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Abstract
In this note we continue the study of nonlocal interaction dynamics on a
sequence of infinite graphs, extending the results of Esposito, Heinze and
Schlichting to an arbitrary number of species. Our analysis relies on the
observation that the graph dynamics form a gradient flow with respect to a
non-symmetric Finslerian gradient structure. Keeping the nonlocal interac-
tion energy fixed, while localizing the graph structure, we are able to prove
evolutionary Γ-convergence to an Otto-Wassertein-type gradient flow with a
tensor-weighted, yet symmetric, inner product. As a byproduct this implies the
existence of solutions to the multi-species non-local (cross-)interaction system
on the tensor-weighted Euclidean space.

1 INTRODUCTION

In this work we consider the local limit of a system of nonlocal (cross-)interaction equations on graphs, introduced in
ref. [1]. We mildly extend the recent work [2], which established the local limit for a single species by introducing 𝑁 − 1

additional species and a coupling between different species via the nonlocal interaction energy functional.
Following refs. [1, 3, 4], our model is set on an abstract graph, where vertices are represented by a Radon measure

𝜇 ∈ +(ℝ𝑑), which we call the base measure. Intuitively, the support of 𝜇 defines the underlying set of vertices, that is,
𝑉 = supp𝜇. In particular, any finite graph can be represented by choosing 𝜇 = 𝜇𝑛 =

∑𝑛

𝑖=1 𝛿𝑥𝑖∕𝑛, for 𝑥1, 𝑥2, … , 𝑥𝑛 ∈ ℝ𝑑.
Vertices are connected according to a given edge weight map 𝜂 ∶ ℝ2𝑑⟋ → [0,∞), with ℝ2𝑑⟋ ∶= {(𝑥, 𝑦) ∈ ℝ𝑑 × ℝ𝑑 ∶ 𝑥 ≠ 𝑦}.
Consequently, the set of edges is given as𝐺 = {(𝑥, 𝑦) ∈ ℝ2𝑑⟋ ∶ 𝜂(𝑥, 𝑦) > 0} andmass froma vertex𝑥 ∈ ℝ𝑑 can be nonlocally
transported to 𝑦 ∈ ℝ𝑑 along a channel with capacity/weight given by 𝜂(𝑥, 𝑦). We remark that the model also extends to
multiple graphs (𝜇(𝑖), 𝜂(𝑖)), 𝑖 = 1, … ,𝑁, one for each species, but we consider for simplicity in the sequel only a single
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graph (𝜇, 𝜂). As our notion of graph allows for isolated points, the local gradient and divergence operators are replaced by
nonlocal analogues. Precisely, we define the nonlocal gradient of a function 𝑓 ∶ ℝ𝑑 → ℝ and the nonlocal divergence is
then given for a signed Radon measure 𝑗 ∈ (𝐺) by

∇𝑓(𝑥, 𝑦) ∶= 𝑓(𝑦) − 𝑓(𝑥) and ∇ ⋅ 𝑗(𝑑𝑥) ∶=
1

2 ∫
ℝ𝑑⧵{𝑥}

𝜂(𝑥, 𝑦) 𝑑(𝑗(𝑥, 𝑦) − 𝑗(𝑦, 𝑥)), (1.1)

Another structural property of a graph is that, in contrast to a local setting, probability densities are defined on ver-
tices, while fluxes and velocities are defined on edges. In order to cope with this fact, one needs to introduce a suitable
interpolating function into the kinetic relation and hence the dynamics. In the present work we employ an upwind inter-
polation. We refer to refs. [1, 3, 4] for more details. Another important aspect is to deal with a large number of entities, for
instance individuals or data; hence it is crucial to consider discrete and continuum models. The setup introduced for a
single species in ref. [4] and extended to two species in ref. [1] allows to consider both descriptions in a unified framework,
as follows.
The nonlocal (cross-)interaction system of 𝑁 ∈ ℕ equations we consider can be specified through three elements: a

nonlocal continuity equation, an kinetic relation, and a constitutive relation for a nonlocal velocity. The nonlocal continuity
equation describes the time-evolution of an 𝑁-tuple of probability measures ρ𝑡 = (𝜌

(1)
𝑡 , … , 𝜌

(𝑁)
𝑡 ) ∈ ((ℝ𝑑))𝑁 , for 𝑡 in a

time interval [0, 𝑇] via the equations

𝜕𝑡𝜌
(𝑖)
𝑡 + ∇ ⋅ 𝑗

(𝑖)
𝑡 = 0, 𝑖 = 1, … ,𝑁. (1.2a)

Here, the flux is a time-dependent pair of antisymmetric measures, j𝑡 = (𝑗
(1)
𝑡 , … , 𝑗

(𝑁)
𝑡 ) ∈ ((𝐺))𝑁 . We will use the short-

hand notation (𝛒, j) = ((ρ𝑡)𝑡, (j𝑡)𝑡) ∈ NCE𝑇 for any solution of (1.2a), compare Definition 2.4. Given an𝑁-species nonlocal
time-dependent velocity field v = (𝒗(1), … , 𝒗(𝑁)) = ((𝑣

(1)
𝑡 )𝑡, … , (𝑣

(𝑁)
𝑡 )𝑡) ∶ [0, 𝑇] × 𝐺 → ℝ𝑁 the kinetic relation constituting

the associated flux is given by the upwind interpolation

𝑑𝑗
(𝑖)
𝑡 (𝑥, 𝑦) = 𝑣

(𝑖)
𝑡 (𝑥, 𝑦)+ 𝑑(𝜌(𝑖) ⊗ 𝜇)(𝑥, 𝑦) − 𝑣

(𝑖)
𝑡 (𝑥, 𝑦)− 𝑑(𝜇 ⊗ 𝜌(𝑖))(𝑥, 𝑦), 𝑖 = 1, … ,𝑁, (1.2b)

where for 𝑎 ∈ ℝ we denote by 𝑎+ = max{𝑎, 0} and 𝑎− = max{−𝑎, 0} the positive and negative part, respectively. The last
element of the model is the identification of the velocity fields in terms of symmetric interaction potentials 𝐾(𝑖𝑘) ∶ ℝ𝑑 ×

