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Abstract

Wilhelm Weber’s electrodynamics is an action-at-a-distance theory which has the
property that equal charges inside a critical radius become attractive. Weber’s elec-
trodynamics inside the critical radius can be interpreted as a classical Hamiltonian
system whose kinetic energy is, however, expressed with respect to a Lorentzian met-
ric. In this article we study the Schrodinger equation associated with this Hamiltonian
system, and relate it to Weyl’s theory of singular Sturm—Liouville problems.
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1 Introduction
Weber electrodynamics

Wilhelm Weber’s electrodynamics is a today largely forgotten action-at-a-distance
theory of electrodynamics. An interesting aspect of the theory is that while opposite
charges always attract each other, equal charges are repulsing each other outside a
critical distance r., but become attracting, too, at distances smaller than r.. This led
to Weber’s planetary atomic model which Weber published, among other models,
posthumously [17]. A detailed account of this model can be found in [4, 5].

The history of Weber’s electrodynamics indeed reminds us on a fairy tale. Wilhelm
Weber is famous for his discovery together with Rudolf Kohlrausch on the connec-
tion between electrodynamics and the velocity of light. This connection appears in
Weber’s action at a distance theory quite different from the theory of Maxwell. How
Weber’s electrodynamics leads to a complementary description of the classical electro-
dynamical phenomena is described in the book “Weber’s electrodynamics" by André
Koch Torres Assis [3]. Differences occur if one considers instead of closed circuits
as well open circuits. From Weber’s force law Ampere’s force law for current ele-
ments can be derived which allows as well transverse Ampere forces. Peter Graneau
at MIT examined experimentally such phenomena as explained in the book “Newto-
nian Electrodynamics" he wrote jointly with his son Neal Graneau. Different from the
theory of Maxwell-Lorentz in Weber’s electrodynamics fields do not carry energy.
For that reason Weber’s Lagrangian differs as well from the Darwin Lagrangian. A
phenomenon which does not have an analogon in the theory of Maxwell-Lorentz is
the occurence of a critical radius at which the force between protons changes from
attracting to repulsing. This is reminiscent of the Euler-Tricomi equation.

In this paper we treat the Weber nucleus from a mathematical point of view.

It is surprising that the complementary approach of Weber to electrodynamics got
forgotten. Wilhelm Weber and Hermann von Helmholtz didn’t get along with each
other. Helmholtz studied vortices which led to the theory of vortex atoms of Lord
Kelvin. These vortex atoms had a great impact on the development of knot theory in
mathematics but as well are the reason for one of the most absurd stories in the history
of physics. Felix Klein blamed himself in his book “Geschichte der Mathematik im
19.Jahrhundert" for having explained to Karl Friedrich Zollner, a phanatic admirer
of Wilhelm Weber, that every knot in four dimensions can be unknotted. In order to
disprove the theory of vortex atoms ZolIner tried with the help of a spiritualist medium
to prove the existence of a fourth dimension. The elderly Wilhelm Weber participated
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as well at these spiritualist sessions and his complementary theory got forgotten in
Europe soon. It was different in the US. A famous person which concerned himself
with Weber’s electrodynamics is Vannevar Bush, the Science advisor of president
Roosevelt, or the above mentioned Peter Graneau.

Given a positive charge at the center, the Weber Lagrangian, see [15, 18], for a
second positive charge influenced by the one in the center is given in polar coordinates
by the formula

Loy 2, 1 v?
LW(V’¢,Ur,U¢)=§(vr+r U¢)—; 1+ﬁ

where c is the speed of light. The first term is just the usual kinetic energy, but the
second term describes a velocity dependent potential. Historically this led to a lot
of confusion, in particular, Helmholtz doubted, because of the velocity dependent
potential, that energy is preserved. That energy is preserved can easily be seen by
changing brackets

1 1

LW(T,¢,vr,v¢)=l l—— U2+lr2v2—_
2\ )7 2 oy (1.1)

1 2 2
=5 (e F +e0008) - -
Now the potential does not depend on the velocity any more. But the kinetic part is not
computed with respect to the flat metric. In fact, the metric gets singular at a critical
radius, the Weber radius

Fe = l/c2

where ¢ is the speed of light. Outside the critical radius the metric is Riemannian,
while inside it becomes Lorentzian.

Although the changing of brackets is mathematically trivial, the interpretation
of Weber’s Lagrangian as a velocity independent Coulomb potential in a curved
Lorentzian or Riemannian space seems to be first discussed in our previous paper
[6]. This interpretation finally opens the door to actually write down a Schrédinger
equation for the Weber nucleus, namely by replacing the kinetic part by the Laplace-
Beltrami operator but now with respect to the Lorentzian metric. The discussion of
the properties of the Schrodinger equation is the topic of the present paper.

Outline and main result

In Sect.2 we study the classical motion. In particular, we see that inside the Weber
nucleus there are no periodic orbits, but instead the trajectories start spiraling into the
origin (the collision locus).

In Sect.3 the Lorentzian interpretation of Weber’s Lagrangian, given by for-
mula (1.1), enables us to find the Schrodinger equation for Weber electrodynamics by
replacing the Lorentzian kinetic energy by its Laplace-Beltrami operator.
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In Sect. 3.2 we separate the wave function into the radial and the angular part. In
Sect.4 we show that inside the critical radius the radial part satisfies a singular Sturm—
Liouville problem with singularities at both ends, one due to the charge at the origin
where the potential is singular, and one due to the critical radius where the Lorentz
metric is singular.

