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Abstract

Starting from a classic non-local (in space) Cahn-Hilliard—Stokes model for two-
phase flow in a thin heterogeneous fluid domain, we rigorously derive by mathematical
homogenization a new effective mixture model consisting of a coupling of a non-local
(in time) Hele-Shaw equation with a non-local (in space) Cahn—Hilliard equation. We
then analyse the resulting model and prove its well-posedness. A key to the analysis
is the new concept of sigma-convergence in thin heterogeneous domains allowing to
pass to the homogenization limit with respect to the heterogeneities and the domain
thickness simultaneously.
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1 Statement of the Problem and the Main Results

Diffuse interface models based on a multiphase approach associated to the balance and
constitutive laws and on thermodynamic principles are a useful approach to describing
the evolution and interactions of different species or phases. Such models have many
applications, especially in filtering (Kozicki and Kuang 1994), blood flow (Aland et al.
2014) and flow of liquid gases in fuel cells (Bazylak et al. 2008). Many models in the
literature consist of a mixture of two species and are modelled as a two-phase flow
coupled to a reaction—diffusion-type equation, thereby leading to coupled systems
of partial differential equations of Cahn-Hilliard type, see e.g. (Jiang et al. 2015;
Lowengrub et al. 2013; Wise et al. 2008; Wu and Wang 2012). The classical well-
known non-local model in this context is the non-local Cahn—Hilliard-Navier—Stokes
system, which reads as follows:

ou .
E—%Au+(u-V)u+Vp—uV<p:h1nQ:(O,T)xD,
divu =0in Q,
o9 Vo — Ap=0i
w=ap—Jxg+F'(p)inQ,
a
B—M:Oandu:Oon(O,T)an,
)
u(0,x) = uo(x) and ¢(0, x) = @o(x) in D.

In(1.1), D is abounded open smooth domain in R4 (d = 2, 3), uisthe velocity, ¢ is
the order parameter (differentiating between the two fluids), i is the chemical potential,
p is the pressure, « is the viscosity of the fluid, and Re is the Reynolds number. If the
Reynolds number is low, e.g. when the characteristic length is small, the convective
term (u - V)u can be neglected, in which case (1.1) can be well approximated by
the Cahn-Hilliard—Stokes system, see for instance (Han et al. 2013, Section 2.2.3),
in which a number of applications are discussed as well, for heterogeneous media in
particular.

In the current work, we are interested in two-phase flow in the special case of a
Hele-Shaw cell of a fluid in between two rigid parallel walls separated by a very small
distance, which naturally implies flow at low Reynolds number. Moreover, the fluid
phases in the Hele-Shaw cell are assumed to be mixed on the same small scale so
that the problem we address is related to the study of a phase-field model for the
evolution of a mixture of two incompressible immiscible fluids modelled by the non-
local Cahn—Hilliard—Stokes system evolving in a highly heterogeneous Hele-Shaw
cell. To be more precise, the model problem of our study is as follows.

1.1 Geometry of the Domain

We assume that the domain in R? (d = 2, 3) occupies a bounded region in between
two rigid walls. More precisely, let € be a bounded open Lipschitz domain in R4~
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For & > 0, we define the thin heterogeneous domain €, in R by
Q. = x (—e&,8) = {(f,xd)eRd :xeQand —e < xy <8}.

The heterogeneity of the domain is implicit in the sense that it stems from the two fluids
being mixed at lengthscale ¢. This is reflected in a viscosity oscillating at scale € in a
general deterministic way as well as corresponding initial conditions. The distribution
function of those microstructures is therefore represented by an assumption made on
the fast spatial scale y = X /e covering a wide range of behaviours such as the uniform
(or periodic) distribution, the almost periodic distribution and some more as described
in detail later.

1.2 Statement of the Model Equations and the Main Results

In the thin layer 2., the flow of two-phase immiscible fluids at the micro-scale is
assumed to be described by the non-local Stokes—Cahn—Hilliard system

oug
at

— div (e2B*Vu,) + Vp. — ue: Ve = hin Q,,
divu, = 01in Qg,

0.
ot

+u; - Vo — Ape =01in Q,,
(1.2)

e = e! (aspe — J % @g) + F'(¢e) in Q,,

Ophe
av

=0andu, =0o0n (0, T) x 082,

us(0, x) = ug(x) and @, (0, x) = ¢ (x) in Q.

In(1.2), Q. = (0, T) x 2 (we also define Q = (0, T) x ), where T > Qisa
given fixed real number, and the functions J, a, (which depends on J), B®, F, uy, ¢;
and h satisfy the following hypotheses:

(H1) J € WiL®RY) N CqRN\{0}] x R) with J(y) = J(—y), and az(x) =
er J(x —2)dz > 0 (x € Q) satisfies e La, € L®(,) and there exists
B > Osuch that B~ > e~ la,(x) > B forall x € Qp;

(H2) F € CIZO’CI(R) and there exists (¢;)o<i<s C R, 1 <r < 2andgqg > % with
cp > %0 Al Ll ®9) (where ko = ko(d) > O is a universal constant given
below in (2.2)), cg, ¢3, ¢5, ¢ > 0, ¢4 > 0 such that for all s € R,

() F'(s)+ B = co
(i) F(s) = cis> —
(i) [F'()]" < e31F ) +ca

@ Springer



43 Page4of56 Journal of Nonlinear Science (2024) 34:43

(iv) F"(s)+ B = css/* — cg;
(H3) uf € L*(Q,) and ¢ € L?*(Q,) satisfy

[#5] 2o + 196] 2y = crehs [ Fpax <ese.

&
for some positive constants ¢;7 and cg, and further, when ¢ — 0,
1

+e72
Lz(Qg)d

e _ 0’

0
05— 0] 1o, = (1.4)

where u? € L?(©)? and ¢° € L?(Q); finally, k has the form

h(t,x) = (hi(t,x),0) forae. (t,x = (x,x4)) € (0, T) x 2 x (—1,1) = 0y,
(1.5)
where by € L2(Q)4~1.
(H4) The oscillating viscosity B¢ is defined by B®(x) = B(X, x/¢) (x € Q) where
B e C(Q; LOO(JR‘;)‘JX") is a symmetric matrix satisfying

alE? <BE, y)E-£ <a ') forallé e R, ¥ € Qand ae. y € RY,

with « > 0 being a given constant independent of x, y and &.

For the homogenization process, we will furthermore require a structural assump-
tion on B, (H5), given at the beginning of Sect. 4.

Choosing £ as in (1.5) is common and justified when dealing with thin domains.
Indeed, as we are interested in the thin-domain limit, the forcing should be independent
of the variable x;. Moreover, we note that, from a modelling point of view, it would be
desirable to allow the viscosity to depend explicity on the order parameter (similar to
Reischmann and Peter 2020, 2022), but this direct coupling would imply a nonlinearity
beyond the scope of this work.

Here and henceforth, we adopt notation (1.2); to designate the ith equation of
system (1.2). The same will also apply for any other system encountered in this work.

Remark 1.1 Since F is bounded from below, it is easy to see that (iii) in (H2) implies
that F has polynomial growth of order r’ where r’ € [2, 00) is the conjugate index of
r. Namely, there exist cg > 0 and c¢19 > 0 such that

|F(s)| < cols” +cioforalls € R. (1.6)

Conditions (i) and (iv) in (H2) imply, respectively, that F”(s) + ¢ 'a.(x) > ¢o and
F'(s) + e las(x) > cs5|s]?? — cg forall s € R and all x € Q.

Remark 1.2 (1) In Assumptions (H1) and (H2), the spaces L\, _(R?) and W,;! (R?)
are defined in Section 2 together with the universal constant kg, which depends only
ond. (2) Assumption (H1) on J generalizes the previous ones made in the literature.
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The common well-known assumption (see e.g. Colli et al. 2012; Frigeri and Grasselli
2012; Frigeri et al. 2016) on J stipulates that J € W1 (R?). In Bates and Han (2005),
J is constrained as follows:

Supfg(ll(x =W+ VI =y dy < 0.

xeQ

Both assumptions above imply that J € whi (RY).

uloc
Remark 1.3 Typical well-known examples of functions J and F fulfilling assumptions
(H1) and (H2) are the Landau double-well potential defined by F(r) = %(r2 —1)?
and J(x) = B le’1 (ifd =3)and J(x) = —B> In|x| (if d = 2), respectively. Here,
|x| stands for the Euclidean norm of x € R4 and B1, B2 are positive constants.

In (1.2), the Laplace operator acts on u, = (Mlg)l k=g in the following manner:
Au, = (Aulg)lfkfd, so that

(B 9) = Y (Auk.¢F) for ¢ = @) 110

d
k=1

It is worth noticing that in (1.2)4 we use the factor 1/¢ in front of (a.¢: — J * @)
to preserve the relative size of the open set 2, = Q x (—¢, ¢) for small ¢. The
above-mentioned term obviously satisfies the equality

e (aepe — T % @) (1, x) = o (Je(x = &) (@ (t, %) — @e (2, £)) d§, (1.7
1

where J;(x) = J(X, exg) for x = (X, x4) € Q1 and @ (1, x) = @(t,X, exg) for
(t; x) € Qg. Itis at this level that the assumption J € C((R4~1\{0}) x R) is essential
as it will be seen in Sect. 4.

Remark 1.4 Assumptions (1.3)-(1.4) on uj and ¢ are relevant from the physical
standpoint for if we choose uj, to be the solution of the Stokes system

—Aug+ Vpy=gin Q, divag=0in Q,anduj = 00nd<2,
with g(x) = (g;(x%),0), g, € L2(2)?7!, then it is a fact that ””8“1—11(9 ya = Ccel/2,
o (hae

It comes readily from the two-scale convergence for thin heterogeneous periodic
media (see, e.g. Neuss-Radu and Jiager 2007) that there exists u e L2(Q)d such

1 .
that e 2 ||uf) — u0HL2(Q g 0 when & — 0. The same process applies to ¢ where
we instead consider the equation

—Agj = gein Q, and ¢j = Oon I,

with g, € L2(Q,) being such that IIgSIILz(Qg) < Ce'/2 for some fixed positive
constant C.

@ Springer
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System (1.2) is a non-local Cahn—Hilliard—Stokes system frequently used in
describing the behaviour of multiphase fluids in Hele-Shaw cells (Della Porta et al.
2018; Frigeri and Grasselli 2012). Its local version has been investigated in Cheng
and Feng (2017), see also Gurtin et al. (1996) for the derivation of the local version of
(1.2), and (Han et al. 2013) for the derivation of a Cahn—Hilliard—Stokes—Darcy model
obtained by coupling the Cahn—Hilliard—Stokes system and the Cahn—Hilliard—Darcy
system. It is important to note that, in Gurtin et al. (1996), Han et al. (2013)), the
authors considered the stationary Stokes system.

In (1.2), instead of taking the Laplace operator, we assume a general linear elliptic
operator of order 2 in divergence form with non-constant viscosity B(x, x/¢) depend-
ing on the position x = (X, xz) € 2. The distribution function of the microstructures
is therefore represented by an assumption made on the fast spatial scale y = X /¢
covering a wide range of behaviours such as the uniform (or periodic) distribution, the
almost periodic distribution and the asymptotic almost periodic one. This assumption
is made on the function y — B(X, y) with y = (7, y4).

The scaling in (1.2); is the classic one balancing viscosity effects and leading
to memory effects in the homogenized limit, see e.g. (Allaire 1992) in which, with
the same scaling, the author obtained the Darcy law with memory. This suggests to
envisage obtaining in the limit a coupled system consisting of a Darcy-type equation
with memory effects associated to a non-local convective Cahn—Hilliard equation, thus
obtaining a doubly non-local system. Therefore, to justify the latter assertion, we aim
at investigating the limiting behaviour when ¢ — 0 of the sequence of solutions of
(1.2). This will be achieved through a two-step process: (1) deriving the homogenized
system by employing the sigma-convergence concept for thin heterogeneous media.
At this level, we shall deal with the non-trivial passage to the limit in the non-local
term; (2) analysing the resulting system in order to address its well-posedness.

The homogenization theory in thin periodic structures is now well known, see
e.g. (Bhattacharya et al. 2022; Gahn et al. 2017, 2021, 2018; Neuss-Radu and Jager
2007) for some works in this direction. On the other hand, the general deterministic
homogenization theory beyond the periodic setting is in its early stage. To the best of
our knowledge, the only works to date in that direction are Cardone et al. (2022), Jager
and Woukeng (2022). It is also worth noting that even in fixed or porous media, the
theory of homogenization for multiphase flows is less developed. Nevertheless, we
refer to Auriault et al. (1989), Banas and Mahato (2017), Bunoiu et al. (2020), Daly
and Roose (2015), Hornung (1997), Schmuck et al. (2012), and Sharmin et al. (2022)
in this context.

Highly heterogeneous model problem (1.2) considered in this work is stated in
a thin domain, in which the heterogeneities are distributed in a general deterministic
manner. Therefore, our study falls within the framework of the sigma-convergence the-
ory for thin heterogeneous domains which has recently been introduced in Jiger and
Woukeng (2022) as a generalization of two-scale convergence for thin periodic struc-
tures introduced in Neuss-Radu and Jiger (2007). The use of the sigma-convergence
concept covers several important special cases. The heterogeneities may be uniformly
distributed (leading to the periodic distribution and, hence, to the use of the two-scale
convergence for thin domains). They may also be distributed in an almost periodic
way or in an asymptotic almost periodic manner. This will be further illustrated in
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Sect.7. The expected upscaled model (corresponding to the 3D g-model) is, to the
best of our knowledge, new and is stated below as one of the main results of the work.

Theorem 1.1 Assume d = 3. For each ¢ > 0, let (ug, @¢, ke, pe) be the unique
solution of (1.2). Then, up to a subsequence (not relabelled), (Ug, |Le, Pe)e>0 Weakly
Y p-converges (as e — 0) in L2(Q8)3 X L2(Q8) X L2(Q8) towards (ug, (Lo, po) and
(¢e)e=0 strongly X s-converges in Lz(Qg) towards @y with ¢y € L*(0, T} HY(Q)),
uo € L2(Q; By (R?; HY (1)), o € L*(0, T5 H'(Q)) and py € L*(0, T; L(Q)).

