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1.18.1 Introduction

The use of X-ray scattering to study the structure of biomole­
cules in solution dates back to the first half of the twentieth 
century.1 However, because of the low scattering contrast 
between low-Z elements and background water, the ratio of 
signal-to-background is quite low, so that the usefulness of the 
technique with conventional X-ray sources is somewhat lim­
ited. Although the use of X-ray tube sources is still practical 
today, obtaining a useable SAXS profile takes a matter 
of hours.

With the advent of high intensity synchrotron radiation 
sources in the 1970s, X-ray scattering, particularly at small 

angles where the scattered intensity is highest, obtaining use­
ful data from biomolecules under a large range of solvent 
conditions, becomes a matter of minutes, or more recently 
seconds. Time-resolved SAXS becomes feasible under these 
conditions when suitably averaged.

An important advance in relating scattering data to mole­
cular structure came about with the development of increas­
ingly powerful software for application of non-linear 
refinement methods to obtain shape information about bio­
molecules in solution. When coupled with the increasing 
power of computation, this has led to the significant impact of 
X-ray scattering in the field of structural molecular biology 
over the last decade or so.
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A number of general reviews of the use of SAXS for bio­
molecules in solution are available which cover a wide range 
of aspects of the technique.2 -6  In this chapter, we focus on 
recent developments in the use of SAXS and WAXS for a variety 
of problems in structural molecular biology. We make no 
attempt at a comprehensive overview of the field, but aim to 
point out promising directions in the use of X-ray scattering, 
some of which are still under development.

Of course, the main source of information on biomole- 
cular structure remains X-ray crystallography. However, X-ray 
scattering works for molecules in solution under physiological 
conditions, therefore, it can give complementary information, 
albeit at lower spatial resolution, to that obtainable by crys­
tallography. It is important to note that X-ray scattering also 
complements a number of other structural techniques which 
do not depend on the formation of crystals, including ultra­
centrifugation, light scattering, NMR, EPR, electron micro­
scopy and FRET. So, understanding a given structural problem 
should make use of information from as many techniques as 
are available.

1.18.2 Scattering Basics

SAXS measurements are in principle simple to carry out: the 
solution containing the biomolecule in a sample cell or a 
capillary is placed in the X-ray beam (see the reviews cited in the 
Introduction). The scattered X-rays are recorded by an area CCD 
detector, or, more recently, by a 2-D pixel detector109 Figure 1 
illustrates some of the basic concepts by which the model-free 
parameters, radius of gyration Rs and the forward scattering 
intensity /(0) may be extracted from the data in a very simple 
way. In the section below, we discuss how the observed SAXS 
profile may be related to the crystal structure, for molecules 
of known structure.

1.18.2.1 Background Subtraction
The amplitude for scattering of X-rays of wavelength /. through 
an angle 0 from a set of identical molecules at positions Rj in a

Figure 1 SAXS scattering profiles and basic analyses for two differently-sized proteins, (a) Crystal structure of cytochrome c (PDB accession code 
1CRC). The protein is shown in cartoon representation and the heme is rendered in ball-and-stick representation. Cytochrome c has a molecular 
weight of 11.8 kDa. (b) Crystal structure of the apo form of ribose binding protein (i.e., in the absence of ribose) (PDB accession code 1URP).
Ribose binding protein has a molecular weight of 28.5 kDa. (c) SAXS profiles of cytochrome c (orange) and ribose binding protein (blue) shown as a 
linear plot of I vs. q and a logarithmic plot In / vs. q in the inset. The dashed rectangle indicates the low scattering angle range that is used in the 
Guinier analysis (panel (d)). It is apparent that the scattering intensity falls much more rapidly with increasing q for the larger ribose binding protein, 
compared to the smaller cytochrome c. (d) Guiner plot ln(/(g)) vs. f  of the low q region for the data shown in panel (c). The black lines indicate 
the fitting ranges, chosen such that gmax ^ « 1  for both proteins. This criterion implies a considerably smaller qmax for the larger ribose binding 
protein. The fitted Rg values are 13.8 ±0.5 A for cytochrome c and 21.6 ±0.5 A for ribose binding protein, in good agreement with the values of 
13.7 A and 21.5 A, respectively, computed from the crystal structures using the software crysol. Reproduced from Svergun, D. I.; Barberato, C.; 
Koch, M. H. J. Evaluation of x-ray solution scattering curves from atomic models. J. Appl. Crystallogr. 1995, 28, 768-773. (e) Kratky representation 
of f l  vs. q of the same two scattering profiles. The Kratky representation is particularly useful for monitoring conformational changes occurring in 
protein or RNA folding. As expected for well-folded proteins, both scattering profiles show a clear peak in the Kratky representation. The peak is 
relatively symmetric for the approximately spherical cytochrome c and more asymmetric for the more elongated ribose binding protein.
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vacuum is given by7

F( 7  = [1]

where the scattering vector is oriented along the scattering 
direction and |^| = 4TT sin(0/2)/£ 7 f are the atomic positions 
within the molecule measured relative to and fa are the 
atomic scattering amplitudes. In solution, the scattering 
amplitude is given by the difference of eqn [ 1] and the scat­
tering by an identically shaped volume of the solvent averaged 
over the molecular positions of the solvent (usually water), or 
'ghost' scattering:

F ( 7 )  =  i 2 )

R^T,

In reality, once the molecule is solvated, it also acquires a 
solvation shell of water molecules (roughly 3 A thick) which 
should be included in the atomic coordinates 7/ of the 
molecule itself This will be further discussed below.

At sufficiently low concentrations, the interpartide scat­
tering interference may be neglected and the scattering 
amplitude per molecule reduces to 

F ( 7  =  £ ^ ' ’ r ' - F g h „ s t f 7 ) [3]

with resulting scattered intensity per molecule given by the 
integral over all orientations Q of the molecular axis relative to 
the scattering vector direction by

Fghost (  4  )  2 [4]

For small angle (4 <0.25 A- 1 ) X-ray scattering (SAXS), the q- 
dependence of the maybe neglected, and the/y are given by 
the number of electrons in the ith atom. However, at large 
angles (WAXS) the (/-dependence of the atomic form factors 
(as used in X-ray crystallography) needs to be included.

A simple way to take into account the effect of the solvent 
background subtraction is to replace the atomic form factors^ 
by the number of electrons/atom(i) minus the equivalent 
number of solvent electrons in the volume occupied by the 
type of atom at position 7,. This is done in the program 
CRYSOL by Svergun and collaborators.8

There have historically been a number of methods pub­
lished for numerical evaluation of the angular integral in I(q). 
These will be discussed below and include explicit sampling of 
the unit sphere and the spherical harmonic expansion method 
used in CRYSOL

Traditionally, the analysis of SAXS for simple geometrical 
models has been analyzed in terms of the Debye integral:

W  d c o s O ^ f , ^ - ^  = ^ 1 ^  (5]

where we now denote the ft to include the background sub­
traction as defined above. This may then be written in terms 
of the distribution of a weighted histogram of interatomic

distances within the molecule, P(r) = _  r v)

/(<;)= r * P ( r ) ^  [6]
Jo qr

However, use of this formula for randomly placed particles 
(such as water molecules or bead models) can lead to pro­
blems as will be discussed below. Nevertheless, the Debye 
formula is useful for understanding the problems of extracting 
the radius of gyration, Rs  and the pair distribution P(r), so we 
will continue to use it in the following discussion.

1.18.2.2 Determination of the Radius of Gyration and 
the Pair Distribution Function P[r}

Guinier's method9 for calculation of Rg involves a linear least 
square fit of the (non-linear) log of I(q) based on the 
approximation valid at low q: 

7  \ 2

from which one may extract R  ̂ and the q — 0 intercept, 1(0), 
by a linear fit of In l(q) vs q2:

R^q2
[8]

Note that 1(0) is proportional to the square of the contrast 
between the number of electrons in the molecule and the 
background solvent: 1(0) — (£L /i)2 . For proteins in water, the 
contrast reduces the effective number of electrons in the 
molecule by approximately a factor of 10.

Viewed from the point of view of Fourier transforms and 
Shannon's sampling theorem, one might expect the accuracy 
of Rs  to be limited by the maximum scattered wave vector 
^max-

For i/m ax^0.25 A“ 1, this is given by 2TT/0.25 = 25 A. How­
ever, Guinier's method is an example of super-resolution, 
recently exploited as a powerful tool in optical fluorescence 
studies of molecules:10-12 by non-linear fitting of the expected 
optical signal, a parameter -  in this case, Rg -  may be eval­
uated at much greater accuracy than expected from linear 
diffraction theory. The accuracy of the evaluated Rg from the 
linear regression fit to the log is generally found to be much 
higher than found experimentally. That is, repeated measure­
ments tend to show a larger variance in the measured Rg. This 
is due to systematic errors resulting from a number of addi­
tional factors. These include uncertain sample concentrations, 
effects of interparticle interference, possible storage ring beam 
motions (SAXS is generally more sensitive than the beam 
position monitors in many storage rings), etc. So in the end, 
the actual error in Rg needs to be determined empirically.

For highly anisotropic or disordered molecules, the range 
of validity of eqn [8] is much less than q ^  n/Rg expected for a 
sphere (see discussion in the review by Doniach2 ). Svergun 
and Koch6 give an empirical fitting range criterion valid for 
most macromolecules ^max Rg < 1.3, better yet < 1.0. Another 
limitation is for data where there are large error bars for l(q) at
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low q from dilute samples, samples with particularly low 
contrast, or short measurement time in the case of time- 
resolved measurements. In this case, we have found that 
bootstrap sampling13 allows for an accurate estimation of the 
expected errors of Rg. In this method, a limited range of 
measured points in the Guinier region, {/(i/j)} are randomly 
picked and the linear regression is applied. For example, if 20 
sample points are measured, an ensemble of, say, 50 points is 
picked at random from this set of 20. Some points are repe­
ated a number of times and others dropped out. This proce­
dure is repeated a large number of times (of order 100-1000 s) 
resulting in a histogram of Rg and 1(0) values from which a 
mean and variance are easily estimated.

Extraction of the pair distribution function P(r) from SAXS 
data may be expressed as a linear least squares minimization 
problem of the function / 2:

[9]

where the qi are a set of measurement points with experi­
mental errors <7( and the r, the desired set of distances, 
leading to a matrix inversion P(rJ =  K_ 1 |f/(^ ) with kernel 
Ky =  s in t^rj/^ ri. However, the matrix Ky is highly ill-condi­
tioned and, in practice, errors in I(q) are too amplified to 
allow for a simple linear inversion to be possible.

This type of problem may be attacked using prior knowl­
edge of the expected form of P(r) (see discussion in 'Numer­
ical Recipes'14). This prior knowledge is applied in the form of 
a non-linear constraint on the form of the solution of the 
minimization problem. This was applied by Svergun and 
colleagues in their GNOM algorithm15 by the method of 
Tikhonov.16 This leads to a smoothness constraint in the 
kernel of the integral equation 

2

4- [10]

where

O ^ r ^ P ^  +  ^ P t o ) - ^ - , ) } 2 . [11]
i i

This may be solved by linear least squares for the set o f {P ^ }} 
unknowns, but the results depend in a highly non-linear way 
on the constraint parameter a. At this point, the procedure for 
extracting P(r) contains a number of assumptions leading to a 
plausible solution. This leads to a method of fixing a desirable 
value of a which includes several criteria: smoothness, stabi­
lity, absence of systematic deviations, etc. Some of these cri­
teria are improved by increasing a, others are improved by 
decreasing a. For ways in which the current version of GNOM 
selects a compromise value for a, the reader should see the 
notes in the current release of GNOM.

