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We present a blueprint for building a fault-tolerant quantum computer using the spin states of electrons
on the surface of liquid helium. We propose to use ferromagnetic micropillars to trap single electrons on
top of them and to generate a local magnetic field gradient. Introducing a local magnetic field gradient
hybridizes charge and spin degrees of freedom, which allows us to benefit from both the long coher-
ence time of the spin state and the long-range Coulomb interaction that affects the charge state. We present
concrete schemes to realize single- and two-qubit gates and quantum nondemolition readout. In our frame-
work, the hybridization of charge and spin degrees of freedom is large enough to perform fast qubit gates
and small enough not to degrade the coherence time of the spin state significantly, which leads to the
realization of high-fidelity qubit gates.

DOI: 10.1103/PhysRevApplied.20.054022

I. INTRODUCTION

Fault-tolerant quantum computing requires a high
enough number of interacting qubits placed in two dimen-
sions [1]. Preparing such a system while realizing high-
fidelity qubit operations is indispensable. The interest in
using electrons in vacuum as qubits has been growing
recently. As opposed to using electrons trapped in semi-
conductor structures, such systems are free of defects or
impurities and we can expect long coherence times of their
quantum states, which tends to lead to high-fidelity qubit
operations. Historically, a single electron has been trapped
in vacuum using a Penning trap [2]. Recent efforts on trap-
ping electrons in Paul traps in terms of using them as qubits
are reported [3,4]. A remarkable experimental milestone
has been recently achieved using electrons on the surface
of solid neon by demonstrating the single-qubit gate opera-
tions with 99.95% fidelity [5,6]. Electrons on the surface of
liquid helium is another physical system representing elec-
trons in vacuum. This two-dimensional electron system is
known for having the highest measured mobility [7] thanks
to the clean interface between liquid helium and vacuum,
which suggests the potential for forming a substantial num-
ber of uniform qubits. The hydrodynamic instability of
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liquid can be suppressed for the liquid helium confined
in the microfabricated devices filled by capillary action
[8–13]. Besides the theoretical proposals of using elec-
trons on helium as qubits [14–17], experimental studies of
electrons on helium with the aim of using them as qubits
are also reported, such as trapping a few electrons [18],
shuttling electrons [19], coupling electrons to microwave
(MW) photons via a superconducting resonator [20], and
coupling electrons to surface acoustic waves [21]. How-
ever, no qubit operations on those electrons have yet been
experimentally demonstrated.

The initial proposal to realize qubits using electrons
on helium focused on the quantized bound states of the
electron orbital motion perpendicular to the liquid sur-
face [14,15]. These states of one-dimensional (1D) motion
in the z direction are formed due to the interaction of
an electron with its image charge in liquid helium and
have a hydrogenlike energy spectrum [22]. The corre-
sponding eigenfunctions are similar to the radial part of
the eigenfunctions in the hydrogen atom, therefore these
eigenstates are usually referred to as the Rydberg states
[23], with a typical Rydberg constant on the order of
1 meV. The Rydberg-ground state and the Rydberg-first-
excited state are utilized as qubit states. The advantage of
using the Rydberg state as the qubit state is a long-range
interaction between distant qubits. A two-qubit gate can
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be completed via the coupling of qubits by the electric
dipole-dipole interaction, which arises from the Coulomb
interaction between electrons. It utilizes the fact that since
an electron’s vertical position depends on the Rydberg
state, so does the strength of the electric dipole-dipole
interaction. This is a unique feature of electrons on cryo-
genic substrates, such as liquid helium, solid neon, and
solid hydrogen [5,22]. Compared to the electrons on cryo-
genic substrates, the Coulomb interaction is reduced in
semiconductors since the relative electric permittivity in
Si and GaAs is typically εr ≈ 12. Additionally, the elec-
trons in semiconductors are more tightly confined normal
to the interface. Consequently, the electrons’ positions, and
thus the strength of the electric dipole-dipole interaction,
depend little on the vertical quantum state in semiconduc-
tors. As shown below, the electric dipole-dipole interaction
energy stays as large as 4J/h ≈ 140 MHz for electrons on
helium even if two qubits are separated by a distance as far
as d = 0.88 µm. This fact indicates that qubits can interact
with each other without having any additional structures
such as a floating gate [24] or a superconducting res-
onator [5,20,25], ergo reducing the complexity of the qubit
architecture. Reference [14,15] theoretically showed that
a metallic pillar can trap a single electron. Cutting-edge
nanofabrication techniques allow us to wire pillars every
0.88 µm [26]. However, in order to cancel out the unin-
tended state evolution caused by this always-on electric
dipole-dipole interaction, one should continuously apply
a decoupling sequence [27], which would add complica-
tions when realizing quantum gates. Another disadvantage
of using the Rydberg state is its relatively short relaxation
time (T1,Ry ∼ 1 µs) [28,29].

The spin states of the electrons on liquid helium are
expected to have an extremely long coherence time >
100 s, and therefore were proposed to be used as qubit
states [16]. The long coherence time is thanks to the small
magnetic dipole moment, which hardly couples to the envi-
ronment and thus is affected by the environmental noise
little. However, the small magnetic dipole moment makes
it difficult to read out the spin state. Furthermore, the mag-
netic dipole-dipole interaction between distant electrons is
< 1 Hz for d = 0.88 µm, which makes the two-qubit gate
speed utilizing this interaction slow. Later, Schuster et al.
proposed to couple the MW photons and the orbital motion
parallel to the liquid surface (hereafter, we refer to the
parallel orbital motion as the orbital state, while the per-
pendicular orbital motion is called the Rydberg state) via
a superconducting resonator [17]. There, an external mag-
netic field is applied parallel to the liquid surface and the
orbital and spin degrees of freedom can be coupled due to
a local magnetic field gradient created by a current run-
ning through a wire underneath the electron. In this way,
the spin qubit can be read out and different spin qubits
can be coupled via the superconducting resonator. Alterna-
tively, the spin states of adjacent electrons can interact with

each other via the coupling of the spin state of each elec-
tron to a normal mode of the collective in-plane vibration
of the electrons arising due to the Coulomb interaction
[30,31].

Here, we propose a hybrid qubit comprising the charge
state and the spin state. A magnetic field gradient created
by a nanofabricated ferromagnet pillar introduces the inter-
action between charge and spin degrees of freedom. The
charge degrees of freedom refers to the in-plane orbital
motion (orbital state) and the vertical orbital motion (Ryd-
berg state). The long coherence time of the spin state is
essential to realize high-fidelity qubit operations, while
the long-range Coulomb interaction affecting the Rydberg
states allows us to place electrons at a moderate distance
while keeping a considerable interaction between them,
which is a basic requirement for realizing a high number
of qubits in a two-dimensional array. Single-qubit manip-
ulation is realized by hybridizing the orbital state and the
spin state.

II. PHYSICAL REALIZATION OF THE HYBRID
CHARGE-SPIN QUBIT

We propose to fabricate a pillar (center electrode) and
segmented toroidal electrodes (outer electrodes) to trap a
single electron on top of the pillar [Fig. 1(a)]. For elec-
trons on helium, it is well known that electrons freeze
into a Wigner crystal when the Coulomb energy e2/d ∼
10 K (with d = 0.88 µm) exceeds the kinetic energy kBT
[32]. By patterning pillars into a triangular lattice, we can
avoid incommensurability between the lattice formed by
the pillars and the Wigner lattice formed by the Coulomb
interaction. This allows us to perform topological quantum
error correction for qubits in a triangular lattice [33]. The
adjacent pillars are separated by d = 0.88 µm [Fig. 1(b)]
and so are the electrons trapped by them, which allows us
to prepare > 107 qubits in the area of 1 cm2. The intrinsic
interaction between charge and spin degrees of freedom
is negligibly small [16]. Here, we introduce an artificial
one via a local magnetic field gradient, which is created
by making a pillar of a ferromagnetic material (cobalt)
[34,35] [Fig. 1(a)]. Different from Ref. [17,30], we propose
to apply an external magnetic field normal to the liquid
helium surface. The stray magnetic fields are created by
the ferromagnet at the position of the Rydberg-ground state
and the Rydberg-first-excited state, which are presented in
Fig. 2(c) and in Fig. 2(d), respectively. The created mag-
netic field gradient introduces both the interaction between
the Rydberg state and the spin state (Rydberg-spin inter-
action) and the spin-orbit interaction. By sending an ac
voltage ∝ cos(2π f0,spint) to one of the outer electrodes,
one-qubit gates can be realized in an electric-dipole-
spin-resonance (EDSR) manner [34]. A sequence of MW
pulses sent through the waveguide [Fig. 1(b)] works as a
controlled-phase gate for the spin state with the assistance
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FIG. 1. (a) A ferromagnetic pillar (center electrode) is shown
in blue and the segmented toroidal electrodes (outer electrodes)
are shown in gray. A single electron is trapped on top of the cen-
ter electrode. The outer electrodes for the neighboring electrons
are shown in light gray. The gap between the outer electrodes is
20 nm. The thickness of liquid 4He (light blue) above the center
electrode is set to 140 nm. The center electrode forms a 100-
nm diameter pillar, the tip of which is rounded. V1 and V2 are
the voltages applied to the center electrode and the two outer
electrodes, respectively. An ac voltage ∝ cos(2π f0,spint) is sent
to one of the outer electrodes to realize EDSR. By connecting an
inductance to the center electrode, an LC resonant circuit can be
formed. The resonant circuit is used to measure the spin state by
sending an ac voltage ∝ cos(2π fmt) to it. (b) Two neighboring
electrons A and B are separated by d = 0.88 µm and are used as
qubit A and qubit B, respectively. In the case shown here, elec-
tron A’s Rydberg transition is on resonance with the MW applied
through a waveguide. Electron A goes back and forth between
the Rydberg-ground state (nA

z = 1) and the Rydberg-first-excited
state (nA

z = 2) (see Secs. VII and VIII for details).

of the intrinsic electric dipole-dipole interaction and the
artificial Rydberg-spin interaction. A quantum nondemoli-
tion (QND) readout of the spin state can be accomplished
by reading out the impedance change by sending an ac
voltage ∝ cos(2π fmt) to the LC circuit.

In this work, we consider the case where the helium
depth is 140 nm, which is thinner than the case consid-
ered in Ref. [15], where the helium depth is 500 nm.
In addition to this difference, here, we have segmented
toroidal electrodes (outer electrodes). We need to use a thin
helium film in order to obtain a large enough magnetic field
gradient at the position of the electron. Additionally, the
center electrode should be close enough to the electron to
obtain a large enough image charge difference between the
Rydberg-ground state and the Rydberg-first-excited state.

III. HAMILTONIAN OF THE SYSTEM

The electric potential felt by the electron V(x, y, z)
can be divided into three parts, that is V(x, y, z) =
VImageHe + VImageElectrodes + VVoltageElectrodes, where VImageHe
is the potential created by the electrostatic image of
the electron in liquid helium, VImageElectrodes is the poten-
tial created by the electrostatic image in the electrodes,
and VVoltageElectrodes is the potential created by the volt-
age applied to the electrodes. The helium depth 140 nm
is high enough to neglect the image charge induced on
the electrodes by the image charge in helium. Thus, we
can treat the image charge in liquid helium and the image
charge on the electrodes separately. The potential created
by the electrostatic image in liquid helium is written as
VImageHe = (εHe − 1/εHe + 1))e/16πε0z, where ε0 is the
electrical permittivity of vacuum and εHe is the relative
permittivity of liquid helium 4. Differently from the case
treated in Ref. [15], here, the helium depth 140 nm is
so small that VImageElectrodes and VVoltageElectrodes cannot be
written as a simple analytical expression or cannot be
separated into the z direction and the x, y direction compo-
nents. Instead, they were obtained numerically by solving
Poisson’s equation by the finite-element method using
COMSOL. For calculating VImageElectrodes, we approximate
an electron by a small spherical conductor whose surface
charge is equal to the elementary charge and which is
placed at an arbitrary position. In order to eliminate the
contribution to the electron energy from the electric poten-
tial due to the electron itself, we subtract the calculated
potential without electrodes from the calculated potential
with all electrodes included. To calculate VVoltageElectrodes,
we separately calculate the potential due to each elec-
trode by applying 1 V on a single electrode, while keep-
ing all the other electrodes grounded and summing them
together.