The classical study of singular Sturm—Liouville problems is due to Hermann Weyl
and his famous discovery [20] of a dichotomy between the two cases of limit circle
and limit point. Weyl’s theory was further developed in Titchmarsh’s monograph [14].
If both ends are limit point the corresponding Schrodinger operator is self-adjoint,
while in the case of limit circle an additional boundary condition has to be chosen [12,
Chap. X §3 pp448]. The main result of this article is

Theorem A The radial part of Schrodinger’s equation of the Weber nucleus is limit
circle at both ends of (0, rc), namely at the origin r = 0 and at the critical radius
r=re.

Theorem A is proved in Sect.4. The case of zero angular momentum ¢ = 0 is
Proposition 4.2. The case of non-zero angular momentum £ # 0 is Proposition 4.4.

The proof of Theorem A differs greatly in the case of zero angular momentum
£ = 0 and non-zero angular momentum ¢ # 0. This is due to the fact that for
vanishing angular momentum the singularity at the origin» = O1is regular and therefore
the corresponding ode Fuchsian, see e.g. [13, §4.2], while for non-vanishing angular
momentum the singularity at » = 0 is irregular. See [11, Ch.5 §4] for the notions of
regular and irregular singularities of an ode. In the irregular case the behavior close
to the singularity is described by a diverging asymptotic series and the solutions start
oscillating wildly.

Interpretation

What do we learn from Theorem A and its proof? It is interesting to compare the
quantum solutions with the classical solutions. In fact, there are no periodic orbits in
the Weber nucleus before regularization. According to Gutzwiller’s trace formula, cf.
[71, there should be a relation between the classical periodic orbits and the treatment
by Schrodinger’s equation. In view of Theorem A the Schrodinger operator is not self-
adjoint, unless one assigns adequate boundary conditions; see [12, Ch. X §3]. Here one
discovers an interesting difference between the cases of vanishing and non-vanishing
angular momentum.

If the angular momentum vanishes, the singularity at the origin is regular. In this
case it is possible to assign natural boundary conditions; see [8, Kap.3 §7]. In fact,
a similar phenomenon happened already for the classical hydrogen atom in case of
vanishing angular momentum; see [8, Kap. 3 §9]. For the Weber nucleus the classical
solutions for vanishing angular momentum are collisions. Collisions can be regularized
so that one obtains periodic orbits.

For non-vanishing angular momentum the singularity at the origin is not regular.
Close to the origin the eigenfunctions of the Schrodinger equation, for any choice
of boundary condition, start oscillating wildly. In this case it is not clear how to put
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natural boundary conditions. On the classical side a similar phenomenon happens.
Namely, for non-vanishing angular momentum the classical solutions start spiraling
into the origin. In this case it is not clear how to regularize them.

It would be interesting to find a semi-classical interpretation, see [7], of this phe-
nomenon which makes the Weber nucleus an intriguing dynamical system worth of
further explorations.

2 The classical motion

Before we embark on the quantum mechanical treatment of the Weber nucleus we
discuss its classical motion, see also [16] and [4, 5, §6.4].

As we explained in the introduction the relative motion of two equal charges is
described in polar coordinates (r, ¢) by the Weber Lagrangian L = Lw in (1.1), that
is

1 (r—r 1
L(r’ d)7 vy, Uqb) = E ( - C Ur2 + I’2U¢2) _ ;
where c is the speed of light and the critical radius
re = l/c2

is called the Weber radius. Note that the metric describing the kinetic energy is Rie-
mannian above the critical radius, and Lorentz below. The conjugate momenta are

oL | LY. [(r—re\. oL 24
pri=oo = 2= " r, p¢._8¢.)_r .

The Euler-Lagrange equation %g_(% = %, namely ps = 0, yields conservation of

angular momentum
l = r2q3 = py = const

jt %5 = %_L namely dt(r ,r‘) 7+ (r r‘)r =, becomes

1 ay 2 [ZES |
— — F= - — - —.
c? 2¢2r2 3 r2

Note that the factor - S 1= L in front of ¥ is positive below the critical radius, and
negative above. The Euler-Lagrange equations are equivalent to Hamilton’s equations
for the Weber Hamiltonian

while

. H 1 (r_rc)i'z 0 1
H(r7¢’pr’p¢)=prr+p¢¢_L:§ f—i—ﬁ +_

2 (2.2)
BV AW
r2 '

2\r —re
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angular

momentum  Classical solutions quantum solutions
=0 collisions non-oscillating
(regularizable) (natural boundary conditions exist)
L#0 spiraling oscillating
(not regularizable) (no natural boundary conditions exist)

Fig. 1 Interpretation of results—classical and quantum solution types

£ =0: Bouncing C°

Collision C°
£ # 0: Collision C°

oscillation

0 Te

Fig.2 Radial component case 1—Energy 7 < 0

To determine the motions, we rewrite the conservation of energy equation

2

L (r—roi? 2\ 1
H=-|——"+ + — = h = const
2 r r r

as 5 )
2 L=+ 2r — 2hr 2.3)
r(re —r)
In the following we only discuss the radial component r, not the angular component
¢ which in case that the angular momentum £ := r2¢ does not vanish is responsible
for the spiraling mentioned in Fig. 1.

Case 1: i < 0-Fig. 2. Then the enumerator in equation (2.3) is positive, so there
are no solutions with r > r.. For r < r. equation (2.3) implies that P2 > 2/rc s
bounded away from 0. Thus the solutions move in finite time between the poles at 0
and r,.

Taking advantage of the fact that the velocity at the origin and at the critical radius
even explodes, we can give a more refined analysis as follows. Consider first the
approach to r.. For r < r, close to r. we have approximately

e —7
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with k = /€2/r. +2 — 2hr. > 0. The solution of the ODE 7 = +k/\/r. — r with

initial condition r(0) = ry < r. close to r. is given by

3 \23
r(t) =re— ((rc —r)? ¥ Ekt> .