An important user-input is the expected maximum pair 
distance in the evaluation of P(r). This needs to be evaluated 
by trial and error. The usual criterion applied is that P(r) 
should go smoothly to zero as r-* rm ax. This may be deter­
mined by running GNOM for a series of rmax incremented by, 

say 0.5 A, in successive runs and picking the value which gives 
the smoothest decrease at rm ax-15' 17

1.18.2.3 Effects of Interparticle Interference
As the molecular concentration is increased, the approxima­
tion of treating the SAXS as coming from isolated molecules 
starts to break down. Starting from the general expression

F(7) =
Hl.r,

[12]

(where background subtraction is implied) we can approx­
imate the resulting scattering as

2

1.OU1 =  |F( 7 )  I2 =
K,

[13]

The thermodynamic average of the scattering may then be 
written as

U « M )  =  /  I’ 4 )

where Fi(~q) is the scattering amplitude from the oriented 
isolated molecule at position R^ In the simplest approxima­
tion, neglecting angular dependence of inter-molecular inter­
actions, this may be approximated in terms of spherically 
isotropic scattering from isolated molecules as

/ d 'R e W p (R  )/(</) = S W IM  [15]

where S(q) is the Fourier transform of the pair distribution 
function of the molecules in the solution

S(q) = d ^ R e ^ d ^

+ i
i#; 7 J

= f l  +  [16]

Here, the first term is from the self-scattering ( i - j )  terms. 
Voln bo r is a normalization volume for the pair distribution 
integral. For V =hard core repulsion at radius Ro , the inter­
ference term is

^ = (1 + c r RdR«
N  \  JRe OR /

— 1,  + c f̂ R
c oo s ( i,/ Rn x sin(i/R0 ) \  . .

0 ) ------ ------ J  [17]

where c is the concentration relative to the volume swept out 
by the nearest neighbor —N/VolnboP In the limit q-^0, we 
then have 

S (q ) /N -  l x  -  cR3 [18]

so in the case of hard core repulsion, the interparticle inter­
ference reduces the forward scattering by an amount corre­
sponding to the number of neighboring molecules in the
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Figure 2 Illustration of the effects of interparticle interference on a 
SAXS profile. I(q) for the Guinier expression exp( -  /3) with
/?g = 15 A (green dashed curve) and the same profile with 
interparticle interference added (using RO = 25A; solid blue curve). 
The inset shows a Guiner plot ln(/(g)) vs g2 of the same data. 
Repulsive interactions lead to a reduction of the forward scattering 
and apparent radius of gyration compared to the dilute limit.

normalization volume Volnbor =  47r/3{(2R0)3 -R^}. As q 
increases, the interference scattering factor S(g) decreases (see 
Figure 2), leading to an apparent reduction of the radius of 
gyration. For this reason, it is important to measure R& as a 
function of concentration and extrapolate towards c^O to 
obtain a robust estimate of Rg.

In the case of an attractive intermolecular interaction, the 
probability of finding a neighbor within 2R0 is increased 
rather than decreased so that the apparent Rg is increased. This 
leads to a plot of Rg vs c as increasing as c->0 rather than 
decreasing as in the case of a repulsive potential.

1.18.2.4 Measurement of Interparticle Potentials Using 
the SAXS Interparticle Interference

As discussed above, the SAXS profile for a concentrated solu­
tion includes scattering from pairs of molecules. Within the 
spherical approximation, we can write

S(c,q) = l+ p  J  dr4n2 (g(r) -  iXsin^r/r/r) [19]

where p = CNJM  is the number density of particles, M the 
macromolecular molecular weight (Da), Na is Avogadro's 
number and g(r) is the pair distribution function of the 
molecules. By expansion in powers of the concentration, S(c, 
q) may then be related to the second virial coefficient resulting 
from the interparticle interaction via

l/S(c,0) = 1 + 2cMA2 [20]

where A2 is the second virial coefficient given by

A2 = InN JM 2 j  Pdr(l -  exp(-V(r)/kBT)) (21)

where k$ is Boltzman's constant. Therefore, A2 is positive for 
repulsive interactions and negative for attractive ones (see 
discussion byTardieu et al.18).

By fitting the ¿/-dependence of the scattering function S(q) 
to a DLVO potential model (Derjaguin, Landau, Verwey, 
Overbeek19), Tardieu, Belloni and collaborators20 have been 
able to study the phase diagram of proteins in solution, and in 
particular, the effects of salt and PEG (polyethylene glycol) on 
protein crystallization. The DLVO model is usually a good 
model for colloidal systems such as soluble proteins at low 
ionic strength (i.e., <0.2 M ionic strength). The model 
includes hard sphere, van der Waals and Coulombic interac­
tions. With small compact proteins, the van der Waals forces 
were shown to be equivalent to a short range, about 3 A, 
attractive Yukawa potential of 2-3 fcBT.20'21

1.18.3 Effects of Hydration

For X-ray scattering from biological macromolecules in solu­
tion, the effects on the scattering profile of the hydration shell 
which results from the interaction of the biomolecules with 
the surrounding water need to be taken into account. 
Although any individual water molecule is probably exchan­
ging rapidly from a position near the molecular surface with 
the bulk water, the accumulation of waters around the mole­
cule leads to a local change of electron density relative to that 
of bulk water (0.33 e” A- 3 ) which extends a distance of 3 A or 
so out from the molecular surface and varies as one goes 
around the molecule depending on how the surface residues 
of the molecule interact with the water.22,23

These effects were included in the CRYSOL program of 
Svergun and collaborators8 by assuming a shell around the 
surface of the molecule of thickness 3 A and a constant value 
of the density relative to the bulk which is included as an 
adjustable parameter. This was tested out by comparing the 
resulting predictions for the X-ray scattering profile of lyso­
zyme with experiments. The predictions were also made for 
small-angle neutron scattering (SANS) measurements where 
the contrast relative to the solvent may be varied by altering 
the concentration of D2O relative to H2O since scattering of 
neutrons from deuterium is much different from that from 
hydrogen. By adjusting the density of the solvation shell, 
pretty good agreement with experiment could be obtained, 
showing that for most proteins, CRYSOL does a reasonably 
good job of predicting the SAXS profile.24

However, since the introduction of CRYSOL in the 1990s, 
new situations have arisen where the need to replace CRYSOL 
with a more detailed description of hydration is becoming 
evident. These include the measurement of wide-angle scat­
tering (WAXS) where the thickness of the water shell starts to 
be comparable to the Shannon resolution 2n/qmaXf molecules 
such as GRO-EL with a topologically complex molecular sur­
face (i.e., with cavities25), and molecules with highly variable 
electron density such as membrane protein-detergent com­
plexes.4 Another area where improvements to CRYSOL are 
needed is that of disordered peptides or proteins, including 
denatured proteins. Here hydrophobic surfaces are exposed to 
solvent (sometimes in the presence of a denaturant such as 
urea or guanidine hydrochloride). In such cases the nature of 
the water shell needs to be estimated for each member of the 
ensemble of random conformations, and the application of 
CRYSOL needs to be superseded by a more flexible way of



Small and Wide Angle X-ray Scattering from Biological Macromolecules and their Complexes in Solution 381

estimating the scattering profile. This is further discussed in 
the following paragraph.

A straightforward, if theory-dependent, way to estimate the 
solvation of a biomolecule is to run molecular dynamics 
(MD) with an atomic resolution model of the protein in 
explicit water.26 This procedure generates time-resolved snap­
shots of the distribution of water (or other solvent compo­
nents such as ions or urea) around the protein. However, 
generating SAXS profiles for a given snapshot presents a 
technical problem since use of the Debye formula for a ran­
dom array of scatterers can lead to speckle-type singularities 
where the random phases of scattering from molecules in the 
array can be accidentally coherent leading to a large scattering 
in a particular (random) q direction.27 These singularities can 
be avoided if the angular integral

!(«) =  /  dcosO ,|F(7)|2 =  [ dcosS, y V ‘, r ‘ [22]

leading to the Debye formula has a smoothing filter applied. A 
simple way to do this is by replacing the integral as a sum over 
a set of sample points on the unit sphere:

j

The sample points Qy covering the unit sphere and corre­
sponding weights Wj may be determined by the method of 
cubature.28 Here the coarse graining, resulting from finite 
sampling of the continuous integral, smooths out the singu­
larities which lead to speckle in the Debye formula.

Another way to do this smoothing is incorporated into the 
spherical harmonic expansion of F( q ) used in the CRYSOL 
algorithm8

Imai I

= E E
1=0 m=~l

[24]

Then by limiting the maximum order lm ax of spherical har­
monics used in the integral over Q, of P* a

similar smoothing is obtained. This may then be applied to a 
pdb file containing the molecule of interest together with a 
sample of the surrounding MD waters. This would then need 
to be repeated a number of times to average over different 
snapshots of the MD water. However, for this to work, the 
contrast correction to the scattering factor foxygen needs to be 
defined for a water molecule in the solvent (as opposed to 
oxygens which are part of the protein). To our knowledge, this 
has not been tried to date.

For an example of application of the cubature method to 
estimate the WAXS profile for lysozyme in water, see the recent 
paper by Makowski and collaborators.29 A further example is 
given in the membrane protein section (below).

1.18.3.1 Ab Initio Methods for Estimating the Hydration 
Shell

An alternative to using MD methods to estimate the hydration 
shell, which can be quite time consuming and rather 
impractical when an ensemble of molecular conformations 

needs to be examined, is to use methods which estimate 
hydration ab initio. The most developed of these is the Refer­
ence Interaction Site Model (RISM) method in which the pair 
correlation functions for water in the presence of the solute are 
estimated by using approximations to the hypemetted chain 
approach. This approach, which has been extensively devel­
oped for bulk fluids has also been extended to include inter­
actions with molecules such as proteins in solution.30 
However, applications to SAXS and WAXS profile calculations 
have not reached the publication stage at the present time.

A related, but more phenomenological method for esti­
mating hydration is the Langevin dipole method, an extension 
of the Poisson-Boltzmann approach to computing ionic 
shielding of molecules in solution.31 In this approach, the 
sample volume is mapped on to a Cartesian grid and the 
chemical potential /!w ater( x*) of the solvating water is allowed 
to vary over the grid. The solvation free energy of the system is 
then estimated based on the dipolar contribution of the water 
molecules to the local electrostatic potential. The NLPB 
(numerical solution of the non-linear Poisson-Boltzmann 
equations) is then applied to reach a self-consistent solution 
for the local density of water at each point of the grid, given by 
Pwater(^) — exp(/zw ater( x*)/kBT). This method has the advan­
tage that the effects of ions in the solution are simply included 
in the calculation of the electrostatic potential. NLPB software 
under development32 can execute in the order of minutes of 
CPU time, so it is realistic to apply to ensembles of con­
formers. Application of this method to compute SAXS and 
WAXS profiles is currently under development.

