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disks, and finally, for all Q if the surfaces are confined to
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those varifolds of vanishing curvature. As an applica-
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2-varifold that minimizes the L? curvature in the integer
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1 | INTRODUCTION

For a bounded domain Q c R” of class C2, consider the class ST(Q) of compact C! immersed

submanifolds T < Q of dimension m < n—1, which are C? in the interior and meet S = dQ
orthogonally along their boundary. Denoting by »® the unit normal interior to Q, the condition
means thatv® € TZ along T < S. A natural variational problem in the class ST(Q) is to minimize
the LP curvature energy

EP(X) = / |As|P dus  where1 < p < co.
s
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In [1], Alessandroni and the first author constructed critical points of the Willmore energy subject
to the orthogonality constraint, but only in the class of surfaces with small prescribed area. Here,
in Section 5, we address the global problem in the case when the area is not fixed a priori. Area
bounds depending on the curvature energy then play a key role, and they are also of indepen-
dent interest. It turns out that the area of surfaces in S'T'(Q) has an upper bound in terms of the
curvature energy, unless the domain Q is special.

Definition 1.1 (Orthogonal slices). Let x, + P C R" be an affine m-plane. Any component A #
g of int(Qn (xo + P)) will be called an m-slice of Q. A is an orthogonal m-slice if it meets S
orthogonally along its boundary, that is,

v(x)eP forall x € 9A.

We have the following estimate.

Theorem 1 (Mass bounds). Assume that Q C R" has no orthogonal m-slice. Then, there is a
constant C < oo depending on n, m, p and Q, such that

IZ]| +19Z| < C / |Ag|P dus,  forany ¥ € ST/(Q). (1)
p)
Moreover, for m = p = 2, the Euler characteristic is also estimated by
Xl <C /Z AP duy  forany s € S2(Q). @)

We also obtain bounds for general C? domains Q if we restrict to surfaces T that are supported
in a neighborhood of S = dQ. More precisely, let ¢¢ > 0 be the supremum of all ¢ > 0 such that
the map

Sx[0,p0) — U;(S), (x,r) = x +1rv3(x),

is a diffeomorphism. Here, U;(S) denotes the one-sided tubular neighborhood of S.

Theorem 2 (Bounds near the boundary). Let Q C R" be a bounded domain of class C* with bound-
ary S = 0Q. Then, for any § € (0, ¢s), there is a constant C = C(n,m, p,Q, ) < oo such that for
e ST(Q),

IZ] + 02| < C/ |As|P dus ~ whenever = C UJ(S). 3)
z

For m = p = 2, the Euler characteristic y(X) has a corresponding bound.
A variant of Theorem 1 in the case m = p = 2 is as follows.

Theorem 3 (Bounds for surfaces). Let Q C R" be a bounded domain of class C?. Assume that all
orthogonal 2-slices of Q are topological disks. Then, there is a constant C < oo depending on n and
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Q such that
[Z] +|9Z] + [x(D)| < C </ |As|? dps +X(Z)+> foranys € S (Q). 4)
b

For X connected, we have y(Z)* = 1if X is a disk and y(Z)* = 0 otherwise. We note that The-
orem 3 applies to any convex C?> domain. In Chapter 4, we give an example showing that the
assumptions in both Theorems 1 and 3 cannot be dropped.

There are a number of papers dealing with curvature-mass relations for confined curves and
surfaces. Miiller and Roger consider closed two-dimensional surfaces with the type of a sphere in
a three-dimensional domain, for example, a ball [15]. We also refer to the work of Pozzetta [16] and
the references therein. In a different direction, Colding and Minicozzi proved compactness results
for sequences of embedded minimal surfaces in 3-manifolds, see, for instance, [7]. A problem
that is more closely related to the present paper is studied by Mondino [14], proving mass bounds
for m-varifolds in a Riemannian manifold in terms of their curvature. He applies the concept of
curvature varifolds due to Hutchinson [11]. The mass bounds are obtained under the condition
that there exist no varifolds with zero curvature. In the special case m = 2, it is actually sufficient
to rule out smooth totally geodesic immersions, see [4]. In our case, we need to introduce a weak
formulation of orthogonality along the boundary for general curvature varifolds. For this, we build
on the notion of varifolds with boundary, defined and studied by Mantegazza [13].

Definition 1.2 (Orthogonal boundary). Let V' be an m-varifold in R" with curvature B € LY(V)
and support in Q, and let " be an (m — 1)-varifold in S = dQ. We say that V is orthogonal to S
along T if for all ¢ € C1(R" x R™" R"),

/ o (DrdeB (5B, + (D, P) V(. P) ®)
R"xXG(m,n
—— [ 05040050 A Q) A, Q).

Gpyy (TS)

Here, v%(x) A Q denotes the m-plane spanned by v°(x) and Q. The varifold I in the definition is
uniquely determined, and the class of varifolds V satisfying the definition (for some I') is denoted
by CV'(€Q).

In Section 2, we classify varifolds V' € CV''(Q) having curvature By, = 0; using disintegration,
we derive a formula to which only the slices orthogonal to Q contribute. In Section 3, we then
consider the infimum

x™P(Q) = inf {||BV||€P(V) 1V eCVTHQ), M(V) =1}. (6)

We prove the following generalization of Theorem 1.

Theorem 4 (Varifold bounds). Let Q C R" be a bounded domain of class C2. If Q has no orthog-
onal m-slices, then x™P(Q) > 0 for all p € [1, o). Moreover, forany V € CVT(Q) with associated
boundary varifold T, we have

1 P
M(V) < B () 1Bl 5y (7
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4 0f42 KUWERT and MULLER

M(D) < ClIBylly,,, whereC =C(n,m,p,Q). ®)

In the final section, this result is applied to a variational problem.

Theorem 5 (Existence of minimizers). For a bounded domain Q C R" of class C3, let ICVi(Q) be
the class of varifolds in CVi(Q) that are integer rectifiable. Then the following infimum is attained:

#(Q) = inf {||BV||i2(V) 1V eICVi(Q), V #0}. 9)

The fact that the mass is not prescribed a priori poses a key difficulty. But since any orthogonal
2-slice is a minimizer, we may restrict to the case when such slices do not exist. Then Theorem 4
applies to give an upper mass bound. The lower bound is proved by contradiction. We show that
if a minimizing sequence V; would converge to zero, then

liminf/ By, |>dV, >8n=/ |Bs2|* dus2,
k— o0 5 k 2

+

where Si denotes the upper half sphere. However, a comparison surface strictly below 87 is con-
structed in Lemma 5.1. We note that our proof of Theorem 5 would apply to m-varifolds with
curvature in L, once the round m-sphere was known to minimize L™ curvature among varifolds
in R".

In Section 6, we prove that any compact C? hypersurface S C R" has a C? approximation by
smooth surfaces S; that have no orthogonal m-slices. In particular, the assumption of Theorems 1
and 4 is generically satisfied.

2 | PRELIMINARIES

We derive in this section a weak formulation of the orthogonality constraint that applies to var-
ifolds. For this, we recall briefly the definition of curvature varifolds due to Hutchinson [11], see
also Mantegazza [13].

For an open set U C R", we consider first the class of m-dimensional, properly embedded sub-
manifolds T C U. The Grassmannian G(m, n) of m-dimensional subspaces of R” will be identified
with the set of orthogonal projections P € R™" of rank m. On X we then have the associated Gauf3
map

P : % - G(m,n) CR™", P(x) =T,ZX. (10)

The tangential and normal components of a vector X € R” are denoted by PX = X' and P1X =
X+, In the space BL(R" x R", R") of R"-valued bilinear forms, we define

B(x)(v,w) = (D,rP)(x)w  forx € Z, and v,w € R™. (11)
The second fundamental form A(x) is a component of B(x). More precisely,

B(x)(v,w)* = D,(Pw)(x)* = A(x)(v,w) forv,w e T,Z. (12)
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CURVATURE VARIFOLDS WITH ORTHOGONAL BOUNDARY | 50f 42

Reversely, B(x) can be expressed by A(x): for a tangent frame 7, = 7,(x), 1 < a < m, and fixed
veT.Z we R" we compute

D,P-w = D,(Pw)

= [D,(PW)I* + D (D, (Pw), 7,) 7,

a=1

=Al,w") - Z(Dv(le), 70T, (asD,w =0)

a=1

m
=AQ,w") + Z(wL,DU‘r“) Tq.
a=1

By definition of the second fundamental form, we conclude
m
Bv,w) =A@, w") + Z <A(UT,Ta),wJ'> 7, forallv,w € R". 13)
a=1

In particular, [B(v,w)|? = AT, wD)|> + X" (A(wT,7,), w)?. Choosing an orthonormal basis
v, of R" with v, = 7, for a =1, ..., m, we obtain

m n m
B2 = ) 1AL tIP+ Y, D (AT, 1p) 0)* = 2|AI% (14)
a,B=1 k=m+1 a,f=1

Furthermore, the mean curvature vector is the trace of B, that is,
n m
trB =) B(v,v) = ), Aty 7,) =H. (15)
k=1 a=1

For completeness, we note also the other traces,

n n

Z(B(vk,w),vk) =(H,w) and Z(B(v,vk), vE) =0.

k=1 k=1

To derive the first variation formula on X, we now compute
divy X" = divy X 4+ (H,X) foranyX € C}(Z,R"). (16)
Substituting X(x) = ¢(x, P(x)) where ¢ € CL(Q x R"™" R"), we get
divy X = (D X, 7, ) = (Dx$(x, P)7,, 7o) + (Dpd(x, P)D;_P, 7).
Using the Hilbert-Schmidt scalar product, we can write
(Dx(x, )Ty, 7o) = (Dyp(x, P), P).
Furthermore, recalling the definition of B, we have
(Dpd(x,P)D, P,7,) = (Dpd(x,P)B(ts,),Ty)

(Dpd(x, P)B(e;, ), €; )
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6 of 42 KUWERT and MULLER

= 6P§¢i(x,P)ij
=: Dpd(x,P) - B.
Collecting terms, we obtain from (16), for X(x) = ¢(x, P(x)),
diveXT = Dpp(x, P) - B + {tr B, $(x, P)) + (D, ¢(x, P), P). (17)

Now associate to  the m-varifold V' = Vy in U with weight measure uy = H" X and measure
V= 5Tx2 on G(m, n), for each x € X. If X(x) = ¢(x, P(x)) has compact support in X, then

/diVZXT dus = / (Dp¢p(x,P) - B + {tr B, ¢(x, P)) + (D, p(x, P),P))dV(x, P).
b U

XG(m,n)

On the basis of this calculation, Hutchinson gave the following definition.

Definition 2.1 (Varifold curvature). Let V be a varifold in U C R". We say that V has weak
curvature B € L| (V), where B(x,P) € BL(R" x R",R"), if for any ¢ € C'(U x R"™*",R") with
compact support in U, we have the identity

(Dp¢(x, P) - B + (tr B, $(x, P)) + (D, $(x, P), P)) dV(x,P) = 0. (18)
UxG(m,n)

For test functions ¢ = ¢(x), the identity simplifies as follows, see [17, Lemma 38.4],

5V($) / (D$(x), Py dV (x, P)
UXG(m,n)

- / (tr B(x, P), (x)) dV(x, P)
UxG(m,n)

- /U < /G - tr B(x, P) dV*(P), ¢(x)> dpy ().