Setting
&

1
Mg, x) =7 | ¢, X, x3) dx3 for (1,%) € Q,

—&
and

1 1
u(t,x) = 5/ M(uo(1, %, -, x3)) dxz = (u(t, X), u3(t, X)),
-1
one has uz = 0 and, up to the same subsequence as above, we have, as ¢ — 0,

Mou, — (u,0) in LQ(Q)3-weak, Mep: — @o in L2(Q) -strong,

Mg — o in LZ(Q)-weak and Mgps — po in LZ(Q)-weak. (1.8)

Moreover, it holds thatw € C([0, T; H), o € C([0, T1; L>(R)) N L%*(0, T; H'(Q)),

po € L?0,T; HY(Q)n L%(Q)) and the quadruple (, ¢o, Lo, po) is a weak solution
of the effective 2D problem

# = Gu’ + G (h + 1o Vxpo — Vxpo) in Q,
diviu=0in Qandu-n=00n (0,T) x 022,

0
% + 7 Vego — Agpto = 0in Q.
(1.9)

1o = ago — J % @o + F'(¢o) in Q,

9
2RO _ 0 on (0, T) x 9%,
on

90(0) = ¢%in Q,

where x stands for the convolution operator with respect to time in (1.9)1 and with
respect to space in (1.9)4, and G = (G;j) 1<, j<2 is a symmetric positive definite 2 x 2
matrix defined by its entries G;j(t,X) = % f_ll M (x,1, -, $))e; d¢ for (t,X) € 0.
Here, o’ = (wl.j)lfi§3 is such that, for any fixed x € Q, o (x, -) is the unique solution
in C([0, T1; BA(R?; L2(1))%) N L2(0, T; BY*(R%; HY(1))?) of the auxiliary Stokes
system

@ Springer
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dw! (X, - . . .
% — @V, (B, )V &, )) + Vyr) = 0in (0, T) x R? x I,
divyo/(x,") =0in (0, T) x R* x I,

wl (%,0,)=¢jinR2 x Tand [ M@}, 1,-, xq)) dxq =0,

ej being the jth vector of the canonical basis in R3. Furthermore, it holds that
wl € C(Q; BA(R?; L2(1))%) N L2(Q; BY*(R%; HL(1))?), such that G € C(0)*2.

Moreover, if(pl6 e L®(Q) andu® € L*(Q)?, then the quadruple (u, ¢o, (o, po) is the
unique solution of (1.9), so that the whole sequence (Ug, ¢, [Le, Ps)e=0 CONVerges in

the sense of (1.8).

For the details of the notations and concepts used in the statement of Theorem 1.1,
we refer the reader to Sect. 3.

Equation (1.9); is a non-local (in time) Hele-Shaw equation. System (1.9) is there-
fore an interesting alternative to the non-local Hele-Shaw—Cahn—Hilliard system as it
requires the initial value for the velocity and it is also non-local in space. Furthermore,
the pressure, the velocity, the order parameter and the chemical potential rely on the
history of the system and there is no non-physical jump in velocity at t = 0. Thus, it
is a doubly non-local Hele-Shaw—Cahn—Hilliard (HSCH) system and it can be used
e.g. to model tumour growth as in Lowengrub et al. (2013), and Wise et al. (2008). To
the best of our knowledge, this is the first time that such a model is obtained.

The mathematical/numerical analysis of the local/non-local version of (1.9) when
the velocity in (1.9); has the form u = h; + uoVxeo — Vxpo has already been
worked out, see e.g. (Feng and Wise 2012; Jiang et al. 2015; Lowengrub et al. 2013;
Wang and Zhang 2013; Wise 2010; Wise et al. 2008; Wu and Wang 2012) when the
chemical potential 1 is local, and Cavaterra et al. (2022); Della Porta and Grasselli
(2016); Della Porta et al. (2018) when ¢ is non-local. More precisely, the local
version has been studied numerically in Wise (2010) and analytically in Feng and Wise
(2012) where existence and uniqueness of weak solutions in two- or three-dimensional
bounded domains were addressed. In Wang and Zhang (2013); Wu and Wang (2012),
the well-posedness and long-time behaviour of strong solutions in the two- or three-
dimensional torus were considered. In Lowengrub et al. (2013), a systematic analysis
of the local version was performed in a 2D rectangle and in a 3D parallelepiped. In
Della Porta and Grasselli (2016), it is proved that weak solutions to the non-local
Cahn-Hilliard—Brinkman system converge to a weak solution of the non-local Cahn—
Hilliard—Hele-Shaw system.

In the light of the results mentioned above, none of them address the case where the
Hele-Shaw equation is non-local in time as it is the case in this work. Therefore, we
present a systematic analysis of (1.9) in Sect. 5 and prove its well-posedness therein. To
the best of our knowledge, this is the first time that this model is derived and analysed.

The second main result of the work corresponds to the 2D & -model posed in
Q. = (a, b) x (—¢, ¢€), and it is stated as follows.

Theorem 1.2 Assume d = 2 and u® = 0. For each ¢ > 0, let (u,, Ve, Ue, Pe) be
the solution to (1.2). Then, the sequence (Ug, lLe, Ps)e=0 Weakly X 4-converges (as
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e — 0)in L2(Q:)? x L*(Q,) x L*(Qy) towards (ug, jto, po) and the sequence
(¢e)e=0 strongly X s-converges in LZ(QS) towards @y with g € L*°(0, T} H! (),
uo € L2(Q; By*(R; Hy(1)%), po € L2(0, T H'(Q)) and po € L*(0, T; L3(2)).
Moreover, setting

1 1
u(t,xy) = 5/ M (uo(t, x1, x2)) dxa,
—1

one has u = 0, and the couple (g, (o) is the unique solution to the 1D non-local
Cahn—Hilliard equation

dpo %o .
- ?12 =01in0,T) x (a,b),
wo = ago — J x o + F' (o) in (0, T) x (a, b), (1.10)

ot @) = (. b) = 0in (0. T),

90(0) = ¢° in (a, b).

Furthermore, the pressure pg is the unique solution of the equation

) b
20 _ py g g0 / po dx; =0. (1.11)
0x] 0x1 a

Very few works deal with the homogenization of the Cahn—Hilliard—Navier—Stokes
system. We refer e.g. to Banas and Mahato (2017); Bunoiu et al. (2020); Schmuck et al.
(2013). In Bunoiu et al. (2020), the authors deal with the Cahn—Hilliard—Navier—Stokes
system in fixed domains, while in Banas and Mahato (2017), Schmuck et al. (2013), the
authors deal with the Stokes—Cahn—Hilliard equations in periodically porous domains.
It is worth pointing out the following two facts: a) the kernel J in (1.2) is assumed
to be locally uniformly integrable. This widens the scope of the applications of our
results although (as we will see in the next section) this does not change considerably
the proof of the existence result. However, this choice affects the uniform estimates;
b) the domain is thin and of a general deterministic type, so that the expected upscaled
equation in (1.2); will be of Darcy type with memory effects. We also note the recent
works on upscaling of the Cahn—Hilliard equation coupled with the equations of linear
elasticity, the so-called Cahn-Larché system (Reischmann and Peter 2020, 2022).

1.3 Outline of the Paper

The well-posedness of (1.2) as well as the proof of the uniform estimates for the
sequence of its solutions is considered in Sect.2. We gather in Sect.3 useful tools
about the ¥ -convergence method in thin heterogeneous media. Section4 deals with
the limit passage in (1.2) by relying on the results of the previous two sections. In
Sect. 5, we prove Theorem 1.1 after a careful analysis of the solutions of the upscaled

@ Springer



43 Page 10 0f 56 Journal of Nonlinear Science (2024) 34:43

limit problem. Section 6 is devoted to the proof of Theorem 1.2. Finally, in Sect.7, we
illustrate our results for specific types of heterogeneities.

Throughout the work, C will denote a generic constant independent of ¢ > 0 which
may change from line to line.

2 Existence Result and Uniform Estimates
2.1 Existence Result

We begin with the functional-analytic setup. For a Banach space X, we denote by (-, -)
the duality pairing between X and its topological dual X’. We set X = X x --- x X,
d times, and we equip X with the product topology. In case X is a real Hilbert space
with inner product (-, -)x, we shall denote by ||-||x the induced norm. We therefore
introduce the classical Hilbert spaces for the Navier—Stokes systems with no-slip
boundary condition (see e.g. Temam 2001) H, and V. defined as the closure of {u €
Cy°(2) : divue = 0in .} in L?(S2,) and in ]HI(I)(QS), respectively. We see that
Ve = {u € H(l)(Qg) cdivue = 0in @} and H, = {u € L2(Q,) : divu = 0 in
Qg and u - v = 0 on 92}, where v is the outward unit normal to d€2.. The space
H is endowed with the scalar product denoted by (-, -) whose the associated norm is
denoted by ||-||g, . The space V, is equipped with the scalar product

((w,v)) = (Vu,Vv) (u,veV,)

whose associated norm is the norm of the gradient and is denoted by |[|-||. Owing to
the Poincaré inequality, the norm in V, is equivalent to the H'(€2,)-norm. We also
define the space L%(QS) ={vel?Q): an v dx = 0}. We denote by V (resp. H)
the space defined as V, (resp. H) when replacing 2, by €.
The Wiener amalgam (L7, (®)(R%) (1 < p < o0)

We recall that the Wiener amalgam (L7, £°)(R?) (Wiener 1932) (see also Bertran-
dias et al. 1978; Fournier and Stewart 1985) is defined as the subspace of LIIZ)C (R%)
consisting of functions u such that

sup/ lu|? dy < oo forall0 < R < oo,
xeRd J Bg(x)

where Br(x) stands for the open ball centred at x and of radius R. Functions in
(L, £°°)(R?) are called locally uniformly L”-integrable, and we therefore use the
notation L% _(RY) = (L?, £*°)(R?). We endow L%, (R?) with the norm

uloc ulo

1
P
lullp,r = sup </ |M|pdy> ; (2.1
xeRd Bpr(x)

which makes it a Banach space. It is important to note that all the [|-||, r are equivalent
to ||| p,1580 that the former is independent of the choice of R, and is henceforth denoted
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by ||| L7 (Rd): The properties of LulOC (R?) are well-known, see e.g. (Bertrandias et al.

1978, Sectlons 6-7). Nevertheless, let us recall one of its important properties, which
will be used in what follows (see Bertrandias et al. 1978, Sections 6-7 for the proof):

(P) There exists a positive constant kg = ko(d, p) such that for any f € LUIOC(Rd)
and g € LP(R?) (1 < p < 00),onehas f x g € Luloc(Rd) and
If %8l ay < ko NFNLL ey I8l oceay - 2.2)
We define the Sobolev-type space ulOC(Rd) accordingly:
Waige(RY) = {u € L (R : Vu € L (R,

. I/p
a Banach space with norm ”u”WJ{Q’E(Rd) = [IIuIIL,, _®%) + ||Vu|| L C(Rd)] .
We proceed with the notion of weak solutions ‘considered in this work.

Definition 2.1 Let uf € H, and ¢ € L*(Q,) with F(gf) € L'(Q,). A function
(ue, @) is a weak solution to (1.2) if

e (ug, @) and pu, satisfy

(i) ue € C([0, T]; He) N L2(0, T; V,) with du, /3t € L*(0, T; V.),
(i) @e € C([0, T1; L2(R)NL2(0, T; H' () withdg. /3t € L0, T; H'(R)');

e Setting pg (x, @) = e ag (x)@s+ F'(¢;), one has, forevery ¢ € H'(Q),v € V,
and for a.e. t € (0, T) that

0
<3ut£’v>+£ (B Vug,Vv / (- Vie)pe dx+/ h(t)v dx,
Qe

<aaif’¢>+<wg,w>=f <u8~w><pgdx+/ e (VI xge) - Vs
Qe

e u.(0) =uj and ¢.(0) =

The following result provides us with the existence and uniqueness of the solution
of (1.2) in the sense of Definition 2.1.

Theorem 2.1 Assume that (H1)—(H4) are satisfied. For each ¢ > 0, there exists a
unique solution (U, ¢¢) to (1.2) in the sense of Definition 2.1. Moreover, a unique
ps € L*(0, T; L%(QS)) is associated to (ug, ¢¢) such that the first equation in (1.2)
is satisfied in the distributional sense.

Proof Lete > 0 be fixed. For the existence of (., ¢.), we observe that we may follow
exactly the lines of the proof of Colli et al. (2012, Theorem 1). Let us however explain
some steps where we need further developments. Looking carefully at the proof of
Colli et al. (2012, Theorem 1), we notice two important facts:
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(1) In our model equation (1.2), we have replaced the function v(¢,) (in Colli et al.
(2012)) by the matrix £2 B¢ having coefficients depending only on x. However,
the uniform ellipticity of the operator — div(s?>B®V) provides us with suitable
properties yielding the existence of the approximate solutions as in Colli et al.
(2012).

