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ABSTRACT

Practitioners frequently encounter the challenge of selecting the
best optimization algorithm from a pool of options. However, why
not, rather than selecting a single algorithm, let evolution deter-
mine the optimal combination of all algorithms? In this paper, we
present an approach to algorithm design inspired by a well-known
traditional method for coarse-grained hybridization: the hetero-
geneous island model. Our hyper-heuristic framework represents
island models as graphs and identifies optimal island topologies and
parameters for specific sets of problem instances. Since the frame-
work operates at the level of metaheuristic algorithms rather than
components and incorporates a configuration mechanism directly
into the search, it combines concepts from algorithm design, selec-
tion, and configuration. The proposed framework is investigated
on 24 training sets of varying difficulty and demonstrates its ability
to discover complex hybrids. A post-evaluation on real-world con-
strained optimization problems shows a significant improvement
over the algorithms on their own. These results suggest that it is
a promising way to design hybrid metaheuristics with minimal
manual intervention, given representative training instances, a set
of optimization algorithms, and sufficient computational resources.
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1 INTRODUCTION

A fundamental strength of metaheuristics is their versatility as
general search methodologies, allowing customization of compo-
nents to address different optimization problems. Over the past
few decades, various metaheuristics and problem-specific adapta-
tions have emerged across diverse communities, intersecting fields
such as evolutionary computation, engineering design, computa-
tional biology, machine learning, and robotics [54]. Although they
provide no guarantees regarding solution optimality, metaheuris-
tics have proven highly effective in tackling real-world problems,
outperforming many exact methods [12].

Tailoring algorithms to specific problems is an increasingly im-
portant task, and is supported by insights such as the No-Free-
Lunch Theorem [58]. Usually, when identifying the most appropri-
ate algorithm for a finite subset of problems, the assumptions of
the theorem are not satisfied, leading to the possibility of a “free
lunch” [41]. Instances in real-world problems also often adhere
to specific distributions and exhibit recurring characteristics (e.g.,
hardware model boolean satisfiability problem instances [17]). The
search for superior algorithms within specific problem subsets is
therefore well motivated.

Developing such effective algorithms for specific optimization
problems typically involves a process of trial and error, compar-
ing different algorithmic components and parameter values in a
search guided by the designer’s expertise and intuition. Stiitzle and
Loépez-Ibafiez emphasize in [51] that this manual approach, besides
being labor-intensive and complex, has inherent flaws: (1) Only
a relatively small number of design alternatives can be explored,
(2) the development process often lacks transparency, hiding both
successful and unsuccessful design choices, and (3) designers draw-
ing from experience may tend to over-generalize, e.g., by assuming
independence between certain algorithm components and param-
eters. From this and the fact that finding a good metaheuristic
algorithm on a distribution of instances can itself be treated as an
optimization problem, there is substantial motivation for applying
automated methods to ensure a controlled and reproducible search.
The increasing popularity of automated algorithm design in recent
years is also accelerated by the increase in available computing
power, given the resource-intensive nature of evaluating algorithm
performance [61].
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In this paper, we propose GRAHF!, a novel method for the auto-
mated design of heterogeneous island model topologies, i.e., coarse-
grained hybrid metaheuristics. It relies on the island model as a
general hybridization framework, a model initially developed for
distributing the execution of an evolutionary algorithm across a
cluster of nodes [6]. We introduce a graph-based genetic program-
ming (GP) hyper-heuristic that is able to find island topologies
that excel at solving specific distributions or subsets of problem in-
stances. By splitting our design space into a higher-level algorithm
design task and a lower-level parameter configuration task, we
can apply arbitrary configuration mechanisms to identify optimal
parameters along with a suitable overall structure. We additionally
present a robust performance metric for estimating the performance
of an algorithm on a training set of problem instances.

The rest of the paper is structured as follows: the next section
briefly highlights key areas relevant to GRAHF, including the is-
land model, graph-based evolutionary algorithms, and automated
algorithm design (AAD), after which Section 3 gives an overview
of related work. In Section 4, we present the framework in-depth,
detailing the design space, the hyper-heuristic, and the measure
for estimating the performance of the generated island algorithms.
GRAHF is applied to various training sets of problem instances,
the experimental setup and results of which are discussed in Sec-
tion 5. A post-evaluation of elitist topologies generated by these
experiments and non-hybrid reference algorithms is conducted
in Section 6. The paper concludes with Section 7, where an out-
look on future research is given and the findings of this paper are
summarized.