ℝ𝑑 → ℝ, 𝑖, 𝑘 = 1… ,𝑁 and potentials 𝑃(𝑖) ∶ ℝ𝑑 → ℝ, 𝑖 = 1, … ,𝑁 by

𝑣
(𝑖)
𝑡 (𝑥, 𝑦) = −∇𝑃(𝑖)(𝑥, 𝑦) −

𝑁∑
𝑘=1

∇𝐾(𝑖𝑘) ∗ 𝜌
(𝑘)
𝑡 (𝑥, 𝑦), 𝑖 = 1, … ,𝑁. (1.2c)

System (1.2) was introduced in ref. [1] as a Finslerian gradient flow of the nonlocal cross-interaction energy

(𝜌) =
𝑁∑
𝑖=1

∫
ℝ𝑑

𝑃(𝑖)(𝑥) 𝑑𝜌(𝑖)(𝑥) +
1

2

𝑁∑
𝑖,𝑘=1

∬
ℝ2𝑑

𝐾(𝑖𝑘)(𝑥, 𝑦) 𝑑𝜌(𝑘)(𝑦) 𝑑𝜌(𝑖)(𝑥). (1.3)

Note that the velocity field is given as the nonlocal gradient of the first variation of the energy, that is 𝑣(𝑖)𝑡 = −∇
𝛿(𝜌𝑡)
𝛿𝜌(𝑖)

,

where 𝛿(𝜌𝑡)
𝛿𝜌(𝑖)

= 𝑃(𝑖) +
∑𝑁

𝑘=1 𝐾
(𝑖𝑘) ∗ 𝜌(𝑘) denotes the variational derivative of  with respect to the species 𝑖 and (𝐾(𝑖𝑘) ∗

𝜌(𝑘))(𝑥) = ∫
ℝ𝑑 𝐾

(𝑖𝑘)(𝑥, 𝑦) 𝑑𝜌(𝑘)(𝑦), for any 𝑥 ∈ ℝ𝑑, 𝑖, 𝑘 = 1,… ,𝑁. In the case 𝜌(1), … , 𝜌(𝑁) ≪ 𝜇, denoting by 𝜌(𝑖) both the
measure 𝜌(𝑖) and its density with respect to 𝜇, system (1.2) reads for 𝜇−a.e. 𝑥 as

𝜕𝑡𝜌
(𝑖)
𝑡 (𝑥) + ∫

ℝ𝑑

(
∇𝑃(𝑖)(𝑥, 𝑦) +

𝑁∑
𝑘=1

∇𝐾(𝑖𝑘) ∗ 𝜌
(𝑘)
𝑡 (𝑥, 𝑦)

)
−

𝜂(𝑥, 𝑦)𝜌
(𝑖)
𝑡 (𝑥) 𝑑𝜇(𝑦)

− ∫
ℝ𝑑

(
∇𝑃(𝑖)(𝑥, 𝑦) +

𝑁∑
𝑘=1

∇𝐾(𝑖𝑘) ∗ 𝜌
(𝑘)
𝑡 (𝑥, 𝑦)

)
+

𝜂(𝑥, 𝑦)𝜌
(𝑖)
𝑡 (𝑦) 𝑑𝜇(𝑦) = 0,

𝑖 = 1, … ,𝑁. (𝖭𝖫𝟤𝖨𝖤)
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Wewill refer to it as nonlocal-nonlocal in view of the nonlocal nature of the graph. An intriguing problem is to understand
the limiting behaviour of weak solutions to (𝖭𝖫𝟤𝖨𝖤) as the graph structure localizes, that is, the range of connection
between vertices decreases, while the weight of each connecting edge increases. Following a formal argument presented
in ref. [4, Section 3.5], one expects that these weak solutions approximate, under suitable conditions on the interaction
kernels, weak solutions of the nonlocal cross-interaction equation onℝ𝑑. However, as we shall see, the intrinsic geometry
of the graph impacts the limiting gradient structure of the equation. Accordingly, the main goal of this work is to provide
a rigorous proof of the local limit of the (𝖭𝖫𝟤𝖨𝖤) along a sequence of edge weight maps 𝜂𝜀 ∶ ℝ2𝑑⟋ → [0,∞) defined by

𝜂𝜀(𝑥, 𝑦) ∶=
1

𝜀𝑑+2
𝜗
(𝑥 + 𝑦

2
,
𝑥 − 𝑦

𝜀

)
, (1.4)

in terms of a reference connectivity 𝜗 ∶ ℝ𝑑 × ℝ𝑑⧵{0} → [0,∞) satisfying the Assumptions (ϑ1)–(ϑ5) below. The corre-
sponding set of edges is then denoted 𝐺𝜀 ∶= {(𝑥, 𝑦) ∈ ℝ2𝑑⟋ ∶ 𝜂𝜀(𝑥, 𝑦) > 0}. The scaling in (1.4) leads to the local evolution

