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Nondegeneracy and integral count
of frozen planet orbits in helium

Kai Cieliebak, Urs Frauenfelder and Evgeny Volkov

We study a family of action functionals whose critical points interpolate between
frozen planet orbits for the helium atom with mean interaction between the
electrons and the free fall. The rather surprising first result of this paper asserts
that for the whole family, critical points are always nondegenerate. This implies
that the frozen planet orbit with mean interaction is nondegenerate and gives a
new proof of its uniqueness. As an application, we show that the integral count
of frozen planet orbits with instantaneous interaction equals one. For this, we
prove orientability of the determinant line bundle over the space of self-adjoint
Fredholm operators with spectrum bounded from below, and use it to define an
integer valued Euler characteristic for Fredholm sections whose linearization
belongs to this class.

1. Introduction

Frozen planet orbits are periodic orbits in the helium atom in which both electrons
move on a line on the same side of the nucleus. The inner electron undergoes
consecutive collisions with the nucleus, while the outer electron (the actual “frozen
planet”) remains almost stationary at some distance. See [13; 14] for numerical
evidence for such orbits and a discussion of their role in the semiclassical treatment
of the helium atom.

When trying to prove the existence of frozen planet orbits, one faces the difficulty
that they cannot be obtained as perturbations of the system without interaction
between the electrons. In order to deal with this problem, the second author
replaced in [9] the instantaneous interaction between the two electrons by a mean
interaction and proved that in this case for every negative energy there exists a unique
frozen planet orbit. Building on work of Barutello, Ortega and Verzini [2], we
introduced in [4] two functionals 5,, and B;, whose critical points correspond to the
Levi—Civita regularizations of frozen planet orbits for the mean and instantaneous
interaction, respectively. We proved that for each r € [0, 1] the L?-gradient V5,
of the interpolation B, = rB;, + (1 —r)B,, isa C _Fredholm map of index O.
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Now to each C!-Fredholm map F of index 0 with compact zero set one can
associate its mod 2 Euler number x (F) € Z/2Z counting its zeroes modulo 2 after
perturbation; see [4, Appendix C]. Using the compactness result from [10] and
homotopy invariance of the mod 2 Euler number, we deduced

X (VBin) = x (VBgy) =1 (mod 2). 6]

Here the functionals are considered on a suitable space of normalized simple
symmetric loops. In particular, for each negative energy there exists a frozen planet
orbit [4, Corollary C].

The proof that x (VB,,) =1 mod 2 in [4, Theorem D.1] was based on a further
deformation of VB, through Fredholm maps which are not gradients of functionals.
Our first result in the present paper improves this to (see Corollary 4.6)

Theorem A. For each negative energy there exists a unique normalized simple
symmetric frozen planet orbit for the mean intersection functional Bg,. It is nonde-
generate and of Morse index 0.

To prove this, we introduce a family of functionals 7., r € [0, c0), such that for
o= (ﬁ — 1)? the critical points of F, and their Hessians agree with those of B,
see Section 4B. On the other hand, Fy describes the free fall of an electron into the
helium nucleus (again undergoing consecutive collisions which are regularized),
which is easily seen to possess a unique simple periodic orbit that is nondegenerate
of Morse index 0. This can be seen by looking at its Fourier expansion; see [11,
Lemma 3.6]. Thus Theorem A (as well as the uniqueness of the frozen planet orbit
for B,,) will be a consequence of the following result (see Theorem 3.1):

Theorem B. For every r € [0, 00), each critical point of F, is nondegenerate.

In Section 3D we explain how requiring the additional properties “normalized”,
“simple”, “symmetric” breaks the symmetries and leads to uniqueness. The main
ingredient in the proof of Theorem B is an algebraic identity associated to critical
points of 7, which can be solved in terms of elliptic integrals (see Proposition 3.4
and the Appendix.

Theorem A allows us to upgrade (1) to an equality of integer valued Euler
numbers. For this, we need to define a Z-valued Euler number for a class of Fredholm
sections including the VB, above. The important feature of these Fredholm sections
is that their linearizations are self-adjoint and bounded from below with respect to
the L2-scalar product. The main ingredient is the following abstract result which
may be of independent interest.

Let F be a real Hilbert space, and £ C F a dense linear subspace which is itself
a Hilbert space (with a different inner product) such that the inclusion E < F is
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compact. For a real number R consider the spaces
F;ME,F) C F(E,F) C F(E, F)

where F(E, F) is the space of Fredholm operators E — F, F(E, F) the subspace
of operators that are self-adjoint as unbounded operators on F with domain E,
and F;m(E , F') the subspace of operators whose spectrum is contained in (R, c0).
Recall (see e.g., [12]) that the determinants det(D) = A™®*(ker D*) @ A" (ker D)
of D € F(X,Y) give rise to a real line bundle, the determinant line bundle det —
F(X, Y). It is well-known that this line bundle is nonorientable, but we have (see
Theorem 5.4):

Theorem C. The restriction of the determinant line bundle to F;m(E , F) carries
a canonical orientation.

Contrary to our initial expectation, the restriction of the determinant line bundle
to 7, (E, F) is nonorientable; we construct an explicit loop over which the bundle
is nontrivial in Proposition 5.7.

Consider now a Hilbert manifold X and a Hilbert space bundle £ — X with
a continuous bundle inclusion 77X C E such that 7, X C E, is dense and the
inclusion 7y X < E, is compact for each x € X. Denote by Func;m(X ) the space
of C2-functions f : X — R whose E-gradient V¢ f : X — E is of class C' such that
Vef(x) e ]-"jm(TxX , E) for each critical point x of f. For this class of functions,
Theorem C allows us to define a Z-valued Euler number (see Theorem 5.12):

Corollary A. To each f € Func?m(X ) with compact zero set we can associate an
Euler number x (Vg f) € Z which is uniquely characterized by suitable axioms of
(Transversality), (Excision), and (Homotopy).

Verifying that the BB, above belong to Func?ﬁ(X ) for a suitable bundle £ — X and
using the (Transversality) and (Homotopy) axioms, we deduce (see Corollary 6.2):

Corollary B. The integral count of normalized simple symmetric frozen planet
orbits equals
X(VBin) = x(VByy) =1 € Z.

Remark. Symmetric frozen planet orbits have two Morse indices: one as a sym-
metric frozen planet orbit, and one just as a frozen planet orbit forgetting about the
symmetry. When we talk about Morse indices (which enter into the Euler number
via the (Transversality) axiom in Theorem 5.12) we always mean the symmetric
one. In fact, the two indices are different: the unique normalized simple symmetric
periodic orbit for the regularized free fall (i.e., the functional F,. for r = 0) has
index 0 as a symmetric orbit and index 1 just as a periodic orbit. As we show,
the functional F, is always nondegenerate in the symmetric as well as in the just
periodic sense. Therefore, the symmetric Euler characteristic equals 1 while the
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periodic Euler characteristic equals —1. However, to our knowledge, compactness
for frozen planet orbits in the homotopy from mean to instantaneous interaction
has only been established in the symmetric case [10]. Therefore, it is not clear
whether Corollary B has an analogue if one forgets about the symmetry. We expect
that it does and that the Euler characteristic for normalized simple (not necessarily
symmetric) frozen planet orbits with instantaneous interaction is —1. This would
fit with the findings of physicists [13; 14], who numerically detected a frozen
planet orbit for instantaneous interaction which is stable and therefore has odd
Conley—Zehnder index.

2. Levi-Civita transformation

In this section we recall some background on the Levi—Civita transformation. For
details we refer the reader to [4].

We abbreviate by S! = R/Z the circle. We denote the L?-inner product of
z1, 22 € L*(S', R) by

1
(21, 22) :=f0 z1(1)z2(7) dr,

and the L?-norm of z € L*(S', R) by

Izl :==+/(z, 2).

In the sequel we will work with Sobolev spaces H* = W*2, but the only relevant
norms and inner products will be the ones from L2.
Consider two maps

g:8' > Rs, z:8' >R

related by the Levi—Civita transformation

(1) =z(v)’ )
for a time change ¢ <> 1 satisfying 0 <> 0 and
dt dt
70 " Tl (3)
This implies that the mean values of ¢ and 1/¢q are given by
) 1 Lo (p)* 2|2
‘ ::/0 ) :./0 ||(z||)2 = ||||z||||2 @

and

/li_L )
o g lzl?*
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We will denote derivatives with respect to ¢ by a dot and derivatives with respect
to T by a prime. Then the first and second derivatives of g and z (where they are
defined) are related by

dr  2|z)1*Z ()

g() =2z(0)7'(z )——— (0)
z(7)
and
oo ,2"(1)z(T) —Z’(T)zd_f 20zt N2
i) =2|z peE i = T @@= @D @)
Substituting zZ and z’> by (2) and (6) this becomes
. 42"(0) C}(t)2>
=— . 8
g(t) = (t)< Izl 20) 5 ®)
The L2-norm of the derivative of ¢ is given by
1 U a4li21147/ (7)2 2
a1 = [ awar= [ HEEEDED qe sz, o)
0 o 21 Izl

We can now give the precise definition of the Levi—Civita transformation. Let
zeC O(S 1 R) be a continuous function with finite zero set

Z, =z 10).

We associate to z a Cl-map 7, : S' — S' by

1 T
1.(1) == Wfo 2(0)? do. (10)
Note that 7,(0) = 0 and
2
£(1) = Z”(ZT”)z . (11)

Since z has only finitely many zeroes, this shows that ¢, is strictly increasing and
we conclude

Lemma 2.1. Ifze€ C°(S!, R) has only finitely many zeroes, then the map t. : S' — !
defined by (10) is a homeomorphism. [l

It follows that z.: S' — S! has a continuous inverse
7, :=t;1: st — st
Since 7, is of class C', the function . is also of class C' on the complement of the
finite set #,(Z,) with derivative

2
(Ml

el 1
EE te S'\1,(Z,). (12)

i'z(t)z
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We define a continuous map ¢ : S' — Rx by

q(t) = z(z,(1))*. (13)

Then the two maps z, g are related by the Levi—Civita transformation (2) with
T = 1,. Their zero sets

Z.=7'0) and Z,:=q '(0)=1,(Z,)

are in bijective correspondence via ¢, (or equivalently t,). Moreover, by (5) we

have
/1 ds 1
—— = <00
o q(s) izl

Conversely, suppose we are given a map g € C(S!, Rxo) with finite zero set Zy

satisfying fol s < 50, We associate to ¢ the time reparametrization 748 I st

q(s)
Vas \7' o
= _ —ds. 14
() (/0 q(s)) /061(5) ’ (19

Then 7,(1) =1, 7, is of class C ! outside the zero set Z; = g~ '(0) with derivative

o= (2 o res'\z 15)
’q”‘(fo m) ao S5\ (

By [2, Lemma 2.1], the map 7, : § I §!is a homeomorphism whose inverse

t, = rq_l is of class C! and satisfies t,(1) = rq_l(l) =1 and

1 ! ds 1
1,(v) = (/0 m)q(tq(t)), Tes. (16)

Suppose that z : S! — R is a continuous function satisfying
2(1)* = q (14 (7). (17

Then z has finite zero set Z, = 1,(Z,), so we can associate to z the homeomorphism
t.: S — S! defined by (10) and its inverse 7.. We claim that

T, =1, and 1, =t,. (18)

It is enough to check the second equality. For this we compute

T T 1 =1 nt (1) 1 -1
25 _ ) ds_ ! — as
[} woran=[Lawnac2([F75) [ as=( [ 55) weo

where (x) follows from the coordinate change o = 7, (s) and (15). Evaluating at

T =1 gives us
1 _/1 ds (19)
IzlI> Jo q(s)
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Therefore,

L= [ 0o =1,0)
0

IzI?

and (18) is established. Hence ¢ is the Levi—Civita transform of z defined by (13).

