-dependent PDE system.

7.1  Parameters and initial conditions

As the tabular Table 1 suggests, quite a lot parameters of our model have already been assessed and
discussed in the literature. The interested reader may consult the given sources and the references therein
as a thorough treatment of these parameters is not in the scope of this work. Nevertheless, the choice
of y requires a comment: we decided to follow Lim et al. (2012)and Alert & Casademunt (2016) and
set Hy = 0. Despite their choice of x = 2 - 107%J and y = —2 - 107% we stay consistent with our
computations in Section 3.3, p. (10) and take y ~ —%.

In correspondence to Alert & Casademunt (2016) we choose the linker density p,(0,-) to be

10" m~2 and start with p;(0,-) = 0, accordingly.
7.2 Discretization

The computations were done on a rectangle 4’ = [—0.497,0.497r] x [0, 27r] being an approximation of
the parameter space of the transformation

N 2
S: [_E’E] x [0,27) — wg

0,d) — (Rcos(0) cos(¢), Rcos(0) sin(¢), R sin(@))T

TABLE |  Parameter configuration

Parameter Symbol Value Unit Source

Damping constant c 5.1072 Pasm™! (Alert & Casademunt, 2016, p. 1879)
Membrane bending rigidity K 2.1071 J Dai & Sheetz (1999)

Surface tension y —4.107° Nm™! see text

Linker spring constant & 10~4 Nm-! Alert & Casademunt (2016)
Linker diffusivities Ny =1, 10-° m?s~! Jacobson et al. (2019)
Reconnection rate k 10* s~! Rognoni et al. (2012)
Critical linkers length n* 10~ m Lim et al. (2012)

Cortex radius R 107> m Charras & Paluch (2008)
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onto the 2-sphere w,ze C R? in three dimensions with radius R. The boundary [—0.49,0.49] x {0} U
[—0.49,0.49] x {27} is chosen to be periodic and at {—0.49} x [0,27] U {0.49} x [0, 27] we employ
homogeneous Neumann boundary conditions. This domain approximation is a simple approach towards
the singularities at the poles of a)% and there are other more elaborate methods like surface finite
elements (cf. Dzuik & Elliott, 2013) which can handle such problems. However, we will show that
we can in fact recover established results and conclude that this approach is sufficient for studying the
bleb height near the equator. The fluid influence is neglected for simplicity setting L = cI.

In order to avoid a H? (%) trial space, but to stick with conformal Galerkin methods, we use a standard
splitting of the A? operator with boundary conditions for 4 and Ah by introducing w = — Ah. This leads
to the following system:

coh — Kk Aw + yw = —€p,h + p,

w+Ah=0
04 = Mg APy = kp; — 15 (1) Py

90 = 0 Ap; = —kp; + 15 (h) Py

In the Galerkin approximation, we employ Lagrangian IP; finite elements conforming with the trial
space H' (%) for h, w, p, and p;. The mesh width is denoted by Ax. In this configuration we obtain a
semidiscretization of the form

CMathAx + K'AWAX + )/MWAX b (,Oan, hAx) + MpoAx

Mw™ — AR =0

Mat,Oan + HaAPan — kMpiAx — gy (hAx,,O Ax)

a
Ma;PiAx + ﬂiAP,-Ax — _kMpiAx + s (hAx’pan)

with a matrices M,A € R®-M) where N is the number of interior nodes and the corresponding basis
functions {q)i lie{l,...N }} defined there and

b (pan’ hAx) — ((gpanhAx’ (pi)Lz((b())ig{l ..... N} ’
ag (K™, p, ) = (('Oamrﬁ(hm)’(pi)Lz((@)ie{l

For implementation of this spatial discretization we used the FEM solver Netgen/NGSolve (https://
ngsolve.org, Schoberl, 2014).

..... Ny
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FIG. 2. Bleb formation over time. The development of a bleb as a height function with respect to the cortex (which is modelled
by a sphere of radius 10~5 m) is shown at several points in time (normalized with respect to 30 S) as reaction to an applied pressure
that is constant in time. (For details see p. 169.)