2 BACKGROUND

The island model is a technique for coarse-grained parallelization
of metaheuristics, originally called the Distributed Genetic Algo-
rithm [6]. The main idea is to divide the population of an algorithm
into several subpopulations or “islands” and evolve each island on
a separate processor; an alternative view is that several metaheuris-
tics with a smaller population are executed in parallel. While the
islands evolve primarily in isolation (similar to parallel algorithm
portfolios), individuals can occasionally migrate between islands,
allowing the exchange of information. This allows each island to
explore a different region of the search space, greatly increasing the
potential for diversity [35]. Diversity, and often also performance,
can be further improved by using different parameter configura-
tions or even different algorithms on each island, which is then
referred to as a heterogeneous island model. The main property of
an island model is its topology, which describes the islands and
the migration paths that individuals can take. This topology can
be represented as a directed cyclic graph, where nodes are the is-
lands, and the edges are the migration paths. An island model is
additionally characterized by the frequency of migrations and the
selection and replacement strategies used for individuals on the
source and target islands. Figure 1 shows an island model with four
islands and a complete graph topology, i.e., individuals can migrate
between arbitrary islands.

Using variable-length representations such as graphs is partic-
ularly common in GP. The presumably most popular variant of

! GRAHF is not an acronym.
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Figure 1: A complete graph topology with four islands.

graph-based GP (GGP) is Cartesian GP [38, 39], which was ini-
tially developed for evolving two-dimensional electronic circuits.
It uses an integer string to encode the structure of a feedforward
network (FN), i.e., a directed acyclic graph with dedicated input and
output nodes. Another approach for GGP is Evolving Graphs by
Graph Programming [4], which uses the graph language GP2 to op-
timize the structure of FNs. Beyond the domains of GGP, undirected
graph representations find application in diverse research areas
such as chemical optimization [9, 21] or structural topology opti-
mization [57]. The existing literature on the evolution of directed
cyclic graphs is much more limited, which is why new operators
have been developed for our use case.

In general, AAD focuses on finding algorithms that perform
well on the problem instances that arise in a given scenario [61]. A
formal definition of this search for the optimal algorithm A* on a
distribution D over the instance space 7 can be given as

A" € argmax E[m(A)|D],
AeA

1)

where A denotes some algorithm space and m : A X7 — R
is a metric that measures the performance of A on an instance
I € I. In practice, the performance is optimized for a training set
of instances I C T that show similar features to the instances likely
to be encountered in the future:

A" € argmaxagg(m, A1), (2)

AeA
where agg is a function that aggregates the performance measures
on all instances in I, such as the arithmetic mean. The problem
in automated algorithm selection lies in finding the algorithm A*
from a set A C A that maximizes m either for a single instance
I (per-instance) or an instance set I (per-set). Parallel algorithm
portfolios try to exploit parallelism by executing all algorithms
in A simultaneously on an instance I and returning the best solu-
tion found. Alternatively, so-called static and dynamic portfolios
allocate computational budgets to algorithms depending on their
(expected) performance up-front or dynamically at runtime [23].
Most metaheuristics also have several categorical and numerical
parameters that can drastically affect their performance [19]. A
specific assignment to these parameters is commonly called a (pa-
rameter) configuration, i.e., an element 0 from the parameter space
©. Thus, the goal of automated algorithm configuration is to find the
configuration 6* of the algorithm Ay that maximizes performance
on I [48]. In recent years, the line between AAD and automated
algorithm configuration has been blurred by representing different
algorithm operators as categorical parameters [e.g., 5, 10, 33, 34, 36].
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3 RELATED WORK

While the current literature does not appear to feature comparable
approaches to the evolution of heterogeneous island topologies,
several approaches share certain characteristics.

For example, several methods investigate the island model from a
dynamic point of view. Akhmedova et al. [2] propose a “soft” island
model, which features probabilistic migrations, i.e., the genetic op-
erators sample individuals with certain probability from their own
island or other islands. In [26], the migration probabilities of a fixed
topology are adapted at runtime depending on the impact of the last
migration. The approach of Meng et al. maintains high diversity by
dynamically reorganizing the island topology with spectral cluster-
ing to group similar individuals [37]. In the work of Ledn et al. [27],
a hyper-heuristic strategy for heterogeneous multi-objective island
models is developed. It distributes the computational budget to
islands depending on their hypervolume, allocating more resources
to promising algorithms.

Graph representations in AAD are notably limited in the liter-
ature, especially representations other than FNs. Shirakawa and
Nagao use a directed cyclic graph with common metaheuristic
operators as nodes to automatically discover algorithms with mul-
tiple cycles [49]. Tisdale et al. encode an evolutionary cycle of
metaheuristic operators with a novel directed graph representa-
tion [56]. In contrast to [49], nodes may split the individuals that
enter through input edges among the output edges, enabling a
much more fine-grained view of population-based algorithms. In a
recent study, Zhao et al. represent the main loop of a generic meta-
heuristic algorithm as a directed acyclic graph of operators [62].
Instead of directly manipulating this representation, they utilize a
variational graph autoencoder to learn a concise latent embedding,
which enables the application of established real-valued optimiza-
tion methods and surrogate models.