As |trB| € \/ﬁlBl,we have for K = spt¢ X G(m, n)

1BV < Vm 1By ) 18]l cowr)-

Therefore, Definition 2.1 implies that V' has weak mean curvature in U given by
Hy(x) = / tr B(x, P) dV*(P) € Llloc(,uv). (19)
G(m,n)

Now assume that ¥ is a compact C'-submanifold with boundary 3%, which is C? in the interior
and with second fundamental form Ay € LP(usx), p > 1. Denote by 7 the interior conormal and by
055 the induced boundary measure. We approximate = with compact C!-subdomains =, C int(X)
such that 9%, goes to 4% in the C!-topology. Notice that

. e—0
[ avexTdus == | nydos, 2= [ mdoss

€
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CURVATURE VARIFOLDS WITH ORTHOGONAL BOUNDARY | 7 of 42

Inserting (17) and passing to the limit € — 0, thereby using Ay € LP, we obtain for V = V the
formula of Mantegazza (see [13, Section 3])

/U (Dpb(x, P) - B + {tr B, (x, P)) + (D, $(x, P), P)) dV(x, P) = — /a (X doss,

xG(m,n)

Our interest is in the case when = C Q meets S = 4Q orthogonally along the boundary. This
is true if and only if the last equation holds true with 7 = v¥|;5. Motivated by this, we derive
the following weak formulation. We associate to 9% the (m — 1)-varifold T, that is, I' is a Radon
measure on the bundle

G 1(TS) ={x,Q):xeS,QeGim—-1,n), QCT,S}
Forp : G,,_1(TS) — S, p(x,Q) = x, we have the weight measure

p. T =H"1 0% =: o,

and the vertical measure I['* = 8. (55, for x € JZ. Thus, fory € C%G,,_1(TS)),

/ $(x, T, (95)) o (x) = / / $(x, Q) dI*(Q) dop(x) = T(®).
) sJG,_,(T.5)

In order to state the orthogonality condition, we adopt the following notation: for Q € G,,,_;(R")
and v € R" with v € Q, we denote by v A Q € G,,,(R") the span of Q and v. In particular, if =
meets S orthogonally, then P(x) = v5(x) A T,.(3%), and for any ¢ € CH(Q x R™" R, we can
write putting X (x) = ¢(x, P(x))

/ (v$,X)doss = / (v3(x),¢(x,v5(x) AT, (3%)) ) dop(x)
ox o0z
[ @80 A QT Q)
Gp—1(TS)

This suggests the following.
Definition 2.2 (Orthogonal boundary). Let V' be an m-varifold in R with curvature B € L'(V)

and support in Q, and let T be an (m — 1)-varifold in S = 4Q. We say that V is orthogonal to S
along T if for all ¢ € C1(R" x R™" R"),

/ (Dpt - B+ (tr B, $) + (Do, PY) dV (x, P) (20)
R"XG(m,n)
= — / (vs(x), o(x, vs(x) A Q))dI'(x, Q).

Gpu—1(TS)

The class of varifolds V satisfying the definition (for some I') is denoted by CV'!'(Q).

Remark 2.3. A notion of orthogonality at the boundary can be defined also for varifolds V that only
have mean curvature in L'(u;,). For a given Radon measure o on S, one says that V is orthogonal
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8of 42 | KUWERT and MULLER

along o if for all ¢ € C}(R", R"),

5V($) = /R oo (D9.PYAV5,P) = — /R (. $) duy /S (W5 (x), () do().

Definition 2.2 implies that this property for Hy, is as in (19) and ¢ = oy, the weight measure of .
To employ test functions depending on P, Definition 2.2 will be needed.

Lemma 2.4. The boundary varifold T in Definition 2.2 is unique if it exists.

Proof. Subtracting the identities, we get by Radon-Nikodym a signed measure A on G,,_;(TS)
such that for all ¢ € CH(R" x R™", R")

/ (WS (), (x5 () A Q)) dA(x, Q) = 0.
Gy (TS)

For given ¢ € C%G,,_1(TS)), we define ¢(x,P) = ¢(x,P NT,S)v5(x) whenever v*(x) € P.
Using a suitable extension, we obtain a function ¢ € COUR"™ x R™" R™), such that for all Q €
G,,_1(T,.S),

V5, $(x, v5(x) A Q) = p(x, W5 (x) AQ) N T,.S) = p(x, Q).
We conclude

/ P(x,Q)dA(x,Q) =0 forallp e CO(Gm_l(TS)).
G (TS)

By density, this implies A = 0. [l

Remark 2.5. If Definition 2.2 is valid with V and T, then it holds true for AV and AT" with the same
B, for any 4 > 0. However, one has the scaling property

1
IBllLocavy = 42 IIBllLovy- (21)

Lemma 2.6 (Comparable masses). There exists a constant C = C(n, Q) < oo such that forany V,T
as in Definition 2.2, one has

M(V) < C (M(D) + [IBlliy)), (22)
M(I) < C (M(V) + [IBll1r))- (23)
Proof. Taking ¢(x) = x — x,, for x, € Q in Definition 2.2, we obtain
mM(V) < v/m diam (Q) (M) + [ Bl 1)).

For the reverse inequality, we take ¢ = pVdg, where dg is the signed distance from S (posi-
tive in Q) and 0 < ¢ < 1 is a cutoff function with ¢|g = 1 and support in Us(S), for appropriate
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CURVATURE VARIFOLDS WITH ORTHOGONAL BOUNDARY 9 of 42

§ = 6(Q) < 1. This yields

M) = —/ (vS,pVdg)dl
TS)

- /_ (tr B pVdy) + (D, (¢Vds), P))dV
QxG(m,n)
< C(IBllys, + M(V)). =

Remark 2.7. By Young’s inequality, we have for any p € (1, o)

1 _ p—1 B
IBligivy < =€ PIBIE,, ., + —— ep1 M(V).
) p LP(V) p

Therefore, the inequalities (22), (23) hold with || B|| .1y replaced by || B]| fp Wy with a constant that

depends additionally on p.

Lemma 2.8 (Compactness). Let V, 'y be varifolds as in Definition 2.2, such that M(V,) < C and
forsome p € (1, ]

IBillLey,) S A< oo forallk. (24)

After passing to a subsequence, one has V, — V and I', — T" as varifolds in R", and V, T satisfy
Definition 2.2 for some B € LP(V) with ||B|| .oy < A

Proof. From Lemma 2.6, we have
-1
MTp) <C <M(Vk) + ”Bk”Ll(Vk)) <C <M(Vk) +M(Vy) » ”Bk”LP(Vk)) <C.

Thus, after passing to a subsequence, V;, — V and I';, — T as varifolds in R". Let BL = BL(R" X
R",R"), and introduce the functionals

L, : COR" X G(m, n), BL) — R, Ly()) = / (B ) dV,.
RPXG(m,n)

By Holder’s inequality,

L) < |IB
K@) <l k“LP(Vk)”“p”L%(Vk)

1-1
< ClBllippyMVi) P Il corrxaimny)
< ClIpllcomnxcimny)-
After passing to a subsequence, we have L, — L in Cg(ﬁ x G(m,n)), and

L@) < AlIRIl 2
L

P=L(V)

o
As Lr-1(V) = LP(V) for any p € (1, oo], the functional L is represented by some B € LP(V). The
lemma is proved. Ll
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10 of 42 | KUWERT and MULLER

An immediate consequence of Lemma 2.8 is the following.

Theorem 6 (Existence of minimizers). Let Q C R” be a bounded C* domain. Forany m < n —1
and p € (1, o], let

»™P(Q) = inf{||BV||§jp(V) 1V eCVTHQ),M(V) =1} (25)

Then x"™P(Q) < oo, and the infimum is attained.
Remark 2.9. In view of Remark 2.5, we have

IBy1I?, W 2 X™P@Q)M(V)  forallV € CVT(Q). (26)
Remark 2.10. A corresponding existence result holds in the class ICV'T(Q) of integer rectifi-
able varifolds in CVT(Q), again for prescribed mass M(V). This follows by Allard’s integral
compactness theorem [2], see also Section 5.
3 | THE CASE OF ZERO CURVATURE
In this section, we assume that V' is an m-varifold in R"” \_Nith support in Qx G(m,n). We can

then use test functions that are continuous on R"”, since Q is compact. We now state from the
appendix the following disintegration procedure for varifolds:

* Letv = (p,),V, where p, is the projection onto G(m, n). For any P € G(m,n), up toaset E C
G(m, n) with »(E) = 0, there exists a Radon measure yp on R” with up(R") = 1 such that for
all ¢ € CO(R" x G(m, n)) one has

/ $(x, P)dV(x, P) = / $(x, P) dp(x) dv(P).
R*XG(m,n)

G(m,n) JR"

* Put u = (P1),up for P € G(m,n)\E. Then for any z € P+, up to a set Ep C P with y(Ep) =
0, there is a Radon measure yp , on z + P with up ,(z + P) = 1 such that for all ¢ € CO(R")

— 1
[ewaww= [ [ odu.0dui@.

Taking ¢(x, P) = yp(P), we see that V(R" X E) = v(E) = 0. Likewise we compute for the set
A={(x,P): PZE, P'x € Ep}

V(4) = / / / 2aCe, P dptp () dic (2) d(P)
G(m,n) J PL Jz4+P

= / / X5, (2) pp ,(z + P) duz(z) dv(P) = 0.
G(m,n) J PL

=0
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Remark 3.1. We will assume without loss of generality that the y, have support in the compact
setKp ={x € R" : (x,P) € sptV} C Q.In fact,

[ [ s dm@as) = [ g Py P V)
G(m,n) JR" R*XG(m,n)

- / $(x, P)dV (x, P).
R"XG(m,n)

Thus, we can replace the up by up Kp without change. Likewise, we may assume that up ,, for
each P € G(m,n)and z € P+, is supported in Kp, = sptup N (z + P). In particular, for x € z + P,
we then have the implications

X € sptiup, = x € sptup = (x,P) € sptV.

Lemma 3.2. Let V be an m-varifold in R" with support in Q, which is orthogonal to S along I' and
has curvature By, = 0. Then, for v-a.e. P € G(m, n) and uif—a.e. z € Pt

(Do(x), Pydup ,(x) =0 forallp € C'(R",R") tangential on S.
z+P

Proof. We use the ansatz ¢(x,P) = ¢(x)¥(P) in the orthogonal boundary condition, see
Definition 2.2. This gives, since ¢(x) is tangential by assumption,

0= / (D, ¢(x,P),P)dV(x,P)
R"XG(m,n)

= [ 9@y [ 0o0.Pdupo) )
G(m,n) Rn
Thus, for any P € G(m, n), up to a set E(p) with measure v(E(¢)) = 0, we have
[ Do) diy) = 0,

We may also apply the above equation with ¢(x) replaced by o(P+x)¢(x) (for a smooth function
o and ¢ exactly as before). We have

DT(O'(PJ‘X)) =Do(P*x)Ptt=0 forteP.
Thus we get
0= / O'(Z)/ (Do(x), P) dup ,(x) d,ulf(z).
PL z+P

For any z € P+, up to a set Ep(p) with 5 (Ep(¢)) = 0, we conclude

0= /Z+P(Dgo(x),P) dup ,(x).
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12 of 42 | KUWERT and MULLER

This is the desired result, except that the null sets depend on the test function ¢. However, the
set of C! functions ¢ that are tangential along dQ is separable. We can choose fixed null sets such
that the identity holds for ¢ in a countable dense set, and hence for all ¢ by approximation. []
Lemma 3.3 (Zero curvature). Let V be a varifold in Q with curvature B = 0. Then, for v-a.e. P €
G(m,n)and /xﬁ-a.e. z € P, the following holds: for any connected component U of Q N (z + P), one
has

up, =06y L™ onU,  fora constant 6y > 0. @27

The lemma follows from the well-known constancy lemma below, using test functions y(x) =
w(x)7, for an orthonormal basis 7, of P.