Discretization in time is achieved by applying a semi-implicit Euler scheme with time step size
T>0andtimepoints 0 =#; <t) <--- <ty <t <---<T,neN:

cr='M (hAx,k+1 _ hAx,k) S RAWARRHL L ARl g ( p, Akt hAx,k—H) + Mpy®  (7.3a)

MWAX,k+1 _AhAx,k+1 — 0 (73b)
M (pan,k-i-l _ pan,k) + naApan,k+l _ kMpiAx,k+l — g (hAx,k’ pan,k+l) (7.3¢)
M (piAx,kJrl _ piAx,k) A AR = M p AR g (hAx,k,pan,kJrl)' (7.3d)

To cope with the implicit terms and the nonlinearities, we use Newton’s fixed point iteration.

7.3 Scenarios

For all the simulations we will discuss in the following the parameters of the PDE are as in Fig. 1. The
typical expansion time for a bleb to nucleate is about 30 s (Charras & Paluch, 2008), so we normalized
the simulation time with respect to this reference quantity. The cortex is modelled (as before in the
analytic part) as a sphere with radius R = 107> m (Charras & Paluch, 2008). Nucleation of a bleb We
are interested in the (maximal) height of the bleb that is nucleated after this time. It has been observed
that the typical height of blebs is about 2 « m, cf. Charras & Paluch (2008).
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FiG. 3. Maximal height difference. The maximum of the height function difference of two preceding time points is plotted
against time (normalized with respect to 30 S). (For details see remark 7.1.)
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FiG. 4. Maximal heights after 30 s against the applied pressure. The maximal height that is reached after r = 30s (black
circles) is plotted against a time-constant pressure (abscissa) that has been applied. The green line is a linear function with
parameters a ~ 6.38 - 10711, b ~ 0 that goes through the first two data samples exactly. The blue labels are the critical pressure
p?‘) = 16 Pa and the critical height A* = 102 m. (For details see p- 175).

_ dm)
We prescribe a pressure as the function x — 103¢~ 22 Pa, where d is the geodesic distance
between the argument x € S and a midpoint m € S? and r controls the width of the pressure pulse.
The pressure is constant in time. The scaling ¥ of the disconnection rate r, (h) is still free. A parameter
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TABLE 2 Fitting errors (RMS)

Pressure (in Pa) RMS

2 0

4 447-10717
6 3.27- 10V
8 3.50- 1017
10 3.09-107"
12 3.28-107V7
14 3.16 - 107V
16 2.99.10°"
18 2.85.1071
20 1.11-10713
22 2.40-10713
24 4.18-10713
26 6.45-10713
28 9.17-10713
30 1.23-10712
120 5.98 - 10~

The tabular shows the root-mean-squared residual errors of the Marquardt-Levenberg
algorithm for fitting a linear function into the data sets of the intervals [0, x], where x is
the pressure value of the corresponding line. The blue marked lines exhibit a significant
jump in the RMS. As the critical pressure was determined before to be 16Pa this
consolidates the hypothesis that above the critical pressure there is a qualitative change
in the bleb development. (For details see p. 175).

study shows that with & = 1.1 - 107!, we may achieve a bleb height of 1.57 - 10~7, which is about one
tenth of the experimentally observed bleb height. With a more elaborate view on the protein distribution
at the membrane and especially their behaviour after the critical height #* is passed, one may achieve
better results. For some time points we plotted the membrane height as a heat map on the cortex, see
Fig. 2.

REMARK 7.1 Considering the difference between the maximal height of every time step (see Fig. 3)
there seems to be numerical indication of a stability property like that rigorously shown in Section 5.3,
which does not apply in this case as Hy = 0 and a (-, -) is not coercive.

Critical pressure Lim ef al. (2012) consider a bleb to form when the the membrane height reaches above
the critical height #* (on a certain interval I C R) and linker bonds are broken in response. According
to this notion of a bleb in their static model they define the critical pressure to be the greatest pressure
below which the membrane height is beneath the critical height everywhere. We adopt this notion to our
(dynamic) model in the sense that the critical pressure pj; is the greatest value below which the maximal
height of the membrane is beneath the critical height after the nucleation phase of 30 s which is driven
by the pressure function

_ d(xm)
pox) =pj-e 2 Pa
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Passing the critical height triggers the linker disconnection process.