Equation (17) does not uniquely determine z for given g because the sign of z
can be arbitrarily chosen on each connected component of S'\ Z.. If Z, consists
of an even number of points, then we can determine z up to a global sign by
the requirement that z changes its sign at each zero. If Z, consists of an odd
number of points, then the requirement that z changes its sign at each zero leads
to z(t + 1) = —z(7), so z has period 2 rather than 1. Therefore, the preceding
discussion shows

Lemma 2.2. The Levi—Civita transformation z — q given by (13) defines for each
even integer m a surjective 2-to-1 map

L£:{zeC"S" R) |z has precisely m zeroes and switches sign at each zero}

1
d
— {q € CO(SI, Rx>0) | z has precisely m zeroes and f % < oo},
0o g\s

and for each odd integer m a surjective 2-to-1 map
L: {z € CO(IR/ZZ, R) | z has precisely 2m zeroes and switches sign at each zero,

z2(t+1) = —z(v) for all T}

1
d
—{q € CO(SI, Rxo) | z has precisely m zeroes and / % < o0}
0 4q\s

3. The functionals F, and their critical points
We denote by S' = R/Z the circle and abbreviate by
HY(S', R =H' (S R)\ (0}, HI(S' R)=H*(S',R)\ (0}

the open subsets of the Hilbert space H LSt R) respectively H 2(S', R) where the
origin is removed. For r € [0, o) we consider the functional

2 zII?
RSB 2 I o

where as before ||z|| is the L?-norm of the loop z. If z € H*I(Sl, R) and & €
H'(S', R), then the differential of F, at z in direction of £ is given by

4z, §) +r(2(z, £ 4lzlP, 5))

llzlI* 12212 Iz

DF, ()€ =4zI*(Z, &) + 4117 1% (z, &) —
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where (-, -) denotes the L2-inner product. Therefore, integration by parts shows
that for z € H2(S!, R) the functional F, possess an L2-gradient given by the formula

VFi(2) = —4lzl*(@" + bz +2az?), (20)
L r
Tzl Nzl 20zl 12212
r
Q=W.

We see that V.F, : H2(S!, R) — L?(S', R) is differentiable; we call its derivative
the Hessian of F,. Critical points of F, are solutions of the problem

7 = —bz —2az’. (21)

A standard bootstrapping argument implies that critical points of F, are in fact
smooth. If z is a solution of (21), then for n € N the loop z,, defined as

-1/3

(@) =n""z(m1), 1S

is another solution of (21) with a,, = n®/3a and b, = n®b. We say that a critical
point z is multiply covered if there exists a critical point w and n > 1 such that
z = wy. Otherwise we call the critical point simple. Moreover, the functional F, is
invariant under the S'-action given by time shift,

o.2(t)=z(t+0), TE€S,

where o € S! and z € H)(S', R). In particular, its critical points are invariant under
time shift as well. Therefore, if z is a critical point of F,, then 7’ lies in the kernel
of the Hessian of F, at z.

It follows from Proposition 3.3 below that for each critical point z of ., r > 0,
there exists 79 € S! such that z(tp) = 0. Indeed, otherwise there exists 7y € S!,
such that the Levi—Civita transform ¢ of z attains a minimum ¢ (f) > 0 at .
Therefore, ¢ (tp) > 0. On the other hand, according to Proposition 3.3, the function
g satisfies (31). For t = 1, this implies that ¢ (fy) < 0. We then necessarily have
7' (19) # 0, since otherwise by (21) the loop z would be the constant loop at the
origin which does not lie in H!(S', R). Thus a critical point of F, is never a
fixed point of the S'-action on the free loop space. In particular, its nullity, i.e.,
the dimension of the kernel of its Hessian, is at least one. We say that a critical
point is nondegenerate if its nullity is precisely one. Our first result asserts that
nondegeneracy always holds true for nonnegative r. It corresponds to Theorem B
from the introduction and will be proved in Section 3C.

Theorem 3.1. For every r € [0, 00), each critical point of F, is nondegenerate.
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3A. Levi-Civita transform of critical points. In this section we apply the Levi—
Civita transformation to critical points of F,. Let z € H,: (S', R) be a solution
of (21) and ¢(t) := z(t, (1))? its Levi—Civita transform. We compute at points
teS'\1.(Z.):

1 §2
GL - ( 201z ||(b—|—2az2)——)
q 2
2 4 )
<B>1< 2 2 ezl Izl q
B~ - 4202l 1P+ g — 2rmg —
g\ |zl 1122117 12214 2

1 1 2 2 02
Q—( / 2 gty %—q—).
q q(s) 2 g q- 2
Equality (A) follows from substituting z” by (21) in (8); equality (B) uses the

expressions for @ and b in (21); equality (C) uses g = 72 as well as (3), (4) and (9).
Thus ¢ satisfies the ODE

; g*\1 2r
i=(-%);-% 22
with the constant
c:w—/lids-i-; 23)
2 0o q(s) q
At the global maximum #,,x of g, (22) becomes
c
q(tmax) = g1 (fmax) <0,
hence
< 2rq ;tzmax) ‘ 24)

Let now 7_ <ty be adjacent zeroes of ¢ and consider the smooth map

..+ _2
gt LR,
q
From (22) we obtain
-2
2_._1 "
Bg-=c >

With inequality (24) this implies

2rq (o, 72
ﬂqzs—L;“")—q——%<O,
q 2 g
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hence 8 < 0 on (¢_, ty). Differentiating both sides of the equation for fg? we get
: : .. g .
Ba® +2B94 = —iq - 72 = Pad-

and therefore

g =—384. (25)
We need the following

Lemma 3.2. Equation (25) for functions g > 0 and B < 0 on (¢t_, ty) implies that

p=-1 (26)
q

on (t_, ty) for some constant ;1 > 0.

Proof. Dividing both sides of (25) by ¢f yields

d — 34
< log(—) = 3 log(9),
which by integration implies the lemma. ]

By Lemma 3.2 we get (26) on (¢_, ¢;) for some constant i > 0. By definition
of S, this yields the following equation for g:

(1) =~ — @7)
GO)=——5—=
qt? ¢
for t € (¢_, t1). It remains to compute . Plugging this into (22) we infer
108 rq(1)*
M=—(c— : )q(r)+ — (28)
q
for t € (t_, t;). In particular, using (6) and g(¢+) = 0 we obtain
. 4(0%q (1)
o= lim =2 =22 (1)), (29)

We deduce from this that (27) holds on S' \ #,(Z.) with a fixed u independent of
the connected component in S N\ 1.(Z,). Dividing (28) by ¢(¢) and inserting ¢ from
(23), we get

2 1 . 2
w _MJr/ 2 ro o q(@) +rq(t) (30)
0

Mo gL .
- 2 S 72

q(s) qg 2 q
Integrating this equation yields

| L
/L/ —dt:2/ —ds,
0o q() 0o q(s)
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and therefore
w=2.
This gives us the following statement.

Proposition 3.3. Assume that z € H}(S',R) is a critical point of the frozen
functional F,. Then the Levi—Civita transform q(t) = z(t, (1))? of 7 satisfies the

differential equation
r

q®*  §*

Equation (31) explains the physical meaning of critical points of F,: The orbit
q(t) describes an electron on the line attracted by a doubly positively charged
nucleus at the origin and subject to an additional force depending on its mean q.
For r = 0 the mean interaction force vanishes and g (¢) describes the free fall of the
electron into the nucleus, regularized by elastic reflection as it hits the nucleus. For
r > 0 the mean interaction force pushes the electron towards the origin, which can
be interpreted as the effect of a second electron further away and on the same side
of the nucleus. Indeed, we will show in Section 4 that for a suitable value of r the
system describes frozen planet orbits in helium with mean interaction between the
electrons. For r < 0 the mean interaction force pushes the electron away from the
origin, which can be interpreted as the effect of a second electron on the other side
of the nucleus. However, we will not consider the case r < 0 in this paper.

qt) = — (31

3B. Analysis of critical points. Let r > 0 and z € H!(S!, R) be a critical point
of F,, i.e., a solution of (21). We denote by |z]l¢o the maximum norm of z and
introduce the quantities
R 4 G 1
IzII5’ 122112

For n € Ny we consider the elliptic integral

(32)

2n
¢ dc
)1 —mi?)

The main result of this section is the following proposition.

1
In: — s 1 R. In =
(=00, 1) — (m) /0 i

Proposition 3.4. The quantities v and w satisfy the equations

2 I rw?
v= Sl A (33)
443rw—2rw? I 2

Proof. After a time reparametrization, we can assume without loss of generality
that z attains at time O its global maximum

20 := |Izllo = z(0).
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Recall that there exists 7y € S! such that z(tp) = 0. We further choose 7y as the
smallest number in (0, 1) with the property that z(zg) = 0.

We first eliminate in the formula for b in (20) the variable ||z’||. Using (21), we
obtain via integration by parts

IZ'11% = —(z,2") = bllzll* + 2a|| 2%|1*.

Plugging this into the equation for » and using the equation for a, we get

1 b r r
llz]I6 Izl1Z- 12212 2[z)? - 122)1%

implying
1 3r (34)
20lzlI® 4zl - 121>
From (21) we further infer that we have the conserved quantity
"2 bz(t)? 4
(1) (1) az(r) _c¢ (35)

2 2 2 2

for some constant ¢. Since z(t9) = 0 and z'(7p) # 0 we conclude that ¢ is positive.
Since z attains its global maximum z( at time T = 0, we necessarily have z'(0) =0
and therefore

bz(z) + azg =c.
This means that z(z) is a root of the quadratic polynomial
px) = ax>+bx —c.
Moreover, positivity of ¢ yields
azg+b > 0. (36)

Case 1 (r > 0). In this case a # 0 as well and the second root of p is given by
—z(z) — b/a. In particular, the quadratic polynomial factorizes as

p(x) = (x — z5)(ax +azj + b).
Plugging this into (35) we obtain
7 () =—pi(x) = (2(2) —2(1)®)(az(1)? +az(2) +b), tesSh (37)

Equation (21) is invariant under reflection at the origin and time reversal. Since
z(19) = 0, we conclude that

z2(t) =—zQRt—1), 1€, 210].



NONDEGENERACY AND INTEGRAL COUNT OF FROZEN PLANET ORBITS 725
In particular, we have
2(279) = —z(0) and 7'(279) =
Using once more invariance under time reversal, we conclude that
2(t) =—zQ2r+71), 71e€]0,471].
In particular, we have
z(41) =2(0) and Z'(470) =2'(0) =

We see that z is periodic of period 4ty. Since 1ty was chosen as the first positive
time at which z passes through the origin, we conclude that 47 is the minimal
period of z. Since z is by assumption periodic of period 1, we conclude that there
exists n € N such that 4ton =1, i.e.,

"

0 4n’

If z is simple, then n = 1; otherwise it is multiply covered. Using (37) we therefore
obtain

1

:/ dZ
0 \/(zé —22)(az? + azl +b)

/ 1
Jazz 400 (-1 + @/ azd + b))

1 az?
— 10<— -~ ) (38)
\/m aZO + b

Similarly, we compute

d¢

Z2

||z||2 /
\/ (22 — 22)(az2 +azd +b)
A :

\/azo—}-b \/(1 £2)(1 4 (az3/(@z2 +b)c?)

Z az
= =0 (— 7 b) (39)
Jazi+b azp+

dz

d¢
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and

Z4

_/o \/<z2 —z3)(az? +az;+b)
[ -
\/azo+b \/ (1 =¢A(1 + (azg/(azg +b))¢?)

4 2
Z az
=2 <— 0 ) (40)
Jazi+b azy+b
The elliptic function I, can be expressed using the elliptic functions Iy and /; by

2m+DIi(m)  Io(m)
3m 3m

as explained in (5) in the Appendix. Hence from (38), (39), and (40) we obtain the
equality

1217 = 4nzg (2(02(2)/(0Z(2)2+b)—1)11 (_ azg )+azé+blo<_ az? ))

212
Izl

dz

d¢

L(m) =

[ az az’+b 3az? az’+b
azy+b 3az5JOrb 0 0 0
4 2
_ % (azo-l-zb /az%—l-b_z_bfﬂnzn )
/az(z)+b 3azg 3azg ZO
_ (azg+b)zg 2b|z))?
- 3a 3a
Zé b 2
=§+3—a(zo—2llzll )
4 24 2012
2y z=l llz=l > 2 2
=+ - (z5—2lIz
3 <3r||z||6 2 ) G2
llz ||4 ||ZZ||223 212%|* 22

= + — +llz
3 3FIIZ||6 20lzlI> 3rllz|* |

where in the second to last equality we have used the equation for a from (20) and
(34) for b. Removing ||z%||? on both sides and multiplying the remaining terms by
6r|z||*/11z%||* we obtain the equation
_ 2rlizli*zg | 225 3rllzlzg
Iz (& 12212

By definition of v and w we can rewrite this as

2
0=2rw?+=—3rw—4
v
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or equivalently
B 2
44 3rw —2rw?’

v

This proves the first equation in (33). We use this together with the equation for a
in (20) and (34) for b to compute
az% az(g)

az3+b  azl+bzf

3 rz5/lIZ2 %)
rzg/ QU221 + 2§/ 212019 = 3rzd/@lzl12112211%)
rw?/(2v?)
rw?/2v?) +1/2v3) — 3rw/(4v?)

rw2

rw?+1/v—3rw/2
_rw? a1
=—

Dividing (39) by (38) and combining the result with (41) we get

2
||z||2=zz-ﬂ<— %0 >=zz-£<—ﬁ>.
O I\ az2+b N A)

Hence by definition of v this can be rephrased as

I rw?
v=——"7").
Iy 2

This proves the second equation in (33) and completes the proof in the case r # 0.

