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A variational approach to frozen planet orbits in helium
Kai Cieliebak, Urs Frauenfelder, and Evgeny Volkov

Abstract. We present variational characterizations of frozen planet orbits for the helium atom in the
Lagrangian and the Hamiltonian picture. They are based on a nonlocal Levi-Civita regularization
in Barutello, Ortega and Verzini (2021) with different time reparametrizations for the two electrons
and lead to nonlocal functionals. Within this variational setup, we deform the helium problem to
one where the two electrons interact only by their mean values and use this to deduce the existence
of frozen planet orbits.
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1. Introduction

Frozen planet orbits are periodic orbits in the helium atom which play an important role
in its semiclassical treatment [10, 12]. In such an orbit both electrons lie on a line on the
same side of the nucleus. The inner electron undergoes consecutive collisions with the
nucleus while the outer electron (the actual “frozen planet”) stays almost stationary at
some distance, as shown below.
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An interesting aspect of frozen planet orbits is that they cannot be obtained using
perturbative methods. Indeed, if the interaction between the two electrons is switched off,
both electrons just fall into the nucleus. In order to deal with this problem, in [4] the
second author replaced the instantaneous interaction between the two electrons by a mean
interaction and showed analytically that in this case there exists a unique nondegenerate
frozen planet orbit.

Variational setup. In this paper we present a variational approach to frozen planet orbits
with instantaneous or mean interaction. One difficulty lies in the collisions of the inner
electron with the nucleus, which need to be regularized in order to obtain a good functional
analytic setup. A traditional way to regularize two-body collisions is the Levi-Civita reg-
ularization [7]. In the case of mean interactions our problem has delay and the application
of the traditional Levi-Civita regularization becomes problematic. Fortunately, in a recent
interesting paper by Barutello, Ortega and Verzini [1], a new nonlocal regularization was
discovered. This regularization is motivated by the traditional Levi-Civita regularization,
but in sharp contrast to the latter it is defined on the loop space and therefore fits well with
our problem. Even for loops without collisions this transformation is quite intriguing. It
is not smooth in the usual sense but scale smooth in the sense of Hofer, Wysocki and
Zehnder [6].

We study two functionals B,, and Bj, arising from regularizing frozen planet config-
urations for the mean and instantaneous interaction, respectively, as well as their linear
interpolation B, = rBi, + (1 — r)B,y, r € [0, 1]. In general, it is not clear that critical
points of a regularized action functional correspond precisely to the regularized solutions.
It might happen that new exotic solutions appear as critical points; see [1] for examples of
this phenomenon. Excluding such exotic critical points requires a careful analysis and this
analysis occupies the main part of this paper. In particular, we prove (see Theorem 5.1)
the following theorem:

Theorem A. For each r € [0, 1], critical points of the regularized action functional 8,
correspond precisely to frozen planet orbits for the interpolated interaction.

Symmetries. There is a special case of frozen planet orbits referred to as symmetric frozen
planet orbits. These are frozen planet orbits in which the outer electron has vanishing
velocity whenever the inner electron collides with the nucleus or is at maximal distance
from the nucleus; see [3]. We have the following theorem (see Theorem 6.7):

Theorem B. The regularized action functional B, is invariant under an involution such
that the critical points fixed by the involution are precisely the symmetric frozen planet
orbits.

In view of Theorem B one can think of symmetric frozen planet orbits as a nonlocal
generalization of brake orbits.
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Regularity. In order to study critical points of B,, we introduce its L.2-gradient as a map
VB,: X — Y from a suitable Hilbert manifold X to a Hilbert space Y. It satisfies the
following theorem (see Theorem A.1):

Theorem C. For each r € [0, 1], the L?-gradient V8B,: X — Y is a C'-Fredholm map
of index 0.

This result is nontrivial because VB, involves time reparametrizations depending on
points of X as well as singular terms. Inspection of its proof shows that V8B, is not of
class C2.

Theorem C makes the functionals B, amenable to classical variational methods such
as index theory or Morse theory. In this paper we content ourselves with computing the
mod 2 Euler number x(V B, ), i.e. the count of zeros modulo 2 (after suitable perturbation;
see Appendix C). On symmetric loops we find

X(V8Bin) = (VBy) =1,

where the first equality follows from homotopy invariance of the mod 2 Euler number and
the second one from a further deformation and explicit computation (see Appendix D). As
a consequence, we obtain the following corollary (see Theorem 6.1):

Corollary C. For every E < 0 there exists a symmetric frozen planet orbit of energy E.

Hamiltonian formulation. The regularized action functional 8, has an intriguing struc-
ture. It consists of two terms. The first term can be interpreted as a kinetic energy, but for a
nonlocal metric which depends on the whole loop. The second term can be interpreted as
the negative of a nonlocal potential which is defined on the loop space of the configuration
space. We explain how in this situation a nonlocal Legendre transform can be carried out
which produces a nonlocal Hamiltonian (see Section 7):

Theorem D. After applying the nonlocal Legendre transform to the regularized action
Sfunctional B,, the corresponding Hamiltonian delay equation reproduces frozen planet
orbits.

Thus there are two nonlocal approaches to frozen planet orbits, one Lagrangian and
one Hamiltonian. This produces food for thought for many interesting research projects.
For instance, the Lagrangian action functional has a Morse index at each frozen planet
orbit. On the other hand, the Hessian of the Hamiltonian action functional is a Fredholm
operator which gives rise to a nonlocal Conley—Zehnder index at each frozen planet orbit.
Since in the local case the Morse index corresponds to the Conley—Zehnder index after
Legendre transform we may ask the following question:

Question 1. How are the Morse index and the Conley—Zehnder index for frozen planet
orbits related?
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We remark that for a simple but yet nontrivial delay equation, the regularized free fall,
equality has been established recently in [5].

The correspondence between these indices [11] is an important ingredient in the cele-
brated adiabatic limit argument by Salamon and Weber [8] relating Floer homology with
the heat flow on chain level.

Question 2. Is there an analogy of the adiabatic limit argument of Salamon and Weber
for frozen planet orbits?

2. The Kepler problem

When the interaction between the electrons is ignored, the system decouples into two one-
electron systems, each of which is equivalent to the Kepler problem in celestial mechanics.
In this section we recall the regularization procedure of Barutello, Ortega and Verzini [1]
for the Kepler problem in the plane. It is based on the Levi-Civita regularization map
£:C — C, z — g = z2. Since we are interested in the case that the position g of the
electron remains on the positive real line, we view the Levi-Civita map as a map to the
nonnegative reals R — R>p,z > g = z2; see (1).

2.1. Levi-Civita transformation

In this subsection we describe the Levi-Civita transformation without worrying about the
regularity of the involved maps; precise statements will be given in the following subsec-
tions.

We abbreviate by S' = R/Z the circle. We denote the L2-inner product of z, z, €
L*(S',R) by

1
(z1,22) 1=/ z1(1)z2(r) dv
0
and the L2-norm of z € L2(S!,R) by

2]l := v {z. 2).

In the sequel we will work with Sobolev spaces H¥ = W¥-2_ but the only relevant norms
and inner products will be the ones from L2.
Consider two maps
¢:S' > Rs, z:S' >R

related by the Levi-Civita transformation

q(t) = z(v)? )
for a time change ¢ <> 7 satisfying 0 <> 0 and
dt dt
@

GCENEE
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This implies that the mean values of ¢ and 1/¢ are given by

1 1 4 212

] (1) 122
1= t)dt =/ =L dr = 3
1 /o 40) o 1227 T P ®

and .
dt 1

—_— = 4
/0 MORREE «@

We will denote derivatives with respect to ¢ by a dot and derivatives with respect to 7 by a
prime. Then the first and second derivatives of ¢ and z (where they are defined) are related
by
dr _ 2|z|*'()
q(t) =22(0)z'(z v e S ®)
z(7)
and
"(D)z(x) = ') dr _ 2||z||*
z(1)? dt  z(v)*

Substituting z2 and z’? by (1) and (5) this becomes

. z
q(r) =2||z))?

(z"(0)z(x) — Z'(7)?). (6)

. () §()>
) = — 4 . 7
i) = = (21155 - 100) ™
The L2-norm of the derivative of ¢ is given by
. L La)z)42'(2)? 2(7)?
||q||2=/ J(0) di =/ { Cdr =412 @)
0 0 z(7) ||Z||

2.2. Inverting the Levi-Civita transformation

In this subsection we prove that, under suitable technical hypotheses, the Levi-Civita trans-
formation defines a 2-to-1 covering.

We begin with a precise definition of the Levi-Civita transformation. Let z €
C%(S',R) be a continuous function with finite zero set

Z, =z 10).

We associate to z a C'-map t,: S — S by

1 T
t:(7) == W/o z(0)? do. 9)
Note that #,(0) = 0 and
2
() = Z”(ZTH)Z . (10)

Since z has only finitely many zeros, this shows that 7, is strictly increasing and we con-
clude the following lemma:
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Lemma 2.1. If z € C°(S', R) has only finitely many zeros, then the map t,: S' — S1
defined by (9) is a homeomorphism.
It follows that £,: S — S has a continuous inverse
=178 - st

Since ¢, is of class C!, the function 7 is also of class C'! on the complement of the finite
set t;(Z ;) with derivative

: 1>
)= —. 11
0= op (an
We define a continuous map ¢: S! — Rxq by
q(t) = z(z:(1))*. (12)

Then the two maps z, g are related by the Levi-Civita transformation (1) with 7 = .
Their zero sets
Z,=z%0) and Z,:=q7'0)=1,(Z,)

are in bijective correspondence via ¢, (or equivalently 7). Moreover, by (4) we have

/1 ds 1 -
—_ — 00
o q(s) |zl

Conversely, suppose we are given amap ¢ € C°(S!,R5) with finite zero set Z, satisfy-
ing fol % < 0o. We associate to ¢ the time reparametrization 7;: S — S1,

Vas\7' o

Then 7,4(1) = 1, 74 is of class C ! outside the zero set Z; = ¢~ 1(0) with derivative

S Lds\ 7' 1 1
Tq(t) = (/0 m) M, tedS \Zq (14)

By [1, Lemma 2.1] the map 7,: S' — S! is a homeomorphism whose inverse 7, := /!

q
is of class C' and satisfies 7,(1) = 7, '(1) = 1 and

g
th(c) = (/0 q(—j)) gty (v). teS. (15)

Suppose that z: S' — R is a continuous function satisfying
2(0)* = q(t4(v)). (16)

Then z has finite zero set Z, = t;(Z,), so we can associate to z the homeomorphism
t;: S — S! defined by (9) and its inverse 7,. We claim that

Ty =71, and 5 =1;. a7n
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It is enough to check the second equality. For this we compute

[72(0)2 do = /Tq(tq(a)) do

0 0

) 1 ds -1 ,t,(1)
— d

(/0 q(s)) /0 '
1 d -1

= (/) 3w) W

where (x) follows from the coordinate change o = 7,(s) and (14). Evaluating at 7 = 1
gives us
1 /1 ds (18)
Iz12 Jo q(s)’

1 T
t,(t) = ||Z||2/0 z(0)? do = t4(7)

and (17) is established. Hence ¢ is the Levi-Civita transform of z defined by (12).

Equation (16) does not uniquely determine z for given ¢ because the sign of z can
be arbitrarily chosen on each connected component of S\ Z,. If Z, consists of an even
number of points, then we can determine z up to a global sign by the requirement that
z changes its sign at each zero. Therefore, the preceding discussion shows the following
lemma:

~
*

Therefore,

Lemma 2.2. The Levi-Civita transformation z + q given by (12) defines, for each even
integer m € 2N, a surjective 2-to-1 map
£: {Z e C°(SL,R) | z has precisely m zeros and switches sign at each zero}
— {q € C%(S'.Rx0) | z has precisely m zeros and fol q‘i—j) < o0},

The following lemma shows how additional regularity properties translate between z
and ¢. Near each zero 7. of ¢ we define the local sign function

—1,  <ts,
s«(t) := { *

+1, > ts.

If ¢ is of class C'! outside its zero set, we denote by

22
g-(t) N 1

———, teS'\Z (19)
2 q@) !
its Kepler energy at time t, for some fixed N > 0. By (8) it corresponds under the Levi-
Civita transformation to

Eq @) =

2|z|*z'(0)* = N

E.(7):= (1) ,

resSh\ Z,. (20)
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Lemma 2.3. Let z, q be as in Lemma 2.2 related by the Levi-Civita transform (12), and
let k be a nonnegative integer. Then the following hold:

(@) ze HY (S, R)ifandonlyifq € H'(S!,Rxp);
(b) z is of class C* outside its zeros if and only if q is of class Ck outside its zeros;

(c) zisof class C' on all of S if and only if q is of class C' outside Z4 and for
each ty € Z, the following limit exists:

lim s, (1) v q()q(1);
Ly FEl =1y

(d) z is of class C with transverse zeros if and only if q is of class C' outside Zy
and for each t« € Z4 the limit in (c) exists and is positive;

(e) the energy E,: S'\ Z, — R is defined and extends to a continuous function
S' — R if and only if the energy E,: S' \ Z4 — R is defined and extends to a
continuous function S' — R;

(f) the conditions in (e) imply those in (d).

Proof. Part (a) follows immediately from formula (8). For (b) just note that if z is of class
C¥ outside Z,, then ¢, is of class C¥*! outside Z, so 7, and therefore also q is of class
Ck+1 outside 1,(Z,) = Z ¢ and the same in the reverse direction.

For (c) and (d) suppose that z, g are of class C ! outside their zero sets. In the following
we will always denote by t, ¢ times related by the time transformation t = #;(7) = t4(7).
Consider a zero t, € Z,; with corresponding 7« € Z. Since z switches sign at 7, we can

write
z(t) = esx (1) Vg (1)

for T # 74 near T4, with some sign ¢ € {—1, 1}. Inserting this into (5) and solving for z’(7)
yields
s e (D)D)
Z'(1) = —————=, 21
2||z||?
from which (c) and (d) follow.

Part (e) follows immediately from £, (t) = E4(¢;(7)). To see that (e) implies (d), note
first that the existence and continuity of E4: S\ Z, — R implies that g is of class C!
on S'\ Z;. Suppose now that E, extends to a continuous function S' — R, so for each
t« € Zg4 the limit

lim

teFt—>1y

q@)? N
( 2 M)
exists. This implies that §(t)> — oo as t — t, in particular §(t) # O for all ¢ # ¢, close
to 1. Since ¢(¢) > 0 for ¢ # 1, and q(¢«) = 0, this implies that

10) = 3.0 VAD? = 5200|2400+~
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for all ¢ # t, close to t,. It follows that
;léim sx(t)Vqt)q(t) = ;léim V2E(@t)q(t) + 2N = ~/2N > 0,
s Fl—>1x tx FlL—>14

which is the condition in (d). This proves the lemma. ]

Note that z € H! and the extension of Ej to a continuous function S — R implies
the existence of the integral

! e o
dt = — I
/0 Eqydt =73 /0 o)

and therefore fol % < 00. Hence Lemma 2.3 implies the following corollary:

Corollary 2.4. For each even m € 2N the Levi-Civita map £ of Lemma 2.2 restricts to a
surjective 2-to-1 map

x: '€cle(S19 IR) - chle(Slﬂ RZO)’
where

o €L(S!,R) denotes the set of z € C1 (S, R) with precisely m zeros such that all zeros
are transverse and the energy E, extends to a continuous function S' — R, and
o HL(S',Rsg) denotes the set of ¢ € H'(S', Rx0) with precisely m zeros such that

q is of class C' outside its zeros and the energy E, extends to a continuous function

S > R.

2.3. Variational characterization of generalized solutions

An electron moving in the electric field of a fixed nucleus with charge N > 0 is described
by Newton’s equation

G() =—W~ (22)

Alternatively, it describes the Kepler problem of a body of mass 1 moving in the gravita-
tional field of a body of mass N. Its periodic solutions avoiding the origin are the critical
points of the Lagrangian action functional

1 1
S(q) = %/0 q(z)zdz+/0 %dr.

Since all periodic solutions have collisions there are actually no critical points for this

unregularized functional. Let ¢ and z be related by the Levi-Civita transformation (1).
Using the relations (2), (5) and (18), we rewrite the Lagrangian action of g in terms of z:

1 4,/ 2 2
s =L [ LT Y

T
z()?  |z|? 2112

2 2
=2[zII*12"1* + (BT
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We denote the resulting action functional of z by
N
Q@ H'(SLR)\{0} » R, @Q(2):=2l|z[?|']|* + IZI2 (23)
z

Following [1] we call ¢ € H'(S',Rx0) a generalized solution of (22) if
(1) the zero set Z = ¢~'(0) C S is finite and has an even number of elements;
(2) on S!\ Z the map g is smooth and satisfies (22);
(3) the energy
En =90 N gy
2 q@)

extends to a continuous function E: S — R.

Note that the energy E is then constant (by conservation of energy) and negative (for g to
be bounded).

Theorem 2.5 (Barutello, Ortega and Verzini [1]). Under the Levi-Civita transformation
(1) with time change (2), critical points z: S' — R of the action functional Q defined
in (23) are in 2-to-1 correspondence with generalized solutions q: S' — Rxq of (22).

In the remainder of this section we will spell out the proof of this theorem because it
uses some ingredients that will also be needed in later sections.