A static magnetic field B0 is applied normal to the
helium surface, and therefore the electron is trapped both
magnetically and electrically. Using the symmetric gauge,
the vector potential reads A = (−B0y/2, B0x/2, 0). The
energy-eigenstate equation with such a magnetic field can
be written as

H0�(x, y, z) = E(0)�(x, y, z) (1)
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FIG. 2. Focus on one electron. The cylindrical coordinate (r, θ , z) is used here. The (r, θ ) plane is parallel to the liquid surface. The
origins for r and z are set to the position of the electron and the liquid surface, respectively. (a) Electric potential energy of the electron,
−eV(r, z)/h with V1 = 60 mV and V2 = −45 mV. A cut at r = 0 along z and cuts at z = 19 nm and z = 8 nm along r are shown in
(b). The z axis is on a logarithmic scale for clarity. (c),(d) When V1 = 60 mV and V2 = −45 mV, the average position of the electron
along the z axis is 8 and 19 nm from the helium surface for the Rydberg-ground state (nz = 1) in (c), and for the Rydberg-first-excited
state (nz = 2) in (d), respectively. The insets show normalized eigenfunction φ(r, z) for (m, nr, nz) = (0, 0, 1) in (c) and = (0, 0, 2) in
(d). The image charge induced on the center electrode is 0.125e and 0.113e for nz = 1 and nz = 2, respectively. An external magnetic
field B0 is applied along the z axis and the pillar is magnetized along the same axis. The field lines of the stray magnetic field are shown
at the position of the electron for nz = 1 (for nz = 2) in (c) [in (d)]. B1

z (B2
z ) is the z component of the stray magnetic field felt by the

electron in the Rydberg-ground (Rydberg-first-excited) state.

with

H0 = (px − eB
2 y)2

2me
+ (py + eB

2 x)2

2me
− eV(x, y, z) (2)

= p2
x

2me
+ p2

y

2me
+ 1

2
ωcLz + 1

8
meω

2
c r2 − eV(x, y, z),

(3)

where ωc = eB0/me is the cyclotron frequency, Lz =
pyx − pxy and r =

√
x2 + y2 [Fig. 1(a)], me is the electron

mass, and e > 0 is the elementary charge. In the calcu-
lations presented here, we assume the same dc voltage

is applied to the two outer electrodes. The gap between
the outer electrodes is sufficiently small compared to the
liquid helium depth and ergo the dc electric potential is
approximately azimuthally symmetric. Therefore, the two
outer electrodes can be approximated by a hollow cylinder
of outer diameter 900 nm and of inner diameter 300 nm
[Fig. 1(a)].

Using the cylindrical coordinates with the (r, θ ) plane
parallel to the liquid surface, the electric potential felt
by the electron and the orbital wave function can
be written as V(r, z) and �(r, z, θ) = φm,nr,nz (r, z)ψm(θ),
respectively, since both the dc electric and magnetic
potentials are approximately azimuthally symmetric.
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Using ψm(θ) = 1/
√

2πeimθ with i2 = −1, m = 0, ±1, ±2,
±3 . . ., the energy-eigenstate equation is rewritten as

H0φm,nr,nz (r, z) = E(0)m,nr,nz
φm,nr,nz (r, z), (4)

with

H0 = − �2

2me

(
1
r
∂

∂r
+ ∂2

∂r2 + ∂2

∂z2 − m2

r2

)
+ 1

2
�ωcm

+ 1
8

meω
2
c r2 − eV(r, z). (5)

We solved Eq. (4) numerically with the electric potential
V(r, z) calculated as described earlier. Even though V(r, z)
cannot be separated into the in-plane (r) and the verti-
cal (z) components, we can still label the eigenfunctions
φm,nr,nz (r, z) by the quantum numbers nr and nz associated
with the electron’s in-plane orbital motion (orbital state)
and vertical orbital motion (Rydberg state), respectively,
with nr = 0, 1, 2, 3 . . . and nz = 1, 2, 3 . . .

To confine an electron to the central region, the cen-
tral pillar is biased positively, while the outer electrodes
are biased negatively. Concurrently, we should carefully
adjust the voltages to avoid the pressing field experi-
enced by the electron from becoming excessive, leading
to a higher Rydberg transition energy. In order to send
a high enough power with relatively inexpensive equip-
ment (WR4 waveguides and multiplier [36]), we strive
to keep the Rydberg transition energy below 240 GHz.
If the transition energy is too high, it is not straight-
forward to send a resonant MW of high enough power,
and the MW multiplier becomes expensive [36]. Based
on these requirements, we choose V1 = 60 mV and V2 =
−45 mV, such that the Rydberg transition energy is 240
GHz (Appendix A) and the electron is well confined
around the central region.

Figures 2(a) and 2(b) consequently show the poten-
tial V(r, z) under these voltage conditions, and the insets
of Figs. 2(c) and 2(d) depict the wave function of the
electron in the Rydberg-ground state and in the Rydberg-
first-excited state, respectively. The electric potential along
the z axis, as seen in Fig. 2(b), reveals a hydrogenlike
potential, with an infinity barrier assumed at z = 0. The
electric potential along the r axis is approximately har-
monic, showing a slight dependence on the z coordinate.
The characteristic length of the dot size, calculated as
l0 = | 〈φm=0,nr=0,nz=1| r |φm=±1,nr=0,nz=1〉 |, is 17.8 nm for
the chosen voltage values.

The vertical and in-plane stray magnetic fields cre-
ated by the ferromagnetic pillar near the position of
the electron in the Rydberg-ground state can be approx-
imately described as bz(r, z) = B1

z + ∂bz/∂z(z − z11)+
1
2∂

2bz/∂r2r2 and br(r, z) = ∂br/∂rr, respectively. znzn′
z

stands for 〈φ0,0,nz | z |φ0,0,n′
z 〉 and therefore z11 is the average

position of the electron in the Rydberg-ground state. B1
z and

∂bz/∂z, ∂2bz/∂r2, and ∂br/∂r are the z component of the
stray field and the field gradients at (r, z) = (0, z11), respec-
tively. To account for the effect of the ferromagnetic pillar,
we rewrite the Hamiltonian as H = H0 + W + 1

2 gμB(B0 +
B1

z )σz, where H0 is given by Eq. (5). W = Wzz + Wrr + Wrz
is the Hamiltonian of the charge-spin interaction, where

Wzz = 1
2

gμB
∂bz

∂z
(z − z11)σz (6)

is the Hamiltonian of the Rydberg-spin interaction and
Wrr + Wrz is the Hamiltonian of the spin-orbit interaction
with

Wrr = 1
2

gμB
∂br

∂r
rσr (7)

and

Wrz = 1
4
∂2bz

∂r2 r2σz. (8)

Here, σ� with � = x, y, z are Pauli matrices spanned
by the spin-up and spin-down states, σr = σx cos θ + σy
sin θ , g is the free electron Lande g factor, and μB is the
Bohr magneton.

IV. SINGLE-QUBIT GATES

In the following discussion, we express the state as
{m, nr, nz, σ }, where σ represents the spin-up state (σ =↑
or +1) or the spin-down state (σ =↓ or −1) and we omit
some indexes for clarity when the electron is in the ground
state for those quantum numbers.

Single-qubit gates for the spin state can be realized by
applying an ac voltage to one of the two outer electrodes
and thus creating an ac electric field along the x axis at
the position of the electron with the corresponding Hamil-
tonian for the electron interaction with the electric field
eErfx cos(2π f0,spint), where hf0,spin ≈ gμBB0 is the energy
splitting between the state i = {m = 0, ↓} and the state f =
{m = 0, ↑}. This electric field interacts with the orbital
degree of freedom and due to the spin-orbit interaction cre-
ated by the magnetic field gradient, we can control the spin
state coherently in an EDSR manner [34]. The part of the
Hamiltonian, which is responsible for the coherent control
of the spin state, is given by

H(t) = eErfx cos(2π f0,spint)+ W. (9)

The spin-flip transition happens due to second-order pro-
cesses, virtual transitions of an electron to excited orbital
states [Fig. 3(a)]. The off-diagonal effective Hamilto-
nian term that induces the resonance transition between
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i = {m = 0, ↓} and f = {m = 0, ↑} is given by [37,38]
(Appendix C 1)

1
2

∑

β �=i,f

(H(t))iβ(H(t))βf

(
1

Ei − Eβ
+ 1

Ef − Eβ

)
, (10)

where (H(t))�,© stands for 〈�| H(t) |©〉 and
∑

β �=i,f
refers to the sum over all the eigenstates. E� stands for
the electron energy of the state � = {m, nr, nz, σ }, where
Em,nr,nz ,σ = E(0)m,nr,nz

+ 1
2 gμBB0σ . Considering only the two

lowest excited states that give nonzero terms: β1 = {m =
+1, ↓} and β2 = {m = −1, ↑} as the eigenstates, the Rabi
frequency rate is approximated to be

f1,spin = 1
2π�

1
2

∣∣∣∣(U)iβ1(Wrr)β1f

(
1

Ei − Eβ1

+ 1
Ef − Eβ1

)

+(Wrr)iβ2(U)β2f

(
1

Ei − Eβ2

+ 1
Ef − Eβ2

)∣∣∣∣ ,

(11)

where (W)�,© stands for 〈�| W |©〉 and (U)�,© stands for
〈�| U |©〉 with U = eErfx/2. Note that the contributions
from Wzz and Wrz are zero and the virtual spin-flip tran-
sitions induced by the spin-orbit interaction Wrr require a
change in the orbital magnetic number m by ±1 due to
the conservation of angular momentum. Furthermore, the
contributions from the higher states (nr ≥ 1 and nz ≥ 2)
are also negligibly small. From this, we obtain the Rabi
frequency of the spin state,

f1,spin = 1
8h
∂rfbreErfl20

1
2

∣∣∣∣∣∣

∑

β=β1,β2

(
1

fi − fβ
+ 1

ff − fβ

)
∣∣∣∣∣∣
,

(12)

where ∂rfbr = gμB∂br/∂r/h and f� = E�/h for � = i,β.
Our numerical simulation shows that the in-plane mag-
netic field gradient is ∂br/∂r = 0.23 mT/nm when the
cobalt pillar is fully magnetized along the z axis after
reaching its saturation magnetization (1.8 T). With this
voltage configuration, f0,spin ≈ ωc/2π = 16 GHz, and the
strength of the electric field at the position of the elec-
tron, Erf = 500 V/cm, the Rabi frequency of the spin
state is calculated to be f1,spin ≈ 100 MHz (Appendix IV).
Erf = 500 V/cm can be realized by applying an ac voltage
to one of the outer electrodes [Fig. 1(a)] with an amplitude
αErf = 12.5 mV, which is small enough not to cause a sig-
nificant heating problem experimentally. From a COMSOL
simulation, the effective distance for the voltage applied
to the outer electrode to determine the electric field at the
position of the electron is calculated to be α = 250 nm.
The generic single-qubit rotation gates can be realized by
adjusting the phase of the ac voltage. Since single-qubit

gates are performed by sending an ac voltage to each elec-
trode allocated to each qubit, qubits can be individually
addressed.

When single-qubit gates are performed and calculation
is idle, the qubit states are always in the Rydberg-ground
state, therefore, we do not directly suffer from the fast
relaxation of the Rydberg state. However, the introduced
spin-orbit interaction and Rydberg-spin interaction open a
path for the spin state to relax or dephase via the relax-
ation or the dephasing of the orbital state and the Rydberg
state. The spin-relaxation and dephasing rates are calcu-
lated in Secs. V and VI. The single-qubit gate fidelity is
determined by f1,spin ≈ 100 MHz and the spin-relaxation
time T1,spin ≈ 50 ms (Sec. V) and it is calculated to be
F1 > 99.9999% (Appendix C 2).