Lemma 3.4 (Constancy). Let u be a Radon measure on an open domain U C R™, and assume that
forallw € CX(U)

/ 0 w(x)du(x) =0 fora=1,..,m.
U

Then, u = 6 L™ on U for some 6 € [0, o).
The proof involving mollification is standard (cf. also [17, Theorem 26.27]).
Lemma 3.5 (Dichotomy). Let V be an m-varifold in R" with support in Q, which is orthogonal
to S along T and has curvature By, = 0. Then, for any (x,, P,) € sptV with x, € S, one has the
alternative
v(x,) EPy, or P,C T,,S. (28)
In the second case, there exists ¢ > 0 such that
(x,Py) €sptV  forallx € (xq+ Py) N Be(xo). (29)
In particular, (x5 + Py) N Be(xo) cQ.
Proof. Let (x,,P,) € sptV, x, € S, and assume
v¥(x) & Py, (30)
By continuity, there exists r, > 0 such that for all 0 < §, ¢ < r(,, we have
VY(x)g¢P forallxeSn BZQ(XO)’ P € Bs(Py).

It follows that

VX)AQ ¢ Bs(P,) forallxesS nBzg(xo)’ Q € G, (T,S).
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Thus, for all p € Ccl(Bzg(xo)’ R™)and ally € Ccl(Ba(Po)), we have
/ 5 (x), 9()) / $O5() A Q) dI¥(Q) dop(x)
N Gm—l(TxS)

- / VS (x), 0()) S50 A Q) dI*(Q) dor(x) = 0.
SNBye(xq) Gp1(TyS) ——m———

Definition 2.2, with By, = 0 and ¢(x, P) = ¢(x)1(P), now implies
0= [ 9@ [ (2.Dox)) diyx) ),
G(m,n) R"
Thus, for v-a.e. P € B5(P,), we obtain
(P, Do(x)) dup(x) = 0 forall ¢ € C(Byy(xo), R).
RY[

Fix such a P € Bs(P,), and consider a test function ¢(x) = y(Px)¢ (Ptx), where y € Ccl(P N
B,(Px,),R") and ¢ € CL(P* N B,(P*x,)). Then,

[¢6@ [ awpuendu ) dusta) o
pL z+P
Therefore, we conclude, for ,u}%-a.e. zePln BQ(Plxo),
0= [ divpx(®x)dp )
z+P
= / divpy(x —z)dup ,(x) forall y € Ccl(P N B, (Pxy), R™).
z+P

Thus, for v-a.e. P € B5(P,) and piz-a.e. z € P- N B,(Px,), we have
pp, =0L"™ (z+P) onz+PNnB,(Pxy,) forsome® € [0,00). (31)

We claim that for any y, € Py N B, /,(0), we have (x, + Yo, Py) € sptV. Let B, (x, + y,) be given,
without loss of generality with o < %. For x € B,(xy + y,), we have

3 é

|Px — Pxo| < [P(x — (X9 + Yo))| + |(P = Py)yol + |yl < —49 + >
d

|Px = P1xo| < IPH(x = (%o + YD)l + |(PH = Pyl < % + 79

Thus, |P(x — x;)|, |PL(x — Xy)| < ¢ for all x € B (x, + y,), provided § < %. Now we consider a
ball B.(x, + Py,) and estimate

8¢

|(xo + ¥o) — (Xo + Pyp)| = [Pyl = |(P* —Pé))’o| < >

SUORIPUOD PUe SWR L 83U} 88S " [1202/0T/70] Uo Areiqi auljuo A8 |im ‘BingsBny [qigsiselseAIUN AQ 9262T SWI/ZTTT OT/I0P/L0D" A3| 1M Ae1q 1 pU1|UO"D0SUFRLUPUO|// Sty WoJ pepeojumod ‘€ ‘v20e ‘05..69T

Ra i Arelq L

5UB01 SUOWILOD dA eI 3|gea ! |dde auy Aq peusenob ale saoiLe WO ‘8sh Jo Sajn. 1oy ARelq1 auliuO A3|IA UO (SUO1IPUCO-PI
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We choose € = % and conclude
B.(x, + Py,) C B,(x, +y,) foranys < %

Now we compute for fixed P € Bs(P,) satisfying (31)
up(B(xg +¥0)) = up(B:(xo + Py,))

= [ e+ PY0 B + Py dih @)

_ /P 05 L7 (2 + P) 1 B.Cxg + Py) digh (2)

= [ Spetm G+ PINBLx ) i)
= kp(Bxy)

Integrating over all P € Bs(P,), we conclude

V(B,(xg + ¥o) X B5(Py)) = / up(Bo(xg + ¥0)) dv(P)

Bs(Py)

> / 1p(B.(x0)) dv(P)
Bs(Py)

= V(B,(xy) X Bs(Py)) > 0,

since (xo, Py) € sptV. This proves (x, + yo, Py) € sptV for any y, € Py N B,/,(0). As a direct
consequence, it follows that (x, + Py) N B, /5(X,) C Q. O

Lemma 3.6. Let V be an m-varifold in R" with support in Q, which is orthogonal to S along T and
has curvature By, = 0. Let x, € S, and assume (x,, P,) € sptV where P, C T, S. Then, for z, =
P(J)-xo we have near X, if Py, z, is as in Lemma 3.2,

Mp,z, = O L™ (Zg + Py)  for some constant 6 > 0.

Proof. For any ¢ € C}(R",R") that is tangential on S, we have by Lemma 3.2
[ Dot diy, 2 ) = 0. (32)
zy+Py

Choose a neighborhood U X I of x;, on which Q has a subgraph representation
QNUXI) ={(y,z) e UXI : z<uy)}

After rotation, we assume x, =0, T, S = R"1 and P, = R™ x {0} where m < n — 1. Forany o €
Ccl(U X I), we consider the test function

o(y,z) =0(y,2) (e, +,u(y)e,) wherex =(y,z)andl<a<m.
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By construction the vector field ¢ is tangential along Q. Furthermore,
m
(Dp(x), Py) = Y (59(x), e5) = 3,0(x).
B=1

Therefore, (32) implies
/ 9,0(x)dupmy =0 where (Py,zy) = (R™,0).
Rm

Since any function with compact support in R™ N U can be extended to a function with compact
support in U X I, the claim follows from Lemma 3.4. O

Theorem 7 (Orthogonal varifolds with curvature zero). Let V' be an m-varifold in R" with support
in Q, which is orthogonal to S = 0Q along an (m — 1)-varifold I and has curvature By, = 0. Then, for
all ¢ € CO(R" x G(m,n)) and ¢ € C°(G,,_,(TS)), respectively, the following representations hold:

V(g) = /G . /P D /A $(x, P)dL™ (x) du(2) dv(P),

AEST(Q,z+P)

I(p) = /G(m’n) /Pi Z Oa /5A @(x, P N T,S)dH" "\ (x) dup(z) dv(P).

AEST(Q,z+P)

Here, S"'(Q,z + P) is the finite, possibly empty set of orthogonal m-slices of Q in the affine plane
z + P, and the 6, > 0 are constants.

Proof. Let A be any m-slice of Q in an affine plane z + P, where P € G(m,n) and z € P*. By
definition, for any x € A, there exists ¢ > 0 such that

(z+P)NB,(x) C Q.

In particular, if x € An S, then P C T'.S. Lemma 3.3 and Lemma 3.6 imply that up , = 6 L™ (z +
P) locally near any x € A. Since A is connected, we conclude

Mpo A=06,L" A forsome6, > 0.

Actually, Lemma 3.6 requires that (x, P) € sptV, but otherwise the statement follows with 8, = 0,
see Remark 3.1. Now assume that 8, > 0, and consider a boundary point x € dA C S. We then
have (x, P) € sptV again by Remark 3.1. We claim that »5(x) € P. Otherwise Lemma 3.5 yields
that(x + P)N B,(x) C Q for some ¢ > 0.ButA N B,(x) is nonempty, thus (x + P) N B,(x) C Aand
X € A, a contradiction. This shows that if 6, > 0, then v%(x) € P for all x € A, in other words A
is an orthogonal m-slice. Along dA, we have

V(distg],, p)(x) = P Vdistg(x) = v°(x) # 0,

therefore A is a bounded domain in z + P of class C2. We denote by A , the union of the finitely
many orthogonal slices A C z + P with 6, > 0, and introduce the function

Op, 1 z+P > [0,00), Op,(x) =6, forx € A.
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The measure fip , = L™ 6p , satisfies, for any ¢ € C'(z + P, P),

(PP i) = 3 0y [ (Do) Py L")

z+P AES™(Q,z+P)

—— 3 o[ @@y,
AES™(Q.z+P) oA
In other words we have, in the sense of distributions on z + P,

Vitp, = —0p ,(H™ ' 0Ap ) @ V5. (33)

On functions ¢ € C?([R" X G(m, n)), we now consider the m-varifold V given by

V() = /G . /P ) / 9 P) iy () di @) ) (34)

For ¢ > 0, we can estimate

0<v@= [ [ PP dun ) dit @ v

<[ L] et P i) avee)

= V(o).

In particular, V is continuous, in fact we have

V(@) < Ve < Vel < MW) gl co@nxcmny)-

It follows that A(p) := V(¢) — V(¢)is a Radon measure on R" x G(m, n). Moreover, V() = V(p)
whenever ¢ has compact support in Q X G(m, n). Therefore, A has support in S X G(m, n). Using
(33), we further have for ¢ € CL(R" x G(m, n), R™)

/ (D ¢(x, P), P) dV(x, P)

R*XG(m,n)

=[] D)) di ) du 2 o)
G(m,n) JPL Jz+P

o / / / Op 2 (x), $(x, P)) dH" 1 (x) dptp (2) dv(P).
G(m,n) JPL Janp,
On the other hand, V satisfies the orthogonal boundary constraint

/ (D, $(x, P), P) dV(x, P) = — / (W50, $(x, ¥5(x) A Q)) dI(x, Q).
R"XG(m,n)

Gy (TS)

We take a test function of the form ¢(x, P) = ¢(x) where ¢|s = 0. Then,

0= / (Dg(x),P)dV(x,P) — (Dp(x), P)dV (x, P)
R"XG(m,n)

R"XG(m,n)

_ / (Dp(x), P) dA(x, P)
SXG(m,n)
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_ / (DS (x), v (x)) dACx, P)
SXG(m,n)

_ /S AX(G(m, 1) (DS (), v (1) dpap (),

where u,, A* are the measures arising from the disintegration of A, cf. Theorem A.1. Taking now
@(x) = distg(x) v5(x) yields Dp(x)»5(x) = v5(x) along S. We conclude

0= /SAX(G(m, n)) du(x) = AR" x G(m, n)).