1.18.4 Three-Dimensional Reconstruction of Low 
Resolution Density Maps from SAXS Data

Since the SAXS profile is a function of only one variable, q, it 
was believed for many years that only one-dimensional 
models of the molecular density could be extracted from the 
data. That is the P(r) function (Section 1.18.1, eqn [6]) which 
measures the histogram of interatomic distances in the 
molecule. However, by including prior physical constraints on 
the electron density of the molecule in a non-linear recon­
struction procedure, analysis of the SAXS profile may be 
extended to three dimensions. The key idea, which may be 
traced back to reconstruction of density maps from small 
molecule crystallography33 is that the density of a biological 
molecule is relatively constant over the molecular volume and 
quite a bit larger (of order 0.42 e ‘ A- 3  compared to 
0.33 e-  A“3 ) than that of bulk water. Application of this 
constraint to SAXS data was first formulated in terms of the 
spherical harmonic expansion of the scattering form factors 
fim(^) by Svergun and Stiihrman.34

Then the discovery by Chacon and collaborators35 that 3-D 
density maps could be reconstructed from 1-D SAXS data by 
an algorithm in which a low resolution model is built from 
'dummy atoms' or 'beads', showed that this approach was 
surprisingly robust. (This is analogous to solving the inverse 
scattering problem of reconstructions of electron microscope 
data.) Since then, a number of algorithms have been 
formulated3 6 -3 8  for fairly efficient 3-D-reconstruction from 
SAXS data. They are based on the principle that minimizing a



382 Small and Wide Angle X-ray Scattering from Biological Macromolecules and their Complexes in Solution

fitting function of the form

X2 =  [25]
1

with respect to the bead positions { 7 i...T m } results in a 
3-D-array of beads whose scattering profile reproduces the 
experimental SAXS profile IObs(^i)- The physical constraint of 
constant density within the bead model is imposed by placing 
beads on a grid and adding or taking away beads in an 
iterative manner to converge to a minimum of z2 . (Note that 
the scattering from the individual beads is generally calculated 
by treating the beads as point particles, leading to the Debye's 
formula for the scattering from the beads.)

How does the algorithm manage to produce a three- 
dimensional model from one-dimensional data? Note that 
not only is the anisotropy of the molecule unknown, but also 
the X-ray scattering phases are unknown. The way the sym­
metry of the data is broken comes about from the recon­
struction algorithm where beads are selectively added or taken 
away. The first steps of the procedure break rotational sym­
metry. Subsequent steps then optimize the density in the 
already symmetry-broken frame defined by the initial steps. 
Extensive tests by Walther et al.38 on a variety of proteins of 
very different shapes showed that the procedure is surprisingly 
robust and the likelihood surface defined by z2 in the space of 
bead positions is relatively smooth, so that the algorithm is 
unlikely to get stuck in local minima. The algorithm even 
managed to model internal cavities in Gro-El!25 This approach 
was then extended by Svergun39 by inclusion of simulated 
annealing steps which help prevent the computation getting 
stuck in local minima.

Note that the loss of phase information in the SAXS data 
means that multiple solutions are in principle possible by 
changing the unknown phase factors. In practice, this problem 
only seems to arise when applied to very symmetrical geo­
metric models.40 Usually when doing 3-D-reconstructions, the 
algorithm is run a number of times using different random 
number starting seeds. Then the resulting models may be 
combined using the software DAMAVER40 to produce an 
average density map.

1.18.4.1 Estimating the Resolution of 3-D-Reconstructed 
Density Maps

The statement of the linear sampling theorem of Fourier 
analysis (Nyquist, Shannon and others) states that a function 
defined as a Fourier transform with maximum period qm aJ2Tt 
(in our case P(r}) is completely determined by giving its 
ordinates at a series of points spaced 7i/^m ax A apart. So for 
<7 max- 0.25 A- 1 , this limits the number of values of P(r) to a 
series of r values spaced by around 12 A. Clearly, bead models 
which define a set of 10's or 100's of 3-vector positions do not 
fulfill this criterion. The 3-D-reconstructions are derived by a 
highly non-linear procedure which means they are super­
resolution models in the sense discussed in connection with 
Guinier's formula (Section 1.18.1). So how can we assess the 
resolution in position space of a bead model? The kinds of 
linear resolution criteria applied in crystallography do 
not apply.

A solution to this problem proposed by Kretchetov41 lies in 
the concept of 'model noise'. If we pick a certain number 
Nmodei of beads to use in a 3-D-reconstruction, then one finds 
that each model generated with a different starting seed gives a 
slightly different pair distribution function P(r) with a corre­
sponding variation in I(q) profiles computed using the Debye 
formula (eqn [6]). The value of N^dei in turn defines an 
average distance Lavg between the beads, depending on the 
effective volume of the molecule. For a given bead model, we 
can generate any number of random variations by defining 
regions F ( as spheres around each initial bead position 
with radius 61 around each model bead, and assigning new 
bead positions 7^ randomly within the sphere of each { r j .  
When the resulting ensemble of I(q) profiles is calculated, 
there will be a mean and variance at each wave vector q which 
define the width of the 'model noise' associated with the 
parameters Lavg and ¿1. As the 'smoothness parameter' 6l/Lavs is 
increased, the r f regions will overlap and the average over the 
I(q) curves will get smoother and smoother and eventually all 
of the details will be lost.

What determines the optimum value of the smoothness 
parameter? As 61 is increased, the calculated profiles will get 
smoother and smoother so the fit to the data will get worse, 
while as 61 is decreased, the model noise will increase. Hence, 
for a given set of data, there is an optimal value for 61 at a 
given Nmodei which is seen by plotting / 2 (or an improved 
version of z2 ) as a function of 61. 6Io p t is then determined as 
the value of 61 which minimizes z2-

If we compare the ensemble of calculated profiles {/caic(^)} 
for models with given Nm od e), and hence given Lavg, using No p t 
with the measured profile, it is reasonable to adjust Nm o d ei so 
that the model noise matches the experimental (counting 
statistics) noise in a ^-region of interest. On trying various 
values of Nm o d e i, 61 and Eavg are found not to scale linearly. 
Consideration of a number of different proteins leads to an 
empirical relation between 61 and Lavg as41

[26]

which defines the resolution of the model as a function of Lavg 
and hence of the number of beads. This in turn leads to a 
criterion for the number of beads: Nm od ei must be chosen such 
that the model noise overlaps the experimental noise in the 
g-range of interest.

As a result of this matching of the model noise to the 
experimental noise, we can determine the optimum number 
of beads (and hence l avg) for a given data set. How to turn this 
into a 'resolution' of the resulting model depends on how the 
model will be applied. The simplest use of such a bead model 
is to define a molecular surface. From the above definition, 
one can assert semi-quantitatively that the precision of deter­
mination of points on the surface (in fact of distances between 
pairs of surface points) is of order ¿avg.

1.18.4.2 Example: Optimal Number of Beads Justified by 
Cytochrome c Experimental Data

As an example, we apply these criteria to a bead model of 
cytochrome c. The experimental data measured for cyto­
chrome c at SLAC are quite noisy, but available up to high
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Q(Â~1)

F i g u r e  3  M o d e l n o ise  in re c o n s t ru c t io n s  o f c y to c h ro m e  c  s c a tte rin g .  

Th e  S A X S  p ro fi le s  o f re c o n s tru c te d  3 - D - m o d e ls  o f  c y to c h ro m e  c  w ith  

n =  170 b ea d s a n d  5 / =  1.6 A  (re d  l in e ) g i ve s  m o d e l n o ise  (s h o w n  as 

th e  u p p e r and  lo w e r  d a sh ed  red  l in es ) c o m p a ra b le  w ith  th e  

e xp e rim e n ta l  d a ta  (b lu e ) .  R e c o n s t ru c t io n  w i th  m o re  th a n  170 b ea ds 

is n o t  ju s ti fie d  b y  th e  e xp e rim e n ta l  d a ta.  F ig u re  a d a p ted  fro m  

K re tc h e to v,  A . R e c o n s tru c t io n  o f  3 - D  E le c tro n  D e n s i ty  M o d e ls  fro m  

S m a l l  A n g le  X - R a y  S ca tte rin g  Data fo r  M a c ro m o le c u le s :  A  S p a ce  

A ve ra g in g  A p p ro a ch ,  P h .D .  th e s is ,  S ta n fo rd  U n ive rs i t y ,  D ep t, o f 

A p p l ied  P h y s ic s ,  S ta n fo rd ,  C A ,  2005.

4max = 0-5 Á- 1 . A number of reconstructions were computed, 
with a selection of different numbers of beads. The model 
noise was computed for each reconstruction using ó/|opt as 
determined in eqn [26]. Applying the algorithm we found that 
a model with 170 beads (Lavg = 3.0 Á, 31= 1.6 Á) makes the 
model noise comparable with the experimental noise. The 
number of beads needed is approximately twice that which 
would be expected assuming the protein volume is 1.5 104 A3 
and the average bead spacing n/qm ax = 6 A. Figure 3 demon­
strates the experimental data and profile of the reconstructed 
model. The dashed line shows the model noise corridor.

The resulting model is a set of spherical beads with radius 
31 =  1.6 A. The average spacing between centers of neighboring 
beads is Lavg = 3 Á which defines the resolution of the model 
in the sense of accuracy of distances between pairs of points 
on the surface. Note that the Fourier resolution determined by 
^Ñmax would be ~ 6 Á for 4max =  0.5/ so that the non-linear 
fitting procedure leads to around a factor two improvement in 
distance resolution as well as giving a three-dimensional 
model hence improving the resolution in solid angle from 4n 
steradians (for P(r)) to something like 47r/Nm odei~0.07 
steradians.

1.18.4.3 Use of SAXS Data to Help Determine Protein 
Structure from Sequence; High-Throughput 
Analysis

The generation of 3-D bead models from SAXS data leads to 
the question how to define the intra-protein structural reso­
lution of these 'low resolution' density maps beyond that of 
the protein shape. This is probably best defined by asking how 
good is the fit of the bead model representation of the electron 
density inside the boundary of the protein compared to the 

density derived from crystallography. As far as known to the 
authors, this question has not been studied in any detail at the 
present time.

A more practical question is whether the resolution is good 
enough to help identify the 'protein fold' (in the sense of 
tertiary arrangement of the secondary structure helices and 
sheets) of a protein of known sequence but of unknown 
structure. This can be asked at a number of levels. If sequence 
homology of the unknown protein is sufficient to identify 
with a protein of known structure, then work on high 
throughput techniques to identify unknown proteins gener­
ated in proteomics studies has shown that SAXS data can 
provide solution structural information at resolutions often 
sufficient for functional insights into how these proteins work 
in the context of their pathways and networks.42

For proteins for which there is insufficient sequence 
homology to a protein of known structure, SAXS data may be 
used as a filter for ab initio algorithms which generate candi­
date structures based on the sequence of a given protein. This 
has been studied for a large set of proteins of varying fold 
types.43 The probability of filtering out the good candidates 
was found to depend strongly on the type of fold 
involved.43,44

1.18.5 Disordered Peptides and Proteins in 
Solution: Free Energy Landscape for 
Denaturation

As opposed to SAXS from fully folded proteins or poly­
nucleotides, interpretation of SAXS data from denatured pro­
teins, natively disordered proteins, or solutions of peptides, 
involves calculation of a SAXS profile for an ensemble of 
conformers. A key point here is that such ensembles are built 
of a Boltzmann weighted aggregate of conformers. The SAXS 
data measure the thermodynamic average of such an ensem­
ble, but contain no information about the probability dis­
tribution of the ensemble of conformers. Furthermore, the fact 
that the molecules have multiple conformers indicates that 
they are in a complex free energy landscape which may have 
multiple minima, so that treating the data in terms of a single 
predominant conformation may be an oversimplification. 
Finally, the denatured state of the protein, or multiple con­
formations in the case of a peptide, indicates that the molecule 
has lost some of its hydrophobicity and tends to expose more 
accessible surface area than a fully folded protein.