By applying the pressure as previously described and increasing the pressure in steps of 2 Pa we
plotted the maximal height after the nucleation phase against the pressure, see Fig. 4. Considering a
linear function through the first two data samples gives evidence that the data samples do not grow
linearly at least not on the whole pressure range; up to a pressure of about 60 Pa linear growth seems
to be a good description. We hypothesize that there is a change in the growing behaviour and that
this change occurs at the critical pressure. To give some evidence for this we successively fitted linear
functions (with the gnuplot implementation of the Marquardt—Levenberg algorithm) to the data sets of
the pressure intervals [0 : ¢g], ¢ € {2,...,120}, and assessed the root mean square residuum (RMS),
see Fig. 2. We notice that until 16 Pa there is very little change in the RMS. From 16 Pa to 18 Pa
there is a specifically large increase of the RMS (three orders of magnitude). Afterwards, the RMS
increases readily. Taking a look at, Fig. 4, we see that 16 Pa happens to be the critical pressure which
substantiates our hypothesis that reaching the critical pressure triggers a major change in the bleb growth
behaviour.

8. Conclusion

We derived a PDE model by balancing the bending, stretching and linker forces coming from
the variational derivative of an extended Helfrich energy functional with the stress at the
interface between the cytosol and the extracellular fluid. Based on the restriction of only small
membrane displacement normal to the cortex we could derive a gradient flow describing the
membrane height normal to the cell cortex. Additionally, linker kinetics were incorporated with
reaction—diffusion equations where we also introduced the concept of inactive linkers to include
the phenomenon of cortex disruption. To our knowledge this effect cannot be modelled with
any other model.

For the resulting system we established global-in-time existence and uniqueness of weak solutions
by applying the Banach fixed point theorem. The stationary case can also be treated with a fixed point
argument, which uses the Schauder fixed point theorem, to establish existence. However, we do not have
results about uniqueness or at least classification of stationary solutions.

The a priori estimates used in the stationary solution existence proof could be exploited for passing
to the limit in the rescaling parameter of the disconnection rate, ¢ N\ 0. We observed that the model of
Lim et al. (2012) could be rediscovered this way. The existence of a singular limit in the time-dependent
case remains an interesting open question for future research.

Finally, let us mention that so far the model is purely mechanistic and ignores any interaction with
external and cell-internal signalling. In particular, the interaction of bleb formation with polarization
of protein distributions influencing the mechanical properties will become important in order to fully
understand cell migration by blebbing.
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Appendix A. Dirichlet-to-Neumann operator of the stationary Stokes problem
We define the Neumann-to-Dirichlet operator for the stationary Stokes problem
M (/(”) ) /(‘P))Lz(%ﬂg(s,a)) -@ V- @)LZ(@) = (f’ V,//(‘P))Lz(///)
(V-u,q)29 =0

(A1)
yrw) =0

Y.y =g

with u, ¢ € HY(92), P, q € L2(@), and g € Hl (j/ R3),f el? (///,R3), where

Yoo Yoo

Hyo (48) = fue (45) | [ ax=0]
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as function
.l 3 2 3
DN Hyy (MR) > 12, (A R)
mapping g to f.

REMARK A.1 For the Stokes problem with mean-value-free pressure p and no restriction on the
Neumann data f, the well posedness of this operator follows from (Fabes ef al., 1988, Theorem 4.15).
However, a unique solution of the above problem is then easily defined by setting p = p+ wl Vo do?.

We further have the following properties

LEmMA A2
(1) 2.4is self-adjoint and positive definite.

(ii) There exists a positive definite operator S : L)z/()o' (MR} — L}Z,O(r (., R?) such that $2 = 2.4
on the domain of 2.4,

(iii) 2.4is continuous from the ||-[| 414 topology of its domain to the ||-[l;2(_4 topology of its
range.

Proof. (i) We may express the Dirichlet-to-Neumann operator as

3 3
Ju € Hs (M), y 4 (u) =g: Vo € Hz (M):

a5 < (5, (%))

By form methods (as used e.g. in Fujita ef al., 2001, Chapter 7), the claim follows from the coercivity,
continuity and symmetry of (4, ¢) — (_Z(u), Z(¢));2(9)-

(ii) We refer to Sebestyén & Tarcsay (2017, Theorem 2.3).