This shows A = 0 and hence V = V, which is the desired representation for V. Finally, we claim
that the boundary varifold I in Definition 2.2 has the representation

I'(p) = / / / Op (X)) p(x,PNT,S) dH™1(x) du}%(z) dv(P).
G(m,n) JPL JoAp,

First note that PN T, S € G,,,_1(T,.S) as v*(x) € P for x € dAp,. For given ¢ € C(G,,_1(TS)),
we consider as test function ¢(x, P) = ¢(x, P N T,.S)v3(x), suitably extended to a C' function on
R" X G(m, n). From V =V and By, = 0, we get

/ #(x,Q)dT(x, Q)
Gp—1(TS)
- / (), $(x, ¥5(x) A Q)) dT(x, Q)
Gpu—1(TS)
__ / (D,$(x, P), P) dV(x, P)
RPXG(m,n)
- / / / 6 .S (), $(x, PY) dH™ (x) dpcs(2) dv(P)
G(m,n) JPL JaAp,

- / / / 65, (X)p(x, P N T,.S) dH™ ) (x) dyut (2) dv(P).
G(m.n) JPL J3Ap,

4 | MASS AND TOPOLOGY BOUNDS

In this section, Theorem 7 is applied to prove the bounds stated in the introduction.

Proof of Theorem 4. We first prove that x"P(Q) > 0. As x"P (Q)% > »™1(Q) by definition, it suf-
fices to consider the case p = 1. Assume by contradiction that there is a sequence V; € CV'(Q)
with M(V} ) = 1, such that || By, [|;1(y,) — 0. For the associated boundary varifolds I'; , we have by
Lemma 2.6

M(T}) < C (M(Vk) + 1By, ||L1(Vk)) <C where C = C(n, Q).
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Thus, we can assume that V; — V where again M(V) = 1,and alsoI', — T"asvarifolds. By passing
to the limit in (20), we get

/ (Do, Py dV (x,P) = — / (W5(), (x5 (x) A Q) dI(x, Q).
R"XG(m,n) G (TS)

This means that V' is orthogonal to S along I" and has curvature zero. But Q has no orthogonal m-
slices by assumption, and hence, Theorem 7 implies that V' = 0, a contradiction. For given nonzero
V € CV'TH(Q), let V! = AV where 1 = M(V)~!, thus M(V") = 1. By definition of »"P(Q) and (21)

1By 12, , = MO 1By 12,0y > MOV) <™P(QQ).
The estimate for I follows from Lemma 2.6 and Remark 2.7. O

Proof of Theorem 1. As discussed in Section 2, any X~ € ST'(Q) with fz |As|P dus < oo induces a
curvature varifold in CVT(Q). Hence, the mass bound (1) follows from Theorem 4. Now we turn to
the special case when m = 2and p = 2. Let £ € $2 (Q) with [; |Az|* duy < c0. Using 755 = v° |y,
we have by the Gauss-Bonnet theorem and Meusnier’s theorem

2 x(Z) = /Kz dus +/ hS(t,7) dogs. (35)
b oz

This is immediate if T is of class C? up to the boundary. For general = € Si(Q), one uses an
approximation, see also the calculation before (2.10) in [1]. Now (35) yields

1
27 1) < 3 [ 145 di + 1o 1031,
b
The claimed estimate for y(Z) follows easily from this and Equation (1). O
Proof of Theorem 2. To prove claim (3), it is sufficient to bound |Z|, since then |dX] is estimated by

Lemma 2.6. Assume by contradiction that there is a sequence % € ST(Q) with X, C Ug(S), such
that

1
p 2z
-/Zk |[Ag, [P dus, < X 12|
Passing to V = Z; /|Z;| € CV'T(Q), we have M(V) = 1, and (21) yields
1By, 1%, ) = 221 As, 1Py /1Z] < 2072 = 0
VilllLe(vy) — ZllLp(z)/ 17k k '

V. satisfies Definition 2.2 with boundary I';, = 0%, /|Z;|. As M(T',) < C by Lemma 2.6, we may
assume that V,, — V and I';, — T as varifolds. It follows that M(V') = 1, V is orthogonal to S and
has curvature zero. Moreover,

spt iy C Us(S). (36)

Let A be any orthogonal m-slice of Q. Choose p € A such that ¢ = dist(p, dA) is maximal. Then,
there exist at least two points x € dA such that p = x + ¢»5(x), and thus, the normal injectivity
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radius of S satisfies g5 < ¢. We get for Q5 = Q\Us(S)
AN Qs| > c(m)(gg — )™ > 0.

On the other hand, by comparing with a ball containing Q, we have |A| < C for C = C(m, Q).
From the representation in Theorem 7, we now get

uy(Q5) = / / Y 6a1AN Qs dup(z) dv(P)
Gm.n) P Aegm(Q,z+P)

>ems-0" [ [ ¥ e aldm@d®
Glm.n) JPL pesmi(Qz+P)

=c(m,Q)(gsg — )" M(V) > 0.

This contradicts (36) and proves claim (3). The bound on the Euler characteristic in the case m =
p = 2 follows as in the proof of Theorem 1. O

Example 4.1. If Q is a round ball or an n-dimensional ellipsoid, then any orthogonal slice A
contains the origin. Adapting the arguments yields the following: for any € > 0, there is a constant
C =C(n,m,p,Q,¢) < oo such that for any X € ST(Q)

IZ] + 10Z| € C/ |As|P dus  whenever £ C Q\B,(0).
T

Proof of Theorem 3. 1t suffices to prove the bound for |Z|. Assume by contradiction that there are
immersed surfaces 2 € Si(Q) such that

1
|As, 1P dus, + x(Z)" < = |Zl.

Thesequence V, =X, /|Z;| € CVi(Q) hasnorm M(V, ) = 1 and boundary I';, = 0%, /|Z;|. After
passing to a subsequence, we have V;, — V and I';, — I as varifolds, where Definition 2.2 holds in
the limit with curvature By, = 0. Now by (35), we have, denoting by Tgz, the unit tangent vector
of azk,

/ hS(Tazk’Tazk> dogs, <2mx(Z )" - / Ky, duy, .
BN %

We get a well-defined function ¢ : G;(TS) — R by putting ¢(x, Q) = h’(x)(r,7) where t € Q with
|r| = 1. By the varifold convergence I'y, — I', we have

/ o(x,Q)dI(x, Q) = lim o(x, Q) dTy (x, Q)
G,(TS) k=0 JG,(rs)

1

= lim — hS(TaZ ,Tax )doaz
koo |Zi| Joz, A k

. 1
< lim —| 27x(Z )" —/ Ks du
koo |2k| ( k Zk Zk Zk

=0.

SUONIPUOD PUE'SWLB 1 31 39S * [120Z/0T/v0] U0 ARIGIT BUIIUO 4811 ‘BINGsBNY [0/GSIBRISBAIUN Ad 92621 SWII/ZTTT OT/I0pACY" A8 |1 Aeiq]1jBU 1 |U0"00SUTRWPUO|//SANY W1} Papeojumod e ‘VZ0g ‘05.L69T

Ra i Arelq L

5UB01 SUOWILOD dA eI 3|gea ! |dde auy Aq peusenob ale saoiLe WO ‘8sh Jo Sajn. 1oy ARelq1 auliuO A3|IA UO (SUO1IPUCO-PI



20 of 42 | KUWERT and MULLER

On the other hand, Theorem 7 yields the representation

0= o 2

Since A is an orthogonal slice, we have by the computation above

/ @(x,P N T,S)dH" (x) duz (z) dv(P).
A€S3 (Q.z+P)

p(x,PNT,S) = hs(x)(TaA(x), T50(X)) = x5 (X).

Here A is a domain in the plane P and x;, is the Euclidean curvature of its boundary. Now by
assumption, each A is a topological disk; therefore, by the Hopf Umlaufsatz [10],

/ o(x,PNT,S)dH" (x) =/ x55(x) dH' (x) = 271,
8A oA

Inserting we obtain

I'(p) =27 /G o / N du;(z)dv(P).

Ae52 1(Q,z+P)

But this yields, since |A| < C(n, Q),

1= M(V) = /G . / 6, 1Al < C(n, ) T(®) <0

Aes2 2(Quz+P) [l
Example 4.2. The assumptions in Theorem 1 and Theorem 3 cannot be dropped. Let

Q={(x,2)€R’:1<Vx2+y2<2, -1<z<1}

If V, is the varifold given by the annulus A = {(x,y,0) : 1 < v/x2 + y2 < 2} with multiplicity
k, then V; has zero curvature and orthogonal boundary in Q, but the mass M(V},) = 3kx goes
to infinity.

By a slight modification, one also gets a counterexample of disk-type surfaces with bounded
curvature and orthogonal boundary in a smooth domain. Namely one can add to the previ-
ous example two copies of the vertical strip {(x,0,z) : 1 < x <2, 0 < z < 1}, thereby obtaining
a surface with orthogonal boundary which can be parametrized on a rectangle. A suitable
approximation yields a smooth example.

5 | MINIMIZERS WITH ORTHOGONAL BOUNDARY

Proof of Theorem 5. If Q has an orthogonal slice A, then it is a minimizer with curvature zero and
the theorem follows. Otherwise let V,, € CV? ' (©) be a minimizing sequence. By Theorem 4, we
then have

M(V,) + M(T) < C 1By, |I? where C = C(n, Q). (37)

L2 (Vi)
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Lemma 2.8 yields that after passing to a subsequence, V,, - V and I'y — I as varifolds in R",
where V, I satisfy Definition 2.2 and hence V' € CVZL(Q), and further

1By llz2¢vy < 1i}1{1li£f 1By, llr2v,)-

By Remark 2.3, we have for any ¢ € Ccl([R”, R")

Vi) == [ (v #rduy, — |50, 900) dor,.

Here, Hy, (x) = tr By, (x,Tpy, ) and oy, is the weight measure of I'y.. In particular,

1
16Vl < (IHy, 20y MOVD? +MTO ) Igllcon) < C I llcoger.

Now Allard’s integral compactness [2] implies V € ICVi(Q). All that remains to show is that
V # 0, that is, we need a lower bound

hll;n inf M(V) > 0. (38)

This is achieved by the following three lemmas. Namely, if we had M(V, ) — 0, then Lemma 5.2
and Lemma 5.3 would imply

. . 2
11]£Il101;1f ”BVk”LZ(Vk) > 87.

But then V, is not a minimizing sequence by Lemma 5.1, a contradiction. O

Lemma 5.1. For any bounded domain Q C R" of class C3, there exists a surface = € Szl(Q) with
varifold curvature

/|BZ|2 dus < 8. (39)
2

Proof. LetS C R" be given by a graph representation y = u(z) where z € R"*~! with |z| < 1, such
that

u(0)=0 and Du(0)=0.

The upward unit normal of the graph is given by

(=Du(z2),1)

V1+ |Du(z)|2.

We identify x € R? with (x,0) € R""!, and consider the two-dimensional halfsphere

v(z) =

S, ={(x,y) : x€R% y>0,|x|*+y* =1} CR".
We now define the map

f 8, =R f(x,y) = (x,u(x)) +y v(x).
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For u(x) = 0, we have f(x,y) = (x,0) + y(0,1) = (x,y). Now consider

1

-u(d forA #0,
u,l(z)={/1u( z) ford#

0 forA =0.