Case 2 (r =0). In the case r = 0 equation (33) becomes

=1-540) (42)
2 (0
By (1) in the Appendix we have
@n—lx
O ="

where (2n —1)!! equals (2n—1)(2n—3) --- 1 forn > 1 and 1 for n = 0. In particular,

T T
h®)=7. LO)=7
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and therefore the second equality in (42) follows. It remains to check the first
equation in (42) which says that

2(0)?

2_
Izl =—3

(43)
However, for r = 0 we have that a = 0 and therefore z is a solution of the ODE

7" = —bz,

which implies that up to scaling and time-reparametrization z is given by the cosine
function. Now (43) follows from

1
f cosz(2nm) dt = %, n € N.
0

This finishes the proof of (33) in the case » = 0 and the proposition follows. [

3C. Proof of nondegeneracy. In this section we prove Theorem 3.1. Assume first
that » > 0. Let z be a critical point of 7, i.e., a solution of the problem

7" = —bz —2az7’, (44)
_ 1 3r
T 20zll6 4lz)? - )22
. r

T2

As in the previous section, after a time shift we may assume that z attains its
maximum ||z]lo = z(0) at T = 0, hence z'(0) = 0. An element & in the kernel of the
Hessian of 7, at z is a solution of the linearized problem

£ = —bE — 6az’t —db(£)z —2da(&)7’. (45)

In order to prove nondegeneracy we need to show that & is a constant multiple of z’.
Note that

4r (€, 2°) 3(§,z) 3r(§,z) 3r(, %)
da(g)=——2"1 " agp@E)=-— .
) 12216 © IzI® 20zl*- 12212zl 122 )1

Using (44) and (45) we obtain via integration by parts

—b(&,z) —2a(E, %) = (£,7)
= (", 2)
= —b(&,2) —6a(&, 2°) —db(E)|z||* — 2da(&) || 22|
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and therefore
3 2 2,2
da(§,z”) = —db&)|zll” —2da(§)||z"|I".

Plugging into this equation the formulas for a, da, and db, this becomes

2r(6,2°) _3(6,2) 3r(¢,z) 3rig, %) | 8r(g, 2)

llz21# Izl 20zl 0221 220 122114

which simplifies to

r(§,z) (.2)  r(E
- = : 46
200212207 Nzll8 12214 (40)

In particular (recall our assumption r > 0), we see from (46) that if (£, z) vanishes
the same has to hold for (£, z3).
We recall the quantities

2 2
. HE 1 3
Izl3’ 22|12

where ||z||o = z(0). Their variations with respect to & are given by

2(6,2) 2llzl*&o 28, 2)lizllg+2l1zl*l1zllo§o 445, 2 Izl l1zlIg

b= , W= 47)
Izl Nzllp 12212 12214
where &y := £(0). From (33) we infer that
d 2
D= — N 48
v dw<4+3rw—2rw2>w (“48)
and
d I 2
0= @((4+3rw—2rw2)1—;<—%))ﬁ). 49)

As explained in the Appendix in formula (8), the quotient I} /Iy of elliptic functions
satisfies as a function of m the Riccati differential equation

(1) ==~ i s (1)
ILy) 2m(0—m) m(d—-m)ly 2(0—m)\I,/ "’
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Using this equation and (33) again we compute the derivative in (49) as follows:

dw g " Iy 2

(3 4 )11 rw2 (4+3 ) 2) 11 ' rw2
=Or—arw)—\| —|—rw rw—zirw - —_—
) 2 Iy 2

B 6r—8rw 2(44+3rw—2rw?) 8 4rw

= i3rw—2ru? w2trw?d)  wtrw?) Q+rw?)@+3rw—2rw?)
_ wQArw?)(6r—8rw)+2(4+3rw—2rw?)*—8(4+3rw—2rw?) —4rw?

o w+rw?)(4+3rw—2rw?)
36rw—36rwr—18r2w3+18r2w?

T wQrwd) @G 3rw—2rw?)

B 187 (1—w)(2+rw)

 Q4rw?)(d43rw—2rw?)’

Since r and w are positive, we see from this formula that this derivative vanishes
only if w = 1. In this case we obtain from (33) that

2 . Il r (50)
4+r o Iy 2 )
If we set m = —r/2 this amounts to the equation

I
1= (2—m)1—0(m).

By Lemma A.1 in the Appendix there are no solutions m < 0 of this equation, and
therefore there are no solutions r > 0 of (50). Hence if » > 0 we necessarily have
w = 0, and therefore in view of (48) as well 0 = 0. From (47) we infer

(&, 2zllo 3 ||Z2||2((S,Z) ) ) 51
0= IzlI> &= 2 lIz]I? Jr||Z||o ’ G
and therefore
(€ z3>=w<s 2).
’ IzlI>

Plugging this into (46) we obtain
r§,z) (§,2) r(,z)

200z02- 1220z Nzl -l

or equivalently,

(§,2) r{§,z)

IzlI® 20zl - 2212
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Since r > 0, the two sides have opposite signs, therefore both sides have to be zero
and we obtain

(&,2) =0.
Using (46) this implies
(€.2°) =0,
and therefore
da()=0, dbE)=0.

From (&, z) = 0 and the first equation in (51) we further conclude that
§(0) =8 =0.
Hence from (45) we see that £ is a solution of the ODE
£ = —bt — 6az’€ (52)

with £(0) = 0. Applying the same reasoning to z’ in place of &, we conclude
that z’ also solves (52) with z/(0) = 0. From (44) and (36) we infer z”(0) =
—bllzllo — 2al|z|l3 < 0, so we can define

_ £
C .= S
ZU(O)
Then 5 := & — ¢z’ solves (52) with n(0) = n'(0) =0, hence n =0 and & = c7'.
This proves nondegeneracy for the case r > 0. In the case r = 0 the functional

Fo is just the functional for the regularized free fall for which nondegeneracy can
be checked directly; see [11, Lemma 3.6]. This finishes the proof of Theorem 3.1.

3D. Uniqueness of symmetric critical points. In this subsection we prove a unique-
ness result for critical points of F,, r > 0. To formulate the result, we introduce
some terminology from [4]. A symmetric critical point of F, is a smooth map
7 :R/2Z — R satisfying the critical point (21) and the symmetry conditions

z(l+t)=—2z(r) and z(tr)=z( — 1) forall 7. (53)

By the discussion at the beginning of this section and Lemma 2.2, z has an odd
number of zeroes in the interval [0, 1) all of which are nondegenerate. Its Levi—
Civita transform g : S ' > R has an odd number of zeroes and satisfies q(1—1t)=¢q(1).
Note that (53) implies

2(0)=27(3) =0.

In particular, restriction to symmetric critical points removes the translation invari-
ance of the functional F,.



732 KAI CIELIEBAK, URS FRAUENFELDER AND EVGENY VOLKOV

Symmetric critical points of 7, may still be nonunique because they may be
multiply covered. Therefore, we restrict to symmetric critical points z which are
simple, i.e., of minimal period 2. This is equivalent to z having zeroes precisely
at integer points t € Z, and critical points at T € % + Z. The remaining ambiguity
Z > —z can be removed by requiring z to be normalized by z(t) > 0 for all
7 € (0, 1). Using Theorem 3.1 we will prove

Corollary 3.5. For each r € [0, 00), the functional F, has a unique normalized
simple symmetric critical point. This critical point is nondegenerate of index zero.

The proof is based on the following lemma.

Lemma 3.6. Let z be a simple symmetric critical point of the functional F,. Then
its C%-norm ||z||o satisfies
1 <lzllo (54

lzllo < V2+(2r)!/3. (55)

Proof. After a suitable time reparametrization, the Levi—Civita transformation ¢
of z satisfies the hypotheses of the loop ¢, in [4, Lemma D.2]. This gives us the
estimates

and

1< llgllo (56)

. _ 2r
||Q||O§mln!2q,2+w}, (57)

where g > 0 is the average of g. Inequality (56) via Levi—Civita transformation
implies that 1 < ||z||g, proving (54).
To get an estimate on the norm observe that for @ > 0 and x > 0 we have

. w
miny x, — <w'.
X

We use this for w := 2r and x := 2g together with (57) to get
lgllo <2+ @n)'7.

In view of ||g|lo = ||z||(2) this proves (55) completing the proof of the lemma. [

Proof of Corollary 3.5. Following Sections 6.2 and 6.3 of [4], we introduce the
Hilbert space of symmetric loops

Hy (8" R) :={z € H*(R/2Z,R) | —z(1+ 1) = z(r) = z(I — 1) for all 7}
and its open subset

X:={z¢ H2 (s, R) |7 (0) >0, z(t) > 0forall T € (0, 1)}.

sym
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We consider on Hszym(Sl, R) the L>-inner product (z, w) = fol z(t)w(r)dt (which
is an inner product in view of the condition z(1 + 7) = —z(7)). By the discussion
at the beginning of this section, 7, : X — R has an L?-gradient V7, of class C'.

For R > O consider the set
Zr={(r,2) |VF(2) =0} C[0,R] x X

with its induced topology. By the preceding discussion, Zg consists of pairs (r, z)
such that z is a normalized simple symmetric critical point of F,.

Next we show that Zg is compact. Recall that for (r, z) € Z the loop z satisfies
the ODE (21) with constants a, b depending on (r, z) given in (20). Thus the
CP-bound from Lemma 3.6 and (21) give a uniform C3-bound on z for (r, 7) € 2,
and thus compactness of Zg by the Arzela—Ascoli theorem, provided we have
uniform bounds on the constants a, b. Note that by definition a > 0. We will use
the quantities v, w > 0 defined in (32).

Case 1 (r = 0). In this case by definition a = 0. Since v = ||z||*/||z||3, (33) yields
2)1z||I> = l|z|I3. Now (34) and (54) imply boundedness of b.

Case 2 (r > 0). In this case let us denote A := rw? > 0. Using this notation we

can write
1 Jr - VR

WS VAT a

Equation (33) together with v > 0 implies
1
44+3—A-2A>0.
w

Together with the above upper bound on % this gives us

44 3VRVA-2A4>0,

which implies a uniform upper bound on .A. Therefore, (41) implies
2
allz ~
< i e (58)
a ”Z ||0 + b
for some constant C independent of r. Hence the definition of I yields
~ alizllg
0<l(-C)=l| ——F5— ) =1(0) <00 (59)
a ” 4 ”0 +b

for all r € [0, R]. Equation (38) (with n = 1 since z is a simple orbit) then gives us
constants ¢, C > 0 with
c<alzlg+b<C (60)
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for all » € [0, R]. The second inequality in (60) together with (58) gives us an upper
bound on a ||z||(2). The latter together with (54) gives an upper bound on a. The
bounds are uniform with respect to r € [0, R]. The double inequality (60) together
with an upper bound on a ||z||(2) gives us an upper bound on |b|. This concludes the
proof of compactness of Z.

On the other hand, according Theorem 3.1 each critical point of F, is nonde-
generate. This implies that Zx is (as a preimage of a regular value) a compact
1-dimensional submanifold transverse to the slices {r = const}. To see transversal-
ity, assume by contradiction that Zg is not transverse to the slice {r = const} at
(r*, z*) € Zg. Then there exists a local parametrization

(—&,8) 35> (r(s), z(s)) € Zg
with (#(0), z(0)) = (*, z*) and ;—S|S=0r(s) — 0, whereas v := j—sls=0z(s) £0. We
differentiate the critical point equation
VFr5(z(s) =0
at s = 0 and use the chain rule to get
DV F(z¥)v =0,

contradicting nondegeneracy of z*. Now it is easy to see that for » = 0 (describing
the free fall) there exists a unique normalized simple symmetric critical point zg. By
the proof of Proposition D.4 in [4], the Hessian of Fy at zg is positive definite, so
Zo is nondegenerate of index zero. Therefore, Z¢ intersects each slice {r = const}
in a single point z,, which is nondegenerate of index zero as a critical point of F,.
Since R was arbitrary, this proves the corollary. U

4. Frozen planet orbits for mean interaction

Let us recall the variational approach for frozen planet orbits in helium from [4].
For the mean interaction between the two electrons, one considers the space

lIz711? I|Z§I|2}

Tzl T llzal?