Many approaches apply generative hyper-heuristics to assemble
algorithmic components, e.g., using grammar-based GP [40, 55] or
Cartesian GP [46, 47]. There are also efforts to evolve optimizers on
an instruction level, such as Push GP [29-31]. AAD is furthermore
not restricted to metaheuristics as search methodologies, encom-
passing other fields such as reinforcement learning [28, 60].

4 THE GRAHF FRAMEWORK

GRAHF is a graph-based generative hyper-heuristic framework
for evolving heterogeneous island model topologies. It is intended
as a high-level approach for hybridizing existing algorithms and
adapting them to a given distribution of problem instances, as op-
posed to designing them from scratch. The framework requires two
inputs, namely a training set of problem instances that is represen-
tative of the target instance distribution, and a set of algorithms,
or heuristics, that can produce solutions for such instances. It also
explicitly supports defining parameter spaces for each algorithm,
which are optimized together with the overall topology. This means
that GRAHF operates completely domain-independent, and can be
used “on top” of existing optimization algorithms for any problem
where multiple such solvers exist.

In general, searching the space of topologies is supported by
three observations: (1) the topology is expected to have a significant
impact on the performance of the model [45], (2) no single topology
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Figure 2: An island model topology with five islands (H =
{Ho, H1, H2}) and eight migration paths (M = {my, ..., m3}).

universally outperforms others; instead, its effectiveness is strongly
related to the underlying structure of the optimization problem at
hand [3], and (3) heterogeneous island models serve as a coarse-
grained approach to hybridized metaheuristics, which have been
observed to be highly successful [54].

The remaining section describes the design space A, the design
strategy, i.e., the hyper-heuristic, and the algorithm performance
metric m used in GRAHF, loosely following the taxonomy proposed
by Zhao et al. [61] for categorizing techniques for AAD.

4.1 Design Space

The topology of a heterogeneous island model algorithm A € A is
represented as a directed cyclic graph G = (V, E), where V are the
islands and E are the paths along which individuals can migrate
at fixed intervals. The terms topology and (island) algorithm are
used interchangeably since the former fully describes the latter.
Each node v and edge e has an associated weight, also called its
type. For an island, this is a parametrized heuristic Hy from the set
of heuristics H that operates on the solution space defined by 7.
The heuristics in H can range from sophisticated metaheuristics
to simple problem-specific heuristic algorithms or special island
components such as archives. The edge or migration type m €
M consists of a migration condition cpig, the operator o4 used
to select individuals for migration on the source island, and the
operator orep to replace individuals on the target island, i.e., to
integrate the migrated individuals. These conditions and operators
may also have parameters, which are grouped into a configuration
Om for simplicity. The configuration 64 of a topology A is a set of the
configurations 0, for each island v and 0y, for each edge e. Since
node and edge types usually have different parameter spaces, each
A has its own (but not necessarily unique) composite parameter
space @4. An elegant property of this design space is that it is a
generalization that includes the heuristics by themselves (singleton
graph) and the space of algorithm portfolios (edgeless graph).
Instead of searching ©4 directly together with A, the design
process is modeled as a bilevel optimization problem. The upper-
level optimization task consists of finding an optimal topology A7,
including graph weights, and the lower-level task optimizes © 4:

Ay, € argmax agg(m, Ag-,I) (3)
AgreA
subject to
0% € arg max agg(m, Ag,I) . (4)

0@,y
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Splitting the design space allows the upper-level design strategy to
focus on optimizing a graph structure, while the lower-level strat-
egy configures the algorithm. This has the advantage that existing
state-of-the-art methods for algorithm configuration can be easily
integrated, rather than relying on one algorithm to solve both tasks
simultaneously, which may result in one task being neglected in fa-
vor of the other. A disadvantage is that this leads to a nested search,
where the algorithm configurator is invoked many times during the
upper-level optimization, possibly requiring more computational
budget. This clear division of tasks is expected to provide more
potential for improvement compared to a flattened search space.

4.2 Topology Design Strategy: EDGE

Topology design and algorithm configuration are considered sepa-
rate tasks by GRAHF and are therefore addressed by two different
optimizers, the latter of which can be essentially any existing al-
gorithm configuration method. For the former, we propose a new
population-based GGP algorithm for evolving directed cyclic graphs
with categorical node and edge weights, called naivE Directed
Graph Evolution (EDGE). It applies the standard evolutionary loop
of selection, probabilistic crossover, mutation, and replacement.