2.4. From critical points to generalized solutions

The differential of @ at z € H'(S',R) \ {0} in the direction v € H(S!, R) is given by

N (z,v). (24)

DQ(z)v = 4)z|* (" v') + 4]1'|*(z, v) — G

This shows that a critical point z has a weak second derivative and satisfies the second-
order ODE with constant coefficient
_ P N

() = az(1), = .
Izl 2fz]1

(25)

It follows that z is smooth. Moreover, z € H!(S!,R) implies boundedness of z and thus
forces a < 0. So z is a shifted sine function. In particular, z has transverse zeros in the
sense that z’(t) # 0 whenever z(t) = 0. In particular, its zero set

Z:={reS"|z(r)=0}

is finite. We associate to z the smooth map #,: S' — S! defined by (9). By Lemma 2.1,
the map ¢, is a homeomorphism with continuous inverse t, = 1 1.1 5 S Since ¢,
is smooth, the function 7, is also smooth on the complement of the finite set ¢, (Z) with
derivative given by (11). We define a continuous map ¢: S' — S by

q(1) := z(zz(1))*.
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Then the two maps z,q: S' — R are smooth except at finitely many points and related by
the Levi-Civita transformation (1) with T = t,. Substituting z” by (25) in (7) we get the
following ODE for ¢ at points t € S' \ #,(Z):

NS STV 10 W B (0%
i0 = 5 (e - Tm) = (e - 55 (26)

with the constant (using (4) and (8))

N 71 'N
= 2lzlfta =2 Pl - oy = 19— [ s
V4 o 4\S

Since at a local maximum ¢ of ¢ we must have ¢(¢) = 0 and §(¢) < 0, it follows from (25)
that ¢ < 0, hence § < 0 outside its zeros. Consider now two consecutive zeros f— < t4 of
q and the smooth map

B = z: (t—,t4) —> R_.
q
Then (omitting the ¢) we have B¢? = ¢j = ¢ — ¢*/2 and taking a time derivative yields
Ba’ +2Bqq = —44 = —Paq.
hence
Bg = —3p4. 27)
Lemma 2.6. Equation (27) for functions ¢ > 0 and B < 0 on (t—, t4) implies that

B=-1 (28)
q

on (t_,t4) for some constant . > 0.

Proof. Dividing both sides of (28) by ¢ yields

d d
N log(—=B) = —35 log(q),

which by integration implies the lemma. ]

The lemma implies that

q=-nlq (29)
on (7_, t4+). Combining this with (26) yields
%) <112 1 N .2
_g:qq:c_q_zllqll _/ N o (30)
q 2 2 o 4q(s) 2

on (f_, t4). Multiplying this equation by —g, the smoothness of g gives

_ gl _ (' N 9
w= oo (- g e 1)
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This shows that the constant w is the same for each interval between consecutive zeros
of ¢, so0 (30) holds on all of S! \ #,(Z). Now integrating (30) over S yields

n=N,

s0 (29) becomes Newton’s equation (22). Inserting # = N in (30) shows that the energy

-2 N 112 lN
E:q____zllqll _/ N
2 q 2 o q(s)

is constant, so ¢ is a generalized solution of (22).

2.5. From generalized solutions to critical points

Now let ¢ € H'(S', Rs¢) be a generalized solution of (22). Integrating the constant

energy yields
1 - t 2 1 N
E=[ 40) dt—/ = dr,
o 2 o 4q(1)

Since ¢ € H!, the first term on the right-hand side is finite and it follows that

L
—dt < o0.
/o q(?)

As in Section 2.2, we associate to ¢ the time reparametrization 7,: S' — S! defined
by (13) and its inverse 4 = 7, 1 Recall that 74 is smooth outside the zero set Z, = ()
and 7, is of class C'1. We define a continuous function z: S' — R by the condition

2(1)* = q(14(v))

and the requirement that z changes its sign at each zero. This is possible because g has an
even number of zeros, and it determines z up to a global sign. Using the change of variable
T = 74(t) we find

2 _ ! 25 'l e 2 |
Izl —/0 z(7) dt—(/(; %ds) /Oz(tq(t)) md[

1 1 —1
:(/o m‘“) |

It follows that z and g are related by the Levi-Civita transformation (1) with time change
t — 1 = 14 satisfying (2).

In the sequel we will drop the arguments ¢ and . Combining equations (6) and (22)
outside Z; we obtain

S 1
— === 22_4(2/12 —2/2),
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hence

Z"(1)z (1) —2'(1)* = e ST\ 7, (Z,). 31

2||z)1*°

Consider the function .

B = 27: S\ 1(Z,) — R.

Inserting this into (31) and using equations (1) and (5) we find

and solving for f yields

1 <q(1)2 _i) 1
2024\ 2 g/ 2]zt

Since ¢ is a generalized solution, the energy E is constant and negative, thus B(t) =
E/2|z||* < 0 and the definition of B implies

B(zq (1)) = E(t), teS'\Zz,.

E
" _ 1
(7)) = Wz(r), 1€ S5 \14(Zy).
The solutions of this ODE are shifted sine functions. So the condition that z switches sign
at each zero implies that it defines a smooth function z: S — R solving the ODE on all
of S1. Rewriting the energy via (4) and (8) as

gl N al
E="0 | Zar =222 - o5
2 o q(t) =1

and inserting this into the ODE, we see that z satisfies ODE (25) and is therefore a critical
point of @.
Together with the previous subsection this concludes the proof of Theorem 2.5.

3. Mean interaction
In this section we consider a “helium atom” in which the two electrons interact by the
mean values §; = fol qi (t) dt according to
n 1
a®?  (G1—q2)?

. _ B 1
CO=-C 0 G-

Gi1(t) =
(32)

where we impose the condition
g1 > q>. (33)
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3.1. Variational characterization of generalized solutions

Solutions of (32) are the critical points of the action functional

S N L) 1
Su(q1.42) = ;(5 | arans [ dz) -
Fori = 1,2 let g¢; and z; be related by Levi-Civita transformations
qi (1) = zi(u (1)) (34)
for time changes t; (¢) satisfying 7; (0) = 0 and
dt _ dt (t). (35)
qit)  zl?

Note that we perform different time changes for the two electrons. Then all the relations
in Section 2.1 hold with (¢, z, T) = (¢;, zi, t;). In particular, we can use (3) to rewrite the
interaction term in terms of the z;:

1 1
gi1—qo 12212 12302
Mz10Z ~ Tzl
[EARE

2212122012 = 1312 l1z0 01>

We denote the resulting mean interaction of (z1, z2) by

ENREE
A(z1,22) = — : (36)
23121122017 = 23112121 12
This quantity is naturally defined on the space
H) = {z = (z1.22) € H'(S',R?) | lz1ll > 0, ||z2]| > O,
21> _ 230
AP > TP 37

Note that J_, is an open subset of the Hilbert space H!(S!,R?) and the last condition in
its definition corresponds to condition (33). On Jfalv we consider the functional

B Hyy = R, By(z1.22) = Qz1) + Q(22) + A(21. 22), (38)
with the functionals 5
Q(zi) = 2|z P11z 11 + >
llzi |l

from (23) with charge N = 2.
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We call (¢1,¢2) € H'(S',R50 x Rx¢) a generalized solution of (32) if fori = 1,2
the following holds:
(1) g1 > g2;
(2) the zero sets Z; = q; 1(0) c S! are finite and each have an even number of ele-
ments;

(3) the restricted maps ¢;: S' \ Z; — R are smooth and satisfy (32);
(4) the energies
gi@? 2

2 qi(t)’

extend to continuous functions E;: S! — R.

Ei(t) =

tGSl\Z,'

Note that the individual energies E; need not be constant, but their sum is constant and
negative.

Theorem 3.1 (Generalized solutions with mean interaction). Under the Levi-Civita trans-
Sformations (34) with time changes (35), critical points (21, z3) of the action functional B,
defined in (38) are in 4-to-1 correspondence with generalized solutions (q1, q2) of (32).

The proof of this theorem will take up the remainder of this section.

3.2. The differential of B,

The differential of the mean interaction +4 at (z1, z2) € #,, in the direction (vy, v2) €

H'(S!, R?) is given by

22117 - (z1. v1) + |21 ]1* - (22, v2)

22012 - 12201 = 123112 - 21112

Iz1 )1 - llz2 0”@l z201% - (23, v1) + 12711 - {22, v2))
(312 - Nz202 = 1123112 - 12111%)2

lzell? - 2202 @l 2117 - {23, v2) + 123117 - (21, v1))
23012 - 122012 = 123112 - | 2111%)?

DA[Zl, 22](7.)1, 1)2) = —

+2

lz2)* - 123112
- (z1,v1)
23117 - 2212 = 123112 - 12111%)?
lzi]* - 123112
+2 (Zz,l)z)
(12312 - Nz2012 = 1122112 - 1z111)2
lzell? - 1z21* 3
+ 4 (z1,v1)
(2312 - Nz2012 = 1123112 - 1z111)2
lzell* - 2212 3
—4 (23, v2). (39)
23112 - 2202 = 123112 - 12111%)2
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Combined with (24) with z = z;, v = v; and N = 2 for the differentials D &(z;)v;, this
yields the differential of B,y:

2
Zi, U;
DBy lz1, 22l(01,v2) = 4 3 (22 v)) + 12/« (70, vi) — <||;.||3>)
1

i=1
ENRES _
(E R EE N Eh
ENNET _
(E R EEN N Eh

||21||2 ’ ||Zz||4

+2

+4 (z3.v1)
(12212 - Nz20 = 123112 - |2111%)?
Iz [|* - 22|17 3
- (23, v2). (40)
U1Z202 - Nz2l> = 122017 - lz1 122 =

3.3. Critical points of B,,
Equation (40) leads to the characterization of critical points of B,y:

Proposition 3.2. A point (z1,z2) € H_, is a critical point of Bay if and only if (21, 22) is
smooth and solves the system of (uncoupled!) ODEs

{ZY =a1z1 —i—blzf', @)

zy = axz, + bzzg,

with the constants

B 1 SO Izl - 122112 |
12112 " T20l® 2202 - (2212 - 0P — 2212 - =P
. ENE |
(12217 Tz2IP = 12312 072
S I 2l - 12202 |
12212~ Tz2l® ™ 2z - (2212 - 122012 — 12212 - [21%)2
hy 21

(U272 - llz2l? = 122112 - l1z1112)%

Proof. From (40) we see that (z1, z5) is a critical point of 8B,, if and only if z; and z;
have weak second derivatives and satisfy the system of ODEs (41). Bootstrapping these
equations we conclude that z; and z, are smooth and the proposition follows. ]

Corollary 3.3. Suppose that (21, z3) is a critical point of By Then z1 and z, have trans-
verse zeros. In particular, their zero sets

Zi={teS'|z(x)=0}, i=12

are finite.
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Proof. Arguing by contradiction, suppose that there exists a point o € S' such that
21(70) = z}(79) = 0. Then the function z; and the zero function both solve the first equa-
tion in (41) with the same initial conditions at 79. By uniqueness of solutions of ODEs
we conclude z; = 0, contradicting the condition |z;| > O in the definition of #,,. An
analogous argument applies to z5. ]

3.4. From critical points to generalized solutions

Let (z1,22) € Jfalv be a critical point of B,y, so by Proposition 3.2 the maps z1,z,: S! — R
are smooth and satisfy (41). For i = 1,2 we define the smooth maps ,: S' — S! by

tr; (1) = L / tz,- (0)*do. (42)
Izl Jo

Since by Corollary 3.3 the map z; has only finitely many zeros, it follows from Lemma 2.1
that 7,,: S — S is a homeomorphism with continuous inverse 7;,: S — S!. We define
continuous maps g;: S' — S! by

qi (t) = zi (t (1))

Then for i = 1,2 the maps z;,¢;: S' — R are smooth except at finitely many points and
related by the Levi-Civita transformation (1) with T = 7. As explained in Section 3.1,
the last condition in the definition of J implies

q1 > qa.

Let us now focus on i = 1. Substituting z{ by (41) in (7) with ¢ = ¢g; and z = z; we
compute at points £ € S\ 1,,(Zy),

i = (214 el - o — Py L
Izul2 2202 - Nz2l? = 123112 - 1200122/ g1
+ 2||z4]I* - lz21* _ ﬁ
22012 - lz202 = 23112 - 2111?24
PR P 5
_ (2”21”2 ) ||Zl||2 _ 2 . ”ZIH ”ZZH Mz1112 B q_l i
2 2212 11231172 2
”21” ||Zl||4 : ||Z2||4 : (”21”2 - ||Z§||2) a1
+ 2||Zl||4 ) ||22||4
AN R
”ZIH ”22” (”21”2 ||22||2)
z2112
2 T2 12\ 1 2
= (20 P - e ) S
BT PR =T
lzilZ 2202 lzil2 2202

. 2 1 2 = -2 1 2
:(||611|| _/ ds — — 91 2_61_1)_+ 2
2 o q1(s) (g1 —q2) 2 )q1 (G1—42)
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Thus ¢, satisfies the ODE

with the constant

Cl:”‘]l”z_/l 2 @
2 o q1(s) (71 — 42)?

At the global maximum #,,x of ¢ equation (43) becomes

C1
+ — -
q1(tma)  (G1 — G2)?

= él([max) < 07

hence
qu (tmax)

(@1 —q2)*
Now let 7_ < 7 be adjacent zeros of ¢; and consider the smooth map

c1 <

. 1
9 — 72
Bri= — @R 4y LR

q1
From (43) we obtain
2 9'7% q1
ﬁ g9 =Cc— =+ ———=-
e 2 (q1—92)?
With g1 < q1(tmax) and inequality (45) this implies
-2
q1 q1 (tmax)
,3 q2 <—-——-—=<0,
e 2 (q1—42)?

hence B1 < 0 on (_, ;). Differentiating both sides of the equation for f¢7 we get

¢

Biai + 2B1q1dq1 = —i1dr + ——— = —Piq1dn
(@1 —q2)
and therefore
Brg1 = —3p14q1.
By Lemma 2.6 this implies that
Br=—1
ai

on (t_, t4) for some constant u > 0. By definition of f; this yields
7 1
2 T T
q1(7) (91— q2)
fort € (t—, t4). Plugging this into (43) we infer

~ (llgul> o2 @ _él(f)z)  q@?
"= ( 2 /oql(s)ds G-ar 2 )"V G-

qi(t) = -

396

(43)

(44)

(45)

(46)
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for ¢ € (¢—, t+). In particular, use (5) in the second identity to obtain

=1i

t—ty

. 2
im 2O o)z s 1)) (48)

We deduce from this that (46) holds on S! \ #;,(Z;) with a fixed u independent of the
connected component in S\ 7;,(Z1). We divide (47) by ¢; to get

5112 1 p : 2
. / 2 9 q1(1) q1(1) (49)
0

RO PO R T I R X 2

Integrating this equation yields

1 LS|
M/Ql(t) dt=2/(; q1(s) as.

n=72.

and therefore

Thus (46) becomes the first equation in (32). Similarly, one obtains for ¢, the equation

2 0o 42 G@1—32* 2)q (§1—G2)?
Setting
. 1
, = 42+ (d1—92)?
q2
one gets
B2qg2 = —3B2q2
implying that there exists i € R such that
"
R
a3

Arguing as above one deduces from this that ;# = 2 and thus g5 satisfies the second equa-
tion in (32).
To see the continuity of E;, we solve (49) (with u = 2) for

_qi(0)? 2
BO="" 00
g1l L2 q1 q1()
= _ d -_ -
2 /o q1(s) ’ (G1—32)* (41— q2)*

and note that the right-hand side is continuous as a function of ¢ € [0, 1]. Continuity of E,
follows similarly, and we have shown that (g1, ¢2) is a generalized solution of (32).
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3.5. From generalized solutions to critical points

Now let (¢1,¢2) € H'(S!, R x Rx¢) be a generalized solution of (32). The definition
of a generalized solution implies that ¢, g> € #L(S!, Rs¢). Corollary 2.4 implies that
the set £71(g1) x £71(g2) consists of four elements. The goal of this section is to show
that each (z1,z2) € £7'(q1) x £71(g>) is a critical point of B,,. To see this, observe
that smoothness of ¢; on the complement of its zero set Z,, implies smoothness of z; on
the complement of its zero set Z,, i € {1,2}. In particular, second derivatives of z; make
sense there and we can make the following statement.

Lemma 3.4. Any (z1,25) € £7(q1) x £ (q2) satisfies the critical point (41) on the
complement of the set Z;, U Z,.

Assuming this lemma for the moment, recall that z; and z, are of class C! and (41)
expresses z; through z;. Thus bootstrapping (41) implies that z; and z are smooth and
(41) holds on the whole S!. Therefore, it remains to prove Lemma 3.4.

Proof of Lemma 3.4. We will show the desired equation for z;. A similar argument will
do the job for z,. Recall the equation satisfied by ¢,

2 1
g1=——+———. (50)
a;  (@1—42)?
Set
g1 — z=
,81 = (ql_QZ) (51)
q1
on S'\ Zg,. Then by (50) we have
Br=——.
ai
and taking the time derivative we obtain
. 3.2 3814
br="giq=-"11
q1 q1

We multiply both sides by q% to get
Bra? = —3B1d14:1.
We bring —28141¢; to the other side to continue:
Biai + 2B1d191 = —Prdaq.
We substitute the original definition (51) of 8 into the right-hand side to get
01

Bl‘]% +2B19191 = 11 + ————-
(g1 —g2)
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Integrating both sides from 0 to r we get

-2
2 q1 q1
191 =C——+ ————
Pl = Gy
with some constant C € R. We substitute the original definition (51) of 8 in the left-hand
side to get
22
. 4 24,
G1ig1=C— =+ ————.
2 (G1—q2)?
Observe that modulo the exact value of C this is exactly (43), which is equivalent to the
first equation of (41). Therefore, we are left with computing the constant C. For this we

solve the last equation for C and use (50) to obtain

i 2 q1

2 @1 (G1—§2)*
and integrating from O to 1 gives us

. 2 1 2 -
C— g1l _/ ds — — ~
2 o q1(s) (g1 —g2)

which matches the constant c; in (44). This concludes the proof of Lemma 3.4, and there-
fore of Theorem 3.1. [ ]
4. Instantaneous interaction

In this section we consider the real helium atom in which the two electrons interact by
their Coulomb repulsion according to

. 2 1
t = — + b

W= L7 T @O —gor .