Clearly u_;(z) = —u;(—z), and Du,(z) = Du(Az). Moreover, u; is C! in both variables (4, z), in
fact we have

1 1
u/l(z):/ diu,l(tz)dtz/ Du(Atz) - z dt.
o at 0

The graph of u; has the upward unit normal

(=Du(1z),1)

V1+ [Du(Az)|?

v,(2) =

We obtain the variation
fr 08 =R, f2(x,9) = (x, uy (%) + y v (x).

Clearly, uy(x) = 0, vy(x) = (0,1) and f(x,y) = (x,y). Now

5]
aDu(/lz) -eil120 = D*u(0)(z,¢;) = hs(z, e;).

Here, h° is the second fundamental form of S at (z, u(z)) = (0, 0). Next compute

1
S @lio= | DON1z.2)dt = 16z,

oA
3 8 _(=Dw(2).1) 3
370 @ = 57— lig == Y h¥(z,e)e; = Dv(0)z.
(1 + |Duy(2)?)2 i=1
In summary, the velocity field of the variation is
0 1
¢(x,y) 1= ﬁf@(%”h:o = EhS(X, x)(0,1) + y Dv(0)x.

The surface f(x,y) meets the graph of u(z) orthogonally along S! = 3S, C R2. To see this, let
x € S and choose a unit vector v € R2, v L x. At the boundary, we have one tangent vector of

f(x,y) given by
dd—af(cos ax +sinav,0)|,—o = (v, Du(x)v).

A second tangent vector is obtained by
(=Du(x),1)
V1 + |Du(x)|?

The first vector is tangent to f|¢1, the second is orthogonal to the first and is normalized. Hence,
the second vector is the interior conormal 7 along the boundary, and is equal to v(x), so that
f(x,y) satisfies the orthogonal boundary constraint. Since the same computation applies to f;

Df(x,0)-(0,1) = v(x) =
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the family f,(x, y) is admissible for comparison. We have the following first variation formula for
the Willmore functional with boundary terms, see [1, Theorem 1]:

AW Dico = 5 [T 00w, + 5 [ s,
The boundary term is given by
() = 29, V,H) = i, HY) = 3 1HI($.7).
In the case of S, we have W= 0, H(x,y) = —=2(x,y) and VH = 0. Thus,
(¢, H) = —h5(x,x)y — 2y (Dv(0)x, x) = h*(x, x)y.

Moreover, 7 = (0,1) along 3S. and thus —d(¢, H)() = —h"(x, x). For the third term on the
boundary, we get directly —%lH 12(¢,n) = —h(x, x). We conclude that w(n) = —2h%(x, x), and
thus,

iW(f,l)l/lzo = —/ hS(x,x) ds(x) = =27 trgahS.
dl S1

We may now assume that the 2-plane “R?” in the definition of S, is spanned by the directions of
the two largest principal curvatures of S. Furthermore, we may assume that our graph representa-
tion was chosen around a point where the sum of the two largest principal curvatures is positive.
(Such point always exists due to the compactness of Q). In this case, we have achieved

d
aw(f/l)hzo <0.

On the other hand, for 4 = 0, the integral of |A°|? is zero and hence minimal, therefore its
derivative vanishes. Using |A|?> = |A°|? + %lH |2, we conclude

d :
& sl <0

Thus, for small 1 > 0, we have comparison surfaces f; with curvature energy below the half
sphere. O

Lemma 5.2. Let V) € ICV(Q) be a sequence with uy, — 0 locally in Q. Assume that there are
points x;. € spt uy, such that x; — x, € Q. Then,

. . 2 _ 2
liminf 1By, 2., ) > 167 = |Bs2 2o (40)

Proof. Let 0 < ¢ < dist(x,, dQ2). By the monotonicity formula, see Equations (A.8) and (A.10) in
[12], we have for sufficiently large k

y, (Bo(xy) 1 / » 1 /
1< —+ — H d + Hy, (x),x —x,)d
- 167 Ji o |Hy, |” duy, 2792 Jp, (xk)( v, (%) o) dpy

1 ; py, (Bo(xi)
<|(— H d Cle) —————.
(1671 - E> -/Be(xk) o, I dy, + € ¢’
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Letting k — oo and then € \| 0, we infer

lim inf/ \Hy, |” duy, > 167.
k—o0 Bg(xk)

From Hy,(x) = tr B(x, T, 4;/), we obviously have |B,|* > %le |2, but this improves by the factor
2. Namely, Hutchinson showed the following relations for any v € R":

* B(x,P)(v,P) C P+ and B(x, P)(v, P+) C P ([11], Proposition 5.2.4(iii)),
* (B(v,7),v) = (B(v,v),7) forT € P,v € P+ ([11], Proposition 5.2.4(i)).

Moreover, Mantegazza proved in [13, Theorem 5.4] that B(x, P)(P1v, -) =0 for P = T u, if V is
integer rectifiable. Thus, Hy (x) = tr B*(x, T, 1) and

/ |Hy |* duy < 2/ By 1? duy = / |By | dpy . (41)
R" RA R"
This finishes the proof of the lemma. [l

Lemma 5.3. Let Q C R" be a bounded domain of class C?, and let V. € ICVi(Q) be a sequence
with M(V) — 0 and spt V) C Us, (S) where 5 — 0. Then,

lim inf / By, |?dV, > 81 = / |Bs2|? dV . (42)
k—oo Jo k §_2'_

The rest of this section is devoted to the proof of Lemma 5.3. A monotonicity formula for m-
dimensional varifolds with free boundary and mean curvature in LP, p > m, was proved by Griiter
and Jost in [9], see also De Masi [8]. However, it seems unclear whether the argument of [9]
extends to the critical case p = m = 2. Our strategy is to reflect the varifold across S. This approach
is not possible in the setting of [9], because the estimate for the mean curvature of the reflected
varifold involves the second fundamental form, see Equation (68) below.

In the following, it will be convenient to pullback the geometry by the reflection map.

Definition 5.4. Let G = (g;;) € CY(U,R™") be a Riemannian metric on the open set U C R".
For an m-varifold V on U, we consider the functional

V() = /U . )¢(x,P)JG(x,P) dvV(x,P) for¢ € CO(U x G(m,n)). (43)

Here, JG(x, P) denotes the Riemannian volume element. With respect to a standard orthonormal
basis , of P where o = 1, ..., m, we have

1
JG(x,P) = (det g(x)(t,, 75))? = (det PG(x)|)?. (44)
The Riemannian mass of V' is given by
MI(V) = / JG(x,P)dV(x,P). (45)
UXG(m,n)
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The first variation of V9 with respect to a vector field X € Ccl(U, R") is defined by

8V = L@, (46)

where ¢, is the flow associated to X.
Lemma 5.5 (Riemannian first variation). Let X € Cg (U, R™) be a vector field with associated flow

®;. Assume that V is an integer rectifiable m-varifold in U with weak second fundamental form
B € LY(V). Then, we have the first variation formula

§VI(X) = - /U (GEOH, (x), X()) JG(x, PCx)) dyay (x), @)

where uy, is the weight measure of V and P(x) = T,V is the approximate tangent space. The vector
H , decomposes as H (x) = 213=1 ¢,(x, P(x)) where

1 m ) i
¢,(x,P)! = 760D s (x)@(JG Q) (x, P) BE(x, P), (48)
N Sy The.
$206,P) = 7 007! 3506 Q). P) e (49)
¢, P) = =296 (Qx, PYG() 9,/ Gx).P). (50)

Here, Q(x, P) is the projection onto P with respect to the inner product g(x).

Proof. For a diffeomorphism ¢ € C'(U, U), the pushforward varifold is defined by
V@)= [ e DeP) (. P) AV (e, ) (s1)
UxG(m,n)

Here, by Dp(x)P, we mean the image subspace, and Jop(x, P) is the standard Jacobian of ¢ on P.
The Riemannian mass of ¢;V is then

M= [ 160.0de1)0.0

UxG(m,n)

= / JG(p(x), Dp(x)P)Jp(x, P)dV (x, P).
UxG(m,n)

Now consider the identity maps I : (P,g(x)) » P and J : Dp(x)P — (Dgo(x)P, g(qo(x))). Let
A(x) : P - Dp(x)P, A(x)v = Dop(x)v. We have
T90(x, P) = det (JAGOD)* TAGO)I)?

= det(J*])? det(A(x)*A(x))? det(I*I)3

_ JG(p(x), Dp(x)P)
a JG(x,P)

Jo(x, P).
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It follows that

MI(psV) = / J99(x,P)dVI(x,P) wheredVI =JG dV.
UXG(m,n)

Now assume that ¢ = ¢, is the flow of a vector field X € Ccl(U, R"). Choose an orthonormal basis
Uy, ... s Uy, of P with respect to g(x), and calculate

o}
=J90,(x,P)|;=o =

= 2. (det g(p, D (03, DR, ()0)) g

0
= gEUDX ()0 V) + 3Dy g0 Ve V)
= r(QUx PYDX(0)lp) + 3tr (Qx. PG Dx Gl
= (Q(x,P) DX(x),P) + 3(Q(x, P) G(x) "' DyG(x), ).
We write

JG(x, p)(Q(x, P)DX(x), P) = (D, (JG(x, P)Q(x, P)X(x)), P)

-/ 3
_ Z{ <E(JG(X, P)Q(x,P)) X(x), Pej>_

We now apply the curvature varifold property with the test vector field Y(x,P) =
JG(x,P)Q(x, P)X(x). Noting that Y is C! and has compact support, we get

/ (D, (JG(x, P)Q(x,P)X(x)), Py dV(x,P) (52)
UxG(m,n)

= —/ (DpY - B+ (trB,Y))dV(x, P).
UxG(m,n)

Since V is integer rectifiable, it has weak mean curvature

n

H‘I;(x) = 2 Bﬁ.(x,P(x)) € L'(uy),
i=1

where P(x) is the projection onto T, i and u;, is the weight measure. Now we use H(x) L T u u-
almost-everywhere, see Brakke [5, Chapter 5] or Mantegazza [13, Theorem 5.4]. As Y(x, P(x)) €
T 1, the last term in (52) vanishes. We conclude

SVI(X) = %Mg((qot)w)lt:o

= —/ DpY - BdV(x,P)
UxG(m,n)
_ / Z (8,i(JG Q)(x,P)X(x),Pe; ) dV(x,P)
Uj=1

+ l/ (Q(x,P)G(x)_lDXG(x),P)]G(x,P) dV(x,P).
2 UxG(m,n)
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Finally, we rewrite this in Riemannian form, that is,
oVIX) = — / (G(x)H ,(x), X(x)) JG(x, P(x)) dpay (x).
U
Now one readily checks this formula for H, as given in the statement of the Lemma. O

Lemma 5.6 (Local energy bound). Assume that in addition to the assumptions of the previous
lemma, we have

|G(x)—E,| <e¢ and |DG(x)|<A. (53)
Then, we can estimate, for P = P(x),
IH,(OII2 JG(x, P) < [H(0)|? + Ce | B(x, P)|* + C(e, A). (54)
Proof. We consider the sets

Qz{GER"X” :G'=G, |G-E,| <

3

N | =

M ={M € L(R",R™™") : |M| < A}.

