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Abstract
We consider the class 𝐒𝑚

⟂
(Ω) of 𝑚-dimensional surfaces

in Ω ⊂ ℝ𝑛 that intersect 𝑆 = 𝜕Ω orthogonally along the
boundary. A piece of an affine𝑚-plane in 𝐒𝑚

⟂
(Ω) is called

an orthogonal slice. We prove estimates for the area by
the 𝐿𝑝 integral of the second fundamental form in three
cases: first, when Ω admits no orthogonal slices, sec-
ond for𝑚 = 𝑝 = 2 if all orthogonal slices are topological
disks, and finally, for allΩ if the surfaces are confined to
a neighborhood of 𝑆. The orthogonality constraint has
a weak formulation for curvature varifolds. We classify
those varifolds of vanishing curvature. As an applica-
tion, we prove for any Ω the existence of an orthogonal
2-varifold that minimizes the 𝐿2 curvature in the integer
rectifiable class.

MSC 2020
28A75 (primary), 49Q15, 49Q20 (secondary)

1 INTRODUCTION

For a bounded domain Ω ⊂ ℝ𝑛 of class 𝐶2, consider the class 𝐒𝑚
⟂
(Ω) of compact 𝐶1 immersed

submanifolds Σ ↪ Ω of dimension 𝑚 ⩽ 𝑛 − 1, which are 𝐶2 in the interior and meet 𝑆 = 𝜕Ω
orthogonally along their boundary. Denoting by 𝜈𝑆 the unit normal interior to Ω, the condition
means that 𝜈𝑆 ∈ 𝑇Σ along 𝜕Σ ↪ 𝑆. A natural variational problem in the class 𝐒𝑚

⟂
(Ω) is tominimize

the 𝐿𝑝 curvature energy

𝑝(Σ) = ∫Σ |𝐴Σ|𝑝 𝑑𝜇Σ where 1 ⩽ 𝑝 < ∞.
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article under the terms of the Creative Commons Attribution License, which permits use, distribution and reproduction in any medium,
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In [1], Alessandroni and the first author constructed critical points of theWillmore energy subject
to the orthogonality constraint, but only in the class of surfaces with small prescribed area. Here,
in Section 5, we address the global problem in the case when the area is not fixed a priori. Area
bounds depending on the curvature energy then play a key role, and they are also of indepen-
dent interest. It turns out that the area of surfaces in 𝐒𝑚

⟂
(Ω) has an upper bound in terms of the

curvature energy, unless the domain Ω is special.

Definition 1.1 (Orthogonal slices). Let 𝑥0 + 𝑃 ⊂ ℝ𝑛 be an affine 𝑚-plane. Any component Δ ≠
∅ of int(Ω ∩ (𝑥0 + 𝑃)) will be called an 𝑚-slice of Ω. Δ is an orthogonal 𝑚-slice if it meets 𝑆
orthogonally along its boundary, that is,

𝜈𝑆(𝑥) ∈ 𝑃 for all 𝑥 ∈ 𝜕Δ.

We have the following estimate.

Theorem 1 (Mass bounds). Assume that Ω ⊂ ℝ𝑛 has no orthogonal 𝑚-slice. Then, there is a
constant 𝐶 < ∞ depending on 𝑛,𝑚, 𝑝 andΩ, such that

|Σ| + |𝜕Σ| ⩽ 𝐶 ∫Σ |𝐴Σ|𝑝 𝑑𝜇Σ for any Σ ∈ 𝐒𝑚⟂ (Ω). (1)

Moreover, for𝑚 = 𝑝 = 2, the Euler characteristic is also estimated by

|𝜒(Σ)| ⩽ 𝐶 ∫Σ |𝐴Σ|2 𝑑𝜇Σ for any Σ ∈ 𝐒2⟂(Ω). (2)

We also obtain bounds for general 𝐶2 domainsΩ if we restrict to surfaces Σ that are supported
in a neighborhood of 𝑆 = 𝜕Ω. More precisely, let 𝜚𝑆 > 0 be the supremum of all 𝜚 > 0 such that
the map

𝑆 × [0, 𝜌) → 𝑈+
𝜌 (𝑆), (𝑥, 𝑟) ↦ 𝑥 + 𝑟𝜈𝑆(𝑥),

is a diffeomorphism. Here, 𝑈+
𝜌 (𝑆) denotes the one-sided tubular neighborhood of 𝑆.

Theorem2 (Bounds near the boundary). LetΩ ⊂ ℝ𝑛 be a bounded domain of class𝐶2 with bound-
ary 𝑆 = 𝜕Ω. Then, for any 𝛿 ∈ (0, 𝜚𝑆), there is a constant 𝐶 = 𝐶(𝑛,𝑚, 𝑝,Ω, 𝛿) < ∞ such that for
Σ ∈ 𝑆𝑚

⟂
(Ω),

|Σ| + |𝜕Σ| ⩽ 𝐶 ∫Σ |𝐴Σ|𝑝 𝑑𝜇Σ whenever Σ ⊂ 𝑈+
𝛿
(𝑆). (3)

For𝑚 = 𝑝 = 2, the Euler characteristic 𝜒(Σ) has a corresponding bound.

A variant of Theorem 1 in the case𝑚 = 𝑝 = 2 is as follows.

Theorem 3 (Bounds for surfaces). Let Ω ⊂ ℝ𝑛 be a bounded domain of class 𝐶2. Assume that all
orthogonal 2-slices of Ω are topological disks. Then, there is a constant 𝐶 < ∞ depending on 𝑛 and
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Ω such that

|Σ| + |𝜕Σ| + |𝜒(Σ)| ⩽ 𝐶

(
∫Σ |𝐴Σ|2 𝑑𝜇Σ + 𝜒(Σ)+

)
for any Σ ∈ 𝐒2⟂(Ω). (4)

For Σ connected, we have 𝜒(Σ)+ = 1 if Σ is a disk and 𝜒(Σ)+ = 0 otherwise. We note that The-
orem 3 applies to any convex 𝐶2 domain. In Chapter 4, we give an example showing that the
assumptions in both Theorems 1 and 3 cannot be dropped.
There are a number of papers dealing with curvature–mass relations for confined curves and

surfaces. Müller and Röger consider closed two-dimensional surfaces with the type of a sphere in
a three-dimensional domain, for example, a ball [15].We also refer to thework of Pozzetta [16] and
the references therein. In a different direction, Colding andMinicozzi proved compactness results
for sequences of embedded minimal surfaces in 3-manifolds, see, for instance, [7]. A problem
that is more closely related to the present paper is studied by Mondino [14], proving mass bounds
for 𝑚-varifolds in a Riemannian manifold in terms of their curvature. He applies the concept of
curvature varifolds due to Hutchinson [11]. The mass bounds are obtained under the condition
that there exist no varifolds with zero curvature. In the special case𝑚 = 2, it is actually sufficient
to rule out smooth totally geodesic immersions, see [4]. In our case, we need to introduce a weak
formulation of orthogonality along the boundary for general curvature varifolds. For this, we build
on the notion of varifolds with boundary, defined and studied by Mantegazza [13].

Definition 1.2 (Orthogonal boundary). Let 𝑉 be an 𝑚-varifold in ℝ𝑛 with curvature 𝐵 ∈ 𝐿1(𝑉)
and support in Ω, and let Γ be an (𝑚 − 1)-varifold in 𝑆 = 𝜕Ω. We say that 𝑉 is orthogonal to 𝑆
along Γ if for all 𝜙 ∈ 𝐶1(ℝ𝑛 × ℝ𝑛×𝑛, ℝ𝑛),

∫ℝ𝑛×𝐺(𝑚,𝑛)
(𝐷𝑃𝜙 ⋅ 𝐵 + ⟨tr 𝐵, 𝜙⟩ + ⟨𝐷𝑥𝜙, 𝑃⟩) 𝑑𝑉(𝑥, 𝑃) (5)

= −∫𝐺𝑚−1(𝑇𝑆)
⟨𝜈𝑆(𝑥), 𝜙(𝑥, 𝜈𝑆(𝑥) ∧ 𝑄)⟩𝑑Γ(𝑥, 𝑄).

Here, 𝜈𝑆(𝑥) ∧ 𝑄 denotes the𝑚-plane spanned by 𝜈𝑆(𝑥) and𝑄. The varifold Γ in the definition is
uniquely determined, and the class of varifolds 𝑉 satisfying the definition (for some Γ) is denoted
by 𝐂𝐕𝑚

⟂
(Ω).

In Section 2, we classify varifolds 𝑉 ∈ 𝐂𝐕𝑚
⟂
(Ω) having curvature 𝐵𝑉 = 0; using disintegration,

we derive a formula to which only the slices orthogonal to Ω contribute. In Section 3, we then
consider the infimum

𝜘𝑚,𝑝(Ω) = inf
{‖𝐵𝑉‖𝑝𝐿𝑝(𝑉) ∶ 𝑉 ∈ 𝐂𝐕𝑚

⟂ (Ω), 𝐌(𝑉) = 1
}
. (6)

We prove the following generalization of Theorem 1.

Theorem 4 (Varifold bounds). Let Ω ⊂ ℝ𝑛 be a bounded domain of class 𝐶2. If Ω has no orthog-
onal𝑚-slices, then 𝜘𝑚,𝑝(Ω) > 0 for all 𝑝 ∈ [1,∞). Moreover, for any 𝑉 ∈ 𝐂𝐕𝑚

⟂
(Ω) with associated

boundary varifold Γ, we have

𝐌(𝑉) ⩽
1

𝜘𝑚,𝑝(Ω)
‖𝐵𝑉‖𝑝𝐿𝑝(𝑉), (7)
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4 of 42 KUWERT and MÜLLER

𝐌(Γ) ⩽ 𝐶 ‖𝐵𝑉‖𝑝𝐿𝑝(𝑉) where 𝐶 = 𝐶(𝑛,𝑚, 𝑝,Ω). (8)

In the final section, this result is applied to a variational problem.

Theorem 5 (Existence of minimizers). For a bounded domainΩ ⊂ ℝ𝑛 of class 𝐶3, let 𝐈𝐂𝐕2
⟂
(Ω) be

the class of varifolds in 𝐂𝐕2
⟂
(Ω) that are integer rectifiable. Then the following infimum is attained:

𝜘(Ω) = inf
{‖𝐵𝑉‖2𝐿2(𝑉) ∶ 𝑉 ∈ 𝐈𝐂𝐕2

⟂(Ω), 𝑉 ≠ 0
}
. (9)

The fact that the mass is not prescribed a priori poses a key difficulty. But since any orthogonal
2-slice is a minimizer, we may restrict to the case when such slices do not exist. Then Theorem 4
applies to give an upper mass bound. The lower bound is proved by contradiction. We show that
if a minimizing sequence 𝑉𝑘 would converge to zero, then

lim inf
𝑘→∞ ∫Ω |𝐵𝑉𝑘

|2 𝑑𝑉𝑘 ⩾ 8𝜋 = ∫𝕊2+
|𝐵𝕊2 |2 𝑑𝜇𝕊2 ,

where 𝕊2+ denotes the upper half sphere. However, a comparison surface strictly below 8𝜋 is con-
structed in Lemma 5.1. We note that our proof of Theorem 5 would apply to 𝑚-varifolds with
curvature in 𝐿𝑚, once the round𝑚-sphere was known to minimize 𝐿𝑚 curvature among varifolds
in ℝ𝑛.
In Section 6, we prove that any compact 𝐶2 hypersurface 𝑆 ⊂ ℝ𝑛 has a 𝐶2 approximation by

smooth surfaces 𝑆𝑖 that have no orthogonal𝑚-slices. In particular, the assumption of Theorems 1
and 4 is generically satisfied.

2 PRELIMINARIES

We derive in this section a weak formulation of the orthogonality constraint that applies to var-
ifolds. For this, we recall briefly the definition of curvature varifolds due to Hutchinson [11], see
also Mantegazza [13].
For an open set𝑈 ⊂ ℝ𝑛, we consider first the class of𝑚-dimensional, properly embedded sub-

manifoldsΣ ⊂ 𝑈. TheGrassmannian𝐺(𝑚, 𝑛) of𝑚-dimensional subspaces ofℝ𝑛 will be identified
with the set of orthogonal projections 𝑃 ∈ ℝ𝑛×𝑛 of rank𝑚. OnΣwe then have the associatedGauß
map

𝑃 ∶ Σ → 𝐺(𝑚, 𝑛) ⊂ ℝ𝑛×𝑛, 𝑃(𝑥) = 𝑇𝑥Σ. (10)

The tangential and normal components of a vector 𝑋 ∈ ℝ𝑛 are denoted by 𝑃𝑋 = 𝑋⊤ and 𝑃⟂𝑋 =
𝑋⟂. In the space 𝐵𝐿(ℝ𝑛 × ℝ𝑛, ℝ𝑛) of ℝ𝑛-valued bilinear forms, we define

𝐵(𝑥)(𝑣, 𝑤) = (𝐷𝑣⊤𝑃)(𝑥)𝑤 for 𝑥 ∈ Σ, and 𝑣, 𝑤 ∈ ℝ𝑛. (11)

The second fundamental form 𝐴(𝑥) is a component of 𝐵(𝑥). More precisely,

𝐵(𝑥)(𝑣, 𝑤)⟂ = 𝐷𝑣(𝑃𝑤)(𝑥)
⟂ = 𝐴(𝑥)(𝑣, 𝑤) for 𝑣, 𝑤 ∈ 𝑇𝑥Σ. (12)
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CURVATURE VARIFOLDS WITH ORTHOGONAL BOUNDARY 5 of 42

Reversely, 𝐵(𝑥) can be expressed by 𝐴(𝑥): for a tangent frame 𝜏𝛼 = 𝜏𝛼(𝑥), 1 ⩽ 𝛼 ⩽ 𝑚, and fixed
𝑣 ∈ 𝑇𝑥Σ, 𝑤 ∈ ℝ𝑛, we compute

𝐷𝑣𝑃 ⋅ 𝑤 = 𝐷𝑣(𝑃𝑤)

= [𝐷𝑣(𝑃𝑤)]
⟂ +

𝑚∑
𝛼=1

⟨𝐷𝑣(𝑃𝑤), 𝜏𝛼⟩ 𝜏𝛼
= 𝐴(𝑣, 𝑤⊤) −

𝑚∑
𝛼=1

⟨𝐷𝑣(𝑃
⟂𝑤), 𝜏𝛼⟩ 𝜏𝛼 ( as 𝐷𝑣𝑤 = 0)

= 𝐴(𝑣, 𝑤⊤) +
𝑚∑
𝛼=1

⟨𝑤⟂,𝐷𝑣𝜏𝛼⟩ 𝜏𝛼.
By definition of the second fundamental form, we conclude

𝐵(𝑣, 𝑤) = 𝐴(𝑣⊤,𝑤⊤) +
𝑚∑
𝛼=1

⟨
𝐴
(
𝑣⊤, 𝜏𝛼

)
, 𝑤⟂⟩ 𝜏𝛼 for all 𝑣, 𝑤 ∈ ℝ𝑛. (13)

In particular, |𝐵(𝑣, 𝑤)|2 = |𝐴(𝑣⊤,𝑤⊤)|2 +∑𝑚
𝛼=1⟨𝐴(𝑣⊤, 𝜏𝛼), 𝑤⟩2. Choosing an orthonormal basis

𝑣𝑘 of ℝ𝑛 with 𝑣𝛼 = 𝜏𝛼 for 𝛼 = 1,… ,𝑚, we obtain

|𝐵|2 = 𝑚∑
𝛼,𝛽=1

|𝐴(𝜏𝛼, 𝜏𝛽)|2 + 𝑛∑
𝑘=𝑚+1

𝑚∑
𝛼,𝛽=1

⟨𝐴(𝜏𝛼, 𝜏𝛽), 𝑣𝑘⟩2 = 2 |𝐴|2. (14)

Furthermore, the mean curvature vector is the trace of 𝐵, that is,

tr 𝐵 =
𝑛∑

𝑘=1

𝐵(𝑣𝑘, 𝑣𝑘) =
𝑚∑
𝛼=1

𝐴(𝜏𝛼, 𝜏𝛼) = 𝐻. (15)

For completeness, we note also the other traces,

𝑛∑
𝑘=1

⟨𝐵(𝑣𝑘, 𝑤), 𝑣𝑘⟩ = ⟨𝐻,𝑤⟩ and
𝑛∑

𝑘=1

⟨𝐵(𝑣, 𝑣𝑘), 𝑣𝑘⟩ = 0.

To derive the first variation formula on Σ, we now compute

divΣ 𝑋
⊤ = divΣ 𝑋 + ⟨𝐻,𝑋⟩ for any 𝑋 ∈ 𝐶1(Σ, ℝ𝑛). (16)

Substituting 𝑋(𝑥) = 𝜙(𝑥, 𝑃(𝑥)) where 𝜙 ∈ 𝐶1(Ω × ℝ𝑛×𝑛, ℝ𝑛), we get

divΣ 𝑋 =
⟨
𝐷𝜏𝛼

𝑋, 𝜏𝛼
⟩
=
⟨
𝐷𝑥𝜙(𝑥, 𝑃)𝜏𝛼, 𝜏𝛼

⟩
+
⟨
𝐷𝑃𝜙(𝑥, 𝑃)𝐷𝜏𝛼

𝑃, 𝜏𝛼
⟩
.

Using the Hilbert–Schmidt scalar product, we can write⟨
𝐷𝑥𝜙(𝑥, 𝑃)𝜏𝛼, 𝜏𝛼

⟩
= ⟨𝐷𝑥𝜙(𝑥, 𝑃), 𝑃⟩.

Furthermore, recalling the definition of 𝐵, we have⟨
𝐷𝑃𝜙(𝑥, 𝑃)𝐷𝜏𝛼

𝑃, 𝜏𝛼
⟩

=
⟨
𝐷𝑃𝜙(𝑥, 𝑃)𝐵(𝜏𝛼, ⋅), 𝜏𝛼

⟩
=

⟨
𝐷𝑃𝜙(𝑥, 𝑃)𝐵(𝑒𝑖, ⋅), 𝑒𝑖

⟩
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6 of 42 KUWERT and MÜLLER

= 𝜕𝑃𝑘
𝑗
𝜙𝑖(𝑥, 𝑃)𝐵𝑘𝑖𝑗

=∶ 𝐷𝑃𝜙(𝑥, 𝑃) ⋅ 𝐵.

Collecting terms, we obtain from (16), for 𝑋(𝑥) = 𝜙(𝑥, 𝑃(𝑥)),

divΣ𝑋
𝑇 = 𝐷𝑃𝜙(𝑥, 𝑃) ⋅ 𝐵 + ⟨tr 𝐵, 𝜙(𝑥, 𝑃)⟩ + ⟨𝐷𝑥𝜙(𝑥, 𝑃), 𝑃⟩. (17)

Now associate to Σ the 𝑚-varifold 𝑉 = 𝑉Σ in 𝑈 with weight measure 𝜇Σ = 𝑚⌞Σ and measure
𝑉𝑥 = 𝛿𝑇𝑥Σ on 𝐺(𝑚, 𝑛), for each 𝑥 ∈ Σ. If 𝑋(𝑥) = 𝜙(𝑥, 𝑃(𝑥)) has compact support in Σ, then

∫Σ divΣ𝑋
⊤ 𝑑𝜇Σ = ∫𝑈×𝐺(𝑚,𝑛)

(𝐷𝑃𝜙(𝑥, 𝑃) ⋅ 𝐵 + ⟨tr 𝐵, 𝜙(𝑥, 𝑃)⟩ + ⟨𝐷𝑥𝜙(𝑥, 𝑃), 𝑃⟩) 𝑑𝑉(𝑥, 𝑃).
On the basis of this calculation, Hutchinson gave the following definition.

Definition 2.1 (Varifold curvature). Let 𝑉 be a varifold in 𝑈 ⊂ ℝ𝑛. We say that 𝑉 has weak
curvature 𝐵 ∈ 𝐿1

loc
(𝑉), where 𝐵(𝑥, 𝑃) ∈ 𝐵𝐿(ℝ𝑛 × ℝ𝑛, ℝ𝑛), if for any 𝜙 ∈ 𝐶1(𝑈 × ℝ𝑛×𝑛, ℝ𝑛) with

compact support in 𝑈, we have the identity

∫𝑈×𝐺(𝑚,𝑛)
(𝐷𝑃𝜙(𝑥, 𝑃) ⋅ 𝐵 + ⟨tr 𝐵, 𝜙(𝑥, 𝑃)⟩ + ⟨𝐷𝑥𝜙(𝑥, 𝑃), 𝑃⟩) 𝑑𝑉(𝑥, 𝑃) = 0. (18)

For test functions 𝜙 = 𝜙(𝑥), the identity simplifies as follows, see [17, Lemma 38.4],

𝛿𝑉(𝜙) = ∫𝑈×𝐺(𝑚,𝑛)
⟨𝐷𝜙(𝑥), 𝑃⟩𝑑𝑉(𝑥, 𝑃)

= −∫𝑈×𝐺(𝑚,𝑛)
⟨tr 𝐵(𝑥, 𝑃), 𝜙(𝑥)⟩𝑑𝑉(𝑥, 𝑃)

= −∫𝑈
⟨
∫𝐺(𝑚,𝑛)

tr 𝐵(𝑥, 𝑃) 𝑑𝑉𝑥(𝑃), 𝜙(𝑥)
⟩
𝑑𝜇𝑉(𝑥).

As |tr 𝐵| ⩽√𝑚 |𝐵|, we have for 𝐾 = spt 𝜙 × 𝐺(𝑚, 𝑛)

|𝛿𝑉(𝜙)| ⩽√𝑚 ‖𝐵‖𝐿1(𝑉,𝐾) ‖𝜙‖𝐶0(𝑈).

Therefore, Definition 2.1 implies that 𝑉 has weak mean curvature in 𝑈 given by

𝐻𝑉(𝑥) = ∫𝐺(𝑚,𝑛)
tr 𝐵(𝑥, 𝑃) 𝑑𝑉𝑥(𝑃) ∈ 𝐿1loc(𝜇𝑉). (19)

Now assume that Σ is a compact 𝐶1-submanifold with boundary 𝜕Σ, which is 𝐶2 in the interior
andwith second fundamental form𝐴Σ ∈ 𝐿𝑝(𝜇Σ), 𝑝 ⩾ 1. Denote by 𝜂 the interior conormal and by
𝜎𝜕Σ the induced boundary measure. We approximate Σwith compact 𝐶1-subdomains Σ𝜀 ⊂ int(Σ)
such that 𝜕Σ𝜖 goes to 𝜕Σ in the 𝐶1-topology. Notice that

∫Σ𝜀 divΣ𝑋
⊤ 𝑑𝜇Σ = −∫𝜕Σ𝜀⟨𝑋, 𝜂𝜖⟩𝑑𝜎𝜕Σ𝜀 𝜀→0

⟶ −∫𝜕Σ⟨𝑋, 𝜂⟩𝑑𝜎𝜕Σ.
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CURVATURE VARIFOLDS WITH ORTHOGONAL BOUNDARY 7 of 42

Inserting (17) and passing to the limit 𝜀 → 0, thereby using 𝐴Σ ∈ 𝐿𝑝, we obtain for 𝑉 = 𝑉Σ the
formula of Mantegazza (see [13, Section 3])

∫𝑈×𝐺(𝑚,𝑛)
(𝐷𝑃𝜙(𝑥, 𝑃) ⋅ 𝐵 + ⟨tr 𝐵, 𝜙(𝑥, 𝑃)⟩ + ⟨𝐷𝑥𝜙(𝑥, 𝑃), 𝑃⟩) 𝑑𝑉(𝑥, 𝑃) = −∫𝜕Σ⟨𝑋, 𝜂⟩𝑑𝜎𝜕Σ.

