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We develop a percolation model motivated by recent experimental studies of gels with active network
remodeling by molecular motors. This remodeling was found to lead to a critical state reminiscent of

random percolation (RP), but with a cluster distribution inconsistent with RP. Our model not only can
account for these experiments, but also exhibits an unusual type of mixed phase transition: We find that the
transition is characterized by signatures of criticality, but with a discontinuity in the order parameter.

DOI: 10.1103/PhysRevLett.114.098104

Percolation theory has become pervasive in a number of
fields ranging from physics to mathematics and even
computer science [1]. In particular, it successfully describes
connectivity and elastic properties of polymer networks
[2,3]. The simplest percolation model is the random
percolation (RP) model, consisting of a collection of nodes
with controlled connectivity, p, representing the fraction of
occupied bonds between the nodes. As a function of p, the
order parameter—the mass fraction of the largest cluster—
becomes finite above the percolation threshold p.. The
nature of the transition is of special interest because the
system properties are highly tunable at this point, especially
if the transition is discontinuous; in that case, just a few
bonds can have a significant impact, even for very large
systems [4]. Usually, however, percolation transitions are
second order, with a continuous variation of the order
parameter and various critical signatures. More specialized
percolation models can exhibit different phase behavior,
including discontinuous transitions between the two phases
(see discussion below).

Here, we present a simple model based on random
percolation that develops a discontinuous jump in the
order parameter in the thermodynamic limit, while exhib-
iting other features of criticality in such quantities as the
correlation length and susceptibility. Interestingly, the
transition we observe occurs for the same p. < 1 as for
random percolation. Moreover, our model can account for
recent experimental results on active biopolymer gels that
have been shown to self-organize towards a critical con-
nectivity point [5]. The experimentally observed cluster
properties at this point were found to be inconsistent with
the ordinary random percolation model.

In these experiments, we studied a model cytoskeletal
system, composed of actin filaments, fascin cross-links and
myosin motors in a quasi-2D chamber of dimensions
3 mm x 2 mm x 80 um [5] (see Supplemental Material [6]).
We observed a motor-driven collapse of the network into
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disjointed clusters (see Fig. 1(a) and movie of the collapse in
the Supplemental Material [6]). The configuration of the
clusters prior to the collapse is obtained by analyzing the time-
reversed movie [see Fig. 1(b)] and their masses were
estimated from their initial areas. We found that, over a wide
range of the experimental parameters, the number n; of
clusters of mass s exhibits a power-law distribution: r, ~ s7°.
Here, 7 is the Fisher power-law exponent, which must be
strictly limited to values > 2 for the RP model [7]. It was
found experimentally, however, that 7 =191 £0.06. A
key feature of these experiments is the apparent absence of
enclaves—clusters fully surrounded by another cluster [see
inset of Fig. 1(c)]. These enclaves are responsible for the
fractal nature of clusters and 7 > 2 in the RP model [8,9].
Below, we show that the, apparently paradoxical, experimen-
tal features of n, ~ 577, yet with 7 < 2 can be understood
within our no-enclaves percolation (NEP) model.

NEP model and its theoretical analysis.—Our NEP
model begins with the random percolation model, but in
which enclaves—clusters fully surrounded by a larger
cluster—are absorbed into the surrounding cluster (see
Figs. 1(c), 2(a) and Supplemental Material [6]). We do this
because, in the experiments, during the collapse, as a single
connected cluster contracts, it tends to incorporate other
material within the cluster, including distinct enclaves
contained within it (see illustration in the Supplemental
Material [6]). Thus, experimentally the final cluster con-
figuration, obtained from the time-reversed movie, is
enclave free [see Fig. 1(b)]. In the NEP model, as in the
RP model, massive nodes are located on a regular lattice.
Nearest-neighbor nodes are connected by massless bonds
with a probability p. For any p, the total system mass
(in units of nodes) is equal to the total number of nodes, M.
For a given value of p, the network is obtained from the
corresponding network of the RP model, but with all
enclaves absorbed into their surrounding clusters (they
can also be absorbed during each step of the dilution