A basic question for denatured proteins is the character of 
the free energy landscape of the protein-denaturant mixture. 
By measuring the effects of varying solvent conditions such as 
concentration of denaturant, some information may be gained 
by determination of Rg as a function of denaturant con­
centration. This can be fit against a thermodynamic model of 
denaturation using a Singular Value Decomposition (SVD) 
analysis to determine the possible occupancies of a number of 
denatured local minima in the free energy surface (see 
Doniach review2 ). As an example, a study of the thermo­
dynamics of cytochrome c denaturation as a function of 
guanidine hydrochloride (GdnHCl) revealed the existence of 
more than one denatured state at intermediate GdnHCl 

. 45concentrations.
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Similar methods may be used to fit kinetic models of 
folding to time-resolved SAXS measurements of protein or 
RNA folding. Comparison of time-resolved SAXS data with 
optical fluorescence measurements using Forster Resonance 
Energy Transfer (FRET) of protein folding have raised ques­
tions about the initial kinetics of protein folding: is there a 
very fast polymer-collapse taking a denatured protein to a 
more compact local minimum unfolded ensemble before a 
z2-state' folding event takes place? (see work by Eaton and 
collaborators4 6).

Because the denatured or natively unfolded state tends to 
expose more accessible surface area than when fully folded, 
the scattering contributions of the hydration shells of the 
conformers in the ensemble will vary depending on the degree 
of surface exposure of the individual conformers.

1.18.5.1 Importance of Solvation Free Energy and 
Hydration for Disordered Peptides and Proteins

Calculation of a SAXS profile for an ensemble of conformers 
requires a method for generating ensembles of possible con­
formers for the disordered molecule. Published results have 
depended either on molecular dynamics simulations or on a d  

h o c  prescriptions for combining fragments of peptide 
sequence taken from the pdb using a variety of stochastic 
dihedral angles.47-49 SAXS measurements of an equilibrium 
ensemble of the artificial peptide XAO have revealed funda­
mental problems in computer simulation of the conformer 
ensemble.50 As shown in Figure 4, the Kratky plot of the SAXS 
data for the peptide solution rises linearly with q, a behavior 
characteristic of unfolded proteins and peptides.2 However, 
the Kratky profile of a typical simulated PPII helix used for 
comparison curves over as q  increases (Figure 4). In addition, 
the Rg computed from conformations of the XAO peptide 
sampled in extensive molecular dynamics simulations was 
consistently larger than the experimental value.50

In subsequent work, Scheraga and coworkers demonstrated 
that an ensemble of XAO conformations generated by an MD 
method that takes into account experimental constraints from 
NMR measurements gave an Rg in close agreement with the 
experimental results.51,52 However, reproducing the linear 
increase at high q  in the Kratky plot remains a challenge 
(Figure 5). While the interpretation for the observed dis­
crepancies is still under study, the treatment of the hydration 
shell appears to play an important role. Figure 5 shows a set of 
profiles including the effects of hydration on the SAXS profiles. 
Profiles were computed for the same ensemble of structures 
using different methods to take into account the hydration 
shell. Treating hydration in the Langevin-dipole approxima­
tion31,32'33 M  appears to give an overall reasonable agreement 
with the experimental data (Figure 4, main graph). In con­
trast, using the constant hydration shell density implemented 
in the software CRYSOL8 appears to give less favorable results 
(Figure 4, inset). We note that these preliminary results do not 
yet address the issue of how the hydration free energy changes 
the relative Boltzmann weights of different conformations in 
the ensemble. However, our results indicate that the treatment 
of hydration plays an important role even in the calculation of

Figure 4 S A X S  d a ta  f o r  th e  X A O  p ep tid e.  S c a tte ri n g  p ro fi le  o f th e  

X A O  p ep tid e  a t a c o n c e n t ra t io n  o f  5 m g  m l - 1  in 100 m M  a c e ta te  

(b lu e  l in e ) a nd  th e  th e o re t ic a l  p re d ic tio n  f o r  th e  id eal  P P I I  h e l i x  (re d  

so l id  l in e ).  Th e  d a ta  a re  p lo tted  in K ra tk y  re p re s e n ta tio n  o f Q2 l (q )  a s  

a fu n c ti o n  o f q. F o r  c o m p a ris o n ,  th e  in s e t s h o w s  d a ta  f o r  h o rs e  h e a rt 

c y to c h ro m e  c  (1 .2 5  m g  m l - 1  in 100 m M  a c e ta te ) m e a s u re d  o n  th e 

s a m e  s e t- u p  a n d  u sed  a s  a  m o le c u la r w e ig h t  s ta n d a rd  ( l i g h t  b lue 

l in e ) a n d  a th e o re t ic a l  p ro fi le  u s in g  th e  k n o w n  c ry s ta l  s t ru c t u re  w i th  

P ro te in  D ata  B a n k  a c c e s s io n  c o d e  1 C R C  a nd  C R Y S O L  (m a g n e ta  l in e ).  

A d a p te d  fro m  Z a g ro v i c ,  B .; L ip fe rt,  J . ;  S o rin ,  E .; M il le ttt ,  I . ;  va n  

G u n s te re n ,  W . ;  D o n ia c h ,  S . ;  P a n d e,  V .  U n u s u a l  c o m p a c tn e s s  o f a 

p o ly p ro l in e  ty p e  II s t ru c tu re .  P ro c .  Natl. Acad . S ci. U S A  2005, 102, 

1 1 6 9 8 - 1 1 7 0 3 . C o p y r i g h t  b y  P N A S .

q(A 1)

Figure 5 Th e  im p o rta n c e  o f h y d ra t io n  f o r  th e  c a lc u la tio n  o f  

sc a tte rin g  p ro fi le s  f ro m  u n fo ld ed  e n s e m b le s  o f  p e p tid es .  E xp e rim e n ta l  

s c a tte ri n g  d ata f o r  th e  X A O  p ep tid e  a re  s h o w n  in K ra tk y  

re p re s e n ta tio n  o f  q2  l (q )  a s  a fu n c ti o n  o f  q  ( th ic k  b la c k  l in e ).  Th e  

e xp e rim e n ta l  p ro fi le  is c o m p a re d  to  S A X S  p ro fi le s  c o m p u te d  f o r  an 

e n s e m b le  o f c o n fo rm e rs  o f th e  X A O  p ep tid e  th a t w a s  g e n e ra te d  u s in g  

an M D  m e th o d  w i t h  e xp e rim e n ta l  N M R  c o n s t ra i n ts .5 2  S c a tte rin g  

p ro fi le s  w e re  c o m p u te d  f o r  th e  sa m e e n s e m b le  o f s t ru c t u re s  u s in g  

th e  a q u a s a xs  m e th o d  th a t  t re a ts  h y d ra t io n  in a L a n g e vin - d ip o le  

fo rm a l i s m 5 3  (m a in  g ra p h ,  b lu e  l in es)  a nd  u s in g  th e  p ro g ra m  

C R Y S O L 8  w i th  d e fa u l t s e tt in g  f o r  th e  h y d ra t io n  (in s e t,  red  l in es ) and  

w i th o u t  th e  h y d ra t io n  sh e l l  ( in s e t,  g re e n  l in es) .
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scattering profiles for an unweighted ensemble of unfolded 
structures.

These preliminary results indicate that it is essential to 
include estimates of solvation shell contributions to the SAXS 
expected for the Boltzmann ensemble of conformers. SAXS 
measurements taken on their own contain no information 
about the distribution of conformers in an ensemble. Conse­
quently, methods which do not take into account solvation 
are very likely to give false results for SAXS averages over an 
ensemble which is not Boltzmann weighted, so may lead to 
misleading interpretations of SAXS data from disordered 
peptides, proteins or RNA.48 Clearly this consideration will 
also apply to proteins or RNA consisting of folded domains 
linked by flexible linkers.4 '

1.18.6 Calculation of SAXS Profiles for Detergent 
Micelles and Protein-Detergent Complexes

Integral membrane proteins comprise st 30% of most pro- 
teomes55 and facilitate transport and signaling across cell 
membranes. Despite their importance, less than 1% of known 
protein structures are of membrane proteins.56 One major 
obstacle to membrane protein structure determination is the 
selection of a detergent that mimics the native lipid bilayer 
and stabilizes the protein fold. Detergents are small amphi­
pathic molecules that are used to solubilize membrane pro­
teins for structural and functional investigations. However, 
unlike phospholipid bilayers, detergents form micelles, which 
are spheroidal and have a core composed of the detergent 
hydrophobic tails. Micelles have different shapes and sizes 
depending on the detergent chemical structure. For structural 
investigations, a multitude of detergents is screened until a 
condition that provides high-quality crystals or NMR samples. 
An understanding of detergent properties is consequently 
desirable for determination of optimal detergent conditions 

for extraction, purification, and structural and functional 
characterization of membrane proteins.

SAXS is found to be a powerful probe of the size and shape 
of detergent micelles. Both SANS and SAXS have been used to 
study the solution structure and interactions of detergent 
micelles.57 It is also found to be a useful tool for analysis of 
the structure of protein-detergent complexes (PDCs).4 58’60

SAXS profiles for typical micelles are found to have a 
'double hump’ feature (i.e., a pronounced second maximum 
(counting the maximum at f(r/ =  O) as the first maximum)}. 
A characteristic profile is shown in Figure 6, where we take as 
an example the detergent FC-10 (n-decylphosphocholine). 
This pronounced second maximum is a consequence of the 
micelle internal structure with the detergent headgroups 
forming the outer surface of the micelle and the aliphatic tails 
forming the inside of the micelle (Figure 7). As the tails are 
predominantly hydrocarbon chains of form (CH2)„, they have 
an electron density lower than that of the surrounding water. 
This leads to a negative scattering amplitude when the back­
ground is subtracted which results in interference in the X-ray 
scattering of the headgroup contribution relative to the tail 
contribution, resulting in the additional maximum in the 
'double hump' form of the SAXS profile.61

From SAXS studies of a number of different detergents, it 
has been observed that the position of the second maximum, 
^max» of the SAXS intensity observed for detergents with alkyl 
tail groups is a direct measurement of the head group-head 
group spacing, L, across the micelle:61,62 L = 2n/qm ax . Deter­
mination of the characteristic head group-head group dis­
tance from the position of the second maximum in the 
scattering intensity is straightforward and robust, and the 
results are in good agreement with the parameters derived 
from the two-component ellipsoid models.61 62 This char­
acteristic distance across the micelle likely constrains 
detergent-protein interactions and appears to be a determi­
nant of homogeneity of the conformation of proteins solu­
bilized by detergent.62

Figure 6 SAXS analysis of n-decylphosphocholine (FC-10) detergent micelles, (a) SAXS profiles l(q) of FC-10 at detergent concentrations of 25 
(blue), 50 (light brown), 75 (green), 100 (purple), and 150 (red) mM. (b) Two-component ellipsoid fit (black solid line) and scattering intensity 
recorded at 25 mM detergent concentration (blue circles). The residuals of the fit are shown in the inset. The fit for FC-10 has parameters 
Pi =  0.273 (e A- 3 ), p2 =  0.490 (eA 3 ), a =  20.7 — 21.2 A, b =  13 .4-13 .6  A, ^ ^ = 2 . 7 - 3 . 0  A, Rg = 2 5 k  Adapted from Figures 2(a) and 2(d) 
in Lipfert, J.; Columbus, L.; Chu, V. B.; Lesley, S. A.; Doniach, S. Size and shape of detergent micelles determined by small-angle x-ray 
scattering. J. Phys. Chem. B 2007, 111, 12427-12438. Copyright by American Chemical Society.
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Figure 7 S c h em atic  d ia g ra m  o f the tw o - c o m p o n e n t el lip so id  m od el. 