Hay = {(m, 2) € B R | 1] > 0, 2] > 0

and defines on it the functional B, : H,, — R by

2
, 1 2l - l1z2]
Bav(Zl’ Zz) = 22(“21‘”2 : ”Zi”2 + “ZHZ)
1

) 2 :
N7 1% - llz2 0% — NIz 112 - llz1 11

i=1

Here z; and z, correspond to the Levi—Civita regularizations of the outer and inner
electron, respectively. We restrict to Sobolev class H? right away because on this
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space the L2-gradient of B,, will be of class C'. This L?-gradient is given by

VBay(z1,22) = (41|21 PV1 (21, 22), =422 1P V2 (21, 22)). (61)
Vi(z1,22) = =2 +a1z1+b123,  Va(z1,22) = —25+arza+baz3,
al:uzqnz_ 1 lz2 14112211 |
lzil lzell® 2flza 22312 22l = 123012 121 1%)2
by = lzo* |
U212z l2= 112312 1121 12)?
N lz1 14112311
27 22l Nzl 2022 (N2 2 =122 1P 2 1)
by = llz|*

) 2 :
(Iz7 11 Nlz2 12 =llzz 1% 21 12)?

It was shown in [4] that VB,, is of class C!; we refer to its derivative as the
Hessian of B,,. According to Lemma 3.1 in [9] or Lemma D2 of [4], for each
critical point (z, z2) of By, the first component z; is constant. Thus the S'-action
by time shift acts trivially on the first component and (by a similar argument as
for F;) nontrivially on the second one, leading to a 1-dimensional subspace of the
kernel of the Hessian. By analogy with F,., we say that a critical point of By, is
nondegenerate if the nullity of its Hessian is precisely 1. Now we can formulate
the main result of this section, whose proof will occupy the rest of this section.

Theorem 4.1. All critical points of B, are nondegenerate.

4A. Relating frozen planet orbits to critical points of F,. We introduce the nu-
merical parameters

V2-1

= 2—12, =
pi=KW2-12 « 5

and observe that

O<a<l.

We introduce the following constant for any z € H2(S'!, R):

2
c(z) == 06_1/2 llz=|]
Izl

Lemma 4.2. The frozen functional F, is related to the functional B, by

Fo(2) = Bay(c(2), 2). (62)
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Proof. This follows from the following computation:

( V4122 )
av —,Z
V2 =1z

2(V2 =1zl
:2 2107 2_|_
e EREVAETE
B 12112
((V212212)/ (V2 = DlizID) Iz)12 = 122]]12
2 V2(V2-1) - |z)? [HE
=2llzIP11Z'II* + —5 + -
lzll“{1z" IzI12 112212 («/E/(\/E—l)—l)”Zz”z
2 N2(W2-1)zlP W2-D)z)?
=2llzIP1IZ'II* + — + -
lzll“{1z" Iz ”2 ”Z2”2 ||Z2||2
=2||z|1%(IZ']1? R ”2+(f— 1? IHZZHHZ
= F,(2). O

Let us illustrate the significance of the constant c¢(z) from another angle. Let

HZ = {(z1,22) € H*(S', R?) | z1 = const}

Ci

be the subspace of functions with constant first component and set

HE = My N H

const

2112

Z
={(zl,zz>eH2<S1,R2> 21 = const, 2] > 0, 2 = :: 2::2}. (63)

22

Consider the following codimension 1 Hilbert submanifold of H2 :

graph(c) :={(c(2), 2) € Happg | 7 € HZ(S', R)}.
Then the definition of ¢(z) and @ < 1 imply
graph(c) C Hoo™.
Lemma 4.3. Assume that (z1, z2) € Hio™'. Then the equation
Vi(z1,22) =0

is equivalent to the equation
z1 = £c(22).

Moreover, if this is the case, then

2 2
a) = B b] = 3
7 7
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Proof. For constant 7, the functions a; and b; that enter the formula for V; simplify
to

4 2
4 1 2]z lz2l1* .
=756 o U1= 7 212202
& 20zl - Ilz2ll2 32 (lz2122% — 12]1222)2
Therefore, we rewrite V; as follows:
lz2ll*z3
Viz1, 22) =a1z1 +biz3 = —— ‘
3 2(lz2l2z} — 1231229)2
Thus, V(z1, z2) = 0 is equivalent to
2.4 2112242 4.8
2(llz2l1"z7 — 12211727 = llz2"z}.- (65)

The defining inequality in (63) implies that (65) is equivalent to
V2llz2lP2d = 12312 = llz2 P2}

Since z; # 0 by (63), the latter is equivalent to

2 V2—
lz311* = ||Z2|| 2,
V2
in other words to
2174 IIZ Il
71 =

\/ L-llzall

This shows the first statement. The second statement follows by substituting (65)
in (64). O

Taking the derivative of (62) with respect to z yields
DFy(2) = D1Bay(c(2), 2) De(z) + DrBav(¢(2), 2) = D2Bay(c(2), 2).

Here D, and D, denotes the derivative with respect to the first and second compo-
nent, respectively, and D;B,,(c(z), z) =0 by Lemma 4.3. As a consequence, we
get the following relation between the L2-gradients of F, »(2) and By,:

VF,(z) =Va(c(2), 2). (66)

Here we have dropped the factor —4||z||> from V F,(z) which has no relevance for
the subsequent discussion. Taking another derivative with respect to z, we get

DV F,(2)§ = Di1Va(c(2), 2) De(2)§ + DaVa(c(2), 2)§ (67)

for any £ € H>(S', R).
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4B. Proof of Theorem 4.1 modulo two key lemmas. Let (z;, z) be a critical point
of B,,. Recall from [4; 9] that z; is constant. Therefore, Lemma 4.3 implies that
71 = £c(z2). In the following we assume z; > O (the case z; < 0 being analogous),
so that

(21, 22) € graph(c).

Equation (66) with z = z, implies that z5 is a critical point of F,,.
Let &£ = (&, &) € H*(S!, R?) lie in the kernel of the Hessian at (z1, z»), that is

D1Vi(z1, 22)61 + D2Vi(21, 22)62 =0 (68)
and
D1V (z1, 22)&1 + DoV (21, 22)62 = 0. (69)

We need the following two lemmas.

Lemma 4.4. Assume that (21, z2) € graph(c) and (&1, &) € H?(S', R?) are such
that (68) is satisfied. Then &, is constant, that is (&1, &) € ch

onst*

Lemma 4.5. Assume that (21, z2) € graph(c) and (£, &) € chonst are such that
(68) is satisfied. Then

&1 = Dc(z2)62,

that is (&1, &) € T(Z1,Zz) graph(c).

Assuming these two lemmas, set z = 22, ¢(z) = z1 and & =&, in (67) and solve
it for D>V (z1, 22)é> to get

DyV2 (21, 22)62 = DV F,(22)62 — D1Va(z21, 22) De(22)é0.

The latter allows us to rewrite (69) as

DV F,(z2)62 = DVa (21, 22)(Dc(z2)82 — §1). (70)

Apply Lemma 4.5 to get
DV F,(22)§, =0.

Since z is a critical point of F,,, it is nondegenerate by Theorem 3.1, so &, belongs
to a subspace of dimension 1. This together with Lemma 4.5 shows that (&1, &)
belongs to a subspace of dimension 1, giving us nondegeneracy of (z1, z2) as a
critical point of B,,. This proves Theorem 4.1 modulo the two lemmas above.
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4C. Proof of Lemma 4.4. Observe that (68) is equivalent to

£ = a6 +3b121&1 + (da1 (£1, &)z1 +dbi (£1, £)73).

Note that the term in the round brackets is a function constant in time, which we
abbreviate as const. So, we can rewrite it as

"= (a1 4+ 3b123)& + const.
Inserting for a;, b; the simplified expressions from Lemma 4.3, we see that

5 2 61% 4
ap +3b1z :——6+—8:—6>0
2] 2 2]

is a positive constant. Now we argue by contradiction.

Suppose that &; is not constant and let (71, 72) be a maximal interval on which
£,>0. Then &[ (7)) =&{(12) =0, &{ (1) = 0, and &]'(r2) < 0. Since the coefficient in
front of & is constant in time and positive, we get the following chain of inequalities
fort; <1 <715:

0<&/(n) <& (r) <&/(rp) <0.

So we must have equalities everywhere, £”(t) = 0, and therefore &'(t) for all
T € (11, T»), contradicting our hypothesis.

4D. Proof of Lemma 4.5. Step 1. Let z = (z1, z2) € graph(c) and &€ = (&1, &) €
H? . satisfy (68). It follows from (61) that the restriction

cons

const

lands in the space of constant functions and can, therefore, be considered as a map

H2

const R.

Since both z; and &; are constant in ¢, we can assume that we vary z; within the
space of constant functions when computing the derivative D)V with respect to z;.
Therefore, (68) is equivalent to

DW(2)§ = DiW(z1, z2)§1 + DaW(z1, 22)62 = 0. (71)
In this terminology, Lemma 4.3 is equivalent to
Hay N{W = 0} = graph(c).

Assume for the moment that
DW(z) #0. (72)

Then
T, graph(c) = ker DW(z),
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since the inclusion T, graph(c) C ker DW(z) is obvious and both spaces have

. . . 2
codimension 1 in HZ .

consequence of the next step.

Step 2. For any z = (z1, z2) € graph(c), we have

DiW(z1, z2) #0.

This shows the lemma modulo (72), which is an immediate

(73)

This is achieved by a brute force computation. Since z; is constant in ¢, we set

z{ =0 in formula (61) to get
W(z1,22) = arz1 + b1 23,
where ay, by are given by (64) to be

I g _ lzal?
£ 2 P(z1)?

with the polynomial

. 2. 4 2122
P(z1) = llz2ll"z7 — llz5lI"z7.

We rewrite (74) as

1 Zz 1 Z3
W(z1, 22) = —(— + —1b1>zl +b173=—— + p,
2 1 7 2

and compute the derivative with respect to z;:
DW(z1,22) = Z% + 321by + 321 D1b1(21).
1

Now we differentiate by:

P'(z1) P'(z1)
Db 1) = -2 Z 4 = —
1b1(21) llz2]] Pley)? PCy)
Therefore,
5 P'(z1)
DiW(z1,22) = — + (§z2 -z by.
2\ TPy

(74)

(75)

(76)
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Now we manipulate P(z;) and P’(z1):

P(z1) = llzal*z] — 12501727
D212} — allza )2
= (1 —a)|lz?2].
P'(z1) = 4l|z2lI’z] — 2123 0°z1
= 212202 — 20123017
Y 21 @lzal?} —2allz2)%2?)
=22 - )llz2l*z].
Here the equalities marked with (%) use z; = c(z2) in the form
12317 = el z2]|27
Now we set
X := Pz’ DiW(z1, 22)
and continue from (76):
X =5P(z1) + 320"z} P(z1) — llz2ll*z} P/ (z1)
=(50-a)+3(1—a) =22 — )220
We compute the numerical coefficient
K:=5(1-a)+31-a)-22-a)

in front of ||z2|%z1%€,. With

S

we compute
K+20=51-0a)+3(1—a)—22—20) =5k + 3k — 4k = 5k(k* — 1) =0.
This shows K = —2a # 0, which implies X # 0 and therefore proves (73).

4E. Uniqueness of symmetric frozen planet orbits. The discussion in the preceding
subsections shows that critical points of By = B,, (i.e., frozen planet orbits for the
mean interaction) are in one-to-one correspondence with critical points of F, for
p = (+/2 — 1)%. Moreover, this correspondence preserves the indices and nullities
of the critical points. By Corollary 3.5, the functional 7, has a unique normalized
simple symmetric critical point, which is nondegenerate of index zero. Hence the
same holds for the corresponding normalized simple symmetric critical point of
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By and we conclude the following result, which corresponds to Theorem A in the
introduction.

Corollary 4.6. The unique normalized simple symmetric frozen planet orbit for the
mean intersection functional BB, is nondegenerate of Morse index 0. ([l

5. Determinant lines of self-adjoint Fredholm operators

The goal of this section is to show that under certain conditions the restriction of
the determinant bundle to the space of symmetric index zero Fredholm operators
bounded from below (or above) is trivial. We begin by describing the general
Fredholm setting. Then we will describe the more specific Hilbert space setting
and state the main result.

S5A. The determinant line bundle. For two Banach spaces X and Y we denote the
space of continuous linear maps from X to Y by L(X, Y), the subspace of Fredholm
operators from X to Y by F(X, Y), and the set of surjective Fredholm operators by
F*(X,Y). Recall from [12] that the determinants

det(D) = A" (ker D*) @ A™* (ker D)
forany D € F(X, Y) give rise to a real line bundle, the determinant line bundle
det— F(X,Y).