Note that the solution can be continued continuously (but not C'!) beyond time 7', of
collision with the origin, to bounce back at r. and move toward the origin » = 0. In
contrast, it has yet not been studied if there is a geometric regularization at the origin
r=0.

Consider next the approach to r = 0. Suppose first that £ # 0. Then for r > 0
close to 0 we have approximately

. k
A iﬁ 2.4

with k = /€2 /r. > 0. The solution of 7 = :t% with initial condition 7 (0) = ry > 0

3 \2/3
r(t)=<r3/2:|:§kt) :

close to 0 is given by

which approaches 0 in finite (positive or negative) time 7. Note that the solution can
be continued continuously (but not C!) beyond time 7' to bounce back at 0 and move
toward the critical radius 7.

If £ = 0, then for r > 0 close to 0 we have approximately

Fa+2/re =+ 20,

so the solution approaches 0 in finite time with approximately constant speed v/2 ¢
(the Weber constant). Note that the solution can be continued continuously (but not
C') beyond time T, of collision with the origin,

Case 2: h > 0. Then equation (2.3) can be written as

2h(r — —r_ 1 ++/1+2he2
o oI o) i e = LEVLH2RE 2.5)
r(r —re) 2h

Since ry > % > 0 and r— < 0, we need to distinguish the three subcases r; < r,

ry =rcand r4 > r.. Note that ry < r. is equivalent to i > h, for the critical energy

1
he = Vet (re) = ﬁ + r_, (2.6)
¢ c

where Vegr (r) = £2/2r% + 1/r is the effective potential.
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£ =0: Bouncing C°

Reflection C*° Collision C° Escape
£ # 0: Collision C°
T
————— - == >
oscillation
0 T+ Te

Fig.3 Case 2a—Energy h < Oand ry € (0, r¢)

Case 2a: r. < r. (or equivalently 2 > h.)-Fig. 3. Then the right hand side
in equation (2.5) is negative for r € (r4, ), so solutions cannot enter this region.
Solutions in the region (0, 74-) move in finite time between 0 and r..

To see this, consider first the approach to 4. For r < ry close to r we have
approximately

FR Lk ry —r

with k = \/ 2h(ry —r_)/r+(rc —r4+) > 0. Thus the solution with initial condition
r(0) = ro < r4 close to ry is approximately given by

1 2
) =ry - <<r+ — ) % 5kz> ,

which approaches r in finite (positive or negative) time T at speed zero. Note that
the solution can be continued smoothly beyond time T to reflect back at  and move
toward the origin r = 0.

Consider next the approach to » = 0. Suppose first that £ # 0, and thus r— < 0.
Then for » > 0 close to 0 we have approximately, cf. (2.4),

) k
R E—

\/7

with k = /—2hryr_/r. > 0, so the solution approaches 0 in finite time as in Case
1. If £ = 0, then for r > 0 close to O we have approximately (Case 1 again)

F A 420y fre = +4/2c,

so the solution reaches 0 in finite time with approximately constant speed ~/2c.

Solutions in the region (r., c0) approach 7. in finite (positive or negative) time
(similarly to the approach to r. in Case 1). In the other time direction they move to
oo with asymptotic speed +/2/ (since the right hand side in (2.5) converges to 2/ as
r — 00).

Case 2b: ry > r. (or equivalently 7 < h.)-Fig. 4. Then the right hand side
in equation (2.5) is negative for r € (v, r4+), so solutions cannot enter this region.
Solutions in the region (0, .) move in finite time between O and 7. as in Case 1
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£ = 0: Bouncing C°

Collision Reflection C'*° Escape
£ # 0: Collision C°
r
[ ————— O - ———— - —— == = >
oscillation
0 Te T

Fig.4 Case 2b—Energy h <0Oandry > rc¢

£ =0: Bouncing C°

Escape
£ # 0: Collision C°

solutions pass through critical radius

0 T+ =Tc

Fig.5 Case 2c—Energy h < Oandry =r¢

above. Solutions in the region (r4, 0o) approach r, at speed zero in finite (positive
or negative) time (where they reflect back smoothly similarly to the approach to r
in Case 2a), while in the other time direction they again move to co with asymptotic
speed v/2h.

Case 2c: r4 = r. (or equivalently 7 = h.)-Fig. 5. Then (2.5) simplifies to
72 =2h(1 — VT’) > 2h > 0, so solutions approach 0 in finite (positive or negative)
time with infinite speed (¢ # 0) or finite speed 2k (¢ = 0), while in the other time
direction they move to co with asymptotic speed ~/2A. In particular, this is the only
case in which solutions pass through the critical radius.

We summarize this discussion in

Theorem 2.1 The relative motion of two equal charges in the plane under their mutual
Weber force is as follows, depending on their energy h compared to the critical energy
he.

1 For h < 0 solutions inside the critical radius r. move in finite time between 0 and

re, and there are no solutions outside the critical radius.

2b For 0 < h < h, solutions inside the critical radius move in finite time between 0
and r., while solutions outside the critical radius move to oo as t — £00 without
reaching r..

2a For h > h¢ solutions inside the critical radius move to 0 in finite time in both time
directions without reaching r., while solutions outside the critical radius move to
Fc in finite time in one time direction and to 0O in infinite time in the other time
direction.

2¢ For h = h. solutions move to 0 in finite time in one time direction and to oo in
infinite time in the other time direction, in particular, this is the only case in which
solutions pass through the critical radius. O



31  Page 10 0f 26 U. Frauenfelder, J. Weber

3 Derivation of the nuclear Weber-Schrédinger equation

Let . = 1/c? be the Weber radius and let

Ry = (0,00) \ {re},  RZ :=R*\ {0, x>+ y> =r2}

c

be the Weber “half line” and “plane”, respectively. In polar coordinates (r, ¢) €
Ry x R/27Z on Ri the Weber metric and cometric are the diagonal matrizes

=<0 ij) — r—rrL. 0
(gij)=< 0 r2>, (gf)—< 0 %2> (3.7)

The entries are the coefficients in the Weber Lagrangian (1.1) and Hamiltonian (2.2),
respectively. The Weber plane is the Riemannian manifold (sz, g).