Our interest is in the case when Σ ⊂ Ω meets 𝑆 = 𝜕Ω orthogonally along the boundary. This
is true if and only if the last equation holds true with 𝜂 = 𝜈𝑆|𝜕Σ. Motivated by this, we derive
the following weak formulation. We associate to 𝜕Σ the (𝑚 − 1)-varifold Γ, that is, Γ is a Radon
measure on the bundle

𝐺𝑚−1(𝑇𝑆) = {(𝑥, 𝑄) ∶ 𝑥 ∈ 𝑆, 𝑄 ∈ 𝐺(𝑚 − 1, 𝑛), 𝑄 ⊂ 𝑇𝑥𝑆}.

For 𝑝 ∶ 𝐺𝑚−1(𝑇𝑆) → 𝑆, 𝑝(𝑥, 𝑄) = 𝑥, we have the weight measure

𝑝∗Γ = 𝑚−1⌞𝜕Σ =∶ 𝜎Γ,

and the vertical measure Γ𝑥 = 𝛿𝑇𝑥(𝜕Σ) for 𝑥 ∈ 𝜕Σ. Thus, for 𝜓 ∈ 𝐶0(𝐺𝑚−1(𝑇𝑆)),

∫𝜕Σ 𝜓(𝑥, 𝑇𝑥(𝜕Σ)) 𝑑𝜎𝜕Σ(𝑥) = ∫𝑆 ∫𝐺𝑚−1(𝑇𝑥𝑆)
𝜓(𝑥, 𝑄) 𝑑Γ𝑥(𝑄) 𝑑𝜎Γ(𝑥) = Γ(𝜓).

In order to state the orthogonality condition, we adopt the following notation: for 𝑄 ∈ 𝐺𝑚−1(ℝ
𝑛)

and 𝑣 ∈ ℝ𝑛 with 𝑣 ∉ 𝑄, we denote by 𝑣 ∧ 𝑄 ∈ 𝐺𝑚(ℝ
𝑛) the span of 𝑄 and 𝑣. In particular, if Σ

meets 𝑆 orthogonally, then 𝑃(𝑥) = 𝜈𝑆(𝑥) ∧ 𝑇𝑥(𝜕Σ), and for any 𝜙 ∈ 𝐶1(Ω × ℝ𝑛×𝑛, ℝ𝑛), we can
write putting 𝑋(𝑥) = 𝜙(𝑥, 𝑃(𝑥))

∫𝜕Σ⟨𝜈𝑆, 𝑋⟩𝑑𝜎𝜕Σ = ∫𝜕Σ
⟨
𝜈𝑆(𝑥), 𝜙

(
𝑥, 𝜈𝑆(𝑥) ∧ 𝑇𝑥(𝜕Σ)

)⟩
𝑑𝜎Γ(𝑥)

= ∫𝐺𝑚−1(𝑇𝑆)
⟨𝜈𝑆(𝑥), 𝜙(𝑥, 𝜈𝑆(𝑥) ∧ 𝑄)⟩𝑑Γ(𝑥, 𝑄).

This suggests the following.

Definition 2.2 (Orthogonal boundary). Let 𝑉 be an 𝑚-varifold in ℝ𝑛 with curvature 𝐵 ∈ 𝐿1(𝑉)
and support in Ω, and let Γ be an (𝑚 − 1)-varifold in 𝑆 = 𝜕Ω. We say that 𝑉 is orthogonal to 𝑆
along Γ if for all 𝜙 ∈ 𝐶1(ℝ𝑛 × ℝ𝑛×𝑛, ℝ𝑛),

∫ℝ𝑛×𝐺(𝑚,𝑛)
(𝐷𝑃𝜙 ⋅ 𝐵 + ⟨tr 𝐵, 𝜙⟩ + ⟨𝐷𝑥𝜙, 𝑃⟩) 𝑑𝑉(𝑥, 𝑃) (20)

= −∫𝐺𝑚−1(𝑇𝑆)
⟨𝜈𝑆(𝑥), 𝜙(𝑥, 𝜈𝑆(𝑥) ∧ 𝑄)⟩𝑑Γ(𝑥, 𝑄).

The class of varifolds 𝑉 satisfying the definition (for some Γ) is denoted by 𝐂𝐕𝑚
⟂
(Ω).

Remark 2.3. A notion of orthogonality at the boundary can be defined also for varifolds𝑉 that only
have mean curvature in 𝐿1(𝜇𝑉). For a given Radon measure 𝜎 on 𝑆, one says that 𝑉 is orthogonal
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8 of 42 KUWERT and MÜLLER

along 𝜎 if for all 𝜙 ∈ 𝐶1
𝑐 (ℝ

𝑛, ℝ𝑛),

𝛿𝑉(𝜙) = ∫ℝ𝑛×𝐺(𝑚,𝑛)
⟨𝐷𝜙, 𝑃⟩𝑑𝑉(𝑥, 𝑃) = −∫ℝ𝑛

⟨𝐻𝑉, 𝜙⟩𝑑𝜇𝑉 − ∫𝑆⟨𝜈𝑆(𝑥), 𝜙(𝑥)⟩𝑑𝜎(𝑥).
Definition 2.2 implies that this property for 𝐻𝑉 is as in (19) and 𝜎 = 𝜎Γ, the weight measure of Γ.
To employ test functions depending on 𝑃, Definition 2.2 will be needed.

Lemma 2.4. The boundary varifold Γ in Definition 2.2 is unique if it exists.

Proof. Subtracting the identities, we get by Radon–Nikodym a signed measure Λ on 𝐺𝑚−1(𝑇𝑆)
such that for all 𝜙 ∈ 𝐶1(ℝ𝑛 × ℝ𝑛×𝑛, ℝ𝑛)

∫𝐺𝑚−1(𝑇𝑆)
⟨𝜈𝑆(𝑥), 𝜙(𝑥, 𝜈𝑆(𝑥) ∧ 𝑄)⟩𝑑Λ(𝑥, 𝑄) = 0.

For given 𝜑 ∈ 𝐶0(𝐺𝑚−1(𝑇𝑆)), we define 𝜙(𝑥, 𝑃) = 𝜑(𝑥, 𝑃 ∩ 𝑇𝑥𝑆) 𝜈
𝑆(𝑥) whenever 𝜈𝑆(𝑥) ∈ 𝑃.

Using a suitable extension, we obtain a function 𝜙 ∈ 𝐶0(ℝ𝑛 × ℝ𝑛×𝑛, ℝ𝑛), such that for all 𝑄 ∈
𝐺𝑚−1(𝑇𝑥𝑆),

⟨𝜈𝑆(𝑥), 𝜙(𝑥, 𝜈𝑆(𝑥) ∧ 𝑄)⟩ = 𝜑(𝑥, (𝜈𝑆(𝑥) ∧ 𝑄) ∩ 𝑇𝑥𝑆) = 𝜑(𝑥, 𝑄).

We conclude

∫𝐺𝑚−1(𝑇𝑆)
𝜑(𝑥, 𝑄) 𝑑Λ(𝑥, 𝑄) = 0 for all 𝜑 ∈ 𝐶0(𝐺𝑚−1(𝑇𝑆)).

By density, this implies Λ = 0. □

Remark 2.5. If Definition 2.2 is valid with 𝑉 and Γ, then it holds true for 𝜆𝑉 and 𝜆Γwith the same
𝐵, for any 𝜆 > 0. However, one has the scaling property

‖𝐵‖𝐿𝑝(𝜆𝑉) = 𝜆
1
𝑝 ‖𝐵‖𝐿𝑝(𝑉). (21)

Lemma 2.6 (Comparable masses). There exists a constant 𝐶 = 𝐶(𝑛,Ω) < ∞ such that for any𝑉, Γ
as in Definition 2.2, one has

𝐌(𝑉) ⩽ 𝐶
(
𝐌(Γ) + ‖𝐵‖𝐿1(𝑉)), (22)

𝐌(Γ) ⩽ 𝐶
(
𝐌(𝑉) + ‖𝐵‖𝐿1(𝑉)). (23)

Proof. Taking 𝜙(𝑥) = 𝑥 − 𝑥0 for 𝑥0 ∈ Ω in Definition 2.2, we obtain

𝑚𝐌(𝑉) ⩽
√
𝑚diam (Ω) (𝐌(Γ) + ‖𝐵‖𝐿1(𝑉)).

For the reverse inequality, we take 𝜙 = 𝜑∇𝑑𝑆 , where 𝑑𝑆 is the signed distance from 𝑆 (posi-
tive in Ω) and 0 ⩽ 𝜑 ⩽ 1 is a cutoff function with 𝜑|𝑆 = 1 and support in 𝑈𝛿(𝑆), for appropriate
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CURVATURE VARIFOLDS WITH ORTHOGONAL BOUNDARY 9 of 42

𝛿 = 𝛿(Ω) ⩽ 1. This yields

𝐌(Γ) = −∫𝐺𝑚−1(𝑇𝑆)
⟨𝜈𝑆, 𝜑∇𝑑𝑆⟩𝑑Γ

= ∫Ω×𝐺(𝑚,𝑛)
(⟨tr 𝐵, 𝜑∇𝑑𝑆⟩ + ⟨𝐷𝑥(𝜑∇𝑑𝑆), 𝑃⟩) 𝑑𝑉

⩽ 𝐶
(‖𝐵‖𝐿1(𝑉) +𝐌(𝑉)

)
. □

Remark 2.7. By Young’s inequality, we have for any 𝑝 ∈ (1,∞)

‖𝐵‖𝐿1(𝑉) ⩽ 1
𝑝
𝜀−𝑝 ‖𝐵‖𝑝

𝐿𝑝(𝑉)
+
𝑝 − 1

𝑝
𝜀

𝑝
𝑝−1 𝐌(𝑉).

Therefore, the inequalities (22), (23) hold with ‖𝐵‖𝐿1(𝑉) replaced by ‖𝐵‖𝑝𝐿𝑝(𝑉), with a constant that
depends additionally on 𝑝.

Lemma 2.8 (Compactness). Let 𝑉𝑘 , Γ𝑘 be varifolds as in Definition 2.2, such that𝐌(𝑉𝑘) ⩽ 𝐶 and
for some 𝑝 ∈ (1,∞]

‖𝐵𝑘‖𝐿𝑝(𝑉𝑘)
⩽ Λ < ∞ for all 𝑘. (24)

After passing to a subsequence, one has 𝑉𝑘 → 𝑉 and Γ𝑘 → Γ as varifolds in ℝ𝑛, and 𝑉, Γ satisfy
Definition 2.2 for some 𝐵 ∈ 𝐿𝑝(𝑉) with ‖𝐵‖𝐿𝑝(𝑉) ⩽ Λ.

Proof. From Lemma 2.6, we have

𝐌(Γ𝑘) ⩽ 𝐶
(
𝐌(𝑉𝑘) + ‖𝐵𝑘‖𝐿1(𝑉𝑘)

)
⩽ 𝐶

(
𝐌(𝑉𝑘) +𝐌(𝑉𝑘)

1− 1
𝑝 ‖𝐵𝑘‖𝐿𝑝(𝑉𝑘)

)
⩽ 𝐶.

Thus, after passing to a subsequence, 𝑉𝑘 → 𝑉 and Γ𝑘 → Γ as varifolds in ℝ𝑛. Let 𝐵𝐿 = 𝐵𝐿(ℝ𝑛 ×
ℝ𝑛, ℝ𝑛), and introduce the functionals

𝐿𝑘 ∶ 𝐶
0
𝑐 (ℝ

𝑛 × 𝐺(𝑚, 𝑛), 𝐵𝐿) → ℝ, 𝐿𝑘(𝜓) = ∫ℝ𝑛×𝐺(𝑚,𝑛)
⟨𝐵𝑘, 𝜓⟩𝑑𝑉𝑘.

By Hölder’s inequality,

𝐿𝑘(𝜓) ⩽ ‖𝐵𝑘‖𝐿𝑝(𝑉𝑘)
‖𝜓‖

𝐿
𝑝

𝑝−1 (𝑉𝑘)

⩽ 𝐶‖𝐵𝑘‖𝐿𝑝(𝑉𝑘)
𝐌(𝑉𝑘)

1− 1
𝑝 ‖𝜓‖𝐶0(ℝ𝑛×𝐺(𝑚,𝑛))

⩽ 𝐶 ‖𝜓‖𝐶0(ℝ𝑛×𝐺(𝑚,𝑛)).

After passing to a subsequence, we have 𝐿𝑘 → 𝐿 in 𝐶0
𝑐 (Ω × 𝐺(𝑚, 𝑛))′, and

𝐿(𝜓) ⩽ Λ ‖𝜓‖
𝐿

𝑝
𝑝−1 (𝑉)

.

As 𝐿
𝑝

𝑝−1 (𝑉)′ = 𝐿𝑝(𝑉) for any 𝑝 ∈ (1,∞], the functional 𝐿 is represented by some 𝐵 ∈ 𝐿𝑝(𝑉). The
lemma is proved. □
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10 of 42 KUWERT and MÜLLER

An immediate consequence of Lemma 2.8 is the following.

Theorem 6 (Existence of minimizers). Let Ω ⊂ ℝ𝑛 be a bounded 𝐶2 domain. For any 𝑚 ⩽ 𝑛 − 1
and 𝑝 ∈ (1,∞], let

𝜘𝑚,𝑝(Ω) = inf {‖𝐵𝑉‖𝑝𝐿𝑝(𝑉) ∶ 𝑉 ∈ 𝐂𝐕𝑚
⟂ (Ω),𝐌(𝑉) = 1}. (25)

Then 𝜘𝑚,𝑝(Ω) < ∞, and the infimum is attained.

Remark 2.9. In view of Remark 2.5, we have

‖𝐵𝑉‖𝑝𝐿𝑝(𝑉) ⩾ 𝜘𝑚,𝑝(Ω)𝐌(𝑉) for all 𝑉 ∈ 𝐂𝐕𝑚
⟂ (Ω). (26)

Remark 2.10. A corresponding existence result holds in the class 𝐈𝐂𝐕𝑚
⟂
(Ω) of integer rectifi-

able varifolds in 𝐂𝐕𝑚
⟂
(Ω), again for prescribed mass 𝐌(𝑉). This follows by Allard’s integral

compactness theorem [2], see also Section 5.

3 THE CASE OF ZERO CURVATURE

In this section, we assume that 𝑉 is an 𝑚-varifold in ℝ𝑛 with support in Ω× 𝐺(𝑚, 𝑛). We can
then use test functions that are continuous on ℝ𝑛, since Ω is compact. We now state from the
appendix the following disintegration procedure for varifolds:

∙ Let 𝜈 = (𝑝2)∗𝑉, where 𝑝2 is the projection onto 𝐺(𝑚, 𝑛). For any 𝑃 ∈ 𝐺(𝑚, 𝑛), up to a set 𝐸 ⊂
𝐺(𝑚, 𝑛) with 𝜈(𝐸) = 0, there exists a Radon measure 𝜇𝑃 on ℝ𝑛 with 𝜇𝑃(ℝ

𝑛) = 1 such that for
all 𝜙 ∈ 𝐶0(ℝ𝑛 × 𝐺(𝑚, 𝑛)) one has

∫ℝ𝑛×𝐺(𝑚,𝑛)
𝜙(𝑥, 𝑃) 𝑑𝑉(𝑥, 𝑃) = ∫𝐺(𝑚,𝑛) ∫ℝ𝑛

𝜙(𝑥, 𝑃) 𝑑𝜇𝑃(𝑥) 𝑑𝜈(𝑃).

∙ Put 𝜇⟂𝑃 = (𝑃⟂)∗𝜇𝑃 for 𝑃 ∈ 𝐺(𝑚, 𝑛)∖𝐸. Then for any 𝑧 ∈ 𝑃⟂, up to a set 𝐸𝑃 ⊂ 𝑃⟂ with 𝜇⟂𝑃 (𝐸𝑃) =
0, there is a Radon measure 𝜇𝑃,𝑧 on 𝑧 + 𝑃 with 𝜇𝑃,𝑧(𝑧 + 𝑃) = 1 such that for all 𝜑 ∈ 𝐶0(ℝ𝑛)

∫ℝ𝑛
𝜑(𝑥) 𝑑𝜇𝑃(𝑥) = ∫𝑃⟂ ∫𝑧+𝑃 𝜑(𝑥) 𝑑𝜇𝑃,𝑧(𝑥) 𝑑𝜇

⟂
𝑃 (𝑧).

Taking 𝜙(𝑥, 𝑃) = 𝜒𝐸(𝑃), we see that 𝑉(ℝ𝑛 × 𝐸) = 𝜈(𝐸) = 0. Likewise we compute for the set
𝐴 = {(𝑥, 𝑃) ∶ 𝑃 ∉ 𝐸, 𝑃⟂𝑥 ∈ 𝐸𝑃}

𝑉(𝐴) = ∫𝐺(𝑚,𝑛) ∫𝑃⟂ ∫𝑧+𝑃 𝜒𝐴(𝑥, 𝑃) 𝑑𝜇𝑃,𝑧(𝑥) 𝑑𝜇
⟂
𝑃 (𝑧) 𝑑𝜈(𝑃)

= ∫𝐺(𝑚,𝑛) ∫𝑃⟂ 𝜒𝐸𝑃(𝑧) 𝜇𝑃,𝑧(𝑧 + 𝑃) 𝑑𝜇⟂𝑃 (𝑧)

⏟⎴⎴⎴⎴⎴⎴⎴⎴⎴⏟⎴⎴⎴⎴⎴⎴⎴⎴⎴⏟
=0

𝑑𝜈(𝑃) = 0.
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CURVATURE VARIFOLDS WITH ORTHOGONAL BOUNDARY 11 of 42

Remark 3.1. We will assume without loss of generality that the 𝜇𝑃 have support in the compact
set 𝐾𝑃 = {𝑥 ∈ ℝ𝑛 ∶ (𝑥, 𝑃) ∈ spt 𝑉} ⊂ Ω. In fact,

∫𝐺(𝑚,𝑛) ∫ℝ𝑛
𝜙(𝑥, 𝑃)𝜒𝐾𝑃

(𝑥)𝑑𝜇𝑃(𝑥) 𝑑𝜈(𝑃) = ∫ℝ𝑛×𝐺(𝑚,𝑛)
𝜙(𝑥, 𝑃)𝜒spt𝑉(𝑥, 𝑃) 𝑑𝑉(𝑥, 𝑃)

= ∫ℝ𝑛×𝐺(𝑚,𝑛)
𝜙(𝑥, 𝑃) 𝑑𝑉(𝑥, 𝑃).

Thus, we can replace the 𝜇𝑃 by 𝜇𝑃⌞𝐾𝑃 without change. Likewise, we may assume that 𝜇𝑃,𝑧, for
each 𝑃 ∈ 𝐺(𝑚, 𝑛) and 𝑧 ∈ 𝑃⟂, is supported in𝐾𝑃,𝑧 = spt 𝜇𝑃 ∩ (𝑧 + 𝑃). In particular, for 𝑥 ∈ 𝑧 + 𝑃,
we then have the implications

𝑥 ∈ spt 𝜇𝑃,𝑧 ⇒ 𝑥 ∈ spt 𝜇𝑃 ⇒ (𝑥, 𝑃) ∈ spt 𝑉.

Lemma 3.2. Let 𝑉 be an𝑚-varifold in ℝ𝑛 with support inΩ, which is orthogonal to 𝑆 along Γ and
has curvature 𝐵𝑉 = 0. Then, for 𝜈-a.e. 𝑃 ∈ 𝐺(𝑚, 𝑛) and 𝜇⟂𝑃 -a.e. 𝑧 ∈ 𝑃⟂

∫𝑧+𝑃⟨𝐷𝜑(𝑥), 𝑃⟩𝑑𝜇𝑃,𝑧(𝑥) = 0 for all 𝜑 ∈ 𝐶1(ℝ𝑛, ℝ𝑛) tangential on 𝑆.

Proof. We use the ansatz 𝜙(𝑥, 𝑃) = 𝜑(𝑥)𝜓(𝑃) in the orthogonal boundary condition, see
Definition 2.2. This gives, since 𝜑(𝑥) is tangential by assumption,

0 = ∫ℝ𝑛×𝐺(𝑚,𝑛)
⟨𝐷𝑥𝜙(𝑥, 𝑃), 𝑃⟩𝑑𝑉(𝑥, 𝑃)

= ∫𝐺(𝑚,𝑛)
𝜓(𝑃)∫ℝ𝑛

⟨𝐷𝜑(𝑥), 𝑃⟩𝑑𝜇𝑃(𝑥) 𝑑𝜈(𝑃).
Thus, for any 𝑃 ∈ 𝐺(𝑚, 𝑛), up to a set 𝐸(𝜑) with measure 𝜈(𝐸(𝜑)) = 0, we have

∫ℝ𝑛
⟨𝐷𝜑(𝑥), 𝑃⟩𝑑𝜇𝑃(𝑥) = 0.

We may also apply the above equation with 𝜑(𝑥) replaced by 𝜎(𝑃⟂𝑥)𝜑(𝑥) (for a smooth function
𝜎 and 𝜑 exactly as before). We have

𝐷𝜏(𝜎(𝑃
⟂𝑥)) = 𝐷𝜎(𝑃⟂𝑥)𝑃⟂𝜏 = 0 for 𝜏 ∈ 𝑃.

Thus we get

0 = ∫𝑃⟂ 𝜎(𝑧)∫𝑧+𝑃⟨𝐷𝜑(𝑥), 𝑃⟩𝑑𝜇𝑃,𝑧(𝑥) 𝑑𝜇⟂𝑃 (𝑧).
For any 𝑧 ∈ 𝑃⟂, up to a set 𝐸𝑃(𝜑) with 𝜇⟂𝑃 (𝐸𝑃(𝜑)) = 0, we conclude

0 = ∫𝑧+𝑃⟨𝐷𝜑(𝑥), 𝑃⟩𝑑𝜇𝑃,𝑧(𝑥).
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12 of 42 KUWERT and MÜLLER

This is the desired result, except that the null sets depend on the test function 𝜑. However, the
set of 𝐶1 functions 𝜑 that are tangential along 𝜕Ω is separable. We can choose fixed null sets such
that the identity holds for 𝜑 in a countable dense set, and hence for all 𝜑 by approximation. □

Lemma 3.3 (Zero curvature). Let 𝑉 be a varifold in Ω with curvature 𝐵 = 0. Then, for 𝜈-a.e. 𝑃 ∈
𝐺(𝑚, 𝑛) and 𝜇⟂𝑃 -a.e. 𝑧 ∈ 𝑃⟂, the following holds: for any connected component𝑈 ofΩ∩ (𝑧 + 𝑃), one
has

𝜇𝑃,𝑧 = 𝜃𝑈 𝑚 on𝑈, for a constant 𝜃𝑈 ⩾ 0. (27)

The lemma follows from the well-known constancy lemma below, using test functions 𝜒(𝑥) =
𝜔(𝑥)𝜏𝛼 for an orthonormal basis 𝜏𝛼 of 𝑃.

Lemma 3.4 (Constancy). Let 𝜇 be a Radonmeasure on an open domain𝑈 ⊂ ℝ𝑚, and assume that
for all 𝜔 ∈ 𝐶∞

𝑐 (𝑈)

∫𝑈 𝜕𝛼𝜔(𝑥) 𝑑𝜇(𝑥) = 0 for 𝛼 = 1,… ,𝑚.