V. SPIN RELAXATION

While the spin-orbit interaction allows us to realize
single-qubit gates, it also opens the path for the spin-up
state to relax to the spin-down state. Such relaxation is
induced by the virtual transitions between electron orbital
states that happen due to the interaction between the elec-
tron and the liquid helium surface capillary waves called
ripplons [Fig. 3(b)]. The spin relaxation is the energy non-
conserving process and is dominated by the emission of
two short-wavelength ripplons [39] (Appendix D). When
the combined energy of the emitted two ripplons matches
the Zeeman energy hf0,spin, the spin relaxation can occur in
the second-order process. The Hamiltonian of the electron-
ripplon interaction, which corresponds to the two-ripplon
processes, is quadratic in surface displacement and is
given by

H2ri =
∑

q1

∑

q2

ξq1ξq2Uq1q2eiq1reiq2r, (13)

where ξq = Qq(aq + a†
−q) is the Fourier transform of the

operator of the surface displacement of liquid helium, aq

and a†
q are the creation and annihilation operators for rip-

plons, respectively, Qq = √
�q/2Sρωq, S is the surface

area of the liquid and ρ is the density of liquid helium.
Uq1q2 is the electron-two-ripplon coupling (Appendix D).
Here, we take H2ri + W as the perturbation term. Accord-
ing to Fermi’s golden rule in the second-order perturbation
theory, the relaxation rate is given by

T−1
1,spin = 2π

�

∣∣∣∣∣∣

∑

β �=i,f

(W)iβ(H2ri)βf

Ei − Eβ
+ (H2ri)iβ(W)βf

Ei − Eβ + εnri − εn′
ri

∣∣∣∣∣∣

2

× δ(Ef − Ei + εn′
ri

− εnri), (14)

where i = {m = 0, ↑}, f = {m = 0, ↓}, and
∑

β refers to
the sum over all the eigenstates. (H2ri)�,© stands for
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FIG. 3. See also the main text. (a) Two second-order processes of the EDSR. The process shown on the left (right) panel corresponds
to the first (second) term in | . . . | of Eq. (11). The wavy red arrows represent absorbed and emitted photons. (b) Two second-order
processes of the spin relaxation. The process shown on the left (right) panel corresponds to the first (second) term in | . . . |2 of Eq. (15).
The wavy blue arrows represent emitted ripplons. (a),(b) i and f stand for the initial and final states, respectively, and β1 and β2 stand
for the intermediate state of the second-order process. The virtual transition with simultaneous flipping of the orbital state and the
spin state (dotted arrows) can be caused due to the in-plane field gradient, with the corresponding Hamiltonian Wrr. Dashed arrows
represent the virtual transitions induced by the ac electric field with the corresponding Hamiltonian U in (a) and by the two-ripplon
scattering with the corresponding Hamiltonian H2ri in (b). As a result, the spin state is flipped for m = 0 in the end. (c) The fluctuation
of the energy levels for the spin-up and spin-down states [the first and second terms of Eq. (17)] are depicted by the dark blue double
arrows and the second-order processes that introduce the energy fluctuation are also shown on the left and right panels, respectively.
i1 and i2 stand for the initial state of the spin-up state and the spin-down state, respectively. They are excited to the intermediate state
by the second-order process: β1 and β2, respectively, and return back to the original states in the end. Different from (b), one ripplon
is emitted and another ripplon of the same energy is absorbed (wavy blue arrows), and therefore the total energy change of the ripplon
system is zero.

〈�, nri| H2ri |©, n′
ri〉, where nri and n′

ri collectively stand
for the states of all the ripplons before and after the two-
ripplon emission, respectively. εnri and εn′

ri
are the energies

of the collective states of the ripplons before and after
the two-ripplon emission, respectively, and therefore εn′

ri
−

εnri = �ωq1 + �ωq2 , where �ωq1and �ωq2 are the energies
of the emitted ripplons [15]. In the same way as for f1,spin
in Eq. (11), considering only the two lowest excited states:

β1 = {m = +1, ↓} and β2 = {m = −1, ↑}, the relaxation
rate is approximated to be

T−1
1,spin ≈ 2π

�

∣∣∣∣∣
(Wrr)iβ1(H2ri)β1f

Ei − Eβ1

+ (H2ri)iβ2(Wrr)β2f

Ei − Eβ2 + εnri − εn′
ri

∣∣∣∣∣

2

× δ(Ef − Ei + εn′
ri

− εnri) (15)
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[Fig. 3(b)]. With V1 = 60 mV, V2 = −45 mV, f0,spin ≈
ωc/2π = 16 GHz, the spin-relaxation time T1,spin is cal-
culated to be approximately equal to 50 ms (Appendix D).

In Ref. [30], the energy difference between the spin-up
orbital ground state and the spin-down orbital first excited
state is set to be small to make the one-qubit gate fast
enough. This small energy detuning opens a path for a
quasielastic spin-orbit-flip process induced by an absorp-
tion or emission of a single ripplon, thus significantly
increasing the spin-relaxation rate. For the energy detun-
ing 5 MHz, they estimated T−1

1,spin = 0.6 × 103 s−1 and
6 × 105 s−1 for the pressing field E⊥ = 0 and 300 V/cm,
respectively [30], which is much faster than our estima-
tion: T−1

1,spin = 20 Hz for E⊥ = 200 V/cm. In this proposal,
thanks to a higher magnetic field gradient than in Ref. [30],
we can have fast enough single-qubit gates and two-qubit
gates even if the spin-up orbital ground state and the
spin-down orbital first excited state are highly detuned.

VI. SPIN DEPHASING

The dephasing of the spin state happens due to the fluc-
tuation of the Zeeman splitting over time. Such a fluctua-
tion is induced by spin-conserving virtual transitions of an
electron to higher orbital states. Similar to the dephasing of
the Rydberg states introduced in Ref. [15], the dephasing
time of the spin state T2,spin is related to the autocorrelation
function of the time-dependent fluctuation of the Zee-
man energy δE(t) : 〈δE(t′)δE(t′′)〉 = �2δ(t′ − t′′)/T2,spin,
where δ(t) is the Dirac δ function. Taking H2ri(t)+ W as
the perturbation term [see Appendix E for H2ri(t)], the
time-dependent energy is calculated as the second-order
energy shift caused by the perturbation term:

δE(t) =
∑

β �=i1

(H2ri(t)+ W)i1β(H2ri(t)+ W)βi1

Ei1 − Eβ

−
∑

β ′ �=i2

(H2ri(t)+ W)i2β ′(H2ri(t)+ W)β ′i2
Ei2 − Eβ ′

, (16)

where i1 = {nr = 0, ↑}, i2 = {nr = 0, ↓}. The virtual tran-
sitions to m �= 0 states are forbidden because of the con-
servation of the electron angular momentum. Consider-
ing only the two lowest excited states: β1 = {nr = 1, ↑}
and β2 = {nr = 1, ↓}, as the contribution from the higher
excited states (nr ≥ 2 and nz ≥ 2) is negligibly small,
the time-dependent Zeeman energy fluctuation is approxi-
mated to be

δE(t) ≈ 2
(H2ri(t))i1β1(Wrz)β1i1

Ei1 − Eβ1

− 2
(H2ri(t))i2β2(Wrz)β2i2

Ei2 − Eβ2
(17)

[Fig. 3(c)]. The virtual orbital transitions between nr =
0 to nr = 1 states are induced by the two-ripplon scat-
tering of the thermally excited long-wavelength ripplons

(Appendix E) mediated by a magnetic field gradient. As
the contribution from the Wzz is negligibly small and that
from Wrr is zero, the second-order in-plane field gradi-
ent ∂2bz/∂r2 in Wrz in Eq. (8) is responsible for the spin
dephasing. With V1 = 60 mV, V2 = −45 mV, f0,spin ≈
ωc/2π = 16 GHz, and the liquid helium temperature T =
100 mK, the spin-dephasing time T2,spin is calculated to be
> 100 s (Appendix E). As the process is dominated by the
thermally excited ripplons, the dephasing time becomes
even longer as the liquid helium temperature is lowered
(Appendix E). This dephasing time is much longer than the
relaxation time calculated in Sec. V and thus the coherence
time is determined by the relaxation time.

VII. TWO-QUBIT GATE

A two-qubit gate for the spin state can be realized by
exciting the Rydberg state spin selectively and depending
on the Rydberg state of an adjacent electron. In Sec. VII A,
we show that the Rydberg transition energy of an electron
depends on the spin state of the electron itself and the Ryd-
berg state of an adjacent electron. In Sec. VII B, a concrete
MW pulse sequence to realize a controlled-phase gate is
presented.

A. Electric dipole-dipole interaction

When electrons are trapped close enough to each other,
we should account for a Hamiltonian term corresponding
to the Coulomb interaction, which depends on the dis-
tance between the electrons and thus depends on whether
they are in the same Rydberg state. In the two-lowest-level
approximation, taking the Rydberg-ground state |nz = 1〉
and the Rydberg-first-excited state |nz = 2〉 as basis states,
the Hamiltonian of the electric dipole-dipole interaction
can be expressed as

W′ = e2

4πε0d3

(
(zA

11 − zA
22)(z

B
11 − zB

22)
sA

z sB
z

4

+ 2zA
12zB

12

sA
x sB

x + sA
y sB

y

4

)

, (18)

where si
z = |ni

z = 2〉 〈ni
z = 2| − |ni

z = 1〉 〈ni
z = 1|, si

x =
|x+〉 〈x+| − |x−〉 〈x−|, si

y = |y+〉 〈y+| − |y−〉 〈y−|,
|x±〉 = 1√

2
(|ni

z = 2〉 ± |ni
z = 1〉), and |y±〉 = 1/

√
2

(|ni
z = 2〉 ± i |ni

z = 1〉) for qubit A (i = A) or qubit B (i =
B) [15]. ε0 is the vacuum permittivity and d is the in-plane
distance between pillars. Treating W′ as the perturbation
term, the first-order energy shift is given by

〈nA
z | 〈nB

z | W′ |nA
z 〉 |nB

z 〉 ≈ J (−1)n
A
z (−1)n

B
z (19)

for ni
z = 1 or 2. The interaction energy is 4J =

κe2/4πε0((zA
11 − zA

22)(z
B
11 − zB

22)/d
3), where κ is the fac-

tor acquired due to the screening effect (Sec. F). Due to
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energy
(b)(a)

qubit A

first excited

FIG. 4. (a) Energy levels of electron A for the Rydberg state of the neighboring electron nB
z = 1 (shown in blue) and nB

z = 2 (shown
in red). The transition energy of the Rydberg state of electron A (shown with dotted arrows for σ A = −1 and with solid arrows for
σ A = 1) depends on both the spin state of electron A and the Rydberg state of electron B. (b) MW pulse sequence to realize a controlled-
phase gate. Here, we consider four possible combinations of the spin states of qubits A and B. The first and third pulses are effective
only for the last two cases and the second pulse is effective only for the last case. See the text for details.

the Ryberg-spin interaction, the Zeeman energy for the
Rydberg-ground state is larger than that for the Rydberg-
first-excited state by �b = gμB|�Bz|, with �Bz = B2

z −
B1

z [Figs. 2(c) and 2(d)]. In the same way, the Rydberg
transition energy also differs by �b depending on the spin
state [Fig. 4(a)]. Note that the external magnetic field is
much larger than the stray magnetic field and thus only the
magnetic field along the quantization axis (the z axis) is
considered. In total, the first-order energy shift of the two-
electron system caused by both the Coulomb interaction
and the magnetic field gradient is

∑

i=A,B

1
2
�b(1 − ni

z)σ
i + J (−1)n

A
z (−1)n

B
z . (20)