(2) As we assumed low Reynolds number so that the convective term (u; - V)u, in
Colli et al. (2012) disappeared in our system (1.2), the estimates of the velocity in
our case do not depend on the dimension d as in Colli et al. (2012). This being so,
checking the validity of the estimates for the approximate solutions in Colli et al.
(2012), we notice that estimates (4 9)and (4.10) in Colli et al. (2012) still hold under
the general assumption J € uloc (]Rd) (instead of J € Wh1(R?) considered in
Colli et al. (2012)). Indeed, we use the Young inequality for functions in L? _(R%)
which reads as (see (2.2)): there is kg = ko(d) > 0 such that

uloc (

1f* gl iy < koll Il o g2,

forall f € Luloc(Rd )andall g € LZ(QE), where g is extended by O outside of 2,
and where the norm ||| P (®9) is defined by

1

P

Ifllzr ey = sup / |fI7dy)  (1<p<o0),
xeRd \J BR,(x)

Bpg, (x) being the open ball centred at x and of radius Ry > 0. For convenience,

we choose R such that Q1 C Bg, = Bg,(0). It readily follows that

1% @ell 2 = kol Ly way l€ell2,) (2.3)
VJ ‘Pe”LZ(Q )y = <ko ||J||Wl ! (Rd) ||<Ps||L2(ng (2.4)

We recall that ko is the same as in assumption (H2), where we choose ¢; > 0
such that ¢ > 0 Al Ll () We infer from (2.3) that we get the inequality (4.9)
in Colli et al. (2012) w1th the constant og = 2¢; — ko || /|| Ll ®d) > 0, and we
obtain inequality (4.10) in Colli et al. (2012) with || J [y, 1(RY) being replaced by
171 Wl (@) (see (2.4) above). The rest of the proof is therefore copied from that

of Colli et al. (2012, Theorem 1).

As for the uniqueness of the solution, Frigeri et al. (2016, Theorem 2) provides us
with the uniqueness in the case when d = 2. For the case d = 3, if we come back to
identity (3.4) in the proof of Frigeri et al. (2016, Theorem 2), we notice that it does not
involve in our situation, the terms arising from the convective term. Now, sticking on
the corresponding equality (3.4) for our case, and using the estimates corresponding
to d = 3 in the proof of Della Porta and Grasselli (2016, Proposition 2.2), we are led
to an estimate similar to estimate (3.8) in the proof of Frigeri et al. (2016, Theorem
2). This also ensures uniqueness in the case d = 3. Finally, the existence of a unique
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pressure p, € L>(0, T; L%(Qg)) follows the same lines of reasoning as in the proof
of Bunoiu et al. (2020, Theorem 1). O

2.2 Uniform Estimates

We are now concerned with some uniform estimates which will be useful in what
follows. Before proceeding further, let us first notice that

as(x) = f Je(x — z)dz with J.(x) = J(x, exy) for x € Q.
Q

We also have

e (J % o) (1, %) :/Q Je(x — §)@: (¢, £) dE,
1

where @ (¢, x) = @:(t,X, exg) for (r, x) € Q. We therefore use the dilatation in
the vertical variable x4: y; = x4/¢, and we define the new functions @, it and p
accordingly (see the definition of @). In particular, one has Bt (x) = B8(x, ex;) =
B(x,x/e, xq) for x € Q.

Next, we set

N

d ad
Ve = (Vx, 8_1—) ,div, = div;—l—e_l— =V, -and A, = Ay +¢ 75
ad dxq X;

Xd

and we denote by HS1 (£21) the space H 1 (21) endowed with the H!-norm, where we
have replaced the usual gradient operator V by V,:

1
2
sy = (1220, + IVeulag,)) foru e H(@).
With all this in mind, system (1.2) becomes

ou . ~ ~ o~ o~ .
l“€ - dlvs(nggveue) + Vepe — e Vepe = hin Q1

div, i, =01in Qq,

00~ - - ,
3 +ug - Ve — Agpie = 0in Oy,
d 2.5)

e = as@e — Jo % Qe + F' (@) in Q1

dfLe
ov

=V, -v=0andu, =0 on (0, T) x 0L,

e (0, x) = &5(x) and §¢ (0, x) = §5(x) in Q.
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~ 1
Let us note that, from the equality ||¢>” Loy = e P @llrg,) (1 < p < 00), we
infer from (1.3) that

] 20 + il 2@y < [ F@ = @6
1

We shall need the following result whose proof can be found in Marusi¢ and
Marusié-Paloka (2000, Lemmas 8, 10 and Remark 5).

Lemma 2.1 It holds that
||M||L2(Qg) =Ce ||V”||L2(Q yd 2.7

and |
||M||L4(Q£) < Ce?2 ||VM||L2(QE)d (28)

foranyu € H(} (), where C > 0 is independent of ¢.

Remark 2.1 With the notation above, (2.7) and (2.8) are equivalent to

||m|L2(521) =Ce ||Vau||L2(Ql)d (2.9

and
||ﬁ||L4(Ql) = C82 ”V«?u”Lz(Q])d (210)

forany u € HO1 (£2¢), where C > 0 is independent of ¢.

The following result is the starting point of the uniform estimates obtained in this
subsection.

Lemma 2.2 Suppose that (u;, ¢c, ie) is a solution of (1.2). Then, the following dissi-
pative energy equality holds:

d . . - ~e e ~ ~

T8, §o) + &% (B Ve, Viie) + | Veflellgo = (h, W) (2.11)
where

E@0), 70 = 5 ells + /f Je(x — E)@elt, ) — Golt, £))% dx d
+/ F(@:(1)) dx.
Q
Moreover, the following energy inequality holds for almost all t > 0:
! 2 2 2
EG@@(1), P (1)) + /O (e IV (I3 + VT2, ) ds

t
< G5, ) + / (h(s). Te(s)) ds, 2.12)
0
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where Uy (t) = u.(t,-) and h(t) = h(t, -).

Proof By using U as a test function in the first equation in (2.5), we obtain

1d . ~o - ~ ~ o~ ~
o %117, + & (B Velie, Vete) + | (e - Velle)Pe dx = (h, W) . (2.13)
Q
Setting 0. (-, @) = a:Pe + F’(@:), the third equation of (2.5) becomes
0 | ~ o~ - -
Y e - Ve = Agpe (-, @) — Ae(Jg % @), (2.14)

and, using /L. as test function in (2.14 ), we obtain

(Ve Je *Q’Ee)'vsl’zs dx,
(2.15)

where we have used the equality ag?f = 0 on 9€2;. On the other hand, using the

expression of /I, we have

o, Me

00 - - ~ ~ i~
< £ s >+(V£ps(" @), Vellg) = / (e -Veile)pe dx +
ot Q) Q

00e 9, - ~ ~
<a_l‘8’ M8> = <3_t8’ agPe — Je x Q¢ + F/((ps)>

d /1 _ - | ~
=5 (5 | aede ;- + /Q F(@e) dx = = e Je *we))
t

1 - - ~
(Z f f JeGr — )@ () — Fu(&)? dr d& + / F@) dx>,
Q1 JQ Q
(2.16)

d
d
d
where @, (¢) = @ (¢, ¢) for ¢ = x, €. Since p, (-, @) = e + J¢ * @, wWe get

(Vepe (-, @e), Velle) = (Velle + Ve(Jg * @), Velle)

= (Vs/jsa Vsﬁs) + (Ve(Jg * @), Vsﬁs)
= IVellell 72 + (Ve (Je % Be), Velle). (2.17)

Thus, substituting (2.16) and (2.17) in (2.15),

dt

d /1 ~ ~ ~ ~
(— Jeo Jo, 96 = €)@ (6) — 5 (6))? dx d& + [y, F (@) dx) IV 12,
+(Ve(Je * @e), Velle) = le(’iis - Velle)@e dx + le(Vst * Qc) - Velle du.
(2.18)

Summing up (2.13) and (2.18) yields

d . . - ~ ~ ~ ~
3 S e, G0 + &% (B Velle, Velle) + | Veflellp, = (. Te) . (219)
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where we have set

- o~ | 1 ~ ~
5<us,¢g>=5||ug||iz+3/9/9Js(x—s><<pg<r,x)—gog(r,snzdxds

+/ F(ge(1)) dx.
Q

Next, appealing to (H4) and integrating (2.19) over (0, t), we obtain the following
energy inequality

t
Ee (1), ge(1)) +/0 <a52 ”Vs’ﬁs(s)”%} + ||V8/~,L£(S)||iz) ds
t
< E(uy, 97) +/ (h(s),1c(s)) ds (2.20)
0

forallt € [0, T]. m]

Proposition 2.1 Under assumptions (H1)—(H4), the weak solution (u, ¢, ts) of (1.2)
in the sense of Definition 2.1 satisfies the following estimates

I8l Lo 0.7 22(021)0) = C (2.21)
e IVellell 20, yixa < C, (2.22)
||55||L2(0,T;H1(Ql)) <C, (2.23)
1iZell L20,7: 1120 < C> (2.24)
and
| F' @ oo, 1102y =< € (2.25)

where the positive constant C is independent of €.

Proof First, since h(t, x) = (h;(z,X), 0), we have

[(h(), u:(1)] = ‘/Q h(t) -1 (t) dx| < C |k ()l 2qpe-1 N8 (O] L2,y
1

< Ce | h1(0)l 2@yt Vel (1)l gy yixa (see (2.9))
2
(0% ~
S C ||hl(t)||iZ(Q)d—l + 2 ”VEuS(I)H%Z(Ql)dxd .
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Thus, going back to (2.12) and using there the series of inequalities above, we get

S + // TG = ©)@elt, ¥) — Fol1, €)% d ds+/ F(@o(0)) dx
QxR Q
t o 2
+ f (— IV, ()] 2+||vgﬁg<s>||iz) ds

1
@]+~ // I (x = ) @) — (s>)zdxds+/ F@@) dx + C,

2 Q
(2.26)

where the constant C in (2.26) depends on fOT Il (t)||%‘2(9)a,,1 dr.
Now, using (H1), it holds that

1

5// Je<x—s>($g(r,x>—@(t,s»zdxduz/ F@@. (1) d
Q1 xQ Q1

~ 12 ~ ~ ~
= ”\/as eHLz +2/ F (@ (1)) dx — (@e, Je * @).
Q)
Next, in view of (ii) in (H2), which yields F (@) > ¢ |@:|* — c2, we get
2/ F(@) dx > 2c1/ |@el? dx —202/ dx > 2¢; | 1@l dx —2c2 |91,
Q Q) Q) Q2

where || stands for the Lebesgue measure of Q; in R?. The Young inequality for

convolution in LuloC gives

@ Je# §e) < NGellga e * Pel 2 < ko G NZa gy, I Ly, ray -
so that
| Vase |- + 2/9 F(@e(t)) dx — @, Je % §e)
1
> fQ (a 12 4+ 261 32 = ko 1113,y 18I) dx = 22121
1

= [ (@201 = koIl o) B dx = 221
Q uloc

~ 2
> a1 1712 — 262 1

where oy = 2¢1 — ko || J || Ll (Rd) > 0, the last inequality of the series of inequalities
above stemming from the inequality a; > 0. Inequality (2.26) therefore gives
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t
e (172 + o1 1@ (D72 + / (o:s2 [Vette ()1l 2 +2 ||vsﬁg<s>||iz) ds
52, + // T (x = EY@00) — Fo () dx de
+2/ F (@) dx + C +2¢2 Q] (2.27)
Q1

Next, in view of the properties of a, and J., one has

1 ~ ~ ~
3 e - 0@ - Fen? a d&zf ae | G5 — F (e % 35)) dx
QI xQ

e A R A e [
<CH 5l

in such a way that, appealing to (1.3) (in (H3)), we get at once from (2.27) inequalities
(2.21), (2.22) as well as the following ones

IVelell 20,y + 1@ell Looo,7:2(021)) < Cs (2.28)
IF @)l Lo, 7:01 1)) < C- (2.29)

From the obvious inequality c3 [F(s)| + c4 < c3(|F(s)| + cacy 1)’ (recall that

r > 1), we infer from (iii) in (H2) that |F/(s)| < C|F(s)|+C forevery s € R, so that
we get (2.25) as a consequence of (2.29). Next, we deduce from (2.28) an estimate for
@e € L*(0, T; H'(1)). Indeed, we have

(Ijé‘v —Aa(ﬁs) = (V8ﬁ87 Va&s)
= (Vsas» aavsag + (staaa + F”(@)Vg@'s — Vel % 58)
= (VS‘Z& (as + F”@s))%@) - (VS‘ZS» VeJe * 975 - (steas)
=:11 — D,

and
L < (1+ko) ”VJ”Lulnoc(Rd) ”as”LZ ”Veae”l} and I1 > co ”veae”iz s

where we have used part (i) [in (H2)], Young inequality (2.4) and the fact that
VelJe(x) = (VJ) (X, exgq). It follows that (setting k1 = 1 + ko)

(Vsﬁ& va(;e) = Co ”Vs(;s”iz - kl ||VJ||LL1I10C(Rd) ||as||L2 ”ve(ZEHL}
2

C - k -
> ||vg¢e||§2—2—610||w||§11 @y 180172

iy
2
Using

(Veile, Ve@e) < ||stﬂe||L2 + - ”Vsl/«e”Lz )
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we get

2
~ co ~ k ~
IVe@ell7s > N IVe@ell;2 — —21 ||VJ||§11 w1807

It follows from (2.28) that
IVe@ell72 < CUIVellel72 + 1:172) < C.
Putting together (2.28) and (2.30) yields

1@ell 20,7: 11 (21)) < C-

(2.30)

(2.31)

We are now concerned with the estimate of I, in L2(O, T:; HY(1)). To this end,

we have

/ e dx
Q

< / |F'(§e)| dx + C < C (see (2.25)).
Qi

Therefore, applying the Poincaré—Wirtinger’s inequality, we obtain

/ e _][ e dx
Q Q

where le =7 o, and C is independent of ¢. It follows that

2
/ Bl dxsc[f |vsﬁs|2dx+/ %, dx }
Q) Q Q

from which (using (2.32) and (2.28)) we get

2

dv < c/ VTt dx
Q

el 20, < C.

Inequalities (2.33) and (2.28) therefore yield

el 20,7: 01 @) < C,

which completes the proof of the proposition.