𝜕𝑡𝜌
(𝑖)
𝑡 = ∇ ⋅

(
𝜌
(𝑖)
𝑡 𝕋

(
𝑁∑
𝑘=1

∇𝑃(𝑖) + ∇𝐾(𝑖𝑘) ∗ 𝜌
(𝑘)
𝑡

))
, 𝑖 = 1, … ,𝑁, (𝖭𝖫𝖨𝖤𝕋)

where the tensor 𝕋 ∶ ℝ𝑑 → ℝ𝑑×𝑑 depends on the nonlocal structure encoded by 𝜇 and 𝜗. The limiting equation (𝖭𝖫𝖨𝖤𝕋)
can be similarly decomposed into three components. First, the local continuity equation on ℝ𝑑 given as

𝜕𝑡𝜌
(𝑖)
𝑡 + ∇ ⋅ 𝚥

(𝑖)
𝑡 = 0, 𝑖 = 1, … ,𝑁, (1.5a)

where now ȷ̂𝑡 = (𝚥
(1)
𝑡 , … , 𝚥

(𝑁)
𝑡 ) ∈ ((ℝ𝑑; ℝ𝑑))𝑁 is a time-dependent vector-valued flux. Second, a kinetic relation, for the

flux ȷ̂𝑡 in terms of a vector field v̂𝑡 = (𝑣
(1)
𝑡 , … , 𝑣

(𝑁)
𝑡 ) ∶ ℝ𝑑 → ℝ𝑁𝑑 encoding the tensor structure of (𝖭𝖫𝖨𝖤𝕋) as

𝚥
(𝑖)
𝑡 (𝑑𝑥) = 𝜌

(𝑖)
𝑡 (𝑑𝑥)𝕋(𝑥)𝑣

(𝑖)
𝑡 (𝑥) = 𝜌

(𝑖)
𝑡 (𝑑𝑥)

𝑑∑
𝑙,𝑚=1

𝕋𝑙𝑚(𝑥)𝑣
(𝑖)
𝑡,𝑚(𝑥)𝑒𝑙, 𝑖 = 1, … ,𝑁, (1.5b)

where 𝑒𝑙 denotes the 𝑙-th unit vector. Third, a constitutive relation for the velocity linking to the interaction energy (1.3)
given by

𝑣
(𝑖)
𝑡 = −∇𝑃(𝑖) −

𝑁∑
𝑘=1

∇𝐾(𝑖𝑘) ∗ 𝜌
(𝑘)
𝑡 = −∇

𝛿(𝜌𝑡)
𝛿𝜌(𝑖)

, 𝑖 = 1, … ,𝑁. (1.5c)

We provide a rigorous proof for the convergence of (𝖭𝖫𝟤𝖨𝖤) with 𝜂𝜀 given through (1.4) and 𝜇 ≪ ℒ𝑑 satisfying (μ1), (μ2)
below to (𝖭𝖫𝖨𝖤𝕋), in case of 𝐶1 interaction kernels 𝐾(𝑖𝑘), 𝑖, 𝑘 = 1,… ,𝑁 satisfying Assumptions (K1)–(K4) below. Note
that the regularity assumptions on 𝜇 are far less restrictive than it seems at first glance, since such 𝜇 are known to be
approximated by finite graphs, compare ref. [4] in conjunction with ref. [2, Appendix B]. The result is also somewhat
sharp regarding the 𝐶1-regularity of the kernels 𝐾(𝑖𝑘), 𝑖, 𝑘 = 1,… ,𝑁, since for attractive pointy potentials one cannot
expect convergence of weak solutions, as pointed out in ref. [4, Remark 3.18].

2 ASSUMPTIONS AND DEFINITIONS

Graph
We state the assumptions on the base measure 𝜇 ∈ +(ℝ𝑑) and the edge connectivity 𝜗 ∶ ℝ𝑑 × (ℝ𝑑⧵{0}) → [0,∞). We
assume 𝑑𝜇 = 𝜇 𝑑ℒ𝑑 such that there exists 𝜔𝜇 ∈ 𝐶([0,∞); [0,∞)) with 𝜔𝜇(𝛿) → 0 as 𝛿 → 0 and

∀𝑥, 𝑦 ∈ ℝ𝑑 it holds |𝜇(𝑥) − 𝜇(𝑦)| ≤ 𝜔𝜇(|𝑥 − 𝑦|), (μ1)

∃ 𝑐𝜇, 𝐶𝜇 > 0 such that ∀𝑥 ∈ ℝ𝑑 it holds 𝑐𝜇 ≤ 𝜇(𝑥) ≤ 𝐶𝜇. (μ2)
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For the edge connectivity map 𝜗 ∶ ℝ𝑑 × (ℝ𝑑⧵{0}) → [0,∞) we assume there exists a modulus of continuity 𝜔𝜗 ∈

𝐶([0,∞); [0,∞)) satisfying 𝜔𝜗(0) = 0, such that

∀𝑧 ∈ ℝ𝑑 the map 𝑤 ↦ 𝜗(𝑧, 𝑤) is symmetric and continuous on {𝜗(𝑧, ⋅)} > 0; (ϑ1)

∀𝑧, 𝑧̄ ∈ ℝ𝑑, 𝑤 ∈ ℝ𝑑⧵{0} it holds |𝜗(𝑧, 𝑤) − 𝜗(𝑧̄, 𝑤)| ≤ 𝜔𝜗(|𝑧 − 𝑧̄|); (ϑ2)

∃𝐶𝗌𝗎𝗉𝗉 > 0 such that ∀𝑧 ∈ ℝ𝑑 it holds supp 𝜗(𝑧, ⋅) ⊂ 𝐵𝐶𝗌𝗎𝗉𝗉 ; (ϑ3)

∃𝐶𝗆𝗈𝗆 > 0 such that sup
(𝑧,𝑤)∈ℝ𝑑×(ℝ𝑑⧵{0})

|𝑤|2𝜗(𝑧, 𝑤) ≤ 𝐶𝗆𝗈𝗆; (ϑ4)