. 2 1
t)=— - 5

0= T @O - 00

where we impose the condition
qi(t) > q2(t) >0 forallt € S!. (53)

4.1. Variational characterization of generalized solutions

Solutions of (52) are the critical points of the action functional

2 1

(M aerars [ a1
Sin(q1, q2) i= 2(2/0 qi (1) dt+/0 qi(t)dt) /oql(t)—qz(t)dl'

i=1
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Fori = 1,2 let g; and z; be related by Levi-Civita transformations

qi (l) =z (‘L'Zi (t))zs (54)

where 7;;: S — S!isthe inverse of tz;: S — S defined in (9) with z = z;. As in Section

2.1 it follows that
dt _ dts ()

qi(®)  llzil*
so all the relations in Section 2.1 hold with (¢, z, ) = (g;, z;, tz;). In particular, we can
rewrite the last integral in terms of the z; as the instantaneous interaction

1 2
I(Z],Zz) = - ! / Zl(f)

||Zl||2 0 Z%(T)_Z%(Tzz(tn(f)))

(55)

_ / 1 ! di
o 23 (e () = 23 (2, (1)
1 22(1)?

1
= d s
Iz 12 /0 20 - 0nm)

(56)

where in the last two equalities we have changed the integration variable to 7 = 7, (¢)
(resp. T = 1;,(t)) using (55). Note that the functional I is nonlocal due to the appear-
ance of the time changes, which we have written as 7, rather than 7; to indicate their
dependence on z;.

The instantaneous interaction I is naturally defined on the space

J-’(’hl1 = {z = (z1,22) € Hl(Sl,RZ) } Izt ]l > 0, ||zl > O,
zf(r) — Z%(rz2 (tz,(r))) > Oforall € Sl}. (57)
Note that J¢. is an open subset of the Hilbert space H'(S!, R?) and the last condition in
its definition corresponds to condition (53). Since integrating condition (53) leads to the
averaged condition (33), which is in turn equivalent to the last condition in the definition

of J., in Section 3.1, we have
HEc ). (58)

On J(i; we consider the functional
Bin: Ky = R, Bin(z1,22) 1= Q(21) + Q(z2) + I(21,22), (59)

with the functionals
Q(zi) = 2|z 21z 11” +

llzi >
from (23) with charge N = 2.

We call (¢1,¢2) € H'(S', R x R>0) a generalized solution of (52) if fori = 1,2
the following holds:
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(1) q1(t) > q2(t) forallt € S';

(2) the zero sets Z; = q; 1(0) c S! are finite and each have an even number of ele-
ments;

(3) the restricted maps g;: S! \ Z; — Rg are smooth and satisfy (52);

(4) the energies
qgi(t ) 2

2 q@)

extend to continuous functions E;: S! — R.

Ei(t) == tesSt\ z;

Note that the individual energies E; need not be constant, but the total energy
E=E\(t)+ Ex(t) + :
= L 2 —
q1(1) — q2(1)
is constant and negative.
Theorem 4.1 (Generalized solutions with instantaneous interaction). Under the Levi-
Civita transformations (54) with time changes (55), critical points (z1, z2) of the action

Sfunctional B;, defined in (59) are in 4-to-1 correspondence with generalized solutions
(q1.92) of (52).

The proof of this theorem will take up the remainder of this section.

4.2. The differential of B;,

In this subsection we compute the differential of By, at (z1, z3) € J(’hll in the direction
(v1,v2) € H'(S',R?). For this we will need for i = 1,2 the derivative of the time change
tz; with respect to z; in the direction v;. By (99) it is given by

D, (01)(x) = |P/‘EWWA®dU—%i£Q[rawfda (60)

llz (AN

Using this we now compute the differential of the instantaneous interaction I at (z1,z3) €
J¢! with respect to z1 in the direction v; € H'(S!, R). Using the first expression for I
in (56) we obtain

D1 I[z1,22](v1)

:NmM/l 23 (x)
=0 Jo 20— 2mn @) ©
2 /mmu%%mmm)
12102 Jo (23(2) = 23(2, (12, (1))
2 / 2022 (12, 12, ()5 (0, 1z, (1)) 2, (12, (1) Dz, 01) (@)
EE (22(2) = 22(12, (1, (1))
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We rewrite the third term on the right-hand side as

_ 2 / 2(7)22(722 (t2,()))25(T2, (12, (7)) Tz, (12, (7)) D1z, (Ul)(f)
Iz (3 (0) = 232, (12, (©))°
2|zl /1 23(0) 25 (22, (t2,(2))) D1z, (v1) (7)
12012 Jo 2 (2, 12, @) (23 () = 2322, 1, (0)))
e 23 (0)25 (2, (12, () ( ‘ )

— do | d
EE fo 22(T (12, () (23(1) = 22 (02, (12, (1)) ./0 a(@vi(e)do Jd
4|1z2]|*(z1. v1) /1 23 ()25 (12, (12, (1)) [y 21(0)* do de

Izl Jo 22(ey (O (3 () = B (2, (D)
E ( ! 23 (0)25 (12, (12, (¢))) )

— d d
BB / /a A O — B ) )1 de
4l|z2]?(z1, v1) /'1 23 (0)25 (22, (12, (D)1, ()

Iz41* 0 23(t2, (12, (D)) (23 (1) — 23 (12, (12, (1))
Here for the first equality we have used formula (11) for 7,,, and for the second one we
have used (60). For the third equality we have switched the order of integration in the first
integral, and we have used (42) to replace for z1(0)* do by |21 ||2tz1 (7).

By symmetry, the expression for D, I [z1, z2](v2) is the same with a global minus sign
and the roles of (z1, v1) and (z3, vy) reversed. Putting everything together, we obtain the

differential of B,:

d Bin[z1, 22](v1, v2)

(zi,vi)
—4Z(||z 17 Geiowi) Dl o) = 20

2(z1,v1) ! z3(7)
d
* 1[4 /0 23 (1) — 23 (12, (12, (1)) i
2 /1 z1(1)z3 (Tzz(fm(f)))vl(f)

12017 Jo (22(2) = 22(x2, (12, (1))
4222 1( ! 22(1) 2} (12, (12, (1)) )

— d
BB / / 2 O () — Bl ) )@
4”22”2(21,U1> /1 Z%(T)Z;(tzz(tzl(t)))tzl(f) dT

1201 o 2o (ty (2, () (22(2) = 22 (22, (12, (1))

B 2(z2, v2) /1 (‘L’)
||Z2||4 0 Zz(f) 2(1’21022(1’)))
2 [ 2(1)77 (rz](lzZ(f)))vz(T)
12207 Jo  (22(x) — 22(x, (12, (1))
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4|z, || 1( ! 22(1) 2} (12, (12, () )
d d
e U, A OO — ) )7

_ 4|zq ||2(Zz, v2) /1 Z%(T)le (T2, (12,(7)))12,(T)
l12]1* 0 21 (T2, (12, (D)) (23 (1) — 27 (T2, (12, (T))))2

dr. 61)

4.3. Critical points of 8;,
Equation (61) leads to the characterization of critical points of Bi,:

Proposition 4.2. A point (z1,z3) € in:l is a critical point of 8By, if and only if (z1, z2)
is smooth and solves the following system of coupled nonlocal integral—differential equa-

tions:
" _ ”2/1”221(7:) _ Zl(f)
A0 = 0 T
2@ (! 22(0)
2021016 Jo 22(0) — 22 (12, (12, (0)))
21(1)22(12, (12, (1))
221 [4(22(2) = 22(12, (82, (1))
REIERONE 22(0)2} (12, (12, (0))) o
6 2
12018 Je 25(t, (12, (0)) (2(0) = 22(12, (22, (0))))
MEEONE 22(0)2} (T2, (12, (0))) 1z, (0)
12016 Jo 25 (ts, (12, (0))) (22(0) = 22(12, (2, (0))))
1241222(x)  za(7) ©2
,, _ lz3ll722(r)  2a(7
20="101 e
z(r) ! z3(0)

_ d
220° Jo 22(0) — 22(ta (1, 0))
5@ 50)
2|24 (22 (x) — 22(12, (12, (1))

lz1[222(x) [ 22(0)2) (22, (t2,(0))) o
1221° Je 21 (02, (12, (0)) (22(0) — 22(12, (12, (0))))
REEONE 22(0)2} (2, (12, (0))) 1, (0)

12218 Jo z1(22, (12, (0)) (22(0) — 22(12, (12, (0))))

Proof. From (61) we see that (z1, z5) is a critical point of B;, if and only if z; and z;
have weak second derivatives and satisfy the system of equations (62). Bootstrapping
these equations we conclude that z; and z, are smooth and the proposition follows. ]
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Corollary 4.3. Suppose that (z1, z2) is a critical point of Bi,. Then zy has no zeros and
Zp has transverse zeros. In particular, their zero sets

Zi={teS'|z(x)=0}, i=12
are finite.

Proof. Let(z1,25) € infl be a critical point of By,. It follows directly from the definition
of J¢} that z;(r) > 0 forall # € ST. Next note that (z1, z5) solves the system of coupled
nonlinear integral-differential equations (62) which has the form

{z/l’(r) = fi(v)z1(2), (63)

25(t) = fa(v)z2(2),

where f;: S! — R, i = 1,2 are smooth functions depending on (z, z»). Disregarding
the dependence of the f; on (z1, z2), we can view (zy, z,) as a solution to the system of
uncoupled linear ODEs (63).

Arguing by contradiction, suppose now that there exists a point 7o € S! such that
22(79) = z5(79) = 0. Then the function z, and the zero function both solve the second
equation in (63) with the same initial conditions at ty. By uniqueness of solutions of ODEs
we conclude z, = 0, contradicting the condition ||zz]| > 0 in the definition of #,. |

4.4. From critical points to generalized solutions

Let (z1,22) € in}l be a critical point of Bj,, so by Proposition 4.2 the maps z;,2,: S! — R
are smooth and satisfy (62). As in the previous section, for i = 1,2 we define the smooth
maps t;,: S — S1 by (42). Since by Corollary 4.3 the map z; has only finitely many
zeros, it follows from Lemma 2.1 that 7, : S Sliga homeomorphism with continuous
inverse 7,: S! — S!. We define continuous maps ¢;: S — S! by

qi(t) := zi (12, (1))*. (64)

Then for i = 1,2 the maps z;,g;: S! — R are smooth except at finitely many points
and related by the Levi-Civita transformation (1) with t = 7. The last condition in the
definition of J.! implies

qi(t) > g»(t) forallt € S

Let us now focus on i = 1. Although by Corollary 4.3 the function z; has no zeros, in the
following argument we will allow z; to have a finite set Z; of zeros; this will ensure that
the same argument carries over to z, (which may have zeros). At points # € S \ 1,,(Z;)
we compute the following:

) = 2z A e

q1(t)gq:1(1 21(1, (1)) 2
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_ 2 w2 2 4i@)
=2[|z1 || - |Z4 ENE 5
1 1 21(tz, (5))? )
+ "Zl ”2 /0 Z%(‘L’zl (S)) — Z%(Tzz (S)) Tz, (S) ds
Z%(Tn @)
(22 (22, (1) — 22(22, (1))
2l (! 23 (12, (5)) 25 (12, (5)) .
_ (5 d
21 /t 2212, (9)) (23 (22, (5)) — 22 (22, (s)))zf () ds

| 2zl /1 R OBEOs o
0

12012 Jo 2502, () (23 (22, (5)) — 23 (22, (5)))?

NI
=7 /()Cll(s)ds 2 +[0 a0

210 N $572(15,(5) p
oo —aop / T )72 @ 6) =

1 3122(‘(2 (S))
5 ds 2
+ 2|22 || /o T2, (8)22(72,(5))(q1(s) — q2(s))? s

Wl 2 @o .
=7 /ocn(s)ds 2 +/0 a0

oo /1 222(123 (5)) L 2322, (5))
@O —202 )i T @) —a:00)?
12525 (12,(5)) & 25(22, (5))
S d
+/0 @) —pey

a2 o2 2o 1
= — ds — d
2 /0 ne "2 +/0 7 —a

w0 [ _H5E3E=e)
@GO -0 ) @©) —g29))?
U s 423(12,(5))
+/0 @) —aa2

a2 o2 B2
2 /0 PRGN +/o 7 -

q2(1) ! g2(s)

ds

@O -7 )i @) —a2)? "
L sdals)
+fo @ — a2 (65)

Here, the first equality comes from (7) with ¢ = ¢ and z = z;. In the second one we
substitute z{ by (62) and change variables o = 7, (s) in the integrals. In the third one we
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use the following replacements from (64), (4), (8) and (11):
1

1 [1
2
Zi(Tz; (S = q;(s), — ds.
z( z,( )) C]z( ) ||Zl ”2 0 q](s)
Az 12002 = Il () = &lzz
21(7z,(5))

and the chain rule for %22(122 (5)). In the fourth one we use (11) to replace 7, (s), in the
fifth one the chain rule for %z% (72, (s)), and in the sixth one (64) to insert g2 (s). Thus g

satisfies the integral—differential equation
. 2 1 .
. q1 q2 42(s) 1
q1 = c1——+——/ —ds)— (66)
( 2 (q1—92* Ji (@) —q2(9)* ¢

with the constant
5q2(s)

a2 [t o2 g !
= — d —d — ds.
= /0 716 S+/0 7165) — 205) S+/o @) — o2

Now let 71— < 74+ be adjacent zeros of ¢; and consider the smooth map

o 1
491 — =72
ﬂ] = +{12)2: (l_,l+) — R.

From (66) we obtain
. q1
B1q} = ig1 — ——
! (91 — q2)*
? 1 ! G2(s) s
(q1(s) — g2(s))?

+
2 g@-q1 )y
Taking the time derivative of this expression for 81¢7 we obtain
: . . 42 — 41 42
Brat +2B191¢1 = —G1g1 — +
! (@2 —q1)* (91 —q2)?
01
(91— q2)*
= —p19141.

= —G141 +

Therefore, dividing both sides by ¢g;, we get
Bra1 = —3B141.

This is exactly (27). We apply Lemma 2.6 to get

n

B1=——
qa
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on (¢_, ty) for some constant u > 0. Here positivity of u follows again because by defi-
nition B < 0 at the maximum of ¢; on (¢_, ;). We substitute the definition of 8 in the
last displayed equation and solve for §; to get

P 1
q1(0)?  (q1(t) —q2(1))*
We solve the last equation for /g1 and substitute G141 by (65) to get

Gi1(1) = —

te(t_,ty). (67)

B a1 (1)
a@ - T hOnO e o
_ ||C]1||2 Y2ds  qu@)? (! ds 1
- +/0 ne 2 [)ql(s)—qz(sﬁql(z)—qz(z)
qz(s)ds 1 sqa(s)ds
_ _ ey 68
/ @) - mor /0(611(5)—6]2(5))2 (08)

We multiply both sides of the last equation by ¢ (¢), take the limit # — 74 and recall that
q1(t+) = 0 to get

= lim q1(t)%q1(1)

t—ty 2

=2|lz1|1*2] (72, (1)), (69)
Therefore, w is a global constant independent of the interval (—, ;). (This argument is
actually only needed for ¢, in place of ¢;; for g; itself, since it has no zeros, we can

replace (1—,7+) by all of S! from the outset).
Now note that, by Fubini’s theorem, for every integrable function f:[0,1] — R we

have . . . S .
/Odt/t f(s)ds:/o dsf(s)/o dtz/o sf(s)ds.

Integrating both sides of (68) from 0 to 1 and applying this identity to
42
fs) = ———,
(q1(5) — g2(5))2
we obtain
n=2.

Thus (67) becomes the first equation in (52). Similarly, we deduce that g, satisfies the
second equation in (52) outside its zero set.

To see the continuity of the energy E, we solve (68) (with u = 2) for
n? 2

B = o

_ lga? 2ds ! ds ~ 1
-2 /0 Q1(S)+/0 76) —020) 1) —ga(0)
' bds | ' spl)ds
(q1(s) — g2(s))? o (q1(s) —qg2(s))?
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and note that the right-hand side is continuous as a function of ¢ € [0, 1]. Continuity of E;
follows similarly, and we have shown that (g1, ¢») is a generalized solution of (52).

4.5. From generalized solutions to critical points

Now let (¢1,92) € H'(S!,R5¢ x R>0) be a generalized solution of (52). The definition
of a generalized solution implies that g1, g> € HL(S!, Rx¢). Corollary 2.4 implies that
the set £71(¢q1) x £71(g2) consists of four elements. The goal of this section is to show
that each (21, z2) € £71(q1) x £7'(g») is a critical point of B;,. To see this, recall that
¢1 has no zeros, so smoothness of ¢; implies smoothness of z;. Smoothness of g, on the
complement of its zero set Z,, implies smoothness of z, on the complement of its zero
set Z;,. In particular, second derivatives of z, make sense there and we can make the
following statement.

Lemma 4.4. Any (z1,23) € £7(q1) x £7'(q2) satisfies the critical point equation (62)
on the complement of the set Z ,,.

Assuming this lemma for the moment, recall from Corollary 2.4 that z5 is of class C'!
and that (62) expresses z5 through z1, z{, 22, z5. Thus bootstrapping (62) implies that z,
is smooth and (62) holds on the whole of S!. Therefore, it remains to prove Lemma 4.4.

Proof of Lemma 4.4. We will show the desired equation for z; pretending that it has a
possibly nonempty zero set Z,,. A similar argument will do the job for z,. Recall the
equation satisfied by ¢,

2 1
§i= g+ . (70)
6112 (91 — q2)*
Set ) )
91— Gi=a)?
By = (91—92)? (71)
q1
on S\ Z,,. Then by (70) we have
B1=——=,
ai
and taking a time derivative we obtain
3-2, 3B1q1
g =

We multiply both sides by ¢7 to get

Bra} = —3B1d141.

We bring —28141¢; to the other side to continue:

B1g? 4+ 2B1¢1q1 = —B1d14:1.
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We substitute the original definition (71) of 8; into the right-hand side to get
2 24
(@1 —92)* (g2 —q1)?

B1q? +2B1d1q1 = =11 +

Integrating both sides from 7 to 1 we get

1 .
2 Q1 q2(s) g2 — 41
-1 _ ds + +C 72
Pii==3 " | G =0 “ T 72)

for some constant C € R. We bring —@;W to the left-hand side and rewrite (71) in the
form

q1

s = .
(g2 — q1)? i

ﬂqu +

Therefore (72) transforms to

! 42(s) q>

@) -2 T G a?