For given G € G and P € G(m, n), we choose a standard orthonormal basis 74, ..., 7,, of P and
define g3 = (G74, 7). The following quantities are well defined:

S

](G,P) = (detgaﬁ) ,
Q(G,P)e; = g*¥(Grp.¢)) 7,

To see that the functions are smooth, one can choose a smooth orthonormal basis 7, (P) for P near
a point P, € G(m, n). Such a basis can be obtained by taking a basis r, for P, and applying the
Gram-Schmidt process to the vectors Pr,. Putting G = G(x) and M = DG(x), one verifies that
the three functions ¢;(x, P) for P = P(x) have the following structure:

¢$1(x,P) = f1(G,P)! Bf;,

¢2(x’P) = fZ(G’P) * M:

¢3(X,P) = f3(G,P) £ M.
(Here, f(G, P) * M refers to a sum of products of terms of expressions that are smooth in G, P with
entries of M.) For G = E,, and M = 0, we compute precisely

oP!
¢l = 51mﬁ35 =B.=H' and ¢,=¢;=0.

k

It follows that
|Hy(x) = H(x)| < C|f1(G,P) — f1(E,, P)| IB| + C (1f2(G, P)| + | f3(G, P)I) IM].

< Ce|B| + CA.
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We can now estimate further
|IH,|* — [H|*| < (2|H| + Ce |B| + CA) - (Ce|B| + CA)

< C(|B| + CA)(Ce|B| + CA)

< Ce|BJ? + CA|B| + CA?

< Ce|BJ? + C(e)A%.
Finally, we use (Gv, v) < (1 + Ce¢)|v|? and conclude

IH,II2JG < (1 + Ce)[H, |?

< (1 +Ce)(|H|* + Ce|B|* + C(e)A?)

< [H|* + Ce|B|? + C(e)A%.
The lemma is proved. O

We now turn to the problem of mapping a varifold by a diffeomorphism.

Lemma 5.7. Let o € C*(U, U) be a diffeomorphism of open sets U, U C R", with pullback metric
gij = (0;0,0;0). Let V be an integer rectifiable varifold with compact support in U, having second
fundamental form B € L*(V). Then, the pushforward varifold V = o4V has weak mean curvature

H € L*(f), for 1 = py, given by
Hoo =Dg -H,. (55)

Moreover, we have for JG(x) = JG(x, T .y ) and any Borel set E C U

[0 a0) = [ 1,1 766 duo. (56)

o(E) E :

Proof. By definition of the varifold pushforward, we have

aV(n) = / n(o(x), Do(x)P)Jo(x,P)dV(x,P).

U
For an orthonormal basis 7, of P, we have (Do(x)7,, Do(x)7) = g(x)(7, 7p), thus
M(o;V) = / Jo(x,P)dV(x,P) = / JG(x,P)dV(x,P) = MI(V).
U U

Now for given Y € C}(U,R"), we let X € C1(U,R") be the o-related vector field, that is, Yoo =
Do - X. Then, we have 1,00 = gog, for the related flows, and

M((%,)g03V) = M((%;00)3V) = M((g09,);V) = M(ay (¢,)5V) = MI((¢,)5V).

Therefore, we obtain

5Wn=%Mwmmwmﬂ
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= M@

- /U (GEOH, (x), X () JG(x, P(x) du(x).

Transforming back to o,V yields
[ (@, (0, X(:) 76, PG o)
= /U><G(m,n)<DU(X)Hg (x), Do(x)X(x))Ja(x,P)dV(x,P)
-/ o (D O, . YOt o5, P) AV P

= /U . (Do(e™ WNH (e ), Y(»)) d(o4V)(y, P).
We conclude
SV(Y)=— /U(H, Y)ydp where H(y) = Do(x)H ,(X)|—s-1(y)- (57)

Substituting X(x) = H (x) in the previous calculation, we see finally

[ 1H,@IE6 e = [ B0 dio) -

We now specialize to the situation where Q C R" is a bounded C? domain with boundary S =
0Q, and consider the reflection

o:U->U, ox+rSx)=x—-rx) where(x,r)eSx(=6,06). (58)
Here & >0 is chosen so small that the two-sided tubular neighborhood U = Ug(S) =
{x+rv5(x) : (x,r) € Sx(=4,8)} is open. Notice further that o(U) = U. We put gij(x) =
(8;0(x),0,0(x)) forallx € U.
Lemma 5.8. Forx € S, v € R", we have, where Py is the projection onto TS,

9j(x)=¢6;; and Dg;(x)v= 4v°(x),v) hs(x)(PSeiaPSej)- (59)
Proof. First, the r-derivative of (58) gives
Do(x + rvS ()3 (x) = =5 (x).

Second, let y(s) be a curve in S with y(0) = x and y’(0) = v € T,.S. Then, we compute, denoting
by W(x) the Weingarten map of S,

(14 = WG = L5 = v lsco
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= Lo(r) + 5 Gs) 1co
= Do(x + rv>(x))Ad + rw(x))v.

This implies

Do(x +r’(x)v = 1d — rw () (Id + rw(x))"'v  forv e T,S.
For r = 0, we get as expected

Do(x)v5(x) = —v¥(x) and Do(x)v = v.
This implies G(x) = Do(x)"Do(x) = E, for x € S. Moreover, it follows that
DG(x)v=0 forxeS,veT,S.

We compute further

%Da(x + 3OS (X)), = %(—VS(X)) =0.

For the tangential derivative we get, again forv € TS,
0 B 0 -1
aDo(x + 12 (O], = E(Id —rW () (Id + rW(x))  v|,—o
= =2W(x)v.
Thus, we have, again forv,w € T, S,

0,
0,
415 (x)(v, w).

2 gCx + S NS ), vS ()l
2 9(x + rvS )5 (x), )]y

airg(x + rv5(x)(v, w)|,—o

The lemma is proved. Ol
We now compute the vector H (x) as defined in Lemma 5.5 for points x € S.
Lemma 5.9. For x € S and P = P(x), we have the formula
H,(x) = H(x) — 2Apdg(x) PYv5(x) + 4 PLDVdg(x) - Pv°. (60)
Here, the notation Apdg(x) = trpD?dg(x) is used.

Proof. Let P € G(m, n) be any fixed subspace, with Euclidean orthonormal basis 7, for1 < o < m.
Put g,z(x) = g(x)(7,, 7). At a point x € S, we have

gocﬁ(x) = <To(a‘[ﬁ> = 60{[35

8, 9ap () = 45 (x), €) D?ds ()t Tp).
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We then have
0, G(x, P) = 2(v°(x), e) D*dg(, 7) = 2(v°(x), €, ) Apdis(x). (61)
Next, we compute for G(x) = (gaﬁ(x)),
(9,kG, P) = 4(v°(x), ;) h*(X)(To, 7o) = 4 (v° (x), ) Apdig(x). (62)
Now we address the x¥ derivative of Q(x, P). Using again 9ap = 9(74,Tp), We have
Q(x,Pv = g“ﬁg(rﬁ, v)r, foranyve R™
Now we have, again for any v € R",
0, g™ = —4(v5(x), ;) D*ds(x)(7,. Tp),
O,k g(7,0) = Hv°(x), €) D*ds(x)(, V).
Inserting we have
0.k Q(x, P)v = —4(v°(x), ek>D2dS(x)(TmTﬁ)<Tﬁ’ V)T, + 4(V5(x), ) D2dg(t,, V)T,

which yields

3.k Q(x, P)v = 4 (v5(x), e, ) D*ds(x)(z,, Prv)z, (63)

= 4 (vS(x),e,) P DVdg(x)P1v.

Now H (x) = Zz3=1 ¢;(x, P(x)), where for gij(x) = 5ij the ¢; are as follows:

$1(x, P)' = 8,/ UG Q)(x, P)B(x, P),

$,(x, P) = (8,4JG(x, P)) Pe, + 0,4Q(x, P)" Pey,

$30x, P) = —3(8,G(x), P).
For ¢5, we have directly

¢3(x,P) = —2(5(x), er)Apdg(x)e, = —2Apdg(x) 5 (x).
For ¢,(x, P), we first calculate
(8,6Q(x, P)Tv, w) = (v,3,4Q(x, P)w)
= 405(x), &) (. D?dg(T, Prw)T,)
= 4(v5(x), e, ) D*dg(x)(Pv, Pw).
Inserting we compute further
¢,(x,P) = 2 (v5(x), e ) Apds(x) Pey

+4 (v3(x), e, ) D*dg(x)(Pey, P1e)) e
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= 2 Apdg(x)PVS(x) 4+ 4 D?ds(x)(PvS(x), PLe)e;.
To simplify further, we use
D*dy(x)(Pv3(x), Pe))e, = (DVds(x)PvS(x), PLe))e, = PADVdg(x)PvS(x).
Thus, we arrive at
$,(x, P) = 2 Apds(X)PvS(x) + 4 PLDVd4(x)PvS(x).

It remains to compute ¢,(x, P). This involves only a partial derivative with respect to the P
variable, hence we can assume that x € S is a fixed point, in particular we have for all P that
JG(x,P) = 1and Q(x, P) = P. We then get easily

l aP; k k l
¢1(X,P) = aFBU(X,P) = 5l~j5leij(x,P) :Bii'
k

In other words, we just have
¢1(x, P(x)) = H(x).
Collecting the three terms, we finally have
H,(x) = H(x) — 2Apds(x)Pv°(x) + 4 P DVd(x)Pv° (x). (6@)

Proposition 5.10 (Reflecting the varifold). Let Q C R" be a bounded C* domain, and let V €
ICV''(Q) be given with spt w, C U. Here, we suppose that U = U;(S) is a tubular neighborhood
of S = Q such that the reflection o € C>(U, U) across S is defined. Define

W) =V($)+0o3V(¢) forpe CS(R” X G(m, n)). (65)

Then, the integer rectifiable varifold W has the following properties.

@) uy =2uyonS, and Ty uy, = T,y C T,.S whenever T iy, X € S, exists.
(b) W has weak mean curvature Hy, € L*(uy,), given by

Hy,(x) forx € Q,
Hy(x) =4 (Do - H,)(o(x)) forx € RM\Q, (66)
%(Hv(x) +Do(x)H,(x)) forx €S.

Here H , is as in Lemma 5.5. For x € S, we have precisely
Hy(x) = P{Hy(x) + Apdg(x) v (x). (67)
(c) Assume |G —E,| < e and |DG| < A on U. Then, W satisfies

/ |Hy, |2duy, <2 /_ |Hy|?duy, + Ce /_ |By |12 duy + C(A, )M(V). (63)
R"? Q Q
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Proof. Assuming V' = v(M, 0), we have 0,V = v(c(M), 6o0). Thus,

W=v(MUao(M),B + 6o0)
is integer rectifiable and uy, = 2u;, on S. Now if Ty, exists for x € S, then T, u,, is contained
in the halfspace (v¥(x),v) > 0, and hence, T, s, C T,.S. In general, T, i, V= Do(x)T .y, and
hence, Typo,y =TV =T W forx € S.