Then, 𝜇 = 𝜃𝑚 on𝑈 for some 𝜃 ∈ [0,∞).

The proof involving mollification is standard (cf. also [17, Theorem 26.27]).

Lemma 3.5 (Dichotomy). Let 𝑉 be an 𝑚-varifold in ℝ𝑛 with support in Ω, which is orthogonal
to 𝑆 along Γ and has curvature 𝐵𝑉 = 0. Then, for any (𝑥0, 𝑃0) ∈ spt 𝑉 with 𝑥0 ∈ 𝑆, one has the
alternative

𝜈𝑆(𝑥0) ∈ 𝑃0 or 𝑃0 ⊂ 𝑇𝑥0𝑆. (28)

In the second case, there exists 𝜚 > 0 such that

(𝑥, 𝑃0) ∈ spt 𝑉 for all 𝑥 ∈ (𝑥0 + 𝑃0) ∩ 𝐵𝜚(𝑥0). (29)

In particular, (𝑥0 + 𝑃0) ∩ 𝐵𝜚(𝑥0) ⊂ Ω.

Proof. Let (𝑥0, 𝑃0) ∈ spt 𝑉, 𝑥0 ∈ 𝑆, and assume

𝜈𝑆(𝑥0) ∉ 𝑃0. (30)

By continuity, there exists 𝑟0 > 0 such that for all 0 < 𝛿, 𝜚 ⩽ 𝑟0, we have

𝜈𝑆(𝑥) ∉ 𝑃 for all 𝑥 ∈ 𝑆 ∩ 𝐵2𝜚(𝑥0), 𝑃 ∈ 𝐵𝛿(𝑃0).

It follows that

𝜈𝑆(𝑥) ∧ 𝑄 ∉ 𝐵𝛿(𝑃0) for all 𝑥 ∈ 𝑆 ∩ 𝐵2𝜚(𝑥0), 𝑄 ∈ 𝐺𝑚−1(𝑇𝑥𝑆).
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CURVATURE VARIFOLDS WITH ORTHOGONAL BOUNDARY 13 of 42

Thus, for all 𝜑 ∈ 𝐶1
𝑐 (𝐵2𝜚(𝑥0), ℝ

𝑛) and all 𝜓 ∈ 𝐶1
𝑐 (𝐵𝛿(𝑃0)), we have

∫𝑆⟨𝜈𝑆(𝑥), 𝜑(𝑥)⟩∫𝐺𝑚−1(𝑇𝑥𝑆)
𝜓(𝜈𝑆(𝑥) ∧ 𝑄) 𝑑Γ𝑥(𝑄) 𝑑𝜎Γ(𝑥)

= ∫𝑆∩𝐵2𝜚(𝑥0)⟨𝜈𝑆(𝑥), 𝜑(𝑥)⟩∫𝐺𝑚−1(𝑇𝑥𝑆)
𝜓(𝜈𝑆(𝑥) ∧ 𝑄)
⏟⎴⎴⎴⏟⎴⎴⎴⏟

=0

𝑑Γ𝑥(𝑄) 𝑑𝜎Γ(𝑥) = 0.

Definition 2.2, with 𝐵𝑉 = 0 and 𝜙(𝑥, 𝑃) = 𝜑(𝑥)𝜓(𝑃), now implies

0 = ∫𝐺(𝑚,𝑛)
𝜓(𝑃)∫ℝ𝑛

⟨𝑃,𝐷𝜑(𝑥)⟩𝑑𝜇𝑃(𝑥) 𝑑𝜈(𝑃).
Thus, for 𝜈-a.e. 𝑃 ∈ 𝐵𝛿(𝑃0), we obtain

∫ℝ𝑛
⟨𝑃,𝐷𝜑(𝑥)⟩𝑑𝜇𝑃(𝑥) = 0 for all 𝜑 ∈ 𝐶1

𝑐 (𝐵2𝜚(𝑥0), ℝ
𝑛).

Fix such a 𝑃 ∈ 𝐵𝛿(𝑃0), and consider a test function 𝜑(𝑥) = 𝜒(𝑃𝑥)𝜁(𝑃⟂𝑥), where 𝜒 ∈ 𝐶1
𝑐 (𝑃 ∩

𝐵𝜚(𝑃𝑥0), ℝ
𝑛) and 𝜁 ∈ 𝐶1

𝑐 (𝑃
⟂ ∩ 𝐵𝜚(𝑃

⟂𝑥0)). Then,

∫𝑃⟂ 𝜁(𝑧)∫𝑧+𝑃 div𝑃𝜒(𝑃𝑥) 𝑑𝜇𝑃,𝑧(𝑥) 𝑑𝜇
⟂
𝑃 (𝑧) = 0.

Therefore, we conclude, for 𝜇⟂𝑃 -a.e. 𝑧 ∈ 𝑃⟂ ∩ 𝐵𝜚(𝑃
⟂𝑥0),

0 = ∫𝑧+𝑃 div𝑃𝜒(𝑃𝑥) 𝑑𝜇𝑃,𝑧(𝑥)

= ∫𝑧+𝑃 div𝑃𝜒(𝑥 − 𝑧) 𝑑𝜇𝑃,𝑧(𝑥) for all 𝜒 ∈ 𝐶1
𝑐 (𝑃 ∩ 𝐵𝜚(𝑃𝑥0), ℝ

𝑛).

Thus, for 𝜈-a.e. 𝑃 ∈ 𝐵𝛿(𝑃0) and 𝜇⟂𝑃 -a.e. 𝑧 ∈ 𝑃⟂ ∩ 𝐵𝜚(𝑃
⟂𝑥0), we have

𝜇𝑃,𝑧 = 𝜃𝑚⌞(𝑧 + 𝑃) on 𝑧 + 𝑃 ∩ 𝐵𝜚(𝑃𝑥0) for some 𝜃 ∈ [0,∞). (31)

We claim that for any 𝑦0 ∈ 𝑃0 ∩ 𝐵𝜚∕2(0), we have (𝑥0 + 𝑦0, 𝑃0) ∈ spt 𝑉. Let 𝐵𝜎(𝑥0 + 𝑦0) be given,
without loss of generality with 𝜎 ⩽

𝜚
4
. For 𝑥 ∈ 𝐵𝜎(𝑥0 + 𝑦0), we have

|𝑃𝑥 − 𝑃𝑥0| ⩽ |𝑃(𝑥 − (𝑥0 + 𝑦0))| + |(𝑃 − 𝑃0)𝑦0| + |𝑦0| ⩽ 3𝜚

4
+
𝛿𝜚

2
,

|𝑃⟂𝑥 − 𝑃⟂𝑥0| ⩽ |𝑃⟂(𝑥 − (𝑥0 + 𝑦0))| + |(𝑃⟂ − 𝑃⟂0 )𝑦0| ⩽ 𝜚

4
+
𝛿𝜚

2
.

Thus, |𝑃(𝑥 − 𝑥0)|, |𝑃⟂(𝑥 − 𝑥0)| < 𝜚 for all 𝑥 ∈ 𝐵𝜎(𝑥0 + 𝑦0), provided 𝛿 < 1
4
. Now we consider a

ball 𝐵𝜀(𝑥0 + 𝑃𝑦0) and estimate

|(𝑥0 + 𝑦0) − (𝑥0 + 𝑃𝑦0)| = |𝑃⟂𝑦0| = |(𝑃⟂ − 𝑃⟂0 )𝑦0| ⩽ 𝛿𝜚

2
.
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14 of 42 KUWERT and MÜLLER

We choose 𝜀 = 𝜎
2
, and conclude

𝐵𝜀(𝑥0 + 𝑃𝑦0) ⊂ 𝐵𝜎(𝑥0 + 𝑦0) for any 𝛿 <
𝜎
𝜚
.

Now we compute for fixed 𝑃 ∈ 𝐵𝛿(𝑃0) satisfying (31)

𝜇𝑃(𝐵𝜎(𝑥0 + 𝑦0)) ⩾ 𝜇𝑃(𝐵𝜀(𝑥0 + 𝑃𝑦0))

= ∫𝑃⟂ 𝜇𝑃,𝑧((𝑧 + 𝑃) ∩ 𝐵𝜀(𝑥0 + 𝑃𝑦0)) 𝑑𝜇
⟂
𝑃 (𝑧)

= ∫𝑃⟂ 𝜃𝑃,𝑧
𝑚((𝑧 + 𝑃) ∩ 𝐵𝜀(𝑥0 + 𝑃𝑦0)) 𝑑𝜇

⟂
𝑃 (𝑧)

= ∫𝑃⟂ 𝜃𝑃,𝑧
𝑚((𝑧 + 𝑃) ∩ 𝐵𝜀(𝑥0)) 𝑑𝜇

⟂
𝑃 (𝑧)

= 𝜇𝑃(𝐵𝜀(𝑥0)).

Integrating over all 𝑃 ∈ 𝐵𝛿(𝑃0), we conclude

𝑉(𝐵𝜎(𝑥0 + 𝑦0) × 𝐵𝛿(𝑃0)) = ∫𝐵𝛿(𝑃0) 𝜇𝑃(𝐵𝜎(𝑥0 + 𝑦0)) 𝑑𝜈(𝑃)

⩾ ∫𝐵𝛿(𝑃0) 𝜇𝑃(𝐵𝜀(𝑥0)) 𝑑𝜈(𝑃)
= 𝑉(𝐵𝜀(𝑥0) × 𝐵𝛿(𝑃0)) > 0,

since (𝑥0, 𝑃0) ∈ spt 𝑉. This proves (𝑥0 + 𝑦0, 𝑃0) ∈ spt 𝑉 for any 𝑦0 ∈ 𝑃0 ∩ 𝐵𝜚∕2(0). As a direct
consequence, it follows that (𝑥0 + 𝑃0) ∩ 𝐵𝜚∕2(𝑥0) ⊂ Ω. □

Lemma 3.6. Let 𝑉 be an𝑚-varifold in ℝ𝑛 with support inΩ, which is orthogonal to 𝑆 along Γ and
has curvature 𝐵𝑉 = 0. Let 𝑥0 ∈ 𝑆, and assume (𝑥0, 𝑃0) ∈ spt 𝑉 where 𝑃0 ⊂ 𝑇𝑥0𝑆. Then, for 𝑧0 =
𝑃⟂0 𝑥0 we have near 𝑥0, if 𝑃0, 𝑧0 is as in Lemma 3.2,

𝜇𝑃0,𝑧0 = 𝜃𝑚⌞(𝑧0 + 𝑃0) for some constant 𝜃 ⩾ 0.

Proof. For any 𝜑 ∈ 𝐶1(ℝ𝑛, ℝ𝑛) that is tangential on 𝑆, we have by Lemma 3.2

∫𝑧0+𝑃0⟨𝐷𝜑(𝑥), 𝑃0⟩𝑑𝜇𝑃0,𝑧0(𝑥) = 0. (32)

Choose a neighborhood 𝑈 × 𝐼 of 𝑥0 on which Ω has a subgraph representation

Ω∩ (𝑈 × 𝐼) = {(𝑦, 𝑧) ∈ 𝑈 × 𝐼 ∶ 𝑧 < 𝑢(𝑦)}.

After rotation, we assume 𝑥0 = 0, 𝑇𝑥0𝑆 = ℝ𝑛−1 and 𝑃0 = ℝ𝑚 × {0} where𝑚 ⩽ 𝑛 − 1. For any 𝜎 ∈
𝐶1
𝑐 (𝑈 × 𝐼), we consider the test function

𝜑(𝑦, 𝑧) = 𝜎(𝑦, 𝑧) (𝑒𝛼 + 𝜕𝛼𝑢(𝑦)𝑒𝑛) where 𝑥 = (𝑦, 𝑧) and 1 ⩽ 𝛼 ⩽ 𝑚.
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CURVATURE VARIFOLDS WITH ORTHOGONAL BOUNDARY 15 of 42

By construction the vector field 𝜑 is tangential along 𝜕Ω. Furthermore,

⟨𝐷𝜑(𝑥), 𝑃0⟩ = 𝑚∑
𝛽=1

⟨𝜕𝛽𝜑(𝑥), 𝑒𝛽⟩ = 𝜕𝛼𝜎(𝑥).

Therefore, (32) implies

∫ℝ𝑚
𝜕𝛼𝜎(𝑥) 𝑑𝜇ℝ𝑚,0 = 0 where (𝑃0, 𝑧0) = (ℝ𝑚, 0).

Since any function with compact support in ℝ𝑚 ∩ 𝑈 can be extended to a function with compact
support in 𝑈 × 𝐼, the claim follows from Lemma 3.4. □

Theorem 7 (Orthogonal varifolds with curvature zero). Let𝑉 be an𝑚-varifold inℝ𝑛 with support
inΩ, which is orthogonal to 𝑆 = 𝜕Ωalong an (𝑚 − 1)-varifoldΓ and has curvature𝐵𝑉 = 0. Then, for
all 𝜙 ∈ 𝐶0(ℝ𝑛 × 𝐺(𝑚, 𝑛)) and 𝜑 ∈ 𝐶0(𝐺𝑚−1(𝑇𝑆)), respectively, the following representations hold:

𝑉(𝜙) = ∫𝐺(𝑚,𝑛) ∫𝑃⟂
∑

Δ∈𝑆𝑚
⟂
(Ω,𝑧+𝑃)

𝜃Δ ∫Δ 𝜙(𝑥, 𝑃) 𝑑
𝑚(𝑥) 𝑑𝜇⟂𝑃 (𝑧) 𝑑𝜈(𝑃),

Γ(𝜑) = ∫𝐺(𝑚,𝑛) ∫𝑃⟂
∑

Δ∈𝑆𝑚
⟂
(Ω,𝑧+𝑃)

𝜃Δ ∫𝜕Δ 𝜑(𝑥, 𝑃 ∩ 𝑇𝑥𝑆) 𝑑𝑚−1(𝑥) 𝑑𝜇⟂𝑃 (𝑧) 𝑑𝜈(𝑃).

Here, 𝑆𝑚
⟂
(Ω, 𝑧 + 𝑃) is the finite, possibly empty set of orthogonal 𝑚-slices of Ω in the affine plane

𝑧 + 𝑃, and the 𝜃Δ ⩾ 0 are constants.

Proof. Let Δ be any 𝑚-slice of Ω in an affine plane 𝑧 + 𝑃, where 𝑃 ∈ 𝐺(𝑚, 𝑛) and 𝑧 ∈ 𝑃⟂. By
definition, for any 𝑥 ∈ Δ, there exists 𝜚 > 0 such that

(𝑧 + 𝑃) ∩ 𝐵𝜚(𝑥) ⊂ Ω.

In particular, if 𝑥 ∈ Δ ∩ 𝑆, then 𝑃 ⊂ 𝑇𝑥𝑆. Lemma 3.3 and Lemma 3.6 imply that 𝜇𝑃,𝑧 = 𝜃𝑚⌞(𝑧 +
𝑃) locally near any 𝑥 ∈ Δ. Since Δ is connected, we conclude

𝜇𝑃,𝑧⌞Δ = 𝜃Δ 𝑚⌞Δ for some 𝜃Δ ⩾ 0.

Actually, Lemma 3.6 requires that (𝑥, 𝑃) ∈ spt 𝑉, but otherwise the statement followswith 𝜃Δ = 0,
see Remark 3.1. Now assume that 𝜃Δ > 0, and consider a boundary point 𝑥 ∈ 𝜕Δ ⊂ 𝑆. We then
have (𝑥, 𝑃) ∈ spt 𝑉 again by Remark 3.1. We claim that 𝜈𝑆(𝑥) ∈ 𝑃. Otherwise Lemma 3.5 yields
that (𝑥 + 𝑃) ∩ 𝐵𝜚(𝑥) ⊂ Ω for some 𝜚 > 0. ButΔ ∩ 𝐵𝜚(𝑥) is nonempty, thus (𝑥 + 𝑃) ∩ 𝐵𝜚(𝑥) ⊂ Δ and
𝑥 ∈ Δ, a contradiction. This shows that if 𝜃Δ > 0, then 𝜈𝑆(𝑥) ∈ 𝑃 for all 𝑥 ∈ 𝜕Δ, in other words Δ
is an orthogonal𝑚-slice. Along 𝜕Δ, we have

∇(dist𝑆|𝑧+𝑃)(𝑥) = 𝑃∇dist𝑆(𝑥) = 𝜈𝑆(𝑥) ≠ 0,

therefore Δ is a bounded domain in 𝑧 + 𝑃 of class 𝐶2. We denote by Δ𝑃,𝑧 the union of the finitely
many orthogonal slices Δ ⊂ 𝑧 + 𝑃 with 𝜃Δ > 0, and introduce the function

𝜃𝑃,𝑧 ∶ 𝑧 + 𝑃 → [0,∞), 𝜃𝑃,𝑧(𝑥) = 𝜃Δ for 𝑥 ∈ Δ.
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16 of 42 KUWERT and MÜLLER

The measure 𝜇̃𝑃,𝑧 = 𝑚⌞𝜃𝑃,𝑧 satisfies, for any 𝜑 ∈ 𝐶1(𝑧 + 𝑃, 𝑃),

∫𝑧+𝑃⟨𝐷𝜑(𝑥), 𝑃⟩𝑑𝜇̃𝑃,𝑧(𝑥) = ∑
Δ∈𝑆𝑚

⟂
(Ω,𝑧+𝑃)

𝜃Δ ∫Δ⟨𝐷𝜑(𝑥), 𝑃⟩𝑑𝑚(𝑥)

= −
∑

Δ∈𝑆𝑚
⟂
(Ω,𝑧+𝑃)

𝜃Δ ∫𝜕Δ⟨𝜑(𝑥), 𝜈𝑆(𝑥)⟩𝑑𝑚−1(𝑥).

In other words we have, in the sense of distributions on 𝑧 + 𝑃,

∇𝜇̃𝑃,𝑧 = −𝜃𝑃,𝑧(𝑚−1⌞𝜕Δ𝑃,𝑧) ⊗ 𝜈𝑆. (33)

On functions 𝜑 ∈ 𝐶0
𝑐 (ℝ

𝑛 × 𝐺(𝑚, 𝑛)), we now consider the𝑚-varifold 𝑉̃ given by

𝑉̃(𝜑) = ∫𝐺(𝑚,𝑛) ∫𝑃⟂ ∫𝑧+𝑃 𝜑(𝑥, 𝑃) 𝑑𝜇̃𝑃,𝑧(𝑥) 𝑑𝜇
⟂
𝑃 (𝑧) 𝑑𝜈(𝑃). (34)

For 𝜑 ⩾ 0, we can estimate

0 ⩽ 𝑉̃(𝜑) = ∫𝐺(𝑚,𝑛) ∫𝑃⟂ ∫Δ𝑃,𝑧 𝜑(𝑥, 𝑃) 𝑑𝜇𝑃,𝑧(𝑥) 𝑑𝜇
⟂
𝑃 (𝑧) 𝑑𝜈(𝑃)

⩽ ∫𝐺(𝑚,𝑛) ∫𝑃⟂ ∫𝑧+𝑃 𝜑(𝑥, 𝑃) 𝑑𝜇𝑃,𝑧(𝑥) 𝑑𝜇
⟂
𝑃 (𝑧) 𝑑𝜈(𝑃)

= 𝑉(𝜑).

In particular, 𝑉̃ is continuous, in fact we have|𝑉̃(𝜑)| ⩽ 𝑉̃(|𝜑|) ⩽ 𝑉(|𝜑|) ⩽ 𝐌(𝑉) ‖𝜑‖𝐶0(ℝ𝑛×𝐺(𝑚,𝑛)).

It follows thatΛ(𝜑) ∶= 𝑉(𝜑) − 𝑉̃(𝜑) is a Radonmeasure onℝ𝑛 × 𝐺(𝑚, 𝑛).Moreover, 𝑉̃(𝜑) = 𝑉(𝜑)
whenever 𝜑 has compact support inΩ× 𝐺(𝑚, 𝑛). Therefore, Λ has support in 𝑆 × 𝐺(𝑚, 𝑛). Using
(33), we further have for 𝜙 ∈ 𝐶1(ℝ𝑛 × 𝐺(𝑚, 𝑛), ℝ𝑛)

∫ℝ𝑛×𝐺(𝑚,𝑛)
⟨𝐷𝑥𝜙(𝑥, 𝑃), 𝑃⟩𝑑𝑉̃(𝑥, 𝑃)

= ∫𝐺(𝑚,𝑛) ∫𝑃⟂ ∫𝑧+𝑃⟨𝐷𝑥𝜙(𝑥, 𝑃), 𝑃⟩𝑑𝜇̃𝑃,𝑧(𝑥) 𝑑𝜇⟂𝑃 (𝑧) 𝑑𝜈(𝑃)
= −∫𝐺(𝑚,𝑛) ∫𝑃⟂ ∫𝜕Δ𝑃,𝑧 𝜃𝑃,𝑧(𝑥)⟨𝜈𝑆(𝑥), 𝜙(𝑥, 𝑃)⟩𝑑𝑚−1(𝑥) 𝑑𝜇⟂𝑃 (𝑧) 𝑑𝜈(𝑃).

On the other hand, 𝑉 satisfies the orthogonal boundary constraint

∫ℝ𝑛×𝐺(𝑚,𝑛)
⟨𝐷𝑥𝜙(𝑥, 𝑃), 𝑃⟩𝑑𝑉(𝑥, 𝑃) = −∫𝐺𝑚−1(𝑇𝑆)

⟨𝜈𝑆(𝑥), 𝜙(𝑥, 𝜈𝑆(𝑥) ∧ 𝑄)⟩ 𝑑Γ(𝑥, 𝑄).
We take a test function of the form 𝜙(𝑥, 𝑃) = 𝜑(𝑥) where 𝜑|𝑆 = 0. Then,

0 = ∫ℝ𝑛×𝐺(𝑚,𝑛)
⟨𝐷𝜑(𝑥), 𝑃⟩𝑑𝑉(𝑥, 𝑃) − ∫ℝ𝑛×𝐺(𝑚,𝑛)

⟨𝐷𝜑(𝑥), 𝑃⟩𝑑𝑉̃(𝑥, 𝑃)
= ∫𝑆×𝐺(𝑚,𝑛)

⟨𝐷𝜑(𝑥), 𝑃⟩𝑑Λ(𝑥, 𝑃)
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CURVATURE VARIFOLDS WITH ORTHOGONAL BOUNDARY 17 of 42

= ∫𝑆×𝐺(𝑚,𝑛)
⟨𝐷𝜑(𝑥)𝜈𝑆(𝑥), 𝜈𝑆(𝑥)⟩𝑑Λ(𝑥, 𝑃)

= ∫𝑆 Λ
𝑥(𝐺(𝑚, 𝑛)) ⟨𝐷𝜑(𝑥)𝜈𝑆(𝑥), 𝜈𝑆(𝑥)⟩𝑑𝜇Λ(𝑥),

where 𝜇Λ,Λ𝑥 are the measures arising from the disintegration of Λ, cf. Theorem A.1. Taking now
𝜑(𝑥) = dist𝑆(𝑥) 𝜈

𝑆(𝑥) yields 𝐷𝜑(𝑥)𝜈𝑆(𝑥) = 𝜈𝑆(𝑥) along 𝑆. We conclude

0 = ∫𝑆 Λ
𝑥(𝐺(𝑚, 𝑛)) 𝑑𝜇Λ(𝑥) = Λ(ℝ𝑛 × 𝐺(𝑚, 𝑛)).