Observe that modulo the exact value of C this is exactly (66), which is equivalent to
the first equation of (62) An analogous discussion applied to g, will lead to the second
equation of (62). Therefore, we are left with computing the constant C.

To compute C we use (70) to get rid of § on the left-hand side of (73) and obtain

2 @ g2(s) q2
_ - _ d C.
(ql (g1 —42)? / (q1(s) — q2(s5))? o (92 — q1)? *

+C. (73)

419 =—ﬁ—
191 P

We solve the last equation for C,

2 1
c=—-—+

q7 /
+ 4 [ s,
91 q1—q> 2 ¢ (1 —q2)?

and integrate both sides from O to 1. Noting that

 G2(s) G2(s)
/ ‘“/ @6 -7’ / ds/ N ® =260

_/‘1 5q2(s) ds
o (@i(s) —gqa(s)?

this gives us

1 1 ) 1 .
2ds ds sqr ds
C:—/ +/ +||¢]1|| +[ 42 ~
o q1(s)  Jo qi(s) —qa(s) 2 o (91 —42)
which matches the constant in (65). This concludes the proof of Lemma 4.4, and therefore
of Theorem 4.1. [ ]
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5. Interpolation

We now interpolate linearly between the instantaneous and mean interactions. That is, for
r € [0, 1] we consider the system of coupled ODEs

5 ) = — 2 N r n 1—r

Wm0 0 T @O -0 T (bargr - 32)* (74)
. . 2 B r _ 1—r

G2(t) = @2 (1) —q2()? (G1 — §2)?

For r = 0 this agrees with system (32) for mean interaction, and for » = 1 with system (52)
for instantaneous interaction. Solutions of (74) are critical points of the functional r §;, +
(1 — r)S.y, which under Levi-Civita transformation corresponds to the functional

(58)
By :=rBin+ (1 -1r)Bu: H,, DO Hy —~ R (75)
which computes as

Br(z1,22) = rBin(z1,22) + (1 = r) By (21, 22)

2
I rllzall? -zl
=23 (Il 121 + 7—5)

= 1027 W22 - 220 = 123012 - 20012

1—r [! z1(7)?
- 2 2 2 dr.
2117 Jo z7(7) — 23(tz, (12, (7))
We define a generalized solution (q1, q2) of (74) as in Section 4.1, only instead of (52) it

now solves (74). Then we have the following generalization of Theorems 3.1 and 4.1.

Theorem 5.1 (Generalized solutions for interpolated interaction). Under the Levi-Civita
transformations (54) with time changes (55), critical points (21, z2) of the action func-
tional By, r € [0, 1] are in 4-to-1 correspondence with generalized solutions (q1, q2)

of (74).
Proof. The proof is very similar to the proofs of Theorems 3.1 and 4.1. Critical points of
B, are solutions of the problem
1P 2@ | A=na@ (! 21(0)
lIz1]? z1ll® 20|z1l1® Jo z3(0) = 23 (22, (12, (0)))
(1 = r)z1(0)23 (2, (12, (1))
20211423 (0) = 23 (22, (2, (0)))°
_ (1=n)|z2]Pz1(z) /1 21 (0)25 (22, (12, (0)))
211 v 25(02, (12, (00) (30) = 2 (1, (12, (0)))°
(1 =nlzl*zi@) [! 27(0) 25 (12, (12, (0))1z, (0)
21 0 25(t2, (12, (0) (3 (0) — 23 (22, (12, (0))))

Z{(r) =

do

do
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rlizal*lz21%21 (2)
2
20z 12 (12212022012 = 123112 1121112)

rlz2]*z3 (0)

, (76)
(12212122117 = 12312 012001%)°
() = I251722(0)  z2(0)  (1=r)z2() (! 2(0)?
2 221 2216 2lz2ll® Jo z3(0) = 23 (7 (2,(0)))
_ 1- r)ZZ(T)Z%(Tzl ([22 (t)))
20|14 (2 (1) = 23 (2, (12, ()
(1= DlzlPo@ (! 30)24 (5, 1,(0) o
Iz21° v 211z, (2, (0)) (23(0) — 23 (12, (1, (0))))°
_ (1 =7)|z ”222(7) ! Z%(U)le (721 (tzz (0)))t22 (0)
Iz2° 0 21(%, (1, (0)) (3(0) — 23 (2, (1,(0)))°
rllzu* 12317 22(x)
202 12(I122 112112212 = 123121121 ]12)
B BT R -
(1221212201 = 123121121 117)
which interpolates between problems (41) and (62).
Suppose now that (z1, z») is a critical point of B, and define
qi(1) 1= 27 (t, (1)), i €{1.2}.
From (76) we obtain for ¢, the equation
. . ! i Yo2(1-r)
2 = 2 ds —g? —d
D090 =l - [ Zsds—gto+ [ D
20-ng2) ' 20=Dp)
(1) —q20)*  Ji (q1(s) — q2(5))?
L 2(1 = r)sga(s) 2rq 4rg, (1)
ds — , 78
| e ey i e L

which interpolates between (43) and (65). As before, outside collisions we define

noo_ r _ _1-r
B1 = N~ G—? ~ @-a2)?
q1
Again 81 solves the ODE
Biq1 = =3B141
and it follows that 9
ﬁ] = — 30
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where p is locally constant on the complement of collisions on the circle. Using the con-
tinuity of z{, it follows again that u is constant and from (78) we conclude that pu = 2.
Therefore, outside of collisions g; solves the first equation in (74). Similarly, it follows
that outside collisions ¢, solves the second equation in (74). The converse direction is
proved similarly to the previous cases. ]

6. Existence of symmetric frozen planet orbits

A simple frozen planet orbit of period T > 0 is amap ¢ = (q1.92) € H'(R/TZ,R?)
with the following properties:

(1) g1(t) > g2(t) = Oforallt e R/TZ;

(2) g2 has aunique zero att = 0;

(3) (¢1.92): (0, T) — R? is smooth and satisfies (52);

(4) the energies

7 (1)? 2
Eiry = 0”2

2 qi(?)

extend to continuous functions E;:R/TZ — R.

te(0,T)

Here simplicity corresponds to the second condition, and every frozen planet orbit is a
multiple cover of a simple one. Recall that the individual energies E; need not be constant,
but the total energy

E= BT ROt 0w
is constant and negative. A simple frozen planet orbit of period T > 0 is called symmetric
if it satisfies in addition

q(t) =q(T —t) forallt e R/TZ.

In this section we prove the following result which corresponds to Theorem C in the
introduction.

Theorem 6.1. For every E < 0 there exists a symmetric simple frozen planet orbit of
energy E.

Rescaling. Let ¢ = (¢1,¢2): R — (Rx0)? be a generalized solution of (52) of period T
and energy E. Direct computation shows that for each ¢ > 0,

qe(t) == c*q(c™1)

is again a generalized solution of (52) of period ¢3T and energy ¢~2 E. Therefore, given
a generalized solution g of (52) of period 1 and negative energy, rescaling yields similar
solutions with any prescribed period, or alternatively with any prescribed negative energy.
As a consequence, we will from now on restrict our discussion to generalized solutions of
period 1.
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6.1. Symmetries

In this subsection we describe the symmetries of the variational problems in Sections 2, 3
and 4.

The Kepler problem. The functional @ in (23) is obviously invariant under the following
transformations:
 time shift T5z(7) := z(s + 7),5s € S;
e time reversal Rz (t) := z(—71);
e signreversal Sz(7) := —z(7);
where z € H1(S',R) \ {0}.
Lemma 6.2. The homeomorphismt,:S' — S defined in (9) and its inverse t, transform
under time shift and reversal as
11,2(v) = 1z(5 + 1) = 12(5).  17,2(1) = T2 (1 +12(5)) — 5. (79)
1Rz(7) = —12(=7),  TR:(1) = —Tz(—1). (80)

Proof. For the first equation of (79) we compute

1 T 5
t = — + d
n:(7) 175z /0 2ls o) do

1 s+t s
= EE (/0 z(a)zd(f—/o z(a)zdo)

=t:(5 + 1) —t:(5).

For the second equation of (79) note that f1,, can be written as a composition of three
homeomorphisms of the circle:

ITgz = T—tz(s) ot;oT;.

The inverse tr,, of 7, is the composition of the three inverse homeomorphisms in the
opposite order:
11z = T—5 0 T; 0 Ty (5)-

The first equation of (80) follows from
Jo (R2)*(0) do _ fy z2(—=0) do [y " z%(0) do

trz (1) = = = =0 = —1;(—7),
IRz |12 212 2112

and the second equation of (80) follows from the first one by splitting g, into three
homeomorphisms in analogy with the above. ]

We discuss what these symmetries correspond to under the Levi-Civita transformation
q(t) = z (1, (t))?%. Let g4(¢) denote the Levi-Civita transformation of Tyz. Then

gs(t) = (TsZ("/'Tsz(l‘)))2 = (Tsz(tz(t:(s) + 1) —S))2 =z(r;(t + lz(s)))z =q(t:(s) +1).
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We see that the time shift T applied to z corresponds to the time shift 7}, () applied to
the Levi-Civita transformation g of z. Analogous but simpler arguments show that time
reversal corresponds to time reversal Rq(t) = q(—t), and sign reversal corresponds to the
identity S¢q(t) = q(t). Thus, the first two symmetries of z correspond to actual symmetries
of the Kepler problem, while the sign change Sz = —z just expresses the fact that the
Levi-Civita transformation defines a 2-to-1 correspondence.

Mean and instantaneous interactions. The problems with interaction have the follow-
ing symmetries.

Lemma 6.3. The functionals B,, and B, in (38) and (59) are invariant under the follow-
ing transformations of z = (z1, 23):

* joint time shift Tgz(t) :=z(s + 1), s € S!;

e joint time reversal Rz(t) := z(—7);

* separate sign reversals S1(z1, z2) 1= (—z1, z2) and S»(z1, z2) = (21, —22).

Proof. Invariance of B,, and Bj, under joint time shift 75 and separate sign changes
S; is obvious, and so is invariance of $B,, under joint time reversal R (in fact, B,y is

even invariant under separate time reversals). For invariance of B;, under R we write the
instantaneous interaction from (56) in the form

1 dt
I(Zl’zz) Z/(; Z%(fzz(l‘))—zf(fm(t)).

Using Lemma 6.2 we compute

(Rzi)(TRz (1)) = zi(—TRz (1)) = zi (17, (1))
fori = 1,2, and therefore

dt
Z%(":Zz (=1) — Z%(Tm (=1))

1
I(R(z1.22)) = /
0

:/1 at ZI(ZI,Zz). |
0 Z%(TZZ(I))—Z%(TZI([))

6.2. Twisted loops

Theorems 2.5, 3.1 and 4.1 establish a correspondence between critical points of the func-
tionals @, 8B,, and By, and generalized solutions with an even number of zeros. In this
subsection we explain how to deal with generalized solutions with an odd number of zeros.

The Kepler problem. Consider ¢ € H!(S', Rx¢) satisfying all conditions on a general-
ized solution of (22) except that it has an odd number of zeros. By slight abuse of notation
we will still refer to such ¢ as a “generalized solution”. Recall that S! = R/Z. Then we
can view ¢ asamap § € H'(R/2Z,Rx¢) with an even number of zeros and associate to
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it as in Section 2.5 a homeomorphism 7,: R/2Z — R/2Z and amap z € H'(R/2Z,R)
such that
(g (1)* = G(t), teR/2Z.

By construction these maps satisfy
g+ =q@), rt+1) =10, zt+1)=-z(t), teR/2Z.
This leads us to introduce for each k € Ny the Hilbert space of wisted loops,
HE (ST R) = {z € HY(R/2Z.R) | z(t + 1) = —z() for all 7}

with the inner product

1 2
(z,v) :=/0 z()v(t)dt = %/0 z(t)v(r)dr.

Note that H¥

twist

o =SoT;: H*(R/2Z,R) - H*(R/2Z.R), oz(1) = —z(t + 1),

(S L R) is the fixed point set of the linear involution

where 77 and S are the time shift by 1 and the sign reversal from Section 6.1. Thus
Hl’fmt(S 1 R) is a closed linear subspace of H*(R/2Z,R), with inner product the one
induced from H*(R/27Z,R) divided by 2. We define

Q:H}

twist

(SLRIN{0} = R, Q(2) == 2[|z|1?)12'|1* + (HE

by the same formula as in (23). As in Section 2.4 it follows that z € H&mt(Sl, R) \ {0} is
a critical point of @ if and only if

(z/,v) + {az,v) =0 forallv e HL. (S'R), (81)

with the constant
s N
2% 2llzf¢

To proceed we need the following lemma.

Lemma 6.4. Suppose that f,g € H?. (S, R) satisfy
(fv)y+ (g, v) =0 forallve HL (S' R).
Then f € HL . (S, R) with weak derivative ' = g.
Proof. By definition of H?. (S, R) we have f,g € H*(R/2Z,R) with f(r + 1) =
—f(r) and g(z + 1) = —g(7), so the hypothesis of the lemma reads

2 2
/ fv'(t)dt + / g(v(x)dr =0 (82)
0 0
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for all v € H'(R/2Z,R) with v(z + 1) = —v(t). By definition of the weak derivative,
we need to show that (82) holds for all v € H'(R/2Z, R) (not necessarily satisfying
v(t + 1) = —v(t)). Multiplying by bump functions and using linearity, it suffices to show
this for v € H'(R/2Z, R) with support in an interval / C R/2Z of length less than 1.
Given such v we define © € H'(R/2Z,R) by

v(7), tel,
i(r):=q9—-v(r-1), t—-1€l,
0 otherwise.

Using f(t + 1) = —f(z) and ¥'(z + 1) = —9’(r) we compute

2
/ f(r)f/(r)dt=/f(7:)f)’(t)d1:+/f(t~|—1)17'(r+1)dr
0 I I
- / F@OF @ dr + / F@F (@) dr
I I

2
= 2/0 f()v'(r)dr,

and similarly
2 2
[ ewimar =2 [ g
0 0

Since (82) holds with v in place of v, we conclude

0—/ f(r)v (r)dr—l—/o g(t)v(t)dr—Z(/ Fo)v (r)dt+[)2g(r)v(t)dr)

and the lemma is proved. ]

Let us now return to the critical point z € H}, (S, R) \ {0} of @ satisfying (81)
above. Applying Lemma 6.4 with f = z’ and g(z) = az, we conclude that z €
HZ2. (S',R) and its second weak derivative satisfies

" =az.
This is the same ODE (25) as for critical points in the untwisted case. Now the arguments
in Section 2 carry over without further changes to show the following twisted version of
Theorem 2.5.

Theorem 6.5. Under the Levi-Civita transformation (1) with time change (2), critical
points z of the action functional @: thst(S1 R) \ {0} — R on twisted loops are in 2-to-1
correspondence with generalized solutions q: S' — Rxq of (22) having an odd number
of zeros.
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Mean and instantaneous interactions. Consider now the helium atom. Recall that in a
frozen planet configuration the inner electron ¢, should undergo repeated collisions with
the nucleus while the outer electron ¢g; experiences no collisions. If in period 1 the inner
electron undergoes an odd number of collisions (for example a single one), the Levi-Civita
transformed maps z1, z, will be 2-periodic and satisfy

zit+ D) =z21(0), z2(t+1) =-2(0).
This leads us to introduce for each k € Ny the Hilbert space of twisted loops
HE (ST R?) :={z = (z1.22) € H*(R/2Z,R) | z1(z + 1) = 21 (7).
za(t + 1) = —z,(7) for all r}
with the inner product
2 1 1 2 2
(z,v) = ;/ﬂ z(t)v(r)dt = 5;/0 z(t)v(r) dt.

Note that Htk (ST, R?) is the fixed point set of the linear involution

o =S0T: H*(R/2Z,R?) - H¥(R/2Z,R?), o0z(1) = (z1(z + 1), —z2(7 + 1)),

where 7 and S, are the joint time shift by 1 and sign reversal in the second component
from Section 6.1. Thus Htk (ST, R?) is a closed linear subspace of H*(R/2Z,R?), with

W

inner product the one induced from H* (R /27, R?) divided by 2. We define open subsets

~ 202 2112
FL =z = (z1,22) € HL W (SLR?) | z1] > 0, ||z > 0, 1l 1210

wist >z 2 lz21?
and

Hh =z = (z1,22) € HLi((SL.R?) | |z1]| > 0, ||z2]| > 0,

wist

z3(t) = 23(tz, (12, (v))) > O forall € S'} (83)

as in Sections 3 and 4, and we define the mean and instantaneous interaction functionals
and their interpolation

By KL >R, B B, H. >R

by the same formulas as in (38), (59) and (75). Note that in formulas (40) and (61) for the
derivatives of 8,, and Bj,, the leading-order terms (zlf, vlf) are the same as in the Kepler
problem. Arguing as above using Lemma 6.4, we thus conclude that critical points of B,y
and B, on twisted loops still satisfy the same equations (41) and (77) as in the untwisted
case. Therefore, in analogy with Theorem 6.5, we obtain the following twisted version of
Theorems 3.1 and 5.1.
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Theorem 6.6. Under the Levi-Civita transformations (34) with time changes (35), criti-
cal points (21, z2) of the action functional B, : J(’av — R on twisted loops are in 4-to-1
correspondence with generalized solutions (q1, q2) of (32) with q1 having an even and q»
an odd number of zeros. Similarly, for each r € [0, 1] critical points (z1, z2) of the action
Sfunctional B, jé]}l — R on twisted loops are in 4-to-1 correspondence with generalized
solutions (q1, q2) of (74) with q1 having an even and q, an odd number of zeros.