We describe the bundle structure for det following [12]. For this recall the bundle
of kernels over 7*(X, Y) and note that the restriction det | 7«(x,y) is just the top
exterior power of the kernel bundle over 7*(X, Y). Letnow T € F(X,Y) be a
Fredholm operator and set N := dimcoker T'. Let

¢:RY >y
be an isomorphism onto a direct complement to im 7. Then the stabilized operator
Dod:X®oRY Y, (x,0) D)+ @)

is surjective for D := T by construction. Therefore, it is surjective for any D in a
small open neighborhood Ur ¢ of T. The idea is to construct a certain fiberwise
linear bijection (g between the restriction of the determinant bundle to Ur ¢ and
its restriction to the image of Ur ¢ under stabilization. We then declare that ¢, be
a bundle isomorphism. To define (¢ pick any D € Ur ¢ and set k := dimker D,
[ :=dim coker D. Then

dimker(D® ®) =ind(DdP)=(k —-0)+ N
and
ker D x {0} C ker(D & ®)
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is a subspace of dimension k. In particular,
k =dimker D < dimker(D&® ®) =N + (k —[). a7

A complement to ker D x {0} in ker(D @ ®) can be described as follows. Pick
N — 1 linearly independent vectors {¢ j}y:l 41 1n RN and N —1 vectors {£ 1}721 41 1n
X subject to

DEj+ @5 =0, j=I+1,....N.

Then the collection {(§;, ¢ j)}?’:l 41 Spans the desired complement. We complete

{§j}7=1+1 to a basis {fj}jy=1 of RY. Now for any
0= A AY)® (1 A Axg) € det(D)
define

L@(D’ 0)
4 4et(yy, @i =1,

=(=1 detCr . ) l(X1,0)/\-“/\(Xk,0)/\($1+1»§1+1)A“-A(§N,§N)-

It is shown in [12] that the map t¢ is independent of the choices made and the

collection of all maps t¢ does indeed define a bundle structure on the determinant
bundle over F(X, Y).

5B. Self-adjoint Fredholm operators. Letnow (F, (-, -)F) be areal Hilbert space
and E C F a dense linear subspace. Recall that a linear map

T:E—F

is called symmetric if
(Tx,y)r=(x,Ty)rp forallx,ye€eE,

and self-adjoint if in addition for each y € F the existence of a constant Cy, such
that

(Tx,y)r = CylixllF (78)

for all x € E implies that y € E.
Assume now that (E, (-, -)g) is itself a Hilbert space, so we can talk about the
space of Fredholm operators F(E, F).

Lemma 5.1. In the setting above, a Fredholm operator T € F(E, F) is self-adjoint
if and only if it is symmetric and of index zero. Moreover, in this case we have the
equalities

kerT = (im7)*7, (kerT)>* =imT. (79)
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Proof. Suppose first that T is self-adjoint. Then it is in particular symmetric and we
obtain the inclusion ker 7 C (im 7). On the other hand, consider y € (im T)**.
Then (Tx, y) =0 for all x € E, so y satisfies (78) with C, = 0. Since T is self-
adjoint, this implies y € E, and symmetry of T gives (x, Ty) =0 for all x € E. By
density of E C F this implies Ty = 0, so we have shown ker 7 = (im 7)#. This
proves ind T = 0 and the first equality, and the second equality follows from the
first one by taking orthogonal complements.

Suppose now that T is symmetric and of index zero. Then the inclusion ker T C
(im T)*F has to be an equality because both spaces have the same finite dimension,
so the equalities (79) hold. To prove self-adjointness, assume first that 7 is surjective.
Let y € F satisfy (78). By the Riesz representation theorem in F for the functional
x — (Tx, y)r and surjectivity of T, there exists z € E with

(Tx,y)r=(x,T2)F

for all x € E. We apply symmetry of 7T to the right-hand side of the last displayed
equation to get
(Tx,y—=2)r=0

for all x € E. Since im T = F, this implies y —z = 0 and thus y = z € E. This
proves self-adjointness in the case that 7 is surjective. If T is not surjective, then
we replace the triple (F, E, T) by the triple

(Fy:=imT,E, . =imTNE, T :=Tl|imrnE)-

Since the codimension of im 7T is finite, the linear subspace E; is dense in Fj
(because im 7" possesses a complement which is contained in E). Equations (79)
imply that T} is surjective, so by the discussion above T is self-adjoint. Therefore,
the original operator 7 is self-adjoint. (]

We denote the space of operators as in Lemma 5.1 by
Fs(E,F):={T e F(E, F)|indT =0 and T is symmetric}.

Let T € F(E, f). By Lemma 5.1 and its proof, im 7' N E is a complement to ker 7
in E. So the restriction of T to im 7 N E defines an isomorphism

T:=Tlmrrg: (mTNE,(-,-)g) => (imT, (,)p).

Assume now in addition that the inclusion E < F' is compact. Then the inverse of
T can be viewed as a compact operator

T GmT, (-, )Yr) = GmTNE, (-, )g) = (mT, (-, )r).

As such, the spectrum of T-! consists only of eigenvalues which are uniformly
bounded and can accumulate only at zero, and all nonzero eigenvalues have finite
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multiplicity; see e.g., [5]. Since the eigenvalue zero of 7" has only finite multiplicity
by the Fredholm hypothesis, we obtain:

Lemma 5.2. Consider the setting above and assume that the inclusion E — F is
compact. Then for T € F;(E, F) the spectrum o (T) C R is discrete and consists
only of eigenvalues of finite multiplicity. [l

For T as in the preceding lemma and a measurable subset Z C R let
El:F—F

denote the projection onto the sum of eigenspaces to eigenvalues in Z (this is a
very special case of a spectral measure [5]), so we get the spectral decomposition

T= rE].

reo(A)

We conclude this subsection with an important lemma about the continuity of the
spectrum and of the spectral measure.

Lemma 5.3. Consider the setting as in Lemma 5.2 and T € F;(E, F):

(a) Let I C R be a compact interval such that T has no eigenvalues in 1. Then
there exists an open neighborhood Wr of T in F;(E, F) such that the spectrum of
any T' € Wr is disjoint from I.

(b) Let J C R be a finite interval whose boundary points are no eigenvalues
of T. Then there exists an open neighborhood Wr of T in Fy(E, F) such that the
assignment

Wr — L(F,F), T +— EV (80)
is continuous.

Proof. (a) The family {T; :=T —t 1d},c; C Fs(E, F) consists of invertible operators,
and every T; has an open neighborhood U; which consists of invertible operators.
Since the family {7;};¢; is compact, it is covered by finitely many U;,, j =1, ...,/
and we set

[
Wr = () (U, +1;1d).
j=1

(b) By part (a), we find an open neighborhood Wy such that no 7’ € Wy has
eigenvalues at the boundary points of J. The desired continuity can now be
deduced e.g., from Dunford calculus [6] as follows. Let ' C C be a smooth simple
closed curve enclosing J and disjoint from the spectrum of 7’ for all 7" € Wr. We
orient I' as the boundary of the connected component of C\ I" containing J. Then
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the spectral measure in question can be expressed by the operator valued Cauchy
integral formula

|
ET = —,/(,\Id—T’)—ldA; (81)
27'[1 r

see, e.g., [6, Section X.1 Formula (i)]. In [6] it is stated for bounded operators, but
it immediately generalizes to our case as follows. Note that the integral itself on
the right-hand side of (81) still makes sense. Let now e be an eigenvector for an
eigenvalue u of T’. Then

AId-=THle=—p)'e.

Since the spectrum of 7' consists of eigenvalues, the usual Cauchy formula from
complex analysis implies that the right-hand side of (81) does indeed define the
desired spectral measure. The continuous dependence of EJT/ on T’ now follows
from the continuous dependence of the Cauchy integral on its integrand. O

5C. The main result and strategy of proof. We introduce the following notation
for any real number R, where o (T') denotes the spectrum of T':

F>MNE, F):={T e F;(E, F) | o(T) C (R, +00)},
F>NE, FY :=(T € F>™(E, F) | ker T = coker T =0},
FME,F):={T e F,(E, F) | o(T) C (=00, R)}.
Now we can state the main result of this section.

Theorem 5.4. Consider the setting above and assume that the inclusion i : E — F
is compact. Let R be any real number. Then the equalities (im T)>F =ker T give
rise to a canonical orientation of the restrictions

det |}~Y>i)% (E,F) and det |]:Y<9§(E’F)
of the determinant line bundle to the subspaces of index zero symmetric Fredholm
operators bounded from below or above.
The proof will occupy the rest of this section. We begin by explaining the main
ideas. Observe that the involution

FoMNE, F)—» F7NE,F), A —A

preserves the determinant line bundle. Therefore, it is enough to prove our statement
for F-2(E, F).

For T € Fs(E, F) let vy, ..., vg be an orthonormal basis (with respectto (-, - ) )
of imT)** = ker T. We identify ker T with its dual using the Hilbert space
structure. The element

H(T) = A AV ®UIA--- Avg € A (ker T) ® AF(ker T) = det(T)  (82)
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does not depend on the choice of the orthonormal basis, so these elements define a
canonical section ¢ of det|r, (g, ). Unfortunately, this section will turn out to be
discontinuous — it has singularities at operators that have more kernel than some of
their neighbors. Observe, however, that the restriction of the determinant line bundle
to the subset F;(E, F)* of invertible operators is a trivial bundle F;(E, F)* x R.
Moreover, the section ¢ over F;(E, F)* is the constant 1 € R. The section ¢ can be
thought of as a tautological section and its restriction to F(E, F)* is tautologically
continuous.

The idea now is to compensate the above discontinuity using a certain spectral
count. Recall from Lemma 5.2 that the spectrum o (T) CR of T € Fs(E, F) is
discrete and consists only of eigenvalues of finite multiplicity. Let

p:R— (—o0, 1]

be a nondecreasing smooth function which restricts on the interval (—oo, a] as the
identity A — A and which is constant equal to 1 on the interval [b, co) for some
0 < a < b. We define our spectral count

w:FME, F) >R
by the formula
w@ = [T o

reo (T)H\{0}

where each eigenvalue appears with its multiplicity. Note that the product above
contains only finitely many factors different from 1 because all eigenvalues of T'
are > R and p(A) = 1 for large A. The function w is nowhere zero. Observe,
however, that part of the spectrum may converge to 0 in a family of operators. On
such a family the function p converges to 0 and compensates the singularity in the
section ¢ above. We define a modified section of the determinant line bundle over
FyME, F) by

S(T) :=u(M)vg A+~ AVI QUL A+ AUg.

We will show that s is continuous. Note that different choices of the function p lead

to positively proportional sections s, therefore the induced orientation is canonical.
LetT € ]-';m(E , F) be given. We specify the general Fredholm setting above to

the present situation. Namely, set N := dim ker 7" and pick a linear isomorphism

O :RY > kerT=@G(mT)F cF

respecting scalar products. Let Ur ¢ be a neighborhood of T in F(E, F) as above
and consider its restriction to Ur := Ur ¢ ﬂ]—';m(E, F). Let {T,},en C Ut be any
sequence with

lim 7, =T.

n—oo
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We need to show
lim s(7,) =s(T). (83)
n—oo

By a standard trick, it suffices to show that for every subsequence (7;,,) there exists
a subsequence (Tnkj) such that lim;_, s(T,,kj) = s(T). Using this, in the proof of
(83) we will repeatedly pass to subsequences of (7},), always renaming them back
to T,.

Inequality (77) with k = [ (because of index zero) implies that after passing to a
subsequence we can assume

dimker7,, =k <dimkerT =N

for some constant k. We understand the desired convergence (83) in terms of the
above isomorphism t¢. That is, we have to prove that

Tim (T, 5(T)) = to(T, 5(T)). (84)
Let us recall the choices we have to make in order to define the necessary objects
entering the last assertion:
(i) An orthonormal basis vy, ..., vy of ker T.
(ii) An orthonormal basis vY, ..., v} of ker T,, for each n € N.
(iii) A basis ¢y, ..., ¢y of RV (to define 1o (T, -)).
(iv) A basis ¢, ..., ¢y of RY for each n € N (to define 1o (T},, - )).
(v) A collection {& J’.’} j=k41 CE subject to
T.§] =—®¢!, j=k+1,....N (85)
(to define 1o (T, - )).

This allows us to write out

to (T, 5(T)) = (=D Copt(T) W], 0) A~ - AR, OVAGEL 1 G ) A+ AR CR)
and

to(T, s(T) = (=D Cu(T) (W1, 0) A+ A (U, 0) A (kg 1, 0) A+ A (U, 0)
with the abbreviations
_det(y!, ®LF)i =1,k _ det(v;, DL;)i j=1...N
T det(¢], ..., g o det(Gr, ... Cy)

The desired convergence (84) thus follows from the following three assertions (for
suitable choices (1)—(v)):

’

Assertion (A) lm v A AV =V A A
n—oo
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Assertion (B)

Bim (T (50 G) A A =R 83 = (D) Wkt O A+ A (0, 0).