∃𝑐𝗇𝖽 > 0 such that ∀𝑧, 𝜉 ∈ ℝ𝑑 it holds∫
ℝ𝑑⧵{0}

|𝑤 ⋅ 𝜉|2𝜗(𝑧, 𝑤) 𝑑𝑤 ≥ 𝑐𝗇𝖽|𝜉|2. (ϑ5)

Example 2.1. Consider a tensor𝔻 ∈ 𝐶(ℝ𝑑; ℝ𝑑×𝑑) uniformly elliptic and bounded, that is, there exist 0 < 𝐷∗ ≤ 𝐷∗ < +∞

such that 𝐷∗ Id ≤ 𝔻 ≤ 𝐷∗ Id in the sense of quadratic forms. We define the edge connectivity

𝜗(𝑧, 𝑤) =

{
𝑑(𝑧), ⟨𝑤,𝔻(𝑧)−1𝑤⟩ ≤ 1,

0, ⟨𝑤,𝔻(𝑧)−1𝑤⟩ > 1,

where 𝑑(𝑧) = 2∕[𝐶𝑑(det𝔻(𝑧))
1

2 ] and 𝐶𝑑 = 𝜋
𝑑

2 ∕(2Γ(
𝑑

2
+ 2)). Then, with 𝜇 = ℒ𝑑 we obtain 𝕋 = 𝔻, compare ref. [2, Sec-

tion 2.2]. In particular, for 𝜇 = ℒ𝑑 and 𝜗(𝑧, 𝑤) = 𝜗(𝑤) = 𝐶̃𝑑𝟙𝐵1(𝑤), with a suitable dimensional constant 𝐶̃𝑑 > 0, we have
𝕋 = Id.

Nonlocal interaction energy
To simplify notation, we drop in what follows the potential energy terms 𝑃(𝑖), 𝑖 = 1, … ,𝑁, since they can be treated
similarly. The remaining 𝑁-species nonlocal interaction energy considered in what follows is defined by

(ρ) ∶= 1

2

𝑁∑
𝑖,𝑘=1

∬
ℝ2𝑑

𝐾(𝑖𝑘)(𝑥, 𝑦) 𝑑𝜌(𝑖)(𝑥) 𝑑𝜌(𝑘)(𝑦).

We assume the interaction kernels 𝐾(𝑖𝑘) ∶ ℝ𝑑 × ℝ𝑑 → ℝ, 𝑖, 𝑘 = 1,… ,𝑁 to satisfy the following assumptions:

𝐾(𝑖𝑘) ∈ 𝐶1(ℝ𝑑 × ℝ𝑑); (K1)

𝐾(𝑖𝑘)(𝑥, 𝑦) = 𝐾(𝑖𝑘)(𝑦, 𝑥) for (𝑥, 𝑦) ∈ ℝ𝑑 × ℝ𝑑; (K2)

∃𝐿𝐾 > 0 such that for all (𝑥, 𝑦), (𝑥′, 𝑦′) ∈ ℝ𝑑 × ℝ𝑑, 𝑖, 𝑘 = 1,… ,𝑁 it holds

|𝐾(𝑖𝑘)(𝑥, 𝑦) − 𝐾(𝑖𝑘)(𝑥′, 𝑦′)| ≤ 𝐿𝐾
(|(𝑥, 𝑦) − (𝑥′, 𝑦′)| ∨ |(𝑥, 𝑦) − (𝑥′, 𝑦′)|2); (K3)

∃𝐶𝐾 > 0 such that for all (𝑥, 𝑦) ∈ ℝ𝑑 × ℝ𝑑 it holds |∇𝐾(𝑖𝑘)(𝑥, 𝑦)| ≤ 𝐶𝐾(1 + |𝑥| + |𝑦|). (K4)

Furthermore, we require symmetry of the cross-interactions, 𝐾(𝑖𝑘) = 𝐾(𝑘𝑖) for 𝑖, 𝑘 = 1,… ,𝑁 with 𝑖 ≠ 𝑘, in order to ensure
that (𝖭𝖫𝟤𝖨𝖤) is a gradient flow of  , see ref. [5]. This assumption can be weakened to 𝛽(𝑖)𝐾(𝑖𝑘) = 𝛽(𝑘)𝐾(𝑘𝑖) for 𝑖, 𝑘 = 1,… ,𝑁

for numbers 𝛽(𝑖) > 0, as is done in ref. [1] for two species.

Graph quasi-metric structure
In order to have a graph-analogue of Otto-Wasserstein gradient flows, compare refs. [6, 7], for interaction energies we
defined a suitable quasi-metric space, where the quasi-distance is obtained in a dynamical formulation à la Benamou–
Brenier, [8]. For this reason, it is crucial to identify paths connecting probability measures, a nonlocal continuity equation,
and an upwind-induced action functional resembling the total kinetic energy.
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ESPOSITO et al. 5 of 8

Definition 2.2 (Action). Let 𝜇 ∈ +(ℝ𝑑) and 𝜂 ∶ ℝ2𝑑⟋ → [0,∞) as before. For ρ ∈ ((ℝ𝑑))𝑁 and j ∈ ((𝐺))𝑁 , we define
the nonlocal action density functional

(𝜇, 𝜂; ρ, j)∶=

{ 1

2

∑𝑁

𝑖=1
∬
𝐺
([𝑣(𝑖)]2+(𝑥, 𝑦) + [𝑣(𝑖)]2−(𝑦, 𝑥))𝜂(𝑥, 𝑦) 𝑑𝜌

(𝑖)(𝑥) 𝑑𝜇(𝑦), if (1.2b) holds for (𝑣(1), … , 𝑣(𝑁)),

∞, if there is no such (𝑣(1), … , 𝑣(𝑁)).