As a result, the energy for the transition between the
Rydberg-ground state and the Rydberg-first-excited state
of qubit A (B) depends on the Rydberg state of qubit B
(A) and the spin state of qubit A (B) [Fig. 4(a)]. Here,
the energy shift due to the magnetic dipole-dipole inter-
action, which is much smaller than the terms in Eq. (20),
is neglected. The energy shift due to the bandlike structure
when qubits are placed in a triangular array is also negligi-
bly small when the distance between neighboring electrons
is much larger than the distance between the electron

and the electrode underneath it [15]. With d = 0.88 µm
and zA

11 − zA
22 = zB

11 − zB
22 = 11.5 nm, we obtain 4J/h =

137 MHz and �b = gμB|�Bz| ≈ 4J with �Bz ≈ −5 mT.

B. Pulse sequence for a CPhase gate

Taking into account the first-order energy shift due
to W + W′, the energy difference between the Rydberg-
ground state and the Rydberg-first-excited state of qubit
i can be explicitly rewritten as

�Eni
z=1→2 = �Ri + 2J (−1)n

j
z − 1

2
�bσ i, (21)

where �Ri is the energy difference between the Rydberg-
ground state and the Rydberg-first-excited state of qubit
i given by H0 [Eq. (5)] for a given combination of V1
and V2. nj

z is the Rydberg state of an adjacent qubit j .
The transition frequency for the Rydberg state of qubit i,
f0,Ry = �Eni

z=1→2/h, depends on the three factors: qubit
i’s spin state σ i, the Rydberg state of the adjacent qubit
nj

z , and the voltage applied to the electrodes. A MW signal
is transmitted via a rectangular waveguide [40] to excite
the Rydberg state [Fig. 1(b)]. Although MW is applied to
all the qubits globally through the waveguide, the individ-
ual addressing of qubits is realized by tuning the Rydberg
transition energy by tuning V1 and V2.
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Note that the electrons always stay in the Rydberg-
ground state except when we perform a two-qubit gate;
thus the electric dipole-dipole interaction W′ does not affect
the qubit states as long as both qubits A and B are in the
same Rydberg state: [W′, sA

j sB
j ] = 0 (j = x, y, z). On the

other hand, the magnetic dipole-dipole interaction alters
the qubit states, however, the evolution due to the magnetic
dipole-dipole interaction is orders of magnitude slower
than any quantum operation shown here [16], and thus can
be neglected.

In the following, we show one way to realize a two-qubit
gate, a Cirac-Zoller-type controlled-phase gate [41]. Both
qubits A and B are in the Rydberg-ground state before start-
ing the controlled-phase gate. Therefore, the initial qubit
state is written as

a |11 ↑↑〉 + b |11 ↓↑〉 + c |11 ↑↓〉 + d |11 ↓↓〉 , (22)

where |nA
z nB

z σ
Aσ B〉 is an abbreviation of |nA

z 〉A |nB
z 〉B |σ A〉A

|σ B〉B and |a|2 + |b|2 + |c|2 + |d|2 = 1. Figure 4(b) pres-
ents a MW pulse sequence to realize a controlled-phase
gate for qubits A and B. First, we apply a π pulse around

the x axis with MW frequency fMW = f nA
z =1,σB=↓

0,RyB =
(�RB − 2J + 1

2�b)/h. The Rydberg state of qubit B is
excited when the Rydberg state of qubit A is the ground
state (nA

z = 1) and the spin state of qubit B is spin down
(σ B = −1). Consequently, the qubit state becomes

a |11 ↑↑〉 + b |11 ↓↑〉 − ic |12 ↑↓〉 − id |12 ↓↓〉 . (23)

Second, we apply a 2π pulse around the x axis

with MW frequency fMW = f nB
z =2,σA=↓

0,RyA = (�RA + 2J +
1
2�b)/h. Thus, the qubit state becomes

a |11 ↑↑〉 + b |11 ↓↑〉 − ic |12 ↑↓〉 + id |12 ↓↓〉 . (24)

Third, we apply a π pulse around −x axis with the same
MW frequency as the first pulse. Consequently, the qubit
state becomes

a |11 ↑↑〉 + b |11 ↓↑〉 + c |11 ↑↓〉 − d |11 ↓↓〉 . (25)

Compared to the initial qubit state [Eq. (22)], the sign of
the phase is changed only when the initial state of both
qubits A and B is spin down. In total, a controlled-phase
gate for the spin states has been realized by the three MW
pulses.

The Rydberg transition rate can be tuned by the power of
the MW sent through a waveguide [Fig. 1(b)]. The Hamil-
tonian for the electron interaction with the vertical electric
field of the MW is eEMW cos(2π fMWt)z and the transi-
tion rate, which determines the two-qubit gate speed, is

expressed as

f1,Ry = 〈ni
z = 1, σ i| eEMWz |ni

z = 2, σ i〉 /2h = eEMWz12/2h,
(26)

and can reach 50 MHz [29] with EMW = 1 V/cm (which
corresponds to about 2 µW of EM wave power through a
1 mm2 rectangular waveguide) and z12 = 4 nm. We should
carefully tune the Rydberg transition energy of the qubits
so that only the Rydberg transition of the target qubit in
intended states is on resonance.

In fact, the target qubit in unintended states also acquires
some phase during the Rydberg excitation through the
Rydberg-spin interaction and the electric dipole-dipole
interaction. We show how this effect can be compensated
in detail in Appendix G. In short, a controlled-(1.1885π )
gate can be realized by the pulse sequence presented in
Fig. 4 under the condition of �b/h = 4J/h = √

15f1,Ry.
For �b/h = 4J/h = √

15f1,Ry = 137 MHz (i.e., f1,Ry =
35.5 MHz), we obtained the gate fidelity for the controlled-
(1.1885π ) gate F2 = 98.5% (Appendix G 3). As seen in
Appendix G 2, the controlled-(π ) gate can be realized by
applying the controlled-(1.1885π ) gate 3 times and single-
qubit gates several times. The single-qubit gate fidelity is
much higher than the two-qubit gate fidelity and there-
fore the controlled-(π ) gate fidelity is dominated by the
controlled-(1.1885π ) gate fidelity and thus is calculated by
F3

2 . Figure 5 shows the fidelity of the controlled-(1.1885π )
gate for different Rabi frequencies f1,Ry and relaxation rates
T−1

1,Ry of the Rydberg state with �b/h = 4J/h = √
15f1,Ry.

We cannot simply increase f1,Ry because of the constraint
�b/h = 4J/h = √

15f1,Ry but should increase the field
gradient and the Coulomb interaction at the same time.
The field gradient can be increased by choosing a different

FIG. 5. Fidelity of the controlled-(1.1885π ) gate realized by
applying the three MW pulses [Figs. 4(b) and 14] with �b/h =
4J/h = √

15f1,Ry.
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ferromagnetic material that has a higher saturation mag-
netic field than Co, such as CoFe (approximately equal
to 5% higher) [42] or Gd (approximately equal to 40%
higher) [43]. Alternatively, we can make the helium depth
thinner but the Rydberg transition energy becomes higher.
Sending a higher-frequency MW is more costly and dif-
ficult. The Coulomb interaction can be made larger by
making the distance between electrons smaller. There are
some limits on the electron density set by the hydrody-
namic instability but the distance between electrons can be
made as small as 0.1 µm [8]. T−1

1,Ry was theoretically esti-
mated and experimentally measured to be approximately
equal to 1 MHz for a liquid helium temperature lower than
100 mK [28,29,44]. According to Ref. [28,44], T−1

1,Ry is
limited by the two-ripplon emission of short-wavelength
capillary waves and the entire discussion in this paper fol-
lows this theory, unless otherwise stated. However, other
theoretical treatments of the two-ripplon scattering predict
T−1

1,Ry ≤ 0.1 MHz [15]. With T−1
1,Ry = 0.1 MHz (0.01 MHz)

and f1,Ry = 35.5 MHz, the controlled-(π ) gate (CZ gate)
fidelity of approximately equal to 99.3% (approximately
equal to 99.7%) can be achieved.

The proposed pulse sequence is one of the ways to
realize a two-qubit gate. For example, making use of
the Rydberg-blockade or Rydberg-antiblockade effect may
allow us to realize a two-qubit gate with fewer steps or
with a shorter time [45–48]. Another improvement may
be achieved by using such an optimal pulse as a GRAPE
pulse to avoid populating leakage levels or suppressing the
phase acquired by the ac Stark shift [49]. However, those
are beyond the scope of this paper.

VIII. READOUT OF THE QUBIT STATE

By spin selectively exciting the Rydberg state and
detecting the image-charge change induced by the Rydberg
excitation using an LC circuit, a QND readout for the spin
state can be realized.

The vertical position of the electron is changed by
z22 − z11 = 11.5 nm for V1 = 60 mV, and V2 = −45 mV,
when the Rydberg state is excited from the ground state to
the first excited state [Figs. 2(c) and 2(d)]. By applying a
higher voltage to V1, the electron is more strongly attracted
to the helium surface and the change in vertical position
by excitation of the Rydberg state becomes smaller. The
excitation from the Rydberg-ground state to the Rydberg-
first-excited state changes the image charge induced on the
center electrode by �q ∼ 0.01e [Figs. 2(c) and 2(d)] for
V1 = 60 mV and V2 = −45 mV. In order to calculate the
induced image charge on the center electrode, we applied
the Shockley-Ramo theorem [50]. The theorem states that
the charge Q on an electrode induced by a charge q is given
by Q = −qφ0(x), where φ0(x) is the electric potential that
would exist at the position x of charge q under the follow-
ing circumstances: the selected electrode at unit potential,

all other electrodes at zero potential and all charges are
removed. Following this theorem, we run COMSOL simu-
lation with 1 V to the center electrode and all the other
electrodes grounded and then obtained the electric poten-
tial Ve at the position of the electron. The induced image
charge on the center electrode by the electron is calculated
to be Ve/1Ve.

By setting a MW frequency to f nB
z =1,σA=↑

0,RyA , the Ryd-
berg excitation and the image charge change occur only
when qubit A is in spin-up state [Fig. 4(a)]. Under MW
excitation, the induced image charge on the center elec-
trode is �Q = ρ22�q, where ρ22 is the probability of
the electron to occupy the Rydberg-first-excited state of
qubit A, which depends on the MW frequency detuning

from the resonance: �f0 = fMW − f nB
z =1,σA=↑

0,RyA [Fig. 4(a)].
Furthermore, we apply a small and slow voltage modula-
tion (probe signal) um cos(2π fmt) to the center electrode.
The detuning from the resonance is modulated due to the
Stark shift of the Rydberg energy levels and the time-
averaged induced image charge on the center electrode
can be approximated by �Q = ρ22(t)�q. Here, · denotes
the average over time much longer than 1/fMW but much
shorter than 1/fm. Therefore, the charge on the center elec-
trode is expressed as Q = C0um cos(2π fmt)+�Q where
C0 is the stray capacitance of the center electrode. The
stray capacitance of such a nanofabricated device is dom-
inated by the bond pads and is typically approximately
1 pF [51]. Focusing on the in-phase component of �Q in
response to the voltage modulation, the charge on the cen-
ter electrode is rewritten as Q ≈ (C0 +�C)um cos(2π fmt)
with the effective capacitance change:

�C ≈ 〈ρ22〉I�q
um

, (27)

where 〈ρ22〉I = ∫ tc
−tc
ρ22(t) cos(2π fmt)dt/tc is the in-phase

component of ρ22(t) and tc � 1/fm. This effective capaci-
tance change happens only when qubit A is in the spin-up
state.