Th e  ro ta tio n  s y m m e try  a xis  is sh o w n  as  a d ashed  line. Th e  m odel 

c o n s is ts  o f a h yd ro p h o b ic  c o re  w ith  d im e n s io n s a and b and  e lec tro n  

d e n si ty  p^. Th e  h y d ro p h o b ic  co re is su rro u n d e d  b y  a head g ro u p  

reg io n  w ith  th ic kn ess ta  and  tb  and the e lec tro n d en sity  p 2 . Fo r a > b ,  

th e  e l l ip so id  is p ro late (l o w e r left),  fo r the case a < b ,  the el l ip so id  is 

ob la te ( lo w e r rig h t).

1.18.6.1 Micelle Mixtures and Protein-Detergent 
Complexes

In a recent study on the model polytopic a-helical membrane 
protein TM0026 using a combination of NMR, EPR and SAXS, 
a correlation was found between protein conformations, 
micelle size and thickness, and homogeneity of nuclear mag­
netic resonance (NMR) and electron paramagnetic resonance 
(EPR) spectra.62 TM0026 is a membrane protein of unknown 
function from the thermophile Thermotoga maritima and was 
initially characterized as part of the high throughput structure 
determination pipeline of the Joint Center for Structural 
Genomics.58 This led to the exploration of whether engi­
neering mixed micelles by mixing detergents at different ratios 
might be a way to systematically change the size and shape of 
detergent micelles.

The dependence of L, the distance between the head group 
centers across the short diameter of the spheroid, determined 
from the position of the second peak in the scattering inten­
sity, on the mixed micelle composition for two detergents A 
and B was fit by the relationship

M /A) =  LB  +  (LA ~ LB X̂A I27]
with the mixing ratio XA =  ([A])/([A] +  [B]). [A| and [B] are the 
detergent concentrations that have been corrected for the 
monomeric detergent concentration using the relationship 
^ m o n o m e r  ~  (X, • cmCi), where X, and cmc, are the mol fraction 
and critical micelle concentration of detergent species. The 
linear dependence of L on the mixing ratio appears to hold for 
a wide range of detergent mixtures. The NMR and EPR spectra 
found for TM0026 protein-detergent complexes suggest that 
the protein conformations are strongly influenced by the size 

and thickness of the detergent micelle. The characteristic 
headgroup-headgroup dimension L measured for micelles in 
the absence of proteins appears to reflect an intrinsic packing 
preference of the detergent and we observe a similar thickness 
in TM0026 complexes that yield well-resolved NMR spectra.

Taken together, the results indicate that well-resolved NMR 
spectra are observed when the hydrophobic component of L 
(which is equal to L minus the thickness of the headgroup) 
«29-31 A matches the length (30-33 A) of the hydrophobic 
part of the a-helices of TM0026. We note that this hydro- 
phobic dimension matches the average hydrophobic thickness 
of the T. maritima bilayer («30  A). All in all, these data 
indicate that, rather than exhaustively screening a multitude of 
detergents, it should be possible to rationally engineer 
appropriate mixed micelles for NMR structure determination, 
or possibly for crystal formation, following simple principles 
and from a limited set of detergents.

1.18.6.2 Atomic Scale Modeling of SAXS from Detergent 
Micelles and Protein-Detergent Complexes 
(PDCs)

In order to interpret SAXS profiles for solubilized membrane 
protein PDCs, we need an approach which can work with 
atomic scale models, generated by MD or other means, of the 
combined protein and accompanying 'belt' of detergent 
molecules represented in a pdb file. Such calculations need to 
take into account the fact that the detergent hydrocarbon 
chains have a lower density than water, so contribute a nega­
tive scattering amplitude to the scattering profile due to the 
negative contrast with the solvent. One approach to taking 
into account this negative scattering amplitude is to perform 
the background subtraction explicitly on an atomic scale 
model of the micelle and protein and integrate over angles 
numerically by the method of cubature.

We illustrate this approach with a rough molecular model 
of a micelle built from individual molecules of SDS (sodium 
dodecyl sulfate) detergent. The latter was built by taking a pdb 
representation of a detergent monomer, then assembling the 
heads on a cylinder with rounded end caps, and tails pointing 
in to the axis of symmetry. However, further energy mini­
mization has not been carried out at the present time. We 
construct a 'ghost' scatterer for the solvent by creating an array 
of dummy atoms with lattice spacing dx which fill the same 
spatial shape as does the micelle. This is done by constructing 
a periodic integer array and writing the coordinates of all 
points within a distance £ of any atom in the micelle model to 
an output pdb file which fills the space occupied by the target 
molecule (see Figure 8(a), for which dx was set at 2.7 A, and c 
was set at 3.4 A). The scattering form factors for both the 
molecule and the ghost array of dummy atoms are computed 
at an array of X-ray wavectors q where the q directions are 
selected from a non-uniform spiral on the unit sphere taken 
from the cubature' algorithm of Fliege and Maier28 (this 
algorithm is a unit sphere analog of the Gauss quadrature 
integrator in 1-D which picks sampling points non-uniformly 
in a way which guarantees exact results for integrating a 
polynomial of given order).
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Figure 8 M o le c u la r  m o d e l  o f a S D S  m ic e l le ,  (a ) M ic e l le  m o d e l  g e n e ra te d  b y  p la c in g  p d b  m o n o m e rs  a n d  g h o s t  d u m m y  a to m s  re p re s e n t in g  

w a te r s c a t te rin g  (s m a l l  red  s p h e re s ) ,  (b )  S A X S  p ro fi le  fo r  th e  m o d e l  o f a  S D S  m ic e l le  w i th  c o n tra s t  d e te rm in e d  b y  s u b tra c t in g  a  fo rm  fa c to r  fo r  

i ts  g h o s t  a d ju s te d  f o r  w a te r vo lu m e  (s e e  t e x t ) .

For given q , the form factors are given by

= 5 2 ’ r ') l28l
i

where the 7, are the positions of the atoms in the micelle or of 
the dummy atoms, and the f  are the electron numbers for the 
detergent atoms or an equivalent electron number for the 
water, represented by the dummy atoms. The latter are calcu­
lated as fm K r =  0.334 (5x)3 . Finally, the scattering profile is 
computed as

= 1 I fmicelle ( v j )  —  fg h o s t(7 j) | [29 ]
11

where the directions and weights Wj are taken from Fliege's 
tables (available at: http://www.personal.soton.ac.uk/jflw07/ 
nodes/nodes.html).

When evaluating the resulting profile for a model micelle 
of SDS, an additional factor was needed to adjust the water 
density to take account of the non-space-filling character of 
the model micelle. Since the micelle model leaves spaces in 
between the monomers which were not optimized by energy 
minimization, we need an additional adjustment factor in 
front of Fghost which leads to a variable height of the second 
diffraction peak, and was adjusted by hand to give a profile 
similar to that found experimentally. In the case shown in 
Figure 8(b), the factor was found to lie in the range 
0.53-0.57. This result indicates that fitting the measured 
scattering profile will place quite strong bounds on the 
number of monomers and the level of packing optimization 
needed in modeling a given micelle.

1.18 .7  C o m b in ation  o f S A XS  and NM R fo r S tru c tu re 
D ete rm in a tio n  o f M u lti - D o m a in  P ro te in s

NMR has proven to be a highly effective method for deter­
mining protein structure at atomic resolution (provided the 
protein is not too large to give effective motional narrowing by 

rotational diffusion). However, for multidomain proteins, 
even though the conformations and relative orientations of 
the individual domains can be determined accurately by using 
backbone-backbone nuclear Overhauser effects (NOEs) and 
extensive sets of residual dipolar couplings (RDCs), the need 
for data determining relative positioning of the individual 
domains becomes critical.

Based on this need, Bax and collaborators have established 
systematic protocols to combine SAXS data into macro­
molecular structure refinement so as to compensate for the 
deficiency of the translational information derived from 
interdomain NOEs.63 To do this, a model of the protein at 
atomic resolution obtained from NMR data was refined 
against the SAXS data by minimizing a cost function of the 
form

N 22   1 i  ̂ CXptiflk) ~ 1
z  ”  N, - 1 1 <T(qt) J

where the SAXS profile fcaic(<7k) evaluated at measurement 
angles qk  is calculated using the Debye formula. Differentia­
tion of y2 with respect to the current atomic coordinates yields 
a set of atomic forces that add SAXS constraints to those from 
an empirical force field used in the MD-based structure 
refinement. However, the refinement against SAXS data in 
combination with other data sources (in this case, a set of 
NMR-generated restraints) leads to a considerable computa­
tional overhead.

A solution to this problem implemented by the Bax 
group63 is to lump together groups of proximal atoms into 
'globs' and replace their scattering amplitude by spherically 
averaged scattering form factors which they term a 'globic' 
approximation. Since the refinement scales as N^N2, where N 
is the number of degrees of freedom (atomic coordinates) 
used in the NMR refinement, a reduction of N input heavy 
atoms into approximately N/3 globs, leads to a reduction of 
the required CPU time by about an order of magnitude. As a 
result of the globbic approximation, the calculated scattering
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intensity curves show small but systematic differences with 
respect to the exact ones, obtained from all-atom calculations. 
These differences may be rectified to some extent by multi­
plying the calculated scattering curves by coefficients 
determined from the atomic coordinates of each glob to 
compensate for these differences. Another speed up was 
obtained by limiting the number of sampling points qk , 
resulting in an overall speed up of the refinement by a 
factor of 80.

The method was applied for the two-domain 177-amino- 
acid protein, yS crystallin, using an experimental SAXS data set 
fitted over a ¿(-range from 0.03 to 0.2 A- 1 . Inclusion of these 
data during structure refinement decreased the backbone 
coordinate root-mean-square difference between the derived 
model and the high-resolution crystal structure of a 54% 
homologous yB crystallin from 1.96 + 0.07 to 1.31+0.04 A.