(iii) This can be directly derived from Fabes et al. (1988, Theorem 4.15) and the continuity of the
trace operator. U

Appendix B. Existence and uniqueness of solutions for the height equation

Lemma B.1 There is exactly one i € L*([0, T], H2, (%)) N H' ([0, T, HL () satisfying
(L (8,vg) . 0vg) 12y + a (ho9) = (F(1), ) 23 (B.1)

with
a (h, (P) =K (A{hs AW)LZ(% + Y (V%h, VW)LZ(%RS) + A (h, QO)LZ(‘@
for almost every ¢ € [0,T) and all ¢ € H*(%), where f € C([0,T), L*(¢) and h(0) = hy, € L3(%).

Proof. We argue by a Petrov—Galerkin-type approximation:

(1) Let ((p,.)l.eN be an orthonormal Schauder basis of L2(%) with eigenvalues (A;);cy (sorted
ascendingly) consisting of eigenfunctions of the Laplace—Beltrami operator A (due to the divergence
theorem and 94 = (, the eigenfunctions ¢;, i > 2, are mean value free; for a spectral theorem on
Riemannian manifolds cf. Lablée, 2015, Theorem 4.3.1). For m € N we set h,,(t,x) = > 1" h;(1)@;(x)
and f,(t,x) = >, fi(D)¢;(x). Formally inserting into (B.1) and testing with @ J € {1,...,m} we
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obtain the finite-dimensional system for the coefficient vectors k,, = (hl) and right hand side
— i€{2,...,m}

,,,,,

MH, + kA%h, + yAh,, + Ah,, = £ (B.2)

where A = diag (Ay,...,4,,) and M = (L(¢;v), 9V 12(0)je(l.... ) ici2....m)- Due to the symmetry
and positive definiteness of L((-)ve - v in L2(6) (see Lemma A.2) the columns of M are linearly
independent (M without its last line would be invertible), and well-posedness of (B.2) complemented
by the initial condition 2(0) = hy,, = ((hy, ¥)12(%)je2....m) follows by multiplying with the Moore-
Penrose pseudo left inverse (M7 M)~'M” and the Picard-Lindel6f theorem.

(2) Multiplying (B.2) by &, = (0,4;), c(2....m in the Euclidean scalar product we obtain

(L(hi/n)’ hm)ﬂ(%’) +K (A‘Khm’ A‘ghm)LZ((g) +v (V%’hm’ V%hm)LZ((z{jR3) +4 (hm’ hm)Lz(%’) = (f’ hm)LZ(%’j :

Leaving out a(hm,hm) (non-negative term, cf. Remark 3.3) and applying the Cauchy—Schwartz
inequality on the right we arrive at

(L) 1) ey < ||f |22 + ||h |22 < Hfm e+ 5 IISh 220
with L = S?. We recall the continuity of L (see Lemma A.2) and observe (L(h;n),hm) 2@ =
14 s, H 12(%)- BY applying the Gronwall inequality we find the bound

— t —
0 [l ey O < ISl @ < IShonll 72 @ + /0 [l (2~ s,

Since h,, and f,, are bounded uniformly in L*(%) and L*([0,T],L*(%)) w.r.t. m, respectively, so is
h,, in L= ([O, T),H' (CK)). Not leaving out a (hm, hm), but integrating in time and using the previously
achieved bound, we may further bound “A%hm ||i2 ([0.T1I2(6) uniformly w.r.t. m, eventually giving a

bound on #,, in LZ([O, T],H2 (%)) uniformly w. r. t. m. Multiplying (B.2) by 4, = (0, n, i()ic (2.} in
the scalar product sense, we see

0 1y < (001 2 < [ )|+ [ o) 2.