6.3. Symmetric loops

In order to study symmetric frozen planet orbits, we introduce for each k € Ny the Hilbert
space of symmetric loops

Sym(sl R?) :={z = (z1,22) € HX (S'.,R?) | z(z) = z(1 — 1) for all 7}

t(S1 R?). Thus H,

with the inner product induced from H bym(S 1, R?) is the fixed point

twis
set of the linear involution

p=RoT:HF (S, R?) = HE, (S R?), pz(r) =z(1 —1),

where 77 and R are the joint time shift by 1 and joint time reversal from Section 6.1.
Elements (z1,z2) € HX_(S!,R?) are 2-periodic loops satisfying for all T € R/27Z
the conditions

sym

z1t)=z1t+ 1) =z1(1 — 1), z2(7) = —z2(t + 1) = zo(1 — 7).
Taking derivatives they imply
4@ =@+ ) =2 (1-1)., @) =5 +1)=-z1-1.
In particular, at 7 = 0 and 7 = 1/2 they imply
21(0) = 22(0) = 0. z{(1/2) = z3(1/2) = 0.

Thus z; is 1-periodic with critical points at t = 0 and T = 1/2, while z; is 2-periodic with
zeros at T = 0 and t = 1 and with critical points at 7 = 1/2 and 7 = 3/2.

The images ¢; (t) = z;(tz,(¢))? under the Levi-Civita transformation are 1-periodic
and symmetric, i.e.

qi(t) =qi(1—1), teS.

In particular, if in addition (g1, g2) satisfies ODE (52), then (g1, ¢2) is a symmetric frozen
planet orbit.
Again, we define open subsets

12

212
(SL.R2) | [l21]] > 0, ||z2]| > 0, 1 5 1

ENE ||Zz||2}

J?sz, = {z = (z1,22) € HEF

sym
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and

JE =z = (z1.22) € HY,(SL.R?) | |z > 0, |z2]| > O,

sym

z3(t) = 23 (12, (12, (v))) > O forall T € S'}, (84)

and we define the mean and instantaneous interaction functionals and their interpolation
. D1 . D1 51 8 5
Bay: Hyy > R, Binn Ky, > R, B, : H,, D H, > R

by the same formulas as in (38), (59) and (75). Arguing as in the previous subsection,
using a variant of Lemma 6.4, we conclude that critical points of 8,, and B, on symmetric
loops still satisfy the same equations (4 1) and (77) and we obtain the following symmetric
version of Theorems 3.1 and 5.1.

Theorem 6.7. Under the Levi-Civita transformations (34) with time changes (35), critical
points (z1, z2) of the action functional B,,: J?alv — R on symmetric loops are in 4-to-1
correspondence with symmetric generalized solutions (q1, q2) of (32) with q1 having an
even and ¢ an odd number of zeros. Similarly, for each r € [0, 1] critical points (z1, z2)
of the action functional B, : ﬁli — R on symmetric loops are in 4-to-1 correspondence
with symmetric generalized solutions (q1, q2) of (74) with q1 having an even and q, an
odd number of zeros (i.e. with symmetric frozen planet orbits).

6.4. Proof of the existence Theorem 6.1

Now we are ready to prove Theorem 6.1. By the rescaling discussion following the theo-
rem, it suffices to consider the case of period 1 without prescribing the energy.
Using the notation of the previous subsection we define

X = {Z = (z1,22) € e}”gf1 | zi(t) >O0forallt € (0,1) andi = 1,2}. (85)

This is an open subset of the Hilbert space H,(S', R?) and thus a Hilbert manifold.

Note that the twisting conditions z;(t 4+ 1) = z1(t) and z,(t 4+ 1) = —z(7) imply that

z1(r) > 0 for all T € R and z5(7) < 0 for 7 € (1,2). This ensures that z, is simple of

minimal period 2 and it removes the symmetries z; — =£z;. We consider the Hilbert space
Y := H? (S!, R?)

sym
and the L2-gradient (see beginning of Appendix A) of the interpolation functional B, =
(1 = 7)Bin + r By,

V8, =(1-r)VBy, +rV8B,: X - Y, rel01]
According to Theorem A.1, for each r € [0, 1] this is a C!-Fredholm map of index zero.

Thus
F:[0,1]xX =Y, (rz)— V8B,(2)

is a C '-Fredholm map of index 1.



K. Cieliebak, U. Frauenfelder, and E. Volkov 420

According to Theorem 6.7, for each r € [0, 1] zeros z € X of VB, correspond under
the Levi-Civita transformation to symmetric generalized solutions ¢ = (¢1,¢2): S — R?
of (74). The condition z,(t) > 0 for all T € (0, 1) in the definition of X implies that ¢,
has a unique zero at ¢t = 0. By the main result in [3] there exists a constant k such that

max{ql (1),

teS!

;} e
q1(t) —qa2(t)) —

for all such solutions g of (74) and all r € [0, 1]. Thus on (r, z) € F~'(0) the function z7(¢)
is uniformly bounded from above and the difference z7(z;, (1)) — z2(tz,(¢)) is uniformly
bounded away from zero. In view of ODE (77), this implies that the zero set F~1(0) C
[0,1] x X is compact. Hence F:[0,1] x X — Y is a homotopy as in Theorem C.1 between
fo = V8B, and f; = VB,,, and it follows that fy, f1 have well-defined mod 2 Euler
numbers satisfying

X(VBin) = x(VBay).

By Theorem D.1, the mod 2 Euler number of V8,, satisfies
x(VBy) = 1.

Together with the previous displayed equation this shows that y(V8;,) = 1, so VB,
possesses a zero whose Levi-Civita transform is the desired symmetric frozen planet orbit.
This concludes the proof of Theorem 6.1.

7. Hamiltonian formulation

In this section we present the Hamiltonian formulations of the problems described in the
previous sections. They will all be derived from a general result proved in the first subsec-
tion.

7.1. Legendre transform

In this subsection we describe an abstract Legendre transform which will be applied to
the helium atom in the following subsections. For concreteness we restrict to the case that
the configuration space is R”, but everything could be easily extended to more general
configuration manifolds.

For k € Ny we abbreviate H¥ := H¥(S!, R"). We denote the derivative of ¢ € H'
by ¢. Suppose we are given an open subset U! C H! and a Lagrange function

U xHY - R, (q.v) = £(q.v).

We say that & possesses a continuous L?-gradient if £ is of class C! and there exists a

continuous map
VE = (Vi&. Vo) U x H - H x H°
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uniquely defined by the conditions
(Vi£(q,v),w) = D;£(q,v)w forallw € H!,

where (, ) is the L2-inner product and D; £ denotes the derivative with respect to the ith
variable. We associate to such &£ its Lagrangian action

Sg:U' - R, g £(q.9).
This is a C !-function whose Fréchet derivative at ¢ € U! in the direction w € H! is
DSe(q)w = D1£(q,.¢)w + D2£(q. ) = (ViL(g, ), w) + (VaL(g.q), w).
It follows that ¢ € U! is a critical point of § if and only if V,£(g,§) € H' and the

following Euler—Lagrange equation holds:

d
Evzii(q,é) = Vid(g.9). (86)

Let us impose the following condition on £:

(L) There exists a differentiable map
F:U'xH® - H°, (q.p)~ F(q.p)
such that for each ¢ € U' the map H® — H°, v — V,&£(q, v) is a homeomor-

phism with inverse p — F(q, p).

In particular, the map F' then satisfies
Vak(q. F(g. p)) = p. (87)
Then we associate to £ its fibrewise Legendre transform
U x H® - R, H(q.p):=(p,Fq,p)— L. Fg. p))
Using (87) we compute, for w € H!,

Dy H#(q, p)w
= (p.D1F(q, p)w) — D1&(q, F(q, p))w — D2&L(q, F(q. p))D1F(q, p)w
= (p—Val(q. F(q.p)), D1F(q, pyw) — (Vi£(q. F(q. p)), w)
= —(Vid(g. F(q. p)), w).
Dy ¥ (q, p)w
= (F(q,p).w) + (p, D2F(q, p)w) — D2&L(q, F(q. p))D2F(q. p)w
= (F(q, p).w) + (p — Va£(q. F(q, p)). D2 F(q, p)w)
= (F(q,p). w).
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This shows that J has a continuous L2-gradient which is related to that of &£ by

Vid(q.p) = —ViL(q. F(q. p)).
Vad(q, p) = F(q, p).

On the other hand, to any Hamilton function #: U! x H® — R with continuous L2-
gradient we can associate its Hamiltonian action

(88)

AU x H® - R, Agz(q, p) = (p,q) — H(q, p).
Its derivatives in the direction w € H! are given by

DIAJ(’(CL P)w = (p,UJ) - <V1%(q’ p),w),
DAy (q. p)w = (¢, w) — (VaH(q. p). w).

It follows that (g, p) € U! x HO is a critical point of # g if and only if p € H! and the
following Hamilton equations hold:

p=-Vi#H(q.p),
qg =Vad(q, p).

Proposition 7.1. Let £: U! x H® — R be a Lagrange function with continuous gradient
satisfying condition (L) and #: U' x H® — R its fibrewise Legendre transform. Then
the assignments (q, p) — q and g — (q, p = Va£(q, q)) define a 1-to-1 correspondence
between critical points (q, p) of A g and critical points q of Sg.

(89)

Proof. Let g € U! be a critical point of Sg, so p := V2£(¢q.¢) € H' and g solves (86).
Then condition (L) and the second equation in (88) give

q = F(q,p) = Vad(q, p),

and (86) and the first equation in (88) give
. d ) .
p=_Val(q.9) = V1L(q.9) = —ViL(q. F(q. p)) = V1H(q. p).

So (g, p) solves (89) and is therefore a critical point of /4 g.
Conversely, let (g, p) € U' x H? be a critical point of A, so p € H' and (g, p)
solves (89). Then the second equation in (89) and the second equation in (88) give

q = Vad(q.p) = F(q. p).
which by condition (L) implies Vo&£(q.,§) = p € H'. Now the first equation in (89) and
the first equation in (88) give

d ) ) )
EVzéﬁ(q»q) =p=ViHK(q,p) =—-ViL(q. F(q,p)) = Vi£(q. Q).

So g solves (86) and is therefore a critical point of Sg. ]
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Remark 7.2. Inspection of the preceding proof shows that formulas for the derivatives of

J do not involve derivatives of F. This suggests that Proposition 7.1 should still hold if
in condition (L) we only assume continuity of F' rather than differentiability.

Example 7.3. Classically, the Lagrangian £: U' x H® — R has the form

1
£(q.v) = /0 L) v(0) dt

for a smooth Lagrangian density L: U x R" — R, where U C R” is an open subset and
U' = HY (S, U). Then

1
#(q.p) = /0 H(q(0). p(t)) di

with H: U x R" — R the fibrewise Legendre transform of L, and the Euler-Lagrange

and Hamilton equations take the traditional form fori = 1,...,n:
d oL dL
drdq;  9q;
and
. 0H . 0H
pi = 3q," q4i = apl

This example covers the instantaneous interaction Lagrangian £, for helium in the
original coordinates ¢ = (¢1,¢2) € Rﬁ_ away from collisions. The more general setting in
Proposition 7.1 will be needed in the following subsections to deal with the Lagrangians
B.v and B;, in the new coordinate z = (zy, z»), which do not have the form in Exam-
ple 7.3.

7.2. The Kepler problem

For the Kepler problem, the function @ defined in (23) is the Lagrangian action S asso-
ciated to the Lagrange function

LU x HOSLR) > R, £z, w) =2|z|]*|w|? + (90)

211>

with U! = H'(ST, R) \ {0}. The computation of the differential in Section 2.4 shows
that £ has a continuous L2-gradient. The associated momentum 7 is given by

n=Vak(z,w) = 4)z|*w,

which can be solved for w as

w = i
42112

= F(z,n).
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Note that the map F is smooth in (z, ). It follows that ||n||> = 16||z||*|lw]||*> and the
associated Hamilton function becomes

_ _inl? N
H(z,n) =(n, F(z,n)— Lz, F(z,n) = >~ T ©on
8lzlI* =]
with Hamiltonian action
lInll* N
Age(z,n) = (n.z") — . (92)
s8Izl =12

By Proposition 7.1, critical points of 4 g are in 1-to-1 correspondence to critical points
of @.

7.3. Mean interaction

For the helium atom with mean interaction, the function 8,, defined in (38) is the La-
grangian action Sg_ associated to the Lagrange function

f/av: J(alv X HO(SI»RZ) - R5 $aV(Zv w) = ‘f(zl’ wl) + ‘f(225 w2) + 'A(Zlv 22)5

where J(’alv and # are defined in (37) and (36), and £ is the Kepler Lagrangian from (90)
with charge N = 2. The computation of the differential in Section 3.2 shows that £,, has
a continuous L2-gradient. Since the interaction term + does not depend on the w;, the
associated momenta 7; are given as in the Kepler case by

i = 4]z | *wi,

i
w; = =F iy Ni
ETR i)

and the associated Hamilton function becomes

Jeav(zs 7’) = c}6(217 771) + ‘}6(221 712) - ‘A)(le Z2)

2
_ Z( lIn: 11> _ 2 ) 4 ENREN
Bllzill>  Nzell*/) 2212220 = 23121001

i=1

with Hamiltonian action

Age, (2,m) = (1. 21) + (12, 23) — Hau(z.7)

2
—Z(<m Lyl 2 )_ 2112 1z2]2
_ - .
81z:07 " Tz:?) "~ 122107 — 1231710

i=1

By Proposition 7.1, critical points of # g, are in 1-to-1 correspondence to critical points
of Byy.



A variational approach to frozen planet orbits in helium 425

7.4. Instantaneous interaction

For the helium atom with instantaneous interaction, the function 8B;, defined in (59) is the
Lagrangian action Sg, associated to the Lagrange function

Lin: Hph x HO(S',R?) > R,  Lin(z,w) = L(z1, w1) + L£(22, w2) + I(z1, 22),

where J(’ii and I are defined in (57) and (56), and £ is the Kepler Lagrangian from (90)
with charge N = 2. The computation of the differential in Section 4.2 shows that £, has
a continuous L2-gradient. Since the interaction term I does not depend on the w;, the
associated momenta 7; are given as in the Kepler case by

i

~agnp - e

ni o= 4|z | Pwi,  w;

and the associated Hamilton function becomes

Hin(z,n) = H(z1,m) + H(z2,n2) — (21, 22)
2

2 2 1 1
= - d ?
Z(Snzinz ||zi||2>+fo 2 0) — 22

i=1

with Hamiltonian action

'A’inn(zv 77) = (nl»ZD + (772723) - %in(z» 77)

2
_ Ll 2y |
=2 (0 -5 * ER) | mmo—ama ™

By Proposition 7.1, critical points of g, are in 1-to-1 correspondence to critical points
of Bin-

A. Differentiability and Fredholm property

Let W Cc H'(S!,R?) be an open subset and
B: W —->R

be a Fréchet differentiable map. We say that 8 possesses an L2-gradient if for each z €
W the derivative D8B(z): H'(S', R?) — R extends to a continuous linear functional
L?(S',R?) — R. In this case the L2-gradient

VB:W — L*(S', R?)
is uniquely defined by the condition
(VB(2),v) = DB(z)(v) forallv e L*(S!,R?),

where (, ) is the L2-inner product and D B denotes the Fréchet derivative.
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The natural domain of definition for such a functional 8 is an open subset of H!.
However, for the applications in this article we are only interested in functionals that pos-
sess L2-gradients of class C!. Since for the functionals we consider this is only the case
when their domain of definition is restricted to H2, we restrict the following discussion to
subsets of H?2.

Recall the setup from Section 4. The set

Hn ={z=(z1.22) € H?*(S', R?) | llz1] > 0O, ||z2]| > O,
22(t) — 22 (14, (t, (v))) > Oforall T € Sl}

is an open subset of the Hilbert space H2(S', R?) = W2:2(5!, R?) and equipped with
the H2-topology. We consider the instantaneous interaction functional

Bin: Hin > R,z =1(z1,22) = Q(21,22) + (21, 22)
with the free (noninteracting) term
2 1
01,22 =2 3 (Il I + )
1

i=1

and the instantaneous interaction term

1
I(z1,22) = — ! / 210

d
1202 Jo 220 = 2 n )

1 1 25(1)?
= d
MWA%@—ﬁm%MDT

For each z € J;, the derivative D Bi,(z): H2(S!,R?) — R extends to a continuous linear
functional L2(S!, R?) — R (see the formulas for DQ(z) in the proof of Theorem A.1
and for DI(z) in (105) below), so we can define its L2-gradient as above. An analogous
discussion applies to the mean interaction functional

Bav: Hay > R,z =(21,22) = 0(z1,22) + A(21, 22)

from Section 4 with the mean interaction term

[EARE

A(Z] Zz) = —
’ Iz3 1202212 = lIz3 112024112

defined on the open subset

llz31?
Az

||Z§||2}

lz2]12

Hay = {z = (z1,22) € H*(S',R?) | lz1ll > O, |lz2|| > O >
of the Hilbert space H2(S', R?). Intersecting (58) with H2(S!, R?) gives us
inn C J(aw

The goal of this appendix is the proof of the following theorem:
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Theorem A.1. On neighbourhoods of their respective zero sets, the L*-gradients V Biy:
Hin — L2(S',R?) and V Byy: Hay — L?*(S1,R?), as well as their interpolation VB, =
(1 =r)V8Biy + rVByy: Hay D Hin — L2(ST,R?) are C'-Fredholm maps of index zero.
The same holds for their restrictions to the spaces of symmetric orbits J?i, — Lfym (S, R?)
(resp. J?lﬁ — Lfym(Sl, R?)) defined in (84).

Proof. The derivative of the free term applied to v = (v, v2) € L2(S',R?) is

2
DO =43 (Izil12( vj) + 1217 (i vi) = 7z (72 v0))

i=1

2

1

= 43 (~lailP2l + 12z = i),
< B

(el

hence its L2-gradient has components
2.1 7112 1 :
Vi0() = 4(=lz P + 2]z — —”Z'”ﬁ-), i=1,2. 93)
l

This obviously defines a C'-map VQ: #,, — L?(S', R?). To see that the derivative of
VQ at w = (wyq, wy) is Fredholm of index zero we write the leading term of VQ near
w as z > —4(||lwy]|?z], [[w2]|?z). The latter map is a restriction of the obvious linear
index zero Fredholm map H?(S!,R?) — L2(S', R?) (the kernel is spanned and the
image is complemented by constants). The remaining lower-order terms give a compact
perturbation, so VQ is a nonlinear C !-Fredholm map #,, — L?(S!, R?) of index zero.