= [(Fe, DI = [(@e(0)@e — Je % Fe + F'(@e), 1|

(2.32)

(2.33)

(2.34)

m}

As a consequence of the previous proposition, we obtain the following a priori

estimates.
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Corollary 2.1 Under assumptions (HI1)—(H3), the weak solution (u., ¢., te) of (1.2)
in the sense of Definition 2.1 satisfies the following estimates

1
luell Lo, 7: 120,04 < Ce2, (2.35)
1
& ||Vu8||L2(Q£)dxd < CSZ, (236)
1
loellz20,7; 0 (@) = CE2, (2.37)
1
[l ee ”LZ(O,T;HI(QE)) <Cez, (2.38)
ou ;
H - < Ce?, (2.39)
ot ll2.1:vy)
and
/
”F (‘Ps) ||L°°(0,T;L1(QS)) S CS» (240)

where the positive constant C is independent of €.

Proof Estimates (2.35), (2.36), (2.37), (2.38) and (2.40) follow promptly from the
~ 1
Vs(ﬁ“Lz(Ql) =¢g 2 ||V¢“L2(Qs)

and ||$||L](Q]) =¢e! ¢l L1 (q,)- It remains to check (2.39). To that end, let v € Ve,
then

(Go-)

. .. ~ _1
obvious equalities ”¢”L2(91) =g 2 ||¢||Lz(Qs),

<o e | Vu Ol 2 Vol 2 + e @)l s 1 Voe (022 [0l 4

+IR® |2 9] 2
_ 1
< a2 Va2 1Vl + Ce? el gt Ve 2 [Vl 2
3
+ Ce2 |Vv] 2,

where above we have used the continuous embedding H'(2,) — L*(2;). Indeed for
d = 3, the continuous embedding H'!(2,) — L*(2;) follows from both the Sobolev
embedding HY Q) — L (2¢) (where 2* = 2d/(d — 2) = 6) and the embedding
L%(Q,) — L*(S2,) (recall that Q, C € is bounded) with the embedding constants
depending only on €21; the case d = 2 is a classical result, the embedding constant
being also independent of ¢. Thus,

[

We integrate the square of SUP| )1y <1 K% (1), v>‘ over (0, T) and deduce from (2.22),
(2.31) and (2.34) the uniform bound

3
sup <a ' |Vue ()2 + Ce e () g1 + Ce?.

veVe, flvlly, <1

< Ce3, (2.41)
L2(0.T:V))

ou,
ot
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which completes the proof. O
We need the following lemma for estimating the pressure term in (1.2); next.

Lemma 2.3 (Marusi¢ and Marusi¢-Paloka 2000, Lemma 20) Let f € L%(QE). Then,
a function ¢ € HO1 (Q2)¢ can be found such that div ¢ = f in Q2 and

C
||¢||L2(Q£)d <C ||f||L2(Q£) and ”V¢”L2(Q£)d = . ||f||L2(Q£)7
where C > 0 is independent of ¢.
Proposition 2.2 Let p, € L?(0, T; L3(2,)) satisfying (1.2),. It holds that
1
Ipell2g,) < Cez, (2.42)

for a positive constant C independent of .

Proof Based on Lemma 2.3, we consider ¢, € L2(0, T’; HO1 ()% satisfying div ¢ =
pe in Q. and such that

C
Pl 2¢0.0¢ < Cllpell2c,y and IV@ellp2(g,)d = " IPellr2o,) - (2.43)

Multiplying (1.2); by ¢, and integrating the resulting equality by parts over 2., we
get

1pell7> o, = ’ / Pe div ¢, dx dr
QF,

o
(2 0

+‘/ h - ¢, dx dt

S ’

+ llpee ||L4(Q8) ”V(pEHLZ(QS) (| pe ||L4(Q8) + ”h”[,z(Qs) ”¢£”L2(Qs) .

—|—Ol7182

/ Vu, - Vo, dx dt

+ ‘/ neVee - ¢e dx dr

ou,
ot

Ipell 20,77, + o e Vel 20, Vel 1200,
LZ(O,T;VQ)

Taking into account (2.39), (2.43) and noticing that ”¢8”L2(0,T;V5) = ||V¢g||Lz(Q8),
we obtain ‘

Next, using (2.36) and (2.43),

dug
ot

1
i lpellz20,7,v,) = Ce2 lIpellr2o,) -
L2(0.T: V)

B 1
o L&t IVuel 2, IVeellL2o,) = Ce lpelliag,) -
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Also, from the definition of & and (2.43), we deduce that

1
Ihllz2c0,) 19ell 2200, < Ce2 IPellr2(g,) -

Making use of (2.8) together with the continuous embedding H 1(Q,) — L*(Q,) and
inequalities (2.37), (2.38) and (2.43), we get

1
leellpacon IV@ell2(0) I9ellLac0.) = Ce2 llpellp2(g,) -

This yields
1
lpellzzco,) < Ce2,

thereby concluding the proof. O

Now, we define the following partial mean integral of ¢,:

Moo (1, %) =][1 0 (L. 0) de, (1) € . (2.44)

Using the Lebesgue theorem about differentiation under the integral sign, we have
M Vsu = VsMgu forallu € H' (Q,). (2.45)

This immediately gives M., € L%0,T: H! (2)), and we can prove the following
estimate.

Proposition 2.3 Let M, be defined by (2.44). Then, My, € L*(0, T; H'(Q)) with
dM.p, /0t € L>(0, T; H (Q)), and we further have

M. <c, (2.46)
L2(0,T;H'(Q))

ot

sup |:||M5(P8||L2(O,T;H1(Q)) + ”

e>0
where C > 0 is independent of ¢.
Proof We recall that (1.2)3 (with the help of (1.2)) is equivalent to

0,
at

+ div(ue.p.) — Ape = 0in Q.. (2.47)

With this in mind, we set, for any function v defined in Q,, V(r,X) = (M.v)(t, x)
((t,%) € Q). We have
Qe

ot divs(0s) — Asfis = 0in Q. (2.48)
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Indeed, let v € C5°(Q). Then,

—

(AsHlg, V) = —f Ville - Vv dx df = —/ Vilte - Vyv dx dt
0

0
1
= —— Vj/l,g . Vyv d.x dt
2¢e 0.
1 ov 1
=—5 S%E dx dt—g o us@e - Vxv dx dt

:_/ %—d)_cdt—/ u/g\@-VyUdfdt
0 ! 0

g, .
= <% + divy (U ), U> s

that is, (2.48).
We obtain from (2.37) and (2.38) that

||ae||L2(0,T;H1(Q)) < C and ”ﬁs”LZ(O‘T;H](Q)) <C, (2.49)

where C > 0 is independent of ¢.
Now, for ¢ € H'(Q), we have

¢, o B ~ ~
’<_8’ ¢>‘ = ‘/ us@: - V¢ dx| + ‘f Viite - Vx¢p dx
ot o o
1 ~
< % ‘/ uepe - Vxp dx| + | Veiell 2o V3ol 120
Qe
<

C

- lue (Ol L2, 10e Ol 40 VxRl 20, +

+ IVaitell 2o Vx9Nl L2(q) -

Since V¢l 2,y = \/58% Vxoll 12 () and by (2.7) associated to the embedding

H'(,) — L*(Q.) (with the Sobolev constant being independent of ¢), we are led
to

0@e
()
Proceeding as for du, /dt, we integrate the square of sup e 1 @ 19111 ) <1 K%, ¢>‘
over (0, T') and take advantage of estimates (2.36) and (2.49) to obtain

< (CIVue )l 120, lge Ol g1 (0, + IVelell2(0) 1VEdll 120 -

S C?
L20.T:H'(Q))

0P
ot

where C is independent of ¢. O
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3 Sigma-Convergence for Thin Heterogeneous Domains

The concept of sigma-convergence relies on the notion of algebra with mean value.
Before we can state it, let us first and foremost set some prerequisites about algebras
with mean value.

3.1 Fundamentals of Algebras with Mean Value

We begin with the concept of algebra with mean value. Let BUC(R") denote the
Banach algebra of bounded uniformly continuous real-valued functions defined on
RN . For u € BUC(RV) we set

UR =][ u(y)dy,
Bpr

with JCBR = |BIW f B’ where Bg = Br(0) and |Bg| denotes the Lebesgue measure
of Bg. We say that the function u has a mean value if the limit limg_, oo u g €xists in
R. We set

M@ = Jim ][B u(y) dy 3.1
R

Let u € BUC(RY) and assume that M () exists. Then
u® — M(u) in L*(RY) -weak % as & — 0, (3.2)

where u® € BUC(RY) is defined by u®(x) = u(x/e) for x € R¥. This is an easy
consequence of the fact that the set of finite linear combinations of the characteristic
functions of open balls in RY is dense in L' (RV).

This being so, a closed subalgebra A of BUC(RY) is said to be an algebra with
mean value (Zhikov and Krivenko 1983) (algebra wmv, in short) on RY if it contains
the constants, is translation invariant (t,u = u(-+a) € Aforanyu € Aanda € RY)
and any of its elements possesses a mean value in the sense of (3.1).

Let A be an algebra wmv on RY™. For any integer m > 0, we set A" =
{y € C"RY) : DYy € AVa = (a1,...,ay) € NV with |a] < m} with

D;‘w = %. Then, A™ is a Banach space if equipped with the norm |||«|||,, =
Y 0¥y
SUP|¢|<m H D;’“PHOO, A™. The space A® := N,,>0A" = {y € CPRN) : Dfy e A

Ya = (a1, ...,ay) € NV} is a Fréchet space under the family of norms |||-||,, (see
Nguetseng 2003), and it is dense in any A™.

Throughout this section, we shall need the concept of vector-valued algebra wmv.
To that end, let F be a Banach space. We denote by BUC(R”; F) the Banach space
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of bounded uniformly continuous functions u : RN — F, equipped with the norm

lulloo = sup lluMlg,
yeRN

where [|-||g denotes the norm in F. Let A be an algebra with mean value on RN, We
denote by A ® F the usual space of functions of the form

Zu,-@ei withu; € A and¢; € F,

finite

where (u; ® e;)(y) = u;(y)e; for y € RY. We define the vector-valued algebra wmv
AR F) as the closure of A ® F in BUC(R"; F).

Now, let f € ARY;F) (integer N > 1). Then, defining | f|lg by || fllg () =
lfMlg & € RY), we have that Ifllg € A. Similarly, we can define (for 0 <
p < 00) the function ||f||f;, which belongs to ||f||{?7 € A. This allows us to define
the Besicovitch seminorm on A(RN ; F) as follows: for I < p < oo, we define
the Marcinkiewicz-type space 9t” (RY; F) to be the vector space of functions u €
Ll[:)c (RN F) such that

. r
lullpr = <11m SUPJ[ IIM(y)Ilﬁdy> < 090,
R

R—o0 JB

where By is the open ball in R" centred at the origin and of radius R. Under the
seminorm ||-|| , g, MM” (RY; F) is a complete seminormed space with the property that
ARYN;F) c MP (RN F) since lull, g < oo for any u € ARN; F). We therefore
define the generalized Besicovitch space B} (RY; F) as the closure of A(RY; F) in
9P (RN F). The following hold true (see e.g. Nguetseng et al. 2010; Sango et al.
2011):

(i) The space B, (RV;F) = BYRY;F)/N (where N' = {u € B{[RM;F) :
lull,,;7 = 0}) is a Banach space under the norm |u +N”p,F = |lull,  for
u € BY(RV; F).

(ii) The mean value M : A(RY; F) — F extends by continuity to a continuous linear
mapping (still denoted by M) on B} (R"; F) satisfying

L(M(u)) = M(L(u))forall LeF andu e Bﬁ(RN; F).

Moreover, for u € B/’; (RN ; F), we have

1

bl = 1) = (Jim f pecoigay)’

Br

and, for u € N/, one has M (1) = 0.
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It is to be noted that Bi (RN; H) (when F = H is a Hilbert space) is a Hilbert space
with inner product

(u,v)y = M [(u,v)y] foru,v e B3RY; H), (3.3)

where (-, )y stands for the inner product in H and (u, v)y the function y
(), v(y))y from RY to R, which belongs to B/lx (RM).

In what follows, spaces of Sobolev—Besicovitch type defined as follows are of
special interest:

ByP(R™,F) = {u € BP(R™; F) : Vyu € (BY(R"; F))"}.

Equipped with the seminorm

1
lulhp = (aly + | Va2

ka (R™; F) is a complete seminormed space. Its Banach counterpart is denoted by
Bi"p (R™; F) and is defined by replacing By (R™; F) by B (R™; F) and 9/dy; by
3/9y;, where 8/dy; is defined by

3 9
gy WA= % + N foru € BYP(R™: F). (3.4)
1 1

Let us denote by o : Bﬁ(Rm; F) — BZ(R’"; F) = Bﬁ(R’"; F)/N,ow) =u+N,
the canonical surjection. We observe thatifu € Bi’P (R™; F)theno(u) € ka R™, F)

and _
do(u) ( ou )
= Q —_— R
i dyi
as seen above in (3.4).

We define a further notion by restricting ourselves to the case F = R. We say that
the algebra A is ergodic if any u € BL (R™; R) that is invariant under (7 (y))yerm
is a constant in B i‘ (R™; R): this amounts to, if 7 (y)u = u in B}L‘ (R™; R) for every
y € R, thenu = cin B/k (R™; R) in the sense that |ju — ¢||; = 0, ¢ being a constant.

The following corrector function space will be useful in the sequel. Let G be an open
bounded subset in R"Y. We define the corrector function space B,i;f (R™; WL-P(G))
by

Byl R™; WhP(G)) = {u € WP ®R™ WP(G)) : Vu € BYR™; LP(G))y™ N
and [; M(Vu(-, ¢)) d¢ = 0},

where, in this case, V. = (Vy, V), V, (resp. V;) being the gradient operator

with respect to the variable y € R™ (resp. ¢ € RM). We identify two ele-
ments of B;Ap (R™; WL-P(G)) by their gradients in the sense that ¥ = v in
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B;'A”(Rm; WP (G)) iff V(u — v) = 0,ie. [ IV@(-, ) —v(, )5 d¢ = 0. The
space B;Ap (R™; WL-P(G)) is therefore a Banach space under the norm lully,, =

1
(Jo IVuC, Ol5 dg)"”.
3.2 Sigma-Convergence for Thin Heterogeneous Domains

Let d > 2 be a given integer and let @ C RY~! be an open set, which will be
assumed throughout this section to be not necessarily bounded. For ¢ > 0 a given
small parameter, we define the thin domain by Q2, = Q x (—¢, ¢). When ¢ — 0,
Q. shrinks to the "interface" Q2o = Q x {0}. Weset Q, = (0,T) x Q. and Q =
0, T)yxQ =(0,T) x Qaswellas I = (-1, 1).