EDGE? uses tournament selection with a small tournament size
and generational (or y, 1) replacement, as it is usually instantiated
with a small to medium-sized population. The algorithm maintains
an archive of the n,r best individuals during the search and inserts
a random elitist from the archive into the population every fu;
iterations. While the replacement serves to enhance exploration
capabilities, the archiving mechanism exploits the neighborhood of
known elitists, which undergo crossover and mutation in the next
iteration. The elitist might also be left unmodified in the population,
which effectively acts as a restart of the configuration mechanism,
leading to a re-evaluation of the elitist topology with a different
(locally optimal) parameter set.

Initialization. The population of EDGE is initialized with npop+m
individuals, where npop individuals are randomly generated. The
number of nodes is sampled uniformly within the interval [2, njn;t],
and edges are added with probability p,, resulting in denser or
sparser graphs. The node and edge types are uniformly sampled
from H and M. The remaining m individuals consist of a mixture of
established topologies such as star, wheel, and complete graphs, in
addition to singleton graphs of those heuristics in H that might be
sufficient on their own. In combination with the elitist archive, this
guarantees that every search yields a topology that is better than
or equal to the best heuristic in H.

Crossover. The crossover operator combines two parent graphs
into two offspring graphs. It involves finding a cut for each parent
graph that separates it into two non-empty partitions. Then, the
first partition of the first parent is merged with the first partition
of the second parent to create the first child; the second child is
created from the other two partitions. The outgoing edges of each
partition that were cut are reconnected to random nodes in the
other partition, connecting them in both directions. Note that this
operator preserves the total number of nodes and edges between
parents and offspring.

2 Detailed pseudocode of EDGE is given in the supplementary material.
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The partitions are obtained by sampling the size of the partitions
ngplit from a binomial distribution, which biases the cut towards an
even split while still allowing uneven splits. The first ngp);; nodes
are chosen for the first partition, and the remaining nodes for the
second, while ensuring that each partition contains at least a single
node. Naturally, arbitrary methods for graph partitioning can be
applied here, e.g., minimizing the number of edge cuts.

Mutation. Mutation in EDGE consists of four sub-operators, i.e.,
node mutation, edge mutation, node weight resampling, and edge
weight resampling, all of which are invoked depending on their
mutation rate. Node mutation either adds a new random node to
the graph and connects it to other random nodes in both directions
or removes a random node along with connected edges. Edges are
mutated by adding random non-existing edges or removing random
existing edges with equal probability. The node and edge types
are resampled occasionally, choosing from H and M with uniform
probability. Note that all mutation sub-operators guarantee that the
mutated graphs are non-empty. While there is no upper bound on
the number of nodes that can be inserted by mutation, unrestricted
growth of graph size has not been observed, possibly because only
single-node mutations are used.

4.3 Algorithm Performance Metric

Creating a robust metric to assess algorithm performance across
multiple problem instances poses a non-trivial challenge. The sto-
chastic nature of metaheuristics often leads to significant variability
in performance [54], and differences between instances, such as
variations in the magnitude of objective values and overall difficulty,
further complicate the evaluation process.

One approach to address these complexities is the fixed-target ap-
proach, measuring algorithm runtime [13]. Unlike the fixed-budget
approach, which sets a maximum evaluation budget and reports
the minimum objective value achieved, the fixed-target approach
sets a predetermined objective value and reports the number of
evaluations or runtime needed. Defining such a target value is
challenging for less-studied instances, but using runtime allows for
unbiased quantitative algorithm comparisons [14]. The fixed-budget
approach has the disadvantage that it treats early convergence to a
good solution identically to exhausting the entire budget, while the
fixed-target approach conversely excludes runs close to the target
but not reaching it. In general, this is less of a drawback because the
acceptability of such runs largely depends on the objective function.
The fixed-target approach also requires an evaluation budget in
practice, since the algorithm may not reach the target at all.