As proved in ref. [1, Lemma 2.13] for fixed 𝜂 the functional (𝜇, 𝜂; ρ, j) is weakly-∗ lower semicontinuous in 𝜇, ρ
and j. If (𝜇, 𝜂; ρ, j) < ∞, we denote ̃(𝜇, 𝜂; ρ, v) ∶= (𝜇, 𝜂; ρ, j) the action density with the corresponding velocity
v = (𝑣(1), … , 𝑣(𝑁)). Given a pair of curves (𝛒, j) ∶= ((ρ𝑡)𝑡∈[0,𝑇], (j𝑡)𝑡∈[0,𝑇])with ρ𝑡 ∈ ((ℝ𝑑))𝑁 and j𝑡 ∈ ((𝐺))𝑁 , we define
the nonlocal action of (𝛒, j) as(𝜇, 𝜂; 𝛒, j) ∶= ∫ 𝑇

0
(𝜇, 𝜂; ρ𝑡, j𝑡) 𝑑𝑡.

Definition 2.3 (Nonlocal continuity equation). We denote by NCE𝑇 the set of all weak solutions (𝛒, j) to the nonlocal
continuity equation (1.2a). More precisely, these are pairs such that 𝛒 ∶ [0, 𝑇] → ((ℝ𝑑))𝑁 is a narrowly continuous curve,
j ∶ [0, 𝑇] → ((𝐺))𝑁 is a measurable curve satisfying

∑𝑁

𝑖=1
∫ 𝑇

0
∬
𝐺
(2 ∧ |𝑥 − 𝑦|)𝜂(𝑥, 𝑦) 𝑑|𝑗(𝑖)𝑡 |(𝑥, 𝑦) 𝑑𝑡 < ∞, and for all 𝝋 ∈

𝐶∞
𝑐 ((0, 𝑇) × ℝ𝑑) it holds

∫
𝑇

0
∫
ℝ𝑑

𝜕𝑡𝜑𝑡(𝑥) 𝑑𝜌
(𝑖)
𝑡 (𝑥) 𝑑𝑡 +

1

2 ∫
𝑇

0
∬

𝐺

∇𝜑𝑡(𝑥, 𝑦)𝜂(𝑥, 𝑦) 𝑑𝑗
(𝑖)
𝑡 (𝑥, 𝑦) 𝑑𝑡 = 0, 𝑖 = 1, … ,𝑁.

Definition 2.4 (Nonlocal extended quasi-metric). We define the nonlocal extended quasi-metric at ϱ0, ϱ1 ∈ (2(ℝ
𝑑))𝑁 by

 ⊕𝑁
𝜇,𝜂 (ϱ0, ϱ1) ∶= inf

(𝛒,j)∈NCE(ϱ0,ϱ1)
((𝜇, 𝜂; 𝛒, j))1∕2,

where NCE(ϱ0, ϱ1) ∶= {(𝛒, j) ∈ NCE1 ∶ ρ0 = ϱ0, ρ1 = ϱ1}. When 𝜇 and 𝜂 are clear from the context, we will shorten
notation by writing  ⊕𝑁 . In the context of pairs (𝜇, 𝜂𝜀), we will often write  ⊕𝑁

𝜀 .

Properties of  ⊕𝑁
𝜇,𝜂 can be found in ref. [1, Section 2], including that it is indeed an extended quasi-metric on (2(ℝ

𝑑))𝑁 .
Furthermore, we emphasize that since the nonlocal continuity equation does not couple different species and the 𝑁-
species action is a sum of single-species actions, the quasi-metric defined above is in fact also a sum of single-species
quasi-metrics, that is,  ⊕𝑁

𝜇,𝜂 (ϱ0, ϱ1) =
∑𝑁

𝑖=1 𝜇,𝜂(𝜚(𝑖)0 , 𝜚
(𝑖)
1 ), being 𝜇,𝜂 the single-species nonlocal extended quasi-metric.

Definition 2.5 (Absolutely continuous curve and metric derivative). We denote by AC2([0, 𝑇]; ((2(ℝ
𝑑))𝑁 ,  ⊕𝑁

𝜇,𝜂 )) the
set of 2-absolutely continuous curves with respect to  ⊕𝑁

𝜇,𝜂 , that is for such a 2-absolutely continuous curve 𝛒 there exists
𝑚 ∈ 𝐿2([0, 𝑇]) such that for all 0 ≤ 𝑠 ≤ 𝑡 ≤ 𝑇 we have  ⊕𝑁

𝜇,𝜂 (ρ𝑠, ρ𝑡) ≤ ∫ 𝑡

𝑠
𝑚(𝜏) 𝑑𝜏. The (forward) metric derivative of a 2-

absolutely continuous curve 𝛒 ∈ AC2([0, 𝑇]; ((2(ℝ
𝑑))𝑁 ,  ⊕𝑁

𝜇,𝜂 )) is defined for a.e. 𝑡 ∈ [0, 𝑇] by

|ρ′𝑡|𝜇,𝜂 ∶= lim
𝜏↘0

 ⊕𝑁
𝜇,𝜂 (ρ𝑡, ρ𝑡+𝜏)

𝜏
= lim

𝜏↘0

 ⊕𝑁
𝜇,𝜂 (ρ𝑡−𝜏, ρ𝑡)

𝜏
.