The space R’g’ is the numerical space R of generic variable £. In this regard we
set RI-1 = Rg_l or R%_l, where x = (x1, ..., xg—1), so that x € R4 can be written
as (X, xg) or (x, ¢). We identify ¢ with Q2 so that the generic element in €2 is also
denoted by X instead of (X, 0).

Let A be an algebra with mean value on R?~!. We denote by M the mean
value on A as well as its extension on the associated generalized Besicovitch spaces
BY(RI=Y; LP (1)) and B (RI™Y; LP (1)), 1 < p < 0.

Definition 3.1 A sequence (#s).~0 C LP(Q;) is said to
(i) weakly X-converge in L”(Q,) toug € LP(Q; BY (R?~1; LP(1))) if, as & — 0,

1
*/ ug(t,x) f (l,f, {) dx dr —>/ /M(Mo(t,f, Sy (X, -, ya)) dyg dx dt
€ JQ. 3 0JI1

forany f € LP (Q; A(RY™Y: LP'(I))) (1/p' = 1—1/p); we denote this by“u, —
ugin LP(Q,) -weak X4

(i) strongly Z-converge in LP(Q;) to ug € LP(Q; BL(R™!; LP(1))) if it is weakly
sigma-convergent and

_1
e 7 uellprg,) — HMOHL!’(Q;Bﬁ(Rd—l;LI’(I))); (3.5)

we denote this by “u, — ug in L?(Q,)-strong X 4”.

Remark 3.1 (1) It is easy to see that if ug € LP(Q; A(R?~!; LP(I))) then (3.5) is
equivalent to
1
e P Hus

— 15 1p (g, = 0 as e =0, (3.6)

where ug(t, x) = uo(t,x, x/e) for (¢, x) € Q..
(2) In Definition 3.1, the test functions in part (i) may also be taken in the space
C(Q; BRIV LP (1)) N LR ~! x I)); see, e.g. Woukeng (2015).

Throughout the work, the letter £ will stand for any ordinary sequence (&,),>1
with 0 < g, < 1 and &, — 0 when n — o0. The generic term of E will merely
denote by ¢ and ¢ — 0 will mean ¢, — 0 asn — oo.
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Theorem 3.1 Any sequence (ug)qcg in LP(Q¢) (1 < p < 00) satisfying

sup e /P lugll 1o (o, < C,
ceFE

where C > 0 is independent of ¢, possesses a weakly X 4 -convergent subsequence.

The proof of the above theorem follows the same way of proceeding as the one in
Jager and Woukeng (2022).

Remark 3.2 Theorem 3.1 generalizes its periodic counterpart in Neuss-Radu and Jager
(2007), see for instance Proposition 4.2 in Neuss-Radu and Jdger (2007), which cor-
responds to the special case A = Cper(Y) (With ¥ = (0, l)d_l) of our result here.

We gather below some important results whose proofs can be found in Cardone
et al. (2022) (see also Jiager and Woukeng 2022).

Theorem 3.2 Assume that the algebra with mean value A on R4~ is ergodic. Let
(ug)eck be a sequence in LP(0, T; WP(Q,)) (1 < p < o0) such that

sup (77 e oo, rwireay ) < C 3.7)
cekE

where C > 0 is independent of €. Then, there exist a subsequence E' of E and a couple
(uo, uy) withug € LP(0, T; WP (Qq)) anduy € LP(Q; Byl (R~ WP (1)) such
that, as E' 5 ¢ — 0,

ug —> ug in LP(Qg)-weak %4, (3.8)
d d d
e |, OMO L O 1P (0. -weak Sa. 1 <i<d—1, 3.9)
0x; 0x; Vi
and ) 5
Yo QML i LP(Q,)-weak S4. (3.10)
0xq 0yda
Remark 3.3 1If we set 5 5
1o uo
Vz = P IR 0 )
xHo <8x1 0X4—1 )

then (3.9) and (3.10) are equivalent to
Vue — Vsug + Vyup in LP(Qe)? -weak 4. (3.11)

The following result provides us with sufficient conditions for which the conver-
gence result in (3.8) is strong.

Theorem 3.3 The assumptions are those of Theorem 3.2. Moreover, suppose that

OMgu,
or

<, (3.12)

sup =
LP'(0,T;(WLP(Q)))

>0
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where M, is defined by (2.28). Assume finally that Q2 is regular enough so that the
embedding whr(Q) — LP(2) is compact. Let (ug, uy) and E' be as in Theorem
3.2. Then, as E' 3 ¢ — 0, the conclusions of Theorem 3.2 hold and further

ug — ug in LP(Q,) -strong 4. (3.13)

The next result and its corollary are proved exactly as their analogues in Sango and
Woukeng (2011, Theorem 6 and Corollary 5) (see also Woukeng 2015).

Theorem3.4 Let 1 < p,q < ocoandr > 1 be such that 1/r = 1/p +1/q < 1.
Assume (ug)ecp C L9(Q.) is weakly X a-convergent in L1(Q.) to some uy €
L9(Q; BZ(Rd_l; L9(1))), and (ve)ecg C LP(Q.) is strongly X a-convergent in
LP(Q.) to some vy € LP(Q; Bﬁ(Rd’l; LP(1))). Then, the sequence (Ugve)ecE IS
weakly ¥ a-convergent in L" (Q¢) to ugvg.

Corollary 3.1 Let (ue)ecr C LP(Qr) and (ve)eer C L' (Qe) N L¥(Qe) (1 < p <
oo and p' = p/(p — 1)) be two sequences such that:

(i) ue = ug in LP(Q,) -weak X 4;
(ii) ve — vo in LP (Qg)-strong X ;
(iii) (vg)eck is bounded in L°°(Q,).

Then, u.v, — ugvg in L?(Qg)-weak X A.
The following result will be very helpful in the next section.

Proposition 3.1 Let (u)sc be a sequence in LP(0, T; WP (S2,)) such that

sup (&71/7 e oo,y + ' ™7 I Vi oo, = C.
eek

where C > 0 is independent of ¢. Then, there exist a subsequence E' of E and a
function ug € LP(Q; Bi"p(Rd’l; WP (1)) such that, as E' > & — 0,

ug — ug in LP(Qg)-weak 4,

and .
eVug — Vyug in LP(Q.)%-weak 4.

Proof From Theorem 3.1, we can find a subsequence E’ from E and a couple

(o, u1) € LP(Q; BRRI™LP(D)) x LP(Q; BRI LP(1)))? such that, as
E'3¢—0,

ug — ugin LP(Qg) -weak X4,

eVug — uy in LP(Q,)%-weak 4.
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Let us show that uj = Vyug. To that end, let ® € (C3°(Q) ® A® (R~ €5 (1)),
Then, we have

g ! / eV, - D dx df = —g ! / ug [e(divy @) + (divy, ®)°] dx dr.
& QE
Letting E' 3 ¢ — 0, we get
f /M(ul(t,f,~,§)~CD(I,Y,-,§)) d¢ dx dr
0Ji

- —/ /M(uo(t,f,-,;)diqu>(t,f,-,g)) d¢ dx dr. (3.14)
0JI

This shows that u; = V5 cug = Vyuo, so that ug € LP(Q; Bl{p(Rd_l; whr(I))).
O

4 Homogenized System

For the homogenization process to be performed, we assume throughout this section
and, henceforth, that A is an ergodic algebra with mean value on R4~ and that the
matrix B satisfies the following structural assumption:

(HS) B(x,-) € (BRI~ L2(1)))?* forany ¥ € €,

where B/% (R=1: L2(1)) is the vector-valued generalized Besicovitch space defined
in Sect.3.1. It is worth noticing that without such an assumption, the passage to the
limit in (1.2); is out of reach, as B should be used as test function in the variational
form of (1.2);. It is worth noting that continuity property of B with respect to X yields
B € C(Q; (BRI L2(D) ).

4.1 Preliminary Results

The purpose of this subsection is to provide some useful results for the homogenization
process. We start with the following result dealing with the non-local part of (1.2).

Proposition 4.1 Let (ve)e~0 C LZ(QS) be a sequence such that v, — vy in Lz(Qg)-
strong ¥4 as € — 0, where vy € L2(Q). Then, as € — 0, one has

6‘71(] * V) —> T * Vo in Lz(Qg)-strong XA,

where J(X) = J(X, 0) for ¥ € R4-1,

Proof A simple computation involving a change of variable gives

e (J % ve) (1, x) :/ J(X =&, e(xa — £a))V: (1, §) d§ for (1, x) € O1,

Q)
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where Vs (1, &) = v, (1, €, £&4) in Q.
Setting U, = e~ 1(J % v,), we have that U, = J, * U, in Q1, where J.(x) =
J(x, exy) in 1, so that

||UE - '/]\* UOHLZ(Q]) = ”JE * (’175 - UO)”LZ(QI) + H(JE - j\) * UO||L2(Q1)
< Clgy, @ Ve = vollr2g,) + € |7 — ‘T”Ll(Q]) lvollz2(g))
=L+ 1.
Let us look at I, since I} obviously tends to zero with ¢. First, we know that J is
continuous in (2\{0}) x [—1, 1], so that J.(x) = J(x, exg) — J(X,0) = J(X) a.e.
in Q1 as ¢ — 0. The Lebesgue dominated convergence theorem gives immediately

|| Je — ‘/]\HLI(QI) — 0 with ¢. Therefore, we get U, — T x Vo in L2(Q1)-strong. This
is easily seen to conclude the proof. O

Now, we consider the following function spaces:
V={ue AR clM)?: divu =0},

V. = the closure of V in B;’Z(Rd_l; HOI(I))d and H = the closure of V
in B%(Rd_l;L2(1))d. We recall (see Cardone et al. 2022, Lemma 4.1) that

32’2(]1%{_1; HO1 ({ )) is a Hilbert space equipped with the gradient norm ||V 5> Where
V= (8%, s ayg__l’ %). We also recall the definition of the Laplace and divergence

operators for functions in Bf‘ (R4 L2(D)):
d—1 82 52
A= (Y5 )+ 5 addv=7-.
2 2
<i:l dy; ) vy

Obviously we have V = {u € BL’Z(Rd_l; H(} (I))d s divu = 0}. We endow V and H
with the relative norm topologies, say

. . 5 1/2
lully = | Vu, = (/IM(W@u(-,yd)\ ) dyd) uev

and

, 2
lully = llull> = (/M (v ) dyd) foru € H,
1

where V ® u = (3”") with = -2 (the usual partial derivative in the
1<i,j<d 2

Juj 8
dyj 9ya
distributional sense).

Finally, we consider the subspace V; of V defined as follows
Va = {u = (ui)i<i<a €V : /.M(Md('» ya)) dya = 0} ,
I
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which is a closed subspace of V with the relative norm.
The following auxiliary result holds.

Proposition 4.2 Assume B satisfies (H4)—(HS). Let (e;)1<j<a be the canonical basis
in RY. Then, for any fixed X € Q, there exists a unique o’/ (%, ) = (a)f (x, )i<i<d €
C([0, 00); H) N L*(0, 00; Vy) for 1 < j < d — 1 (resp. C([0, o0); H) N L*(0, 00; V)
for j = d) such that the function /' (x, -) solves the system

dw’ (%, )

5~ AV (BE )V, 7)) + Vymd = 0in (0, 00) x RI—1 x 1,

divyw/ (x,-) = 0in (0,00) x R~ x I,

@/ (X,") =00n(0,00) x RI-1 x {—1,1},

a)j()_c, 0,)=¢jin RI-L » 1.

“4.1)
In addition, we have w/ € C(Qx [0, 00); H)NL*(Q2x (0, 00); Vy) for1 < j <d—1
(resp. C(Q x [0,00); H) N LZ(Q x (0, 00); V) for j = d). Moreover, if we set

1! ; —
Gl](taf)z E/IM(wl(fﬂtﬂvyd))ej d}’dfor(t,f) € Qand1 Ela.] Ed

1! o
= _/ M(@}(x, 1, ya)) dya,
2/

then G € C(@) with Gjg = Ggj = 0 forall1 < j < d — 1, and the matrix
G = (Gij)1<i,j<d—1 is symmetric, positive definite and has entries which decrease
exponentially as t increases.

Proof This result has been proved in Cardone et al. (2022, Section 4.1) in the case
where the operator Ey (B(x, ~)§y) was replaced by ozzy. However, since B satisfies
(H4) and (HS), the proof of the same results in Cardone et al. (2022, Section 4.1)
carries over mutatis mutandis to the present setting. We also recall that the fact for
the matrix (G;j)1<i, j<qd—1 to be symmetric stems from the symmetric property of the
matrix B. The fact that the coefficients G;; decrease exponentially in time can be
shown by proceeding like in Cardone et al. (2022, Section 4.1).

It remains to check the continuity of ' with respect to X, that is, wl e (§ X
[0, 00); H). To this end, we fix X € 2, and we assume for a while that any element
of Q is denoted without the bar, say x, xo € . With this in mind, we set w(x) =
ol (x,-) — @/ (x0, -). Then w(x) € C([0, 00); H) N L*((0, o0); V,;) and satisfies a.e.
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int € (0, co) and in the sense of distributions in RI-L x p,

awix) — AV, (B(x, )V w(x)) + Vo = divy(B(x, ) — B(xo. ) Vya (x0. ),

divyw(x) = 01in (0, 00) x R~ x I,

w(x) = 0on (0,00) x R~ x {—1, 1},

w(x,0) =¢; in RI-1 x 1,

4.2)
where 7 = 7/ (x, ) — 7/ (xo, -). Using a classical estimate for linear Stokes system,
we get, using w(x) as test function in (4.2),

t
= 2
[ 1w 0l dv e [ [ 1T 0l dyaar
I 1
t [ 2
< [ [ 186 = Beso. oI [ 9,07 o7 | v
1
4 — . 2
<186 = B0l [ [ [Frol oo dvaar
I
< ClIB(x.) = Bxo. )7~ .

since

o0 _ , 2
[ [|7e ool dar <c.
0 I

Therefore, the continuity of w/ with respect to x stems from the continuity of x >
B(x, -). This concludes the proof. O

We are now able to move forward in the homogenization process.