With Young’s inequality, integration in time and the previous bounds we obtain a bound of A, in
L%([0,T], H (%)) uniformly w.r.t. m. All together there is a subsequence with indices m;, such that h/

weakly converges in H (%) to I’ € H 1 (D), L(hmk) converges weakly in L?(%) to L(K), h,, Weakly
converges in H>(¥) to h € Hrznvf(%) andf,, weakly in L?(%) to f for almost every ¢ € [0, T). Umqueness
follows with the linearity of the equation. (I

COROLLARY B.2 (i) There is exactly one i € L*([0, T], H*(%)) N H' ([0, T], H. (6)) satistying

(L (811/”)%)) ) ¢V<g)L2(<g) +a (h’ §0) = (f(t)’ QO)LZ((I,)//)

for almost every ¢ € [0, T) and all ¢ € H*>(%), where f € C([0, T), L*(%)) and h(0) = hy € L2(F).
(i1) The mean value f%h dx is constant in time.
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Proof. (i) Letf = f — A f,ohydx and hy = hy — f,,hy dx. Then consider the solution % of (B.1) with
initial data i, and right-hand side f. Set h = h + fho dx and observe

(L (3,hve) ,(pvcg)Lz(%) +a(h @)= (L (Btizv(g) gov(@o)Lz @ +x (Aé)h Aﬂ))

L2(®)
+v (Veh VW ( g (p)
L2(%)
= hodx, +(7.0)
(]{K 0 (p)LZ(%/) )
= (f’ (/J)Lz(% P
o & is a solution as claimed.
(i1) f%ho dx is constant in time and this is by construction the mean value of 4. O

Appendix C. Taylor approximation of the Dirichlet-to-Neumann operator

We want to show that the Dirichlet-to-Neumann operator Z.4; : H 1 (///(t)) — L2(///(t)) can be
approximated by 2.4, : H 1(///0) — Lz(//lo) in the sense that for h = §h and o= 81# it holds

M) 4 ([athv///()]f) vvsly = ////0 DAy (31w 1) - V., dx + 0(8%)

for v € H' ().
Take u' and u? as parts of solutions of stationary Stokes problems being continuously differentiable
such that

I (f(ul), /(w))Lz(m@) - (pl,V : ‘”)Lz(@) = o DN, ([a,hv//,o]%) V@ dx  (C.1)

and
H (/(MZ)’ /((p))u(@,mss)) - ( LV w)Lz(% = ///[0 PN Ohv.a4) - V., () dx. (C2)

Subtract (C.1) and (C.2) and choose ¢ as the velocity of a solution of a Stokes problem on & with
Dirichlet boundary data v _,, on M, [xp v %O] 5 on () and zero on the rest of the boundary, which
is possible under the assumption that .Z(r) U .#,, is sufficiently regular.

w (/(17) > /(‘p))LZ(@’R(},S)) = -@J%([ath”//fo]//;(t)) ’ [I/“’///o]x dx

WA
= [ 9 @) v
Mo

According to Cattabriga (1961, p. 311), _# () and _Z (¢) may be bounded by their Dirichlet boundary
data. For x € .Z(1), x, € .# such that x = x, 4+ 9,A(xy)v, 1, (Xp), we have

P x) = u? (xp) + (¥ = xg) - By, (Mz) o Fo (”x _ ||§) : (C3)
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By choice W (x) = ul(xo), SO

u2(x) = ul(xo) + (x — XO) . 8x—x0 (uz) wtTo (”x — x()“§) (C4

and therefore
i(t,x) = (x = x0) + 9,_y, (u?)

wto(lx=xl3)- ©3)

As 1 (xy) = [9,h(1, x| =38 [E)jz\(t, x0)] - u?> = o0(8) in a sufficiently small neighbourhood of x,, and
o) 8x—x0(u2)|x0 = 0(8). With ||x — x0||2 = 0(8) we have |lu(t,x)|l, = 0(8%). As the boundary data of ¢
is of order § the claim follows.

Appendix D. Differential geometry

This section contains basic differential geometric formulae which are eventually used for calculating the
shape derivatives in Section 3.3.

THEOREM D.1 (Transport theorem for surfaces, Barrett ef al., 2020, Theorem 32). Let 4(I;;s € I) be
a smooth evolving hypersurface in R” and f : ¥(I;s € I) — R a function with existing material

derivative. Then,
d
4 (fros)
dS I

LeEmMmA D.2 (Barrett et al., 2020, Lemma 37). Let 4(I; s € I) be a smooth evolving manifold in R”
with normal fields () _,. It holds

sel”

r=ﬁxmuﬂwnva.