As for the extended quasi-metric, we will often shorten the notation by writing |ρ′𝑡|𝜀 instead of |ρ′𝑡|𝜇,𝜂𝜀 .
Definition 2.6 (Metric slope and De Giorgi functional). For any ρ ∈ (2(ℝ

𝑑))𝑁 , we recall the definition of the variational
derivative 𝛿

𝛿ρ
(ρ) = (

∑𝑁

𝑘=1 𝐾
(1𝑘) ∗ 𝜌(𝑘), … ,

∑𝑁

𝑘=1 𝐾
(𝑁𝑘) ∗ 𝜌(𝑘)), and we define the graph (quasi-)metric slope at ρ by

𝜇,𝜂(𝜌) ∶= ̃
(
𝜇, 𝜂; ρ, −∇

𝛿
𝛿ρ

(ρ)

)
.

With this, for any 𝛒 ∈ AC2([0, 𝑇]; ((2(ℝ
𝑑))𝑁 ,  ⊕𝑁)), the graph De Giorgi functional at 𝛒 is defined as

𝜇,𝜂(𝛒) ∶= (ρ𝑇) − (ρ0) + 1

2 ∫
𝑇

0

(𝜇,𝜂(ρ𝜏) + |ρ′𝜏|2𝜇,𝜂) 𝑑𝜏.
As before, we will often denote𝜀 ∶= 𝜇,𝜂𝜀 and 𝜀 ∶= 𝜇,𝜂𝜀 .
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6 of 8

Tensorized local metric structure
The limiting local structure is also defined in the spirit of ref. [8] as follows.

Definition 2.7 (Tensorized local action). Given a Borel measurable, continuous, symmetric, and uniformly elliptic tensor
𝕋 ∶ ℝ𝑑 → ℝ𝑑 × ℝ𝑑, we define the local action density by

𝕋(ρ, ȷ̂) ∶=
𝑁∑
𝑖=1

‖‖‖‖‖ 𝑑𝚥
(𝑖)

𝑑𝜌(𝑖)

‖‖‖‖‖
2

𝐿2(𝜌(𝑖);ℝ𝑑
𝕋
)

∶=

𝑁∑
𝑖=1

∫
ℝ𝑑

⟨
𝕋−1(𝑥)

𝑑𝚥(𝑖)

𝑑𝜌(𝑖)
(𝑥),

𝑑𝚥(𝑖)

𝑑𝜌(𝑖)
(𝑥)

⟩
𝑑𝜌(𝑖)(𝑥).

Similar to the graph setting, we denote ̃𝕋(ρ, v̂) ∶= 𝕋(ρ, ȷ̂) if v̂ and ȷ̂ are related by (1.5b), and we denote the local action
of a pair of curves (𝛒, ȷ̂) by𝕋(𝛒, ȷ̂) ∶= ∫ 1

0
𝕋(ρ𝑡, ȷ̂𝑡) 𝑑𝑡.

Definition 2.8 (Local continuity equation). We denote by CE𝑇 the set of all weak solutions (𝛒, ȷ̂) to the local continuity
equation (1.5a).More precisely, these are pairs such that 𝛒 ∶ [0, 𝑇] → ((ℝ𝑑))𝑁 is a narrowly continuous curve, ȷ̂ ∶ [0, 𝑇] →

((ℝ𝑑; ℝ𝑑))𝑁 is a measurable curve satisfying
∑𝑁

𝑖=1
∫ 𝑇

0
|𝑗(𝑖)𝑡 |(ℝ𝑑) 𝑑𝑡 < ∞, and for all 𝝋 ∈ 𝐶∞

𝑐 ((0, 𝑇) × ℝ𝑑) it holds

∫
𝑇

0
∫
ℝ𝑑

𝜕𝑡𝜑𝑡(𝑥) 𝑑𝜌
(𝑖)
𝑡 (𝑥) 𝑑𝑡 + ∫

𝑇

0
∫
ℝ𝑑

∇𝜑𝑡(𝑥) ⋅ 𝑑𝚥
(𝑖)
𝑡 (𝑥) 𝑑𝑡 = 0, 𝑖 = 1, … ,𝑁.

Definition 2.9 (Tensorized local metric). We define the tensorized local metric at ϱ0, ϱ1 ∈ (2(ℝ
𝑑))𝑁 by

𝑊⊕𝑁
𝕋

(ϱ0, ϱ1) ∶= inf
(𝛒,ȷ̂)∈CE(ϱ0,ϱ1)

(𝕋(𝛒, ȷ̂))
1∕2

,

where CE(ϱ0, ϱ1) ∶= {(𝛒, j) ∈ CE1 ∶ ρ0 = ϱ0, ρ1 = ϱ1}.

We notice that in contrast to the graph quasi-metric, the local metric is indeed symmetric. Furthermore, similar to the
graph, we have the decoupling𝑊⊕𝑁

𝕋
(ϱ0, ϱ1) =

∑𝑁

𝑖=1𝑊𝕋(𝜚
(𝑖)
0 , 𝜚

(𝑖)
1 ), being𝑊𝕋 the single-species tensorized local metric.

Definition 2.10. Let ρ ∈ (2(ℝ
𝑑))𝑁 . The metric slope of the nonlocal interaction energy is given by

𝕋(ρ) ∶= ̃𝕋

(
ρ, −𝕋∇

𝛿(ρ)
𝛿ρ

)
=

𝑁∑
𝑖=1

∫
ℝ𝑑

⟨(
𝑁∑
𝑘=1

∇𝐾(𝑖𝑘) ∗ 𝜌(𝑘)

)
, 𝕋(𝑥)

(
𝑁∑
𝑘=1

∇𝐾(𝑖𝑘) ∗ 𝜌(𝑘)

)⟩
𝑑𝜌(𝑖)(𝑥),

where the notation 𝕋∇
𝛿(ρ)
𝛿ρ

means that 𝕋∇ acts on each 𝑑-dimensional component of 𝛿(ρ)
𝛿ρ

individually. For any 𝛒 ∈

AC2([0, 𝑇]; ((2(ℝ
𝑑
𝕋))

𝑁 ,𝑊⊕𝑁
𝕋

)), the local De Giorgi functional at 𝛒 is defined as

𝕋(𝛒) ∶= (ρ𝑇) − (ρ0) + 1

2 ∫
𝑇

0

(𝕋(ρ𝜏) + |ρ′𝜏|2𝕋) 𝑑𝜏.
3 RESULTS

The main result of the present work is the graph-to-local limit for the nonlocal interaction equation.