4.2 Limit Passagein (1.2)

Owing to Corollary 2.1 and Propositions 2.2 and 2.3, the following uniform estimates
hold for any ¢ > O:

1 1 1
el oo, 1020004 < CeZ, elVuel 2 yixa < Ce2, N@ellr2o,r;m1 (0 < CE?

M
with ‘ i
ot

1 1
<C, llpellp2o.r:m1 (@) < Ce?, llpe ||L2(Q£) < Ce2
L2(0,T;(H'(Q))")

and | F'(¢e) | oo, 7,11 (@) = CE

(4.3)
where the positive constant C is independent of the small positive parameter
e. Thus, in view of Theorems 3.1, 3.2 and 3.3 and Proposition 3.1, any ordi-
nary sequence E contains a subsequence E’ of E and there exist functions
wo € L*Q; BRI HIDN (g0, ¢1). (mo. 1) € L*0,T; H'(Qp)) x
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L2(Q; BiE (R HY (1)) and py € L2(Q; B (RY'; L2(1))) such that, as E' 5
e — 0,

u, — ugin L>(Q,)%-weak T, (4.4)
eVu, — Vyug in L2(Q)"*! -weak T4 (4.5)
pe — poin L*(Q,) -weak ¥4 (4.6)
@ = @o In L2(Qg)—strong YA 4.7
Ve — Vzgo + Vygr in L2(Q:) -weak T4 (4.8)
te = o in L?(Q,)-weak T (4.9)
Vite = Vo + Vypur in L7(Q.)%-weak Ty, (4.10)
where Vxpy = (g%?, 3?6521 , 0) (the same holds for Vxug).

Now, from the equality divu, = 0 in Q,, it emerges that myuo = 0in Q X
RI~1 x 1. We set

1
u(t,x) %/IM(uo(t,f,~,xd)) dx, for (t,x) € Q

= (ui(t,X))1<i<q and U = (4;)1<i<d—1- (4.11)
Then, u € LZ(Q)d. Moreover,
diviyu=0inQandu-n=00n(0,T) x 02, 4.12)

where n is the outward unit normal to d€2. Indeed, as in Cardone et al. (2022, Section
4), we may easily show that
ug =0in Q, (4.13)

so that u = (u, 0). Therefore, we may easily verify (4.12) for, if ¢ € D(Q), we use
the Stokes formula together with the equality divu, = 0 in Q. to obtain

/ us(t,x) - Vyp(t,x) dx dt = 0.

Passing to the limit after dividing the last equality above by ¢ and letting E’ 5 ¢ — 0,
we get immediately

/ u(t,x)  Vyo(t,x)dx dr =0.
o
This yields (4.12). We also derive the equality fQO Sy M(po(t,%,-,£)) d¢ dXx = 0

from the obvious one an pe dx = 0.
Now we define the function

a®) = (] * 1)@):/ J(x —7,0)dz for¥ € Q. (4.14)
Q
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We may therefore state the following global homogenized result.

Proposition 4.3 The functions u, ¢o, @1, Lo, L1 and po solve system (4.15)—(4.18)
below:

1
=5 Jo Ji M (o, %, OFF (.7, 0) de dx dr

1 _
5 Jo [y M(BV yug - V) d¢ dx dr
(4.15)
1 _ ~
) fQ J3 M (@0 [(Vero + VyuDW + po dive W]) dz dx dr

1 . _ 1 B
=5 Jo Ji M(podive W) dg d¥ de = = [, [, M(RY) dz d¥ dr,

1 1
—5 Jo i M (e0%2) de d¥ dr = 3 [, [, M(pouo(Vso + Vy0) d¢ dF i
(4.16)

1 _
+§ fQ J; M (Vo + Vyu1)(Vego + Vygr)) d¢ dx dr =0,

1 1 - 1 -~
—/ f,uo)(() dx d¢ dr = —/ /ag{)o)(() dx d¢ dr — —f /(J * o) xo dx d¢ dt
2JoJi 2Jo i 2JoJi

1
+—f /F/((po))(o dx de dt, 4.17)
2J0 s

u0(0, X, y) = u’(¥) and 9o(0.X) = ¢'(%) fora.e. X € Qand y e R*™ x I,
(4.18)

forall W € (C§°(Q) ® A®(RI~L; C3°(1)))? with divy ¥ = 0, (¢o, ¢1) € C°(Q) x
(CP(Q) ®@ AR €50 (1)) and xo € CF(Q).

Proof Let ¥ € (C°(Q) ® A® (R~ CS(N)))?, (¢o, 1) € CP(Q) x (CL(Q) ®
A®RITL C8(1))) and xo € C5°(Q). We define, for (¢, x) € Q,

Wt x) = W (z,f, E) . Be(t,X) = do(t,T) + £ (z,f, E) :

Taking (V¢, ¢¢, x0) € Cg"(QS)d X Ci°(Qe) xC3°(Q) as test function in the variational
form of (1.2), we obtain
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VAN 1
_st Ue (E) dx dt —|—52 st BEVuS . ((VY\I})S + g(qu,ye) dx dt

_st De ((div; w)é + é(div)v \11)8> dx dr — er eV We dx dr (4.19)
= fQ hWe dx dt,
—Jo. #:75, ¢€ dx dr + [y, (e - Voe)de dx di
(4.20)

+ [o, Vite - (Veo + e(Vs¢1)® + (Vy¢1)?) dx dt = 0,

/ Ue X0 dx dr :/ s_las(pgx()dxdt—/ e % @p) x0 dx dt+/ F'(@e) xo dx dt.

O
4.21)

We start with (4.19) and let E’ > ¢ — 0. Then,
f /M(po divy W) d¢ dx dr = 0.
0J1

This shows that py does not depend on y, ie. po(t,x,y) = po(t,x), and thus
Ja, P02, %) dX = 0, s0 that po € L?(0, T; LY(S2).
Now we consider W such that divy, ¥ = 0, and we divide both sides of (4.19) by ¢:

1 1
—= o, ue (57)° dxdr + - f e*B*Vu, - ((vxxy)e + —(v\,W)S) dx dr
& € & °

1 . 1 1
- ng Pe(divy W) dx df — - st eV We dx dt = - st hWe dx dr.

4.22)
We need to pass to the limit in (4.22) as E’ 3 ¢ — 0. First of all, we observe that the
symmetric property of B gives

1 1
—/ eB*Vu, - (Vy,W)* dx dr = / eVu, - (BV,W)*® dx dr. (4.23)
€

& &€

Next, we have
1 1 )
—/ eV We dx dr = ——/ ©e (Ve W8 + e (divy W)) dx dr. (4.24)
8 QS 8 &

Now, from assumptions (H4) and (H5), we see that the matrix B belongs to the space
c(Q; (BIZ4 (RA=1: L2(1)) N L®R4~! x 1))4*d) 5o that BV, W can be taken as test
function in (4.23) while letting E’ > ¢ — 0. Bearing this in mind, we pass to the
limit as £’ 3 ¢ — 0 in (4.23) using BV, ¥ as test function, and in (4.24 ) using
strong X 4-convergence (4.7) in conjunction with weak X 4-convergence (4.10) (both
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in Corollary 3.1 ) to obtain

1 _
—/ eB®Vu, - (V,¥)® dx dt — / /M(BVyuo - VyW) dyg dx dt
€ J Q. ) 0J1

and

1 . _

g/ Mswg\pgdxdre/ /M((po [(Vswo + Vyu)W + o dive W) dyg dx dr.
0: 0J1

Hence, we let E' 3 ¢ — 0in (4.22) and divide both members of the resulting limit
by 2 to get (4.15), viz.

1 _ v _ —
=5 Jo JiM (ot %, y) 5= (1, %, ya) ) dya A di

1 7 p—
+§ fQ f[ M(BVyug - VyW) dyg dx dt
(4.25)

1 . p—
—3 Jo Ji M (9o [(Vzro + Vypu)W + po dive W]) dyg dx dr

1 . _ 1 _
=5 Jo [y M(podive W) dyg d¥ dt = = [ [; M(R) dyy d¥ dr.

As for (4.20), we divide both sides by 2¢ and, accounting for the equality

/ (Vo) dx dt = —/ YUV dx dt,
Qe

Qe

we obtain in the limit when E' 5 ¢ — 0 (4.16).
Let us now consider (4.21). We start with the term f 0. F’(¢¢) xo dx dr. We need
to check that 4

1
g/ F'(¢e) xo dx dt — f / F'(90) x0 dyg dx dt. (4.26)
Qe oJI

1
c

First of all, since F € Clzo’ (R), F’ is locally Lipschitz continuous. Next, from (4.7),

we have 8_% e — <p0||L2(Q€) — 0as E' 3¢ — 0.But

87] / |(p8(ts x) - gﬂo(l,f)lz dx dr = / |(p8(t1 f, €Xd) - gpo(l"f)'z dx dt
3 Qi

—0asE 3¢ — 0.

This shows that the sequence (@;).cg defined by @ (¢, x) = @ (1, X, exq) ((t,x) €
Q1) converges strongly to ¢ in L2(Q 1),and, so, @ — @p a.e.in Q. The continuity of

F’entails F'(¢.) — F'(¢p) a.e.in Q. Now, the uniform bound H F/(gog)”L](Q y = Ce
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yields || F’ (Ei)’S)H L) = C for all ¢ > 0. The Lebesgue dominated convergence
theorem readily gives

F'(@:) — F'(go) in L'(Q1)-strong.

Thus, setting x; = ¢, we have, as E' 3 ¢ — 0,

1 _ o
! / F'(g)x0 dx di = / F (01, % ) x0(t, ) dF d¢ dt
€ Qe Ql
_ f F'(7)x0 d¥ d¢ dr
01
N / F'(g0) xo d¥ d¢ dr = / f F'(go0) o d¥ d¢ dr,
01 0JI

which proves (4.26).
Now, concerning the others terms, we appeal to Proposition 4.1 to obtain, when
E'>5¢—0,

1 1
-/ e—lag%xodxdt—-f eI * @) xo dx dt
¢ Jo,

€ Jo,
—>/fa‘gaoxodxd;dz—//(T*¢0)X0dxd;dt
0/ 0Ji

since none of the terms involved depends on the microscopic variable y = x/¢.
With this in mind, we divide both terms involved in (4.21) by 2¢ and we pass to the
limit in the resulting equation to obtain (4.17). Finally, since u§ — u® in L%(Q2,)7-
strong X4 and ¢ — ¢° in L?(Q,)-strong ¥ 4, we conclude by integration by parts
that u(0) = u® and ©0(0) = <p0. We recall that, from (4.13), we have u® = (EO, 0)
since the last component u4 of ug is zero. O

4.3 Derivation of the Homogenized System

Our goal in this subsection is to find the equivalent problem that is solved by
(u, @o, o, po). We recall that u is defined by (4.11) and satisfies (4.12). This being
so, we first consider (4.17). Since none of the terms in (4.17) depends on the variable
¢, we readily get that (4.17) is equivalent to

1o =dgo — T * g0 + F'(¢o) in Q. (4.27)

Next, we consider (4.16) and choose there ¢g = 0 and take ¢ to be of the form
$1(t,%,y) = ¢, )0 (y) with ¢) € A°(RI~1; C5°(1)). Then, we obtain

{ — [} M(gouq - Vy0) dz + [; M((Vxo + Vyur) - Vy0) de =0 (4.28)

forall & € A®(RI~1; C5°(D)).
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However,

/ M (gouq - Vy0) d¢ = / M (godivy, (u00)) d¢ (since divyug = 0)
1 1

= 0 because ¢ does not depend on y.

Therefore, (4.28) becomes
f M((Vzpo + Vyur) - Vy0) dg =0forall 0 € A“(Rd_l; Coo ).
I

Since p is independent of y, we can easily show that i = 0.
Taking into account the equality divy ug = 0, we see that (4.16) (in which we take
¢1 = 0) is the variational form of

dpo | _ .
? +u- Vfga() — Ay/,b() =0in Q, (429)

where once again we recall that u is defined by (4.11).
Let us move on to (4.15). Using Cardone et al. (2022, Proposition 2.1), we derive
the existence of p; € LZ(Q; Bf‘ (R4=1: L2(1))) such that

dug  — - . -
8—;’ — @iy (BV yug) + Vyp1 = h — Vepo + 1o Vego in Q x R x 1. (4.30)

At this level, let @/ = (»!)1<i<a and G = (Gjj)1<i,j<d—1 be as in Proposition 4.2.
It is known from that proposition that G is a (d — 1) x (d — 1) symmetric positive
definite matrix. This being so, let us fix (¢, X) € Q and take v(t, y) = uo(t — 7, X, y)
((t,y) € (0,1) x R=1 x ) as test function in the weak form of (4.1), i.e.

dw’ 1 ! _ . _
<—(r), uo(t — r)> + —/ M(BV’ (1) - Vuo(t — 1)) d¢ =0,
at 2 -1

which amounts to

%% f_ll M (& (T)uo(t — 7)) d¢ +<aa?(t - T),w"(f)>
4.31)

+% [1 M(BVw! (v) - Vug(t — 7)) d¢ = 0.
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Integrating (4.31) over (0, r) gives
1 1 : 1 1 1 t 8u0 .
3 f_l M (w’ (t)up(0)) d¢ — 3 f_l M(uo(t)e;) d¢ + 5 fo <¥(t — 1), (r)> dr

1 — . —
+§ Jo f—ll M(BVa/(7) - Vuo(t — 1)) d¢ dt =0,
(4.32)
/
where the brackets (-, -) denote the duality pairings between [B}A'Z(Rd -1 g (} (1))? ]

and B2 (R~ HJ (1)7.
Next, we multiply the variational form of (4.30) by the function

V(r,x,y) = (p(f)w" (x,t—1,y) withgp € ch(sz) being arbitrarily fixed,

and then integrate the resulting equality over (0, ¢), we obtain the following equality
in the sense of distributions in 2:

%f(j <%(r), wl(t — r)> dr + %fg [ M(BVug(r) - Vol (t — 1)) d¢ de

1 .