3.1 Laplace-Beltrami operator on Weber plane

The Laplace-Beltrami operator applied to a function f is in local coordinates of any
domain manifold given by

af = <o (Viglea; )

where |g| := |det g| and the Einstein sum convention applies.
Lemma 3.1 The Laplace-Beltrami operator in polar coordinates acts by
3 |r_r,\%
8, (r f=CLR f) -
+ J—
Vrir=rcl 25 3.8)

_ 3 1 1 r o f + r 5 f—i—la 7
o 2r—re 2 (r—re)? 4 F—re r2 144

Af =

c

on functions f on the Weber plane (sz, 2).

Proof With |g| = r |r — r.| and due to the diagonal form of g we obtain

o (mrﬁarf) + 8, (mrlz 8¢,f)
o (VA=) et + (VR ) af

_ = g f
N 2 ool

Af:
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It remains to calculate the term 9,(. . . ), namely

(S

1 1 _ 3
(Hemid) 3otz gt

r—re |r—re|2 [r—re|
Nrr —=rel r%|r—rc|% 3.9)
3 1 1 r
2r—re 2 (r—re)?

and this proves the lemma. O

3.2 Separation into radial and angular part

On the Weber plane (Ri, g) with coordinates (r, ¢) consider the Laplace-Beltrami
operator A given by (3.8). The Schrodinger equation is the pde

LNV W (3.10)
2 r

for complex-valued functions ¥ : R2 — C and reals E. Separation of variables

V(r,¢) = R(Y(9)

and abbreviating R:=9.Rand Y := 04 Y translates Schrodinger’s equation to

1
Y Br (V% _|rr—_r;(\l2_ arR)

R 1 1
— —Y"+ ~RY =ERY.
2 rlr=re 2 r2 r

Multiply this equation by Ig—; and reorder to obtain

1
3 per.|2
2 0 (riE g R)
2R Jrr —rel
Note that the left hand side, a function of r only, is in fact constant, because the right

hand side does not depend on . Analogously the right hand side, a function of ¢ only,
is equal to a constant, say —¢.

+r—r’E =

Y’ (3.11)
v

| =

Angular equation for Y

The right hand side (RHS) of (3.11) is equal to a constant, say —¢, hence

Y'(¢) = —2LY (¢).
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The ode has a solution Y (¢) = ce!v2% for ¢ € R. Periodicity Y(¢) = ¥ (¢ + 27)
tells that e271v2¢ = 1 or equivalently +/2¢ = k € Ny. Thus

Y(p) =ce*®,  ceR, k=+2leN,. (3.12)

4 Inside critical radius

4.1 Radial equation for R—zero angular momentum £ = 0

The left hand side (LHS) of (3.11) is equal to a constant —¢ = —% where k € Ny.
Multiplication by —~ =R leads to the ode

o (r2 r? oR) 1
~ZR-S R=-ER

N

for functions R : Ry, — C of the variable r and a constant E € R. From now on we
focus on the region inside the critical radius, because there our two protons have the
property — spectacular when contrasted with the mainstream Coulomb law — to attract
each other thanks to the Weber force law. Because r — 7. < 0 is negative, abbreviating
R := 0, R the ode becomes

3
a,(i a,R)
Jre=r 1 ¢
ER=—Y"" /4L _R+4+_R

2Jr(re—r) 1 r? (4.13)

_1 r ié—i— 3 1 +1 r R—l—lR—}—ER
T 2re—r 4dre—r 4 @re—r)2 r r2

where ¢ = k2 /2 forany givenk € Ny, see (3.12). Alternatively, this ode for the unkown
function R: (0, r.) — C takes on the Sturm-Liouville normal form

(PR) +qR = wER (4.14)

where ¢ means j—r and where in case £ = 0 the functions w, ¢, p are given by

3
— 5 2 22

w=2/r(re —r), qg=2 fe rzﬂ, p= d =_r=L,
r w

Singular Sturm-Liouville theory

A Sturm—Liouville problem of the form (4.14) on a closed interval [0, r.] is called
regular if the coefficient p: [0, 7] — R is a continuous and non-vanishing function,
the coefficient w: [0, r.] — (0, 00) is continuous and positive, and g : [0, r.] — R s
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continuous. If at the boundary of the interval [0, r.] at least one of the coefficients p,
¢, or w becomes infinite or p or w approach zero, then the Sturm-Liouville problem
is called singular.

For singular Sturm-Liouville problems Weyl introduced in [20] a dichotomy into
limit circle and limit point. Given an end point O or r., the singular Sturm-Liouville
problem is called limit circle if all solutions of the homogeneous problem

(PR) +qR =0 (4.15)

close to the given end point are of class L2. Otherwise, the problem is called limit
point. For more information see e.g. [1, p.277], [9, XII.3], or [10, IIT §1].

Remark 4.1 (Sturm-Liouville theory) Later, in Sect.4.2, when we deal with the case
of non-zero angular momentum (¢ # 0) we will encounter special cases of Sturm—
Liouville equations—Bessel equations. Excellent accounts of the history of Sturm—
Liouville theory, surveys, and even a catalogue can be found in the collection of papers
[1, p.277]. We recommend these papers for further references. Without the extensive
tables and property lists in [2, §9] one would get nowhere, in finite time, in Sect.4.2.

