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Characterizing the nature of many-body localization transitions (MBLTSs) and their potential critical behaviors
has remained a challenging problem. In this work, we study the dynamics of the displacement, quantifying
the spread of the radial probability distribution in the Fock space, for three systems with MBLTs, i.e., the
Hamiltonian models with quasiperiodic and random fields, as well as a random-circuit Floquet model of a
MBLT. We then perform a finite-size scaling analysis of the long-time averaged displacement by considering
two types of ansatz for MBLTs, i.e., continuous and Berezinskii-Kosterlitz-Thouless (BKT) transitions. The data
collapse based on the assumption of a continuous phase transition with power-law correlation length reveals that
the scaling exponent of the MBLT induced by random field is close to that of the Floquet model, but significantly
differs from the quasiperiodic model. Additionally, we find that the BKT-type scaling provides a more accurate
description of the MBLTs in the random model and the Floquet model, yielding larger (finite-size) critical points
compared to those obtained from power-law scaling. Our work highlights that the displacement is a valuable tool
for studying MBLTs, and is relevant to ongoing experimental efforts.

DOI: 10.1103/PhysRevB.111.094210

I. INTRODUCTION

The study of nonequilibrium phases and phase transitions
of many-body quantum systems is a central focus in modern
physics [1]. In particular, in disordered systems a paradig-
matic nonequilibrium phase transition is expected to occur
from an ergodic phase to the many-body localized phase
upon increasing the disorder strength, known as the many-
body localization transition (MBLT) [2-19]. Although the
phenomenology of the deep MBL phase based on the local
integrals of motions has made substantial progress [20,21],
precisely characterizing the critical properties of MBLTs,
such as the location of transition points and their universality
classes, has remained an outstanding challenge [6].

One general method for identifying critical properties
of continuous phase transitions is to study a data collapse
with a subsequent finite-size scaling analysis. In the con-
text of many body localization (MBL), this is typically
based on the properties of highly-excited eigenstates and
eigenvalues obtained from exact diagnolization (ED) calcu-
lations, with the level-spacing ratio as a prominent example
[17,18,22-29]. However, if the ansatz with power-law
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correlation length is adopted for the scaling analysis, the scal-
ing exponent v obtained in this way usually violates some
general bounds, such as the Harris-Chayes bound v > 2 for
the MBLT in one-dimensional (1D) systems induced by ran-
dom fields [30-32]. The violation of the theoretical bounds
motivates the studies of MBLTs employing the Berezinskii-
Kosterlitz-Thouless (BKT) scaling [29,33—-35]. An alternative
way to study MBLTs is to focus on the dynamics of local ob-
servables, such as the imbalance, which is of key importance
due to its experimental relevance [36—43]. However, it has
been pointed out that there is an obvious discrepancy between
the transition points estimated by using the level-spacing ratio
and those characterized by the freezing dynamics of imbal-
ance, as another widely adopted landmark of MBLTs [44—47].

Recent developments highlight the suitability to charac-
terize MBLTs upon studying the quantum states in the Fock
space [48-57]. In particular, this includes the so-called radial
distribution measuring the probability I1(x) for an initially
localized wave packet in Fock space to delocalize over a
distance x [54,55]. Importantly, it has been shown that the
distribution becomes distinctively broad in the vicinity of the
MBLTs [54,55]. In addition to the theoretical studies, it is
worthwhile to note a recent experiment where the Fock-space
dynamics in a disordered superconducting circuit has been
measured, showing that the radial distribution can be experi-
mentally feasible probes for signaling MBLTs [58]. Although
there has been both theoretical and experimental progress

©2025 American Physical Society
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in understanding MBLTs from the Fock-space perspective, a
detailed and comprehensive finite-size scaling analysis, which
plays a key role in characterizing precise critical properties of
quantum phase transitions [59], of the radial distribution has
remained absent so far.