In order to estimate the effective capacitance change,
we calculate the lever arm of the voltage applied to the
center electrode to the Rydberg transition energy shift
α′ = 2 GHz/mV. The effective capacitance change can
be rewritten as �C = α′�q〈ρ22〉I/Am. There is an opti-
mal set of parameters for 〈ρ22〉I/Am to be maximized. We
found that the optimal point occurs when fm = f1,Ry, the
MW frequency is slightly detuned, and the modulation
amplitude Am = f1/10 = 5 MHz, which gives 〈ρ22〉I ≈ 0.1
and �C ≈ 60 aF (Appendix H). The effective capacitance
change can be detected as the change in the resonance
frequency of the LC resonant circuit. The LC resonant cir-
cuit is formed by connecting an inductance to the center
electrode as done in semiconductor quantum dots [51,52].
Recently the capacitance sensitivity was measured to be as
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high as 0.04 aF/
√

Hz [53]. This allows us to detect �C ≈
60 aF at the signal-to-noise ratio approximately equal to 1
with the measurement bandwidth 1 MHz, with which we
can expect to have a fast enough qubit-state readout for
topological quantum error correction [1]. Summarizing the
above, we can read out the qubit state (the spin state) by
detecting the Rydberg transition via the measurement of
the LC resonance frequency. This readout technique works
as a QND measurement [54] for the spin state. A QND
measurement is obtained if the Hamiltonian of the sys-
tem including a measurement apparatus commutes with an
observable. In our case, the observable is the z projection
of the spin state of qubit i, while the measurement appa-
ratus is the Rydberg state of qubit i. The Hamiltonian of
qubit i is given by

H i = 1
2
�Risi

z +
∑

j

Jsi
zs

j
z + 1

2
gμBBσ i

z − 1
2
�bσ i

zsi
z, (28)

where
∑

j is the sum over the nearest-neighbor qubits of
qubit i. From Eq. (28), we obtain [σ i

z , H i] = 0.∑
j Jsi

zs
j
z in Eq. (28) tells us that we cannot realize the

two-qubit gate or the readout of the qubit state for the
nearest-neighbor qubits at the same time. If one or more
nearest neighbors of an electron are in the Rydberg excited
state, then also exciting this electron will result in the elec-
trons’ states being altered unintentionally. Although this
fact sets some constraints on how to realize quantum gates,
we expect only a minor impact since the readout of the
qubit state and the two-qubit gate can be performed much
faster than the spin coherence time.

IX. SUMMARY AND DISCUSSIONS

In summary, we propose a hybrid qubit system con-
sisting of the charge and spin states of electrons on the
surface of liquid helium. An artificially introduced mag-
netic field gradient induces the spin-orbit interaction and
the Rydberg-spin interaction, which allows us to coher-
ently control the spin state electrically and perform a
two-qubit gate for the spin state via the Coulomb interac-
tion. The electrons are trapped on top of pillars, separated
by a distance of 0.88 µm, which allows the electric dipole-
dipole interaction between the electrons to be as strong
as approximately equal to 140 MHz. The introduced mag-
netic field gradient mixes the spin state and the orbital state
and shortens the spin-relaxation time to 50 ms for the con-
figurations that we considered here. At the same time, the
existence of the magnetic field gradient does not degrade
the spin-dephasing time and it stays around 100 s at liq-
uid helium temperature approximately 100 mK. The Rabi
frequency of the spin state is more than 106 times higher
than the spin relaxation and we estimated the single-qubit
gate fidelity to be > 99.9999%. However, we suspect that

in real experiments it must be limited by other experimen-
tal sources, such as the phase noise of the MW generator
[55]. As a two-qubit gate is realized by the coherent con-
trol of the Rydberg transition, its fidelity is limited by the
Rydberg relaxation rate. With the Rydberg relaxation rate
T−1

1,Ry ∼ 1 MHz, the fidelity of a controlled-phase gate was
estimated to be approximately 99%. Further improvements
in the two-qubit gate scheme are foreseeable. The quantum
nondemolition measurement of the qubit state is achieved
via the Rydberg-spin interaction by detecting the Rydberg
transition of the qubit using a resonant LC circuit with a
measurement bandwidth approximately equal to 1 MHz.

We believe that the experimental demonstration for a
small number of qubits can be readily done since the
proposed device geometry is similar to the devices with
which trapping a single electron on helium was achieved
[9,18,20,56] and we can make use of the well-established
fabrication technique of a nanoscale ferromagnet for semi-
conductor quantum dots [35,42,57]. Together with the
feasibility of employing the three-dimensional wiring tech-
niques under development [26,58,59], this architecture
makes electrons on helium a strong candidate to realize a
fault-tolerant quantum computer.
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APPENDIX A: WAVE FUNCTION AND ENERGY
LEVELS

Figures 6(a) and 6(b) show the normalized eigenfunc-
tions φ(r, z) for (m, nr, nz) = (0, 0, 1) and (m, nr, nz) =
(0, 0, 2), respectively, for V1 = V2 = 0 and B = 0. The
electron is locally confined due to the image potential even
if the electrode potentials are set to ground. The eigenen-
ergies as a function of the cyclotron frequency determined
by the applied magnetic field B are shown in Fig. 7.

Figure 8(a) shows how the Rydberg and orbital tran-
sition energies change as a function of V1, when V2 is
set to 0. With increasing V1, both the Rydberg transition
energy and the orbital transition energy become higher
(both the confinement along the z axis and the confine-
ment along the x, y axes become stronger). Figure 8(b)
shows the transition energies as a function of V2 for V1 =
60 mV and 100 mV. In this case, the Rydberg transition
energy decreases as V2 decreases, while the orbital tran-
sition energy increases. Figures 8(c) and 8(d) show the
average vertical position of the electron wave function as a
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FIG. 6. Normalized eigenfunction φ(r, z) for (m, nr, nz) = (0, 0, 1) in (a) and = (0, 0, 2) in (b) with V1 = V2 = 0 and B = 0.

function of V1 and V2, respectively. The electron is con-
fined more tightly by increasing V1 and V2 and comes
closer to the liquid surface.

APPENDIX B: STRAY MAGNETIC FIELDS

Figures 9(a) and 9(b) show the vertical stray magnetic
field br and the in-plane stray magnetic fields bz, respec-
tively, which are introduced in Sec. III, as a function of r
at z = z11. Figure 9(c) shows bz as a function of z at r = 0.

APPENDIX C: SINGLE-QUBIT GATES

1. Spin rotation

As shown in Sec. IV, single-qubit gates can be realized
by creating an ac electric field at the electron’s posi-
tion. Following Refs. [37,38], time-dependent Schrieffer-
Wolff transformation gives us an effective time-dependent
Hamiltonian for the subspace spanned by i = {m = 0, ↓}
and f = {m = 0, ↑} when the subspace is well separated
in energy from the rest of the Hilbert spaces: Ef − Ei �
Eβ − Ei,f , here β �= i, f . By taking H(t) in Eq. (9) as
a perturbation part and H0 in Eq. (5) as an unperturbed

part, the effective Hamiltonian can be calculated as Heff =
H0 + 1

2 [S, H(t)] with [S, H0] = −H(t). Consequently, the
Rabi frequency of the spin state is calculated to be f1,spin =
γ /2π� where γ is given by [37,38]

〈i| Heff |f 〉 = 1
2

∑

β �=i,f

(H(t))iβ(H(t))βf

×
(

1
Ei − Eβ

+ 1
Ef − Eβ

)
(C1)

≈
∑

β=β1,β2

((U)iβ(W)βf + (W)iβ(U)βf )

×
(

1
Ei − Eβ

+ 1
Ef − Eβ

)
cos(2π f0,spint)

(C2)

≡ 2γ cos(2π f0,spint), (C3)

where (H(t))�,© stands for 〈�| H(t) |©〉 and
∑

β refers to
the sum over all the possible virtual states. Through this
approach, the problem is reduced to the conventional two-
level Rabi model.
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Figure 10 shows the numerically calculated Rabi fre-
quency of the spin state for various V1 and V2, assuming
f0,spin ≈ ωc/2π = 16 GHz and Erf = 500 V/cm. We sim-
ulated the Rabi frequency of the spin state for the mag-
netic field B in the range of 0 to 2 T and found that
the Rabi frequency varies with the magnetic field by less
than 20 % except for the case when the applied volt-
ages are V1 = V2 = 0 (Fig. 10). We also found that the
Rabi frequency increases when the orbital confinement
gets weaker.

2. Single-qubit gate fidelity

In order to calculate the gate fidelity, we used the
Lindblad master equation [60]

dρ
dt

= − i
�

[H , ρ] + 1
2

∑

i

L(Ai)ρ, (C4)

with L(�)ρ = 2�ρ�† −�†�ρ − ρ�†�. To calculate the
single-qubit gate fidelity, we take the spin-state density
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FIG. 9. The r component of the stray magnetic field (br) and the z component of the stray magnetic field (bz) created by the ferro-
magnetic pillar as a function of r at z = z11 in (a),(b) and as a function of z at r = 0 in (c) for the saturation magnetization of Co (1.8
T). (c) The dashed lines indicate the liquid helium surface (z = 0), the average position of the electron in the Rydberg-ground state
(z = z11), and in the Rydberg-first-excited state (z = z22).
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operators as ρ, and we take A1 =
√

T−1
1,spin |↓〉 〈↑| and A2 =

√
T−1

2,spin/2σz as collapse operators. The Hamiltonian is
described as H = 2π f1,spin(cos(�)σx + sin(�)σy)/2 and
� can be tuned by the ac electric field phase depending
on the gates that we aim to apply. Here, we consider the
case for the Rabi frequency f1,spin = 100 MHz, the relax-
ation time: T1,spin = 50 ms (Sec. V), and the dephasing
time T2,spin = 100 s (Sec. VI). The average single-qubit
gate fidelity is calculated to be

F1 = 1
2

∑

i=0,1

1
24

24∑

j =1

Tr[C ideal
j (ρi)Creal

j (ρi)], (C5)

where C ideal
j (ρi) and Creal

j (ρi) denote the density operators
obtained after applying one of the 24 Clifford gates in the
single-qubit Clifford groups [61,62] to the initial state ρi
in the ideal case and real cases, respectively, and we take
the average of two initial states ρ0 = |↓〉 〈↓| and ρ1 =
|↑〉 〈↑| [63]. Creal

j (ρi) was numerically simulated using
qutip.mesolve [64] and we obtained F1 > 99.9999%. The
average rotation of the 24 Clifford gates is 26π/24 and thus
their average gate time is 5.4 ns.

APPENDIX D: LONGITUDINAL RELAXATION OF
THE SPIN STATE

The spin relaxation is an energy nonconserving process
and the energy difference between the final state and the
initial state (the Zeeman energy) is transferred to the emit-
ted two ripplons. The Hamiltonian of the electron-ripplon
interaction, which corresponds to the two-ripplon process
is given by H2ri [Eq. (13)]. It was previously demonstrated
that the two-ripplon emission of short wavelength capillary
waves is responsible for a process that requires an energy
change of � kBT [39]. Here, kB is the Boltzmann constant
and T is the liquid helium temperature. The electron-two-
ripplon coupling for short-wavelength capillary waves is
given by Uq1q2 = 1

2 F̂ , where 〈m, nr, nz| F̂ |m′, n′
r, n′

z〉 = 2κ0

√〈m,nr, nz|(∂v/∂z)|m, nr, nz〉〈m′, n′
r, n′

z|(∂v/∂z)|m′, n′
r, n′

z〉,
κ0 = √

2meV0/�, V0 ≈ 1 eV is the barrier at the helium
surface and v is the energy of the electron in the elec-
tric potential created by the image charge and externally
applied electric field [39].

Accordingly, the Hamiltonian corresponding to the two-
ripplon emission of short wavelength capillary waves is
written as

H F
2ri = 1

2

∑

q1

∑

q2

Qq1Qq2 F̂ei(q1+q2)ra†
−q1

a†
−q2

. (D1)

In order to satisfy the conservation of the total momentum
of an electron and ripplons, two ripplons must be emitted
in nearly opposite directions, that is q1 ∼ −q2. The total
Hamiltonian, which is responsible for the relaxation of the
spin state, can be written as

H = H F
2ri + Wrr. (D2)

As shown in Eq. (15), the spin-relaxation rate is

T−1
1,spin ≈ 2π

�

∣∣∣∣∣
(Wrr)iβ1(H

F
2ri)β1f

Ei − Eβ1

+ (H F
2ri)iβ2(Wrr)β2f

Ei − Eβ2 + εnri − εn′
ri

∣∣∣∣∣

2

× δ(Ef − Ei + εn′
ri

− εnri), (D3)

where the definition of the states i, f , β1, and β2 is the
same as in Sec. V. Using the explicit form, (Wrr)β2f =
(Wrr)iβ1 = h/2∂rfbr l0 and the relation (H F

2ri)iβ2 = (H F
2ri)β1f ,

Eq. (D3) is further reduced to

T−1
1,spin ≈ 2π

�

∣∣(H F
2ri)β1f

∣∣2 1
4
(∂rfbr)

2l20

∣∣∣∣
1

fi − fβ1

+ 1
fi − fβ2 + f0,spin

∣∣∣∣

2

δ(Ef − Ei + εn′
ri

− εnri).