The main result of this Sect. 4.1 is the

Proposition 4.2 (Zero angular momentum — limit circle on (0, r.)) The singular
Sturm—Liouville problem given by the 1-dimensional Weber Schrodinger equa-
tion (4.17) on the interval (0, r.) is

a) limit circle at the left origin boundary singularity 0;
b) limit circle at the right critical radius boundary singularity r.

Proof a) Sect.4.1.1. b) Sect.4.1.2. O
4.1.1 Type 'limit circle’ at the origin

For non-zero angular momentum (¢ # 0) already the classical solutions behave not
nicely inside the critical radius, they spiral into the origin singularity, cf. Theorem 2.1.
So in a first step to prove Theorem A we restrict to the case of angular momentum
£ = 0. As mentioned above we consider the region inside the critical radius r, := Ciz,
in symbols r € (0, r¢).

In the following we show that for zero angular momentum (¢ = 0) the singular
Sturm-Liouville problem (4.13) on (0, r.), equivalently (4.14), is of type limit circle
at the boundary singularity » = 0.

Remark 4.3 The property limit circle does not depend on the choice of the constant E;
see e.g. [9, Thm. XI1.3.2] or [10, IIT Le. 1.1]. Thus we choose E = 0. By [10, p.22]
limit circle at a boundary singularity r is equivalent to not being limit point at r,
which, by [10, Rmk. on p.23], is equivalent to all solutions being L? near r,.

SETUP (CASE E = 0). Equation (4.13) for £ = 0, multiplied by 2re=r) gets

-
.. 31 1 1 . Fe—r
R+|--+3 R+2—

2r 2r.—r r

R=0 (4.16)
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or, equivalently, after reordering!

3 2r, 1 .

. ) 2
R+ —R+=R= +ZR. (4.17)
2r r2

STEP 1 (HOMOGENEOUS EQUATION). First let us solve equation (4.17) in case the
RHS b is zero: The Ansatz f(r) := r¥ leads to k2 + %k + 2r. = 0, hence

k—l,/l 2i1k—1+,/1 2. ~ 0
=T Ve T T Ty T T e e

So 2k; > —1 fori = 1, 2. Thus two solutions of (4.17) for b = 0 are given by

ki ko

u(r):=r v(r):=r

and they are L2 near 0 since 2k; > —1. It is useful to calculate the sums

1 /1
ko + ky =—§, ky — k1 = Z—Src.

and the Wronskian
W=W(r):=uv—uv=(k)— k])rk2+k1_1 = (ky — kl)l’_%.

Observe that the product r% W (r) = ko — ki is a constant.
STEP 2 (INHOMOGENEOUS EQUATION). Given constants «, 8 € R, abbreviate rg :=
rc/2, then the solution R to (4.17) with

R(ro) = au(ro) + Bu(ro),  R(ro) = aii(ro) + B (ro) (4.18)

3
1 Multiplication of (4.17) by r 2 provides the Sturm-Liouville normal form

3 o 2re 1 r2 . 1
r2R| + —R=—— R+2r2R.
rl 2rc—r

N—— —,—
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is given by the formula (see e.g. [9, Exc.IV.5.3 p.81])

L Tu(s)v(r) —uvls) 3,
R() :=oau(r)+ Bv(r) + [0 S ) s> “b(s)ds
roskipke _ phigho ( 1 s%

ky — ki 2

1k ko : 1
=ar + Brer + R+ s22R ) ds

"o 27—

ro «—kaky _ ki o—ky
2 s~y s
= arkl + ,Brk2 — / 2R ds
r ky — ki

1 /ro sThepk _phig=k
r

Rds
ko — ky Fe — S (4.19)
ro ky _ ki
3 ark + prie —f M 2R(s)ds
- ky — ki
L (r/ro)}2 = (r/ro)" o
2 k2 —k] Fe — 10
L7 ka(r/9)2 —ki(r/s)f1 1
_/ 2(r/s) 1(r/s) R(s)ds
2 J, ky — ki Fe =S

T ky k
_1/0 (r/s)—(r/s)"  rc R(s) ds
2 J, ky — ki (rc_s)z

2

R(ro)

+

for every r € (0, ro]. Step 1 uses definition (4.17) of b, in step 2 we interchange limits
of integration and catch a minus sign, and step 3 is by partial integration.
Consider the L? functions on (0, rol, where rg := % given by

hi(r) == arkt + Br*2,  ha(r) == yrft 45102

where the constants are defined by

R _ R
R g i RO
2ry' (ko — k1) (re —10) 2ry* (ko — k1) (re — 10)

a = |a|+

and
—k —k —k
y =2 rol +lk1rol£+l rol i
kz—kl 2k2—k1 e 2k2—k1 re
and
AP Nl T R

1
ky—ki | 2ky—ki re 2 ko —ky 1o
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With the L2 functions /2 and A, on (0, ro] we get from (4.19), using r; 5 < % and
Cauchy-Schwarz, the estimate
ro
R < hi(r) +h2(r)/ IR(s)| ds
i 4.20
= () + ha IR 11 () 420)
< hi(r) + ha(N)IRI2(r) - /ro
for every r € (0, ro], note that ,/rg < 1, and where
1
V() ;
IRl p(r) == </ [R(s)|? dS>
r
for p > 1 and r € (0, ro]. Taking squares we get that
R(r)* < hi(r)? + 2l (Nha ()| R[2(r) + ha (1) R]|2(r) ?
< 201 ("? + 2ha (MR 2(r)
for every r € (0, ro]. Therefore
ro
IR2(r)? : = / R(s)*ds
——— r
=:U(r)
ro ro
< 2/ h(s)? ds +2/ B2 IR Ia(5)? ds
r " r
= 2||h1||2(r)2+/ 2h5(s)” | R|l2(5)* ds
N— e’ r ——— ——
<2/ 3= =B(s)  =U()
for every r € (0, ro] where ||h1]]2 1= ||h ||L2(O,r0) < 00. So by Gronwall’s lemma

ro
IRI2(r)?* < 2[|h1 13 exp / 2y(s)2ds | < 2|h |32l = y
—_— S——— r S

U(r) o B(s)
for every r € (0, rg]. Thus ||R||% < y. This shows that any solution R of (4.17), inde-

pendent of the choice of initial conditions (4.18), is L? near the boundary singularity
0. By Remark 4.3 this proves part a) in Proposition 4.2.