Theorem3.1 (Graph-to-local limit). Let (𝜇, 𝜗) satisfy (μ1), (μ2) and (ϑ1)–(ϑ5). Let 𝜂𝜀 be given by (1.4) and assume𝐾(𝑖𝑘), 𝑖, 𝑘 =

1,… ,𝑁 satisfy (K1)–(K4). For any 𝜀 > 0 suppose that 𝛒𝜀 ∈ AC2([0, 𝑇]; ((2(ℝ
𝑑))𝑁 ,  ⊕𝑁

𝜀 ))with (ρ𝜀0)𝜀 ⊂ (2(ℝ
𝑑))𝑁 such that

sup𝜀>0
∑𝑁

𝑖=1𝑀2(𝜌
(𝑖),𝜀
0 ) < ∞ is a gradient flow of  in ((2(ℝ

𝑑))𝑁 ,  ⊕𝑁
𝜀 ), that is,

𝜀(𝛒
𝜀) = 0 for any 𝜀 > 0.

 16177061, 2023, 4, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/pam

m
.202300094 by U

niversitaetsbibl A
ugsburg, W

iley O
nline Library on [10/01/2024]. See the Term

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline Library for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons License



ESPOSITO et al. 7 of 8

Then, there exists 𝛒 ∈ AC2([0, 𝑇]; ((2(ℝ
𝑑))𝑁 ,𝑊⊕𝑁

𝕋
)) such that 𝜌(𝑖),𝜀𝑡 ⇀ 𝜌

(𝑖)
𝑡 as 𝜀 → 0 for all 𝑡 ∈ [0, 𝑇], 𝑖 = 1, … ,𝑁 and 𝛒 is

a gradient flow of  in ((2(ℝ
𝑑))𝑁 ,𝑊⊕𝑁

𝕋
), that is,

𝕋(𝛒) = 0,

where the tensor is defined by 𝕋(𝑥) ∶= 1

2
∫
ℝ𝑑⧵{0}

𝑤⊗𝑤𝜇̃(𝑥)𝜗(𝑥, 𝑤) 𝑑𝑤.

Proof. We observe a coupling of the different species only at the level of the energy and metric slopes, but not on the level
of the metrics or metric derivatives. Hence, it suffices to consider a singe species, when studying the metric structures.
Following the strategy of ref. [2], we recall that 𝛒𝜀 ∈ AC2([0, 𝑇]; ((2(ℝ

𝑑))𝑁 ,  ⊕𝑁
𝜀 )) if and only if there exists j such that

(𝛒𝜀, j𝜀) ∈ NCE𝜀
𝑇 and such that(𝜇, 𝜂𝜀; 𝛒𝜀, j𝜀) < ∞ (cf. [1, Proposition 2.31]). To each such j𝜀 we can associate a ȷ̂𝜀 such that

(𝛒𝜀, ȷ̂𝜀) ∈ CE𝑇 (proof for one species cf. [2, Proposition 3.1]). By ref. [2, Proposition 3.3] we also have compactness, in the
sense that there exists a sequence of pairs (𝛒𝜀, ȷ̂𝜀) ∈ CE𝑇 and a pair (𝛒, ȷ̂) ∈ CE𝑇 such that 𝜌

(𝑖),𝜀
𝑡 ⇀ 𝜌

(𝑖)
𝑡 narrowly in (ℝ𝑑)

for a.e. 𝑡 ∈ [0, 𝑇], 𝑖 = 1, … ,𝑁 and such that ∫
⋅
𝚥
(𝑖),𝜀
𝑡 𝑑𝑡

∗
⇀ ∫

⋅
𝚥
(𝑖)
𝑡 𝑑𝑡 weakly-∗ in((0, 𝑇) × ℝ𝑑; ℝ𝑑) for 𝑖 = 1, … ,𝑁.

Next, we identify the limit the local limit of the 𝜀-dependent graph gradient structures as 𝜀 → 0. To this end, we consider
the first variation of the map v↦ ̃(𝜇, 𝜂𝜀; ρ, v), which is given by

𝑙̃𝜀ρ(v)[w] ∶=
1

2

𝑁∑
𝑖=1

∬
𝐺𝜀
𝑤(𝑖)𝜂𝜀

[
𝑣
(𝑖)
+ 𝑑(𝜌(𝑖) ⊗ 𝜇) − 𝑣

(𝑖)
− 𝑑(𝜇 ⊗ 𝜌(𝑖))

]
.