) fot f_11 1o(T) Vo (t)M (o’ (t — 7)) d¢ dt
1 .

+§ fot f_ll Vepo(t)M (@’ (t — 7)) d¢ dt

1 .
= > Jo S5 M@/ = o)h(x) dt dr.
(4.33)
From the obvious equality

t t
/ <aﬂ(r),aﬂ'(r—r)> dr:/ <%(I—I),a)j(t)> dr.
o \ 07 0o \dt

and comparing (4.32) and (4.33), we get

1 . 1
) f—ll M’ (1)u® dt + 3 f_ll M (uo(t))e; dg
1 .
+§ f(; f—ll M (o’ (t — 1)) Vxpo(r) dT d¢
! ; 1 .
2 Jo 21 100 Vego M (@ (1 = 1)) dg dr = 3 Jo It M@l — 0)h(r) de dr,
that is,

—G (U’ +u;j(t) + (G * Vepo)(t) — (G} % o Vreo) (1)
=(Gjxh)@®), 1=j=<d-1,
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or, equivalently,
u(t) = GO’ + (G * (hy — Vepo + 1oVepo) (1) in 2,1 € [0, T1, (4.34)

where G = (G)1<j<d—1-
We have just proved the following result.

Theorem 4.1 The quadruple (u, ¢g, o, po) defined by (4.11), (4.7), (4.9) and (4.6)
solves in the weak sense homogenized system (4.34), (4.29), (4.27) with appropriate
boundary and initial conditions, viz.

= Gu®+ G * (hy + noVegpo — Vipo) in Q,

diviu=0in Qandu-n=00n (0,T) x 092,

dpo .
§+H'VX¢O—AIMOZOWZ 0,
(4.35)
mo =dgpo — J *@o + F' (o) in Q,
d
Ho =00on(0,T) x 092,
on

90(0) = ¢° in Q.

Equation (4.35); is a Hele-Shaw equation with memory, that is, a non-local (in
time) Hele-Shaw equation. Thus, system (4.35) is a doubly non-local Hele-Shaw—
Cahn—Hilliard (HSCH) system arising from transient flow through thin domains, and
modelling in particular tumour growth. To the best of our knowledge, this is the first
time that such a system is obtained in the literature. For this reason, a qualitative
analysis of (4.35) is necessary in order to prove some regularity results and its well-
posedness. This is the aim of the next section.

5 Analysis of the 2D Homogenized System and Proof of Theorem1.1

Throughout this section we assume that €2 is a Lipschitz bounded domain in R
For v € (H'(Q)) we set ¥ = ||~ (y, 1). If in particular v € L2(S2), then
v o= fQ Y. With this in mind, we define the spaces Vo = {v € H(Q) : v = 0}
and Vo = {v € H*(Q) : 9v/dn = 0 on 3K2}. It is well-known that the unbounded
operator —A : LZ(Q) — L%(Q) with dense domain V5 is self-adjoint and nonnegative,
becoming strictly positive on Vj. Further, it maps Vp onto V; = {¢ € H Q) :v =
0}.
This being so, we set, for every r € R,

lv =7, = | oW =)

L@
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We observe as in Della Porta and Grasselli (2016) that the norm |- || defined by

Wl = (v = [, + [F°)" forv e '@y 5.

is equivalent to the usual norm of (H 1 (Q)).

Bearing this in mind, we recall that in this section we are concerned with 2D doubly
non-local HSCH system (4.35) derived from the upscaling of e-model (1.2) in 3D.
For the sake of simplicity, we rewrite (4.35) in the following form

u=G6u'+Gx*(h+uVe—Vp)inQ=(0,T) x S,
divu =0inQandu-n=0o0n(0,7T) x 022,

a
8—f+u-Vgo—A,u=0inQ,
5.2)

u=ap—Jxg+ F(p)inQ,

9
I —0on(0,T) x 9%,
on

9(0) = ¢ in Q,

where we have omitted all the subscripts and the hat and bar on all the unknown
functions as well as on the given data. We recall that in (5.2 ) the functions a and J
are constrained as follows,

(H1); J € Whl®) nC®2\{0) anda(x) = [, J(x —2) dz > 0 (x € ),

uloc

the function F satisfies (H2) (see Sect. 1.2) and the initial data u°, ¢° and the source
term h are constrained by

H3); u® e H={ucL*>()?:divu =0in Qand u - n = 0 on 92}, where n is the
outward unit normal to 32, ¢° € L?(2) with F(¢) € L' () andh € L*(Q)>.

Under assumptions (H1);, (H2) and (H3);, we have proved in Sect.4 that
problem (5.2) admits at least a solution (u, ¢, i, p) in the class L%0,T: H) x
[C([0, TT; L2(2))NL2(0, T; H'(2))1x L2(0, T; H'()) x L*(0, T; L3(S2)). More-
over, in the light of (5.2)1, one sees that u € C([0, T']; H).

Finally, when dealing with (5.2), we shall often use the notation #; (resp. *,) to
denote the convolution operator with respect to time (resp. space) if there is a danger
of confusion.

5.1 Continuous Dependence of the Solutions on the Data
Our aim in this subsection is to prove the continuous dependence of the solution to

(5.2) on the given data. Before we can do this, we first need an important preliminary
result, which is stated as follows.
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Proposition 5.1 (i) The pressure p lies in the space L*(0, T; H'(Q) N L(Z)(Q)).

(ii) Assume @° € L%(Q). Then, the order parameter ¢ belongs to L°(Q). If further
u € L*(Q)? and h € L>(0, T; L*(Q)?) (for a fixed given real number s > 1) then
u € C([0, TT; L*(22)?).

Proof (i) First we show that uV¢ € L2(0, T;H). To this end, we observe that

¢ € L*(Q) as from the Gagliardo—Nirenberg inequality (in 2D), say ||(/)||?‘4 @ =

lellL2@) Vel L2(q), and taking into account ¢ € L>(0, T’ L2(2)), it follows that

T T
A ”§0”14(Q) dt S ”(p”iw(O,T;LZ(Q))/O ”w”%{l(g) d[ S C

Now, let v € L0, T; H) (we may start with smooth v € Vg = {v € C(‘)’Q(Q)2 :
div v = 0} and next use the density of Vy;y— in ). From the obvious equality (stemming
from Frigeri et al. 2016, Proof of Theorem 2)

? ¢?
uVeo =V <F(<0) +a—2 ) - Va—2 —(J *xp)Ve, (5.3)
we get, fora.e.t € (0, 7),

2 2
(uVe, V) = <—Va% — (J %)V, v) - <Va%, v) + (VT % 0)e, V),

so that using Holder’s inequality,

(Ve W < Cllpl2ag IVI2@e + IVl 202 (VT % @)@l 20

< Clel7sg V2@

We obtain immediately

T
/ (uVe,v) dt
0

< Cliglgag) IVl20.7:22002) »

amounting to uVe € LZ(O, T; H).

We getreadily that h+u Ve € L?(0, T; L*(2)%). Also G (H)u® € L*(0, T; L>(Q)?).
We may therefore proceed as in Mikeli¢ (1994) by using the Laplace transform, which
is well-defined in D;((O, 00); L%(Q)) (see for instance Vladimirov 1984, pp. 158—
170): we apply it to (5.2); and (5.2); to obtain the following equation

div (6@)(5@) + 1Ve(t) — VH(D) + é(r)uo) —0inQ,

PR A (5.4)
(G(r)(h(r) 4 AVe(r) — VP(@) + G(r)uo) 1 =0ondQ.

In (5.4) the hat - denotes the Laplace transf(\)rm which is a function of variable t € C
(the complex field). Itis worth recalling that G is an analytic function of 7 for Rer > 0.
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Also, as G is a symmetric positive definite (d — 1) x (d — 1) matrix, so is G (7). Next,
as foreach € C with Ret > 0, the functions 6(1)(@4— ;TV\go)(r) and @(t)uo belong
to L2(2)2, we infer that (5.4) possesses a unique solution p(t) € HY(Q) for such z.
Therefore, p € L2(0, T; H'(Q) N L3(Q)).

(ii) Assume (po € L®°(L2). Then, proving that ¢ € L°°(Q) uses Alikakos’ iteration
method Alikakos (1979), which has been applied in Frigeri et al. (2015, Proof of
Theorem 3) to prove a result very similar to the one in this proposition. We recall
that this method, originated from Alikakos (1979, Proof of Theorem 2), relies on a
Moser-type iteration.

Let us now move on to the proof of the last part of (ii). For this to be achieved, we
use an equivalent reformulation of Eq. (5.2)1, where we use equality (5.3) to get

2
u=G60u'+Gx <h — %Va — (J *y )V — v;?) ,

where the extra pressure is givenby p = p— (F(¢) +a %2). Therefore, foreach v € H
andae.r € (0,7),

2
(u,v) = (G(t)u0 + G *; (h — %Va — (J *x )V, v) — (G % Vp,v).

This gives us the following equivalent form of u:
o>
u=G6nu'+Gx* (h— 7Va+(v.1 e @) — VD). (5.5)
This being so, we set
2

azG*,ﬁandng*,(h—%Va+(VJ*x<P)<P~

Then, (5.2), amounts to

5
— A§ +divg =0in €, a—q=00nasz, (5.6)
n

with the compatibility condition fQ g = 0. This being so, let 1 < s < oo be fixed.
Using the L*® estimate of the gradient of the solutions to (5.6), one gets

1VGllLs ) < CliglLs g -

This gives

el = € [u0) | +lgli

L5(Q)

=< ([

Wl + 1V % 90l + |02Val

LS(Q)) )

L5 ()
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Now, since ¢ € L®(Q) and VJ € L}, (R?)?, we get readily from the assumptions

ulgc
u® e LS()%and h € L0, T; L*(Q)%) thatu € C([0, T']; L*(2)?). This concludes
the proof. O
We are now able to prove the main result of this subsection.

Theorem 5.1 Assume ¢° € L®(Q), u® € L*(Q)? and h € L>(0, T; L*(Q)?). Let
(u1, 1) and (u>, ¢2) be two weak solutions of (5.2) corresponding to initial values
(u(l), (p(l)) and (ug, <p(2)), respectively. Then, there exists a positive constant C depending
on the norms of the two solutions such that, for all t € [0, T],

Jo 1 (@) = w2013 g dv + o1 = 2015 + J5 l91(0) = 92(D) 172, d7

2 2 _
= C (I = o3l + 1) = S22 0, + |7} 3 )
(5.7)
In particular, the solution of (5.2) is unique.

Proof We proceed as in (5.3) to rewrite (5.2) in the form
u=G0Ou'+ G % (h—%ZVa—(J*xgo)Vgo—Vﬁ)inQ: 0,7T) x Q,
divu =0inQandu-n=00n(0,T) x 922,

a
8—?+u-V¢—AM=OinQ,

w=ap—Jxgo+ F(p)inQ,

9
I —0on(0,T) x 99,
on

@(0) = ¢% in Q.

(5.8)
With this in mind, let (u1, ¢1) and (u2, @) be as in the theorem. We setu = u| — u»,
¢ = @1 — ¢, = p1 —ppand p = pi — pa. Then, ¢(0) = ¢f — ¢) = ¢ and
u0) = u(l) — ug = uY. Then, it is a fact that (u, @, i, p) satisfies
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u=Gu’ — G [ppr +92) % + (J % @) Voo + (J #x 1)V + VP)]in Q,
divu =0inQandu-n=00n(0,7T) x 022,

e

” 4+u-Vor+u- Vo — Ap=0in Q,

w=ap—Jxo+ F' (1) — F'(g2)in Q,

3
B —0on(0,T) x 99,

on
¢(0) = ¢%in Q.
5.9
The variational form of (5.9) reads, for a.e.t € (0, T), as
]
<a—(f, 1/f> + (Vi, Vi) = (g1, Vi) + (w20, Vi) Vi € H'(Q), (5.10)

Va
(u,v) = (Gu’, v) — (G * (¢(‘Pl + 902)7) : v) — (G # (J %5 9)Ve2,v)
+(G # (J *x 91)Vo,v) Vv e H, (5.11)
where we use the fact that (G %, Vp, v) = —(G %, p, divv) = 0.