In this paper, we adopt the definition and notation for runtime
(RT) established by Hansen et al. in [14] and similarly call a run
successful if the algorithm reaches the target value, and unsuccessful
if it does not. The expected runtime (ERT) is then an estimate of
E[RT] on a given data set consisting of ns successful runs with
runtimes RTIS. and nys unsuccessful runs with evaluations EV}‘S,
and can be reduced to the total number of function evaluations
by both successful and unsuccessful runs (#evals) divided by the
number of successful runs:

#evals

1 1-ps 1
ERT(A )= — > RTS+ —22— Y Ry = .
ns Zl: ' Ps Mus Z]: ’

ng

©)
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If all runs are unsuccessful, a penalty value is obtained by setting
ns to 0.01, i.e., multiplying the total number of evaluations by 100.
Running the same algorithm on instances of different difficulty
usually results in ERTs with different ranges, so simply averaging
over instances can cause a small set of very difficult instances to
dominate runtime. While this is not necessarily undesirable behav-
ior, GRAHF also supports weighting the instances in I based on
importance. To allow consistent and comparable instance weights,
the runtime can be standardized across instances. The so-called
median-standardized ERT (MERT) of A on [ is written as

ERT(A,I) — jir
or

i = median ERT(A’,I), 67 = median | ERT(A’,I) — ji],

fir = media (A" D), o1 nediai |ERT(A", 1) - i

MERT(A,I) = , where

(©)

i.e., the ERT of A is standardized using the median and median
average deviation of the ERTs of other algorithms A’ € A, which
act as robust measures for difficulty and variability of runtime on
an instance. A positive MERT indicates that an algorithm performs
worse than the median while a negative value indicates better per-
formance, with the magnitude of the value showing the degree
of deviation. Calculating the median and median average devia-
tion ERT over all possible algorithms is not feasible in practice,
so GRAHF approximates this value using the performance values
from previous iterations. Since the approximations of ji; and 7 are
dynamic, the MERT of an individual must be re-evaluated after an
iteration using the cached ERT. Note that this re-evaluation does
not change the ranking of algorithms. Finally, the aggregated per-
formance measure of an algorithm A on a training set of instances
I is the weighted sum of the MERT of all I € I:

>.1e1 W MERT(A,I)
DIl WI '

5 TRAINING EXPERIMENTS

GRAHEF is investigated on 24 training sets composed of real-valued
benchmark functions with different instance features and dimen-
sionalities, resembling what is commonly called “training” in ma-
chine learning contexts. While these benchmark functions have
received criticism for their limited correlation to problems encoun-
tered in real-world settings [e.g. 11], they offer distinct advantages
over other problem types. Specifically, their fast execution makes
them particularly suitable for AAD, and they are exceptionally well
studied, meaning that instance properties such as the objective
value of the global optimum are readily available. In addition, there
exists a wide array of benchmark functions with diverse landscape
features, and it is possible to generate variants through transforma-
tions such as translation, rotation, and scaling.

agg(MERT, A, I) =

™

5.1 Training Sets

We consider two different types of benchmark functions for training.
The first 18 training sets are composed of a total of 55 real-valued
functions commonly used as benchmarks [7, 20, 52], each set re-
flecting a different combination of instance features to simulate
similar instances from some distribution. These features include
dimensionality (fixed or arbitrary up to 10D), convexity, modality,
separability, and observed difficulty in preliminary experiments
(“easier” or “harder”). Specifically, training sets 1 to 6 investigate the
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impact of difficulty, while sets 7 to 11 examine both different dimen-
sionalities and difficulties. Notably, sets 7, 9, 10, and 11 encompass
the same functions in various dimensionalities. Sets 12 to 15 ex-
plore diverse combinations of instance features in low dimensions,
whereas sets 16 to 18 focus on higher dimensionality.

Training sets 19 to 24 are sourced from the well-known COCO
BBOB benchmark suite [15]. The first five training sets represent
each BBOB subgroup, namely separable (F1), moderate (F2), ill-
conditioned (F3), multimodal globally structured (F4), and multi-
modal with weak structure (F5), each function present in five dif-
ferent variants through pseudo-random transformations (in COCO
terms, “instances”). The last set contains all functions in a simple
design to achieve a balanced set size. Notably, the first two training
sets are used in higher dimensionality (5D) than the others (2D),
considering that these instances are generally easier to solve.

Detailed tables listing all benchmark functions, the instance
features, and exact training set compositions for all experiments
can be found in the supplementary material.

5.2 Graph Primitives

Heuristics. Five heuristics are selected for the experiments, namely
Particle Swarm Optimization (PSO) [22, 42], Differential Evolu-
tion (DE) [50], a non-adaptive evolution strategy (ES) [8], Simulated
Annealing (SA) [24], and a local search (LS) [18]. Each heuristic
exposes a number of parameters and components that are tuned
by the configurator, a detailed overview of which can be found in
the supplementary material. In addition to these well-established
approaches for real-valued optimization, two domain-independent
archive primitives are considered. The primitive called archive sim-
ply initializes its population with random solutions at the start of
the search, and performs no modifications thereafter. It effectively
serves as a repository for promising individuals from other islands,
acting as a stopover before later migrating to other islands or back
to the origin island. The resampling archive introduces diversity
into the process by uniformly resampling a portion of its popula-
tion in the search space, potentially re-initializing other islands
through migration. This heuristic set is designed to include a wide
variety of algorithms, incorporating both sophisticated methods
and simpler approaches. The metaheuristics also expose a param-
eter that controls the number of so-called sub-iterations. The mi-
gration of individuals occurs at fixed intervals, with this interval
between successive migrations being referred to as an iteration of
the island model algorithm. Instead of allocating an equal compu-
tational budget to each heuristic within an iteration, the number
of sub-iterations per global iteration is also tuned by the configu-
ration mechanism. This effectively acts as a weight for an island,
as heuristics with more sub-iterations exert more influence on the
optimization process.