Assertion (C)
lim det(v}, ®¢}')i j=1,..k = det{v;, DEj)ij=1,... (86)
nligolodet({l’vé‘N)zdet(é‘ls5§N) (87)

Let us describe the strategy for making the choices above. We are going to show that
in a certain sense ker 7,, converges to a subspace kery; 7 of ker T as n — 00. Note
that each ker 7,, is a member of an infinite dimensional Grassmannian. Therefore,
we need an additional construction (“parametrizing the kernels”) relating ker 7, to
a subspace of ker T'. This will give us the key orthogonal splitting

ker T =Xkerge, T @ keryn T

where kerjy, T is the orthogonal complement to kery.; 7 in ker 7. Alternatively,
keryy T is the limit of im 7,Nker T" as n — co. We let vy, . . ., v; be any orthonormal
basis of kerye; 7 and vg41, ..., vy be any orthonormal basis of kerj,, 7. We define
{g“]} +_ to be the preimage of {v]} -, under ® and g“ =¢/forj=1,...,k. We
then define {v”}k_ | as the orthonormahzatlon of a sultable projection of {v J} _, to
ker T, ﬂkerT and {CID{ }N «+1 as the orthogonal projection of {vj}J —y1 1O im 7,,.
This will allow us to deﬁne {& j} 41 using (85) and it remains to verify the three
assertions above (see Section SE)

5D. Parametrizing the kernels. Let X and Y be two Banach spaces and F*(X, Y)
be the space of surjective Fredholm operators from X to Y. Pick any D° € F*(X, Y)
and let Upo C F*(X, Y) be a connected open neighborhood of D®. We describe
one possible trivialization of the kernel bundle over Upo. Consider the direct sum
Y @ ker D° and let Cy C X be a closed direct complement of ker D in X. Let

Pierpo : X — ker D°

denote the projection onto ker D° along C.

To every operator D € Upo we associate an operator D e L(X,Y @®ker D°)
defined by D(x) := (D(x), Pyer po(x)). By construction the operator DV s bijective.
Therefore, by shrinking Upo if necessary, we may assume that D is bijective for
every D € Upo. As a consequence, each D admits continuous inverse depending
continuously on D. Given any x € X, let ¥ € X be the unique solution of the
equation

D(¥) = (D(x), 0). (88)
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Writing out (88) in components gives us
D(x)=D(x), Pgpo(x)=0.
In other words,
D(x—-x)=0, xeC(p.

Observe that ¥ depends continuously on (D, x) € Upo x X, and ¥ =0 for D = D°
and any x € ker D°. So the isomorphisms

Op:kerD’ =5 kerD, Qp(x):=x—%
depend continuously on D € Upo and

QDO = Idker DO -

To apply this in our situation set X := EQRN, Y :=F, D*:=T®®, D:=T,® o.
Furthermore, in our case ker 7' = ker T x {0} = ker(T @& ®) and we can take
Co:=1m T N E. Then the preceding construction gives us isomorphisms
Q, = Qr,ae : ker T = ker(T, ® ®)
such that
lim Q, = Idierr - (89)
n—oo

Equation (89) implies in particular
1Q)1 —Tdier7ll = 0, 19, Iker 7, x(0) — Idker 7, (03 | = 0 (90)

as n — oo, where (Q,); denotes the first component of Q,.

Using the isomorphisms Q, we can now establish the orthogonal splitting ker 7" =
keryer T @ keriy, T'. For two subspaces H, H; of a finite dimensional Hilbert space
(H, {-,-)g) we define

(Hy, Hy) == sup{(u, v)p | (u,v) € Hy X Hp, |lull = |lv]| = 1}.

Note that (H;, Hy) = 0 if and only if H; and H are orthogonal to each other. We
consider ker T and ker(7;, @ ®) as finite dimensional Hilbert spaces with the scalar
products induced from F. Let “ 1" denote “orthogonal complement in ker(7,, & ®)”
for the discussion below. For a subspace K of ker(7,, ® ®) let (K), C RY denote
the projection of K on the second component. Observe that

(ker T, x {O)* ={(§,¢) € (im T, N E) x RN | T,,§ = —d¢).
Since 7, restricts to an isomorphism from im 7,, N E to im 7,,, we get

& ((ker T, x {0D1)2 =im T, Nker T.
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Since the Grassmannian of k-dimensional subspaces of ker T' is compact, we get
(after passing to a subsequence if necessary) the following limits:

kerger T := lim Q;l(ker T, x {0}), kerinT := lim (im7T,NkerT). (91)
n—oo n—odo
For a closed subspace C C F we denote by
Pc. F— F

the orthogonal projection onto C. In terms of orthogonal projections, the preceding
equations mean

Pkerker T = nlinolo PQ;' (ker T, x {0})° Pkerim T = nlgrolo Pim T.Nker T - 92)

Our next goal is to show orthogonality of kerye, 7 and kerj, 7. Note that ker 7, x {0}
and im 7,, Nker T are orthogonal to each other as subspaces of F. This together
with (90) implies that

(imT, Nker T, Q, '(ker T,, x {0})) = 0 asn — oo.
The desired orthogonality now follows from (91). Since
dimkere; T =k and dimkeryn T =N —k,
we get the orthogonal splitting
ker T = kerge T @ kerjm T (93)

5E. Proof of Theorem 5.4. The choices (i)—(v). Now we are ready to make the
choices (1)—(v) in Section 5C. For (i) let vy, ..., vy be an orthonormal basis of
ker T such that vy, ..., vy form a basis of kere; 7', and vg+1, ..., vy form a basis
of keryy, T'. For (ii), let G S,, denote the Gram—Schmidt retraction from the space of
all bases of ker 7}, to the space of orthonormal bases of ker 7, and set

W51 1= GSu(Prert, <10y Qn ({0, 52))). 94)
For (iii) we define
=o', j=1,...,N. (95)
For (iv) we define
¢ = {;,_1 J=r (96)
O Pimr,rkerrv; k+1=<j=<N.

The second part of this definition rewrites as

CI)é-]’:l:Pianﬂkerij’ ]=k+1,,N (97)



752 KAI CIELIEBAK, URS FRAUENFELDER AND EVGENY VOLKOV
In view of the second equation in (92) and v; € kerj, T for j =k +1,..., N this
implies

CI>§‘J’-‘—>Pkerimij=vj asn—>o00,j=k+1,...,N. (98)

Applying ®~! to both sides of the last equation, we get
gj'.’—>§j asn—>oo,j=k+1,...N. (99)

In particular, we see that {g“]’.‘}]}’:1 form a basis of RV for large n. For (v), we use
the isomorphism

Ty := Tplimz,ng - im T, N E => imT, (100)
to define
g=-T,'07}, j=1,....N. (101)
With these choices, we will now verify assertions (A)—(C) from Section 5C.

Proof of Assertion (A). We will use the following simple lemma.

Lemma 5.5. Let {A,},en and {B,}nen be two bounded sequences of operators
A, e LY, Z), B, € L(X,Y) between Banach spaces. Assume convergence B :=
lim,_, ~ B, and the equality A, B, =0 for alln € N. Then lim,_,, A, B = 0.

Proof. Since the sequence {A,},en 1s bounded, we get
A (B—B,)||—0 asn— o0
uniformly with respect to m. Set m :=n and use A, B, =0 to conclude. (]
We apply the lemma with X =Y = Z =ker T and the projections
Ay = Q;]P(l«erTnx{O})L Qn,  Bn:= PQ;](kerT,,x{O})'
Since obviously A, B, =0, and lim,,_, o By = Per,, 7 by (92), Lemma 5.5 yields
lim Q' Peer7, x {0y Qn Preres 7 = 0. (102)
n—oo
In view of Pier 7, (0}t + Prer 7, x{0) = Idker7 and (89), this implies
lim Pyer T,,x{O}Qn Pkerker T = Pkerker T- (103)
n—oo
This implies
Prer 7, (0) Q0 ({0 Ys_) = {v}5_) asn— oo, (104)
and since {v j}ljzl is orthonormal we get
{v’}}]]‘.:l — {Uj}];=1 as n — 00. (105)

This proves Assertion (A). O
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.....

.....

left-hand side of (86) equals 1. Equation (87) follows from (96) (for j < k) and
(99) (for j > k). O

Proof of Assertion (B). First, we prepare several convergence statements. Let ¢ > 0
be such that O is the only eigenvalue of 7" in (—2¢, 2¢) and the function p equals
the identity on (—e¢, €). Then by continuity (80) of the spectral measure we get

lim E”, = E{, ) =Per, lim Eg . =Id—Pear.  (106)
Letk+ 1< j < N. We apply the operations in (106) to both sides of (98) to get

. T,
Jim EC

®f =v;,  lim Eg oo ®C) =0. (107)

Observe that Pyer 7, P j” = 0 and define

n._ n_ s n =n._ n
= El oo @8 = El 08 3= ER\(cen PE

Note that

Recall the isomorphism f,, from (100). The eigenvalues of T"n_gl = Tn_l i T
’ R\(=&.¢)

are bounded above in absolute value by e~!. Since the spectral radius of a compact
self-adjoint operator equals its norm, this implies

I, 200 = 1T, 200 < T, 020 < e~ )iz (108)
The preceding discussion can be summarized as follows for j =k +1,..., N:
~ . . ~ . ]~
o =z Jm v, Jin 2 ln TG0 (09

Second, we manipulate the spectral count i and determinants of certain finite
dimensional operators. Set

P = [T rw.
reo (T)NR\(—¢,8))
Since p(A) = A for A € (—¢, ¢€), we get
W(Ty) = pn I1 b=t det(Tolyy g ) (110)
reo (T)N((—&,e)\{0})
and

lim w, = (7). (111)
n—>oo
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Now we attend to the main part of the argument. Using the notation A?: W=
Wy A - - A wp, Assertion (B) reads

Tim u(T)AL (=87, 6 = (DAY, (v, 0).

Identifying vectors £ € E and ¢ € RV with their images (£, 0) and (0, ¢) in E @ RN
and using (101) and (109), this reads

Tim ,u(Tn)A] kH(Tn—lz;?JrTn—lz;!ﬂf):M(T)A;V:k+luj. (112)

We split the wedge product on the left-hand side as the leading term plus the rest,
A T T ey = A T+ R, (113)
We first discuss the rest term R,. Modulo signs a typical summand is
(Az —k+1 1, 1Zn VA (A4 ;1_12?,-) A (Alj'vzm+1§]r'f)

for some k <[ <m < N with [ < N. Equation (98) and the third equation in
(109) imply that the second and third factors in the last displayed equation remain
bounded as n — oo For the first factor, we pick orthonormal bases e}/ FRTREE ey
of the spaces im E™ et} consisting of eigenvectors of 7,, and converglng to an
orthonormal system ey 1, ..., ey as n — 0o0. We write z = Z k41 anel in these
bases, with coefficients c , € R. Since z — v; by the second part of (109), the
sequence {c Jn}neN converges and thus in partlcular remains bounded as n — oo, for
alli, j=k+1,..., N. This way the ﬁrst factor T lz" A /\T z can be viewed
asa homogeneous polynomial in )Lk INTREE ;, of degree [—k strlctly less than
N — k. Moreover, this polynomial has bounded coefficients in A'* im E" et (o)
and each variable 2 Ufor j=k+1,..., N enters every monomial with power 0
or 1. This implies

Tim w(T) (A T, '25) =0, (114)
and therefore
lim w(T,)R, =0. (115)
n—o0o
Now we consider the leading term in (113) which we rewrite as
WA T2 = (@ det(T iy g A2 = a2,

where the first equality follows from the definition of the determinant of a finite
dimensional operator and the second equality follows from (110). In view of (111)
and the second equation in (109), this implies

. N -1 N
Jim (T Ay T, 2 = (DA vj

which together with (115) proves Assertion (B) and thus Theorem 5.4. O
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Remark 5.6. Recall that on the subset F>(E, F)* consisting of invertible opera-
tors we have another orientation of the determinant bundle given by the section ¢;
see (82) and the discussion following it. Observe that for 7' € ]-f‘?%(E , F)* the
values s(7T') and ¢ (T) differ by w(T), where w(T) is the product of all negative
eigenvalues of T and some positive factor resulting from the restriction p|,+o0)-
We rephrase this in terms of the respective orientations. Let us call the orientation
of det | 7> (g )« induced by 7 the tautological orientation. Any other orientation of
det|z-n (g, ry- differs from the tautological one by a sign. For T € ]-'fm(E , F) let
i(T) denote the (finite) number of negative eigenvalues of 7. Then the restriction
of the orientation s to F>?(E, F)* is related to the tautological orientation by

s(T) = (=1)'De(T) for T € F7™E, F)*.

5F. A counterexample. In this subsection we construct a loop of self-adjoint
Fredholm operators with unbounded spectrum and nonorientable determinant bun-
dle, thus showing that the boundedness of the spectrum from below or above in
Theorem 5.4 is essential.