If we take ¥ = 1 in (5.10), then we see that ¢ (1) = ¢ for all ¢ € [0, T']. With this
in mind, we take ¥ = (—A)~!(¢ — @) in (5.10) to get

ld _ _ -1 — -1 —
sq e oIl + (e —9) = (u1, V(=2 (@0 — @) + (w20, V(=2) " (9 — ),

that is,
1 d —n2 / / I
S 10— PIZ1+ (ag + Fllon) = F'(g2). 9) = (J 5 9, 9) + 12191
+ (a1, V0@ =9) + (120, V=2) 0 - D)) (5.12)

In (5.11), we choose v = u. Then,

lul, = (Gu®, u) (G o («p(wl + <ﬂ2)%> , u) (G (] )V, w)
+ (G (J *x 91)Vo, u)

= (Gu°, u) — (G * <(,0((,01 + 902)%) , u> + (G %, (VJ %x @), pou0)
+ (G *; (VJ *xx 1), pu)

=:h+ DL+ 1+ 14 (5.13)
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We first notice that

131 = (G #: (VJ 5y ), )| < |G s (VI 5x @) 12 l2ul 2
< @2l 1G 1 (VI sex @)l 2 lluell 2

Hal < G s (VI e @)l Lo @l llullz2

1] = 116G * (91 + 92)Va)ll Lo @l 2 lluell 2

and
i < |Gu®

L lullze

It follows from (5.13) that

lullz2 = (1G * (1 + @2)Va)li oo + 116G * (VI 5y @)l Le) ll@ll 2

+|Gu°] |+ o2l 16 % (V5 9l (5.14)
But
t 2
1G %0 (V7 %, ¢)||iz=/g'/0 Gt — ) (V] %, @)(1) de| dx
t
< c/ (/ IV J %y @l (r)dx) dr
0 Q
t
<c /0 IVII, o), dr,
so that
t 3
IG ¢ (V4 % )2 < C VIl 1 ( /0 (012, dr) L 615

Repeating the same process as to obtain (5.15) for some other terms in (5.14), we get

lullzz = € (et + ezl IValls + 1V 1, ligrllze) gl

1
! 2
+CHu°HL2+C”W”LLm (/0 (7, df) ,

or, equivalently,

lulz < € (Hu“\

: %
L2+||¢||Lz+<f0 le()12 dr) ) (5.16)

where the constant C in (5.16) depends on the norms of ¢;, J and a.
Now, coming back to (5.12), we have

(w1, V=8¢ =@)| = C lull2 g ~ Ty (5.17)
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and

A

_ _ (&) _ —_
(uch, V(=) - cp)) < < lolg: + lwallzs e = 91z + Clgl?

(€] _
< 3 el +Cle — 3. (5.18)
Next, using part (i) [of assumption (H2)], we see that

(ap + F'(91) = F'(92). 9) = collgpl7 (5.19)

For the first term on the right-hand side of (5.12), we have

(T #x @, @) < [(J #x 90, 0 = @)+ [(J *x ¢, 9)]
= (VU 59, VAT @ -D) |+ U 50Dl
< CIVINg lleliz2 e =Blle + C TN, el @]
o _
< g el + Clie =93,
where we have combined Holder’s and Young’s inequalities.

Next, as for || o, we know that |Q| || = \fQ(F’(fpl) — F'(¢2)) dx
appealing to the inequality |F/(s)| < C(F(s)| + 1), we find

, so that,

€2 1zl S/Q(IF(<p1)I+|F(<p2)I)dx-

Recalling (2.26), we see that

~ L2 1 ~ e o |2
/Ql F@ett,0) dx = 5 [ a0, + Z//M T — ) 7500 — 7(6)[d d g

+/ |F (@5 (x))| dx + C. (5.20)
Q

Owing to (1.4) (which amounts to ”'iif) —u® H L2@yd T H@S —¢° || e 0 as
e — 0), we take the lim inf /5., in (5.20) to get

Flp)| d <CH 0 : 0‘
Larwanas=cdu], o],
This shows that
i< €= [u] g [0 gy 19 o [48] 12y ) - 521
|2 ] < (”1 L2y ¥1 L@ u L2y ¥, @) (5.21)
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Collecting (5.17)—(5.21) in (5.12) yields

1d _ 3co _ _ _ _
S llo =B, + 22 gl < C el 2 e ~ Pla + Cllg 1 + C lpl? + C g

= [u®] , 1o =l +Clioll2 llp 7y

1

t 2
+Clle — ol (/0 lo()13. dr)

+Cllg —@lz +C @ +C gl

2
=cfu
L2

t
co _
+ 2ol +/ lo@I2 dr+Cllg — 12
0

+Clpl* +Clgl.
It follows promptly

1d

5¢o !
—12 2 0 —12 2 —
Sl =TI+ ol = € |u°] 2+C||<p—<o||#+/0 lg(012, dr+Clgl.

2
L
(5.22)
Applying Gronwall’s lemma, we get readily

! 2
Io) =715 + [ eI ar < c(ful ]+ 1D toraits 0. 71

The last inequality above gives rise to

t
||w(r>||§+/0 lo(D)I2s dr < C <||¢||§+ [«

2
L2 + |<p|) forallt € [0, T],

that is, for all ¢ € [0, T],

t
1 (6) — 20112 + /0 1 (0) — (DI, de

2 2
5C<H<p?—<p§H#+Hu?—u3 L2+‘¢?—¢SD. (5.23)

Now, integrating (5.16) over (0, #) for any fixed ¢t € [0, T'] and using (5.23), we get
(5.7), concluding the proof of the theorem. O

We are now in a position to prove Theorem 1.1.
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5.2 Proof of Theorem 1.1

Proof Given an ordinary sequence E of positive real numbers converging to zero,
we have derived the existence of a s?gsequence E’ from E and of a quadruple
(w0, o, 10, po) With ug € L*(Q; B, (R*; HJ(I))*), 9o € L0, T; HY(Q)),
o € L*(0, T; H'(Q)) and pg € L2(0, T; L3(R)) such that, as E' 5 & — 0,

ue — ugin L>(Q;)3-weak X4 and eVu, — Vyugin L?(Q.)>3-weak T4,

@e — @o in L*(Q¢)-strong T4,
[te = poin L*(Qg)-weak T4,

and
Pe = poin L2(QS) -weak X 4.

By setting u(t, x) = %f, M (up(t,x,-,¢))d¢ = (u(t,x), uq(t, x)), we have shown
thatu; = 0 and that the quadruple (u, ¢o, (Lo, po) solves system (1.9). Furthermore we
have @ € C([0, T1]; H), 9o € L*(0, T; L*(R2)) and pg € L2(0, T; H () N L3(Q)).
Next, assuming that ¢° € L™(2), we get that ¢y € L®(Q) so that, if further u°
L*(2)2, the solution of (5.2) is unique thanks to Theorem 5.1. As a result, the whole
sequence (ug, @s, g, Pe) converges in the sense of (1.8) towards the unique solution
of (1.9). The theorem is therefore proved. O

6 Proof of Theorem 1.2
Proof The existence of (ug, ¢o, /Lo, Po) is obtained as at the beginning of the proof of

Theorem 1.1. So we focus on system (4.35), which reads in the special cased — 1 = 1
as follows:

3 3
@=Gx(h +po—2 — 22 in 0, 7) x (a.b) = Q,
0x1 dx1
o . _ _ .
PN =0in Qandu(t,a) =u(t,b) =0in (0, T),
X

dgo | _ g0 9*no
— u P —_— e — =
at dx; x?

Oin Q, 6.1)

po = agpo — J % g0 + F' (o) in Q,

wo(t, a) = py(t, b) = 0in (0, T),

¢0(0) = ¢%in (a, b).
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0
We note that we have assumed u° = 0. From the equality a_u = 01in Q, we deduce
X

1
that u(¢, x;) = u(¢) for all t+ € (0, T). Now, since u(t,a) = 0 in (0, T), we infer
u = 0in Q. Therefore, the first equation in (6.1) becomes

dgp D
G (hy+ 1022 — 2P0 g in g, (6.2)
Bxl axl
dgpo %o

and the third one becomes — — 5
ot axy
amount in the end to the non-local Cahn—Hilliard equation in one spatial dimension,
which is known to possess a unique solution in the underlying spaces. Now, applying

= 0 in Q. The last four equations in (6.1)

d d
the Laplace transform to (6.2), we get that k| + ,uoa—(po — 8_170 = 0. Taking into
X1 X1
account the fact that pg € L%(a, b), we deduce that pg solves (1.11). This completes
the proof of Theorem 1.2. O

7 Some Concrete lllustrations

The goal of this section is to present some concrete situations leading to the use of
sigma-convergence with the underlying algebras with mean value, so that the homog-
enization problem for (1.2) is solvable.

7.1 Equidistribution of Microstructures in Q

We assume that the heterogeneity is uniformly distributed in 2. This means that
the distribution function of the microstructures is periodic, so that the function
v+ B(x, 7y, ¢) is l-periodic in each of its occurrences. Therefore, the corresponding
algebra with mean value on R~ is the algebra of Y-periodic continuous functions
A = Cper(Y), Y = (0, 1)?~1. The mean value of a function u € A is given by

M) = fY u(y) dy.

The corresponding function spaces are defined as follows: Bﬁ R LP(1)) =
Lber(Y; LP(I)) (the space of functions in L (RY~!; LP(I)) that are Y-periodic),
By R WhP(D)) = Woel (Y: WP(D)) (the subspace of Wb (Y WP (1))
made of periodic Y -periodic functions), and

Byl RN WP(D) = Wy (v WP (D)

= {u € WI}e’rp(Y; WhP(D)) : / u(y)dy = 0}
z
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(where Z =Y x I with I = (—1, 1)), a Banach space under the norm

I/p
leell 1.0 = (f Vul? dy) Cue WP (s when).
# z

We notice that, here, BY(R?~1; LP(1)) = BL(RI™ LP(1) (Lher (Y3 LP (1)) is
a Banach space with the corresponding norm) and, so, Bi’p (RI-L. wlr(r)) =
BRI~ whe (D).

In this case, the suitable concept of convergence is the two-scale conver-
gence for thin heterogeneous domains, which is defined as follows: A sequence

(Ug)e=0 C LP(Qg) is said to two-scale converge weakly in LP(Q,) to ug €
LP(Q; LEer (Y5 LP(1))) if, as & — 0,

1
! / uete. ) f (1%.7) drdr - / f wo(t, ¥, ¥) £ (1, %, y) dy d¥ di
€ Jo, € 0JZ

forany f € L7 (Q; Cper (Y5 L' (1)) (1/p' = 1= 1/p).
In this case, the homogenization result in Theorem 1.1 reads as follows.

Theorem 7.1 Assume d = 3. For each ¢ > 0, let (ug, @¢, e, pe) be the unique
solution of (1.2). Then, up to a subsequence (not relabelled), (ug, [Le, Pe)e>0
weakly two-scale converges (as ¢ — 0) in L*(Q,)3 x L?(Q,) x L*(Q;) towards
(uo, o, po) and (¢c)e=o strongly two-scale converges in L2(Q8) towards ¢y with
go € L®(0,T; H'(Q), ug € L2(Q; Woer (Y HJ (1)), po € L2(0, T; H'()
and py € L*(0, T; L3()). Setting

&

1
Mg, x) =7 [ ¢, X, x3)dx3 for (1, X) € Q,

and

1 1
u(t,x) = 5 / 1 M(uo(t,x, -, x3))dxs = (u(t, x), uz(t, x)),

one has uz = 0 and, up to the same subsequence as above, we have (1.8) as ¢ — 0.
Moreover; it holds thatw € C([0, T1; H), go € C([0, T1; L*(2)) N L%(0, T; H (Q)),
po € L2(O, T; H! ()N L%(Q)) and the quadruple (U, ¢o, Lo, po) is a weak solution
to (1.9), where x stands for the convolution operator with respect to time in (1.9)1 and
with respect to space in (1.9)4, and G = (G;j)1<i, j<2 Is a symmetric positive definite
2 x 2 matrix defined by its entries Gj(t,x) = %fz o' (x, 1, y)e;jdy. Here, ol =
(a)l-])lsifg is the unique solution in C(E; L2 (Y; LZ(I))3)0L2(Q; Wp]érz(Y; HO1 ()3

per
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of the auxiliary Stokes system
dol _ , . ,
= divy(B(x, )Vyo!) +Vy7/ =0in (0,T) x Z,
divy @ =0in0,T) x Z,
w’/ (0) = ejinZ and fZ a)é(f, t,y)dy =0,

ej being the jth vector of the canonical basis in R3. Moreover, if ¢° € L*(Q) and
u’ € L*(Q)?, then the quadruple (@, ¢q, jr0, po) is the unique solution of (1.9), so
that the whole sequence (Ug, e, [Le, Pe)e=0 converges in the sense of (1.8).

Proof The result is obtained just by identifying the mean value of a periodic function:
foru € L2,.(Y), M(u) = [, u(y)dy. O

per
7.2 Almost Periodic Distribution of the Microstructures

Now, we assume that the heterogeneity is induced in an almost periodic fashion. This
amounts to the function y — B(X, 7y, ¢) being almost periodic in the Besicovitch
sense (Besicovitch 1954; Bohr 1947). The corresponding algebra with mean value in
R4~ is then the algebra of Bohr continuous almost periodic functions on R¢~!, say
A = AP(R?1). We recall that AP(R?~!) (Besicovitch 1954; Bohr 1947) is defined
as the algebra of functions on R?~! that are uniformly approximated by finite linear
combinations of functions in the set {cos(k-), sin(k-) : k € R?~1} where cos(k-)(y) =
cos(2mk - y) and sin(k-)(y) = sin(27k - y) (y € R4~1). It is known that AP(R4~1) is
an algebra wmv called the almost periodic algebra wmv on R?~!. The corresponding
generalized Besicovitch space B fj (R?=1) is precisely the Besicovitch space B (R4~ 1)
defined in Besicovitch (1954), Bohr (1947).

Under the almost periodic distribution of microstructures, the main results in The-
orems 1.1 and 1.2 are satisfied with the corresponding function spaces. We recall that,
in this case, the mean value (Bohr 1947) of a function u € AP(RY™!) is defined
as the unique constant belonging to the closed convex hull of the set of translates
{u(-+a) :a € R¥=1} of u. It also satisfies property (3.1).

7.3 The Perturbed Periodic/Almost Periodic Setting

Some other examples can be considered, namely the asymptotic periodic distribution
of microstructures in €2, which leads to the use of the algebra wmv A = Cper(Y) +
Co(R?~1) (Jiger and Woukeng 2021, Section 5.2.3), where Co(R?~!) is the Banach
algebra of continuous functions that vanish at infinity. In that case, assumption (H5)
holds with A = Cper (Y) + Co (R4~1). We may also deal with the asymptotic almost
periodic distribution of heterogeneities, with the corresponding algebra wmv A =
AP(RI1) + Co(RY~1) (Jiger and Woukeng 2021, Section 5.2.3).
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