(D4)
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Using the explicit form of H F
2ri, we obtain

|(H F
2ri)β1f |2δ(Ef − Ei + εn′

ri
− εnri)

≈ 2
∑

q

∑

s

Q4
qκ

2
0

∑

k

ik| 〈ψm=0(θ)| eikθ

× |ψm=±1(θ)〉 〈φ0,0,1| ∂v
∂z

Jk(sr) |φ±1,0,1〉 |2

× δ(hf0,spin − 2�ωq), (D5)

where s = |q1 + q2| and J1 is the Bessel function of
the first kind. By inserting the identity operator I =∑

nr,nz
|φm=0,nr,nz 〉 〈φm=0,nr,nz |, 〈φ0,0,1| ∂v/∂zJ1(sr) |φ±1,0,1〉

can be approximated by 〈φ0,0,1| ∂v/∂z |φ0,0,1〉 〈φ0,0,1| J1(sr)
|φ±1,0,1〉. We numerically confirmed that the other terms
are negligibly small. This results in

T−1
1,spin ≈ meV0(∂rfbr)

2l20
12�hρ2/3

He α
4/3
He ω

1/3
q∗

| 〈φ0,0,1| ∂v
∂z

|φ0,0,1〉 |2

×
∫

s| 〈φ0,0,1| J1(sr) |φ±1,0,1〉 |2

× ds
∣∣∣∣

1
fi − fβ2 − f0,spin

+ 1
fi − fβ1

∣∣∣∣

2

, (D6)

where ωq∗ = π f0,spin ≈ ωc/2. The density and the surface
tension of liquid helium 4 are ρHe = 0.145 g/cm and
αHe = 0.378 erg/cm2, respectively. For the Fock-Darwin
model, where the magnetic field is applied along z and the
x − y confinement is described by a harmonic potential, we
have the relation

∫
s| 〈φ0,0,1| J1(sr) |φ±1,0,1〉 |2ds = 1/2l20

[65]. Although we cannot naively assume that the x − y
confinement can be approximated by a harmonic poten-
tial, we confirmed that the above relation is approximately
valid by numerical simulation for all the configurations
of the voltages and the magnetic fields shown in Fig. 11.

Hence, the spin-relaxation rate is further simplified as

T−1
1,spin ≈ meV0(∂rfbr)

2

24�hρ2/3
He α

4/3
He ω

1/3
q∗

| 〈φ0,0,1| ∂v
∂z

|φ0,0,1〉 |2

×
∣∣∣∣

1
fi − fβ2 − f0,spin

+ 1
fi − fβ1

∣∣∣∣

2

. (D7)

Our numerical simulation shows that ∂br/∂r = 0.23 mT/
nm at the position of the electron (Fig. 9). Using this
value, the relaxation rate is calculated as shown in
Fig. 11. Overall, the relaxation rate becomes smaller as
the electric orbital confinement gets stronger (Fig. 11).
When V1 = 100 mV and V2 = −80 mV, the relax-
ation time becomes as long as 100 ms. The mag-
netic field dependence shows the trade-off between the
ω∗

q
−1/3 term and the

∣∣1/(fi − fβ2 − f0,spin)+ 1/(fi − fβ1)
∣∣

term. The ω∗
q
−1/3 term becomes smaller, while the∣∣1/(fi − fβ2 − f0,spin)+ 1/(fi − fβ1)

∣∣ term becomes larger,
as the magnetic field is increased.

APPENDIX E: DEPHASING OF THE SPIN STATE

The spin dephasing happens due to the time fluctuation
of the Zeeman energy:

δE(t) = δE↑(t)− δE↓(t), (E1)

where δEσ (t) = Eσ (t)− Eσ (t), Eσ (t) is the energy level at
a time t and Eσ (t) is the time-averaged energy level of the
spin state σ with σ =↑ or ↓. The phase difference between
the spin-up and the spin-down states evolves over time as
ϕ(t)− ϕ(0) = 1/�

∫ t
0 δE(t

′)dt′. The ensemble average of
the phase evolution is given by

〈[ϕ(t)− ϕ(0)]2〉 = 1
�2

∫ t

0
dt′
∫ t

0
dt′′〈δE(t′)δE(t′′)〉. (E2)

We assume that the successive samples of the energy split-
ting are uncorrelated and thus its autocorrelation function
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FIG. 11. Relaxation rate of the spin state as a function of ωc for different V1 and V2 in (a) and as a function of V2 with V1 = 100 mV
(red circles), with V1 = 60 mV (blue circles) and ωc = 16 GHz in (b).
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can be described as 〈δE(t′)δE(t′′)〉 = �2δ(t′ − t′′)/T2,spin,
where T2,spin is the dephasing time. Consequently, the
dephasing rate T−1

2,spin can be calculated as

T−1
2,spin = 1

t�2

∫ t

0
dt′
∫ t

0
dt′′〈δE(t′)δE(t′′)〉

= 1
t�2

∫ t

0
dt′
∫ t

0
dt′′

×
∑

nri
〈nri| δE(t′)δE(t′′) |nri〉 e−εnri/T

∑
nri

e−εnri/T
, (E3)

where the ensemble average is taken over all the possible
ripplon states and T is the liquid helium temperature.

Differently from the relaxation process, the time-
averaged energy consumed or produced by the electron
after the whole dephasing process is zero. Thereby, the
thermally excited long-wavelength ripplons are involved
here. The one-ripplon scattering cannot induce this energy-
conserving process since it requires zero-energy consump-
tion. Therefore, the two-ripplon scattering is responsible
for this process. Under the long-wavelength approxi-
mation, the electron-two-ripplon coupling is given by
Uq1q2 = −q1q2K̂z, where K̂z = �2/2me∂

2
z [15]. Thus the

corresponding Hamiltonian for the two-ripplon scattering
is written as [15]

H K
2ri =

∑

q1

∑

q2

Qq1Qq2(−K̂z)ei(q1+q2)r(aq1 + a†
−q1
)

× (aq2 + a†
−q2
), (E4)

The Hamiltonian, which causes the energy fluctuation, can
be described as H = H K

2ri + Wrz. The leading term in the
second-order energy shift of the spin-up (spin-down) state
is calculated as

δEσ (t) ≈ 2
(H K

2ri)iβ(Wrz)βi

Ei − Eβ
. (E5)

The definition of the states i, and β here is i = {nr = 0, σ }
and β = {nr = 1, σ }, where σ =↑ or ↓. The first (sec-
ond) term of Eq. (17) of Sec. VI corresponds to δEσ (t)
for σ =↑ (↓). Thus, more explicitly, the time-dependent
Zeeman energy fluctuation becomes

δE(t) ≈ 〈φ0,0,1| H K
2ri |φ0,1,1〉 gμB

∂2bz
∂r2 〈φ0,1,1| r2 |φ0,0,1〉

E(0)0,0,1 − E(0)0,1,1

.

(E6)

By inserting the identity operator I = ∑
nr,nz

|φm=0,nr,nz 〉 〈φm=0,nr,nz |, we obtain the following approximation:

〈φ0,0,1| H K
2ri |φ0,1,1〉 ≈ 〈φ0,0,1| − K̂z |φ0,0,1〉

∑

q1

∑

q2

q1q2Qq1Qq2 〈φ0,0,1| ei(q1+q2)r |φ0,1,1〉 (aq1 + a†
−q1
)(aq2 + a†

−q2
). (E7)

We numerically confirmed that the other terms are negligibly small. Using this approximation, we obtain the energy
correlation function as

δE(t′)δE(t′′) ≈ (gμB
∂2bz
∂r2 〈φ0,1,1| r2 |φ0,0,1〉)2
(E(0)0,0,1 − E(0)0,1,1)

2

∣∣∣〈φ0,0,1| − K̂z |φ0,0,1〉
∣∣∣
2 ∑

q1,q2

∑

q̃1,q̃2

q1q2q̃1, q̃2Qq1Qq2Qq̃1Qq̃2

× 〈φ0,0,1| ei(q1+q2)r |φ0,1,1〉 〈φ0,0,1| ei(q̃1+q̃2)r |φ0,1,1〉
× (aq1(t

′)+ a†
−q1
(t′))(aq2(t

′)+ a†
−q2
(t′))(aq1(t

′′)+ a†
−q1
(t′′))(aq2(t

′′)+ a†
−q2
(t′′)), (E8)

where aq(t) = aq(0)e−iωqt. Plugging this into Eq. (E3) and taking the integral according to,

∫ t

0
dt′
∫ t

0
dt′′

∑
nri

〈nri| (aq1(t
′)+ a†

−q1
(t′))(aq2(t

′)+ a†
−q2
(t′))(aq1(t

′′)+ a†
−q1
(t′′))(aq2(t

′′)
+a†

−q2
(t′′)) |nri〉 e−εnri/T

∑
nri

e−εnri/T

= tπ(n̄q1 + 1)n̄q2δ(ωq1 − ωq2)δ(q1 − q̃1)δ(q2 − q̃2), (E9)

054022-17



KAWAKAMI, CHEN, BENITO, and KONSTANTINOV PHYS. REV. APPLIED 20, 054022 (2023)

where n̄q = (e�ωq/T − 1)−1 and ωq =
√
αHeq3/ρHe, we obtain the dephasing rate as

T−1
2,spin ≈ π(gμB

∂2bz
∂r2 l20)

2

�2(E(0)0,0,1 − E(0)0,1,1)
2

∣∣∣〈φ0,0,1| − K̂z |φ0,0,1〉
∣∣∣
2

×
∑

q1,q2

(q1q2)
2(Qq1Qq2)

2
∣∣∣∣
|q1 + q2|2l20

4
e−|q1+q2|2l20/4

∣∣∣∣

2

(n̄q1 + 1)n̄q2δ(ωq1 − ωq2). (E10)

Here we used the expressions 〈φ0,1,1| r2 |φ0,0,1〉 = l20 and

|〈φ0,0,1| ei(q1+q2)r |φ0,1,1〉| =
∣∣∣(|q1+q2|2l20)/4e−|q1+q2|2l20/4

∣∣∣,
which are valid for a harmonic confinement and is a good
approximation for all the configurations shown in Fig. 12.
By taking x = ql0, Eq. (E10) is further reduced to

T−1
2,spin ≈ �4

∣∣〈φ0,0,1| ∂2
z |φ0,0,1〉

∣∣2

16m2
e48π2ρ

1/2
He α

3/2
He l11/2

0

(∂2
r fbz l

2
0)

2

|�fnr=1→0|2

×
∫ ∞

0
dx
∫ 2π

0
dθ(n̄q + 1)

× n̄qx17/2e−x2(1−cos θ) cos2 θ(1 − cos θ)2, (E11)

where ∂2
r fbz = gμB∂

2bz/∂r2/h and �fnr=1→0 = (E(0)0,0,1 −
E(0)0,1,1)/h. Our numerical simulation shows that ∂2bz/∂r2 =
−0.0040 mT/(nm)2 at the position of the electron (Fig. 9).
Using these values, we calculated the dephasing rate as
shown in Fig. 12.