This shows Λ = 0 and hence 𝑉 = 𝑉̃, which is the desired representation for 𝑉. Finally, we claim
that the boundary varifold Γ in Definition 2.2 has the representation

Γ(𝜑) = ∫𝐺(𝑚,𝑛) ∫𝑃⟂ ∫𝜕Δ𝑃,𝑧 𝜃𝑃,𝑧(𝑥) 𝜑(𝑥, 𝑃 ∩ 𝑇𝑥𝑆) 𝑑𝑚−1(𝑥) 𝑑𝜇⟂𝑃 (𝑧) 𝑑𝜈(𝑃).

First note that 𝑃 ∩ 𝑇𝑥𝑆 ∈ 𝐺𝑚−1(𝑇𝑥𝑆) as 𝜈𝑆(𝑥) ∈ 𝑃 for 𝑥 ∈ 𝜕Δ𝑃,𝑧. For given 𝜑 ∈ 𝐶1(𝐺𝑚−1(𝑇𝑆)),
we consider as test function 𝜙(𝑥, 𝑃) = 𝜑(𝑥, 𝑃 ∩ 𝑇𝑥𝑆)𝜈

𝑆(𝑥), suitably extended to a 𝐶1 function on
ℝ𝑛 × 𝐺(𝑚, 𝑛). From 𝑉 = 𝑉̃ and 𝐵𝑉 = 0, we get

∫𝐺𝑚−1(𝑇𝑆)
𝜑(𝑥, 𝑄) 𝑑Γ(𝑥, 𝑄)

= ∫𝐺𝑚−1(𝑇𝑆)
⟨𝜈𝑆(𝑥), 𝜙(𝑥, 𝜈𝑆(𝑥) ∧ 𝑄)⟩𝑑Γ(𝑥, 𝑄)

= −∫ℝ𝑛×𝐺(𝑚,𝑛)
⟨𝐷𝑥𝜙(𝑥, 𝑃), 𝑃⟩𝑑𝑉(𝑥, 𝑃)

= ∫𝐺(𝑚,𝑛) ∫𝑃⟂ ∫𝜕Δ𝑃,𝑧 𝜃𝑃,𝑧(𝑥)⟨𝜈𝑆(𝑥), 𝜙(𝑥, 𝑃)⟩𝑑𝑚−1(𝑥) 𝑑𝜇⟂𝑃 (𝑧) 𝑑𝜈(𝑃)

= ∫𝐺(𝑚,𝑛) ∫𝑃⟂ ∫𝜕Δ𝑃,𝑧 𝜃𝑃,𝑧(𝑥)𝜑(𝑥, 𝑃 ∩ 𝑇𝑥𝑆) 𝑑𝑚−1(𝑥) 𝑑𝜇⟂𝑃 (𝑧) 𝑑𝜈(𝑃).
□

4 MASS AND TOPOLOGY BOUNDS

In this section, Theorem 7 is applied to prove the bounds stated in the introduction.

Proof of Theorem 4. We first prove that 𝜘𝑚,𝑝(Ω) > 0. As 𝜘𝑚,𝑝(Ω)
1
𝑝 ⩾ 𝜘𝑚,1(Ω) by definition, it suf-

fices to consider the case 𝑝 = 1. Assume by contradiction that there is a sequence 𝑉𝑘 ∈ 𝐂𝐕𝑚
⟂
(Ω)

with𝐌(𝑉𝑘) = 1, such that ‖𝐵𝑉𝑘
‖𝐿1(𝑉𝑘)

→ 0. For the associated boundary varifolds Γ𝑘, we have by
Lemma 2.6

𝐌(Γ𝑘) ⩽ 𝐶
(
𝐌(𝑉𝑘) + ‖𝐵𝑉𝑘

‖𝐿1(𝑉𝑘)

)
⩽ 𝐶 where 𝐶 = 𝐶(𝑛,Ω).
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18 of 42 KUWERT and MÜLLER

Thus,we can assume that𝑉𝑘 → 𝑉where again𝐌(𝑉) = 1, and alsoΓ𝑘 → Γ as varifolds. By passing
to the limit in (20), we get

∫ℝ𝑛×𝐺(𝑚,𝑛)
⟨𝐷𝑥𝜙, 𝑃⟩𝑑𝑉(𝑥, 𝑃) = −∫𝐺𝑚−1(𝑇𝑆)

⟨𝜈𝑆(𝑥), 𝜙(𝑥, 𝜈𝑆(𝑥) ∧ 𝑄)⟩𝑑Γ(𝑥, 𝑄).
This means that 𝑉 is orthogonal to 𝑆 along Γ and has curvature zero. ButΩ has no orthogonal𝑚-
slices by assumption, andhence, Theorem7 implies that𝑉 = 0, a contradiction. For givennonzero
𝑉 ∈ 𝐂𝐕𝑚

⟂
(Ω), let 𝑉′ = 𝜆𝑉 where 𝜆 = 𝐌(𝑉)−1, thus𝐌(𝑉′) = 1. By definition of 𝜘𝑚,𝑝(Ω) and (21)

‖𝐵𝑉‖𝑝𝐿𝑝(𝑉) = 𝐌(𝑉) ‖𝐵𝑉′‖𝑝
𝐿𝑝(𝑉′)

⩾ 𝐌(𝑉)𝜘𝑚,𝑝(Ω).

The estimate for Γ follows from Lemma 2.6 and Remark 2.7. □

Proof of Theorem 1. As discussed in Section 2, any Σ ∈ 𝐒𝑚
⟂
(Ω) with ∫Σ |𝐴Σ|𝑝 𝑑𝜇Σ < ∞ induces a

curvature varifold in𝐂𝐕𝑚
⟂
(Ω). Hence, themass bound (1) follows fromTheorem4.Nowwe turn to

the special case when𝑚 = 2 and 𝑝 = 2. LetΣ ∈ 𝑆2
⟂
(Ω)with ∫Σ |𝐴Σ|2 𝑑𝜇Σ < ∞. Using 𝜂𝜕Σ = 𝜈𝑆|𝜕Σ,

we have by the Gauss–Bonnet theorem and Meusnier’s theorem

2𝜋𝜒(Σ) = ∫Σ 𝐾Σ 𝑑𝜇Σ + ∫𝜕Σ ℎ
𝑆(𝜏, 𝜏) 𝑑𝜎𝜕Σ. (35)

This is immediate if Σ is of class 𝐶2 up to the boundary. For general Σ ∈ 𝑆2
⟂
(Ω), one uses an

approximation, see also the calculation before (2.10) in [1]. Now (35) yields

2𝜋 |𝜒(Σ)| ⩽ 1
2 ∫Σ |𝐴Σ|2 𝑑𝜇Σ + ‖ℎ𝑆‖𝐶0(𝑆) |𝜕Σ|.

The claimed estimate for 𝜒(Σ) follows easily from this and Equation (1). □

Proof of Theorem 2. To prove claim (3), it is sufficient to bound |Σ|, since then |𝜕Σ| is estimated by
Lemma 2.6. Assume by contradiction that there is a sequence Σ𝑘 ∈ 𝐒𝑚

⟂
(Ω)with Σ𝑘 ⊂ 𝑈𝛿(𝑆), such

that

∫Σ𝑘 |𝐴Σ𝑘
|𝑝 𝑑𝜇Σ𝑘 < 1

𝑘
|Σ𝑘|.

Passing to 𝑉𝑘 = Σ𝑘∕|Σ𝑘| ∈ 𝐂𝐕𝑚
⟂
(Ω), we have𝐌(𝑉𝑘) = 1, and (21) yields

‖𝐵𝑉𝑘
‖𝑝
𝐿𝑝(𝑉𝑘)

= 2𝑝∕2‖𝐴Σ𝑘
‖𝑝
𝐿𝑝(Σ𝑘)

∕|Σ𝑘| < 2𝑝∕2
1
𝑘
→ 0.

𝑉𝑘 satisfies Definition 2.2 with boundary Γ𝑘 = 𝜕Σ𝑘∕|Σ𝑘|. As𝐌(Γ𝑘) ⩽ 𝐶 by Lemma 2.6, we may
assume that 𝑉𝑘 → 𝑉 and Γ𝑘 → Γ as varifolds. It follows that𝐌(𝑉) = 1, 𝑉 is orthogonal to 𝑆 and
has curvature zero. Moreover,

spt 𝜇𝑉 ⊂ 𝑈𝛿(𝑆). (36)

Let Δ be any orthogonal𝑚-slice of Ω. Choose 𝑝 ∈ Δ such that 𝜚 = dist(𝑝, 𝜕Δ) is maximal. Then,
there exist at least two points 𝑥 ∈ 𝜕Δ such that 𝑝 = 𝑥 + 𝜚𝜈𝑆(𝑥), and thus, the normal injectivity

 14697750, 2024, 3, D
ow

nloaded from
 https://londm

athsoc.onlinelibrary.w
iley.com

/doi/10.1112/jlm
s.12976 by U

niversitaetsbibl A
ugsburg, W

iley O
nline L

ibrary on [04/10/2024]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



CURVATURE VARIFOLDS WITH ORTHOGONAL BOUNDARY 19 of 42

radius of 𝑆 satisfies 𝜚𝑆 ⩽ 𝜚. We get for Ω𝛿 = Ω∖𝑈𝛿(𝑆)

|Δ ∩ Ω𝛿| ⩾ 𝑐(𝑚)(𝜚𝑆 − 𝛿)𝑚 > 0.

On the other hand, by comparing with a ball containing Ω, we have |Δ| ⩽ 𝐶 for 𝐶 = 𝐶(𝑚,Ω).
From the representation in Theorem 7, we now get

𝜇𝑉(Ω𝛿) = ∫𝐺(𝑚,𝑛) ∫𝑃⟂
∑

Δ∈𝑆𝑚
⟂
(Ω,𝑧+𝑃)

𝜃Δ |Δ ∩ Ω𝛿|𝑑𝜇⟂𝑃 (𝑧) 𝑑𝜈(𝑃)
⩾ 𝑐(𝑚,Ω)(𝜚𝑆 − 𝛿)𝑚 ∫𝐺(𝑚,𝑛) ∫𝑃⟂

∑
Δ∈𝑆𝑚

⟂
(Ω,𝑧+𝑃)

𝜃Δ |Δ|𝑑𝜇⟂𝑃 (𝑧) 𝑑𝜈(𝑃)
= 𝑐(𝑚,Ω)(𝜚𝑆 − 𝛿)𝑚 𝑀(𝑉) > 0.

This contradicts (36) and proves claim (3). The bound on the Euler characteristic in the case𝑚 =
𝑝 = 2 follows as in the proof of Theorem 1. □

Example 4.1. If Ω is a round ball or an 𝑛-dimensional ellipsoid, then any orthogonal slice Δ
contains the origin. Adapting the arguments yields the following: for any 𝜀 > 0, there is a constant
𝐶 = 𝐶(𝑛,𝑚, 𝑝,Ω, 𝜀) < ∞ such that for any Σ ∈ 𝑆𝑚

⟂
(Ω)

|Σ| + |𝜕Σ| ⩽ 𝐶 ∫Σ |𝐴Σ|𝑝 𝑑𝜇Σ whenever Σ ⊂ Ω∖𝐵𝜀(0).

Proof of Theorem 3. It suffices to prove the bound for |Σ|. Assume by contradiction that there are
immersed surfaces Σ𝑘 ∈ 𝐒2

⟂
(Ω) such that

∫Σ𝑘 |𝐴Σ𝑘
|2 𝑑𝜇Σ𝑘 + 𝜒(Σ𝑘)

+ <
1
𝑘
|Σ𝑘|.

The sequence𝑉𝑘 = Σ𝑘∕|Σ𝑘| ∈ 𝐂𝐕2
⟂(Ω) has norm𝐌(𝑉𝑘) = 1 and boundary Γ𝑘 = 𝜕Σ𝑘∕|Σ𝑘|. After

passing to a subsequence, we have𝑉𝑘 → 𝑉 and Γ𝑘 → Γ as varifolds, where Definition 2.2 holds in
the limit with curvature 𝐵𝑉 = 0. Now by (35), we have, denoting by 𝜏𝜕Σ𝑘 the unit tangent vector
of 𝜕Σ𝑘,

∫𝜕Σ𝑘 ℎ
𝑆
(
𝜏𝜕Σ𝑘 , 𝜏𝜕Σ𝑘

)
𝑑𝜎𝜕Σ𝑘 ⩽ 2𝜋𝜒(Σ𝑘)

+ − ∫Σ𝑘 𝐾Σ𝑘
𝑑𝜇Σ𝑘 .

Weget awell-defined function𝜑 ∶ 𝐺1(𝑇𝑆) → ℝ by putting𝜑(𝑥, 𝑄) = ℎ𝑆(𝑥)(𝜏, 𝜏)where 𝜏 ∈ 𝑄with|𝜏| = 1. By the varifold convergence Γ𝑘 → Γ, we have

∫𝐺1(𝑇𝑆) 𝜑(𝑥, 𝑄) 𝑑Γ(𝑥, 𝑄) = lim
𝑘→∞∫𝐺1(𝑇𝑆) 𝜑(𝑥, 𝑄) 𝑑Γ𝑘(𝑥, 𝑄)

= lim
𝑘→∞

1|Σ𝑘| ∫𝜕Σ𝑘 ℎ𝑆
(
𝜏𝜕Σ𝑘 , 𝜏𝜕Σ𝑘

)
𝑑𝜎𝜕Σ𝑘

⩽ lim
𝑘→∞

1|Σ𝑘|
(
2𝜋𝜒(Σ𝑘)

+ − ∫Σ𝑘 𝐾Σ𝑘
𝑑𝜇Σ𝑘

)
= 0.
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20 of 42 KUWERT and MÜLLER

On the other hand, Theorem 7 yields the representation

Γ(𝜑) = ∫𝐺(2,𝑛) ∫𝑃⟂
∑

Δ∈𝑆2
⟂
(Ω,𝑧+𝑃)

𝜃Δ ∫𝜕Δ 𝜑(𝑥, 𝑃 ∩ 𝑇𝑥𝑆) 𝑑1(𝑥) 𝑑𝜇⟂𝑃 (𝑧) 𝑑𝜈(𝑃).

Since Δ is an orthogonal slice, we have by the computation above

𝜑(𝑥, 𝑃 ∩ 𝑇𝑥𝑆) = ℎ𝑆(𝑥)(𝜏𝜕Δ(𝑥), 𝜏𝜕Δ(𝑥)) = 𝜘𝜕Δ(𝑥).
Here Δ is a domain in the plane 𝑃 and 𝜘𝜕Δ is the Euclidean curvature of its boundary. Now by
assumption, each Δ is a topological disk; therefore, by the Hopf Umlaufsatz [10],

∫𝜕Δ 𝜑(𝑥, 𝑃 ∩ 𝑇𝑥𝑆) 𝑑1(𝑥) = ∫𝜕Δ 𝜘𝜕Δ(𝑥) 𝑑
1(𝑥) = 2𝜋.

Inserting we obtain

Γ(𝜑) = 2𝜋 ∫𝐺(2,𝑛) ∫𝑃⟂
∑

Δ∈𝑆2
⟂
(Ω,𝑧+𝑃)

𝜃Δ 𝑑𝜇
⟂
𝑝 (𝑧) 𝑑𝜈(𝑃).

But this yields, since |Δ| ⩽ 𝐶(𝑛,Ω),

1 = 𝐌(𝑉) = ∫𝐺(2,𝑛) ∫𝑃⟂
∑

Δ∈𝑆2
⟂
(Ω,𝑧+𝑃)

𝜃Δ |Δ| ⩽ 𝐶(𝑛,Ω) Γ(𝜑) ⩽ 0.

□

Example 4.2. The assumptions in Theorem 1 and Theorem 3 cannot be dropped. Let

Ω = {(𝑥, 𝑦, 𝑧) ∈ ℝ3 ∶ 1 <
√
𝑥2 + 𝑦2 < 2, −1 < 𝑧 < 1}.

If 𝑉𝑘 is the varifold given by the annulus 𝐴 = {(𝑥, 𝑦, 0) ∶ 1 <
√
𝑥2 + 𝑦2 < 2} with multiplicity

𝑘, then 𝑉𝑘 has zero curvature and orthogonal boundary in Ω, but the mass 𝐌(𝑉𝑘) = 3𝑘𝜋 goes
to infinity.
By a slight modification, one also gets a counterexample of disk-type surfaces with bounded

curvature and orthogonal boundary in a smooth domain. Namely one can add to the previ-
ous example two copies of the vertical strip {(𝑥, 0, 𝑧) ∶ 1 < 𝑥 < 2, 0 < 𝑧 < 1}, thereby obtaining
a surface with orthogonal boundary which can be parametrized on a rectangle. A suitable
approximation yields a smooth example.

5 MINIMIZERSWITH ORTHOGONAL BOUNDARY

Proof of Theorem 5. IfΩ has an orthogonal slice Δ, then it is a minimizer with curvature zero and
the theorem follows. Otherwise let 𝑉𝑘 ∈ 𝐂𝐕2

⟂(Ω) be a minimizing sequence. By Theorem 4, we
then have

𝐌(𝑉𝑘) +𝐌(Γ𝑘) ⩽ 𝐶 ‖𝐵𝑉𝑘
‖2
𝐿2(𝑉𝑘)

where 𝐶 = 𝐶(𝑛,Ω). (37)
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CURVATURE VARIFOLDS WITH ORTHOGONAL BOUNDARY 21 of 42

Lemma 2.8 yields that after passing to a subsequence, 𝑉𝑘 → 𝑉 and Γ𝑘 → Γ as varifolds in ℝ𝑛,
where 𝑉, Γ satisfy Definition 2.2 and hence 𝑉 ∈ 𝐂𝐕2

⟂
(Ω), and further

‖𝐵𝑉‖𝐿2(𝑉) ⩽ lim inf
𝑘→∞

‖𝐵𝑉𝑘
‖𝐿2(𝑉𝑘)

.

By Remark 2.3, we have for any 𝜙 ∈ 𝐶1
𝑐 (ℝ

𝑛, ℝ𝑛)

𝛿𝑉𝑘(𝜙) = −∫ℝ𝑛
⟨𝐻𝑉𝑘

, 𝜙⟩𝑑𝜇𝑉𝑘
− ∫𝑆⟨𝜈𝑆(𝑥), 𝜙(𝑥)⟩𝑑𝜎Γ𝑘 .

Here,𝐻𝑉𝑘
(𝑥) = tr 𝐵𝑉𝑘

(𝑥, 𝑇𝑥𝜇𝑉𝑘
) and 𝜎Γ𝑘 is the weight measure of Γ𝑘. In particular,

|𝛿𝑉𝑘(𝜙)| ⩽ (‖𝐻𝑉𝑘
‖𝐿2(𝑉𝑘)

𝐌(𝑉𝑘)
1
2 +𝐌(Γ𝑘)

)‖𝜙‖𝐶0(ℝ𝑛) ⩽ 𝐶 ‖𝜙‖𝐶0(ℝ𝑛).

Now Allard’s integral compactness [2] implies 𝑉 ∈ 𝐈𝐂𝐕2
⟂(Ω). All that remains to show is that

𝑉 ≠ 0, that is, we need a lower bound

lim inf
𝑘→∞

𝐌(𝑉𝑘) > 0. (38)

This is achieved by the following three lemmas. Namely, if we had𝐌(𝑉𝑘) → 0, then Lemma 5.2
and Lemma 5.3 would imply

lim inf
𝑘→∞

‖𝐵𝑉𝑘
‖2
𝐿2(𝑉𝑘)

⩾ 8𝜋.

But then 𝑉𝑘 is not a minimizing sequence by Lemma 5.1, a contradiction. □

Lemma 5.1. For any bounded domain Ω ⊂ ℝ𝑛 of class 𝐶3, there exists a surface Σ ∈ 𝐒2
⟂
(Ω) with

varifold curvature

∫Σ |𝐵Σ|2 𝑑𝜇Σ < 8𝜋. (39)

Proof. Let 𝑆 ⊂ ℝ𝑛 be given by a graph representation 𝑦 = 𝑢(𝑧)where 𝑧 ∈ ℝ𝑛−1 with |𝑧| ⩽ 1, such
that

𝑢(0) = 0 and 𝐷𝑢(0) = 0.

The upward unit normal of the graph is given by

𝜈(𝑧) =
(−𝐷𝑢(𝑧), 1)√
1 + |𝐷𝑢(𝑧)|2 .

We identify 𝑥 ∈ ℝ2 with (𝑥, 0) ∈ ℝ𝑛−1, and consider the two-dimensional halfsphere

𝑆+ = {(𝑥, 𝑦) ∶ 𝑥 ∈ ℝ2, 𝑦 ⩾ 0, |𝑥|2 + 𝑦2 = 1} ⊂ ℝ𝑛.

We now define the map

𝑓 ∶ 𝑆+ → ℝ𝑛, 𝑓(𝑥, 𝑦) = (𝑥, 𝑢(𝑥)) + 𝑦 𝜈(𝑥).
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22 of 42 KUWERT and MÜLLER

For 𝑢(𝑥) ≡ 0, we have 𝑓(𝑥, 𝑦) = (𝑥, 0) + 𝑦(0, 1) = (𝑥, 𝑦). Now consider

𝑢𝜆(𝑧) =

{
1
𝜆
𝑢(𝜆𝑧) for 𝜆 ≠ 0,

0 for 𝜆 = 0.

Clearly 𝑢−𝜆(𝑧) = −𝑢𝜆(−𝑧), and 𝐷𝑢𝜆(𝑧) = 𝐷𝑢(𝜆𝑧). Moreover, 𝑢𝜆 is 𝐶1 in both variables (𝜆, 𝑧), in
fact we have

𝑢𝜆(𝑧) = ∫
1

0

𝑑
𝑑𝑡
𝑢𝜆(𝑡𝑧) 𝑑𝑡 = ∫

1

0
𝐷𝑢(𝜆𝑡𝑧) ⋅ 𝑧 𝑑𝑡.

The graph of 𝑢𝜆 has the upward unit normal

𝜈𝜆(𝑧) =
(−𝐷𝑢(𝜆𝑧), 1)√
1 + |𝐷𝑢(𝜆𝑧)|2 .

We obtain the variation

𝑓𝜆 ∶ 𝑆+ → ℝ𝑛, 𝑓𝜆(𝑥, 𝑦) = (𝑥, 𝑢𝜆(𝑥)) + 𝑦 𝜈𝜆(𝑥).

Clearly, 𝑢0(𝑥) = 0, 𝜈0(𝑥) = (0, 1) and 𝑓0(𝑥, 𝑦) = (𝑥, 𝑦). Now

𝜕
𝜕𝜆

𝐷𝑢(𝜆𝑧) ⋅ 𝑒𝑖|𝜆=0 = 𝐷2𝑢(0)(𝑧, 𝑒𝑖) = ℎ𝑆(𝑧, 𝑒𝑖).

Here, ℎ𝑆 is the second fundamental form of 𝑆 at (𝑧, 𝑢(𝑧)) = (0, 0). Next compute

𝜕
𝜕𝜆

𝑢𝜆(𝑧)|𝜆=0 = ∫
1

0
𝐷2𝑢(0)(𝑡𝑧, 𝑧) 𝑑𝑡 =

1
2
ℎ𝑆(𝑧, 𝑧),

𝜕
𝜕𝜆

𝜈𝜆(𝑧)|𝜆=0 = 𝜕
𝜕𝜆

(−𝐷𝑢𝜆(𝑧), 1)

(1 + |𝐷𝑢𝜆(𝑧)|2) 12 |𝜆=0 = −
𝑛−1∑
𝑖=1

ℎ𝑆(𝑧, 𝑒𝑖)𝑒𝑖 = 𝐷𝜈(0)𝑧.