We consider

2= {x = (Xn)nez ‘ X €R Y Xy < oo}
neZ
as a real Hilbert space with scalar product

(X, ) =) Xy

neZ

Similarly, we consider

x; € R, anx,% < oo}

nez

hl = !x = (Xp)nez

as a real Hilbert space with scalar product

(x, y)yp = anyn + anxnyn.

neZ nez

Since h' C I? is dense and the inclusion 4! < [? is compact, the pair (h', 1?)
satisfies the hypotheses of Theorem 5.4. Our goal is to prove

Proposition 5.7. The restriction det |z, 1 2y of the determinant line bundle to the
space of self-adjoint Fredholm operators 1> D h' — 17 is nonorientable.

The proof uses the following lemma. Recall the standard Hilbert space basis
{e,:=(...,0,1,0,...)} hez of I?, where the 1 occupies position 7.
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Lemma 5.8. There exists a continuous path {U. }.¢[1,2) of unitary isomorphisms of
12 that restrict to (nonunitary) isomorphisms of h' such that:

(i) Uy maps e, to e,—1 foralln € 7.

(i) U =1d.
(ii1) UT_1 (eo) is a positive linear combination of eg and ey for all T € (1, 2).
Proof. The following proof was found by Bernd Schmidt. The idea is to concatenate

the following two rotational isotopies defined in terms of the standard basis of /2.
For 7 € [0, %] we define a unitary operator V! of /2 by requiring that it sends

e_, t>cos(mrr)e_, —sin(wr)e,41,
eyl > sin(mwt)e_, +cos(mt)e, 1,

for all n > 0. Similarly, for t € [0, %] we define a unitary operator V.2 of I? by
requiring that it sends

eo = ey,

e_, t>cos(mt)e_, +sin(wt)e,,

e, > —sin(wt)e_, +cos(T)e,,

for all n > 0. It is clear that both operators V! and V? restrict to isomorphisms
of h!. Define

v, cefo.4]
=V e L
—12°Vip2 TE (2,

T

Fort =0wehave Vy=1Id. Fort=1andn >0

Vieen = V12/2V11/26_n = —V12/2€n+1 = €—(n+1),
Vlen+1 - V12/2V]1/26n+] - V]z/ze_n =€y.

To prove the statement about the preimage of e, we compute for T € [0, %]

Vi (cos(mt)eyg+sin(mwrt)er)
= Vrl (cos(mt)eyg+sin(mwt)er)
=cos(mwt)(cos(mwt)ey — sin(wt)er) + sin(w 7)(sin(wr t)eg + cos(mwt)ey)
= €y.

Since Vt2 preserves eq for all T e[O, %], it follows that Vr_l(eo) is a positive linear

combination of ey and e for all T € (0, 1). Therefore, backward reparametrized
family U, := V,_, for t € [1, 2] has the desired properties. O
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Proof of Proposition 5.7. To construct our counterexample, we consider L2 ([0, 1], C)
as a real Hilbert space with scalar product

1
(f. 8):= Re/O f)g) dt.

Similarly, we consider H'([0, 1], C) as a real Hilbert space with scalar product

1 1
(f.8) s = Re /O F(O3()di +Re /O £ (@) dr.
We abbreviate from now on
L?:=L%*[0,1],C) and H':=H'(0,1],0).

Consider the following densely defined operator in L?:

d
L:=—i—:L*>H' - L?
dt
and the following loop of dense subspaces of L?:

E.:={feH'|f0)eR, ™ f(1)eR}, tel0,l1]

Note that Ey = H! and the inclusion E; — L? is compact for all T € [0, 1]. We
define the restrictions

L,:=Llg, :L*D>E, — L*

We claim that L, is symmetric. Indeed,

1 1
(Lof. g) =Re /O —if ()3(1) di = Re(—ifgIh) - Re /0 Lif (g dr.

Now f(0)2(0) eRand f(1)z(1) =e™* f (1) g(1) € R implies Re(—if g|1) =0,
which in view of i fg’ = — fig’ yields

(L f, 8) = (f, L:g).
The spectrum of L, consists of eigenvalues
A =nn—1), neZz
with 1-dimensional eigenspaces spanned by the eigenvectors
el(t) =" neZ.

In particular, the spectrum of L, is unbounded from both sides. Note that ker L, =0
forr € (0,1) and ker Ly = Reg. It is easy to see that (im L)+ =kerL,, so the
operator L is Fredholm of index 0, and therefore self-adjoint by Lemma 5.1, for
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all T € [0, 1]. Since the inclusion E; < L? is compact, the eigenvectors e, of L.
form a Hilbert space basis of L2 for all 7 € [0, 1]. In particular, for T = 0 we get a
unitary isomorphism

=17 e,—e (116)
that restricts to an isomorphism 4! =» E;. In the sequel we will use this isomor-
phism to identify /> with L? and e,, with eg, so we can view the U; from Lemma 5.8
as unitary isomorphisms of L? restricting to isomorphisms of Ej.

The loop {L+}ep0,17 of self-adjoint Fredholm operators is the heart of the coun-
terexample. Unfortunately, these operators have varying domains of definition.
Therefore, we will conjugate {L};¢[o,1] With a suitable loop of unitary operators to
bring all the operators from the desired loop on the same footing. Let {U;}:¢[1,2]
be the path of unitary operators in L? obtained from the one in Lemma 5.8 via
identification (116).

We define a modified loop {Er}re[0,2] of subspaces of L? by

~ E. T €0, 1],
E; .=
Eo=E 1€ [1,2].
We define a loop {®+};¢[0.27 of isomorphisms of L? that restrict to isomorphisms
@, |k, : Eg— E;

by _
e T el0,1],

bof = {U,f Tell,2].

Note that e™"'e, = e~ "e!™ = ¢, | = Uje, and U, =1d, 50 {®; };¢[0,2; is indeed
a continuous loop. Finally, we define
ZT = LIET and T;:= d>;lird>r

for T € [0, 2]. The definition of ®; and Lemma 5.8 imply that {7 }.¢[0,2] is a loop
of self-adjoint operators in L? with domain of definition Ey. This puts us in the
setting of Section 5 with F := L% E := Ep and {Tr}rer0.21 C Fs(E, F). Note that

Reo T =0,
kerT, =10 T1e€(0,1),
RU ey te€ll,2l.

To stabilize the loop {T;}:¢[0,2], we fix some a, b > 0 and consider the vector
G :=aeg+ be;.

The positivity in Lemma 5.8(iii) and the positivity of @ and b imply that
(G,U"Eg) > 0
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for all T € [1, 2]. Therefore, the vector G is transverse to im 7, = (ker T;) for all
T € [1, 2], so the stabilized operator

T, Eg®R— L% (f,0)—>T.f+(G

is surjective for all T € [0, 2]. The discussion at the beginning of Section 5 implies
that the determinant bundle of {7 }.¢[o,2] is isomorphic to the kernel bundle of
{T%}:ef0,27- This loop splits naturally into two parts:

The part T € [0, 1]: Using —i%en = mne,, we compute for f = ZneZ cnen € Eg

T f _ einntt(_ii)e—innﬂf
o f=

dt
=€mn”(—ﬂ1'€ intt ¢ _ pimet; 4 )
f yred
. d
=—mtf —i—
foif
= Z T(n—Tt)cpe,
nezZ

Hence the equation

To(f, ) =Y m(n—1)cpen + ¢ (aeg +ber) =0

neZ

is equivalent to ¢, =0 for all n # 0, 1 and
m(—1t)co+Cla=n(l—1)c1+¢b=0.
Thus ker 7} is described by the relations
¢ =lmreg=im(r—De; and (co, c1) € R(a(r — 1), b).

The part T € [1, 2]: Here we write U, f = )
the one above shows that

To(f.£) =Y mnceen +¢(aeg+be) =0

nez

nez Cn€n. A computation similar to

is equivalent to ¢, = 0 for all n # 0, 1 and
O4+¢a=mc1+¢b=0.
The last equations mean that { = ¢; = 0, and therefore
ker T, = RU ey ® 0 = R(co(t)ep + c1(t)er) &0

with coefficients c;(t) € R which according to Lemma 5.8(iii) satisfy ¢;(r) > O for
te(1,2)andi =0,1.
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After rescaling we may assume c;(1) = b and ¢o(2) = a. Then the kernels
{ker T; }-¢[0,2] are spanned by the continuous section (f(7), (7)) with
a(t —1)eg+bte; 1 €][0,1],
co(t)eo+ci(v)er 7 ell, 2],

nt(t—1) t€]0,1],

f(t):{ 0 rell,2l.

§(r) = {
Since f(0) = —aep and f(2) = aey, this shows nontriviality of the kernel bundle
{ker T; }z¢[0,27 over the circle, and thus of the determinant bundle of {77 };¢f0,2]. In
view of isomorphism (116), this concludes the proof of Proposition 5.7. ([

Remark 5.9. For E, F as in Theorem 5.4 consider the spaces of operators
FoME, FY* C FS™ME, F) C F(E, F) C Fo(E, F), (117)

where Fo(E, F) denotes the space of Fredholm operators of index zero. The
space Fo(E, F) is connected and mFo(E, F) = Z/27Z; see, e.g., [7, Proposi-
tion 1.3.5 and Corollary 1.5.10] (here and in the following m is the fundamental
group based at the identity). Proposition 5.7 shows that 71 F(E, F) and the map
mFs(E, F) — m Fo(E, F) induced by the inclusion are nontrivial. On the other
hand, .7-"S>m(E , F)* has infinitely many connected components given by the numbers
i(T) of negative eigenvalues, see Remark 5.6. It would be interesting to determine
other homotopy groups of the spaces in (117). For example, if one could show that
]-";m(E , F) is simply connected, then this would provide an alternative proof of
the orientability of the determinant bundles in Theorem 5.4.

Remark 5.10. The nonorientability phenomenon described in Proposition 5.7 arises
for example in the algebraic count of intersections of nonorientable Lagrangians,
or of Reeb chords between nonorientable Legendrians.

5G. The Euler number of gradient vector fields. Consider now a Hilbert manifold
X (an open subset of a Hilbert space will suffice for our purposes) and a Hilbert space
bundle £ — X with a continuous bundle inclusion 7X C E such that 7, X C E, is
dense and the inclusion 7y X < E, is compact for each x € X. Let E be equipped
with a fiberwise Hilbert space inner product (-, - )g. In our application, X and E
will be maps of Sobolev class H? and L2, respectively.

Let f : X — R be a C'-map which has an E-gradient of class C', i.e., a
C'-section Vg f : X — E satisfying

Df(x)w=(Vef(x),w)g forallweT, X, xeX.

Note that this condition uniquely determines Vg f. Taking a derivative of this
equation at x € Crit(f) we obtain

sz(x)(v, w) =(DVg f(x)v,w)g forallv,w e T, X, x € Crit(f),
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where DVg f(x) : Ty X — E, is the linearization of the section Vg f at x. Hence
the second derivative D? f (x) is the composition of the continuous linear maps

DVg f(x)®id
—_—

T.XQT.X — T,X®E, E.QE, 128 R,

This implies that f : X — R is of class C?, so its second derivative D> f(x)(v, w)
is symmetric in v, w (this follows from the usual finite dimensional result applied
to the map (s, t) — f oexp,(sv+tw)). Therefore, the linear map

DVEf(x): Ty X — E,
is symmetric in the sense of Section 5. For R € R we denote by
Funcjm(X) cCX(X,R)

the space of C!'-functions f : X — R with E-gradient of class C' such that
DVg f(x) € ]-'fm(TxX, E,) for each x € Crit(f). Then Theorem 5.4 implies

Corollary 5.11. The real line bundle
L — {(f, x) € FuncZM(X) x X | Df (x) =0}

associating to (f, x) the determinant line det(D Vg f (x)) has a canonical orienta-
tion. [l

For a critical point x of f € Funcjm(X ) we denote by ind(x) € Ny the maximal
dimension of a subspace of T, X on which D? f(x) is negative definite, or equiv-
alently, the number of negative eigenvalues (with multiplicity) of DVg f(x). A
critical point x is called nondegenerate it DVg f(x) : T, X — E, is invertible.

Theorem 5.12. 7o each f € Func;m(X ) with compact critical point set we can
associate its Euler number y (Vg f) € Z which is uniquely characterized by the
following axioms:

(Transversality) If all critical points of f are nondegenerate, then there are only
finitely many critical points and

X(Vef)= D (=M.

x€Crit(f)

(Excision) For any open neighborhood XcXx of Crit(f) we have x (Vg f) =
x(VEfl%).

(Homotopy) If F : [0, 1] x X — R is a C'-map with E-gradient of class C' and
compact critical point set such that f; = F(t,-) € Func;m(X) foreacht € [0, 1],
then x (VE fo) = x (Ve f1).
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Proof. The proof consists in applying the proof of [4, Theorem C.1] to the E-
gradients, and upgrading it to integer coefficients using the orientations of the
determinant bundles. Here are the details.