We now turn to (b). In the definition of varifold with orthogonal boundary, we use a test
function ¢ € Ccl(R”) to get the first variation formula

V() =~ [ (H.$00) dpy () = [ (950,900 i (o).
Q s
Here, H(x) = Y| B;(x,T,py) and we used that I*(G,,_;(T,S)) = 1 by definition. We now

repeat the computation of Lemma 5.5. Since here ¢ is not compactly supported in Q, we obtain
additional boundary terms:

SVI$) = — /5<G<x>Hg<x>, $(0)) TG (x, P(o)) dpty (x)

- / 5, $(x) dpar(x) — / (PH(x), $() dpty (x).
S S

The last term will eventually be canceled; however, we do not know at present that the relation
Hy, 1 Tuy, holds on S. Replacing ¢ by the o-related field ¥, that is, ¢(c(x)) = Do(x)p(x), we
get

SVI) = - /5<G<x)Hg<x>,zp(x»JG(x,P(x)) duy (x)
n / 5 (), (x)) dpapx) — / (PH(x), $(x)) ity (x)
S S
=~ [ (DGO Hy (). 60) ditr )
RI\Q

4 / 5 (), (x)) dpapx) — / (PH(x), $(x)) iy (x).
S S

Now &(o3V)(¢) = 8VI(¥). When adding the variations of V' and oV, the boundary terms
involving T" cancel, and we obtain

W)=~ [ () diay,

where

Hy(x) forx € Q,
Hy/(x) = { Do(o(x))H ,(0(x)) for x € R"\Q
%(Hv(x) + PHy(x) + Do(o(x))H,, (a(x))) forx € S.
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This proves that W has weak mean curvature in L?(uy;, ). Now Pv® = 0 on S, thus Lemma 5.9 yields
H,(x) = Hy(x) — ZAPdS(x)vS(x) Hy-a.e.onS.

But Hy,(x) L T, uy, for uy-a.e. x € R" by Brakke’s theorem; therefore, on S, we obtain
0="Pr , Hy(x)= %PHV(x) for uy,-a.e. x € S.

This shows that Hy,(x) is perpendicular to T iy, y-a.€. also on S, and claim (b) is proved. Finally
claim (c) follows from Lemma 5.6. O

Proof of Lemma 5.3. We apply the reflection method to V' = V.. For k large, the assumptions of
statement (c) in Proposition 5.10 are satisfied. Using Willmore’s inequality [18], see also [12], we
get

l6m </ |HWk|2 dpyy,
Rn
<2 /_ |Hy, | duy, + Ce /_ By, |* dy, + C(A, )M(V))
Q Q
< (2+Ce) /_ By, |* dy, + C(A, )M(V)),
Q

where the last estimate follows from the inequality /g |Hy, |*duy, < /g|By, |* duy,, which is
derived exactly as in (41). The lemma follows by letting k — oo and then € \ 0. [l

6 | GENERIC DOMAINS

In this section, we consider orthogonal (m — 1)-slices T of S. By this, we mean that I is a compact,
connected, (m — 1)-dimensional submanifold of S along which an affine m-plane intersects S
orthogonally. If A is an orthogonal m-slice of Q, then each component of A has this property, but
we do not require that I is given like this.

Theorem 8 (Generic domains). Let Q C R" be a bounded C? domain with boundary S = 3Q. For
m > 2, the following holds:

(1) There exist smooth surfaces S; converging to S in C?, which have no orthogonal (m — 1)-slices,
in particular the domains Q; have no orthogonal m-slices.
(2) The set of domains Q without orthogonal m-slices is open in the C? topology.

Claim (1) does not extend to m = 1, in fact for any x, € S, the line x, + Rv5(x,) intersects S
orthogonally. More interestingly, the segment between points x,, x; € Swith |x;, — x;| = diam(S)
is orthogonal to S.

The proof starts with a local analysis near a given orthogonal (m — 1)-slice I'y C S in the plane
zy + Py, where P, € G(m, n), z, € R" and Pz, = 0. Forany x € T, we have P, = T,.T; @ Rv5(x)
and thus T,S=T,T) ® Pé. Our first goal is to construct a parametrization of all nearby (m —
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1)-slices of S, whether orthogonal or not. For suitable ¢, > 0, we chose Fermi-type coordinates
E :{(x,0) €Ty X Py : |v] <o} = U, (Ty) C S, E(x,v) = 5(x +v).

E is a C! diffeomorphism with DE(x,0) = Idr _g. Describing perturbations of S in direction of
the normal »¥ would lead to a loss of differentiability. Instead, we choose a unit vector field £ €
C?(S,R™) with (¢,v5) > % For u € C?(S), we consider the map

9u € C*(S,R™), g,(x) = x + u(x) §(x).
Writing V for the derivative with respect to x € S, we get
Vg,(x)v = v + (du(x)v) §(x) + u(x)VE(x)v.

The set of u € C2(S) with llullc2(sy < 8, corresponds to a neighborhood of S in the space of sur-
faces with C? topology, sending u to S,, = g,,(S). The unit normal v, along g, is defined by the
equation N(u,v,) = 0 where

N : CX(S) x CY(S,R™) — C1(T'S) @ C(S), N(u,v) = (Vg,)'v %(mz ~1).

Now v,, = v° for u = 0, and we compute

D,[Vg,]0)p =§@dp + ¢V,
D,N(©0,v%) ¢ = ((v°,&) gradp + o(VE)*v®) @ {0},
D,N(0,v%)% = P @ (v5,9).

Evidently, D, N(0,v°) is an isomorphism, hence v : C%(S) — C!(S,R"), »(u) = v,,, is of class C'.
Moreover, at u = 0, its Fréchet derivative is

Dv(0)p = —((v*.§) grad g + p(VE)**). (69)
To describe perturbations of the affine plane, we consider the manifold
M ={(z,P) e R"xXR™" : PT =P =P? trP =m, Pz =0}.

For (z,P,u,v) € M X C?*(S) x Cl(FO,Pé) with [|ullczs) <, and lvllcory) < €, we define
F(z,P,u,v) € CY(T,,P}) by

F(z,P,u,0)(x) = Py PH(g,(E(X,0)) = 2)|ymp(r)- (70)
For |P — Py|? < %, we have |Péle|2 > % |PLw|?, which then implies
F(z,P,u,v) =0 <& g, (E(x,v(x))) €z+Pforallx eT,.
The function F has derivatives

D,F(zy,P;,0,0)p = P& and  D,F(z,,P,,0,0)n = 1. (71)
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Lemma 6.1. There exist §; € (0,6,], €, € (0,¢y] anda C mapn : U - V where

U= {(ZaP’u) € M X CZ(S) . |Z _ZO|7 |P _P()la ”u”CZ(S) < 5]}7

V={veC'TyP) : Ivlcir, <&k

such that the following statements hold.
(1) Forall (z,P,u) € U, x € Ty and v € P} with |v] < ¢, we have
WEE)EZ+P & v=nzPu)x). (72)
(2) The map y(z,P,u) : Ty = R", y(z,P,u)(x) = g,(E(x,v(x))) for v=mn(z,P,u) is a C'
parametrization of an (m — 1)-slice T'(z, P, u) of S,, in the plane z + P.

(3) 77(Z0:P0a0) =0 and Dun(ZO’PO7 0)¢ = _qDP(J)_g
Proof. Applying the implicit function theorem, we obtain neighborhoods U,V as claimed
such that the equation F(z,P,u,v) =0 is solved by a function v = 5(z,P,u), and hence,
g, (E(x,v(x))) € z + P for all x € T,;. Now consider

¢ UXTI, xPé - R", ¢(z,P,u,x,v) = PéPl(gu(E(x, v)) — z).
Assume that there are sequences (z;, Py, u;) — (24, Py, 0) and x; € Iy, such that

¢(Zk’Pkauksxk5 vk) = ¢(Zk7Pkauk’xk’ wk) = O,

where v, w, € Pé with vy, w, = 0and v, # w,. By compactness, we may assume that x, — x, €
I'y. Then, we obtain by subtracting

0 = ¢(zy, Py, Uy, Xie, i) — $(Zp, Py, Uy, X, V)

= D,¢(2y, Py, 0, Xy, 0)(wy, — vy)
1
+/ (DU¢(Zk’Pk’ U s Xi» twk + (1 — I)Uk) — DU¢(ZO7PO’ 0, X0 0)) . (wk - Uk) dt
0
= wy — U + o(Jwy — v ).
For k — o0, we get a contradiction, and the lemma follows. O

We now turn to orthogonal slices near I'y. For U as in Lemma 6.1, we define themap G : U —
CI(FO’ P(J)_) by

G(z, P, u)(x) = (Py P v, )(ECE, V) ymy(z ) (73)

We have G(z, P,u) = 0ifand only if y(z, P, u) parametrizes an orthogonal (m — 1)-slice of S,,. The
derivative D, G(z, P,,0) is the operator L, : C*(S) — C*(I', P;) given by

Lop = =Py ((v*, &) grad g + ¢ (VE)V* + 9 &), . @
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In Appendix B, we construct a right inverse R, : C'(T, P;) - C*(S) to L,. The space W, = im R,
is closed in C?(S), and we have the direct sum decomposition

C*(S) = ker Ly ® Wy, ¢ = ¢ — Ry(Lop) & Ry(Lo®). (75)
Thus, Loly, : Wy = CI(FO,Pé) is an isomorphism.
Lemma 6.2. There exist §, € (0,6,], €, € (0,&,] and a map g, € C(A,, W) where
Ay ={(z,P,x) e M xkerL, : |z — 2|, |P — Py, X llc2es) < 55},
such that foranyu = y + w € ker Ly @ W with ||u||c2(s) < &5, we have the equivalence
G(z,P,u)=0 < lxllcaesy < 6, and w = 90z, P, x).

‘We define the family of functions

é
CTo)={u=x+gy(z,P, x) : |z— 2|, |P = Py| < 72, Xl c2gs) < 623 (76)

For |[u]| < &,, we have u € C(I'y) if and only if the slice I'(z, P, u) is orthogonal to S,,, for some
(z.P) € M with |z — zo|, [P - Po| < 2.
In the following, we employ the Hausdorff distance dj;(T, T”) for slices T, T”.

Lemma 6.3. Thereisa constant § = 5(T,) > 0 such that whenever T is an orthogonal (m — 1)-slice
of Sy in z + Pwith dy (T, Ty), |lullczes) < 6 thenu € C(T).

Proof. Let Iy C zj + P be orthogonal (m — 1)-slices of S, , where dist;(Iy,I';) > 0 and
lug llc2(s) — 0. Then (zy, Py) (sub-)converges to some (z, P) € M, where Ty C z + P by Hausdorff
convergence. We must have (z, P) = (z,, P,), otherwise I, would be contained in an affine sub-
space of dimension at most (m — 1). For k large, we have I'; C U, (T'y)- Lemma 6.1(1) now implies
thatT', = I'(zy, Py, u;). We have n(z;, P, u;) — 0in Cl(FO,Pé). Now decompose u;, = y, + wy €
ker L, & W,,. Then |z; — 2|, |P; — Pyl < 5—22, lukllczsy < €5 and || xillcasy < 8, for k large. As T
is an orthogonal slice, we have

G(zy» Py, i )(x) = (Py Py, JE, O ymyzy payey =0 forall x € T,
Therefore, Lemma 6.2 and (76) yield u;, € C(T). O
This finishes the local analysis near I'y. The following lemma implies that the set O(S) of
orthogonal (m — 1)-slices of S, equipped with Hausdorff distance, becomes a compact metric
space.
Lemma 6.4. Let I'; be orthogonal (m — 1)-slices for Suk, where ||y |lc2cs) — 0. After passing

to a subsequence, the T, converge to an orthogonal (m — 1)-slice Iy # @ of S with respect to
Hausdorff distance.