In summary, the velocity field of the variation is

𝜙(𝑥, 𝑦) ∶=
𝜕
𝜕𝜆

𝑓𝜆(𝑥, 𝑦)|𝜆=0 = 1
2
ℎ𝑆(𝑥, 𝑥)(0, 1) + 𝑦 𝐷𝜈(0)𝑥.

The surface 𝑓(𝑥, 𝑦) meets the graph of 𝑢(𝑧) orthogonally along 𝑆1 = 𝜕𝑆+ ⊂ ℝ2. To see this, let
𝑥 ∈ 𝑆1 and choose a unit vector 𝑣 ∈ ℝ2, 𝑣 ⟂ 𝑥. At the boundary, we have one tangent vector of
𝑓(𝑥, 𝑦) given by

𝑑
𝑑𝛼

𝑓(cos 𝛼 𝑥 + sin 𝛼 𝑣, 0)|𝛼=0 = (𝑣, 𝐷𝑢(𝑥)𝑣).

A second tangent vector is obtained by

𝐷𝑓(𝑥, 0) ⋅ (0, 1) = 𝜈(𝑥) =
(−𝐷𝑢(𝑥), 1)√
1 + |𝐷𝑢(𝑥)|2 .

The first vector is tangent to 𝑓|𝑆1 , the second is orthogonal to the first and is normalized. Hence,
the second vector is the interior conormal 𝜂 along the boundary, and is equal to 𝜈(𝑥), so that
𝑓(𝑥, 𝑦) satisfies the orthogonal boundary constraint. Since the same computation applies to 𝑓𝜆
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CURVATURE VARIFOLDS WITH ORTHOGONAL BOUNDARY 23 of 42

the family 𝑓𝜆(𝑥, 𝑦) is admissible for comparison. We have the following first variation formula for
the Willmore functional with boundary terms, see [1, Theorem 1]:

𝑑
𝑑𝜆

(𝑓𝜆)|𝜆=0 = 1
2 ∫Σ⟨𝑊⃗(𝑓), 𝜙⟩𝑑𝜇g +

1
2 ∫𝜕Σ 𝜔(𝜂) 𝑑𝑠g .

The boundary term is given by

𝜔(𝜂) = 2⟨𝜙,∇𝜂𝐻⟩ − 𝑑⟨𝜙,𝐻⟩(𝜂) − 1
2
|𝐻|2⟨𝜙, 𝜂⟩.

In the case of 𝑆+, we have 𝑊⃗ = 0,𝐻(𝑥, 𝑦) = −2(𝑥, 𝑦) and ∇𝐻 = 0. Thus,

⟨𝜙,𝐻⟩ = −ℎ𝑆(𝑥, 𝑥)𝑦 − 2𝑦 ⟨𝐷𝜈(0)𝑥, 𝑥⟩ = ℎ𝑆(𝑥, 𝑥)𝑦.

Moreover, 𝜂 = (0, 1) along 𝜕𝑆+ and thus −𝑑⟨𝜙,𝐻⟩(𝜂) = −ℎ𝑆(𝑥, 𝑥). For the third term on the
boundary, we get directly −1

2
|𝐻|2⟨𝜙, 𝜂⟩ = −ℎ𝑆(𝑥, 𝑥). We conclude that 𝜔(𝜂) = −2ℎ𝑆(𝑥, 𝑥), and

thus,
𝑑
𝑑𝜆

(𝑓𝜆)|𝜆=0 = −∫𝑆1 ℎ
𝑆(𝑥, 𝑥) 𝑑𝑠(𝑥) = −2𝜋 trℝ2ℎ𝑆.

We may now assume that the 2-plane “ℝ2” in the definition of 𝑆+ is spanned by the directions of
the two largest principal curvatures of 𝑆. Furthermore, wemay assume that our graph representa-
tion was chosen around a point where the sum of the two largest principal curvatures is positive.
(Such point always exists due to the compactness of Ω). In this case, we have achieved

𝑑
𝑑𝜆

(𝑓𝜆)|𝜆=0 < 0.

On the other hand, for 𝜆 = 0, the integral of |𝐴◦|2 is zero and hence minimal, therefore its
derivative vanishes. Using |𝐴|2 = |𝐴◦|2 + 1

2
|𝐻|2, we conclude

𝑑
𝑑𝜆 ∫𝑆+ |𝐴𝑓𝜆

|2 𝑑𝜇𝑓𝜆 |𝜆=0 < 0.

Thus, for small 𝜆 > 0, we have comparison surfaces 𝑓𝜆 with curvature energy below the half
sphere. □

Lemma 5.2. Let 𝑉𝑘 ∈ 𝐈𝐂𝐕(Ω) be a sequence with 𝜇𝑉𝑘
→ 0 locally in Ω. Assume that there are

points 𝑥𝑘 ∈ spt 𝜇𝑉𝑘
such that 𝑥𝑘 → 𝑥0 ∈ Ω. Then,

lim inf
𝑘→∞

‖𝐵𝑉𝑘
‖2
𝐿2(𝑉𝑘)

⩾ 16𝜋 = ‖𝐵𝕊2‖2𝐿2(𝕊2). (40)

Proof. Let 0 < 𝜚 < dist(𝑥0, 𝜕Ω). By the monotonicity formula, see Equations (A.8) and (A.10) in
[12], we have for sufficiently large 𝑘

1 ⩽
𝜇𝑉𝑘

(𝐵𝜚(𝑥𝑘))

𝜋𝜚2
+

1
16𝜋 ∫𝐵𝜚(𝑥𝑘) |𝐻𝑉𝑘

|2 𝑑𝜇𝑉𝑘
+

1
2𝜋𝜚2 ∫𝐵𝜚(𝑥𝑘)⟨𝐻𝑉𝑘

(𝑥), 𝑥 − 𝑥0⟩𝑑𝜇𝑉
⩽
( 1
16𝜋

+ 𝜀
)
∫𝐵𝜚(𝑥𝑘) |𝐻𝑉𝑘

|2 𝑑𝜇𝑉𝑘
+ 𝐶(𝜀)

𝜇𝑉𝑘
(𝐵𝜚(𝑥𝑘))

𝜚2
.
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24 of 42 KUWERT and MÜLLER

Letting 𝑘 → ∞ and then 𝜀 ↘ 0, we infer

lim inf
𝑘→∞ ∫𝐵𝜚(𝑥𝑘) |𝐻𝑉𝑘

|2 𝑑𝜇𝑉𝑘
⩾ 16𝜋.

From 𝐻𝑉(𝑥) = tr 𝐵(𝑥, 𝑇𝑥𝜇𝑉), we obviously have |𝐵𝑉|2 ⩾ 1
2
|𝐻𝑉|2, but this improves by the factor

2. Namely, Hutchinson showed the following relations for any 𝑣 ∈ ℝ𝑛:

∙ 𝐵(𝑥, 𝑃)(𝑣, 𝑃) ⊂ 𝑃⟂ and 𝐵(𝑥, 𝑃)(𝑣, 𝑃⟂) ⊂ 𝑃 ([11], Proposition 5.2.4(iii)),
∙ ⟨𝐵(𝑣, 𝜏), 𝜈⟩ = ⟨𝐵(𝑣, 𝜈), 𝜏⟩ for 𝜏 ∈ 𝑃, 𝜈 ∈ 𝑃⟂ ([11], Proposition 5.2.4(i)).

Moreover, Mantegazza proved in [13, Theorem 5.4] that 𝐵(𝑥, 𝑃)(𝑃⟂𝑣, ⋅ ) ≡ 0 for 𝑃 = 𝑇𝑥𝜇, if 𝑉 is
integer rectifiable. Thus, 𝐻𝑉(𝑥) = tr 𝐵⟂(𝑥, 𝑇𝑥𝜇) and

∫ℝ𝑛
|𝐻𝑉|2 𝑑𝜇𝑉 ⩽ 2∫ℝ𝑛

|𝐵⟂𝑉|2 𝑑𝜇𝑉 = ∫ℝ𝑛
|𝐵𝑉|2 𝑑𝜇𝑉. (41)

This finishes the proof of the lemma. □

Lemma 5.3. Let Ω ⊂ ℝ𝑛 be a bounded domain of class 𝐶2, and let 𝑉𝑘 ∈ 𝐈𝐂𝐕2
⟂
(Ω) be a sequence

with𝐌(𝑉𝑘) → 0 and spt 𝑉𝑘 ⊂ 𝑈𝛿𝑘
(𝑆) where 𝛿𝑘 → 0. Then,

lim inf
𝑘→∞ ∫Ω |𝐵𝑉𝑘

|2 𝑑𝑉𝑘 ⩾ 8𝜋 = ∫𝕊2+
|𝐵𝕊2 |2 𝑑𝑉𝕊2 . (42)

The rest of this section is devoted to the proof of Lemma 5.3. A monotonicity formula for 𝑚-
dimensional varifolds with free boundary andmean curvature in 𝐿𝑝,𝑝 > 𝑚, was proved byGrüter
and Jost in [9], see also De Masi [8]. However, it seems unclear whether the argument of [9]
extends to the critical case𝑝 = 𝑚 = 2. Our strategy is to reflect the varifold across 𝑆. This approach
is not possible in the setting of [9], because the estimate for the mean curvature of the reflected
varifold involves the second fundamental form, see Equation (68) below.
In the following, it will be convenient to pullback the geometry by the reflection map.

Definition 5.4. Let 𝐺 = (g𝑖𝑗) ∈ 𝐶1(𝑈,ℝ𝑛×𝑛) be a Riemannian metric on the open set 𝑈 ⊂ ℝ𝑛.
For an𝑚-varifold 𝑉 on 𝑈, we consider the functional

𝑉g (𝜙) = ∫𝑈×𝐺(𝑚,𝑛)
𝜙(𝑥, 𝑃) 𝐽𝐺(𝑥, 𝑃) 𝑑𝑉(𝑥, 𝑃) for 𝜙 ∈ 𝐶0

𝑐 (𝑈 × 𝐺(𝑚, 𝑛)). (43)

Here, 𝐽𝐺(𝑥, 𝑃) denotes the Riemannian volume element. With respect to a standard orthonormal
basis 𝜏𝛼 of 𝑃 where 𝛼 = 1,… ,𝑚, we have

𝐽𝐺(𝑥, 𝑃) =
(
det g(𝑥)(𝜏𝛼, 𝜏𝛽)

) 1
2 = (det 𝑃𝐺(𝑥)|𝑃) 12 . (44)

The Riemannian mass of 𝑉 is given by

𝑀g (𝑉) = ∫𝑈×𝐺(𝑚,𝑛)
𝐽𝐺(𝑥, 𝑃) 𝑑𝑉(𝑥, 𝑃). (45)
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CURVATURE VARIFOLDS WITH ORTHOGONAL BOUNDARY 25 of 42

The first variation of 𝑉g with respect to a vector field 𝑋 ∈ 𝐶1
𝑐 (𝑈,ℝ

𝑛) is defined by

𝛿𝑉g (𝑋) =
𝑑
𝑑𝑡
𝑀g ((𝜑𝑡)♯𝑉)|𝑡=0, (46)

where 𝜑𝑡 is the flow associated to 𝑋.

Lemma 5.5 (Riemannian first variation). Let 𝑋 ∈ 𝐶1
𝑐 (𝑈,ℝ

𝑛) be a vector field with associated flow
𝜑𝑡 . Assume that 𝑉 is an integer rectifiable 𝑚-varifold in 𝑈 with weak second fundamental form
𝐵 ∈ 𝐿1(𝑉). Then, we have the first variation formula

𝛿𝑉g (𝑋) = −∫𝑈⟨𝐺(𝑥)𝐻g (𝑥), 𝑋(𝑥)⟩ 𝐽𝐺(𝑥, 𝑃(𝑥)) 𝑑𝜇𝑉(𝑥), (47)

where 𝜇𝑉 is the weight measure of 𝑉 and 𝑃(𝑥) = 𝑇𝑥𝑉 is the approximate tangent space. The vector
𝐻g decomposes as𝐻g (𝑥) =

∑3
𝑖=1 𝜙𝑖(𝑥, 𝑃(𝑥)) where

𝜙1(𝑥, 𝑃)
𝑙 =

1
𝐽𝐺(𝑥, 𝑃)

g 𝑙𝑚(𝑥)
𝜕

𝜕𝑃𝑗
𝑘

(
𝐽𝐺 𝑄𝑖

𝑚

)
(𝑥, 𝑃) 𝐵𝑘𝑖𝑗(𝑥, 𝑃), (48)

𝜙2(𝑥, 𝑃) =
1

𝐽𝐺(𝑥, 𝑃)
𝐺(𝑥)−1

𝜕
𝜕𝑥𝑗

(𝐽𝐺 𝑄)(𝑥, 𝑃)T𝑃𝑒𝑗, (49)

𝜙3(𝑥, 𝑃)
𝑖 = −

1
2
g(𝑥)𝑖𝑗

⟨
𝑄(𝑥, 𝑃)𝐺(𝑥)−1𝜕𝑥𝑗𝐺(𝑥), 𝑃

⟩
. (50)

Here, 𝑄(𝑥, 𝑃) is the projection onto 𝑃 with respect to the inner product g(𝑥).

Proof. For a diffeomorphism 𝜑 ∈ 𝐶1(𝑈,𝑈), the pushforward varifold is defined by

𝜑♯𝑉(𝜓) = ∫𝑈×𝐺(𝑚,𝑛)
𝜓(𝜑(𝑥), 𝐷𝜑(𝑥)𝑃) 𝐽𝜑(𝑥, 𝑃) 𝑑𝑉(𝑥, 𝑃). (51)

Here, by 𝐷𝜑(𝑥)𝑃, we mean the image subspace, and 𝐽𝜑(𝑥, 𝑃) is the standard Jacobian of 𝜑 on 𝑃.
The Riemannian mass of 𝜑♯𝑉 is then

𝑀g (𝜑♯𝑉) = ∫𝑈×𝐺(𝑚,𝑛)
𝐽𝐺(𝑦, 𝑄) 𝑑(𝜑♯𝑉)(𝑦, 𝑄)

= ∫𝑈×𝐺(𝑚,𝑛)
𝐽𝐺(𝜑(𝑥), 𝐷𝜑(𝑥)𝑃) 𝐽𝜑(𝑥, 𝑃) 𝑑𝑉(𝑥, 𝑃).

Now consider the identity maps 𝐼 ∶ (𝑃, g(𝑥)) → 𝑃 and 𝐽 ∶ 𝐷𝜑(𝑥)𝑃 →
(
𝐷𝜑(𝑥)𝑃, g(𝜑(𝑥))

)
. Let

𝐴(𝑥) ∶ 𝑃 → 𝐷𝜑(𝑥)𝑃, 𝐴(𝑥)𝑣 = 𝐷𝜑(𝑥)𝑣. We have

𝐽g𝜑(𝑥, 𝑃) = det ((𝐽𝐴(𝑥)𝐼)∗ 𝐽𝐴(𝑥)𝐼)
1
2

= det(𝐽∗𝐽)
1
2 det(𝐴(𝑥)∗𝐴(𝑥))

1
2 det(𝐼∗𝐼)

1
2

=
𝐽𝐺(𝜑(𝑥), 𝐷𝜑(𝑥)𝑃)

𝐽𝐺(𝑥, 𝑃)
𝐽𝜑(𝑥, 𝑃).
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26 of 42 KUWERT and MÜLLER

It follows that

𝑀g (𝜑♯𝑉) = ∫𝑈×𝐺(𝑚,𝑛)
𝐽g𝜑(𝑥, 𝑃) 𝑑𝑉g (𝑥, 𝑃) where 𝑑𝑉g = 𝐽𝐺 𝑑𝑉.

Now assume that 𝜑 = 𝜑𝑡 is the flow of a vector field𝑋 ∈ 𝐶1
𝑐 (𝑈,ℝ

𝑛). Choose an orthonormal basis
𝑣1, … , 𝑣𝑚 of 𝑃 with respect to g(𝑥), and calculate

𝜕
𝜕𝑡
𝐽g𝜑𝑡(𝑥, 𝑃)|𝑡=0 = 𝜕

𝜕𝑡

(
det g(𝜑𝑡(𝑥))(𝐷𝜑𝑡(𝑥)𝑣𝛼, 𝐷𝜑𝑡(𝑥)𝑣𝛽)

) 1
2 |𝑡=0

= g(𝑥)(𝐷𝑋(𝑥)𝑣𝛼, 𝑣𝛼) +
1
2
𝐷𝑋g(𝑥)(𝑣𝛼, 𝑣𝛼)

= tr (𝑄(𝑥, 𝑃)𝐷𝑋(𝑥)|𝑃) + 1
2
tr
(
𝑄(𝑥, 𝑃)𝐺(𝑥)−1𝐷𝑋𝐺(𝑥)|𝑃)

= ⟨𝑄(𝑥, 𝑃)𝐷𝑋(𝑥), 𝑃⟩ + 1
2
⟨𝑄(𝑥, 𝑃) 𝐺(𝑥)−1𝐷𝑋𝐺(𝑥), 𝑃⟩.

We write

𝐽𝐺(𝑥, 𝑝)⟨𝑄(𝑥, 𝑃)𝐷𝑋(𝑥), 𝑃⟩ = ⟨𝐷𝑥(𝐽𝐺(𝑥, 𝑃)𝑄(𝑥, 𝑃)𝑋(𝑥)), 𝑃⟩
−

𝑛∑
𝑗=1

⟨
𝜕
𝜕𝑥𝑗

(𝐽𝐺(𝑥, 𝑃)𝑄(𝑥, 𝑃)) 𝑋(𝑥), 𝑃𝑒𝑗

⟩
.

We now apply the curvature varifold property with the test vector field 𝑌(𝑥, 𝑃) =
𝐽𝐺(𝑥, 𝑃)𝑄(𝑥, 𝑃)𝑋(𝑥). Noting that 𝑌 is 𝐶1 and has compact support, we get

∫𝑈×𝐺(𝑚,𝑛)
⟨𝐷𝑥(𝐽𝐺(𝑥, 𝑃)𝑄(𝑥, 𝑃)𝑋(𝑥)), 𝑃⟩𝑑𝑉(𝑥, 𝑃) (52)

= −∫𝑈×𝐺(𝑚,𝑛)
(𝐷𝑃𝑌 ⋅ 𝐵 + ⟨tr 𝐵, 𝑌⟩) 𝑑𝑉(𝑥, 𝑃).

Since 𝑉 is integer rectifiable, it has weak mean curvature

𝐻𝑘
𝑉(𝑥) =

𝑛∑
𝑖=1

𝐵𝑘𝑖𝑖(𝑥, 𝑃(𝑥)) ∈ 𝐿1(𝜇𝑉),

where 𝑃(𝑥) is the projection onto 𝑇𝑥𝜇 and 𝜇𝑉 is the weight measure. Now we use𝐻(𝑥) ⟂ 𝑇𝑥𝜇 𝜇-
almost-everywhere, see Brakke [5, Chapter 5] or Mantegazza [13, Theorem 5.4]. As 𝑌(𝑥, 𝑃(𝑥)) ∈
𝑇𝑥𝜇, the last term in (52) vanishes. We conclude

𝛿𝑉g (𝑋) =
𝑑
𝑑𝑡
𝑀g ((𝜑𝑡)♯𝑉)|𝑡=0

= −∫𝑈×𝐺(𝑚,𝑛)
𝐷𝑃𝑌 ⋅ 𝐵 𝑑𝑉(𝑥, 𝑃)

−∫𝑈
𝑛∑

𝑗=1

⟨
𝜕𝑥𝑗 (𝐽𝐺 𝑄)(𝑥, 𝑃)𝑋(𝑥), 𝑃𝑒𝑗

⟩
𝑑𝑉(𝑥, 𝑃)

+
1
2 ∫𝑈×𝐺(𝑚,𝑛)

⟨𝑄(𝑥, 𝑃)𝐺(𝑥)−1𝐷𝑋𝐺(𝑥), 𝑃⟩ 𝐽𝐺(𝑥, 𝑃) 𝑑𝑉(𝑥, 𝑃).
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CURVATURE VARIFOLDS WITH ORTHOGONAL BOUNDARY 27 of 42

Finally, we rewrite this in Riemannian form, that is,

𝛿𝑉g (𝑋) = −∫𝑈⟨𝐺(𝑥)𝐻g (𝑥), 𝑋(𝑥)⟩ 𝐽𝐺(𝑥, 𝑃(𝑥)) 𝑑𝜇𝑉(𝑥).
Now one readily checks this formula for𝐻g as given in the statement of the Lemma. □

Lemma 5.6 (Local energy bound). Assume that in addition to the assumptions of the previous
lemma, we have

|𝐺(𝑥) − E𝑛| ⩽ 𝜀 and |𝐷𝐺(𝑥)| ⩽ Λ. (53)

Then, we can estimate, for 𝑃 = 𝑃(𝑥),

‖𝐻g (𝑥)‖2g 𝐽𝐺(𝑥, 𝑃) ⩽ |𝐻(𝑥)|2 + 𝐶𝜀 |𝐵(𝑥, 𝑃)|2 + 𝐶(𝜀, Λ). (54)

Proof. We consider the sets

 =
{
𝐺 ∈ ℝ𝑛×𝑛 ∶ 𝐺T = 𝐺, |𝐺 − E𝑛| ⩽ 1

2

}
,

 = {𝑀 ∈ 𝐿(ℝ𝑛, ℝ𝑛×𝑛) ∶ |𝑀| ⩽ Λ}.

For given 𝐺 ∈  and 𝑃 ∈ 𝐺(𝑚, 𝑛), we choose a standard orthonormal basis 𝜏1, … , 𝜏𝑚 of 𝑃 and
define g𝛼𝛽 = ⟨𝐺𝜏𝛼, 𝜏𝛽⟩. The following quantities are well defined:

𝐽(𝐺, 𝑃) =
(
det g𝛼𝛽

) 1
2 ,

𝑄(𝐺, 𝑃)𝑒𝑗 = g𝛼𝛽⟨𝐺𝜏𝛽, 𝑒𝑗⟩ 𝜏𝛼.
To see that the functions are smooth, one can choose a smooth orthonormal basis 𝜏𝛼(𝑃) for 𝑃 near
a point 𝑃0 ∈ 𝐺(𝑚, 𝑛). Such a basis can be obtained by taking a basis 𝜏𝛼 for 𝑃0 and applying the
Gram–Schmidt process to the vectors 𝑃𝜏𝛼. Putting 𝐺 = 𝐺(𝑥) and 𝑀 = 𝐷𝐺(𝑥), one verifies that
the three functions 𝜙𝑖(𝑥, 𝑃) for 𝑃 = 𝑃(𝑥) have the following structure:

𝜙1(𝑥, 𝑃) = 𝑓1(𝐺, 𝑃)
𝑖𝑗
𝑘
𝐵𝑘𝑖𝑗,

𝜙2(𝑥, 𝑃) = 𝑓2(𝐺, 𝑃) ∗ 𝑀,

𝜙3(𝑥, 𝑃) = 𝑓3(𝐺, 𝑃) ∗ 𝑀.

(Here, 𝑓(𝐺, 𝑃) ∗ 𝑀 refers to a sum of products of terms of expressions that are smooth in𝐺, 𝑃with
entries of𝑀.) For 𝐺 = E𝑛 and𝑀 = 0, we compute precisely

𝜙𝑙1 = 𝛿𝑙𝑚
𝜕𝑃𝑖𝑚

𝜕𝑃𝑗
𝑘

𝐵𝑘𝑖𝑗 = 𝐵𝑙𝑖𝑖 = 𝐻𝑙 and 𝜙2 = 𝜙3 = 0.