Migrations. Each edge has a specific migration condition and op-
erators for selecting and replacing (integrating) individuals. For
the experiments in this paper, only a probabilistic migration condi-
tion is employed; this consequently means that iterations are not
guaranteed to witness any migrations. Both the random and tourna-
ment selection operators select a percentage of individuals from the
population of the source island. The tournament selection further
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utilizes a tournament size ratio, dictating the size of the tourna-
ments conducted relative to the number of selected individuals. The
(¢ + A) replacement operator discards the worst individuals to al-
low for room to integrate the migrated individuals, while the other
replacement chooses them randomly. Both operators maintain the
population size of the target island. In total, one migration condi-
tion, along with two possible selection and replacement operators,
results in four distinct migration types.

5.3 Experimental Setup

As described in Section 4.2, the initial population of EDGE is ex-
tended with m = npop PSO, DE, ES, and SA singleton graphs in
addition to randomly generated star, wheel, and complete topolo-
gies. The exact parameter values used for EDGE are given in the
supplementary material.

Iterated racing, or more precisely the irace package [32] is
used as a state-of-the-art approach for algorithm configuration, i.e.,
for solving the lower-level optimization task. Because the racing
mechanism requires a performance measure of a configuration on
a single instance, irace optimizes the ERT of ncrep = 10 execu-
tions. A computational budget of at least njrace = 300 configuration
evaluations is given for each execution of irace.

After irace has identified (locally) optimal parameters for an
algorithm, the island model algorithm is executed nyep = 60 times
on all instances in the evaluation phase. The target value for an
instance is set to the objective value of the known global optimum,
plus a small offset € (1076 by default). The maximal budget of func-
tion evaluations EVYS for one run is set to 2 x 10°. Uniform weights
are assigned to all functions within a training set. Some training
sets use different values for performance measure parameters to
provide initial insights into their effects (e.g., higher tuning budget);
more information can be found in the supplementary material.

Note that a single run of GRAHF is a significant computational
effort (here, ca. 600 CPU hours per training set), since npop * Biter -
(Mirace * Nerep + Nrep) algorithms are evaluated. A key factor for
efficiency is therefore not only that the population of EDGE can
be tuned and evaluated in parallel, but also that each island model
topology allows parallel execution of its heuristic nodes. It should be
noted, however, that despite the high degree of parallelization, the
significant runtime remains a challenge, which is why the parameter
values of GRAHF were mainly determined by intuition.

The core functionality of GRAHF is implemented in Rust® us-
ing the MAHF framework* [59], with irace being called through
irace-rs®. While the common benchmark functions are imple-
mented in pure Rust, the COCO BBOB suite is integrated using
coco-accelerated®, a hardware-accelerated reimplementation.

5.4 Results and Discussion

This section is dedicated to examining both the training process
and the resulting elitist topologies. Particular focus will be placed
on the analysis of training set 18, consisting of twenty-four ten-
dimensional benchmark functions, and therefore being a compara-
tively high-dimensional example. We denote Al]. as the elitist topol-
ogy j from the final archive in the run on training set i.

3 https://doi.org/10.5281/zenodo.10606197  * https://github.com/mahf-opt/mahf
5 https://github.com/saethox/irace-rs © https://github.com/luleyleo/coco-accelerated

1059

Wurth et al.

(a) Al

Figure 3: The two best elitist island model topologies on
twenty-four 10D instances (training set 18).

The training demonstrates that GRAHF is able to generate a
variety of topologies for different training sets, from very large and
dense graphs to small sparse graphs, including singleton graphs.
Figure 3 shows the two best topologies found for training set 18,
omitting the migration types for clarity, with AR denoting the sim-
ple archive. Both A(l)8 and A%g are nearly complete graph topologies
with four and five nodes, respectively. The former contains two DE,
one ES, and one archive, with one DE having the highest weight by
a wide margin. The latter is composed of two PSOs and two DEs
with relatively equal weights, and one archive.