In a subsequent study, Bax and collaborators64 applied this 
method to a structural study of the 82 kDa enzyme Malate 
Synthase G (MSG), currently the largest single chain protein 
solved by solution NMR64 . The protein is composed of four 
domains that include a central TIM barrel pa/aa core, an 
N-terminal tx-helical clasp, an a/(J domain, and a C-terminal 
5-helix bundle that forms a plug for one of the ends of the 
jl-barrel of the core domain and is connected to it by a flexible 
linker. A principal conclusion from this work is that, even in 
the absence of changes in such simple parameters as Rg or 
Umax. SAXS data can improve the structural accuracy by 
influencing the relative positioning of the individual domains 
within the overall model. The bulk of this improvement does 
not result from either the lowest angle part of the scattering 
profile, which is sensitive to the overall particle dimension, or 
from the higher-angle data, which are influenced by variation 
of the protein's internal density. Instead, the intermediate 
angle data, which reflect the low-resolution particle shape, are 
the driving force behind the rearrangement of the MSG 
domains. The joint analysis of NMR and scattering data 
indicates that the magnitude of the differences between the 
MSG domain orientations in solution and in the crystal is only 

slightly higher than the experimental uncertainty of the rela­
tive domain orientations.

1.18.8 Solution Structure of Small Functional RNAs

Advances in the biochemistry of RNA65 and in genome 
sequencing have led to the recognition that RNA functions not 
just as a messenger as in mRNA or as a nucleotide transporter 
as in tRNA but also in many other roles including enzymatic 
activity (ribozymes) and control of gene expression (as in 
riboswitches). The biochemistry and biophysics of functional 
RNAs are complicated by difficulties of crystallization of 
polynucleotides, in part because of the high negative charge of 
the phosphate backbone and in part because many states of 
RNA occupy ensembles of conformers in the absence of sta­
bilizing substrates.

SAXS is starting to play a useful role in determination of 
the 3-D structure of small functional RNAs.66-69 Building of 
low resolution density maps by 3-D-reconstruction allows for 
generating bead models of the variety of thermodynamic 
states occupied by a given RNA molecule as a function of the 
counterion concentration of ions of different valencies 
(monovalent as for Na+ , divalent as for Mg2 4 , and higher 
valency molecular ions such as spermidine and spermine), 
and of substrate binding.70' 72 When coupled with other 
structural techniques such as hydroxy radical determination of 
unprotected backbone regions and other biochemical meth­
ods, FRET applied to flexible junctions and some NMR 
studies,66,73“75 it has been possible to generate structures of 
close to atomic resolution for a variety of thermodynamic 
states.

As an example of how complementary information can be 
used in the construction of RNA structural models, we show a 
figure (Figure 9) of a 3-D-model of the VS ribozyme built by 
combining FRET studies with bead models generated by 
SAXS.7’ The Varkud satellite (VS) ribozyme76 ,7 ' is the largest

Figure 9 Modeling of the complete VS ribozyme from SAXS data. Left: low-resolution 3-D-model obtained from ab initio reconstructions using 
SAXS data using the software DAMMIN.36 Middle: intermediate model where the double-stranded regions of the ribozyme are replaced by 
cylinders that have the length and diameter of the corresponding RNA helices. The cylinders are placed into the ab initio model by taking into 
account SAXS data of several RNA constructs and prior information from FRET. Right: atomic model of the VS ribozyme. The model was 
obtained by replacing the cylinders with standard A-form helices and homology modeling of the junctions followed by rigid body refinement. 
Figure adapted from Lipfert, J.; Ouellet, J.; Norman, D.; Doniach, S.; Lilley, D. The complete VS ribozyme in solution studied by small-angle X-ray 
scattering. Structure 2008. 16,1357-1367.
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of the known nucleolytic ribozymes, and the only one for 
which there is no crystal structure. Analysis of the secondary 
structure showed that the full ribozyme comprises seven 
helical sections. The 5' stem-loop contains the cleavage site 
and can be considered the substrate. The representation of the 
density map shown in Figure 9 is derived from the bead 
model using the software Situs.78

The model was built in a stepwise procedure. First, SAXS 
data of both the full VS ribozyme and of several sub-compo­
nents were used to build ab initio low-resolution density maps 
of all constructs. In a second step, double-stranded regions 
were represented with cylinders of the appropriate dimen­
sions. By taking into account the low-resolution SAXS models 
of several constructs as well as prior information from bio­
chemical and FRET studies,79 '80 the cylinders could be placed 
into the low-resolution densities. In the next step, the cylin­
ders were replaced by standard A-form RNA helices. In addi­
tion, models of the junction regions were built from 
homology. Finally, energy-minimization refinement against 
the standard stereochemical restraints was used to regularize 
and refine the structure. The path of the backbone is indicated 
by the ribbon, and the positions of base pairs are indicated by 
the bars (Figure 9). The color coding of helices matches that 
of the secondary structure.73 The scissile phosphate is shown 
by the purple ball, and the probable active site components 
A756 and G638 are highlighted in yellow (Figure 9).

The modeling enables some ideas on the relation between 
the structure and function of the ribozyme to be verified by 
physical measurement. The SAXS data provide physical evi­
dence for the location of the substrate within the ribozyme, 
showing that close interaction between the substrate loop and 
the A730 loop is very achievable in the context of this struc­
ture. This conforms very well to current mechanistic ideas, in 
which a significant element of the catalysis of phosphoryl 
transfer arises by general acid-base catalysis by the nucleobases 
of A756 and G638. In addition, the new structure provides 
some clues to the function of the additional helix VII in the 
formation of the active complex.

1.18.8.1 SAXS as a Filter for Candidate RNA Structures on 
the Pathway to a Fully Folded State

Low resolution bead models derived from SAXS data are 
useful for characterizing changes in states of a functional RNA 
as solvent conditions are altered. Nevertheless, they do not 
provide any direct link between the three-dimensional struc­
ture of the RNA and its primary sequence; the placing of 
structural elements of the RNA within the envelope cannot be 
derived from the bead models alone.

Development of a number of algorithms8 1-84  for generat­
ing candidate 3-D-structures of RNA from sequence via the 
secondary structures derived by M-fold and related algorithms, 
makes available the possibility of generating a large number of 
candidate tertiary folds for different thermodynamic states of 
small RNAs based on sequence alone. As discussed above, 
plausible physical tertiary folded structures can be selected by 
putting together a number of biochemical and biophysical 
characterizations. Here, using the thiamine pyrophosphate 
(TPP) riboswitch as an example, we demonstrate that the SAXS 

data can also be used to filter out the most physically realistic 
of the tertiary structures generated by these algorithms.

The TPP riboswitch regulates genes that code for proteins 
involved in the thiamine biosynthetic pathway.85,86 The 
overall changes in structure on going from no Mg2 +  or ligand, 
through the Mg2 +  induced partially folded state, to the fully 
folded state with Mg2 +  and ligand are illustrated in Fig­
ure 10.87 Crystal structures have been obtained for the TPP 
riboswitch thiM from Escherichia coli and for the TPP ribos­
witch thiC from Arabidopsis thaliana bound to TPP.88,89 The 
folded, ligand stabilized structures of the riboswitch for the 
different organisms show a high degree of similarity, folded 
into the same overall tuning-fork conformation, with the

Figure 10 Conformation of the TPP riboswitch aptamer as a 
function of solution conditions determined by SAXS. (a) Scattering 
profiles in Kratky representation (cpl(q) versus q) of the TPP aptamer 
in the absence of Mg2 ’ and TPP (blue), defined as the unfolded 
state; in 10 mM Mg2+  but no TPP (orange), defined as the 
intermediate state; and in 10 mM Mg2 + and 10 mM TPP (pink), 
defined as the folded state. Data are also shown for the denatured 
riboswitch in 7 M urea (gray), (b) Low-resolution bead models for 
the TPP riboswitch in its unfolded, intermediate, and folded states, 
obtained from the SAXS profiles (same color code as in (a)).
Figure adapted from Ali, M.; Lipfert, J.; Seifert, S.; Herschlag, D.; 
Doniach, S. The ligand-free state of the TPP riboswitch: A partially 
folded RNA structure. J. Mol. Biol. 2010, 396, 153-165.
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ligand bound between the two prongs in an extended con­
formation. However, the intermediate states on the folding 
pathway of the riboswitch cannot be characterized by 
crystallization.

The secondary structure of the riboswitch, illustrated in 
Figure 11(a), consists of five basepaired helical stems (P1P5) 
connected by non-basepaired junction regions. The archi­
tecture of the riboswitch is built around a three-way junction, 
with helix Pl branching into two stacked helices in each 
branch (P2 and P3 on one side, and P4 and P5 on the other 
side) and with the two branches arranged in a parallel fashion. 
The P2/P3 stack forms the pyrimidine sensor helix, where the 
thiamine moiety of TPP is inserted into a pocket formed by 
the J2/3 junction, and the P4/P5 stack is identified as the 
pyrophosphate sensor helix, where junction J4/5 forms a 
hydrogen-bonding network with the pyrophosphate end of 
the ligand.

As in the case of the VS ribozyme, SAXS data, combined 
with electrophoretic gel mobility and chemical probing 
approaches were used to characterize the global conformation 
of the TPP riboswitch. Models were generated using MC-Sym.84 
Drawing on the hierarchical folding characteristic of RNA, such 
that regions of local secondary structure are typically stably 
formed under conditions not yet conducive to tertiary structure 
formation, the structure of the TPP riboswitch was modeled as 
rigid basepaired helices connected by unpaired junction 
regions. These junction regions govern the overall arrangement 
o f  the helices in the global fold observed for the RNA. A total of 
40 000 candidate structures were generated for the riboswitch. 
SAXS data provided a straightforward way to filter out candi­
date structures on the folding pathway shown in Figure 10 for 
the case of the TPP riboswitch.

SAXS profiles were computed for all of the 40 000 models of 
the whole riboswitch using CRYSOL, and these profiles were 
filtered against experimental SAXS data for the RNA. The results 
are shown in Figure 11 for the candidates which best fit the 
SAXS data. The 38 highest-ranking models from the 
MC-sym structures gave p-values of >0.95 when tested against 
experimental data for the ligand-free state of the riboswitch. 
There were considerable variations between these 38 models, 
with an average RMSD of ~  12 A between the different models. 
The differences arise from the twist of helices with respect to one 
another and from small changes in interhelical angles, which 
cannot be differentiated using SAXS. However, the models all 
have the same overall conformation, with helical branches P2/ 
P3 and P4/P5 separated by an average angle of 120+15°. One 
representative model is shown in Figure 11(b): the two arms of 
the tuning fork are now lined up in opposite directions as 
opposed to being parallel in the ligand bound state.

For the ligand-bound state of the riboswitch, the 27 top­
ranked models produced good fits to the experimental data, as 
determined by a chi-squared goodness-of-fit test. There was 
more variation between these models than between the set of 
38 models isolated for the ligand-free state, as indicated by a 
higher average RMSD of ~ 1 7 A  between the models (see 
Figure 11(c) for an example). SAXS profiles generated from 
the crystal structure and from the model give similar fits to the 
experimental SAXS data. The overall conformation of the 
model is similar to the crystal structure,89  in which helices P2/ 
P3 and P4/P5 come together in an almost parallel fashion,

Figure 11 Structure modeling of the TPP riboswitch aptamer in the 
ligand-free and ligand-bound conformation.87 (a) The secondary 
structure of the ligand bound state.90 91 (b) Atomic scale tertiary 
structure model of the TPP riboswitch aptamer in the ligand-free 
state, superimposed on the SAXS-derived electron density (shown as 
a gray mesh). The color code matches that used in the secondary 
structure panel, (c) Atomic scale tertiary structure model and SAXS- 
derived electron density of the TPP riboswitch aptamer in the ligand- 
bound state. Same color code as in panel (b). Models were generated 
using MC-Sym.84 (a) Adapted from Lang, K.; Rieder, R.; Micura, R. 
Ligand-induced folding of the thiM TPP riboswitch investigated by a 
structure-based fluorescence spectroscopic approach. Nucleic Acids 
Res. 2007. 35, 5370-5378. Copyright by Oxford University Press. 
(b)-(c) Adapted from Ali, M.; Lipfert, J.; Seifert, S.; Herschlag, D.; 
Doniach, S. The ligand-free state of the TPP riboswitch: A partially 
folded RNA structure. J. Mol. Biol. 2010, 396,153-165. Copyright by 
Oxford University Press.

however, higher-resolution details, such as the orientation of 
the individual residues, helical twists, and structures of the 
non-basepaired regions, differ between the two structures. The 
TPP ligand has an important stabilizing effect on the folded 
state of this riboswitch and, since MC-Sym does not account
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for the effects o f ligand binding on RNA structure, MC-Sym 
cannot be expected to capture the bound state of the RNA. 
This limitation of MC-Sym will lead to undersampling of the 
bound conformation in the presence of TPP. The use of the 
SAXS data in selecting models of the bound state therefore 
helps in identifying the correct global conformation from all 
of the other models.