It turns out (proof for one species cf. [2, Proposition 3.6]) that this nonsymmetric first variation is symmetric up to small
errors, which vanish as 𝜀 → 0, and has a tensor structure in the sense that

𝑙̃𝜀ρ(∇φ)[∇ψ] =

𝑁∑
𝑖=1

∫
ℝ𝑑

∇𝜑(𝑖)(𝑥) ⋅ 𝕋𝜀(𝑥)∇𝜓(𝑖)(𝑥) 𝑑𝜌(𝑖)(𝑥) + 𝑜(1), ∀φ, ψ ∈ (𝐶2
𝑐 (ℝ

𝑑))𝑁 ,

with 𝕋𝜀 ∶=
1

2
∫
ℝ𝑑⧵{𝑥}

(⋅ − 𝑦)⊗(⋅ − 𝑦) 𝜂𝜀(⋅, 𝑦) 𝑑𝜇(𝑦) ∈ 𝐶(ℝ𝑑; ℝ𝑑×𝑑). Since for any compact 𝐾 ⊂ ℝ𝑑 these 𝜀-tensors 𝕋𝜀 con-
verge strongly in 𝐶(𝐾;ℝ𝑑×𝑑) as 𝜀 → 0 to 𝕋 as in Theorem 3.1 (cf. [2, Proposition 3.8]), weak-strong convergence yields for
any sequence ρ𝜀 ⇀ ρ narrowly in (2(ℝ

𝑑))𝑁 the limit (cf. [2, Proposition 3.9])

lim
𝜀→0

𝑙̃𝜀ρ𝜀 (∇φ)[∇ψ] =

𝑁∑
𝑖=1

∫
ℝ𝑑

∇𝜑(𝑖) ⋅ 𝕋∇𝜓(𝑖) 𝑑𝜌(𝑖), ∀φ, ψ ∈ (𝐶2
𝑐 (ℝ

𝑑))𝑁 .

Employing in the graph framework a Cauchy-Schwarz type inequality and in the local framework Fenchel-Moreau dual-
ity, we obtain (proof for one species cf. [2, Proposition 4.1]) for 𝛒𝜀 ⇀ 𝛒 narrowly in the sense from before, the lower
semicontinuity lim inf 𝜀→0

1

2
∫ 𝑇

0
|(ρ𝜀𝑡)′|2𝜀 𝑑𝑡 ≥ ∫ 𝑇

0
|ρ′𝑡|2𝕋 𝑑𝑡. Employing multiple truncation- and mollification arguments,

the complexity of which is not increased by the presence of multiple species in the variational derivative of the energy, we
also obtain (proof for one species, cf. [2, Proposition 4.2]) for 𝛒𝜀 ⇀ 𝛒 narrowly in the sense from before, the lower semi-
continuity lim inf 𝜀→0𝜀(ρ

𝜀) ≥ 𝕋(ρ). As the energy is narrowly continuous, this yields 0 = lim inf 𝜀→0 𝜀(𝛒
𝜀) ≥ 𝕋(𝛒). For

the local continuity equation, one has (proof for one species cf. [2, Proposition A.1])

(ρ𝑡) − (ρ𝑠) = ∫
𝑡

𝑠

𝑁∑
𝑖,𝑘=1

∫
ℝ𝑑

∇𝐾(𝑖𝑘) ∗ 𝜌
(𝑘)
𝜏 (𝑥) 𝑑𝑗

(𝑖)
𝜏 (𝑥), (3.1)

being (j𝑡)𝑡∈[0,𝑇] ⊂ ((ℝ𝑑; ℝ𝑑))𝑁 such that (𝛒, j) ∈ CE𝑇 .
This can be extended to 𝕋(𝛒) ≥ 0 for all 𝛒 ∈ AC2([0, 𝑇]; ((2(ℝ

𝑑
𝕋))

𝑁 ,𝑊⊕𝑁
𝕋

)) (proof for one species cf. [2,
Proposition 4.3]), thereby concluding the proof. □

Having established the link between the zero-level sets of the graph and local De Giorgi functionals, we are now in a
position to show the existence of solutions to (𝖭𝖫𝖨𝖤𝕋). This is done in the following theorem.
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Theorem 3.2. Let 𝜇, 𝜗 satsify (μ1), (μ2), and (ϑ1)–(ϑ5), respectively. Consider the tensor 𝕋 defined in Theorem (3.1).
Assume 𝐾(𝑖𝑘), 𝑖, 𝑘 = 1,… ,𝑁 satisfy (K1)–(K4). Let ϱ0 ∈ (2(ℝ

𝑑))𝑁 such that ϱ0 ≪ 𝜇. There exists a weakly continuous curve
𝛒 ∶ [0, 𝑇] → (2(ℝ

𝑑))𝑁 such that ρ𝑡 ≪ 𝜇 for all 𝑡 ∈ [0, 𝑇] which is a weak solution to (𝖭𝖫𝟤𝖨𝖤) with initial datum ρ0 = ϱ0,
that is for the flux ȷ̂ ∶ [0, 𝑇] → ((ℝ𝑑; ℝ𝑑))𝑁 defined by

𝑑𝚥
(𝑖)
𝑡 (𝑥) = −𝕋∇

𝛿(ρ)
𝛿𝜌(𝑖)

(𝑥) 𝑑𝜌
(𝑖)
𝑡 (𝑥),

we have (𝛒, ȷ̂) ∈ CE𝑇 .

Proof. It is known (cf. [1, Theorem 3.30] in conjunctionwith ref. [2, Appendix B]) that under the above assumptions for any
𝜀 > 0 there exists (𝛒𝜀)𝜀>0 ⊂ AC2([0, 𝑇]; ((2(ℝ

𝑑))𝑁 ,  ⊕𝑁
𝜀 )) with (ρ𝜀0)𝜀 ⊂ (2(ℝ

𝑑))𝑁 such that sup𝜀>0
∑𝑁

𝑖=1𝑀2(𝜌
(𝑖),𝜀
0 ) < ∞

with 𝜀(𝛒𝜀) = 0. By Theorem 3.1, this implies the existence of 𝛒 ∈ AC2([0, 𝑇]; ((2(ℝ
𝑑))𝑁 ,𝑊⊕𝑁

𝕋
))with 𝕋(𝛒) = 0. Employ-

ing the chain-rule inequality (3.1), this is equivalent to (cf. [2, Theorem 4.5]) 𝛒 being a weak solution to (𝖭𝖫𝖨𝖤𝕋) in the
above sense, thereby concluding the proof. □
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