It follows that

|𝐻g (𝑥) − 𝐻(𝑥)| ⩽ 𝐶 |𝑓1(𝐺, 𝑃) − 𝑓1(E𝑛, 𝑃)| |𝐵| + 𝐶 (|𝑓2(𝐺, 𝑃)| + |𝑓3(𝐺, 𝑃)|) |𝑀|.
⩽ 𝐶𝜀 |𝐵| + 𝐶Λ.
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28 of 42 KUWERT and MÜLLER

We can now estimate further

|||𝐻g |2 − |𝐻|2|| ⩽ (2|𝐻| + 𝐶𝜀 |𝐵| + 𝐶Λ) ⋅ (𝐶𝜀|𝐵| + 𝐶Λ)

⩽ 𝐶(|𝐵| + 𝐶Λ)(𝐶𝜀|𝐵| + 𝐶Λ)

⩽ 𝐶𝜀|𝐵|2 + 𝐶Λ|𝐵| + 𝐶Λ2

⩽ 𝐶𝜀|𝐵|2 + 𝐶(𝜀)Λ2.

Finally, we use ⟨𝐺𝑣, 𝑣⟩ ⩽ (1 + 𝐶𝜀)|𝑣|2 and conclude
‖𝐻g‖2g 𝐽𝐺 ⩽ (1 + 𝐶𝜀)|𝐻g |2

⩽ (1 + 𝐶𝜀)(|𝐻|2 + 𝐶𝜀|𝐵|2 + 𝐶(𝜀)Λ2)

⩽ |𝐻|2 + 𝐶𝜀|𝐵|2 + 𝐶(𝜀)Λ2.

The lemma is proved. □

We now turn to the problem of mapping a varifold by a diffeomorphism.

Lemma 5.7. Let 𝜎 ∈ 𝐶2(𝑈, 𝑈̂) be a diffeomorphism of open sets 𝑈, 𝑈̂ ⊂ ℝ𝑛, with pullback metric
g𝑖𝑗 = ⟨𝜕𝑖𝜎, 𝜕𝑗𝜎⟩. Let 𝑉 be an integer rectifiable varifold with compact support in 𝑈, having second
fundamental form 𝐵 ∈ 𝐿2(𝑉). Then, the pushforward varifold 𝑉̂ = 𝜎♯𝑉 has weak mean curvature
𝐻̂ ∈ 𝐿2(𝜇̂), for 𝜇̂ = 𝜇𝑉̂ , given by

𝐻̂◦𝜎 = 𝐷𝜎 ⋅𝐻g . (55)

Moreover, we have for 𝐽𝐺(𝑥) = 𝐽𝐺(𝑥, 𝑇𝑥𝜇𝑉) and any Borel set 𝐸 ⊂ 𝑈

∫𝜎(𝐸) |𝐻̂(𝑦)|2 𝑑𝜇̂(𝑦) = ∫𝐸 ‖𝐻g (𝑥)‖2g 𝐽𝐺(𝑥) 𝑑𝜇(𝑥). (56)

Proof. By definition of the varifold pushforward, we have

𝜎♯𝑉(𝜂) = ∫𝑈 𝜂(𝜎(𝑥), 𝐷𝜎(𝑥)𝑃)𝐽𝜎(𝑥, 𝑃) 𝑑𝑉(𝑥, 𝑃).

For an orthonormal basis 𝜏𝛼 of 𝑃, we have ⟨𝐷𝜎(𝑥)𝜏𝛼, 𝐷𝜎(𝑥)𝜏𝛽⟩ = g(𝑥)(𝜏𝛼, 𝜏𝛽), thus

𝐌(𝜎♯𝑉) = ∫𝑈 𝐽𝜎(𝑥, 𝑃) 𝑑𝑉(𝑥, 𝑃) = ∫𝑈 𝐽𝐺(𝑥, 𝑃) 𝑑𝑉(𝑥, 𝑃) = 𝑀g (𝑉).

Now for given 𝑌 ∈ 𝐶1
𝑐 (𝑈̂, ℝ

𝑛), we let 𝑋 ∈ 𝐶1
𝑐 (𝑈,ℝ

𝑛) be the 𝜎-related vector field, that is, 𝑌◦𝜎 =
𝐷𝜎 ⋅ 𝑋. Then, we have 𝜓𝑡◦𝜎 = 𝜎◦𝜑𝑡 for the related flows, and

𝐌((𝜓𝑡)♯ 𝜎♯𝑉) = 𝐌((𝜓𝑡◦𝜎)♯𝑉) = 𝐌((𝜎◦𝜑𝑡)♯𝑉) = 𝐌(𝜎♯ (𝜑𝑡)♯𝑉) = 𝑀g ((𝜑𝑡)♯𝑉).

Therefore, we obtain

𝛿𝑉̂(𝑌) =
𝑑
𝑑𝑡
𝐌((𝜓𝑡)♯(𝜎♯𝑉))|𝑡=0
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=
𝑑
𝑑𝑡
𝑀g ((𝜑𝑡)♯𝑉)|𝑡=0

= −∫𝑈⟨𝐺(𝑥)𝐻g (𝑥), 𝑋(𝑥)⟩ 𝐽𝐺(𝑥, 𝑃(𝑥)) 𝑑𝜇(𝑥).
Transforming back to 𝜎♯𝑉 yields

∫𝑈⟨𝐺(𝑥)𝐻g (𝑥), 𝑋(𝑥)⟩ 𝐽𝐺(𝑥, 𝑃(𝑥)) 𝑑𝜇(𝑥)
= ∫𝑈×𝐺(𝑚,𝑛)

⟨𝐷𝜎(𝑥)𝐻g (𝑥), 𝐷𝜎(𝑥)𝑋(𝑥)⟩𝐽𝜎(𝑥, 𝑃) 𝑑𝑉(𝑥, 𝑃)
= ∫𝑈×𝐺(𝑚,𝑛)

⟨𝐷𝜎(𝜎−1(𝑦))𝐻g (𝜎
−1(𝑦)), 𝑌(𝑦)⟩|𝑦=𝜎(𝑥) 𝐽𝜎(𝑥, 𝑃) 𝑑𝑉(𝑥, 𝑃)

= ∫𝑈̂×ℝ𝑛

⟨
𝐷𝜎(𝜎−1(𝑦))𝐻g (𝜎

−1(𝑦)), 𝑌(𝑦)
⟩
𝑑(𝜎♯𝑉)(𝑦, 𝑃).

We conclude

𝛿𝑉̂(𝑌) = −∫𝑈̂⟨𝐻̂, 𝑌⟩𝑑𝜇̂ where 𝐻̂(𝑦) = 𝐷𝜎(𝑥)𝐻g (𝑥)|𝑥=𝜎−1(𝑦). (57)

Substituting 𝑋(𝑥) = 𝐻g (𝑥) in the previous calculation, we see finally

∫𝑈 ‖𝐻g (𝑥)‖2g𝐽𝐺(𝑥) 𝑑𝜇(𝑥) = ∫𝑈̂ |𝐻̂(𝑦)|2 𝑑𝜇̂(𝑦). □

We now specialize to the situation where Ω ⊂ ℝ𝑛 is a bounded 𝐶2 domain with boundary 𝑆 =
𝜕Ω, and consider the reflection

𝜎 ∶ 𝑈 → 𝑈, 𝜎(𝑥 + 𝑟𝜈𝑆(𝑥)) = 𝑥 − 𝑟𝜈𝑆(𝑥) where (𝑥, 𝑟) ∈ 𝑆 × (−𝛿, 𝛿). (58)

Here 𝛿 > 0 is chosen so small that the two-sided tubular neighborhood 𝑈 = 𝑈𝛿(𝑆) =
{𝑥 + 𝑟𝜈𝑆(𝑥) ∶ (𝑥, 𝑟) ∈ 𝑆 × (−𝛿, 𝛿)} is open. Notice further that 𝜎(𝑈) = 𝑈. We put g𝑖𝑗(𝑥) =⟨𝜕𝑖𝜎(𝑥), 𝜕𝑗𝜎(𝑥)⟩ for all 𝑥 ∈ 𝑈.

Lemma 5.8. For 𝑥 ∈ 𝑆, 𝑣 ∈ ℝ𝑛, we have, where 𝑃𝑆 is the projection onto 𝑇𝑆,

g𝑖𝑗(𝑥) = 𝛿𝑖𝑗 and 𝐷g𝑖𝑗(𝑥)𝑣 = 4⟨𝜈𝑆(𝑥), 𝑣⟩ℎ𝑆(𝑥)(𝑃𝑆𝑒𝑖, 𝑃𝑆𝑒𝑗). (59)

Proof. First, the 𝑟-derivative of (58) gives

𝐷𝜎(𝑥 + 𝑟𝜈𝑆(𝑥))𝜈𝑆(𝑥) = −𝜈𝑆(𝑥).

Second, let 𝛾(𝑠) be a curve in 𝑆 with 𝛾(0) = 𝑥 and 𝛾′(0) = 𝑣 ∈ 𝑇𝑥𝑆. Then, we compute, denoting
by𝑊(𝑥) the Weingarten map of 𝑆,

(Id − 𝑟𝑊(𝑥))𝑣 =
𝑑
𝑑𝑠

(𝛾(𝑠) − 𝑟𝜈(𝛾(𝑠)))|𝑠=0
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30 of 42 KUWERT and MÜLLER

=
𝑑
𝑑𝑠

𝜎
(
𝛾(𝑠) + 𝑟𝜈𝑆(𝛾(𝑠))

)|𝑠=0
= 𝐷𝜎(𝑥 + 𝑟𝜈𝑆(𝑥))(Id + 𝑟𝑊(𝑥))𝑣.

This implies

𝐷𝜎(𝑥 + 𝑟𝜈𝑆(𝑥))𝑣 = (Id − 𝑟𝑊(𝑥)) (Id + 𝑟𝑊(𝑥))−1𝑣 for 𝑣 ∈ 𝑇𝑥𝑆.

For 𝑟 = 0, we get as expected

𝐷𝜎(𝑥)𝜈𝑆(𝑥) = −𝜈𝑆(𝑥) and 𝐷𝜎(𝑥)𝑣 = 𝑣.

This implies 𝐺(𝑥) = 𝐷𝜎(𝑥)T𝐷𝜎(𝑥) = En for 𝑥 ∈ 𝑆. Moreover, it follows that

𝐷𝐺(𝑥)𝑣 = 0 for 𝑥 ∈ 𝑆, 𝑣 ∈ 𝑇𝑥𝑆.

We compute further

𝜕
𝜕𝑟
𝐷𝜎(𝑥 + 𝑟𝜈𝑆(𝑥))𝜈𝑆(𝑥)|𝑟=0 = 𝜕

𝜕𝑟
(−𝜈𝑆(𝑥)) = 0.

For the tangential derivative we get, again for 𝑣 ∈ 𝑇𝑥𝑆,

𝜕
𝜕𝑟
𝐷𝜎(𝑥 + 𝑟𝜈𝑆(𝑥))𝑣|𝑟=0 = 𝜕

𝜕𝑟
(Id − 𝑟𝑊(𝑥)) (Id + 𝑟𝑊(𝑥))−1𝑣|𝑟=0

= −2𝑊(𝑥)𝑣.

Thus, we have, again for 𝑣, 𝑤 ∈ 𝑇𝑥𝑆,

𝜕
𝜕𝑟
g(𝑥 + 𝑟𝜈𝑆(𝑥))(𝜈𝑆(𝑥), 𝜈𝑆(𝑥))|𝑟=0 = 0,

𝜕
𝜕𝑟
g(𝑥 + 𝑟𝜈𝑆(𝑥))(𝜈𝑆(𝑥), 𝑣)|𝑟=0 = 0,

𝜕
𝜕𝑟
g(𝑥 + 𝑟𝜈𝑆(𝑥))(𝑣, 𝑤)|𝑟=0 = 4ℎ𝑆(𝑥)(𝑣, 𝑤).

The lemma is proved. □

We now compute the vector𝐻g (𝑥) as defined in Lemma 5.5 for points 𝑥 ∈ 𝑆.

Lemma 5.9. For 𝑥 ∈ 𝑆 and 𝑃 = 𝑃(𝑥), we have the formula

𝐻g (𝑥) = 𝐻(𝑥) − 2Δ𝑃𝑑𝑆(𝑥) 𝑃
⟂𝜈𝑆(𝑥) + 4𝑃⟂𝐷∇𝑑𝑆(𝑥) ⋅ 𝑃𝜈

𝑆. (60)

Here, the notation Δ𝑃𝑑𝑆(𝑥) = tr𝑃𝐷
2𝑑𝑆(𝑥) is used.

Proof. Let 𝑃 ∈ 𝐺(𝑚, 𝑛) be any fixed subspace, with Euclidean orthonormal basis 𝜏𝛼 for 1 ⩽ 𝛼 ⩽ 𝑚.
Put g𝛼𝛽(𝑥) = g(𝑥)(𝜏𝛼, 𝜏𝛽). At a point 𝑥 ∈ 𝑆, we have

g𝛼𝛽(𝑥) = ⟨𝜏𝛼, 𝜏𝛽⟩ = 𝛿𝛼𝛽,

𝜕𝑥𝑘g𝛼𝛽(𝑥) = 4⟨𝜈𝑆(𝑥), 𝑒𝑘⟩𝐷2𝑑𝑆(𝑥)(𝜏𝛼, 𝜏𝛽).
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We then have

𝜕𝑥𝑘𝐽𝐺(𝑥, 𝑃) = 2⟨𝜈𝑆(𝑥), 𝑒𝑘⟩𝐷2𝑑𝑆(𝜏𝛼, 𝜏𝛼) = 2⟨𝜈𝑆(𝑥), 𝑒𝑘⟩Δ𝑃𝑑𝑆(𝑥). (61)

Next, we compute for 𝐺(𝑥) = (g𝛼𝛽(𝑥)),

⟨𝜕𝑥𝑘𝐺, 𝑃⟩ = 4 ⟨𝜈𝑆(𝑥), 𝑒𝑘⟩ℎ𝑆(𝑥)(𝜏𝛼, 𝜏𝛼) = 4 ⟨𝜈𝑆(𝑥), 𝑒𝑘⟩Δ𝑃𝑑𝑆(𝑥). (62)

Now we address the 𝑥𝑘 derivative of 𝑄(𝑥, 𝑃). Using again g𝛼𝛽 = g(𝜏𝛼, 𝜏𝛽), we have

𝑄(𝑥, 𝑃)𝑣 = g𝛼𝛽g(𝜏𝛽, 𝑣)𝜏𝛼 for any 𝑣 ∈ ℝ𝑛.

Now we have, again for any 𝑣 ∈ ℝ𝑛,

𝜕𝑥𝑘g
𝛼𝛽 = −4⟨𝜈𝑆(𝑥), 𝑒𝑘⟩𝐷2𝑑𝑆(𝑥)(𝜏𝛼, 𝜏𝛽),

𝜕𝑥𝑘g(𝜏, 𝑣) = 4⟨𝜈𝑆(𝑥), 𝑒𝑘⟩𝐷2𝑑𝑆(𝑥)(𝜏, 𝑣).

Inserting we have

𝜕𝑥𝑘𝑄(𝑥, 𝑃)𝑣 = −4⟨𝜈𝑆(𝑥), 𝑒𝑘⟩𝐷2𝑑𝑆(𝑥)(𝜏𝛼, 𝜏𝛽)⟨𝜏𝛽, 𝑣⟩ 𝜏𝛼 + 4 ⟨𝜈𝑆(𝑥), 𝑒𝑘⟩𝐷2𝑑𝑆(𝜏𝛼, 𝑣)𝜏𝛼,

which yields

𝜕𝑥𝑘𝑄(𝑥, 𝑃)𝑣 = 4 ⟨𝜈𝑆(𝑥), 𝑒𝑘⟩𝐷2𝑑𝑆(𝑥)(𝜏𝛼, 𝑃
⟂𝑣)𝜏𝛼 (63)

= 4 ⟨𝜈𝑆(𝑥), 𝑒𝑘⟩𝑃𝐷∇𝑑𝑆(𝑥)𝑃⟂𝑣.
Now𝐻g (𝑥) =

∑3
𝑖=1 𝜙𝑖(𝑥, 𝑃(𝑥)), where for g𝑖𝑗(𝑥) = 𝛿𝑖𝑗 the 𝜙𝑖 are as follows:

𝜙1(𝑥, 𝑃)
𝑙 = 𝜕

𝑃𝑗
𝑘
(𝐽𝐺 𝑄𝑖

𝑙)(𝑥, 𝑃)𝐵
𝑘
𝑖𝑗(𝑥, 𝑃),

𝜙2(𝑥, 𝑃) = (𝜕𝑥𝑘𝐽𝐺(𝑥, 𝑃)) 𝑃𝑒𝑘 + 𝜕𝑥𝑘𝑄(𝑥, 𝑃)
T𝑃𝑒𝑘,

𝜙3(𝑥, 𝑃)
𝑖 = −1

2
⟨𝜕𝑖𝐺(𝑥), 𝑃⟩.

For 𝜙3, we have directly

𝜙3(𝑥, 𝑃) = −2⟨𝜈𝑆(𝑥), 𝑒𝑘⟩Δ𝑃𝑑𝑆(𝑥)𝑒𝑘 = −2Δ𝑃𝑑𝑆(𝑥) 𝜈
𝑆(𝑥).

For 𝜙2(𝑥, 𝑃), we first calculate

⟨𝜕𝑥𝑘𝑄(𝑥, 𝑃)T𝑣, 𝑤⟩ = ⟨𝑣, 𝜕𝑥𝑘𝑄(𝑥, 𝑃)𝑤⟩
= 4⟨𝜈𝑆(𝑥), 𝑒𝑘⟩ ⟨𝑣, 𝐷2𝑑𝑆(𝜏𝛼, 𝑃

⟂𝑤)𝜏𝛼⟩
= 4⟨𝜈𝑆(𝑥), 𝑒𝑘⟩𝐷2𝑑𝑆(𝑥)(𝑃𝑣, 𝑃

⟂𝑤).

Inserting we compute further

𝜙2(𝑥, 𝑃) = 2 ⟨𝜈𝑆(𝑥), 𝑒𝑘⟩Δ𝑃𝑑𝑆(𝑥) 𝑃𝑒𝑘

+4 ⟨𝜈𝑆(𝑥), 𝑒𝑘⟩𝐷2𝑑𝑆(𝑥)(𝑃𝑒𝑘, 𝑃
⟂𝑒𝑙) 𝑒𝑙
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32 of 42 KUWERT and MÜLLER

= 2Δ𝑃𝑑𝑆(𝑥)𝑃𝜈
𝑆(𝑥) + 4𝐷2𝑑𝑆(𝑥)(𝑃𝜈

𝑆(𝑥), 𝑃⟂𝑒𝑙)𝑒𝑙.

To simplify further, we use

𝐷2𝑑𝑆(𝑥)(𝑃𝜈
𝑆(𝑥), 𝑃⟂𝑒𝑙)𝑒𝑙 = ⟨𝐷∇𝑑𝑆(𝑥)𝑃𝜈𝑆(𝑥), 𝑃⟂𝑒𝑙⟩𝑒𝑙 = 𝑃⟂𝐷∇𝑑𝑆(𝑥)𝑃𝜈

𝑆(𝑥).

Thus, we arrive at

𝜙2(𝑥, 𝑃) = 2Δ𝑃𝑑𝑆(𝑥)𝑃𝜈
𝑆(𝑥) + 4𝑃⟂𝐷∇𝑑𝑆(𝑥)𝑃𝜈

𝑆(𝑥).

It remains to compute 𝜙1(𝑥, 𝑃). This involves only a partial derivative with respect to the 𝑃
variable, hence we can assume that 𝑥 ∈ 𝑆 is a fixed point, in particular we have for all 𝑃 that
𝐽𝐺(𝑥, 𝑃) = 1 and 𝑄(𝑥, 𝑃) = 𝑃. We then get easily

𝜙1(𝑥, 𝑃)
𝑙 =

𝜕𝑃𝑖
𝑙

𝜕𝑃𝑗
𝑘

𝐵𝑘𝑖𝑗(𝑥, 𝑃) = 𝛿𝑖𝑗𝛿𝑘𝑙𝐵
𝑘
𝑖𝑗(𝑥, 𝑃) = 𝐵𝑙𝑖𝑖 .

In other words, we just have

𝜙1(𝑥, 𝑃(𝑥)) = 𝐻(𝑥).

Collecting the three terms, we finally have

𝐻g (𝑥) = 𝐻(𝑥) − 2Δ𝑃𝑑𝑆(𝑥)𝑃
⟂𝜈𝑆(𝑥) + 4𝑃⟂𝐷∇𝑑𝑆(𝑥)𝑃𝜈

𝑆(𝑥). (64)□

Proposition 5.10 (Reflecting the varifold). Let Ω ⊂ ℝ𝑛 be a bounded 𝐶3 domain, and let 𝑉 ∈
𝐈𝐂𝐕𝑚

⟂
(Ω) be given with spt 𝜇𝑉 ⊂ 𝑈. Here, we suppose that 𝑈 = 𝑈𝛿(𝑆) is a tubular neighborhood

of 𝑆 = 𝜕Ω such that the reflection 𝜎 ∈ 𝐶2(𝑈,𝑈) across 𝑆 is defined. Define

𝑊(𝜙) = 𝑉(𝜙) + 𝜎♯𝑉(𝜙) for 𝜙 ∈ 𝐶0
𝑐 (ℝ

𝑛 × 𝐺(𝑚, 𝑛)). (65)

Then, the integer rectifiable varifold𝑊 has the following properties.

(a) 𝜇𝑊 = 2𝜇𝑉 on 𝑆, and 𝑇𝑥𝜇𝑊 = 𝑇𝑥𝜇𝑉 ⊂ 𝑇𝑥𝑆 whenever 𝑇𝑥𝜇𝑉 , 𝑥 ∈ 𝑆, exists.
(b) 𝑊 has weak mean curvature𝐻𝑊 ∈ 𝐿2(𝜇𝑊), given by

𝐻𝑊(𝑥) =

⎧⎪⎨⎪⎩
𝐻𝑉(𝑥) for 𝑥 ∈ Ω,

(𝐷𝜎 ⋅𝐻g )(𝜎(𝑥)) for 𝑥 ∈ ℝ𝑛∖Ω,
1
2

(
𝐻𝑉(𝑥) + 𝐷𝜎(𝑥)𝐻g (𝑥)

)
for 𝑥 ∈ 𝑆.