0wl =— (V) v,

Some simple algebraic observations:

LEmMMA D.3 Let I" be an orientable differentiable real submanifold with normal field vandf : I’ — R™
a function with existing tangential Jacobian. Further, P = — v ® v. It holds,

VfPr=Vf (D.1)
P (Vef) = (Vrf)" (D.2)
(Vef) Pr:Vig = (Vif) 2 Vyg. (D.3)

An analogue of the Schwarz theorem for tangential gradients

LEmMA D.5 (Barrett ef al., 2020, Lemma 15). Let I” C R” be a differentiable, orientable real
submanifold with normal field v and f : I" — R a function with existing tangential derivatives up
to second order.

VEE) = VEO  =v & (VrvVef) — (VrvVef) @ v
This implies

CorOLLARY D.6 (Barrett et al., 2020, Lemma 16). Let I" be a differentiable orientable real submanifold
with normal field v and mean curvature H. It holds,

Apv=VpH—vVpv:Vpv,
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D.1  Commutator rules

LemMMA D.7 (Commutator rule for the tangential gradient, Barrett ef al., 2020, Lemma 38). Let X :
I x R" = R™* for an interval I C R, be parametrizations of n-dimensional manifolds Iy with an
associated material derivative 39 and velocity fields »" = 3 (X(s, )| .o (X(r, L Let f:¥9Ts e
I) — R be sufficiently regular. It holds

(V)| =Vr (350],) + (VFrV - 2/1“,(7/)) VS
A similar rule exists for the tangential divergence:

LemMMA D.8 (Commutator rule for the tangential divergence, Barrett er al., 2020, Lemma 38). Let X :
I x R" — R"* for an interval I C R, be parametrizations of n-dimensional manifolds I'; with an
associated material derivative 39 and velocity fields " = 3 (X(s,-))| .o (X(r, 7L Let f:¥9Is e
I) — R" be sufficiently regular. It holds

0V N, =V, 080, + (V7 =2.7,00) Vi,
We can now derive a commutator rule for the Laplace—Beltrami operator:

LeEmMA D.9 (Commutator rule for the Laplace—Beltrami operator). Let A(I'; s € I), I € R, be a smooth
evolving manifold and f : /(I; s € I) — R afunction with tangential derivatives up to order two whose
material derivative exists and let f be material differentiable itself. It holds,

T
scan 0, = 3560+ (v (97 =27500))) - 9er
+2(Vp = (V) =PV Y)  VES

+ VRV V' @ (AVLS).

Proof. Commute two times:
5 ()], = (90T, L V- @ (90| ) + (V57 —2.050m) : Vs
2V (V02 1) + (V57 =275, () VES)
+ (Vnn’/ -2 (7/)) VLS
©) o T
= Ap (35 (OI,) + (Vn ' (VDV - Z/F,(V)) ) “Vrf
+ (Vn”f/’ - 2/”(%’)) : (V%j)r

+ (V7 =27, () : Vis
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- (Vr,”V - 2/p,("/>) (AL @,
+ (Vr,”V - 2/p,(”f’)) 10, ® (AVLf)
® . T
= Ar, (37 (OI1,) + (VE . (Vrr”i/ — Z/Fr(ﬂif)) ) Vif
+2(Vn"’/— (Vpr”I/’)T) : (V%j)
—2(P V. ¥): Vif
+ (Vn“” - 2/5(”?’)) v, ® (AVLf)
T
2 Ap (35 (OI,) + (V,«r . (VF,V — 2/Fr(7/’)) ) VS
+2(V, 7 = (9 7) = BpVL YY) Vi
+ VeV v, ® (AVLS)

(1): Lemma D.8 (2): Lemma D.7 (3): V- (Av) = (V ~AT) v+A: (VT (4): Lemma D.5 (Schwarz for
tangential gradients) (5):