A recent paper by Yang et al.92 develops the above 
approach by incorporating the SAXS data as a filter in the 
generation of a large ensemble of 3-D-models using MC-Sym. 
Their method, termed Fast-SAXS-RNA, is built on a reduced 
two-particle representation for each nucleotide. Their results 
indicate that a two-particle representation is sufficient to 
achieve reasonable accuracy in the calculation of SAXS pat­
terns for the case o f tRNA structures. They report that, because 
of the significant reduction in computational cost for testing a 
model, the method enables them to rank, order, and filter a 
large ensemble of 3-D-models extremely efficiently. Usage 
of SAXS data as a constraint succeeds in filtering out 
most non-native folds and identifying well-fit models at a 
low-resolution level.

1.18.8.2 Using Low Resolution Bead Models to Estimate 
Free Energies as a Function of Salt Concentration

Breaker and coworkers reported a tandem aptamer riboswitch 
(VCI-II) that binds glycine cooperatively.93 In subsequent 
work, a combination of hydroxyl radical footprinting and 
SAXS was used to study the conformations of this tandem 
aptamer as a function of Mg2 +  and glycine concentration.72 
SAXS data identified three thermodynamic states: In low salt 
with no magnesium present, the VCI-II construct has an 
extended overall conformation (termed U), presumably 
representing unfolded structures.

Addition of millimolar concentrations of Mg2 +  in the 
absence of glycine leads to a significant compaction and par­
tial folding (termed the M state), as judged by the observed 
changes in Rg and in hydroxyl radical protections. In the 
presence of millimolar Mg2 +  concentrations, the tandem 
aptamer binds glycine cooperatively. The glycine bound 
state is termed B. 3-D-reconstructions of the structural 

conformations of each of the states has allowed for visuali­
zation of the shapes adopted by the three states.'2 However, 
the sequence of the VCI-II glycine riboswitch is sufficiently 
complex that an atomic scale model has not yet been con­
structed at the time of writing. The glycine binding transition 
involves a further compaction, additional tertiary packing 
interactions and further uptake of magnesium ions relative to 
the M state in high Mg2 +  and in the absence of glycine.

To probe the role of ion interactions in folding and ligand­
binding of the VCI-II tandem aptamer, the global solution 
structure of the VCI-II RNA was assayed by SAXS under a 
variety of buffer conditions. Scattering data were obtained in 
the absence and presence of glycine for a range of monovalent 
and divalent ions. The measurements employed either 20 mM 
divalent, which is >  100-fold above the Mg2 +  midpoint 
concentration obtained previously for transition from the U to 
M state ( ~ 0.1 mM Mg2 4 ),59 or 2M  monovalent salt. Simi­
larly, measurements in the presence of glycine used a con­
centration of 20 mM glycine, >  100-fold above the previously 
observed glycine midpoint o f ~ 90 pM in 10 mM Mg2 +  ,72

In the absence of glycine, the scattering profiles for 2 M 
monovalent (Na and K )  and 20 mM of any of the tested 
divalent ions (Mg2 4 , Ca2 +  , Ba2 +  , Sr2 4 , Zn2 +  ) were similar 
(see Figure 12, green lines, for examples). For ease of com­
parison, the scattering profiles in the presence of 20 mM 
Mg2 4  without (Figure 12, dashed green lines) and with 
20 mM glycine (Figure 12, dashed red lines) are shown in 
each of the panels. This result indicates that the VCI-II tandem 
aptamer adopts similar global conformations, termed the M 
state, in the absence of glycine and in the presence of sufficient 
concentrations of the tested mono- and divalent ions.

In contrast, the scattering profiles in the presence of 20 mM 
glycine are markedly different with the different ion species 
(Figure 12, red lines).94 Whereas the profiles for Ca2 +  and 
Mn2 4  are indistinguishable from the scattering pattern 
observed in the presence of Mg2 +  and glycine, the profiles 
with added Zn2 +  , Sr2 4 , Ba2 +  , N a+  or K+  do not change 
appreciably from those in the absence of glycine (see Fig­
ure 12 for examples, green lines in the presence of glycine and 
red lines in the absence of glycine). The results indicate that 
Mg2 + , Ca2 +  and Mn2 4  can support glycine binding but that

Figure 12 SAXS data for the VCI-II aptamer of the glycine riboswitch in the presence of different ions in the absence and presence of glycine. 
Kratky plots of SAXS profiles are plotted in the presence of 2 M Na4  (panel a), 20 mM Ca2 4  (panel b), and 20 mM Sr2 4  (panel c). Profiles are 
shown tn the absence (green, solid lines) and presence (red, solid lines) of 20 mM glycine.94 For comparison, profiles are shown in 50 mM Na- 
M0PS buffer only (blue, dashed lines), in the presence of 20 mM Mg2 4  (green, dashed lines), and in the presence of 20 mM Mg2 4  and 20 mM 
glycine (red, dashed lines). Data adapted from Figures 2(a), 2(c) and 2(e) in Lipfert, J.; Sim, A. Y. L.; Herschlag, D.; Doniach, S. Dissecting 
electrostatic screening, specific ion binding, and ligand binding in an energetic model for glycine riboswitch folding. RNA 2010, 16. 708-719. 
Copyright by RNA Society.
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the monovalent ions and other divalent ions cannot. This 
observation strongly suggests the presence of at least one 
specific divalent meta! ion binding site that is formed in the 
final folded structure.

To analyze further the observed changes in Rs  as a function 
of [Mg2 +  ], a simple three-state thermodynamic model that 
describes the energetic coupling between magnesium-induced 
folding and glycine binding in terms of the dependence of AG 
on [Mg2 +  ] and [glydne] concentrations was fit to the SAXS 
data. Then use of the bead-model arising from the 3-D- 
reconstruction was found to allow for a further understanding 
of the thermodynamics of the Mg2 +  induced transition: using 
the Poisson-Boltzmann (PB) equation and a simplified 
representation of the electrostatics in which the backbone 
phosphate charges are distributed uniformly among the beads 
of the low-resolution model, an estimate of the change in 
electrostatic contribution to AG as a function of the Mg2 +  
concentration could be calculated.94

To allow for a simple comparison of the data characterizing 
the U to M transition, an empirical fit was applied to the Hill 
equation.95 According to the Hill equation, the fractional 
occupancy of the M state (i.e., the amount of VCI-II RNA in 
the M conformation relative to the U state) is given by:

_  [counterion]m

±  [counterion]"1 [3 1 J

where [counterion] represents the concentration of the 
monovalent ([Na +  ]) or divalent ([Mg2 +  ] or [Sr2 * »  coun­
terions. K is the concentration of N a+  or Sr2 +  required for 
both the U and M states to be equally populated at equili­
brium; m is the Hill coefficient. We emphasize that the Hill 
model is used for mathematical convenience, as an empirical 
equation used to describe the data. Unlike in its usual inter­
pretation, m does not correspond to the number of specifically 
bound ligands or ions but is rather a fitting parameter loosely 
describing the observed cooperativity of the transition.9 6 -9 9  
From the fit to the SAXS data, m =  2.7 ±0.5 and the midpoint 
is in the range of ~  100 mM Na + .

The relative population of the U and M states is determined 
by their free energy difference, AGMU =  AGM-AGU . The free 
energy difference AGMu has several contributions, including 
electrostatic interactions, base stacking, hydrogen bonding, 
and conformational entropy of the U and M states. Many of 
these contributions are known to be difficult to quantify. 
However, as the primary interest of this analysis is in the salt­
dependent contribution to the free energy difference, a dis­
tinction may be made between salt-independent contribu­
tions, AG^U which includes many terms, and a salt-dependent 
term, AGMu([X]) with ion species X. The free energy difference 
between the U and M states at a given concentration of [X] is 
then

AGM U  =  AC" u +  AG„(|X]) -  AGu([X))

= AG°U + AAGM U ([X]) [32]

The salt-dependent term

AAGM U ([X]) = AGM ([X]) -  AGu([X]) [33] 

summarizes all of the components of the free energy that are 
dependent on the ionic conditions, such as the electrostatic 
interactions of ions in solution with the charged RNA mole­
cule and possible effects due to specific ion binding. The low- 
resolution structures consist of dummy residues or beads. As 
there is no direct correspondence between beads and nucleic 
acid residues, the total charge of the molecule (Qto t =  -226 e, 
where e is the elementary charge) was divided equally 
amongst all Nb ead  beads, such that Qbead =  Qtot/Nb ead . PB 
energies were computed for these models as a function of salt 
concentrations using the software APBS.100 The PB predictions 
were compared to the experimentally observed fractional 
occupancies of the M state for Na+  and Mg2 +  titrations in the 
absence of glycine using the relationship

/ M ([X]) =  1 -  5— — [34]

where AAGM U ([X]) is computed from PB theory and AG^U is 
the fitting constant. The PB prediction of the salt dependence 
for the U to M transitions was found to agree well with the 
experimental observations for both the N a+  (y2 =  0.58, 
probability that random fluctuation accounts for the observed 
discrepancies, p =  0.99) and Mg2 +  (y2 =  5.91, p= 0.83) titra­
tions (Figure 13).