All elitist topologies contain at least one island with either PSO
or DE, which is expected since they are the most sophisticated
metaheuristics considered here. For example, PSO singletons (or
with archives) show very high performance on training sets 1, 13,
14, 15, 23, and 24, reinforcing the reputation of PSO as a robust and
powerful metaheuristic. Notably, DE is selected more frequently on
training sets with many higher-dimensional separable functions
(e.g., training sets 16, 17, and 18), which is consistent with previ-
ous results [e.g. 44, 53]. SA mostly plays a supporting role, often
appearing in conjunction with either PSO and DE and (multiple)
archives. Both ES and LS make only a few appearances, with ES
being more common than LS. The archive can be found in almost
all topologies, most likely because an additional archive consumes
only a negligible amount of the evaluation budget, but potentially
allows for much more complex population dynamics. The resam-
pling archive is sparsely selected, which may indicate that diversity
is generally not a limiting factor.

Figure 4 shows the optimization process on training set 18. The
left plot shows the MERT distribution of the population per itera-
tion, marking a true improvement over the previous best topology
with a green cross. Note that this is not a convergence plot; MERT
is a relative measure, and therefore only comparable in the same
iteration. It can be observed that the last improving elitist topology,
ie., A(l)s’ is generated in iteration 51. It shows negative MERT, which
means that it is better than the median topology on all instances.

The diversity of the population is given in the plot on the right,
where an approximation of the graph edit distance [1] is used as a
metric. The figure shows the distribution of all pairwise compar-
isons, or pairwise graph edit distance (PGED), ignoring outliers,
and marking the median with a line. While the diversity seems to
decrease with iterations in most runs, there are also some cases
where peaks can be observed (e.g., iteration 48 in Figure 4). Some-
times even several peaks appear, or the diversity increases with
iterations. This is most likely due to the (y, 1) selection since it
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Figure 4: MERT (left) and PGED (right) per iteration on twenty-four 10D instances (training set 18).

allows unconstrained evolution, and the crossover operator, which
can merge two medium-sized topologies into one large topology.

There are also some benchmark functions where not a single
algorithm was able to hit the required target value. This effectively
causes the instance to be ignored, as all algorithms receive a similar
penalty. Examples of this are two problem instances in training
set 18; this penalty factor has been eliminated in Figure 4 for clarity.
A possible explanation for this could be incorrect target values for
some instances, which calls for a closer investigation.

Another interesting observation is that GRAHF exhibits consid-
erable variance in ERT across distinct training sets, with notable
differences in medians. For example, on the sphere function, the
median ERT is 1183 for training set 12, but 2605 for training set 14,
suggesting divergent paths through topology space. Note that this
median is used only for standardization, and the distributions still
agree on relative algorithm performance.

In general, the runs with a higher tuning budget and more eval-
uation iterations showed less variation in relative performance,
suggesting that more computational budget is worthwhile.

6 TOPOLOGY POST-EVALUATION

In the post-evaluation, we compare a selection of diverse elitist
topologies on three instance sets, two of which are extensions of
the training sets, i.e., the common benchmark functions (BMF) and
the COCO BBOB suite. The COCO and BMF instances that can
be instantiated in arbitrary dimensionality are used in 2, 3, 5, 10,
and 20 dimensions, resulting in a total of 120 and 151 instances,
respectively. The COCO set employs transformed instances that
were technically not seen during training. The last set is composed
of 22 real-world engineering optimization problems (ENOP) taken
from [25], 14 of which arise in industrial chemical processes and 8 in
mechanical design. These problems are characterized by their high
complexity, i.e., being non-convex and having many (in)equality

(a) A9 (b) A (c) A

Figure 5: Three top-ranking topologies on BMF.
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(b) A

Figure 6: Top-ranking topologies on COCO (a) and ENOP (b).

constraints. Given that the generated algorithms lack a dedicated
mechanism for handling constraints, the problems are transformed
into unconstrained problems using a penalty function.

The algorithms considered here include 34 either top-performing
or interesting elitist island model topologies and two baselines, i.e.,
representative metaheuristic primitives on their own. Specifically,
we use PSO and DE, subsequently denoted as APSO and AP, with
common parameter values [42, 50] to contextualize the results
obtained here. Each of the algorithms is executed 300 times on each
instance of the BMF and COCO sets, and 30 times on the ENOP
instances, which are more computationally expensive to evaluate.