APPENDIX F: SCREENING EFFECT ON THE
COULOMB INTERACTION

It is worthwhile to discuss the effect of screening of
the Coulomb interaction between electrons by the con-
ducting electrodes. Here, we consider the case where
electron A and electron B are separated by a distance
d along the x axis and their positions along the z
axis are given by zA and zB, respectively. The electrode
is an infinitely large plate covered with liquid helium
of depth dHe, as shown in Fig. 13(a). The potential
energy due to the Coulomb interaction of the two elec-
trons is written as UC = (e2/4πε0)1/

√
d2 + (zB − zA)2.

When the helium depth is small enough, the
electrons are so close to the electrode that the
interaction between the image charge induced on
the electrode and the adjacent electron is non-negligible
(the screening effect). In this case, the potential cre-
ated by the Coulomb interaction of the two electrons is
reformulated as UC = e2/4πε0

(
1/
√

d2 + (zB − zA)2 − 1/
√

d2 + (2dHe + zB + zA)2
)

. With d = 0.88 µm, dHe =
140 nm, the Coulomb interaction becomes 10−6 times
smaller due to the screening effect, which means a much
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FIG. 12. Dephasing rate of the spin state as a function of V1 with V2 = 0 for different liquid helium temperatures and magnetic fields
in (a), as a function of magnetic field (cyclotron frequency) for different voltage configurations in (b) and as a function of temperature
for different voltage configurations and magnetic fields in (c). As the dephasing process is dominated by the thermally excited ripplons,
it has a strong temperature dependence shown in (c). The logarithm of the dephasing rate T−1

2,spin shows an almost linear relationship to
the logarithm of the liquid helium temperature T.
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vacuum
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1

FIG. 13. (a) Electron A and electron B are separated by d horizontally. An electron and the induced image charge on the electrode
are equally distant from the surface of the electrode. The value of the image charge is equal to the elementary charge. zA and zB denote
the vertical positions of electrons A and B, respectively. The figure depicts the case where electron A is in the Rydberg-ground state and
electron B is in the Rydberg-first-excited state. (b) The enhancement factor acquired by the screening effect in the electric dipole-dipole
interaction as a function of the helium depth dHe normalized by d.

lower temperature is required for the electrons to form a
Wigner crystal.

Although the screening effect diminishes the Coulomb
interaction drastically in terms of the formation of a
Wigner crystal when dHe � d, it may even enhance
the electric dipole-dipole interaction [40]. The lead-
ing term of the Coulomb interaction that contributes
to the electric dipole-dipole interaction without the
screening effect is (e2/4πε0)zAzB/d3 and the correspond-
ing Hamiltonian of the electric dipole-dipole interac-
tion W′ is given in the main text. The leading term
of the Coulomb interaction from the screening effect

is (e2/4πε0)zAzB(d2 − 8dHe)/D5 with D =
√

d2 + 4d2
He.

Thus, the enhancement factor acquired by the screen-
ing effect is κ = 1 + d3(d2 − 8d2

He)/D
5 and is shown in

Fig. 13(b). The electric dipole-dipole interaction is dou-
bled when dHe � d and its minimum value approximately
equal to 0.8 is reached at dHe ≈ d/2.

APPENDIX G: TWO-QUBIT GATE

1. Controlled-phase gate

As discussed in the main text, we realize a two-qubit
gate for the spin states by applying resonant microwaves
to the Rydberg states of target qubits. This can be achieved
because we can excite the Rydberg states of a target qubit
[qubit B for the first MW pulse in Fig. 4(b)] depending on
the spin state of the target qubit thanks to the Rydberg-
spin interaction and depending on the Rydberg state of
an adjacent qubit (qubit A for the first MW pulse) thanks
to the electric dipole-dipole interaction. However, when
the Rydberg transition energy difference between different
spin states of the target qubit or between different Ryd-
berg states of the adjacent qubit is small compared to the

transition rate, we cannot ignore a portion of the Rydberg
state being excited even when the spin state or the Ryd-
berg state of the adjacent qubit is in the unintended states.
Furthermore, we should also take into account the phase
acquired for the target qubit in unintended states through
the Rydberg-spin interaction and the electric dipole-dipole
interaction. Note that making |�Ri −�Rj | � hf1 is triv-
ial thanks to the dc Stark shift and thus we do not have to
consider off-resonant excitation of the unintended qubits.

Now we consider the phase acquired during the three
MW pulse sequences as depicted in Fig. 4(b) and reiterated
in Fig. 14. For the sake of obtaining a high two-qubit gate
fidelity, we first focus on the case where �b/h = 4J/h =√

15f1,Ry. Subsequently, we explore the phase acquired for
arbitary �b and J , demonstrating that the two-qubit gate
fidelity indeed reaches one of its peaks when �b/h =
4J/h = √

15f1,Ry.

a. Analyzing the case: �b/h = 4J/h = √
15f1,Ry

Here we treat the case: �b/h = 4J/h = √
15f1,Ry.

When the microwave resonant with the Rydberg transition
of qubit B is applied, the Hamiltonian of qubit B is given by

H = hf1,Ry cos(2π fMW)sB
x + 1

2
�RBsB

z − 1
2
�bsB

z σ
B + JsA

z sB
z ,

(G1)

where the spin-only terms are neglected.
The first MW pulse: for the first MW pulse, the

microwave frequency is set to fMW = f nA
z =1,σB=↓

0,RyB . The
Hamiltonian on the rotating frame of the angular frequency
2π fMW becomes

H = hf1,Ry

2
sB

x − �b
2

sB
z |↑B〉 〈↑B| + 2J |2A〉 〈2A| sB

z . (G2)

054022-19



KAWAKAMI, CHEN, BENITO, and KONSTANTINOV PHYS. REV. APPLIED 20, 054022 (2023)

FIG. 14. How the qubit states evolve during the three MW pulses when �b/h = 4J/h = √
15f1,Ry.

The time duration of the first MW pulse is set so that it
acts as a π pulse for the Rydberg state when the initial
state of the spin state is |↓B〉. This rotation can be denoted
as RB

x (π). Then, the Rydberg state of qubit B after the first
pulse is −i |2B〉. When the initial spin state of B is |↑B〉,
there is a detuning of −�b. In this situation, as seen in
Ref. [66], the first pulse acts as RB

(cosυ1,0,sinυ1)
(4π) with

υ1 = arctan −�b/hf1,Ry = arctan(−√
15). Then, the Ryd-

berg state of qubit B after the first pulse is |1B〉 (unchanged
due to the 4π rotation).

The second MW pulse: for the second MW pulse,

the microwave frequency is set to fMW = f nB
z =2,σA=↓

0,RyA . The
Hamiltonian on the rotating frame of the angular frequency
2π fMW becomes

H = hf1,Ry

2
sA

x − �b
2

sA
z |↑A〉 〈↑A| − 2JsA

z |1B〉 〈1B| . (G3)

The second pulse acts as a 2π pulse when the spin state
of qubit A is |↓A〉 and the Rydberg state of qubit B is
|2B〉. After this pulse, the phase is multiplied by −1. When
the spin state of qubit A is |↑A〉 or the Rydberg state of
qubit B is |1B〉, there is a detuning of −�b or −4J . That
is, the second pulse acts as RA

(cosυ1,0,sin υ1)
(8π). Then, the

Rydberg state of qubit A after the second pulse stays the
same as before the second pulse (unchanged due to the
8π rotation). When the spin state of qubit A is |↑A〉 and
the Rydberg state of qubit B is |1B〉 there is a detun-
ing of (−�b − 4J )/h = −2

√
15f1,Ry. We can describe

the rotation here as RA
(cosυ2,0,sin υ2)

(
√

61 × 2π) with υ2 =
arctan(−2�b/hf1,Ry) = arctan(−2

√
15). The state after

the second pulse is

(

cos

(√
61 × 2π

2

)

s0 − i sin

(√
61 × 2π

2

)

× (sx cos υ2 + sz sin υ2)) |1A〉
= (0.8275 + 0.5568i) |1A〉 + 0.0719i |2A〉 , (G4)

where s0 is the identity operator.
The third MW pulse: the third pulse works in the same

way as the first pulse. The only difference is that the phase
of the third pulse is different from the first pulse by π . The
Hamiltonian on the rotating frame of the angular frequency
2π fMW is

H = −hf1,Ry

2
sB

x − �b
2

sB
z |↑B〉 〈↑B| + 2J |2A〉 〈2A| sB

z .

(G5)

Note that when the Rydberg state of A is |2A〉 and the spin
state of B is |↑B〉, the detuning is −�b + 4J = 0. Thus, the
rotation is described as RB

−x(π). In Fig. 14, we summarize
how the states evolve during the three pulses.

As seen in Fig. 14, the total operation of a set of three
pulses is described as

⎛

⎜
⎝

0.9974e0.1885iπ 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1

⎞

⎟
⎠ . (G6)

Here, the Rydberg-excited states are treated as leakage
states and the space is defined by the spin states of qubits
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A and B: |↑↑〉, |↓↑〉, |↑↓〉, and |↓↓〉. Equation (G6) is
equivalent to

⎛

⎜
⎝

e0.1885iπ 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1

⎞

⎟
⎠ (G7)

with a small error due to the leakage to |2A2B〉.
Equation (G7) can be transformed into a controlled-
(1.1885π) gate, CP1.1885π= |↑A〉 〈↑A| ⊗ σ B

0 + |↓A〉 〈↓A| ⊗
RB

z (1.1885π) , where σ0 is the identity operator, by apply-
ing single-qubit z rotations and adding some global phases.

b. Exploring more general cases

Here, we explore the phase acquired in more general
cases. When the qubit is rotated off resonantly with a
detuning frequency �f the qubit state acquires a phase
given by

θ(h�f ) = arg

⎛

⎝cos
(√
�f 2 + f 2

1,Ryπ tp
)

+ i
�f

√
�f 2 + f 2

1,Ry

sin
(√
�f 2 + f 2

1,Ryπ tp
)
⎞

⎠ ,

(G8)

where tp is the pulse length and arg(◦) represents the phase
angle of a complex number ◦.

The first and third MW pulse: for states |σ Aσ B〉 =
|↑↑〉 , |↓↑〉, since the detuning is h�f = −�b, the qubit
acquires a phase θ(−�b) during each MW pulse. These
acquired phases can be corrected by applying single-qubit
rotations around the z axis to the spin state of qubit B at the
end.

The second MW pulse: for states |σ Aσ B〉 = |↓↑〉 , |↑↓〉,
the qubit acquires phases, θ(−4J ) and θ(−�b), respec-
tively. For |σ Aσ B〉 = |↑↑〉, the qubit acquires a phase
θ(−(4J +�b)). The phases acquired for |σ Aσ B〉 =
|↓↑〉 , |↑↓〉 can be corrected by applying single-qubit rota-
tions around the z axis on the spin state of qubit A at the
end. However, it is worthwhile to note that these correc-
tions introduce an additional phase to the qubit state for
|σ Aσ B〉 = |↑↑〉 as well.

To summarize the above discussion, including the phase
corrections introduced by the single-qubit rotations on the
spin states at the end, the total operation of a set of three
pulses is described as

⎛

⎜
⎝

ei� 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1

⎞

⎟
⎠ , (G9)

where � = θ(−(4J +�b))− θ(−4J )− θ(−�b). In the
same manner as done in the previous subsection, Eq. (G9)
can be transformed into a controlled-(π +�) gate,
CPπ+�.