4.1.2 Type 'limit circle’ at the critical radius

To prove Proposition 4.2 b) it suffices to treat the case E = 0 by Remark 4.3.
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SETUP (CASE E = 0). Reordering (4.16) for singularities # we get the ode

. 3. o
+ 2 p=-l2""ogr 4.21)

R+—— R
+ 2(re — 1) 2r r2

for functions R on [ro, r.) where ro := 5.
STEP 1 (HOMOGENEOUS EQUATION). First let us solve equation (4.21) in case the
RHS b = 0 is zero: Two solutions of (4.21) for b = 0 are given by?

uiry=1, @) := /rs_3/2«/rc—sds (4.22)

ro

and

W) i=ud—iav=10=r""rc —r.

is their Wronskian. Since r. — ro = r./2 we get that the function

-3/2
()| < (re —royrg P re—ro =1

is bounded, hence L?, on the interval [r, 7).
STEP 2 (INHOMOGENEOUS EQUATION). Given constants «, § € R, the solution R
to (4.21) with initial conditions

R(ro) = au(ro) + Bv(ro),  R(ro) = aii(ro) + B (ro) (4.23)

is given for r € [rg, r.) by the definition in (4.19). On [rg, 1) We estimate

o) —v(s) re—s
/ro e 2R ds

.
<ca+ czf [R(s)|ds.
ro

|IR(r)| < la|-1+1[B8]- 1+

Here inequality one uses that |[#]lcoc = ||[1]lcc = | and |[v]lcoc = 1. Inequality two
holds with ¢; := || 4+ |B] and with ¢; = 1. Set I := [rg, r.) to estimate

[v(r)| + |v(s)] re 2lvlloo
2sup(r — rg) sup —————— J/re — 5 < 2— Vie/2=2re L1 =102
rel sel \/E ‘ 2 \/V_O ¢ ‘

Since ¢y, c¢; are constants, a special case of Gronwall gives

|IR(r)| < c1e20 70 < cre’</?,

2 Constants are clearly solutions. Equation (4.21) forb = O and g := R takes on the form § = —g/2(rc —
r) —3g/2r. The Ansatz g := f./rc — r gives the equation f = —3 f/2r whose solution is f(r) = 32,
Integrate g = r32 fre—=rto get the solution v of (4.21) for b = 0.
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for r € [rg, rc). Thus any solution R of (4.21) on [rg, ) is uniformly bounded, thus
L?. By Remark 4.3 this proves part b) of Proposition 4.2.

4.2 Equation for R—non-zero angular momentum ¢ # 0

For non-zero angular momentum already the classical solutions behave not nicely
inside the critical radius, they spiral into the origin singularity, cf. Theorem 2.1. In
this subsection we restrict again to the region inside the critical radius r, := Clz, in
symbols r € (0, r¢).

Recall that separating the equal charge Schrodinger equation (3.10), Ansatz =
R(r)Y (¢), leads to equation (4.13) for R, namely

3
o(F=aR) 1
ER= 2"~ + - R+ R
r r2

2/rG 1)

_1 r jé~|— 3 1 +1 r R~|—1R+£R
T2 —r 4dre—r 4 (ro—r)? r r2

(4.24)

for r € (0, r.). Here £ = k?/2 for k € N; cf. (3.12). Alternatively, the equation is
(PR) +qR = wER (4.25)

for functions R on (0, r.) and where ¢ denotes % and with

([0}

14
w =2yr(re =), q=%<1+ ) p=—

r e —7

Note that ¥ =2,/

7

The main result of this Sect. 4.2 is the

Proposition 4.4 (Non-zero angular momentum — limit circle on (0, r.)) The singular
Sturm—Liouville problem given by the 1-dimensional Weber Schrodinger equa-
tion (4.27) on the interval (0, r.) is

a) limit circle at the left origin boundary singularity 0;
b) limit circle at the right critical radius boundary singularity r..

Proof a) Sect.4.2.1. b) Sect.4.2.2. O

4.2.1 Type 'limit circle’ at the origin (0 = 00)

In the following we show that for non-zero angular momentum (¢ # 0) the singular
Sturm-Liouville problem (4.24) on (0, r.), equivalently (4.25), is of type limit circle
at the boundary singularity x = 0. By Remark 4.3 it suffices to consider the case
E =0.
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SETUP (CASE E = 0). Equation (4.24), multiplied by Z(V"r—_”, becomes

Lo /31 1 1\ - - ere —
(3Ll k2 TR D p0 e
2r 2r.—r r2 r3

or, equivalently, after reordering we get the ode

B hyepybp_ LIy SHPY (LN 4.27)
2r r2 r3 a 2(re —r) roor? '

for functions R on (0, r.) and where £ = k2/2 for a given k € N; see (3.12). It is
useful to change variables. Recall that r. := 1/c>. Suppose R satisfies (4.27). Then
in the new variable

p:(0$rC)_)(czaoo)3 r|_>1/r
the function given by f(p) := R(r(p)) satisfies the ode?

yan 1 f,+2rcf+2rcﬁf_ 1 1
2p 0? p 202 (5 -1

L2 2
f+=5r+=5f (4.28)
p p

=:b(p)
for p € (c?, 00) and where £ = k*/2 for a given k € N.