(66)

Here𝐻g is as in Lemma 5.5. For 𝑥 ∈ 𝑆, we have precisely

𝐻𝑊(𝑥) = 𝑃⊤𝑆 𝐻𝑉(𝑥) + Δ𝑃𝑑𝑆(𝑥) 𝜈
𝑆(𝑥). (67)

(c) Assume |𝐺 − En| ⩽ 𝜀 and |𝐷𝐺| ⩽ Λ on𝑈. Then,𝑊 satisfies

∫ℝ𝑛
|𝐻𝑊|2𝑑𝜇𝑊 ⩽ 2 ∫Ω |𝐻𝑉|2𝑑𝜇𝑉 + 𝐶𝜀 ∫Ω |𝐵𝑉|2𝑑𝜇𝑉 + 𝐶(Λ, 𝜀)𝐌(𝑉). (68)
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CURVATURE VARIFOLDS WITH ORTHOGONAL BOUNDARY 33 of 42

Proof. Assuming 𝑉 = 𝐯(𝑀, 𝜃), we have 𝜎♯𝑉 = 𝐯(𝜎(𝑀), 𝜃◦𝜎). Thus,

𝑊 = 𝐯(𝑀 ∪ 𝜎(𝑀), 𝜃 + 𝜃◦𝜎)

is integer rectifiable and 𝜇𝑊 = 2𝜇𝑉 on 𝑆. Now if 𝑇𝑥𝜇𝑉 exists for 𝑥 ∈ 𝑆, then 𝑇𝑥𝜇𝑉 is contained
in the halfspace ⟨𝜈𝑆(𝑥), 𝑣⟩ ⩾ 0, and hence, 𝑇𝑥𝜇𝑉 ⊂ 𝑇𝑥𝑆. In general, 𝑇𝜎(𝑥)𝜇𝜎♯𝑉 = 𝐷𝜎(𝑥)𝑇𝑥𝜇𝑉 , and
hence, 𝑇𝑥𝜇𝜎♯𝑉 = 𝑇𝑥𝑉 = 𝑇𝑥𝑊 for 𝑥 ∈ 𝑆.
We now turn to (b). In the definition of varifold with orthogonal boundary, we use a test

function 𝜙 ∈ 𝐶1
𝑐 (ℝ

𝑛) to get the first variation formula

𝛿𝑉(𝜙) = −∫Ω⟨𝐻(𝑥), 𝜙(𝑥)⟩𝑑𝜇𝑉(𝑥) − ∫𝑆⟨𝜈𝑆(𝑥), 𝜙(𝑥)⟩𝑑𝜇Γ(𝑥).
Here, 𝐻(𝑥) =

∑𝑛
𝑖=1 𝐵𝑖𝑖(𝑥, 𝑇𝑥𝜇𝑉) and we used that Γ𝑥(𝐺𝑚−1(𝑇𝑥𝑆)) = 1 by definition. We now

repeat the computation of Lemma 5.5. Since here 𝜙 is not compactly supported in Ω, we obtain
additional boundary terms:

𝛿𝑉g (𝜙) = −∫Ω⟨𝐺(𝑥)𝐻g (𝑥), 𝜙(𝑥)⟩ 𝐽𝐺(𝑥, 𝑃(𝑥)) 𝑑𝜇𝑉(𝑥)
−∫𝑆⟨𝜈𝑆(𝑥), 𝜙(𝑥)⟩ 𝑑𝜇Γ(𝑥) − ∫𝑆⟨𝑃𝐻(𝑥), 𝜙(𝑥)⟩𝑑𝜇𝑉(𝑥).

The last term will eventually be canceled; however, we do not know at present that the relation
𝐻𝑉 ⟂ 𝑇𝜇𝑉 holds on 𝑆. Replacing 𝜙 by the 𝜎-related field 𝜓, that is, 𝜙(𝜎(𝑥)) = 𝐷𝜎(𝑥)𝜓(𝑥), we
get

𝛿𝑉g (𝜓) = −∫Ω⟨𝐺(𝑥)𝐻g (𝑥), 𝜓(𝑥)⟩ 𝐽𝐺(𝑥, 𝑃(𝑥)) 𝑑𝜇𝑉(𝑥)
+∫𝑆⟨𝜈𝑆(𝑥), 𝜙(𝑥)⟩ 𝑑𝜇Γ(𝑥) − ∫𝑆⟨𝑃𝐻(𝑥), 𝜙(𝑥)⟩𝑑𝜇𝑉(𝑥)

= −∫ℝ𝑛∖Ω
⟨𝐷𝜎(𝜎(𝑦)) ⋅𝐻g (𝜎(𝑦)), 𝜙(𝑦)⟩𝑑𝜇𝜎♯𝑉(𝑦)

+∫𝑆⟨𝜈𝑆(𝑥), 𝜙(𝑥)⟩ 𝑑𝜇Γ(𝑥) − ∫𝑆⟨𝑃𝐻(𝑥), 𝜙(𝑥)⟩𝑑𝜇𝑉(𝑥).
Now 𝛿(𝜎♯𝑉)(𝜙) = 𝛿𝑉g (𝜓). When adding the variations of 𝑉 and 𝜎♯𝑉, the boundary terms
involving Γ cancel, and we obtain

𝛿𝑊(𝜙) = −∫ℝ𝑛
⟨𝐻𝑊, 𝜙⟩𝑑𝜇𝑊,

where

𝐻𝑊(𝑥) =

⎧⎪⎨⎪⎩
𝐻𝑉(𝑥) for 𝑥 ∈ Ω,

𝐷𝜎(𝜎(𝑥))𝐻g (𝜎(𝑥)) for 𝑥 ∈ ℝ𝑛∖Ω
1
2

(
𝐻𝑉(𝑥) + 𝑃𝐻𝑉(𝑥) + 𝐷𝜎(𝜎(𝑥))𝐻g (𝜎(𝑥))

)
for 𝑥 ∈ 𝑆.
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34 of 42 KUWERT and MÜLLER

This proves that𝑊 hasweakmean curvature in 𝐿2(𝜇𝑊). Now𝑃𝜈𝑆 = 0 on 𝑆, thus Lemma 5.9 yields

𝐻g (𝑥) = 𝐻𝑉(𝑥) − 2Δ𝑃𝑑𝑆(𝑥)𝜈
𝑆(𝑥) 𝜇𝑉-a.e. on 𝑆.

But𝐻𝑊(𝑥) ⟂ 𝑇𝑥𝜇𝑊 for 𝜇𝑊-a.e. 𝑥 ∈ ℝ𝑛 by Brakke’s theorem; therefore, on 𝑆, we obtain

0 = 𝑃𝑇𝑥𝜇𝑊𝐻𝑊(𝑥) =
3
2
𝑃𝐻𝑉(𝑥) for 𝜇𝑊-a.e. 𝑥 ∈ 𝑆.

This shows that𝐻𝑉(𝑥) is perpendicular to 𝑇𝑥𝜇𝑉𝜇𝑉-a.e. also on 𝑆, and claim (b) is proved. Finally
claim (c) follows from Lemma 5.6. □

Proof of Lemma 5.3. We apply the reflection method to 𝑉 = 𝑉𝑘. For 𝑘 large, the assumptions of
statement (c) in Proposition 5.10 are satisfied. Using Willmore’s inequality [18], see also [12], we
get

16𝜋 ⩽ ∫ℝ𝑛
|𝐻𝑊𝑘

|2 𝑑𝜇𝑊𝑘

⩽ 2∫Ω |𝐻𝑉𝑘
|2 𝑑𝜇𝑉𝑘

+ 𝐶𝜀 ∫Ω |𝐵𝑉𝑘
|2 𝑑𝜇𝑉𝑘

+ 𝐶(Λ, 𝜀)𝐌(𝑉𝑘)

⩽ (2 + 𝐶𝜀)∫Ω |𝐵𝑉𝑘
|2 𝑑𝜇𝑉𝑘

+ 𝐶(Λ, 𝜀)𝐌(𝑉𝑘),

where the last estimate follows from the inequality ∫
Ω
|𝐻𝑉𝑘

|2 𝑑𝜇𝑉𝑘
⩽ ∫

Ω
|𝐵𝑉𝑘

|2 𝑑𝜇𝑉𝑘
, which is

derived exactly as in (41). The lemma follows by letting 𝑘 → ∞ and then 𝜀 ↘ 0. □

6 GENERIC DOMAINS

In this section, we consider orthogonal (𝑚 − 1)-slices Γ of 𝑆. By this, wemean that Γ is a compact,
connected, (𝑚 − 1)-dimensional submanifold of 𝑆 along which an affine 𝑚-plane intersects 𝑆
orthogonally. If Δ is an orthogonal𝑚-slice ofΩ, then each component of 𝜕Δ has this property, but
we do not require that Γ is given like this.

Theorem 8 (Generic domains). Let Ω ⊂ ℝ𝑛 be a bounded 𝐶2 domain with boundary 𝑆 = 𝜕Ω. For
𝑚 ⩾ 2, the following holds:

(1) There exist smooth surfaces 𝑆𝑖 converging to 𝑆 in 𝐶2, which have no orthogonal (𝑚 − 1)-slices,
in particular the domainsΩ𝑖 have no orthogonal𝑚-slices.

(2) The set of domainsΩ without orthogonal𝑚-slices is open in the 𝐶2 topology.

Claim (1) does not extend to 𝑚 = 1, in fact for any 𝑥0 ∈ 𝑆, the line 𝑥0 + ℝ𝜈𝑆(𝑥0) intersects 𝑆
orthogonally.More interestingly, the segment between points 𝑥0, 𝑥1 ∈ 𝑆with |𝑥0 − 𝑥1| = diam(𝑆)
is orthogonal to 𝑆.
The proof starts with a local analysis near a given orthogonal (𝑚 − 1)-slice Γ0 ⊂ 𝑆 in the plane

𝑧0 + 𝑃0, where𝑃0 ∈ 𝐺(𝑚, 𝑛), 𝑧0 ∈ ℝ𝑛 and 𝑃0𝑧0 = 0. For any 𝑥 ∈ Γ0, we have 𝑃0 = 𝑇𝑥Γ0 ⊕ ℝ𝜈𝑆(𝑥)
and thus 𝑇𝑥𝑆 = 𝑇𝑥Γ0 ⊕ 𝑃⟂0 . Our first goal is to construct a parametrization of all nearby (𝑚 −
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CURVATURE VARIFOLDS WITH ORTHOGONAL BOUNDARY 35 of 42

1)-slices of 𝑆, whether orthogonal or not. For suitable 𝜀0 > 0, we chose Fermi-type coordinates

𝐸 ∶ {(𝑥, 𝑣) ∈ Γ0 × 𝑃⟂0 ∶ |𝑣| < 𝜀0} → 𝑈𝜀0
(Γ0) ⊂ 𝑆, 𝐸(𝑥, 𝑣) = 𝜋𝑆(𝑥 + 𝑣).

𝐸 is a 𝐶1 diffeomorphism with 𝐷𝐸(𝑥, 0) = Id𝑇𝑥𝑆 . Describing perturbations of 𝑆 in direction of
the normal 𝜈𝑆 would lead to a loss of differentiability. Instead, we choose a unit vector field 𝜉 ∈
𝐶2(𝑆, ℝ𝑛) with ⟨𝜉, 𝜈𝑆⟩ ⩾ 1

2
. For 𝑢 ∈ 𝐶2(𝑆), we consider the map

g𝑢 ∈ 𝐶2(𝑆, ℝ𝑛), g𝑢(𝑥) = 𝑥 + 𝑢(𝑥) 𝜉(𝑥).

Writing ∇ for the derivative with respect to 𝑥 ∈ 𝑆, we get

∇g𝑢(𝑥)𝑣 = 𝑣 + (𝑑𝑢(𝑥)𝑣) 𝜉(𝑥) + 𝑢(𝑥)∇𝜉(𝑥)𝑣.

The set of 𝑢 ∈ 𝐶2(𝑆) with ‖𝑢‖𝐶2(𝑆) < 𝛿0 corresponds to a neighborhood of 𝑆 in the space of sur-
faces with 𝐶2 topology, sending 𝑢 to 𝑆𝑢 = g𝑢(𝑆). The unit normal 𝜈𝑢 along g𝑢 is defined by the
equation 𝑁(𝑢, 𝜈𝑢) = 0 where

𝑁 ∶ 𝐶2(𝑆) × 𝐶1(𝑆, ℝ𝑛) → 𝐶1(𝑇𝑆) ⊕ 𝐶1(𝑆), 𝑁(𝑢, 𝜈) = (∇g𝑢)
∗𝜈 ⊕

1
2
(|𝜈|2 − 1).

Now 𝜈𝑢 = 𝜈𝑆 for 𝑢 = 0, and we compute

𝐷𝑢[∇g𝑢](0) 𝜑 = 𝜉 ⊗ 𝑑𝜑 + 𝜑∇𝜉,

𝐷𝑢𝑁(0, 𝜈
𝑆) 𝜑 =

(⟨𝜈𝑆, 𝜉⟩ grad 𝜑 + 𝜑(∇𝜉)∗𝜈𝑆
)
⊕ {0},

𝐷𝜈𝑁(0, 𝜈
𝑆) 𝜓 = 𝑃𝑇𝑆𝜓 ⊕ ⟨𝜈𝑆, 𝜓⟩.

Evidently, 𝐷𝜈𝑁(0, 𝜈
𝑆) is an isomorphism, hence 𝜈 ∶ 𝐶2(𝑆) → 𝐶1(𝑆, ℝ𝑛), 𝜈(𝑢) = 𝜈𝑢, is of class 𝐶1.

Moreover, at 𝑢 = 0, its Fréchet derivative is

𝐷𝜈(0)𝜑 = −
(⟨𝜈𝑆, 𝜉⟩ grad 𝜑 + 𝜑(∇𝜉)∗𝜈𝑆

)
. (69)

To describe perturbations of the affine plane, we consider the manifold

𝑀 = {(𝑧, 𝑃) ∈ ℝ𝑛 × ℝ𝑛×𝑛 ∶ 𝑃T = 𝑃 = 𝑃2, tr 𝑃 = 𝑚, 𝑃𝑧 = 0}.

For (𝑧, 𝑃, 𝑢, 𝑣) ∈ 𝑀 × 𝐶2(𝑆) × 𝐶1(Γ0, 𝑃
⟂
0 ) with ‖𝑢‖𝐶2(𝑆) < 𝛿0 and ‖𝑣‖𝐶0(Γ0)

< 𝜀0, we define
𝐹(𝑧, 𝑃, 𝑢, 𝑣) ∈ 𝐶1(Γ0, 𝑃

⟂
0 ) by

𝐹(𝑧, 𝑃, 𝑢, 𝑣)(𝑥) = 𝑃⟂0 𝑃
⟂(g𝑢(𝐸(𝑥, 𝑣)) − 𝑧)|𝑣=𝑣(𝑥). (70)

For |𝑃 − 𝑃0|2 ⩽ 1
2
, we have |𝑃⟂0 𝑃⟂𝑤|2 ⩾ 1

2
|𝑃⟂𝑤|2, which then implies

𝐹(𝑧, 𝑃, 𝑢, 𝑣) = 0 ⇔ g𝑢(𝐸(𝑥, 𝑣(𝑥))) ∈ 𝑧 + 𝑃 for all 𝑥 ∈ Γ0.

The function 𝐹 has derivatives

𝐷𝑢𝐹(𝑧0, 𝑃0, 0, 0) 𝜑 = 𝜑𝑃⟂0 𝜉 and 𝐷𝑣𝐹(𝑧0, 𝑃0, 0, 0)𝜂 = 𝜂. (71)
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36 of 42 KUWERT and MÜLLER

Lemma 6.1. There exist 𝛿1 ∈ (0, 𝛿0], 𝜀1 ∈ (0, 𝜀0] and a 𝐶1 map 𝜂 ∶ 𝑈 → 𝑉 where

𝑈 = {(𝑧, 𝑃, 𝑢) ∈ 𝑀 × 𝐶2(𝑆) ∶ |𝑧 − 𝑧0|, |𝑃 − 𝑃0|, ‖𝑢‖𝐶2(𝑆) < 𝛿1},

𝑉 = {𝑣 ∈ 𝐶1(Γ0, 𝑃
⟂
0 ) ∶ ‖𝑣‖𝐶1(Γ0)

< 𝜀1},

such that the following statements hold.

(1) For all (𝑧, 𝑃, 𝑢) ∈ 𝑈, 𝑥 ∈ Γ0 and 𝑣 ∈ 𝑃⟂0 with |𝑣| < 𝜀1, we have

g𝑢(𝐸(𝑥, 𝑣)) ∈ 𝑧 + 𝑃 ⇔ 𝑣 = 𝜂(𝑧, 𝑃, 𝑢)(𝑥). (72)

(2) The map 𝛾(𝑧, 𝑃, 𝑢) ∶ Γ0 → ℝ𝑛, 𝛾(𝑧, 𝑃, 𝑢)(𝑥) = g𝑢(𝐸(𝑥, 𝑣(𝑥))) for 𝑣 = 𝜂(𝑧, 𝑃, 𝑢) is a 𝐶1

parametrization of an (𝑚 − 1)-slice Γ(𝑧, 𝑃, 𝑢) of 𝑆𝑢 in the plane 𝑧 + 𝑃.
(3) 𝜂(𝑧0, 𝑃0, 0) = 0 and 𝐷𝑢𝜂(𝑧0, 𝑃0, 0)𝜑 = −𝜑𝑃⟂0 𝜉.

Proof. Applying the implicit function theorem, we obtain neighborhoods 𝑈,𝑉 as claimed
such that the equation 𝐹(𝑧, 𝑃, 𝑢, 𝑣) = 0 is solved by a function 𝑣 = 𝜂(𝑧, 𝑃, 𝑢), and hence,
g𝑢(𝐸(𝑥, 𝑣(𝑥))) ∈ 𝑧 + 𝑃 for all 𝑥 ∈ Γ0. Now consider

𝜙 ∶ 𝑈 × Γ0 × 𝑃⟂0 → ℝ𝑛, 𝜙(𝑧, 𝑃, 𝑢, 𝑥, 𝑣) = 𝑃⟂0 𝑃
⟂(g𝑢(𝐸(𝑥, 𝑣)) − 𝑧).

Assume that there are sequences (𝑧𝑘, 𝑃𝑘, 𝑢𝑘) → (𝑧0, 𝑃0, 0) and 𝑥𝑘 ∈ Γ0, such that

𝜙(𝑧𝑘, 𝑃𝑘, 𝑢𝑘, 𝑥𝑘, 𝑣𝑘) = 𝜙(𝑧𝑘, 𝑃𝑘, 𝑢𝑘, 𝑥𝑘, 𝑤𝑘) = 0,

where 𝑣𝑘, 𝑤𝑘 ∈ 𝑃⟂0 with 𝑣𝑘, 𝑤𝑘 → 0 and 𝑣𝑘 ≠ 𝑤𝑘. By compactness, wemay assume that𝑥𝑘 → 𝑥0 ∈
Γ0. Then, we obtain by subtracting

0 = 𝜙(𝑧𝑘, 𝑃𝑘, 𝑢𝑘, 𝑥𝑘, 𝑤𝑘) − 𝜙(𝑧𝑘, 𝑃𝑘, 𝑢𝑘, 𝑥𝑘, 𝑣𝑘)

= 𝐷𝑣𝜙(𝑧0, 𝑃0, 0, 𝑥0, 0)(𝑤𝑘 − 𝑣𝑘)

+∫
1

0
(𝐷𝑣𝜙(𝑧𝑘, 𝑃𝑘, 𝑢𝑘, 𝑥𝑘, 𝑡𝑤𝑘 + (1 − 𝑡)𝑣𝑘) − 𝐷𝑣𝜙(𝑧0, 𝑃0, 0, 𝑥0, 0)) ⋅ (𝑤𝑘 − 𝑣𝑘) 𝑑𝑡

= 𝑤𝑘 − 𝑣𝑘 + 𝑜(|𝑤𝑘 − 𝑣𝑘|).
For 𝑘 → ∞, we get a contradiction, and the lemma follows. □

We now turn to orthogonal slices near Γ0. For𝑈 as in Lemma 6.1, we define the map 𝐺 ∶ 𝑈 →
𝐶1(Γ0, 𝑃

⟂
0 ) by

𝐺(𝑧, 𝑃, 𝑢)(𝑥) = (𝑃⟂0 𝑃
⟂𝜈𝑢)(𝐸(𝑥, 𝑣))|𝑣=𝜂(𝑧,𝑃,𝑢)(𝑥). (73)

We have𝐺(𝑧, 𝑃, 𝑢) = 0 if and only if 𝛾(𝑧, 𝑃, 𝑢) parametrizes an orthogonal (𝑚 − 1)-slice of 𝑆𝑢. The
derivative 𝐷𝑢𝐺(𝑧0, 𝑃0, 0) is the operator 𝐿0 ∶ 𝐶2(𝑆) → 𝐶1(Γ0, 𝑃

⟂
0 ) given by

𝐿0𝜑 = −𝑃⟂0
(⟨𝜈𝑆, 𝜉⟩ grad 𝜑 + 𝜑 (∇𝜉)∗𝜈𝑆 + 𝜑 𝜉

)||Γ0 . (74)
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In Appendix B, we construct a right inverse 𝑅0 ∶ 𝐶1(Γ0, 𝑃
⟂
0 ) → 𝐶2(𝑆) to 𝐿0. The space𝑊0 = im𝑅0

is closed in 𝐶2(𝑆), and we have the direct sum decomposition

𝐶2(𝑆) = ker 𝐿0 ⊕𝑊0, 𝜑 = 𝜑 − 𝑅0(𝐿0𝜑) ⊕ 𝑅0(𝐿0𝜑). (75)

Thus, 𝐿0|𝑊0
∶ 𝑊0 → 𝐶1(Γ0, 𝑃

⟂
0 ) is an isomorphism.

Lemma 6.2. There exist 𝛿2 ∈ (0, 𝛿1], 𝜀2 ∈ (0, 𝜀1] and a map g0 ∈ 𝐶1(𝐴0,𝑊0) where

𝐴0 = {(𝑧, 𝑃, 𝜒) ∈ 𝑀 × ker 𝐿0 ∶ |𝑧 − 𝑧0|, |𝑃 − 𝑃0|, ‖𝜒‖𝐶2(𝑆) < 𝛿2},

such that for any 𝑢 = 𝜒 + 𝑤 ∈ ker 𝐿0 ⊕𝑊0 with ‖𝑢‖𝐶2(𝑆) < 𝜀2, we have the equivalence

𝐺(𝑧, 𝑃, 𝑢) = 0 ⇔ ‖𝜒‖𝐶2(𝑆) < 𝛿2 and 𝑤 = g0(𝑧, 𝑃, 𝜒).

We define the family of functions

𝐶(Γ0) = {𝑢 = 𝜒 + g0(𝑧, 𝑃, 𝜒) ∶ |𝑧 − 𝑧0|, |𝑃 − 𝑃0| ⩽ 𝛿2
2
, ‖𝜒‖𝐶2(𝑆) < 𝛿2}. (76)

For ‖𝑢‖ < 𝜀2, we have 𝑢 ∈ 𝐶(Γ0) if and only if the slice Γ(𝑧, 𝑃, 𝑢) is orthogonal to 𝑆𝑢, for some
(𝑧, 𝑃) ∈ 𝑀 with |𝑧 − 𝑧0|, |𝑃 − 𝑃0| ⩽ 𝛿2

2
.

In the following, we employ the Hausdorff distance 𝑑𝐻(Γ, Γ′) for slices Γ, Γ′.

Lemma 6.3. There is a constant 𝛿 = 𝛿(Γ0) > 0 such that whenever Γ is an orthogonal (𝑚 − 1)-slice
of 𝑆𝑢 in 𝑧 + 𝑃 with 𝑑𝐻(Γ, Γ0), ‖𝑢‖𝐶2(𝑆) < 𝛿 then 𝑢 ∈ 𝐶(Γ0).