© 2015 American Physical Society
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FIG. 1 (color online). (a) Experimental results of a fascin-cross-
linked actin network, collapsed by myosin motors (see Supple-
mental Material [6] for details and movie of the collapse).
(b) Initial configuration of the collapsed clusters in (a). Colors
indicate the largest (blue) and the second-largest (pink) clusters.
(c) Histogram (squares) of cluster masses, averaged over 26
samples. For the critically connected regime, the data are
statistically more consistent (1.4 standard errors from the Hill
estimator of 7 = 1.91 £ 0.06 [10]) with a power-law distribution
with a NEP model’s Fisher exponent from Eq. (9) (solid line).
The agreement of the data with the RP model Fisher exponent
7 = 187/91, indicated by the dashed line, is significantly worse
(2.4 standard errors from the Hill estimator). Lower insets
demonstrate an enclave (solid line) and its surrounding cluster
(dashed line). In the upper inset, the enclave is absorbed into its
surrounding cluster. (d) Clusters’ structure at the critical point of
the NEP model (RP model with absorbed enclaves). The
absorption of enclaves is implemented by identifying the longest
boundary of each cluster and absorbing all the nodes within
this boundary in the cluster (see Supplemental Material [6] for
more details).

protocol). This is illustrated in the insets to Figs. 1(c)
and 2(a) and in the Supplemental Material [6]. As we
show, our NEP model exhibits mixed properties of both
discontinuous and continuous phase transitions, including
the anomalous critical behavior, consistent with the
experiments.

In the 2D random percolation model, close to the
percolation transition point, p = p,., the strength (i.e.,
fraction of total mass) of the cluster with the largest mass
scales as P~ |Ap P, where Ap = p — p,. P vanishes at
the critical point in the thermodynamic limit, such that

the largest cluster mass scales as M4 In the following,

S/M
10° /.
S
10%t-10 5 0 5
ApM*Y
10’ s/ M4
10°10° 10 107 107
10° 10" 10° 10° 10* 10° 10°

p S
FIG. 2 (color online). (a) Cluster mass distribution at the
percolation transition of the RP (diamonds) and NEP (circles)
models, with M = 2000%. The long lines indicate power laws
with 7/ = 187/91 (dashed line) and 7 = 1.82 (solid line)
[Eq. (9)]. The short line indicates the experimental z=1.91
observed over 2 decades. Insets illustrate cluster structures of the
RP (left inset) and NEP models (right inset) on a triangular lattice
for 0 < p < 1 (see Supplemental Material [6] for p = 0, 1 cases).
Colors (online) represent different clusters. The cross in the left
inset indicates an enclave that is absorbed in the NEP model (right
inset). The absorption of enclaves in the NEP model changes the
distribution of clusters sizes and can account for the experimental
observation of 7 <2 in Ref. [5]. (b) Demonstration of the
discontinuous transition in the NEP model. Strength of the
largest cluster, P, as a function of bond density, p for different
system sizes, from M = 12 to 400. Inset: collapse of the data
from the main figure using Eq. (4) and y = 8/3. (c) Demonstra-
tion of the critical transition in the NEP model. Average cluster, S,
as a function of bonds density, p for the same system sizes as in
(b). Inset: collapse of the data from the main figure using Eq. (6)
and y = 8/3. (d) Probability of an s cluster to be not an enclave of
another cluster, P, at the percolation transition of the RP model
for different system sizes, from M = 6 to 2000. Inset: collapse of
the data from the main figure using Eq. (7). The dashed lines
indicate power law a = 0.1706 obtained from Egs. (8) and (9).

we denote by primed symbols the quantities for the RP
model and reserve unprimed symbols for the NEP model.
The transition in the RP model is critical, such that the
correlation length diverges as &~ |Ap|™/, with v/ = 4/3
[8,9]. The cluster masses are distributed as a power law
with a Fisher exponent 7/ = 187/91 > 2: n} ~ Ms~7,
where n) is the number of clusters with mass s [see
Fig. 2(a)]. The Fisher exponent is related to the fractal
dimension by the hyperscaling relation, 7" = d/d; + 1.
Therefore, the continuity of the transition in an RP
model follows from d; < d or, equivalently, from 7’ > 2.
Thus, the qualitative form of the percolation transition is
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reflected in the value of the Fisher exponent and fractal
dimension [7].