STEP 1 (HOMOGENEOUS EQUATION). To solve (4.28) for b = 0 suppose f is a
solution. The Ansatz f(p) = p*w(p) with @ € R leads to the ode

1 !/
w4 (204 2 ) 2+ (@@= 1)+ = +2r )= +2r. = =0
2) p 2 p? o
—_—_——
=a(@—3)

for p € (¢2, 00). Fora = —}1 the coefficient of w’ vanishes and we get the ode

3 w w
w” + (B +2rc> ? +2£rcv; =0

for functions w = w(p) with p € (¢2, 00). This ode is of the form

N e el 0. A2=8¢ AN b (4.29)
w — 4+ ———|w=0, =8lre=—|, v=—u—r- (4
4p = 4p? ¢ c 4

where k € N by (3.12). Solutions are given by w(p) = ,o% CU()L,O%), see [2, 9.1.51
p-362], where for C,, one can choose e.g. Bessel functions J,, or Weber functions* Y,,

3 Indeed R = fLR() = S f(p() = f/(0) fep(r) = =p? f'(0) and R = p* " + 203 f'.
4 Heinrich Martin Weber (1842-1913)
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formulas for which are given in [2, 9.1.2 and 9.1.10-11]. So
- 1 1 - 1 1
u:=p2Jy(Ap2), v:=p2Y,(Ap2)

are two solutions of (4.29).
1
Due to our Ansatz f = p~ 4w two solutions of (4.28) for b = 0 are given by

<
Il
ko)
=
~
<
=
>~
ke
09—
bl
(4
Il
ko)
Al
o
—~
>
ke
[T
bl
>
Il
o|R
<
Il
(S}
—
|

! 2 <3 (430

where k € N; see (3.12). The Wronskian of # and v is given by

1
W(p) =W, v)l, :=uv —u'v=5W(U,, V)| | =—
rp2 5

P2

Step one is calculation, step two uses that W(J,,, Y)|s = % by [2, 9.1.16].

STEP 2 (INHOMOGENEOUS EQUATION). Let pp := 2¢? € (c?, o0). Given constants
o, B € R and from (4.30) the solutions u, v of the homogeneous (b = 0) version
of (4.28), then the solution f to equation (4.28) with initial conditions

f) =aud) + pu(l),  f'(A)=oau'(1)+ pv'(1) (4.31)
is given for p € [2¢2, 00) by the formula (see e.g. [9, Exc.IV.5.3 p.81])

P _
Flo) : = au(p) + fu(p) +/ u(s)v(pz)v(sb)t(p)v(s) b(s) ds
0

1 1 1 1
=aprJy(hp?) + BprY,(Ap2)

0 /
+apt b [t (il 4 220 1) ) as
. 2525 -1

1 1P 3 1 f'(s) -
—mptJy(Ap?) i sTY,(As2) (2s2(% sy + 238 1(s) | ds
C
1 1 1 1 (4.32)
=ap?Jy(ApZ) + Bp*Y,(Ap2)

P (1 +£5)J,(As?
a S3),§( SZ)f(S)ds

£0 sT 4
P (1 4 €5)Yy(hs?)
3_3
s~ 4

+27p3 Y, (Ap?)

—27p¥ Iy (Ap?) f(s)ds

£0
; /p Y, (p2) Jy(As?) — ¥y (As2) Jy (hp?)
P

+ 5p4 5
0 SZ(CS—Z—I)

f'(s)ds

[SIE]
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We wish to show that every solution R of (4.27) is L? near the origin, say on (0, o] C
(0, rc) where rg := % = %rc. For r(p) = % and f(p) := R(r(p)) we get

T 00 2 o)
/OR(r)zdrzf fﬁ)’;) d,o:f F(p)2dp, F(p):= 'ﬂpfp)'. (4.33)
e

0 £0 0

To show finiteness of the integral in (4.33) we need to estimate (4.32) and for this it
is crucial to understand boundedness and, more crucially, decay behavior of the Bessel
functions J,, and their cousins Y, . People not familiar with them might wish to have
a look at their graphs, for instance in the appropriate Wiki, to see that these resemble

cosine and sine functions with some decay factor — which actually is 1/,/p = 1/ p%.
It is this exponent of the decay factor which translates in (4.36) into a power smaller
than 1/2 in p'/# which is necessary to have B(p) be integrable on (pg, 00). So in the
end y in (4.37) is indeed finite.

Remark 4.5 (Boundedness and decay of Bessel functions) Recall that v ~ %,
see (4.30). Hence assertion (i) holds by [2, 9.1.60 p.362].

(1) |Jy] < 1on]0,00). As (c?, 00) is far out, |Jy| is very small by [2, 9.2.5].
(i) |Yy| < 1on (%, 00) = (ri 00): By [2,9.1.2 & 9.1.62] we get that

_ cos(vrm)
|Yv(;0)| - Jv(p) Sil‘l(VT[) _J—v(p)
< COt(UT[) + m

1
<cot(vw) + — =:cy
CV

We used for the I" function that '(1 —v) =~ T (%) > 1. Infactcy > Ois very close
to zero: Indeed ¢” &~ +/3 - 10* and v is smaller but very close to x = 7 where
cosine is zero and sine is one. )

(iii) Asymptotic decay J,(p), Y, (p) ~ 1/p% as p — oo. By [2, 9.2.1] we get

o) e /& (cos(p Ty g 0(%)) . (4.34)
For Y, use sine. By definition there are constants p;, C; > 1 such that

Ci C
[Jy(p)| < —5 |cos(p — % -7+ %‘ <

o7 o

2
3

for every p > p; and similarly for Y, (using sine and same constant names). In
the second inequality one might have to enlarge the constants.