Proof. Let Γ𝑘 ⊂ 𝑧𝑘 + 𝑃𝑘 be orthogonal (𝑚 − 1)-slices of 𝑆𝑢𝑘 , where dist𝐻(Γ0, Γ𝑘) → 0 and‖𝑢𝑘‖𝐶2(𝑆) → 0. Then (𝑧𝑘, 𝑃𝑘) (sub-)converges to some (𝑧, 𝑃) ∈ 𝑀, where Γ0 ⊂ 𝑧 + 𝑃 by Hausdorff
convergence. We must have (𝑧, 𝑃) = (𝑧0, 𝑃0), otherwise Γ0 would be contained in an affine sub-
space of dimension at most (𝑚 − 1). For 𝑘 large, we have Γ𝑘 ⊂ 𝑈𝜀1

(Γ0). Lemma 6.1(1) now implies
that Γ𝑘 = Γ(𝑧𝑘, 𝑃𝑘, 𝑢𝑘).We have 𝜂(𝑧𝑘, 𝑃𝑘, 𝑢𝑘) → 0 in𝐶1(Γ0, 𝑃

⟂
0 ). Now decompose 𝑢𝑘 = 𝜒𝑘 + 𝑤𝑘 ∈

ker 𝐿0 ⊕𝑊0. Then |𝑧𝑘 − 𝑧0|, |𝑃𝑘 − 𝑃0| ⩽ 𝛿2
2
, ‖𝑢𝑘‖𝐶2(𝑆) < 𝜀2 and ‖𝜒𝑘‖𝐶2(𝑆) < 𝛿2 for 𝑘 large. As Γ𝑘

is an orthogonal slice, we have

𝐺(𝑧𝑘, 𝑃𝑘, 𝑢𝑘)(𝑥) = (𝑃⟂0 𝑃
⟂𝜈𝑢𝑘 )(𝐸(𝑥, 𝑣))|𝑣=𝜂(𝑧𝑘,𝑃𝑘,𝑢𝑘)(𝑥) = 0 for all 𝑥 ∈ Γ0.

Therefore, Lemma 6.2 and (76) yield 𝑢𝑘 ∈ 𝐶(Γ0). □

This finishes the local analysis near Γ0. The following lemma implies that the set (𝑆) of
orthogonal (𝑚 − 1)-slices of 𝑆, equipped with Hausdorff distance, becomes a compact metric
space.

Lemma 6.4. Let Γ𝑘 be orthogonal (𝑚 − 1)-slices for 𝑆𝑢𝑘 , where ‖𝑢𝑘‖𝐶2(𝑆) → 0. After passing
to a subsequence, the Γ𝑘 converge to an orthogonal (𝑚 − 1)-slice Γ0 ≠ ∅ of 𝑆 with respect to
Hausdorff distance.
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38 of 42 KUWERT and MÜLLER

Proof. We assume that Γ𝑘 is contained in 𝑧𝑘 + 𝑃𝑘 where 𝑃𝑘𝑧𝑘 = 0. Arguing as in the proof of
Theorem 2, we get a point 𝑥𝑘 ∈ 𝑧𝑘 + 𝑃𝑘 in Ω𝑢𝑘

with

dist(𝑥𝑘, 𝑆𝑢𝑘 ) ⩾ 𝜚𝑆𝑢𝑘

𝑘→∞
¢¢¢¢¢→ 𝜌𝑆 > 0.

Wemay assume𝑃𝑘 → 𝑃0 and𝑥𝑘 → 𝑎 ∈ Ω, which implies 𝑧𝑘 = 𝑃⟂
𝑘
𝑥𝑘 → 𝑃⟂0 𝑎 =∶ 𝑧0. Now consider

a point 𝑦0 = lim𝑘→∞ 𝑦𝑘 ∈ 𝑆where 𝑦𝑘 ∈ Γ𝑘. Putting 𝑆𝑘 = 𝑆𝑢𝑘 , we have 𝜈
𝑆(𝑦0) = lim𝑘→∞ 𝜈𝑆𝑘 (𝑦𝑘) ∈

𝑧0 + 𝑃0. Let 𝐴Γ𝑘 be the second fundamental form of Γ𝑘 as submanifold of ℝ𝑛. As Γ𝑘 is totally
geodesic in 𝑆𝑘, we have

𝐴Γ𝑘(𝑦)(𝑣, 𝑤) = 𝐴𝑆𝑘 (𝑣, 𝑤) for any 𝑣, 𝑤 ∈ 𝑇𝑦Γ𝑘.

Hence, the norms ‖𝐴Γ𝑘‖𝐿∞ are bounded. Moreover, Lemma 2.6 implies a bound for the measures|Γ𝑘|. After passing to a subsequence, we can assume
𝑚−1⌞Γ𝑘 → 𝛾 in 𝐶0

𝑐 (ℝ
𝑛)′.

We claim that Γ𝑘 converges to Γ ∶= spt 𝛾 in Hausdorff distance. First assume by contradiction
that there exist 𝑥𝑘 ∈ Γ with

lim sup
𝑘→∞

dist(𝑥𝑘, Γ𝑘) ⩾ 𝛿 > 0.

After passing to a subsequence, we get 𝑥𝑘 → 𝑥 ∈ Γ and dist(𝑥, Γ𝑘) ⩾ 𝛿 > 0, a contradiction.
Second, assume, again by contradiction, that there are 𝑥𝑘 ∈ Γ𝑘 with

lim sup
𝑘→∞

dist(𝑥𝑘, Γ) ⩾ 𝛿 > 0.

There is a 𝜚 > 0 (the Langer radius) such that for any 𝑘 and any 𝑥 ∈ Γ𝑘, the submanifold Γ𝑘
contains a graphical piece given by a function

ℎ𝑘 ∶ 𝑇𝑥Γ𝑘 ∩ 𝐵𝜚(𝑥) → 𝑇𝑥Γ
⟂
𝑘 where |𝐷ℎ𝑘| ⩽ 1,

see, for instance, [6, Theorem 2.6]. In particular, |Γ𝑘 ∩ 𝐵𝛿
2
(𝑥𝑘)| ⩾ 𝑐 > 0 uniformly, again a con-

tradiction. It remains to show that Γ ⊂ 𝑆 ∩ (𝑧0 + 𝑃0) is an (𝑚 − 1)-dimensional manifold. This
follows by representing the slices Γ𝑘 locally as graphs, using the implicit function theorem as
before. □

Proof of Theorem 8. By Lemma 6.4, the set (𝑆) has a finite covering by the Hausdorff distance
balls

(𝑆) =
𝓁⋃
𝑖=1

𝐵𝛿𝑖 (Γ𝑖) for 𝛿𝑖 = 𝛿(Γ𝑖) > 0 as in Lemma 6.3.

We claim that if 𝑆𝑢 has an orthogonal (𝑚 − 1)-slice Γ for ‖𝑢‖𝐶2(𝑆) small, then

𝑢 ∈
𝓁⋃
𝑖=1

𝐶𝑖 where 𝐶𝑖 = 𝐶(Γ𝑖).
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Namely, let Γ′
𝑘
be orthogonal (𝑚 − 1)-slices of 𝑆𝑢𝑘 where 𝑢𝑘 → 0 in 𝐶2(𝑆). By Lemma 6.4, we

can assume that the Γ′
𝑘
converge to an orthogonal (𝑚 − 1)-slice Γ of 𝑆. Now Γ ∈ 𝐵𝛿𝑖 (Γ𝑖) for some

𝑖 ∈ {1, … ,𝓁}. It follows that 𝑑𝐻(Γ′𝑘, Γ𝑖) < 𝛿𝑖 for 𝑘 large. But then 𝑢𝑘 ∈ 𝐶𝑖 by Lemma 6.3.
It is easy to see that 𝐶𝑖 ∩ 𝐵𝜚(0) is closed in 𝐵𝜚(0) for 𝜚 > 0 small. For given 𝑢 ∈ 𝐵𝜚(0) ∩ 𝐶𝑖 , we

now construct a perturbation 𝑢′ ∈ 𝑈𝑖 = 𝐵𝜚(0)∖𝐶𝑖 . Decompose 𝑢 = 𝜒 + 𝑤 and choose a subspace
𝑋 ⊂ 𝑊𝑖 of dimension dim𝑀 + 1 with 𝑤 ∈ 𝑋. Here,𝑊𝑖 is the space introduced in (75) for Γ𝑖 . By
Hahn–Banach, there is a continuous projection 𝑄 ∶ 𝑊𝑖 → 𝑋. Consider the 𝐶1 map

𝜙 ∶ 𝑀′ =

{
(𝑧, 𝑃) ∈ 𝑀 ∶ |𝑧 − 𝑧0|, |𝑃 − 𝑃0| ⩽ 𝛿2

2

}
→ 𝑋, 𝜙(𝑧, 𝑃) = 𝑄(g𝑖(𝑧, 𝑃, 𝜒)).

The image of 𝜙 is a Lebesgue null set in 𝑋. Thus, there exists 𝑤′ ∈ 𝑋 ∩ 𝐵𝜀(𝑤) with

𝑤′ ∉ 𝑄(g𝑖(𝑀
′, 𝜒)), in particular, 𝑤′ ∉ g𝑖(𝑀

′, 𝜒) ∩ 𝑋.

It follows that 𝑢′ = 𝜒 + 𝑤′ ∈ 𝑈𝑖 . Moreover, for those 𝑗 ∈ {1, … ,𝓁} for which 𝑢 is already in𝑈𝑗 , we
can arrange that also 𝑢′ ∈ 𝑈𝑗 by choosing the perturbation sufficiently small. Repeating this step
at most 𝓁 times yields a function 𝑢𝜚 ∈

⋂𝓁
𝑖=1 𝑈𝑖 , which means that 𝑆𝑢𝜚 has no orthogonal slices.

By approximation, we even obtain a smooth surface with that property, applying Lemma 6.4. This
finishes the proof of statement (1) in Theorem 8.
For statement (2), consider a sequence Ω𝑢𝑘

with ‖𝑢𝑘‖𝐶2(𝑆) → 0, where Ω𝑢𝑘
has an orthogonal

𝑚-slice Δ𝑘 in 𝑧𝑘 + 𝑃𝑘. By Lemma 6.4, we may assume (𝑧𝑘, 𝑃𝑘) → (𝑧, 𝑃), and Γ𝑘 = 𝜕Δ𝑘 converges
in Hausdorff distance to an orthogonal (𝑚 − 1)-slice Γ (possibly with several components) of 𝑆.
Now put

Δ = {𝑥 ∈ (𝑧 + 𝑃)∖Γ ∶ 𝑥 = lim
𝑘→∞

𝑥𝑘 for some 𝑥𝑘 ∈ Δ𝑘}.

By the argument of Theorem 2 that was also used in Lemma 6.4, there are points 𝑎𝑘 ∈ Δ𝑘 with
dist(𝑎𝑘, 𝑆) ⩾ 𝜚𝑆 > 0, thus Δ ≠ ∅. Now if 𝑥 ∈ Δ and 𝜚 < dist(𝑥, Γ), then (𝑧𝑘 + 𝑃𝑘) ∩ 𝐵𝜚(𝑥) ⊂ Δ𝑘 for
𝑘 large, hence (𝑧 + 𝑃) ∩ 𝐵𝜚(𝑥) ⊂ Δ. This shows that Δ is open and relatively closed in (𝑧 + 𝑃)∖Γ,
and hence, Δ is an orthogonal𝑚-slice of Ω. The proof of Theorem 8 is now complete. □

APPENDIX A
The following disintegration theorem is used in the paper. We refer to [17], Lemma 38.4, and [3],
Theorem 5.3.1, for further information.
Theorem A.1 (Disintegration). Let 𝛾 be a Radon measure on 𝑋 × 𝑌 with compact support, where
𝑋,𝑌 are metric spaces, and denote by 𝜋 ∶ 𝑋 × 𝑌 → 𝑌 the projection map. Then 𝛽 = 𝜋∗𝛾 is a Radon
measure, and there is a 𝛽-a.e. uniquely determined family (𝛼𝑦)𝑦∈𝑌 of Radon probability measures
on 𝑋, such that for any Borel function 𝜙 ∶ 𝑋 × 𝑌 → [0,∞], one has

∫𝑋×𝑌 𝜙 𝑑𝛾 = ∫𝑌 ∫𝑋 𝜙(𝑥, 𝑦) 𝑑𝛼𝑦(𝑥) 𝑑𝛽(𝑦). (A.1)

APPENDIX B
In this appendix, we construct the (bounded, linear) right inverse 𝑅0 as announced in
Equation (74). We first construct 𝑅0 on ℝ𝑛 = ℝ𝑚 × ℝ𝑝.
Lemma B.1. There exists a bounded operator 𝑅0 ∶ 𝐶0(ℝ𝑚,ℝ𝑝) → 𝐶1(ℝ𝑛) such that

𝑅0𝜓(𝑥, 0) = 0 and grad (𝑅0𝜓)(𝑥, 0) = (0, 𝜓(𝑥)) for all 𝑥 ∈ ℝ𝑚.

Moreover, ‖𝑅0𝜓‖𝐶𝑘+1(ℝ𝑛) ⩽ 𝐶𝑘 ‖𝜓‖𝐶𝑘(ℝ𝑚) and (𝑅0𝜓)(𝑥, 𝑧) = 0 for dist(𝑥, spt 𝜓) ⩾ |𝑧|.

 14697750, 2024, 3, D
ow

nloaded from
 https://londm

athsoc.onlinelibrary.w
iley.com

/doi/10.1112/jlm
s.12976 by U

niversitaetsbibl A
ugsburg, W

iley O
nline L

ibrary on [04/10/2024]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



40 of 42 KUWERT and MÜLLER

Proof. Fix 𝜂 ∈ 𝐶1
𝑐 (ℝ

𝑚) with support in 𝐵1(0) and weight ∫ℝ𝑚 𝜂(𝑥) 𝑑𝑥 = 1. For 𝜓 ∈ 𝐶0(ℝ𝑚), we
define 𝑢 ∈ 𝐶0(ℝ𝑚 × ℝ) by

𝑢(𝑥, 𝑧) = 𝑧 (𝜂𝑧 ∗ 𝜓)(𝑥) where 𝜂𝑧 ∗ 𝜓(𝑥) = ∫ℝ𝑚
𝜂(𝑦)𝜓(𝑥 − 𝑧𝑦) 𝑑𝑦.

Clearly, 𝑢(𝑥, 0) = 0. For 𝑧 ≠ 0, we have, putting 𝜎𝑚,𝑧 = (sign 𝑧)𝑚,

(𝜂𝑧 ∗ 𝜓)(𝑥) = 𝜎𝑚,𝑧 ∫ℝ𝑚
𝑧−𝑚𝜂

(𝑥 − 𝑦

𝑧

)
𝜓(𝑦) 𝑑𝑦.

Differentiating under the integral and transforming back yields

𝜕𝑖𝑢(𝑥, 𝑧) = ∫ℝ𝑚
𝜕𝑖𝜂(𝑦) 𝜓(𝑥 − 𝑧𝑦) 𝑑𝑦 for 𝑖 = 1, … ,𝑚,

𝜕𝑧𝑢(𝑥, 𝑧) = ∫ℝ𝑚
𝜂(𝑦)𝜓(𝑥 − 𝑧𝑦) 𝑑𝑦 − ∫ℝ𝑚

(
𝑚𝜂(𝑦) +

𝑚∑
𝑖=1

𝑦𝑖𝜕𝑖𝜂(𝑦)

)
𝜓(𝑥 − 𝑧𝑦) 𝑑𝑦.

Thus, 𝐷𝑢 ∈ 𝐶0(ℝ𝑚+1, ℝ𝑚+1) and ‖𝑢‖𝐶1(ℝ𝑚+1) ⩽ 𝐶 ‖𝜓‖𝐶0(ℝ𝑚). Since 𝜂 has weight one while𝑚𝜂 +
𝑦 ⋅ 𝐷𝜂 = div

(
𝜂(𝑦)𝑦

)
has weight zero, we conclude 𝜕𝑧𝑢(𝑥, 0) = 𝜓(𝑥). Now assume 𝜓 ∈ 𝐶𝑘(ℝ𝑚) for

some 𝑘 ⩾ 1. We have for any 𝛼 ∈ ℕ𝑚
0 , 𝑠 ∈ ℕ0 with |𝛼| + 𝑠 = 𝑘

𝜕𝛼(𝜕𝑧)
𝑠(𝜂𝑧 ∗ 𝜓)(𝑥, 𝑧) = ∫ℝ𝑚

∑
𝛽∈ℕ𝑚0 ∶|𝛽|=𝑠

𝜂𝛽(𝑦) 𝜕
𝛼+𝛽𝜓(𝑥 − 𝑧𝑦) 𝑑𝑦, where

𝜂𝛽(𝑦) = (−1)|𝛽| 𝑠!
𝛽!
𝜂(𝑦)𝑦𝛽.

For 𝑠 = 0, we have 𝜕𝛼(𝑧 𝜂𝑧 ∗ 𝜓) = 𝑧 𝜕𝛼(𝜂𝑧 ∗ 𝜓) = 𝑧 𝜂𝑧 ∗ 𝜕
𝛼𝜓, while for 𝑠 ⩾ 1,

𝜕𝛼(𝜕𝑧)
𝑠(𝑧 𝜂𝑧 ∗ 𝜓) = 𝑧 𝜕𝛼(𝜕𝑧)

𝑠(𝜂𝑧 ∗ 𝜓) + 𝑠 𝜕𝛼(𝜕𝑧)
𝑠−1(𝜂𝑧 ∗ 𝜓)

=
∑

𝛽∈ℕ𝑚0 ∶|𝛽|=𝑠
𝑧 (𝜂𝛽)𝑧 ∗ 𝜕

𝛼+𝛽𝜓 + 𝑠
∑

𝛽∈ℕ𝑚0 ∶|𝛽|=𝑠−1
(𝜂𝛽)𝑧 ∗ 𝜕

𝛼+𝛽𝜓.

The second sum involves only derivatives of order at most 𝑘 − 1. For the first sum, we apply
the argument above, with 𝜂 replaced by 𝜂𝛽 . This shows 𝜕𝛼(𝜕𝑧)𝑠(𝑧 𝜂𝑧 ∗ 𝜓) ∈ 𝐶1(ℝ𝑚+1) and hence
𝑧 𝜂𝑧 ∗ 𝜓 ∈ 𝐶𝑘+1(ℝ𝑚+1). To prove the theorem, we finally put 𝑢(𝑥, 𝑧) =

∑𝑝
𝑗=1

𝑢𝑗(𝑥, 𝑧) where
𝑢𝑗(𝑥, 𝑧) =

∑𝑝
𝑗=1

𝑧𝑗 𝜂𝑧𝑗 ∗ 𝜓𝑗(𝑥). The claim follows immediately defining 𝑅0𝜓 = 𝑢. □

Before we proceed to the general case, we observe that if spt(𝜓𝑗) ⊂ 𝑊 for all 𝑗 = 1,… , 𝑝,
then for each 𝜖 > 0, one may also achieve that spt(𝑅0𝜓) ⊂ 𝐵2

√
𝑝𝜖(𝑊) × (−𝜖, 𝜖)𝑝. Indeed, let 𝛼 ∈

𝐶∞
0 ((−𝜖, 𝜖)𝑝) be a fixed function such that 𝛼 ≡ 1 on (− 𝜖

2
, 𝜖
2
)𝑝 and look at 𝑅̃0 ∶ 𝐶0(ℝ𝑚,ℝ𝑝) →

𝐶1(ℝ𝑛) defined via

(𝑅̃0𝜓)(𝑥, 𝑧) = 𝛼(𝑧)(𝑅0𝜓)(𝑥, 𝑧). (B.1)

Clearly, 𝑅̃0 has all the properties in the statement of the previous lemma. Moreover, (𝑥, 𝑧) ∈
spt(𝑅̃0𝜓) implies 𝑧 ∈ (−𝜖, 𝜖)𝑝 and (𝑥, 𝑧) ∈ spt(𝑅0𝜓). One infers |𝑧| ⩽√𝑝 𝜖 and by the previous
lemma, this means dist(𝑥, spt(𝜓)) ⩽

√
𝑝 𝜖.
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Lemma B.2. Let 𝑁 be an 𝑛-dimensional 𝐶𝑙-manifold and 𝑀 be a compact 𝑚-dimensional
𝐶𝑙-submanifold without boundary, 𝑙 ⩾ 1. Then, there exists a bounded linear operator 𝑅0 ∶
𝐶0(𝑀, (𝑇𝑀)⟂) → 𝐶1(𝑁) such that

𝑅0𝜓|𝑀 = 0 and grad𝑅0𝜓|𝑀 = 𝜓.

Further, ‖𝑅0𝜓‖𝐶𝑘+1(𝑁) ⩽ 𝐶𝑘(𝑀,𝑁)‖𝜓‖𝐶𝑘(𝑀) for all 𝑘 = 0,… , 𝑙 − 1.

Proof. Let𝑀 and𝑁 be as in the statement and 𝜓 ∈ 𝐶𝑘−1(𝑀, (𝑇𝑀)⟂) be arbitrary. It is possible to
choose a finite collection of open sets 𝑈1,… ,𝑈𝑟 ⊂ 𝑁 covering𝑀 and maps Φ𝑗 ∈ 𝐶𝑙(𝑈𝑗; ℝ

𝑛) that
are diffeomorphisms onto their images and satisfy Φ𝑗(𝑈𝑗 ∩ 𝑀) = Φ𝑗(𝑈𝑗) ∩ ℝ𝑚. Note, in particu-
lar, that𝐷Φ𝑗(𝑥)(𝑇𝑥𝑀) = ℝ𝑚. Let now𝛽1, … , 𝛽𝑟 be a partition of unity for𝑀 such that𝛽𝑗 ∈ 𝐶𝑙

𝑐(𝑀 ∩
𝑈𝑗) for all 𝑗. By openness of 𝑈𝑗 , it is possible to choose 𝜖 > 0 such that 𝐵2√𝑝𝜖(Φ𝑗(spt(𝛽𝑗))) ×

(−𝜖, 𝜖)𝑝 ⊂⊂ Φ𝑗(𝑈𝑗) for all 𝑗 = 1,… , 𝑟. Next define 𝑤𝑗 ∶= 𝛽𝑗[(𝐷Φ𝑗)
∗]−1𝜓◦Φ−1

𝑗
and 𝑢 ∶ 𝑁 → ℝ to

be

𝑢(𝑥) =
𝑟∑

𝑗=1

𝑅̃0𝑤𝑗(Φ𝑗(𝑥)),

where 𝑅̃0 is chosen as in (B.1) with 𝜖 > 0 as above, in particular one has spt(𝑅̃0𝑤𝑗) ⊂⊂ Φ𝑗(𝑈𝑗).
We remark that for the well-definedness and 𝐶𝑘+1-smoothness of 𝑅̃0𝑤𝑗 , we need to ensure that
𝑤𝑗 ∈ 𝐶𝑘(ℝ𝑚,ℝ𝑝). This is due to the fact that𝐷Φ𝑗 ∈ 𝐶𝑙−1 andmaps 𝑇𝑀 toℝ𝑚, which implies that
(𝐷Φ𝑗)

∗ maps ℝ𝑝 to (𝑇𝑀)⟂. One readily checks that 𝑢|𝑀 = 0 and with the chain rule one obtains
for 𝑥 ∈ 𝑀

grad(𝑢)(𝑥) =
𝑟∑

𝑗=1

𝐷Φ𝑗(𝑥)
∗(grad(𝑅̃0𝑤𝑗)(Φ𝑗(𝑥))

=
𝑟∑

𝑗=1

𝐷Φ𝑗(𝑥)
∗(𝛽𝑗(𝑥)(𝐷Φ𝑗(𝑥)

∗)−1𝜓(𝑥)) = 𝜓(𝑥).

The claim follows now defining 𝑅0𝜓 = 𝑢. From the explicit construction, one easily deduces the
desired operator norm estimates for 𝑅0. □
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