For the mean interaction, the components of the L2-gradient are read off from (39) to
be

z2]* - 13112

(2212 =P = 12312 =P

Iz - lz2[*

VleA)[Zl,Zz] =-2

+4 z3
(22112 12202 = 1123012 - |z1112)2 7"
1 4 yan2 (94)
Voh|zy,2z2] = +2 7" - =3 Z
2] =
(122112 - 12212 = 123]12 - | 21]|?)?
EARREAR 3

z5.
(22112 - 220> = 123117 - [211%)

Since these are C!-maps whose derivatives at each point are compact linear operators,
this proves the assertion for B,y (which also follows from Theorem D.1).

Existence of the restriction of VQ to J#2 — L2, (S', R?) as a Fredholm map of
index zero is straightforward. So Theorem A.1 follows from Proposition A.2 below. =

Proposition A.2. On a neighbourhood of the zero set of B, the gradient VI: J;, —
L2(S',R?) of the interaction term defines a C'-map whose derivative at each point is a
compact linear operator H*(S',R?) — L?(S', R?).
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The proof of this proposition will occupy the rest of this appendix. It uses some tech-
nical lemmas from Appendix B.

A.1. Reparametrizations of the circle

Here we collect some facts about reparametrizations of the circle that are used throughout
this article. In this subsection we consider a map z € C!(S!,R) with finite zero set

Z:={reS'|z(x) =0).

As in Section 2.2, we associate to z a C2-map t,: S' — S! by

1 T
(1) 1= — / z(0)? do 95)
11> Jo
with derivative (o2
z(t
l’/ (‘[’) = — (96)
g 2112

By Lemma 2.1, the map ¢, is a homeomorphism with continuous inverse
=178 - st 97)

Since , is of class C2, the function 7, is also of class C? on the complement of the finite
set t;(Z) with derivative

B
z(zz(1))*
In Section 4 we need the Fréchet derivatives of ¢, and t, with respect to z. The derivative
of t, with respect to z in the direction v € LZ(S!, R) is given by

(1) = (98)

Dt,(v)(r) = L/TZ(O')U(O') do — M/‘rz(a)2 do. (99)
IzlI* Jo IzlI* Jo
For future use observe that D¢, defines a bounded operator L2(S!, R) — H!(S', R)
depending continuously on z. Indeed, the first summand is a composition of multiplication
with a continuous function and integrating from O to t. The multiplication is a continuous
operator to L2, and integration is a continuous operator to H . Boundedness of the second
summand can be seen analogously. Continuous dependence on z is clear.
Using (99) and (96), we derive a formula for the derivative of 7,:

0= D(tz o 7z)(v)(1)
= D1 (v)(zz (1) + (= (1)) DT (v) (1)

T (t)
2 / z(o)v(o)do — 22, v)
0

211> lz1I*

Tz(t)
/ o) do + 2= b o),
0

21>
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thus

2(z,v)
21172 (zz(2))?

The instantaneous interaction term in Section 4 involves the expression

210 2 2 (2)
Dt (v)(t) = /0 z(0)?do — m /0 z(o)v(o)do. (100)

A(z) = 23(7) = 23 (1, (12, (1)), (101)

whose derivative with respect to z; in the direction v € L2(S1, R) is given by
(D1A)(0)(7) = —221(7z, (12, (7)) v (1, (12, (7))

—221(z, (12, (1)) 2] (T2, (12, (7)) DTz, () (£, (7). (102)

We also sometimes need the transformation of A under time change
A(tz, (12, (1)) = 23 (12, (i, (1)) — 23(2) < 0 (103)
and its derivative
Dy (A(tz, (t2, () (0)(2)
= 225(2, (12, (1)) 25 (22, (12, (v))) 2, (22, (1)) D1z, (v) (7) — 221 () ()

23(72, (2, (7))
22(":22 (tzl (T)))

= 2|z Diz, (v)(x) = 2z1(v)v(2). (104)

A.2. L2-gradient of the instantaneous interaction term

‘We write the interaction term as

1
1(21,22) = —I(Zl,Zz),

BB
with , o 2o(2)? e 122(1)2d
(1. 22) ~—/0 2(0) — 23, (= (1) T‘/o A@ "

Since ||zz|| > 0, it is enough to prove Proposition A.2 with I in place of /. In the
remainder of this appendix we will prove compactness and continuous dependence for
the z;-derivative of the z;-component of the Lz-gradient V .I; the treatments of the z,-
component and the z,-derivatives of both components are analogous and will be omitted.

Recall that A(7) never vanishes; we will use this without further mention in the com-
putations below.

Derivative of I. Let us compute the derivative of I with respect to z; in the direction
ve L?(S!R):

' 23 ()
A(1)?

DiI(1.22)(w) = — /0 DiA)(x)dr
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1
= 2/0 Zg((f‘;)zZl(Tzl(122(‘5)))1)(1—21 (tz, (7)) dt

1
+2 /0 Zg(g;)Z Z1 (Tz1 (lzz (T)))le (Tz1 (tzz (T)))DTZI (v)(IZZ (T)) dr

1
= 2/0 Zg(g’;)z Z1 (Tzl([zz (T)))U(‘[Zl (tzz (T))) dt

4(zq,v) /1 Z%(r) 21 (22, (2, (1)) 7z, (t2, (¥))
Iz112 Jo A@)? 21(2z, (12, () Jo

4 [ U 22(0) 2 (0, (1, () 7102 (D
0 A@)? 21(t2, (12,(0)) Jo

z1(0)*dodr

z1(o)v(o)do dt

3
:ZD’II(zl,zz)(v). (105)
i=1

Here, in the second equality we have used (102), in the third equality we have substi-
tuted D7, (v) using (100) with z = z;, and we denote the resulting three summands by
DiI(z1,22)(v),i = 1,2,3.

Our next goal is to rewrite D11 (z1, z2)(v) as the L2-inner product of v with the first
component of the L2-gradient of I,

D1 I(z1,22)v = (V1I(z1.22),v) forallv e L3(S, R).

Coordinate change in the integrals. In order to write the first term in (105) as an L2-
inner product with v, we perform the following coordinate change that will also be used
later. For o € S we set

E =1 (122(0)) € Sl»
so that

0 =1z (t21 (E))
and from equations (96) and (98) we get
2211 23 (§)
lz111% 23 (o)

So, after renaming the integration variable from 7 to o, the first term in (105) becomes

1,2
z5(7)
DIz =2 [ S (0 (1 @) (e (o)) dor
0
Il /1 2EvE)
lz1lI> Jo  A(rz, (22, (5)))?
The second term in (105) already has the form of an L2-inner product with v. Using (95)
to insert ¢, (7) and renaming the integration variable 7 to o it becomes

! Z%(G) le (721 (tzz(a)))
A(0)? 21 (17 (t2,(0)))

do = 1z, (1, (E)1], (§) dE = d§. (106)

dE.

D2I(z1.22)(v) = 4(z1.v) /0 b2, (12, (12, (0))) do.
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Switching the order of integration. To write the third term as an inner product, we
need to switch the order of integration in the double integral. The general setup for this
is the following. Let f, F: S! — R be continuous functions. Let 7;: S' — S be a C!-
homeomorphism with 7(0) = 0 and finitely many critical points. Then

/01 o F(’)/Om) f(0)do = /01 do f(0) /1() F(r)dr

_ /:d‘rf(r) /T:I(t) F(0) do.

We apply this formula with

11 (1) i= 17, (1,(7)),  f(0) := z1(0)v(0)

to the third term in (105). To deal with the integration limits observe that the inverse of 7;
is given by 77 (7)) = 12, (t;,(7)). Thus we find

23(1) 2} (1, (12, () [T (=)
A(7)? 21 (12, (12,(7))) Jo

_ ' 22(0) 24(tz, (12,(0)))

B 4/(; 2@ () Tz, (12, (1) A(0)? z1(1z,(t2,(0))) ’

DfI(Zl,Zz)(v) = —4/1 dt z1(0)v(o)do
0

Altogether this gives us the formula for the first component of the L2-gradient

=2
12112 A (1, ()2
L 22(0) (1, (12, (0))
a0 [ e ey (o) do
U 200) 2 1))
Tz, (22, (7)) A(0)? z1(tz, (12, (0)))

V]I(Z],Zz) =

—4z1(7)

3
=) Vi(z1.22)(v). (107)
i=1

Note that, since A and z; never vanish, V; I(z1, z») exists as an L2-function and depends
continuously on (z1, z3) € Hi,.
A.3. Hessian part 1

In this subsection we consider the first part of the gradient in (107),

2> zi()
11117 Az, (12, ()))*

Vi(z1,22)(r) =2
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Differentiating it with respect to z; in the direction v € H?(S!, R) we obtain

2111
2||z211?

2 z3 (%)
121112 Az, (12, (7)))?

23 (0)v(r)
A(zz, (12 (0)))?

z3 (1)
A(tz,(t2,(7)))3
2 213(1)

T ”Zl ”2 A(’L'Z2 (tzl (’L’)))2 (Zl s U)

22 (Dv(0)
A(1z, (12, ()))?

_ 42 Olz2lP25(tz, (12, (1))
) A1z, (12, (1)))322(12, (12, (7)) Dtz (v)(x)

213(1')21 (D)v()
A(t, (17, ()%

where we have used (104) to replace D;(A(tz, (¢, (+))))(v)(r). We need to show that
each of the four summands on the right-hand side as a function of v defines a compact
linear operator H2(S',R) — L2(S', R) that depends continuously on (zy, z3) € Hi,
with respect to the operator norm.

The first summand is a one-dimensional operator (hence compact) whose image is
spanned by a function that lies in H!(S', R) and depends continuously on (z;, z5) by
Lemmas B.8 and B.7.

The second and fourth summands are multiplication operators with functions that lie
in H'(S!,R) and depend continuously on (z1, z») by Lemmas B.8 and B.7. They are
compact because they are compositions

D1V (z1,22)(v)(z) = (z1,v)

+3

D1 (A(tz,(12,()))) (v)(7)

+3

+4 (108)

H?*(S',R) — H'(S'",R) > H'(S',R) — L?(S',R),

where the middle map is multiplication with a fixed H !-function and the two inclusions
are compact.

For the third summand first note that by formula (99) with z = z; the map v +—
Dt, (v) defines a bounded linear operator H2(S!,R) — H!(S!, R) depending continu-
ously on z;. The third term is the composition of this operator and several multiplication
operators. The functions by which we multiply lie in H'(S!, R) except for m,
which lies in L2(S', R). They depend continuously on (zj, z») by Lemmas B.S,
B.7 and B.9. To show compactness of this operator we write it as the composition of
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continuous linear maps
H*(S'R) > H'(S'.R) — C°(S',R) — L%(S',R),

where the first map sends v — Dt;, (v), the third map is multiplication by m,
22 V7

and the canonical inclusion in the middle is compact by the Rellich embedding theorem.

This concludes the discussion of V.

A.4. Hessian part 2

The second part of the gradient in (107) has the form

1
V2(21. 22)(1) = 421(0) /0 §(21.22)(0)1,(0) do.

with
23(0) 24 (22, (12,(0)))
A(0)? 21 (12, (12,(0)))

Differentiating it with respect to z; in the direction v € H?(S', R) we obtain

g(z1,22)(0) :=

1
DG )0 = v / ¢(21. 22)(0)tz, (0) do
0
1
+ () /0 D1g(z1. 22)(0)(0)1z, (0) do

1
+ () fo ¢(z1.22)(0) D1, (v)(0) do.

Note that g(z1, z2)(0) agrees with the integrand of the third part of the gradient in (107).
It is shown in the next subsection that g(z1,z2) € C °(S 1 R) depends continuously on
(z1, 22), and v — D,g(z1, z2)(v) defines a bounded linear operator H2(S!, R) —
L?(S',R) that depends continuously on (zj, z5). Equations (95) and (99) show that
tz, € CO(S!,R) depends continuously on z,, and v > Dt;,(v) defines a bounded lin-
ear operator H2(S',R) — L2(S!,R) that depends continuously on z,. This shows that
the right-hand side as a function of v defines a bounded linear operator H2(S!, R) —
L?(S',R) that depends continuously on (zy,z5) € #i,. It is compact because the first term
is a scalar multiplication operator composed with the compact inclusion H2(S!, R) —
LZ(S L R), and the other two terms have one-dimensional images.

A.5. Hessian part 3

In this subsection we consider the third part of the gradient in (107),

! 23(0) z1(1z, (1,(0)))
Tz, (12, (1) A(0)? 21(tz, (12, (0))) '

V3 (z1,22) (1) = —4z1(x)
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Differentiating it with respect to z; in the direction v € H?(S!, R) we obtain
Sptamon =0 [ S
o L
O[30 )OS

! Z%(U) D, (Zi (Tzl (tzz (0)))
Tz, (12, () A(U)z ZI(TZ1 (tzz (0)))

4
=: Z Tiv(7).

i=1

—z1(7)

+z1(7)

)(v) do

Again, we need to show that each 7; defines a compact linear operator H2(S', R) —
L?(S',R) that depends continuously on (z1, z2) € H;,. In the integrals we will use the
change of variables £ := 7, (¢;,(0)) from Section A.2. The integrand transforms accord-
ing to formula (106). To change the limits of integration note that o € [z, (#z, (7)), 1]
corresponds to £ € [t, 1].

Now we discuss the four terms one by one. We will omit the arguments (S', R) and
simply write H? instead of H2(S!, R) etc.

The first term. A change of integration variable turns the first term into
ez [ 5@ A )
Tz, (2, (7)) A(U) 21 (7:21 (tzz (0)))
2] fl z1(6)z1(6) dt
Iz1l1> Je A(rz, (12, (5)))?

By Lemmas B.8 and B.7 the integrand is continuous and depends continuously on (z1, z2)
as amap Hy, — CP. Therefore, T defines a bounded linear operator H2 — H'! depending
continuously on (z1, z3), and composition with the inclusion H! < L? makes it compact.

= v(7)

The second term. Using (95) to replace i, (¢z, (t)) turns the second term into

73(t (1, (1) 21(0) Izl
A(tz, (7, (1)))? z1(7) Z%(Tzz (tz,(1)))
2 (0llz2|?
=———"""—"""—Dt, (V)(7).
A (o2 O
Formula (99) with z = z; shows that v — D1, (v) defines a bounded operator H? —
H' depending continuously on (21, z5). Together with Lemmas B.8 and B.7 this implies

that T, defines a bounded operator H?> — H'! depending continuously on (z1, z), and
composition with the inclusion H! < L? makes it compact.

Trv(t) = —z1(7) Dt;, (v)(7)
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The third term. We rewrite the third term as

1 2Dy A)YV)(©) 2, (5, (15, (0))
_ 2 1 2
BE=a0 ] 07T A0 2w mo)
1 2 ’
— 20 2(0) 7 U@ o (1 ()0 (1))

Tz, (12, (1)) A(0)3 z; (72, (t2,(0)))
—2z1(tz, (I2, (T)))Z; (tz,(tz,(1))) D1z, (V)(12, (0))] do

2
||zZ|:2 ) / A(Zl@(g g))))S[ 21E)(E) + 21(6)z) () Xv(©)] dE.

Here in the second equality we have used (102) to replace (D;A)(v)(o), in the third
equality we change the integration variable, and we have abbreviated (replacing Dz, (v)
via (100))

Xv(§) = D1z, (v)(1,(§)) =

2 (IIZlIIz(é)
@ Nzl

The map v — Xv defines a bounded operator H?> — H! depending continuously on
(z1, z2). Together with Lemmas B.8 and B.7 this implies that 73 defines a bounded oper-
ator H? — H'! depending continuously on (z1, z5), and composition with the inclusion
H' < L? makes it compact.

(z1,0) = (1, 0)(®)). (109)

The fourth term. We rewrite the fourth term as
1 2
z3(0) ,
Di((logz1) (72, (12,(0))))(v) do
ey (12, (1)) A(0)? 1( g21) (17, Iz, )
1 23(0) [(v’@ 2@
Tz, (2, (7)) A(o-)2 Z1 (E) Z%(g)

+ (logz1)"(zz, (1,(0))) Dz, (v) (12, (0))] do

IIZzII2 22 (§) V') Z(©)
1 At )/ A(fzz(tm(é)))z[(zl(é) Zf(é)v@»

+ (log 21)"(€) Xv(§)] dE,
with Xv(§) from (109). By Lemma B.7 the function

21()z1(5) — 71§
21(5)2

lies in L? and depends continuously on z; € H2. All other terms in the integrand are
continuous functions of & that depend continuously on (z;, z,) by Lemmas B.8 and B.7
together with (109). So the integrand belongs to L2(S!, R), hence the integral belongs to
H'(S!,R), thus T, defines a bounded operator H?> — H' depending continuously on
(z1, z2), and composition with the inclusion H Ly 1.2 makes it compact.

T3v(7) = z1(7)

v(®)|

= Z1(T
1(®) E=1z, (12, (0))

§ > (logz1)"(§) =
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This finishes the discussion of "\713, and thus of the z;-derivative of the z;-component
of the L2-gradient VI. The treatments of the z,-component and the z,-derivatives of
both components are analogous and will be omitted. This concludes the proof of Proposi-
tion A.2.

B. Some lemmas on continuous dependence

In this appendix we prove some technical lemmas on continuous dependence that were
used in Appendix A. We will freely use the notation from Appendix A.

B.1. The basic lemma on continuous dependence

We say that a function f € C!(S!,R) has transverse zeros if for all t € S with f(t) =0
we have f’(t) # 0. We define the following open subset of H?(S!, R):

J{’g = {z e H*(S,R) | z has transverse zeros}.