5 Near the origin O the function Y, explodes towards —oo.
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We use the bounds (i—ii), the crucial one (iii), and (4.32) to get the estimate

9

[ f(p)] - |Ol|+|/3|+47TC1 /p<|f(s)|+€|f(8)|>d
0

1Y - p% p% s s4+4
1
T P Jy(As2
+—/ DD gy ) as (4.35)
2p% |Ypo si(c%—l) )

1
P Y,(As?2
I [ 5 D pis) | ds
2,04 0 si(;—z—l)

for every p € [po, 00). Next we carry out partial integration for one of the two terms
in (4.35), say the J, term, the Y,, term being analogous and leading to exactly the same
estimate. Note that s > pg 1mphes S —1> @ — 1 =2 — 1. Partial integration, the
unit bound |J,,| < 1, and the crucial decay (111) tell that

o sos?)
g(,o)::/ 5(—SZ)f(S) ds
0 sﬁ(c‘%—l)

1o f(p)  JGg) S (p0)
pi(h —1) o

P
|f(;00|+|f(§))|+C1/ |f5(i2| s +%/ T (s 5. If( )I
P 1

c pZ 0 sS4 ~——— 54
<2

Indeed, by the recurrence relation in [2, 9.1.27] and since |J,| < 1 on [0, co) for
w > 0by [2,9.1.60], we get for s > pp = 2¢? and with A = 2k/c that

1 1 v 1 v 1
[J)(As2)]| = ‘—J 1(As2) + —J, (AsZ)‘ <l+—<1+-.
’ v st 2k /c)/2¢ 4

Hence for each k € N we obtain the estimate

P
Ifgol " If(g))l +/ (1 + %) Ifi(s; J
p4 PO

g(p) <

§s4717
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for every p > pg = 2¢2 5> 2. Set /2 := |a| + |B| + | f (po)| to finally get

2
@l w |, LI, Gk 4K (716,

1% Zp% 2 1% p% 00 S%—i_%

and therefore

F(p) ==

3

p4 p%

[ f(0)] < Y0 +127TC1k2 /p |f(S)|dS
o n

5,2
o s3ti

for every p > pg. Set ¢ := (12nC 1k%)% and square the expression to obtain

292 2¢ | 2
HWﬁ%H_%f——FmM
e

p§ pi 0 s%+%

292 i pgi [P (4.36)
< L? +8ck%/ F(s)*ds

p? p? Po

—_  ——

=:h(p) =:B(p)

for every p > po. The second inequality is by Cauchy-Schwarz. Define

1
! »
IFILp () = ( f F(s)”ds)
00

for p > 1 and ¢t > py. Integrate (4.36) to obtain the estimate

t

t
IFll2(1)? :=/ F(p)*dp < Ikl () + | B(p) IIFll2(p)* dp
N ——’ o N’

0 " Jpo
=U(1) =a U(p)
for every t > pg and where o := [|hl| 1) o) < 00. So by Gronwall’s lemma

t o0
||F||2(t)2 < (xexp( B(s) ds) < aexp( B(s) ds) =y <00 4.37)
tU’(t)_' £0 £0

for any r > pg. The constant y is finite, because the integral f;;o SS% ds < oois. Thus
2 _ 2 . .

y > ||F||L2(p0’oo) = ||R||L2(0’r0) by (4.33). This proves that any solution R of (4.27)

on (0, r¢), independent of the choice of initial conditions (cf. (4.31)), is L? near the

boundary singularity 0. By Remark 4.3 this proves a) in Proposition 4.4.

4.2.2 Type 'limit circle’ at the critical radius

To prove Proposition 4.4 b) it suffices to treat the case E = 0 by Remark 4.3.
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SETUP (CASE E = 0). Reorder (4.27) to get the ode

i} ! 3 (Fe — 1) + )
R4+ —— —R=-—-¢% "~ " VIR 4.38
+ 2(re — 1) R+ 2r r3 (4.38)
=:b(r)

for functions R on [rg, r.) where rg := r2‘ and where ¢ = k?/2 for a given k € N;
see (3.12). For £ = 0 the ode reduces to (4.21) which we had solved for b = 0.

STEP 1 (HOMOGENEOUS EQUATION). We already solved equation (4.38) for b = 0.
Recall that solutions are u = 1 and v in (4.22), that |v| < 1, and that their Wronskian
is W) =r—32/rc —r.

STEP 2 (INHOMOGENEOUS EQUATION). Given constants «, 8 € R, the solution R
to (4.21) with initial conditions

R(ro) = au(ro) + Bu(ro),  R(ro) = aii(ro) + B (ro) (4.39)

is given for r € [rg, r.) by the definition in (4.19). On [ry, r.) We estimate

"oulr) —uls) (re—s)(s +0)
IR(N| < la| + B + V SR = 3 2R(s)ds
r
<c +Cz/ |R(s)|ds.
ro
Here inequality one uses that |u|lcc = [[1lcc = | and ||v]jcc = 1. Inequality two

holds with ¢ := |a| + | 8| and ¢, := 2r.. To get ¢; let I := [rg, r¢), note that

2 sup(r — ro) su |v(r)L+|U(S)|J—( +£)<2Vc 2||v||c><> ( 40
0

rel ‘e[

<4142 =: 3.
Since ¢y, c; are constants, a special case of Gronwall gives
IR(F)| < ¢1€20—70) < ¢1e2c/2 = ¢ 20+0/

for r € [rog, r¢). Thus any solution R of (4.21) on [rg, ) is uniformly bounded, thus
L?. By Remark 4.3 this proves part b) of Proposition 4.4.
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