SUORIPUOD PUe SWR L 33 885 *[20Z/0T/70] U ARigiauliuo A ‘Bungsbny (qigsiselseAIUN Aq 9.62T SWIIZTTT 0T/10p/w0d A8 1M Afeiq 1 jeu JU0"00syReLIPUO /SNy WOy papeojumod °€ ‘20z ‘052L69T

Ra i Arelq L

5UB01 SUOWILOD dA eI 3|gea ! |dde auy Aq peusenob ale saoiLe WO ‘8sh Jo Sajn. 1oy ARelq1 auliuO A3|IA UO (SUO1IPUCO-PI



38 of 42 | KUWERT and MULLER

Proof. We assume that Iy is contained in z, + P, where Pz, = 0. Arguing as in the proof of
Theorem 2, we get a point x; € z; + Py in Q,, with

k—
dist(x, Sy, ) > 0, - pg > 0.

We may assume P, — Py and x; — a € Q,whichimplies z, = P-x; — Pya =: z,. Now consider
apointy, = lim;_,, y, € Swherey, € I'. PuttingS; = S, , wehave V5 (yp) = lim_, , v5k(yy) €
zy + P,. Let Ax be the second fundamental form of T', as submanifold of R". As T is totally
geodesic in S;, we have

Ale(y)(v,w) = A%k (v,w) foranyv,w € T, T.

Hence, the norms || AT ||, « are bounded. Moreover, Lemma 2.6 implies a bound for the measures
[T |. After passing to a subsequence, we can assume

H™ ! T -y inCR".

We claim that I'; converges to I' : = spty in Hausdorff distance. First assume by contradiction
that there exist x;,, € I with

lim sup dist(x;, ) = & > 0.
k— o0
After passing to a subsequence, we get x, — x € I' and dist(x,T}) > § > 0, a contradiction.
Second, assume, again by contradiction, that there are x;, € I', with

lim sup dist(x;,I) > § > 0.
k—o0
There is a ¢ > 0 (the Langer radius) such that for any k and any x € I, the submanifold T,
contains a graphical piece given by a function

h @ T, T N By(x) > T, T} where [Dhy| <1,

see, for instance, [6, Theorem 2.6]. In particular, [T, N Bs(x;)| = ¢ > 0 uniformly, again a con-

2
tradiction. It remains to show that I' C S N (z, + P) is an (m — 1)-dimensional manifold. This
follows by representing the slices I'y locally as graphs, using the implicit function theorem as
before. O

Proof of Theorem 8. By Lemma 6.4, the set O(S) has a finite covering by the Hausdorff distance
balls

¢
O(S) = U Bai(l“l-) for §; = 6(T;) > 0 as in Lemma 6.3.
i=1

We claim that if S,, has an orthogonal (m — 1)-slice I for [|u||c2(s) small, then

Iﬂ
ue| JC; whereC; =CT)).

i=1
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Namely, let T, be orthogonal (m — 1)-slices of Sy, where u; — 0 in C?(S). By Lemma 6.4, we
can assume that the F’ converge to an orthogonal (m — 1)-slice T of S. Now I € B, (T;) for some
ie{l,..,tL1t follows that dH(Fk, I';) < §; for k large. But then u;, € C; by Lemma 6.3.

It is easy to see that C; N BQ(O) is closed in BQ(O) for ¢ > 0 small. For given u € BQ(O) NC;, we
now construct a perturbation u’ € U; = BQ(O)\Cl-. Decompose u = y + w and choose a subspace
X c W, of dimension dim M + 1 with w € X. Here, W; is the space introduced in (75) for I';. By
Hahn-Banach, there is a continuous projection Q : W; — X. Consider the C! map

)
p:M = {(Z,P) EM : |z -2z, |P— Pyl < 72} - X, ¢(z,P) = Q(gi(z, P, ).
The image of ¢ is a Lebesgue null set in X. Thus, there exists w’ € X n B, (w) with

w' & Q(g;(M', x)), in particular, w’ & g;(M’, ) N X.

It follows thatu’ = y + w’ € U;. Moreover, for those j € {1, ..., £} for which u is already in Uj, we
can arrange that alsou’ € U, by choosing the perturbation sufficiently small. Repeating this step

at most ¢ times yields a function u, € ﬂ ;» which means that S,, has no orthogonal slices.
By approximation, we even obtain a smooth surface with that property, applying Lemma 6.4. This
finishes the proof of statement (1) in Theorem 8.

For statement (2), consider a sequence Q,, with [luy[lc2(5) — 0, where Q,, has an orthogonal
m-slice Ay in z; + P;. By Lemma 6.4, we may assume (z;, P;) — (z,P), and I';, = 0A; converges
in Hausdorff distance to an orthogonal (m — 1)-slice I" (possibly with several components) of S.
Now put

={xe(z+P\I': x= kh_)rr)l<J x,; for some x;, € A }.

By the argument of Theorem 2 that was also used in Lemma 6.4, there are points a;, € A, with
dist(ay, S) = ¢5 > 0, thus A # fJ. Now if x € A and ¢ < dist(x, T), then (z;, + P,) N B,(x) C A for
k large, hence (z + P) N Be(x) C A. This shows that A is open and relatively closed in (z + P)\T,
and hence, A is an orthogonal m-slice of Q. The proof of Theorem 8 is now complete. O

APPENDIX A

The following disintegration theorem is used in the paper. We refer to [17], Lemma 38.4, and [3],
Theorem 5.3.1, for further information.

Theorem A.1 (Disintegration). Let y be a Radon measure on X X Y with compact support, where
X,Y are metric spaces, and denoteby w : X XY — Y the projection map. Then 3 = 7,y is a Radon
measure, and there is a -a.e. uniquely determined family (a,),cy of Radon probability measures
on X, such that for any Borel function ¢ : X XY — [0, o], one has

$dy = /Y /X $(x, ) da, (x) dB(). (AD)

XXY

APPENDIX B

In this appendix, we construct the (bounded, linear) right inverse R, as announced in
Equation (74). We first construct R, on R" = R™ X RP.

Lemma B.1. There exists a bounded operator R, : CO(R™,RP) — C'(R") such that

Ryp(x,0) =0 and grad(Ryp)(x,0) = (0,9(x)) forallx € R™.
Moreover, [|Ry|l ci+1(rny < Ci 1Pl ckmmy and (Ryp)(x, z) = 0 for dist(x, spt¥) > |z|.
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Proof. Fix n € C}(R™) with support in B;(0) and weight /., n(x)dx = 1. For ¢ € C°(R™), we
define u € CO(R™ x R) by

u(x,z) =z, * P)(x) wheren, * P(x) = /R nplx —zy)dy.

Clearly, u(x,0) = 0. For z # 0, we have, putting o, , = (sign )",
_ X —
O« D) =0z [ 20( 522 ) 90
RmM zZ

Differentiating under the integral and transforming back yields

oux,2) = [ an»)wx—zdy fori=1..m
Rm

o u(x,z) = / nP(x —zy)dy — / (mn(y) +) y"am(y)> P(x — zy)dy.
R R i=1

Thus, Du € COR™*, R™*1) and |ul|c1gm+1y < C [|9]lcom)- Since 7 has weight one while m»n +
y - Dn =div (n(y)y) has weight zero, we conclude d,u(x, 0) = ¢(x). Now assume ) € CK(R™) for
some k > 1. We have for any « € N, s € N, with |a| + s =k

643, (n, * P)(x,2) = / Y 50) 3 P(x—2y)dy, where

m
R™ genm:|B|=s

ns(») = (=) ;—’!n(y)yﬁ .

For s = 0, we have 0%(z 7, * ) = z3%(n, * ) = zn, * 0%, while for s > 1,
0%(0,) (21, * ) = 20%(0,)°(n; * ) +50%(3,)° " (n; * )
= )z, x*FPp+s Y (np), x Py,

BENT:|Bl=s BENG :1Bl=s—1

The second sum involves only derivatives of order at most k — 1. For the first sum, we apply
the argument above, with 7 replaced by 7. This shows 6%(3,)*(z 7, * 1) € C'(R™*!) and hence
zn, * P € CKHL(R™*1), To prove the theorem, we finally put u(x,z) = Eﬁ.’:l u;j(x,z) where
uj(x,z) = Zle Zjn;, * ¥;(x). The claim follows immediately defining Ry = u. 1

Before we proceed to the general case, we observe that if spt(;) C W for all j=1,..,p,
then for each ¢ > 0, one may also achieve that spt(Ry)) C B, \/ﬁe(W) X (—¢,€)P. Indeed, let a €
C((—€,€)P) be a fixed function such that « =1 on (—%, %)P and look at R, : CO(R™,RP) —
CY(R™) defined via

Ro)(x, 2) = a(z)(ReP)(x, 2). (B.D)

Clearly, R, has all the properties in the statement of the previous lemma. Moreover, (x,z) €
spt(Ryy) implies z € (—¢,€)? and (x,z) € spt(Ry®). One infers |z| < \/1_96 and by the previous
lemma, this means dist(x, spt()) < y/pe.
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Lemma B.2. Let N be an n-dimensional C'-manifold and M be a compact m-dimensional
Cl-submanifold without boundary, 1> 1. Then, there exists a bounded linear operator R :
CO(M, (TM)L) - CL(N) such that

Roplyy =0 and  grad Rypp|y = 9.
Further, |Ryp | ek vy < CM, N)IIpllcrppy forallk = 0, ..., 1 — 1.

Proof. Let M and N be as in the statement and 3 € C*~1(M, (TM)') be arbitrary. It is possible to
choose a finite collection of open sets Uy, ..., U, C N covering M and maps ¢ i € C’(U s R™) that
are diffeomorphisms onto their images and satisfy ® j(U inM )= j(U j) N R™. Note, in particu-
lar, that D®;(x)(T M) = R™. Letnow 3y, ..., 8, be a partition of unity for M such that 8; € Cé(M N
Uj) for all j. By openness of U}, it is possible to choose € > 0 such that B, \/Ee(dJ j(spt(,B j))) X
(=€,€)P cC @;(U;) forall j = 1,...,r. Next define w; := ﬁj[(DCDj)*]_lzpoCD]Tl andu : N - Rto
be

u(x) = Y’ Ryw(@;(x)),
j=1

where R, is chosen as in (B.1) with € > 0 as above, in particular one has spt(R,w J-) cco j(U j).
We remark that for the well-definedness and C¥*!-smoothness of R,w j» we need to ensure that
w; € CK(R™,RP). This is due to the fact that Do; e C'~! and maps TM to R™, which implies that
(DD j)* maps RP to (TM)*. One readily checks that u|,; = 0 and with the chain rule one obtains
forxeM

grad)(x) = ) D®;(x)* (grad(Ryw,)(®;(x))

j=1
= X, D2;(0)"(B;()D®;(x)) () = ().
j=1

The claim follows now defining Ry = u. From the explicit construction, one easily deduces the
desired operator norm estimates for R,,. O
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