(V7 =205 () : V= (V¥ =PV Y = (Vi) Ppr) VS
=V VA PRV Y VR — (Ve #) P VES
= (Vrr"f/ - (VDA//)T) VRS =PLVRV VRS
and
(Vi =205 (7)) : (V) @ v, = (Vi ¥ = Bp V¥ = (Vi) By )+ (V) @,
= (V7)) £V @v,)
+u (V) P (V) @)
+tu(PLVLY (AVL)®v,)
=0
by using cyclic shifting. (6):
(Vfrq// -2, (V)) v, ® (AVLf) = (VF,-V —PrvR? - (VI'}V)TPF,) 1, ® (A'VLf)
=V, ¥ v, @ (HVLf)

by the same arguments as in (5). (]
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Appendix E. Derivatives

E.1 Material derivative of the mean curvature

LemMma E.1 (Barrett et al., 2020, Lemma 39). Let ¥(I';;s € I) be an orientable, smooth evolving
manifold. We then have

WH) g=—ApV, + Apv- ¥, =V, |7

E.2 Second-order derivative of the integral of the mean curvature

LEmMa E2 Let AT ;s € 1), 1 € R, be a smooth evolving hypersurface in n dimensions. It holds,

d—2 / H* do" !
dS2 T

rZ/F =05 (V)] 12 2vy e (9 (95 7) v, )+ (V) B o#)
+ (_Anvg +VRH A~ VV’I%”IZ) A
w1 (V- (05 )]+ (V7 —2.05, (7)) : V)

+ =V P H ) VS do

Proof.

d—2 /Hsda"_l
dS2 I

—_

@

&l

r r

(/ —ARVS+ Apvg - A = VS|P + HV - ”fda"_l)
n On A .

—~
o
-

&~

r

/N
S

—Ap Vi (VR H = v | ) 2) A=V | 24 1V do”l)

—~
(98]
=

&~

r

S—

—AR VS = VS| AP+ BV, -, da”_l)

s

/ —Vy | + HV - 7 da”l)

s

~
N
=

&l

N N
S

r

r

= [ —awl e - v (1))

r

+ SH)|,Vr, -+ H (ViR

+ (=i |+ H A) A do !

(51— / 07 (W), |12 + 2V (9, (95,9 v, )+ (V7 7) B )
r
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+07 (HY|,Vp, -V + H'0) (V- )],

+(=Vi [P+ A) A de

@/r —o; (V)| |27 +2v)u ('%Jvrr ((VF,V)T‘G) + A (VFrV)TPFr%p)

r

+ (AR Vi + VR H A =V |V,

v

+H (vn (05 ()| ,) + (Vr,"V -2/ ("V)) 1 Vn"’r)

+(=Vi [P+ A) A de

(1): Lemma E.1

(2): Corollary D.6

(3): integration by parts

(4): divergence theorem for manifolds without boundary

(5): see Elliott et al. (2017)

(6): Lemma E.1 and commutator rule for tangential divergence (Lemma 26) ([

COROLLARY E.3 Incase ¥ = hv o (¥%)~! we have
2
d_ H® do_n—l
dS2 Ty 0

We write ¥ = ¥, etc.

= / 2htr(%v%h + h%) — hHA ph — 30*H| 7
r

+HV h-Vih+hH? do™!

Proof.

d2

= (/F H da”_l)‘o Q /F =07 (Vi) ol 2 + 2V, e (29 (V) ) + 49 9) P 2)
| +(ZARVy £ VR Y, =V AP) V-,

+HH (Ve (07 (V)] o) + (Ve V=277 (1) : V)

+ (~V AP+ HY K )V Vo™

@ /rzvv w (25, (V) ) + 4V ) B )

—(arv, + v, 1) V-,

+H((VpV =20 ) VY)
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+ (~VAHP+HY - H,) V- Sdo!
) / 2 (A (v & Vrh+ b)) + v @ Vrh+ht) Prx)
r
- (Aph + hlﬁi‘f2) hH
+H((v®Vph—hi#): (v® Vph+ hH))
n (—h|,%fr2 + th) hH do"~!
@ / 2 (AVER+ 1)
r
— hH (Arh 4 h|%r2)
+H (Vph V- h2|%f2)
+hH (—h|%r2 + th) do"!
- / 2h tr (%v%h + hjzé) — hHAph — 302 H|\ AP + HV b -V o+ BPH? do"™!
r
(1): Lemma 29 (2): as #* o X* is independent of s and (note X = 1)
3 (V3)| o= 8,(hv - vgo (1, X°)| g = hv - 83(vg o (I, X*) )
=hv - (V,(0) 3,(X")|,)
=hv- (V) 3,(X%|,)