In contrast, the absorption of enclaves in the NEP model
leads to a different universality class, although the critical
value p. remains the same, since enclaves do not them-
selves percolate. Moreover, because enclaves are wholly
surrounded by another cluster, the absorption of enclaves
does not change the scaling of the radius of gyration
of clusters. Thus, the divergence of the correlation length
is as in the RP model, with v = /. After absorption of
enclaves, the surviving compact clusters are Euclidean
with dy = d = 2.

The transition in the NEP model is still critical, since the
correlation length diverges there. Therefore, the distribution
of cluster masses is scale free at the transition. The mass of
the largest cluster below the transition point, p < p., scales
as &4, such that it remains finite in the thermodynamic limit,
M — 0. At the transition point, where & ~ M'/?, the mass
of the largest cluster scales as M. Thus, the strength of the
largest cluster in the thermodynamic limit exhibits a
discontinuous jump from 0 for p < p,. to a positive value
at p = p.. The only possibility for getting both the
discontinuity and the criticality at the transition point is
that the number of clusters with mass s is sublinear with the
system size and is given by

ng ~ M5, (1)

with Fisher exponent 7 < 2. Only, in this case, the critical,
power-law distribution possesses a sufficiently heavy tail
such that the mass of the largest cluster scales as the total
mass, providing both criticality and discontinuity (see
Refs. [11-14] and Supplemental Material [6]). Other
exceptions to the usual second-order nature of percolation
transition include interdependent networks [15,16], hierar-
chical structures [17], which can exhibit discontinuous
transitions between the two phases. The possibility of
such first-order-like percolation transitions in simple net-
works has been the subject of considerable recent debate.
Starting from the explosive percolation [18], this and other
models have been analyzed to show sharp transitions
[12,14,19-26], which, in some cases, nevertheless, become
continuous in the thermodynamic limit. Mixed phase
transitions were found for several update percolation
procedures [27]. In some cases the transition is at the
point p. = 1 (see, e.g., Ref. [28]) while in other cases it is
for p. <1 (like in the NEP model and, e.g., Ref. [29]).
Also, bootstrap percolation models have been found to
exhibit discontinuous phase transitions, although it remains
unclear whether these are critical in 2D [30-32]. Beyond
percolation, similar issues arise, e.g., in thermal systems
[33-35] and in the jamming transition, for which several
phase-defining quantities or order parameters are possible.
Interestingly, some of these exhibit discontinuous behavior,
while others are continuous [36].

The upper bound of 2 for the Fisher exponent in the
NEP model can be obtained analytically. To do so, consider
the scaling of number of clusters possessing mass s at the
transition point, n,(p = p.). A cluster in the NEP model
with no enclaves is Euclidean in contrast to the RP model
where clusters possess fractal dimension . Therefore, one
can relate n, and the same quantity of the RP model, n},
using

Here s is s/¢ and P(s) is the probability that a cluster
with mass s is not an enclave in the RP model. The last
equality in Eq. (2) follows from the hyperscaling relation of
7' and d}. Smaller clusters are expected to have a higher
probability to be an enclave and, therefore, to be absorbed
in their surrounding clusters during the elimination of
enclaves. Thus, P(s) monotonically increases with s.
This implies an upper bound for the Fisher exponent of
the NEP model, 7 < 2, in agreement with the experiment.
For such a heavy tail distribution of cluster masses the
total number of clusters, n, is not an extensive quantity.
Integrating Eq. (1), one obtains

n~M- (3)

In the NEP model, the size of the jump of P at the
transition and the scaling ansatz for P can now be obtained
using Eq. (1) with 7 < 2. For p > p,, the largest cluster
has a mass that scales as M. The remaining mass of all
the other clusters combined scales sublinearly with M, as
[€ nysds ~ M* 1427, Thus, the strength of the largest
cluster is 1 above the transition in the thermodynamic limit.
In this limit, the discontinuity of P in the NEP model is
from O to 1 at p = p.. The finite-size scaling ansatz for
the largest cluster strength is given by (see Supplemental
Material [6])

P =G(apM"7), )

where G(—o0) = 0 and G(o0) = AP = 1.