Consider f € Func;m(X ) with compact critical point set. Its E-gradient de-
fines a C!-Fredholm section Vg f : X — E of index zero with compact zero set
(Ve £)~1(0) = Crit(f). By Kuiper’s theorem, we can trivialize the Hilbert space
bundle E = X x Y and thus view Vg f as a C'-Fredholm map X — Y to a Hilbert
space Y. This map satisfies the hypotheses of [4, Theorem C.1], so it has a mod 2
Euler number uniquely characterized by the analogues of the (Transversality),
(Excision) and (Homotopy) axioms. By Corollary 5.11, the determinant line bundle
det(DVEg f) — Crit(f) is canonically oriented. This implies that the transversely
cut out 0- and 1-dimensional submanifolds in the proof of [4, Theorem C.1] inherit
canonical orientations and we get a well-defined integer valued Euler number
X (Ve f) € Z; see [3]. The formula in the (Transversality) axiom follows from
Remark 5.6. (]

Remark 5.13. We have stated Corollary 5.11 and Theorem 5.12 only for gradient
vector fields because this covers their applications in this paper. Their proofs
actually give more general statements for C'-sections S : X — E such that DS(x) €
]-";m(TxX , E,) for each x € S~1(0). These should be compared to results on
orientability of Fredholm maps and their mapping degree in the literature; see,

e.g., [8; 1].

6. Frozen planet orbits with instantaneous interaction

In this section we consider the real helium atom with the instantaneous interaction
between the electrons according to their Coulomb repulsion. Frozen planet orbits
of this system are smooth maps g = (q1, ¢2) : S' — R? satisfying

. _ 2 1

@)= ql(zt)2 T (Q1(t)—1q2(t))2’ (118)

21 = =35 ~ Gomaor

as well as the condition
q1(t) > g2(1) >0 forallr e S'. (119)

Thus ¢ describes the outer electron and g, the inner electron, where the latter
undergoes collisions with the nucleus at the origin. To regularize these collisions,
the following setup was introduced in [4]. One considers the space

Hin:={z=(21,22) € H*(S",R*) | |z1] > 0, ||zl > 0,
23 (1., (1)) —25(1,, (1)) > 0 for all r € S'},  (120)
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where z; corresponds to the Levi-Civita regularization of ¢; and 7, =1, I are the
time reparametrizations defined in Section 2. Note that H;, is an open subset of
the Hilbert space H(S!, R?) and the last condition in its definition corresponds to
condition (119). Integrating this condition we see that H;, C H,,. The instantaneous
interaction functional B;, : H;, — R is defined by

2

2 1 1
Bin(z1,22) = 20zi 11z 112 )—/ dr. (121
(z1,22) Z( Iz 1?12 ee) ) gy T r. (121)

i=1

It is proved in [4] that under the Levi—Civita transformations ¢;(t) = z;(7;(¢))
critical points of 5;, correspond to solutions of (118) and (119).
We interpolate between the mean and instantaneous interaction functionals by

By :=rBin+ (1 —r)Ba:Hin—> R, rel0,1].
It is proved in [4] that for each r € [0, 1] the Lz—gradient
VB, = rVBin+ (1 —r)VBay : Hin — L*(S', R?)

is a C'-Fredholm map of index zero.

As in [4, Section 6] and Section 3D above, we remove the symmetries of 55, by
restricting it to a suitable subspace. For k € Ny we introduce the Hilbert space of
symmetric loops

H (ST R?)
={z=(21.22) e H*R/2Z,R*) | 21 (14 1) =21 (1) =21 (1-7)
and —z(1+1) =22(1) = 25(1—7) for all 7}.

We consider on H2, (S!, R?) the L?-inner product (z, w) = Zizzl fol zi(Dw;(t)dt

sym
and define the open subset
X = {Z = (Zl’ Z2) € Hszym(Sl, Rz)
[lzill > 0, llz2ll > 0, 27 (z, (1)) — 25 (22, (1)) > O for all ¢,
1/2(0) >0, z;(r) >0forallt e (0,1)and i =1, 2}.

Note that the first two lines in the definition of X correspond to the conditions
for H;,, and the third line implies that z; is simple and normalized in the sense
of Section 3D. We will refer to critical points of B, on X and their Levi—Civita
transforms as normalized simple symmetric frozen planet orbits for B,.

Itis proved in [4] that for each r € [0, 1] the L>-gradient VB, : X — HJ,, (', R?)
is a C!'-Fredholm map of index zero, and the critical point set Z of the C?-map

[0, 1] xX =R, 2+ B (2) (122)
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is compact. We wish to apply Theorem 5.12 to this map. For this, we need the
following lemma.

Lemma 6.1. There exists a constant R < 0 such that for each (r, z) € Z the spectrum
of the Hessian DV B, (z) is contained in (R, 00).

Proof. We claim that the Hessian at (7, z) € Z has the form

DVB,(z) =P: + Ko : Hop(S', R?) — HY (S, R?),

sym

where the leading order term is given on v = (vy, v2) € HS,(S", I R?) by

2 2
PBov = (—4llz1l7v], —4llz2[7v3)

and the lower order term K, ; extends to a bounded operator Sym(S1 R?) —

Sym(S I R?) depending continuously on (7, z). In [4] it is shown that the lower
order term is compact, but a more careful inspection of the compactness argument
reveals that it actually shows the extension to H!. It is enough to see this for By,
and B;, separately. Below we abbreviate Hslym(S I R?) as H! etc.

For B,, this follows from equations (93) and (94) of [4]. For B5;, it follows from
the analysis of the Hessian of the instantaneous interactions term carried out in
Sections A3 to AS of [4]. The main additions on top of what is already done in [4]
are the following:

sym

o Itis written in [4] that the map v — D, v defined by formula (99) is a bounded
linear operator L? — H'. This map should be used as such when referred to
in Sections A3 to AS of [4].

e The map v — Xv defined by formula (109) extends as a bounded linear
operator H' +— H'.

This shows the claim above. Now compactness of Z implies the existence of
uniform constants §, C > 0 (independent of r, z) such that

(3]

2
(Bov,v) = (—4llzil>v) vy =D AlzlPlvi> = sl

i=1 i=1
and
R0l < Cllllgr = Clvll + [[V[D.

It follows that
(DVB,(2)v, v) = 8|1V [I* = C (vl + IV IIv]

c 2 C?
— C+ 2
(Ilvll 25||v||> ( +45>Ilvll
> c+C lv]|?
= 45 )"0
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and thus
C2
<<DVB,(z) +C+ —)v, v> > 0.
45
This shows that the spectrum of DV, (z) is contained in (R, co) for any R <
—_c-¢. ]
45

By the preceding discussion and Lemma 6.1, the map (122) satisfies the hy-
potheses of Theorem 5.12. It follows that the integral Euler number x (VB,) € Z
is defined for each r € [0, 1] and independent of . Now by Corollary 4.6, the
functional By = B,, has a unique normalized simple symmetric critical point, which
is nondegenerate of index zero. Therefore, Theorem 5.12 implies the following
result which corresponds to Corollary B from the introduction.

Corollary 6.2. The integral count of normalized simple symmetric frozen planet
orbits equals

X(VBip) = x(VBqy) = 1€ Z. a

Appendix: Elliptic integrals
For n € Ny we consider the elliptic integrals

1 2n
¢
I,: (—o0, 1) > R, mr—>f dt
0 VA=A -me?)

At m = 0 these integrals can be computed in terms of Euler’s beta function and
evaluated elementarily, namely

1 2n
¢
1,(0) = d
0) /0 T2 ¢

1
A

B(n+3.3)
- 2
L(n+3)T(3)
T T+ 1)
@n—Ir(4)?
- on+ly)
2 — D
= 2"+1Iz! M

Here (2n — 1)!! equals 2n — 1)(2n —3)---1 forn > 1 and 1 for n = 0. For m
different from zero these elliptic integrals can be expressed via elliptic integrals of
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the first and second kind. These are defined for m € (—o0, 1) by

1 _ 2
K (m) :/ ! de, E(m)= f vizme”
0 V(1—=¢)(1—me?) 1—;“2

For n equal to zero or one this is obvious. Indeed, we have just

Io(m) = K (m) 2
for any m € (—oo, 1) and if m # 0, then

K —F
iy = = E, 3)

For larger n this follows from the recursion formula

Ly = 20 DO+ Do) @nt DL @
2 = 2n+3)m Q2n+ 3)m

which allows to express [,, with the help Iy and /; and consequently in terms of K
and E using (2) and (3). The recursion formula (4) follows from

0= f L e 2Tt DE 1 mED) di
o d&

1 n+1/2 o
=/ ((l’l+%)§nl/2\/1 _(m_|_1)€:_|_m;§2+ & 2mé—m—1) )ds
O 21— (m+ 1§ +mg?

_ fl Q2n+ DE"V2(1 = (m+ DE +m&) + 612 QmE —m — 1) it
21— (m+ D& +mé?

B /‘ (2n+3)mE"2 — 2n42)(m 4+ DET2 4 2n 4 1)E"!/? gt

a 2/A=E)(T—mé)

L @n43)yme? 3 — 2n+2)(m + D + Qn+ 12!

-/ ¢ de
VA=) —me?)

_ /1 Qn+3mg20D — @n + Dm £ DD + QoA DI
VA=) (1 —me?)

= Qn+3)mlypo(m) —2(n + 1) (m + DIy (m) + 2n+ 1)1, (m).

In particular, we obtain
Lymy = 2t D) Joem) )

3m 3m

which with the help of (2) and (3) we can alternatively write as

(m+2)K(m)—2(m+1)E(m)
I,(m) = 32 .
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The derivatives of the elliptic integrals of the first and second kind can be expressed
as a linear combination of them with m-dependent coefficients as follows

E(m) — (1 —m)K (m) E(m) — K (m)

o —my > Em= om ©

K'(m) =

For E this is a straightforward application of (3). Indeed,

Lim) _ E(m)—K(m)

E’ =_l/ dc = — =
WE ) Mieoamme 2 2m

For K this is more involved and follows from the following computation

Oz_m/‘ d (V1=
0 dé“\/m
/ (1—-¢) (1 —me?) — 21 —meH) +me2(1—¢?)
—m d
VA=) —me?)?
1 1-2¢% 4+ me
0 VA=A —me2)?
_ [t mA—m)e? — (A —mi?)?+ (A —m)(1 —m¢?)
_fo Ja=e) T —me?)?
=2m(1 —m)K'(m) — E(m)+ (1 —m)K (m).

d¢

It follows from (6) that the quotient of the elliptic integrals £ and K satisfies the
Riccati differential equation

G .
K __2m+mK_2m(1—m) 7

as the following computation shows:

(E)’_ E'K —EK’

K K?
1 E 1 1 E 2+ 1 E
2m K 2m  2m(1 —m) 2m K
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Differentiating this expression and using (7) we compute

L' 1E 1 1(EY

ILy) m2K m?> m\K

_lE 1 1 1E 1 E\’
" m2K m? 2m? m?2K  2m2(1—m)\K

1 N 1 LD 2
= — —m_
2m?  2m2(1 —m) Iy

so that we obtain for the quotient of /; and I the Riccati differential equation

(11)/ 1 1 1 (11)2
1) = - L ay ®)
Iy 2m(l—m) m(l—m)ly 2(1—m)\ Iy

We end this appendix with a technical lemma about the function

F:(—00,1)) >R, mr— (2—m)5—(l)(m)

which we need to prove our nondegeneracy of critical points of collision type for
the frozen functional for positive parameters r. From (1) we have

Lo =2, hO="
0 - 2 ’ 1 - 4a
and therefore
F0)=1.
Our technical lemma is the following.
Lemma A.1. For m <0 we have F(m) > 1.
Proof. We consider the function
G:(—00,1) >R, mr— 2—m)li(m)

and show that it is strictly decreasing for negative m. For that purpose we compute
its derivative

1 2 1 4
/ { 1 / C
G =_ dc+512— d
o) ./0 VA=22)(1—me?) £+ Gmm) 0 V(=22 (1-mg?)3 ‘
_1 [ Cmmgt-2e2d-me?)
-2
o VA-¢H(1-me?)3

L [ @m)-D)

2l VA=) (a—-me2)?
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If m is negative the enumerator is nonpositive, and strictly negative for ¢ € (0, 1).
This shows that
G'(m)<0 form <O.

Since Iy = K is strictly increasing, we see that

F=¢
Iy

as the quotient of a positive strictly decreasing function and a positive strictly
increasing function is strictly decreasing for negative values of m. Since F(0) =1,
we conclude that

F(m)>1 form <0,

which proves the lemma. O
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