= hd, @] o ((Vrv)'v)

=0
due to the symmetry of Vv.
(3): we have
V¥V =Vp(h) =v & Vph+ hit
and
Vp-V=Vp-(w)=Vrh-v+hVy-v=hH,
as well as

PV ¥=(0-v®v) (v Vh+hVv) =v@Vy+hVv—vQVyh

—h® (VFUTU) = hi
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which implies (V F“I/)TIP’ = hIt]so

270 (N =PV Y+ (V) Pp = 202

(4): observe

v, ((v ® YV, h+ h%)Tu) =V (Vrh® ) = Vih

and
(v®Vph+hA) Pr=Vh@ Py + hit
=Vrh®v—-Vph@vw v+ h
= hH
and

(v®Vrh—h#): (vOVrh+h#t)=v@V h:v@Vrh+vQVyrh: ht
—ht: v ® Vih — kA
=tr (Vph ® v ® Vh) — h*| 4
= Vyh-Vh— h?

COROLLARY E4 Incase # = hvo (X) land I''is a sphere with radius R in R? we have

d_2 H® do.n—l
dS2 Iy

dsz(/ H a0 1) 0

2 2
r

Proof.

_ / o tr(%’v%h + hjzé) _ hHAph — 30°H| A
r

+HVph-Vph+ WPH? do"!

6
(é/zht(Rﬂbrvrh+h ]P’r) 02 ZArh— 1 tr(}P’F)
r

+ Evrh Vph+h Fda”

@ 2 2 » 2 4 12 8 5

2 2
+2 | VohVphdo
R Jr

—~

2 2
=2 [ Vph-Vphdo
R/r
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(1):H = 1% and = I%IP’F. 2): tr(]P’F) =t —trv@®v =3 - iviz =3—|v?=2and cyclic
shifting of P~ in the trace O

E.3 Second-order derivative of the surface area

LemMa E5 Let UT;s € 1), I € R, be a smooth orientable evolving hypersurface in R”, n € N. It

holds,
2
0= / V- (a;’(%) 0) + (vpﬂf/— 27 (“I/)) VRt (vr : 7/) do?.
r

d2
— / 1do?
d52 Ty

Proof. Apply the surface transport theorem (Theorem D.1) two times

L4 o2 o)
dr\ds\ Jr, ar\Jr, "

Then use the commutator rule for the tangential divergence (Lemma D.8):

2
O:/Faf(vprqﬂﬂo-}-(vp'y) d02

2 2
/a:(vn : V)|0+(vp-7/) dazz/ V-2 + (VF"//— er(”I/)):Vp”f/+ (vp."//) do?.
r r

O
COROLLARY E.6 Incase X* = x + shv, wherex € I" and h : ' — R", we get
d2
— / 1do" )|, = / Vih-Veh— A7 + PH? do" 1.
ds*\ Jr, r
Proof. We use
¢ 1 202 1
@(/F 1do"™ )‘0 :/F(U®Vph—h<%”) : (U®Vph+hjf) + h*H” do"™
- / Vph-Vph— A7 +h2H? do" !,
r
O

E.4 Derivative of the Willmore energy

Lemma E7 Let UT;s € 1), I € R, be a smooth orientable evolving hypersurface in R”, n € N. It

holds,
d /1
ds \2 Iy

1
0= /F —V,ApHS =V, |Vpvp)? — EVUH3 do?.
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Proof.

dl 52 2

a .
02 / HYS(HY)
r

1
0+ Eszr-“ﬁdo—2

@ /FH(— ApV,+Apvp - Y — Vv|VF“F|2)

+ %H2VF-”I/d62(x)

@ /FH( — APV, + (VrH —vpVpvp: VrVr) e
_ VV|VFUF|2)

+ %szp : (Vvvl" + 7@)‘102(’“)

3 1
=>/ —VVAI-H—VVIVva|2+§VVH3d02.
r

(1): Theorem D.1 (2): see Elliott et al. (2017) (3): Corollary D.6 (4): integration by parts ([l
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