In addition to the acquired phases, the off-resonant rota-
tions unintentionally populate the Rydberg states of qubits
A and B. This effect causes the leakage to |1A2B〉, |2A1B〉,
and |2A2B〉 at the end of the pulse sequence, resulting in
the two-qubit gate infidelity. These unintentional Rydberg
populations become zero when

√
�f 2 + f 2

1,Rytp is a pos-

itive even integer [67,68]. Given that tp = 1
2f1,Ry

for the
first and third MW pulses, and tp = 1/f1,Ry for the sec-
ond MW pulse, the condition reduces to

√
(�f /f1,Ry)2 + 1

being a positive even integer for the first and third MW
pulses, and a positive integer for the second MW pulse.
Satisfying this condition leads to a high two-qubit gate
fidelity. This justifies our choice of the parameters�b/h =
4J/h = √

15f1,Ry, which are also experimentally feasible
as introduced in the previous section and in the main
text. With this set of parameters,

√
(�f /f1,Ry)2 + 1 = 4

for states |σ Aσ B〉 = |↑↑〉 , |↓↑〉 during the first and third
MW pulses and for states |σ Aσ B〉 = |↓↑〉 , |↑↓〉 during the
second MW pulse. Notably, the undesired Rydberg popu-
lation is only observed for the state |σ Aσ B〉 = |↑↑〉 during
the second MW pulse. In Sec. G 3 a, we analyze the aver-
age gate fidelity for the controlled-(π +�) gate and show
that it indeed peaks when

√
�f 2 + f 2

1,Rytp is a positive even
integer.

2. Controlled-π gate

Following Ref. [69,70], we found that a controlled-
(−�) gate, CP−�, can be constructed out of the two times
of a controlled-(π +�) gate, CPπ+�, and single-qubit
gates, for 0 < � < 2

3π . Knowing that a controlled-π gate
can be realized by CPπ = CPπ+�CP−�, CPπ can be con-
structed out of the three times of CPπ+� and single-qubit
gates. More concretely, for � = 0.1885π , we found

CP1.1885πRB†
y (�2)RB†

z (�1)CP1.1885πRB†
x (�0)

× CP1.1885πRB
x (�0)RB

z (�1)RB
y (�2) =

⎛

⎜
⎝

1 0 0 0
0 1 0 0
0 0 −i 0
0 0 0 i

⎞

⎟
⎠ ,

(G10)

with �0 = 0.9014π , �1 = 0.0943π , and �2 = 0.4855π
as one of the solutions. Equation (G10) is equal to a
controlled-(π ) gate, CPπ = |↑A〉 〈↑A| ⊗ σ B

0 + |↓A〉 〈↓A| ⊗
RB

z (π).
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3. Two-qubit gate fidelity

a. General cases excluding the relaxation effects

The average gate fidelity of the controlled-(π +�) gate
is calculated to be

F2 = 1
16

[

4 + 1
5

15∑

i=1

Tr[CP ideal
π+�(ρ

spin
i )CP real

π+�(ρ
spin
i )]

]

.

(G11)

Here ρspin
i is the Kronecker product of Pauli matrices of the

spin states:

ρ
spin
i = σ A

μ ⊗ σ B
ν , μ, ν = 0, x, y, z, (G12)

and σ A
0 ⊗ σ B

0 is excluded from the sum of Eq. (G11)
[71]. CP ideal

π+�(ρ
spin
i ) and CP real

π+�(ρ
spin
i ) denote the den-

sity operators obtained after applying the controlled-
(π +�) gate to the initial state ρ

spin
i in the ideal

and real cases, respectively. We obtained CP real
π+�(ρ

spin
i )

by numerically calculating CP real
π+�(ρ

spin
i ⊗ |1A〉 〈1A| ⊗

|1B〉 〈1B|) using qutip.mesolve [64] and tracing over the
Rydberg states. As detailed in Sec. G 1 b, the leakage
to the states |1A2B〉, |2A1B〉, and |2A2B〉 at the end of
the pulse sequence negatively impacts the gate fidelity.
Note that we do not account for the effect of relaxation
in this section; it is addressed in Sec. G 3 b for � =
0.1885π . In Fig. 15(a), we numerically calculated the

gate fidelity as a function of �b and 4J . Notably, dis-
cernible peaks appear when leakage is minimized. This
happens when

√
(�b/f1,Ry)2 + 1 is a positive even inte-

ger and
√
(4J/f1,Ry)2 + 1 is a positive integer, in line with

the discussions in Sec. G 1 b. Figure 15(b) shows�/π as a
function of�b/hf1,Ry and 4J/hf1,Ry. Note that when 2

3π <

�, constructing a controlled-π gate cannot be achieved
with only three iterations of CPπ+� [69,70].

b. Considering the relaxation rate for the case:
�b/h = 4J/h = √

15f1,Ry

In this section, we evaluate the gate fidelity for the
controlled-(1.1885π ) gate, taking into account the effects
of the relaxation rate using the Lindblad master equation
[Eq. (C4)]. Here, ρ is the density operator of both the spin
states and the two-lowest Rydberg states of qubits A and B.

We take A1 =
√

T−1
1,Ry |1A〉 〈2A| and A2 =

√
T−1

1,Ry |1B〉 〈2B|
as collapse operators. The Rydberg dephasing rate [14,15],
the spin-relaxation rate, and the spin-dephasing rate are
much smaller than T−1

1,Ry, and thus can be ignored. The
average gate fidelity of the controlled-(1.1885π ) is cal-
culated by Eq. (G11) taking � = 0.1885π . In addition to
the leakage that already appears in Eq. (G6), the Rydberg
relaxation degrades the fidelity. For the case considered in
the main text,�b/h = 4J/h = √

15f1,Ry = 137 MHz (i.e.,
f1,Ry = 35.5 MHz) and T−1

1,Ry = 1 MHz, we obtained F2 =
98.5%. In this case, as the total rotation for the two-qubit

1.00

0.99

0.98

0.97

0.96

<0.95

(b)(a)

FIG. 15. (a) Average gate fidelity of the controlled-(π +�) gate without taking into account the relaxation effect as a function of
�b/hf1,Ry and 4J/hf1,Ry. Dashed lines represent

√
(�b/f1,Ry)2 + 1 = 2, 4, 6, 8, 10 and

√
(4J/f1,Ry)2 + 1 = 2, 3, 4, 5, 6, 7, 8, 9, 10. (b)

Phase acquired by the controlled-phase gate represented by �/π , where � is given by Eq. (G9), as a function of �b/hf1,Ry and
4J/hf1,Ry. The dotted line shows the contour for � = 2

3π . (a),(b) The red stars mark the position where �b/h = 4J/h = √
15f1.Ry,

which corresponds to
√
(�b/f1,Ry)2 + 1 = √

(4J/f1,Ry)2 + 1 = 4. With these parameters, the fidelity of the controlled-(π +�) gate is
99.92%, with � = 0.1885π .

054022-22



BLUEPRINT FOR QUANTUM COMPUTING... PHYS. REV. APPLIED 20, 054022 (2023)

gate is 4π (Fig. 14), the two-qubit gate time is calcu-
lated to be 2/f1,Ry = 56 ns. Figure 4 illustrates the average
gate fidelity of the controlled-1.1885π gate with differ-
ent values of f1,Ry and T−1

1,Ry while keeping the condition:
�b/h = 4J/h = √

15f1,Ry.

APPENDIX H: READOUT OF THE QUBIT STATE

As discussed in Sec. VIII, the readout of the spin state
can be realized by spin selectively exciting the Rydberg
state and detecting the image-charge change induced by
the Rydberg excitation. Here, we consider the case where
we excite the electron from the Rydberg-ground state to the
Rydberg-first-excited state only when the electron is in the

spin-up state. The excitation to the Rydberg second excited
state or higher can be ignored since it is detuned further
away> 10 GHz. When the spin state is down, we have off-
resonant Rydberg excitation with the detuning �f0 = �b
and consequently, �f0/f1,Ry = √

15 assuming that we use
the same MW power as for the two-qubit gate. As dis-
cussed below, to have the optimal measurement condition,
Am/f1,Ry is set to 0.1. As seen in Figs. 16(c)–16(e), the sig-
nal is observed to be nearly zero at this point and thus this
off-resonant excitation can also be ignored for the readout
scheme.

Therefore, by focusing on the two lowest Rydberg
states and the spin-up state, we can write the Hamilto-
nian of qubit A under MW excitation with the voltage

(a) (b)

(c) (d) (e)

FIG. 16. (a) Time-averaged probability of the electron in the excited state ρ22 as a function of the detuning of excitation frequency.
ρ22 reaches its maximum value at �f0 = 0. Under the condition that the Rydberg transition rate is much faster than the Rydberg
relaxation: f1,Ry � T−1

1,Ry, T−1
2,Ry, the maximum value is approximately 0.5. (b) Energy levels E versus the MW frequency detuning

�f0. The detuning is modulated with an amplitude of 2πAm and a frequency of fm. |±〉 are the eigenstates of HR [Eq. (H2)] without
voltage modulation (Am = 0) and |nA

z = 1〉 and |nA
z = 2〉 are those without MW excitation (f1,Ry = 0). The state relaxation happens

from |nA
z = 2〉 and |nA

z = 1〉. When Amfm/f1,Ry � f1,Ry, the LZ transition reaches the fast-passage limit and the electron always stays in
|nA

z = 0〉 (that is, ρ22 always stays 0) after time T1,Ry. When Amfm/f1,Ry ≈ f1,Ry, the state is changed from |+〉 to |−〉 or vice versa with
some probability p and stays in the same state with the probability of 1 − p , which results in LZ interference patterns shown in (d),(e).
When Amfm/f1,Ry � f1,Ry, the LZ transition reaches the slow-passage limit and the state always stays in |−〉. (c)–(e) Numerically
calculated in-phase component of the fraction in the excited state 〈ρ22〉I as a function of normalized detuning �f0/f1,Ry and the
modulation amplitude Am/f1,Ry for the modulation frequency fm = 0.01f1,Ry, fm = 0.1f1,Ry, and fm = f1,Ry in (c),(d), and (e), respectively.
The relation between the Rydberg relaxation rate and the Rydberg transition rate is set as T−1

1,Ry = 2T−1
2,Ry = f1,Ry/50.
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modulation as

H ′ = hf0,RysA
z + eEMWz cos(2π fMWt)+ eEmz cos(2π fmt).

(H1)

In the rotating reference frame of the frequency fMW, H ′
[Eq. (H1)] can be approximated by

HR = h�f (t)sA
z + hf1,RysA

x , (H2)

where Am = eEm(z22 − z11)/h. The time-dependent eigen-
states of HR [Eq. (H2)] can be expressed with a density
operator ρ(t) = ∑

(η,ζ )=(1,2) ρηζ (t) |ni
z = η〉 〈ni

z = ζ |. The
solution to the equation of motion with the Hamiltonian HR
[Eq. (H2)] is known as exhibiting a sequence of Landau-
Zener transitions [72–74]. The density operator can further
be rewritten as ρ(t) = 1

2 s0 + 1
2�s · �r, where �s = (sx, sy , sz)

and �r = (rx, ry , rz). The time evolution of this density oper-
ator under HR [Eq. (H2)] can be described by the Bloch
equations as

drx

dt
= − 1

T2,Ry
rx − 2π�f (t)ry ,

dry

dt
= − 1

T2,Ry
ry + 2π�f (t)rx − 2π ff1,Ryrz,

drz

dt
= − 1

T1,Ry
(rz + 1)+ 2π ff1,Ryry ,

where �f (t) is defined in Sec. VIII. We numerically
solved the above differential equations and calculated
ρ22(t) = (rz(t)+ 1)/2. From this, we obtain the in-phase
component of ρ22, which is plotted in Figs. 16(c)–16(e).

As discussed in Sec.VIII, the readout signal is character-
ized by �C = α′�q〈ρ22〉I/Am. There is an optimal set of
parameters for 〈ρ22〉I/Am to be maximized. As illustrated
in Figs. 16(a), 16(c)–16(e), the signal is zero when exactly
on resonance but reaches its maximum when positioned
on the shoulder of the resonance peak. If the modulation
frequency fm is significantly greater than the Rabi fre-
quency of the Rydberg state f1,Ry, the electron consistently
remains in its initial state, as depicted in Fig. 16(b). Conse-
quently, there is no change in the image charge. We found
that the optimal point occurs when fm ≈ f1,Ry, the MW
frequency is slightly detuned, and the modulation ampli-
tude Am is considerably small, which corresponds to the
black circle positions in Fig. 16(e), where 〈ρ22〉I ≈ 0.1 and
Am = f1,Ry/10 = 5 MHz, which gives �C ≈ 60 aF.
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