Note that by Proposition 4.2 and Corollary 4.3, for a critical point (z1, z) of the functional
Bin from Section 4 both components z1, z, belong to 3{’02. Similarly, we define

€ :={f € C'(S".R) | f has transverse zeros}.
We introduce the maps
FHE—>C, F(z):i=z01,,
with 7, defined in (97), and

1
§:€¢, — L*(S',R), 94(f):= Y
(defined outside the zero set of f). Our goal in this section is to prove the following
lemma:

Lemma B.1. The map

ﬁo{F:Jfg —>L2(S1,]R), Z

ZO0T,
is continuous.
The statement naturally splits in two — continuity of # and continuity of §.
Lemma B.2. The map ¥ is continuous.

Lemma B.3. The map § is continuous.
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In the proofs we will use the following standard fact whose easy proof we omit.

Lemma B.4. Denote by Homeo(S!) the space of homeomorphisms of S equipped with
the C°-topology. Then the inversion h — h~! defines a continuous map Homeo(S!) —
Homeo(S!).

Proof of Lemma B.2. Formula (95) for the homeomorphism 7, shows that it depends con-
tinuously on z. Therefore, by Lemma B.4, its inverse t, depends continuously on z as
well. This shows that % lands in C°(S!, R) and is continuous as a map to C°(S*!, R).
Next we set f := F (z) and write out its derivative with respect to ¢:

211>
z(zz(1))?

Since z’ € C°(S!,R) and 7, depend continuously on z, we see that £’ lands in C°(S!,R)
and depends continuously on z. Altogether this shows that # is a continuous map to
C!(S!,R). Transversality of zeros for z and the above formula for f/(¢) imply transver-
sality of zeros for f. This completes the proof of Lemma B.2. ]

F1(1) = 322 (e ()2 (2 (1) (1) = 322 (22 (1))2' (22 (1)) = [|z172' (z: (1))

B.2. Proof of Lemma B.3

Desingularization procedure. The key point in the proof of Lemma B.3 is the question
of how to deal with integrals of the type

dt
J=[ -
st f23()

for a function f € ‘601. The idea is to apply a coordinate change that turns the integrand
into a continuous one. For this consider a C '-homeomorphism p: S > S that restricts
to a C!-diffeomorphism S!\ f~1(0) > S'\ f~1(0) and satisfies

p(t) =t; + (r —t;)® near each zero t; of f.

We perform the coordinate change ¢ = p(7) in the integral J. Then near a zero ¢#; of f,
using t —t; = (r — t;)3, the integrand in J becomes

di__p@dr _ 3@ —)?dr _ (=)
fARey - 2R R ( f2() )

- 3(%)_2/3 d. (110)

Since f is a C!-function, the quotient f(z)/(t —t;) extends continuously over ¢t = ¢;
by the derivative f’(t;), which is nonzero because f € €. Therefore, the function 7 —
3(%)_2/ 3 extends continuously over ¢ = f; by 3f7(t;)"2/3. Composing this with the
continuous function p, we conclude the following lemma:
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Lemma B.5. For f, p as above the coefficient in front of dt in the pullback p*(%
extends uniquely to a continuous function
p'(0)
o SO #O,
g ST >R, g(r) =1 fP3(p(r)) (111)

3f()723, t=tzeroof f.

We need to globalize this procedure, assigning to each f € ‘6& amap p = py with the
properties above in a continuous fashion. For this, we introduce some notation. We write
€4 as the disjoint union

€ =[] Un.

meNy
where U,, is the set of f € ‘6(} with precisely m zeros. Let
X ={(1,....tm) € SY" |1 <tz <+ <tm <t1}]ZLm

be the configuration space of m cyclically ordered points on S! modulo cyclic permuta-
tions (with the quotient topology). Assigning to a function its cyclically ordered zero set
defines a canonical continuous map

Z:Um — Xm.

Let ,, be the set of C'-homeomorphisms p: S! — S with the following properties:
e phas precisely m critical points (i.e. zeros of p') t1, ..., tm.

e Foreachl/ =1,...,mlet
|
6; 1= me{t,- —ti—1,li4+1 —Zi} (112)

be the distance of #; to the nearest zero, where we stipulate fo := t,, € S'. Then we
require that

p(r) = (t—1;)> +1;
forall T € (t; — 8;,t; + 6;).

We equip §,, with the C!-topology. Assigning to a function its cyclically ordered set of
critical points defines a canonical continuous map

T:6Gm — Xom.

Since 7 is a fibration with contractible fibres, there exists a continuous section
s: X — 6.

So we obtain a continuous map

$0Z:Um = Gm, [ pri=s0Z(f).
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For different m € Ny these maps together give a continuous map

=] Un—>%=]] % fro0rr (113)

meNy mée€Ny

with the property that the critical points of ps are precisely the zeros of f. It follows that
[, pr satisfy the hypotheses of Lemma B.5; we denote the resulting continuous function
by gr:S! - R.

Lemma B.6. The map ‘63 — CO%SYR), f + gy is continuous.

Proof. We will use the following criterion for uniform convergence of a sequence of func-
tions g,: S' — R to a function g: S' — R (which holds more generally for functions on
any compact metric space):

gn — g uniformly < g, (t,) — g(z) for every sequence 7, — T. (114)

Consider now a converging sequence f, — f in t’(} and denote g, := gr,, & = &7,
on := pyg,, p := pr. Let 7, — T be a converging sequence in S'. Then by the criterion we
need to show that g, (t,) — g(t). We distinguish two cases.

Case 1: f(r) # 0. Then uniform convergence f, — f implies f,(tn) — f(t), so
Jfn(zn) # 0 for all sufficiently large n. Hence by Lemma B.5 we have
piz (tn)

p'(7)
n\tp) — —F/—7 d = ——
) = o 5T Re)

Note that f(p(7)) # 0 and f,(pn(7s)) # O for large n. Continuity of the map f +— pr
implies that p, — pin C1(S!, S1), hence p, — p and p, — p’ uniformly. Applying the
above criterion repeatedly it follows that p), (t,) — 0/(7), pn(tn) = p(7), fu(pn(Tn)) —
f(p(r)) # 0, and therefore g, (t,) — g(7).

Case 2: f(tr) = 0. Inthiscaselet?; <--- <t, < t; be the zeros of f. Then for large n
the function f; also has m zeros t; , < -+ < tmn < t1,, suchthatt; , —t; asn — oo for
each i. Hence the positive numbers §; and §; ,, defined via (112) (the latter using the #; ;)
also satisfy §; , — §; asn — co. We have v = t; for some i. Since 7, — v =¢; and p, — p,
it follows that for large n both t, and t,, := p, (t,) lie in the interval (¢; , — 8 4.t n + 8i,n)-

Let us assume first that 7, # ¢; ,, hence also t,, # t; , for all sufficiently large n. Then
Jfn(Tn) # O for all sufficiently large n, and by Lemma B.5 and (110) we have

2n(ty) = P (Tn) _3( Jn(2)

()
By the mean value theorem we have f,(t,)/(t, —tin) = f'(€,) for some &, between

tin and t,. Thent; , — t; and t, — t; implies &, — #;, so uniform convergence f, — f
yields f,/(§,) — f'(t;) # 0 and thus g,(t,) — g(7).

)72/3 and  g(v) = 3f"(6) /3.

ty — ti,n
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If t, = t;, for some arbitrarily large n, then for these n by Lemma B.5 we have
gn(tn) = 3f!(ti.n)~2/3, which also converges to g(t) = 3f'(t;)"%/3 as n — oo. This
concludes the proof of Lemma B.6. ]

Proof of Lemma B.3. Consider a sequence {fu}nen C €} converging to f € € in
C(S!,R). We need to show fn_1/3 — f713in L2(S', R). We write the squared L2-
distance as

Lf73 = £ = A+ Ay — 2B, (115)

L4t U dr ! dt
A':fo 2530 A”:/o 231’ B"Z/o V30 £13()

By (110) we have

with

1 1
1= [ g@dn a4, = [ g
0 0

where g7, g7,: S — R are the continuous functions assigned to f, f, in Lemma B.5.
From the convergence f, — f in €4 and Lemma B.6 we obtain g, — g7 in C°(S,R)
and thus A, — A. So in view of (115) we are done if we can show B, — A.

To prove this we introduce some notation. For & € €} and a measurable subset I C S'!
we denote

dt

A(h,]) = Ihz/—3([)

By (110) we have

a0 n= [ ode =1 Ol sslerste,
o

h

where h +— pj, and h — gy, are the continuous maps from (113) and Lemma B.6, respec-
tively, and |/ | denotes the Lebesgue measure of /. It follows from the definition of pj, that
| p;l (I)| depends continuously on & € ‘C’(} and can be made arbitrarily small by making
| 7| small.

Now let ¢ > 0 be given and consider the compact subset

7z = {fn}nEN U{f}c€01

Since the zero set of f; converges to that of f, there exists for each y > 0 aunion / C S'!
of open intervals containing the zero set of f with the following properties:

(i) thereexistd > 0and N € N such that | f,,| > §on S'\ I foralln > N;

@) 1] =vy.

By the preceding discussion we can choose y > 0 so small that

max A(h, I) < max |p; ' (I)| ma < ¢g/3. 116
max ( )_hE%LOh 0] hE%(”thcO(sl,R) e/ (116)
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We set

dt
B,(I) = | ——«——.
") /I L0130

Using the Cauchy—Schwarz inequality and (116) we estimate

2 _ dt dt 2
BaDP < [ e /I A =AU DAGD =29 )

I Jn

foralln > N.Now we split B, — A into summands

1 1
By —A = Bu(I) = AUS) + /sl\z(fnl/3(t)f‘/3(t) ~ )"

and estimate it by the triangle inequality:

‘ 1 1

1By = A1 < B (D] + 4G D]+ [ T e TR0

)d:.
SI\I

By property (i) above we have | f,,| > § and | | > § > 0 on the compact set S! \ 7, so
the integrand in the last integral converges uniformly to zero on S! \ /. Therefore, there
exists an integer Ny > N such that the last integral is smaller than ¢/3 for all n > Nj.
Together with equations (116) and (117) this implies

|B, — A| <¢e/34+¢/34+¢/3=c¢

for all n > Nj. This proves B,, — A, which concludes the proof of Lemma B.3 and thus
of Lemma B.1. [

B.3. Further lemmas on continuous dependence
We will frequently use the following standard result for which we denote
Ho(S'R):={f € H'(S',R) | f(t) # O forallz}.
Lemma B.7. There are continuous maps
HY(S',R)x H'(S',R) -» H'(S',R), (f.g)— fg

and
Hy(S'.R) - H'(S'.R), f~1/f.

Proof. The first assertion is just the well-known fact that H#'(S!,R) is a Banach algebra.
For the second assertion we abbreviate H;O = H;O(Sl, R) etc. The map H;O — L2,
f +— 1/f is the composition of continuous maps

Hyy— Cly — Cly— L2,
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where the middle map sends f +— 1/f and the other two maps are the canonical inclu-
sions. The map H;O — L?%, f— (1/f) = —f'/f? is the composition of continuous
maps

Hyy—Cly®L> - L2,
where the first map sends f +— (—1/f2, f’) and the second map is multiplication. To-
gether this proves the lemma. ]

Lemma B.8. The following maps are continuous:

J(’g—>H1(S1,]R), 7> 2201y,
(H*(S'.R) x #3) N Hy — H' (S R), (z1,22) = (v 23(12, (1, (7)),
(H*(S".R) x #3) N Hy —> H' (S R), (z1.22) > (v > A(12, (17, (7)),

where A is defined in (101).

Proof. For the first map, continuous dependence of t, on z (which follows from Lemma
B.4) implies that z2 o 7, depends continuously on z as an element of L2(S!, R). For its
time derivative
2 2
B [l

d 2 _ . _ _
EZ (t2(2)) = 2z(z2 (1)1 (t) = 22 (72 (1)) 2(0(1))2 = ZZ(‘L'Z ) )

continuous dependence follows from Lemma B.1.

For the second map, observe that z; never vanishes. Therefore, ¢, is a C L_diffeo-
morphism of S! depending continuously on z;. Together with the statement about the
first map this concludes the argument. Continuity of the third map now follows directly
from (103). ]

Lemma B.9. The map
(H*(S',R) x H#3) N Hin — L*(S*, R)
defined by

1
(z1,22) = (T = m)

s continuous.

Proof. Recall from the previous proof that 7, is a C!-diffeomorphism of S! depending
continuously on z;. This together with Lemma B.1 completes the proof. ]

C. The mod 2 Euler number

Throughout this appendix X denotes a Hilbert manifold (an open subset of a Hilbert space
will suffice for our purposes), ¥ an open neighbourhood of 0 in a Hilbert space and
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k € No. We say that a C'-map f: X — Y is transverse to 0 if 0 is a regular value of
f,ie Df(x): TxX — ToY is surjective for all x € £~1(0). Our goal is to prove the
following theorem:

Theorem C.1. To each C'-Fredholm map f:X — Y of index O with compact zero set
f~1(0) we can associate its mod 2 Euler number y( f) € Z /27 which is uniquely char-
acterized by the following axioms:

 (Transversality) If f is transverse to 0, then x(f) = | f~1(0)| mod 2.

e (Excision) For any open neighbourhoods Xcx of f~1(0) and Ycv of 0 such that
f(X) c ¥ wehave y(f) = x(flg: X = ).

+ (Cobordism) If W is a Hilbert manifold with boundary and F:W — Y a C'-Fredholm
map of index 1 with compact zero set F~1(0), then y(F|aw:0W — Y) = 0.

» (Homotopy) Let fy. fi: X — Y be C-Fredholm maps of index O with compact zero
sets. If there exists a C'-Fredholm map F:[0,1] x X — Y of index 1 with compact
zero set F~1(0) such that Fliwx = fifori = 0,1, then x(fo) = x(f1).

Note that the (homotopy) axiom is just a special case of the (cobordism) axiom.

The invariant y(f) in Theorem C.1 can be viewed as a special case of either the
Caccioppoli-Smale degree defined in [9], or of the Euler class of a G-moduli problem
defined in [2] (with trivial group G). The main improvement of Theorem C.1 over those
results is the fact that in the (cobordism) we require only regularity C ! instead of C2. This
is not entirely obvious because the Sard—Smale theorem [9] for a Fredholm map of index 1
requires regularity C2. While this improvement may seem boring from the viewpoint of
general theory, it is crucial for the application in this paper because the functional V By, is
of class C! but not C2.

The main idea of the proof of Theorem C.1 is the following. Given a C!-Fredholm
map f: X — Y of index 0 with compact zero set f~!(0) we use the Sard—Smale theo-
rem [9] to C!-approximate f by a C!-Fredholm map g: X — Y of index O transverse
to 0. We define y(f) := x(g) := |g'(0)|. To see that this is well defined we join g
to g1 by a convex linear combination G: [0, 1] x X — Y. The map G is a C !-Fredholm
map of index 1. We want to approximate G by a C !-Fredholm map G transverse to 0 and
such that @(i, x) = G(i,x) fori = 0, 1. The direct application of the Sard—Smale theo-
rem [9] is not sufficient, since Fredholm maps of index 1 produce a loss of regularity by 1.
On the other hand, Lemma C.2 below applies and we conclude by the standard argument
that M := G~1(0) is a compact C!-manifold with boundary M = g5'(0) LI g71(0).
Therefore, 1(g0) = |g5 ()] = g7 (0)] = x(1)-

The proof of Lemma C.2 below uses a three-step approximation, where the key appli-
cation of the Sard—Smale theorem [9] occurs on step (3) to a C *°-map defined on an open
subset of the domain, so the loss of regularity does not happen. To get to this nice situation
of step (3) we use the fact that the restriction of F to dW (notation of Lemma C.2) has
index O and can therefore be approximated by the Sard—Smale theorem [9] without the
loss of regularity.
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Lemma C.2. Let W be a Hilbert manifold with boundary and F:W — Y a C*-Fredholm
map of index k € N with compact zero set F~1(0) such that F|yy is transverse to 0.
Then F can be C*-approximated by a C*-Fredholm map F-W —>Y of index k with
compact zero set F1 (0) such that F|yw = F|3W and F: W — Y is transverse to 0. In
particular, F~1(0) is a compact C*-manifold of dimension k with boundary 3F ~1(0) =
(Flaw)~1(0).

Proof. (1) Let g:9W — Y be a C*°-map which is sufficiently C*-close to f := F|aw
so that the map (1 —¢) f + g is transverse to zero for each ¢ € [0, 1] and the map

[0,1]xdW =Y, (@, x)—>1—1)f(x)+1tg(x)

is Fredholm of index k with compact zero set. Let N = [0,2) x dW C W be a collar
neighbourhood of dW = {0} x dW. Pick a smooth cutoff function ¢: R — [0, 1] with
compact support in (0, 2) which equals 1 in a neighbourhood of 1. Define G: W — Y by

G(t,x) = (1 =) F(t,x) + ¢()g(x)

for (t,x) € N and G := F on W \ N. Then G: W — Y is a C¥-Fredholm map of index
k such that Glg = F|sw and G is C* in a neighbourhood of {1} x dW. By choosing
N sufficiently small we can ensure that G has compact zero set and G| is transverse
to 0.

(2) Set N := [0,1) x dW C N. We C¥-approximate G by a C*-Fredholm map H : W —
Y of index k with compact zero set such that H = G on N and H is C® on W \ N.

(3) Using the Sard—Smale theorem [9], we C¥-approximate the restriction H |W\ ivbya
C*°-Fredholm map F:w \ N = Y with compact zero set which _agrees with H near

{1} x W and is transverse to zero. This map extends via H over N to the desired map
F:W =Y. ]

Proof of Theorem C.1. Uniqueness: Let f: X — Y be a C'-Fredholm map of index 0
with compact zero set f~1(0). By the Sard—Smale theorem [9], we can C !-approximate
f by a C!-Fredholm map g: X — Y of index 0 which is transverse to 0. By choosing g
sufficiently C!-close to f we can ensure that

F:[0,1]xX =Y, (tx)—~0—-1)f(x)+1tg(x)

is a C!-Fredholm map of index 1 with compact zero set. So by the (homotopy) and
(transversality) axioms y(f) is uniquely determined by

x(f) = x(g) =1g'(0)] mod 2.