For the glycine bound state, however, PB modeling of the 
electrostatic energy is insufficient. From the SAXS studies 
illustrated in Figure 12, it was found that Mg2 +  , Mn2 +  , and 
Ca2 + , but not Sr2 + , Ba2 + , and Zn2 + , support glycine binding 
and population of the glycine-bound B state. The dis­
crimination of at least 100-fold between different species of 
divalent ions cannot be accounted for by simple electrostatic 
theories101,102 and strongly suggests that formation of the B 
state involves specific ion site binding. Divalent ion titrations 
in a background of high concentrations of monovalent ions 
have been shown to isolate the effects of any specific site­
bound divalent ions, as the monovalent background competes 
away nonspecifically interacting divalent ions.97 ' 103' 104

Specific ion binding will involve chemical binding with 
covalent contributions which are not taken into account in the 
PB theory. In this situation, the fitted Hill coefficient provides 
a lower bound on the number of specifically site-bound ions 
(and is equal to the number of specific binding sites if binding 
is perfectly cooperative). Fitting the Mg2 +  titration data in the 
presence of glycine and 2 M NaCl to a two-state Hill model for 
the M to B transition gave a Mg2 +  Hill coefficient of 2.8 ±1.3 
and a midpoint of 2.0 ±1.1 mM Mg2 +  . Previously published 
data and model predict a midpoint for the M to B transition of 
~0.3 mM Mg2 +  in the presence of negligible amounts 
of monovalent salt.72 This value is much lower than the value 
of ~2.8m M  Mg2 1  determined from the titrations in 2 M 
NaCl background. This difference is qualitatively expected if 
the M to B transition involves specific ion binding in the 
absence of a substantial overall compaction, as the presence of 
a high concentration of monovalent ions depletes the local 
ion atmosphere around the RNA of Mg2 +  ions, making it 
more difficult to occupy specific divalent ion binding 
sites.97,101,104

Thus, the conclusion from these studies is that glycine- 
binding to the VCI-II tandem aptamer requires specific divalent
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Figure 13 Io n - in d u c e d  c o m p a c tio n  o f  th e  g ly c in e  r ib o s w i tc h .  Th e  U to  M  sta te  t ra n s i t i o n  a s a fu n c ti o n  o f Na +  a nd  M g 2 +  c o n c e n t ra tio ns  

m o n i to re d  b y  S A X S  c o m p a re d  w i th  P o is s o n - B o l t zm a n n  (P B ) p re d ic t io n s  o f th e  e le c tro s ta t ic  e ffe c ts  f ro m  th e  io n  a tm o sp h e re ,  (a ) Frac tio na l 

o c c u p a n c y  o f th e  M  sta te  a s a fu n c ti o n  o f N a  +  c o n c e n tra t io n  fro m  S A X S  ( f ro m  R Q f i t t in g ,  o p en  c i rc le  s y m b o ls )  a nd  p re d ic t io n  fro m  P B  t h e o ry  

(so l id  l in e ).  L o w  re so lu t io n  re c o n s tru c t io n s  o f th e  U a nd  M  sta te  f ro m  S A X S  d a ta  a re  s h o w n  in th e  inset,  (b )  Fra c tio na l o c c u p a n c y  o f  th e  M  sta te  

as a fu n c t io n  o f M g 2 * c o n c e n tra t io n  f ro m  S A X S  ( f ro m  R g  f i tt in g ,  o p en  d ia m o n d  s y m b o ls )  a nd  p re d ic tio n  fro m  PB  t h e o ry  (s o l id  l ine ).  Data 

a d a p ted  f ro m  L ip fe rt ,  J . ;  D a s,  R . ;  C h u ,  V .  B .; K ud a ra va l l i ,  M . ; B o yd ,  N . ; H e rsc h la g ,  D .; D o n ia c h ,  S . S t ru c tu ra l  t ra n s i t i o n s  and  t h e rm o d y n a m ic s  o f  a 

g ly c in e - d e p e n d e n t  r ib o s w i tc h  fro m  V ib rio  cho lerae. J .  M ol. B iol. 2007, 365, 1 3 9 3 - 1 4 0 6  a nd  L ip fe rt ,  J . ;  S im , A .  Y .  L . ;  H e rsc h la g ,  D .; D o n ia c h ,  S . 

D is s e c t in g  e le c tro s ta t ic  sc re e n in g ,  s p e c i f ic  io n  b ind in g ,  a nd  l ig and  b in d ing  in an e n e rg e ti c  m o d e l f o r  g ly c in e  r ib o s w i tc h  fo ld ing .  R N A  2010, 16, 

7 0 8 - 7 1 9 . C o p y ri g h t  b y  R N A  S o c ie ty .

Figure 14 G o ld - la b e le d  D N A  fo r  S A X S  m e a s u re m e n ts ,  (a ) S c h e m a tic  d ia g ra m  o f  a t h io g lu c o s e  p a ssi va te d  g o ld  n a n o c ry s ta l  c o up led  to  a D N A  

o l ig o n u c le o ti d e  b ea ring  a 3Z s u l fh y d ry l  g ro u p .  Th e  s u l fh y d ry l  g ro u p  fo rm s  a b o n d  d i re c t l y  to  th e  n a n o c ry s ta l  c o re ,  (b )  M o d e l c o o rd in a te s  o f a 

D N A  d u p le x  w i th  a g o ld  n a n o c ry sta l  a t e i th e r end  (c lu s te r l ig a n d s a nd  p ro p y l  l in k e rs  a re  no t s h o w n ) .  A d a p ted  fro m  F ig u re  1 in M a th e w - F e n n ,  R . 

S .; D a s,  R . ;  H a rb u ry ,  P . A .  B. R e m e a s u ri n g  th e  d o ub le  h e l ix .  S cience 2008, 322, 4 4 6 - 4 4 9 . C o p y rig h t  b y  A A A S  a nd  M a th e w - F e n n ,  R . S . ; D a s,  R . ;  

S i l ve rm a n ,  J .  A . ;  W a lk e r,  P. A . ; H a rb u ry ,  P . A .  A  m o le c u la r ru le r  fo r  m e a s u ri n g  q u a nt ita t ive  d ista n c e  d is tr ib u t io n s .  P Lo S  O N E  2008, 3, e3229.

ion binding and, based on the observed Hill coefficient, sug­
gests the presence of at least two specific ion binding sites.94

1.18.9 Use of Nanogold Markers for SAXS 
Determination of Intramolecular Distance 
Distributions

\The availability of gold nanopartides covalently coated with 
surface thiol layers has engendered a wide range of applications 
in chemistry, biology and other fields.105 From the point of 
view of X-ray scattering, gold is an ideal molecular label because 
of its extremely high electron density. The ability to attach 
nanogold partides to specific chemical groups in macro­
molecules such as DNA or proteins106 then leads to a way to 

determine structural details involving the placement of the gold 
partides relative to an electron density map of the macro­
molecule, or as a molecular ruler to measure distances between 
specific groups in the molecule labeled by nanogold partides.

Recent work by Harbury and collaborators107' 108 has 
applied SAXS to study end-to-end fluctuations in small DNA 
oligonudeotides labeled with nanogold particles. In these 
experiments, gold nanoparticles are coupled to the ends of 
DNA oligomers via a sulfhydryl-gold bond (Figure 14).

The X-ray scattering amplitude from the labeled DNA may 
be written

__ >DNA ___  __ >Au 

F(7)  =  E  T i  +  E  r  1 ( 3 5 i

« i
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where 7*I
D N A  are the positions of the DNA atoms, scattering 

factors /¡DNA, and the 7* are the positions of the gold atoms, 
scattering factors f ^ .  So it may be seen that the scattered 
intensity

where R12 =  | ? t - R 2 and we have treated the two particles, 
centered at R x and R2 as identical. TAu(q) is the scattering 
profile for a single gold particle

= j d i l ^ F ^ 2 [36]

is made up of three terms: a DNA scattering term, a gold-gold 
scattering term, and a DNA-gold interference term:

=  /O N A -D N A ^ )  +  j A u - A u ^  +  j D N A - A u ^  [ 3 7 ]

with

_ __ yDNA __ >DNA 

~ r i ) [38]
v

jD N A - D N A (

jA u —Au (?) = I  
J  i]

jD N A - A u (?) = ■
J  <i

+complex conjugate [40]

For two gold particles, the gold-gold term in the total scat­
tering further breaks up into a gold-self scattering term and an 
interference term between the two gold particles. Within a 
spherical approximation for the gold particles

jA u-A u (<?)/2/A u(i/) - 1 '" '^ " ^ )  +  /Au.imerf(^

\  4 ^ 1 2  / [41]

ij R \ r ij\
[42]

Equation (41) leads to a direct measurement for the distance 
between the gold particles. In the case that there is an 
ensemble of labeled DNA molecules with probability dis­
tribution ^ “(R) of the gold-gold distances, then, within the 
spherical approximation, the pair distance distribution may be 
extracted by inverting the relation

iA u-A “(rf)/2FA"W  = dRP^fRU  1 + sin(qR)\ 
RR /

[43]

As discussed in Section 1.18.2.2, this is an ill-conditioned 
problem which needs the application of prior constraints via a 
non-linear optimization method. To extract the gold-gold 
term IA u -A u (^) from SAXS data, separate determinations of the 
individual gold particle scattering term lA u(q), the interference 
term /D N A A v (q) and the unlabeled DNA scattering term 
|DNA- DNA^ )  a r e  n e e ( j e ( | Mathew-Fenn et al.10' ’108 determined 
these terms by chemical preparation of a singly labeled DNA, 
and by direct measurement of the SAXS from the unbound 
gold particles, the DNA on its own and the singly labeled DNA 
in addition to the doubly labeled sample. They inverted the 
gold-gold scattering term by application of a non-negative 
least squares algorithm cross-checked by a maximum entropy 
algorithm.

Mathew-Fenn et al. used this method (Figure 15) to 
measure the mean and variance of end-to-end length for a 
series of DNA double helices in solution.107 108 They found 
that the variance in end-to-end length follows a quadratic 
dependence on the number of base pairs rather than the linear 
dependence expected from a simple elastic model, suggesting

gold B-gold B (v)

Figure 15 Gold nanolabels as distance markers in a SAXS experiment. Left panel: Model coordinates of a 12 base-pair DNA duplex bearing a 
gold nanocrystal at each end. Various types of scattering interference between gold nanocrystals and DNA are illustrated with labeled arrows. 
Center panel: The scattering profiles for 10 base-pair double-labeled (blue), single-labeled (purple, magenta; indistinguishable), and unlabeled 
(green) DNA duplexes. The probe-probe scattering interference pattern (black) is obtained by adding the double-labeled and unlabeled profiles 
and subtracting off the single-labeled profiles. The residual difference between this interference pattern and the transform of the probability 
distribution in the panel on the right is plotted in red, and offset downward. Right panel: Distance distributions obtained by decomposing the 
scattering interference pattern in the middle panel into a linear combination of the basis profiles. Three different transformation methods are 
illustrated. They are offset vertically from one another for clarity. Figure adapted from Mathew-Fenn, R. S.; Das, R.; Silverman, J. A.; Walker, P. 
A.; Harbury, P. A. A molecular ruler for measuring quantitative distance distributions. PLoS ONE 2008, 3, e3229.



Small and Wide Angle X-ray Scattering from Biological Macromolecules and their Complexes in Solution 395

that DNA stretching is cooperative over more than two turns 
of the DNA double helix.

1 .18.9.1 Possible Use of Anomalous SAXS to Extract 
Distance Distributions from Gold-Labeled 
Biomolecules

An interesting possibility, which arises when using SAXS for 
gold-labeled molecules, is to measure the scattering as a 
function of X-ray energy (e.g., by tuning the incoming X-rays 
through the L3 gold resonance close to 11.9 keV). In this case, 
the gold scattering factors f  A u(co) become complex, with the 
real and imaginary parts varying markedly as a function of the 
X-ray frequency ox Inserting/A u(co) + if "(co) into eqns
[3 9] and [40], we get

«)

V  4 |r ,-R |

2 sin(4 |rju I )
[44]

So by tuning through the gold L3 edge, one can, in prin­
ciple, extract the gold-DNA interference term without having 
to prepare a separate singly labeled sample. In practice, how­
ever, this has proved to be a difficult task, possibly associated 
with problems in mechanical reproducibility of the mono­
chromator setting of the X-ray frequency as sweeps through 
the gold edge are repeated.
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