One can calculate other critical exponents of the NEP
model in the following way. Since all the clusters are
Euclidean, dy = d =2, the cutoff of the n; power-law
distribution is y ~ & ~ |Ap|~®, such that ¢ = 1/dv =3,
since y ~ |Ap|~'/?, For 7 < 2, the average cluster size,

1 o,
S = MZ ngs=, (5)

scales as the cutoff, y, such that y =1/ =2

3. since
S~ |Ap|™". The prime in Eq. (5) indicates that the sum

runs over all nonpercolating clusters. We expect the
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following scaling ansatz for the average cluster mass (see
Supplemental Material [6]):

S = MH(ApM'/7). (6)

The quantity S in Eq. (5) is analogous to the suscep-
tibility in thermal systems, where the diverging suscep-
tibility is a signature of a second-order phase transition. In
the NEP model, the divergence of S comes along with a
discontinuity of P—a signature of the first-order-like phase
transition. Therefore, the critical exponent f and the
conductivity exponent y are both zero, such that the usual
scaling law y 4 28 = dv remains valid.

As one can see from Eqgs. (1) and (2), the actual value of
the Fisher exponent is determined by the functional
dependence of P(s). Since the only relevant mass scale

at the transition point of the RP model is M4,

Pls) = f(Mj}/d> - <M5}/d>a’ 7

where F is a scaling function and [after combining
Eqs. (1), (2), and (7)]

a=(2- T)di’ (8)
f
Other properties of the NEP model are derived and
summarized in the Supplemental Material [6].

Numerical analysis.—To verify our theoretical analysis
of the NEP model, we simulate it on a 2D triangular
lattice (see details in the Supplemental Material [6]), where
a random occupation of bonds results in a continuous,
second-order-like, transition when the probability of a bond
to be occupied is p = p. = 2sin (z/18) [37]. For the NEP
model, we first demonstrate the discontinuous transition
behavior of P. As shown in Fig. 2(b), the transition of P
from O to 1 as a function of p becomes steeper with
increasing system size, M. In fact, as shown in the inset of
Fig. 2(b), one can collapse the data from Fig. 2 using the
scaling form (4) with the calculated value of y = 8/3.
Therefore, in the limit M — co at p = p, the value of P
discontinuously jumps from 0 to 1.

To demonstrate criticality in the NEP model, we perform
finite-size analysis of the average, nonpercolating cluster
size—the analogue of the susceptibility in thermal systems,
plotting S vs p for different values of the total mass of the
system, M. In Fig. 2(c) one can see that the peak value of S
depends on the system size. In fact, as shown in the inset of
Fig. 2(c), one can collapse the data from Fig. 2(c) using the
scaling form (6) with the calculated value of y = 8/3.
Therefore, in the limit M — oo, S diverges at the transition,
as in a second-order phase transition. Thus, our finite-size
scaling analysis confirms the hybrid nature of the phase
transition in the NEP model, with discontinuity in the order

parameter, P, and yet divergence of the susceptibility, S, in
the thermodynamic limit.

As is mentioned above, such a hybrid phase transition
can exist only if the Fisher exponent is smaller than its
upper bound of 2. As one can see in Fig. 2(a), the cluster
mass distribution is consistent with Eq. (1) with

r=182+001 <2, (9)

in agreement with the considerations above. The above
estimation of 7 in Eq. (9) was obtained using Eq. (3) (see
details in the Supplemental Material [6]). The obtained
value of 7 is in agreement with our experimental results
[see Fig. 1(c)].

The difference of z from 2 is due to a power-law scaling
of the P(s) ~ (s/M/?)*, as indicated in Eq. (8). To verify
this, we calculated numerically the probability of an s
cluster in the RP model to not be an enclave for different
systems sizes, M. As shown in Fig. 2(d), the dependence
is consistent with Egs. (7), (8), and (9). Moreover, all the
P(s) data, for different M values, collapse to a master curve

with a power-law dependence on S/Md-/f/ a confirming
Eq. (7) [see inset of Fig. 2(d)]. With this, we complete
the numerical validation of the analytical arguments.

We have shown that a simple extension of the RP
model, with absorbed enclaves, exhibits, simultaneously,
features of both discontinuous and continuous phase
transitions. This model is in a distinct universality class
from the RP model, with different critical exponents for all
but the correlation length. Importantly, motor activated gels
appear to constitute an experimental realization of this
universality class.
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