We use a Bayesian performance analysis [43] to interpret the
results. This approach requires a ranking of algorithms on each
instance, which is obtained as follows: first, algorithms with suc-
cessful runs are ranked against each other using the ERT, with (two
arisen) ties being resolved by choosing a random winner. Algo-
rithms that fail to reach the target value on an instance are ranked
using the mean of the best objective value found over all repetitions.
These two rankings are then combined into a global ranking that
places algorithms ranked by objective value behind any algorithm
ranked by ERT, thereby strongly preferring fully solved instances
over mean performance rankings. On the ENOP instances, algo-
rithms are ranked only by the mean best objective value, since no
target is available. Six ENOP instances were excluded from the rank-
ing because all pre-selected algorithms performed identically. The
posterior distribution of the Bayesian analysis can then be trans-
formed into more informative posterior distributions, such as the
probability of an algorithm A; being ranked the first (top-ranking)
and of algorithm A; outperforming algorithm A; (pairwise outrank-
ing). Since the analysis has a complexity of O(n!), we pre-select
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Figure 7: Top-ranking (top) and pairwise outranking (bottom) probabilities using Bayesian performance analysis.

the seven top-performing algorithms using the median and mean
ranks over all instances in a training set (plus both baselines).

The results are visualized in Figure 7, with the top-ranking proba-
bilities given as violin plots, which include a measure of uncertainty.
The pairwise outranking probabilities are displayed as heatmaps,
with only ENOP having values with a variance >0.01 (but <0.02),
which are shown in parentheses.

In Figure 7a, it can be observed that AY Ag, and Ag have a substan-
tially higher probability of being ranked first on the BMF instances;
the pairwise outranking probabilities show that there is no signifi-
cant probability of these three algorithms outranking each other.
On the other hand, all three topologies have a higher than 75 %
probability of outperforming APSC and almost 90 % for APE. All
three algorithms are small and dense (cf. Figure 5), with Ag being a
two-island PSO ring, Ag being an extension of the former with one
SA island, and Ag being a complete graph with a PSO, an archive
(AR), and a resampling archive (RS).

On COCO, it is worth noting that the rank pre-selection resulted
in completely different elitist sets. Figure 7b shows that A% has the
highest probability of outranking all other algorithms; the pairwise
outranking probabilities reveal that it outperforms its closest com-
petitors, A%s and A?7, with 57 % probability, which is only of limited
significance. Overall, Ag beats four of the remaining algorithms
with a probability greater than 70 %. All selected topologies have
a very high probability of beating both baselines in the ranking,
with APSO doing better than APE. Notably, A% is a very large, al-
most complete graph, which is topologically very different from
the elitists on BMF. It is given in Figure 6a.

For ENOP, some overlap in the pre-selected elitists is apparent,
with A(1)9 being present in the BMF set and A(l)l, A%, A?7, and A%
being shared with COCO. A?7 has the highest probability of being
ranked first, and has at least 60 % probability of beating any other
algorithm. Its closest competitors, albeit with some margin, are

AY,, AS, both of which do not employ a single PSO island, and A,
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The topology of A?7 is given in Figure 6b, with two unconnected
SA islands having high weights, accompanied by two DEs with
small population sizes. It is worth noting that experiments 13 and
17 only include non-convex instances, which coincides with the
ENOP instances; however, experiment 19 only includes very easy
instances, underlining that only limited parallels can be drawn here.
APSO and APE are again significantly outperformed by A?T
Overall, this evaluation has determined not only the effectiveness
of the evolved hybrids across multiple optimization scenarios but
also examined the generalization abilities of specific elitists, and
verified the significant influence of topology on performance.

7 CONCLUSION AND FUTURE WORK

This article has introduced GRAHF as an innovative hyper-heuristic
framework for optimizing the topology and parameters of heteroge-
neous island model metaheuristics. The framework was evaluated
on 24 training sets with a wide range of landscape features, selecting
optimal heuristics and migrations for each set. A post-evaluation
of 34 selected elitists on extensive benchmarks and real-world in-
stances revealed remarkable generalization abilities, often signifi-
cantly outperforming non-island baseline algorithms. These results
have identified great potential in GRAHF, but several key areas
deserve further attention. One specific aspect is the integration of
self-adaptive mechanisms into GRAHF to dynamically control its
parameters since statically tuning is extremely expensive. The use
of surrogates on the graph representation could also significantly
reduce runtime. Another promising consideration is to integrate
statistical tools into the algorithm performance measure, e.g., guid-
ing the search process by automated Bayesian analysis. The search
space itself could be extended to dynamic topologies and appropri-
ate adaptation strategies based on runtime information. Analyzing
GRAHEF on correlated real-world training sets using state-of-the-art
metaheuristics (e.g., CMA-ES [16]) as primitives is an additional key
point for future work. In summary, GRAHF is a promising approach
for automating the design of coarse-grained hybrid metaheuristics.
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