Existence: On maps f as in the theorem which are transverse to 0 we define x(f) :=
| £71(0)| mod 2 by the (transversality) axiom. We claim that then the (cobordism) axiom
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holds under the additional assumption that f := F|sy is transverse to 0. To see this, we
apply Lemma C.2 to find a C !-Fredholm map F:W — Y of index 1 whose zero set M :=
F10)isa compact C !-manifold of dimension 1 with boundary dM = f~1(0). Since
M has an even number of boundary points, we conclude | f ~1(0)| = 0 mod 2 and the
claim is proved. As a special case, the (homotopy) axiom also holds under the additional
assumption that fy and fj are transverse to 0.

Now let f: X — Y be any C!-Fredholm map of index 0 with compact zero set
f71(0). We choose g, F as in the proof of uniqueness and define y(f) := x(g) =
| g7 ! (0)]. To see that this is well defined, let g;, F;, i = 0, 1 be two such choices. Then the
maps Fy, F; can be joined by a cutoff construction to a C ! -Fredholm map G:[0,1] x X —
Y of index 1 with compact zero set such that G|;yxx = gi fori =0, 1, and the special case
of the (homotopy) axiom implies y(fo) = x(f1)- So x(f) is well defined. By construc-
tion, it satisfies the (transversality) and (excision) axioms. The (cobordism) axiom follows
from the special case above, and the (homotopy) axiom is a special case of this. ]

D. The mod 2 Euler number of the mean interaction functional

In this section we prove the following result which is used in the proof of the existence
Theorem 6.1, but which may also be of independent interest.

Theorem D.1. The L2-gradient of the mean interaction functional on symmetric loops,

V By H2 — HO, (S'.R?),

sym
is a C'-Fredholm map whose mod 2 Euler number equals 1.

It follows from the main result in [4] that V 8,, has a unique zero (z1, z3). To conclude
that its mod 2 Euler number equals 1, we would need to prove invertibility of the Hessian
DV B4(z1, 22), or equivalently (since the Fredholm index is zero) triviality of its kernel.
This is still complicated because the Hessian has many terms and the equations for an
element (vq, v2) in its kernel are coupled. Therefore, we will instead further deform the
mean interaction functional to one for which the equations decouple, and then compute
the mod 2 Euler number of the latter.

D.1. Decoupling the mean interaction

In this subsection we describe the deformation of the mean interaction functional on sym-
metric loops to one for which the equations decouple. We will first phrase it in terms of the
original (physical) coordinates ¢(¢); the Levi-Civita transformation to the new coordinates
z(t) will be considered in the next subsection.

In the following discussion we adapt some arguments from [3] to our situation. In
order to be consistent with the notation in that paper, we replace the period 1 used in this
paper before by period 2 as in [3], and consider the restriction of a symmetric loop to half
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a period. Thus we consider
g1 € C*([0.1].(0.00)), g2 € C°([0. 1], [0, 00)) N C*([0, 1), (0, 00))
satisfying
§1(0) =q1(1) =¢2(0) =g2(1) =0 and ¢1(¢) > q2(t) >0 forallt €[0,1]. (118)

We assume that (q1, g2) solves a system of second-order ODEs coupled through their
means,

q1(1) = (l)2 + /1(q1.42).
(119)
G l)=——7 — q 5 q )
G2(1) qz(t)2 f2(q1,92)
where f;(q1,q>) are continuous functions defined for g; > g, > 0 satisfying
f1(@1,42) >0 and  f2(q1.42) = 0 forallg; > g, = 0. (120)
Lemma D.2. Under the above assumptions the following hold.
(a) The map q is constant, q1(t) = q1, where g, > 0 solves the equation
a; /1d1.32) = 2. (121)

(b) The map q, is strictly concave and strictly decreasing with maximum q3™ =
q2(0) satisfying the estimates

q andx
2

Proof. We abbreviate f1 = f1(q1,G2)-

(a) Note first that, since g; solves the first equation in (119), it is actually smooth and
1-periodic. It attains its maximum at some time #,,,x € [0, 1] satisfying ¢ (¢n.x) = 0 and

102)

< <gy™ <2+ (122)

N =
'QI
N

g1 (fmax) = + fi <
41 Uma q1(tmax)2 1=
It follows that for all ¢ € [0, 1] we have
(1) =~ fi < - A<
Gi(t)=——=+fi = <
1 a@? T ame)?

By periodicity this implies §; = 0, so ¢; is constant. Again by periodicity this implies
g1 = 0, s0 g1 = ¢, is constant and the first equation in (119) becomes (121).

(b) Since f> > 0, the second equation in (119) implies §,(¢) < 0 for all ¢ € [0, 1), so g»
is strictly concave. Together with ¢, (0) = 0 this implies ¢,(¢) < O for all ¢ € (0, 1), so g»
is strictly decreasing with maximum g3** = ¢(0) > 0.
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For the first inequality in (122), we use the second equation in (119) and f> > 0 to
estimate for all ¢ € [0, 1):

. t . t 2 t 2 2

i) = [[iaas <= [t as< - | @2 " T Tt
Together with g, (1) = 0 this implies

v 2 ! 1

03" = 20 =020 = [ i < i [ rai= G

hence (qgm)3 > 1 and thus g3 > 1.

The second inequality in (122) follows from concavity of g,: for all ¢ € [0, 1] we have

q2(1) = (1 =1)q2(0) +1g2(1) = (1 = 1)g3"™,

and it follows that

1 qmax
b= [ war= g [a-na=5
0

The third inequality in (122) is clear, so it remains to prove the fourth one. Since g5 is
strictly decreasing and ¢, (0) > 1, there exists a unique #¢ € [0, 1) with g(f9) = 1. Then
for all ¢ € [0, 9] we have g»(¢) > 1, and therefore

G2(t) = — —faz-2- fa,

_2
q2(1)?
() = /0 ir(s)ds = —2 + o)t

for all ¢ € [0, #9]. This implies
to to
1= g8 = galto) ~ 20) = | a0yt = ~2+ £ [
0 0

5
=——02+ f2),
2
and with 7o < 1 we obtain

13 1
g1+ %0t il =2+ 2 .

Compactness. We wish to consider families of problems (119) as above parametrized by
pairs of functions ( f1, f2) satisfying (120). For compactness of the corresponding space
of solutions (g1, g2) we need

* auniform lower bound g; — g5 > § > 0, and

* auniform upper bound g; < ¢ < oo,
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where “uniform” means independent of the parameter. In view of Lemma D.2, this is
ensured by the following sufficient condition: for all solutions (q1, 42) of

2 s = 1 (91.9 _
1 /1(q1.G2) = 2, 556]2524-@, q1 > 42 (123)
we have uniform lower and upper bounds
g1 —232>6>0 and ¢ <c < oo. (124)

Indeed, by Lemma D.2 the averages (g1, g2) of a solution (g1, g2) of problem (119)

satisfy conditions (123), and in view of g3 < 24, the first inequality in (124) implies
the uniform lower bound g; — g3

where this sufficient condition is satisfied.

> § > 0. The following lemma describes a situation

Lemma D.3. Suppose that

J1(G1.42) = and 0 =< f>(q1.92) <

1 1
(91— 42)? T (G1—32)*
Then each solution (41, g2) of (123) satisfies
i = 2+ V2,

as well as the lower and upper bounds

i — 20y > d '<(2+ﬁ)(2+—2 )
— > — an < .
q1 q2 NG q1 1+ V22
Proof. In this case the first equation in (123) becomes the homogeneous quadratic equa-
tion
=2 = = \2
q = - - = 2(Q1 - q2) )
' f@G42)
which has the solutions §; = (2 £ +/2)§». The condition §; > g, enforces §; = (2 +
V/2)@,. Together with §, > 1/2 this implies the lower bound
V2

%4@=ﬁ@273

as well as

o _ 1442
Gi1—q =0+ v2)g> > .

With the condition on f; this yields an upper bound on g5,

- f2(q1,42) 2
<24 <24 -——— <24 —"
e 2 2(q1 — q2)? (1++/2)2
and thus on g1,
2
h=Q+vV2)p<Q2+V2 2+—). n
0=+ VDE s+ VD24 s
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Fixing f1(q1,q2) = m, Lemma D.3 allows us to linearly interpolate between

f2(q1.42) = m and f> = 0. We are thus led to consider the decoupled mean inter-

action problem
1

Th@E T G-

G2(1) = —

Gi1(t) =
(125)

2
q2()*
Note that the second equation is a pure Kepler problem which is not coupled to the first
one. It has a unique solution g5: [0, 1] — [0, co) with ¢»(0) = ¢»>(1) = 0 and we denote
by
a:=q>

its average. Note that by Lemma D.2 it satisfies
1/2<a<2.

Inserting g» = a into the first equation, Lemma D.3 shows that it has a unique solution
q1, which is constant and given by

q(t) =g = 2+ V2)a.

This concludes our discussion of compactness. In the next subsection we will consider its
Levi-Civita transformation and use it to prove Theorem D.]1.

D.2. A Fredholm homotopy

Let X and Y be as in Section 6.4. For r € [0, 1] we consider the map

F' =(F.F]):X >Y

given by
Fi(z1,22) := —z{ + a1(z1,22)z1 + b1 (21, 22)73,
F}(z1,22) := —z + a5(z1.22)z2 + by (21, 22) 23
with the functions
S 1 O B B
lzell2 lzall® 20za2 - Alzgl? - Nz202 = 112312 - 12111%)2
lz2]1*
bi(z1,22) = +
’ (212 - lz2l12 = 12312 - 21 112)?
o n o 1B 1 ETRIETS
2(21, = )
2212 llz2ll® 202202 - (IzE1% - 2202 = 1123112 - 121112)2
4
z
by (z1,22) 1= —r 2]

(U272 - lz2l? = 123012 - 1z1112)%
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For r = 1 comparison with equations (93) and (94) shows that
ViBuw(z1,22) = 421112 F1(21,22),  VaBuw(z1,22) = 4||22|* F5 (21, 22).

Thus, up to the irrelevant positive factors 4||z;||?, F! agrees with V.8,,. In particular, the
zeros of F! satisfy the coupled ODEs (41).
For r = 0 the first component remains unchanged and comparison with (93) shows
that
VQ(z2) = 4)|z2[|> F (21, 22). (126)

So the second component of F is decoupled from the first one and corresponds to a pure
Kepler problem.

The discussion in Section 3 shows that under the Levi-Civita transformations ¢; (t) =
z; (tz;(t))?, zeros of F" correspond to generalized solutions of the coupled ODEs

1
- + — — El
q1(t)? (1 —§2)?

. r

&) 21?2  (G1—32)*

By definition of the space X, the ¢; are symmetric and therefore, after replacing their
period 1 by 2, they satisfy conditions (118) in the previous subsection. By the discussion
in that subsection, the ¢; satisfy a lower bound ¢ (¢) > ¢»(¢) > § > 0 and an upper bound
q1(t) < ¢ < oo, uniform in r € [0, 1]. This implies that the zero set of the C'-Fredholm
homotopy

qi(1) =
(127)

F:[0,1]x X =Y, (r,z1,22) = F'(z1,22)

is compact, so by the (homotopy) axiom in Theorem C.1, the mod 2 Euler numbers satisfy

X(V‘Bav) = X(Fl) = X(FO)

To prove Theorem D.1, it thus remains to compute y(F°). By the discussion in the pre-
vious subsection, F° has a unique zero (z1, zz) whose components correspond under the
Levi-Civita transformation ¢; (¢) = z; (tz; (t))? to the unique solution g, of the pure Kepler
problem and the constant solution g1 (f) = §» = (2 + v/2)a, where a = §,. In particular,
the first component is constant and given by

210) =71 = V2 + V2)a. (128)

It thus remains to prove that the derivative DF 0(21 , Zp) at its unique zero (z1, z») has triv-
ial kernel. Suppose (v, v;) € ker DF%(zy, z,). Since the second component F20 (z1,22) =
on (z2) is independent of z, this implies DF2° (z2)v2 = 0 In the next subsection we will
show the following proposition:

Proposition D.4. The derivative DF20 (z2) at the Kepler orbit z, has trivial kernel.
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It follows that v, = 0 and v; satisfies D F1(z1, z2)vy = 0. In Section D.4 we will
show the following proposition:

Proposition D.5. For the Kepler orbit z,, the derivative of the map z1 — Fi(z1, z2) at
its unique zero has trivial kernel.

This implies v; = 0 and thus concludes the proof of Theorem D.1.

D.3. Hessian of the Kepler problem

In this subsection we prove Proposition D.4. Consider the map

_ e

lzII> - lzl°

F:Z - H® (S'.R), F(z) =—-z"4a(z)z, a(z)

sym

(129)

defined on the space

Z:={ze H2? (S1.R) | z(t) > 0 forall T € (0, 1)}.

sym

Thus F corresponds to the map Fy of the previous subsection describing simple sym-
metric solutions of the Kepler problem, where we have renamed z5 to z and ag to a. The
unique zero of F is given by

z(t) = ¢ sin(nw7),

where ¢ > 0 is uniquely determined by the equation F(z) = 0, or equivalently
a(z) = —n2.

We need to show that the derivative of F at its zero z has trivial kernel. In the direction
v e H2 (S!,R)itis given by

sym

DF(z)v = —v" +a(z)v + (Da(z)v)z

with
2(z', vy 20|Z'|P(z,v) | 6{z,v)
Da(z)v = -
Izl Iz)1* IzlI®
_ 2 (_Z// _ ”Z/HZZ 3 - )
Izl Izl2~ =zl
2 ( 2
= ——(—2a(z) + —)(z, v),
Izl lIzll®
where for the last equality we have used F(z) = 0. Using a(z) = —n2, it follows that an

element v in the kernel of DF (z) satisfies

—v" —n?v+b(z,v)z2=0 (130)
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with the constant

4 1
Iz1I> lIzll®
It follows that v is smooth. Multiplying (130) by v and integrating from O to 1 yields
(=", v) — 22| v)|* + b{z,v)* = 0. (131)
Since v extends to an odd 2-periodic function, it has a Fourier expansion
o0
v(t) = ch sin(rkt), ¢ €R.
k=1

We deduce v'(1) = ZZ‘;I ke cos(mkt) and thus the Poincaré inequality
s s

(=) = WIP =5 Y wkieE = 5 ) wte = A
k=1 k=1

Hence (131) can only hold if b(z,v)? < 0,i.e. (z,v) = 0, and equality holds in the Poincaré
inequality, i.e. ¢y = 0 for all k > 2. Thus v(t) = ¢; sin(7), and (v, z) = 0 implies v = 0.
This concludes the proof of Proposition D.4.

D.4. Hessian of the Kepler problem with constant force

In this subsection we prove Proposition D.5. Denote by z, the unique symmetric Kepler
orbit from the previous subsection and by g (¢) = z,(t(¢))? its Levi-Civita transform. We
denote its average using (3) by

_ =l
a .= 42 = 2

= >0
221

Using this, we rewrite the functions a; and b; from Section D.2 as

a1(z1.22) = EAR o lz2)|* - (|27 |17
L 2,) =
lzol? Nzall® 20ze )2 - Az - lz2 02 = 123117 - [1z111%)?
A I [EAls
- 9
lzel? lzall® 20z0l? - (Iz21? —a - |z1]17)?
|22 ]|*

bi(z1,22) =

(UzF12 - llz2l? = 1122112 - 11117
B 1
(2212 —a - |21 %2

Renaming z; to z, we thus consider the map

F:W — H? (S'.R), F(z)=—z"+4ai1(z)z + bi(2)z> (132)

sym
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with

E 222

0% Nzle 20zl - (Iz2]1? —a - [|z]|*)?
1

b = 0
&)= tEE e e

ay(z) =

defined on the space
W:={ze H*(S".R) | z(r) > Oforallr € S', [|z?|]> > a|z||*}.

So F corresponds to the map z; — Fj(z1, z3) in Proposition D.5. By the discussion in
Section D.1, the unique zero of F is the constant function

z(t) =z,
where Z > 0 is uniquely determined by the equation F(z) = 0, or equivalently
a1(z) + b1(2)z2 = 0. (133)

We need to show that the derivative of F at its zero Z has trivial kernel. In the direction
ve H2 (S',R)itis given by

sym
DF(Z)v = —v" + (a1 + 3b12%)v + ¢;
with the constants a1 = a1(2), b, = b1(2Z) and
c1 = (Vai(2),v)z + (Vb1 (Z),v)Z°>.
Using (133) the equation DF(z)v = 0 thus becomes
V" =2b12%v + 1. (134)

As in the proof of Lemma D.2 it follows that v is constant: it attains its maximum at some
time T, € S1 satisfying

V" (Tmax) = 261220 (Tmax) + €1 < 0.
From b; > 0 it follows that for all T € S! we have
V(1) = 2b172%v(7) + ¢1 < 2b17%0(Tmax) + €1 < 0,
which by periodicity implies that v(7) = v is constant. Plugging this into (134) yields
A =0 (135)

with the constant
A= 2b1(2)z% + Vai(2)z + Vb (2)Z3.
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To compute A, we plug z = Z into a; and b, to get

- 1 1

@O =% T mE
_ 1

h@ =gz

and compute their derivatives (as functions R — R)

6 2z2(z2—a)>+7z%2-2(2>—-a)-22

37 27422 —q)4

6 322 —a

7t BE

4z3(z22 —a)®> +z*-2(2%> —a) - 22
z8(z2 —a)*

Va,(z) =

Vby(2) = —
4a — 822
z5(22 —a)3’

From (133) we obtain

1 1 1
0 = A b AV = —— — N
@) +hi(2)z E T T T

and therefore
1 1

76~ 222(z2 _q)2°

Using this and the preceding formulas we compute

A =2b1(2)z? + Va,(2)z + Vb (2)z3

_ 2 6 32> —a+4a -8z
- 22(52 _ a)2 Z6 53(22 _ a)3
243 3a — 522

2@ _ap | BE_ap
522 — 5a + 3a — 5z?
73(22 —a)3
—2a

=——— <0.
z23(z2 —a)?
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Hence (135) implies v = 0. This concludes the proof of Proposition D.5, and therefore of

Theorem D.1.
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