In this work, we show that the width of the radial prob-
ability distribution, the so-called displacement, turns out to
be a suitable quantity to characterize MBLTs through data
collapse and finite-size scaling analysis. We reveal that the
critical behaviors of the MBLT for the quasiperiodic model,
compellingly described by the power-law scaling, are distinct
from those in the random Hamiltonian model and the random-
circuit Floquet model, which are more promisingly described
by the BKT scaling. More importantly, the BKT scaling based
on the displacement gives a larger estimation of (finite-size)
critical points than conventional probes of MBLTs, such as
the level spacing ratio [29]. By using the displacement, the
results of the BKT scaling are consistent with the analysis
based on the many-body resonances [60]. Our work opens
the door to also experimentally identify the dynamical phase
diagram and universality classes of MBLTs using large-scale
analog quantum simulations with the potential to overcome
the numerical limitations from finite-size effects.

II. MODELS AND PROBES

We focus on three models: the 1D spin-1/2 Heisenberg
model with random as well as quasiperiodic field, and a Flo-
quet random-circuit model for the MBLT [60,61]. Let us first
introduce the considered Heisenberg model:

H = Hyy + Hzz + Hy, (H

5y L—r  &x &x QY QY 7
where AI_{XY =JY 02838, + 885, Hzz=
J Zf;ll S§S§ 4+1» With J being the coupling strength, and

H;, =W Z?:l cos(2mkj + %)S‘j describing the on-site
disordered fields with the strength W, and k = (5 — 1)/2.
For the quasiperiodic and random models, we consider the
global phase offset ¢; = ¢ € [0,2n7) forall j =1,2,...,L,
and the ¢; randomly drawn from a uniform distribution
[0, 27r), respectively. For the Hamiltonian (1), the locations
of critical points estimated by the ED calculations of the level
spacing ratio are W) ~ 4.3 and 5.5 for the quasiperiodic
and random model, respectively [15]. Moreover, both
the numerical works based on the ED [15] and the
renormalization group [16] indicate that the MBLTs in
random and quasiperiodic systems belong to two different
universality classes.

In addition to Heisenberg models (1), whose dynamics
has both the conservation of energy and U (1) symmetry, we
consider a Floquet model [60]

Or = 0,04, )

where U; = ®1-L=107i with d; being a single-qubit gate at
the ith site, generated by sampling a 2 x 2 random matrix
from the circular unitary ensemble and then diagonalizing
it, and U, = @', exp[(i/W )My, x,41] with k; € S, being
a random permutation, Mkj’kj+1 as a 4 x 4 random matrix

sampled from the Gaussian unitary ensemble, and W as the
effective disorder strength. The Floquet model is free of any
conservation laws, eliminating the influence of conserved
quantities on the physics of MBLTs. Recent work shows
that the critical point of the MBLT in the Floquet model
(2) estimated by the level spacing ratio is W) ~ 6, while
based on the resonance properties, the critical point satisfies
W, > 13 [60].

We now introduce the radial probability distribution
defined in the Fock space. Consider a quantum many-
body state |y), which can be chosen as a highly ex-
cited eigenstate of a disordered model [54,55], or a non
equilibrium state generated through time evolution [62,63].
Then, the radial probability distribution I1(x) can be defined
as I(x) = ZDzz*:x |(Z|yr)|?, where |Z) represents the prod-
uct states in z basis, i.e., |Z) = ®IL.=1|zj) with z; € {—1, +1}
corresponding to the eigenstate of o with the eigenvalue —1
and +1 [see Appendix A for more details of IT(x)]. Here,
Dy 7+ refers to the Hamming distance between the state |Z)
and |Z*), where |Z*) labels the closest Fock state to |y),
i.e., obtained through maxy |(Z|v)|*> = |(Z*|v)|%. The spread
of the radial probability distribution can be characterized by
defining the moments X" = ) x"II(x), and the displacement

AX? = X2 — (X). 3)

The wave packet dynamics in the Fock space has been widely
employed to study the single-particle Anderson localization
(AL) transitions [64—66], and was recently extended to many-
body systems [58].

For what follows we will adopt a nonequilibrium dynam-
ical setting in close analogy to the capabilities in analog
quantum simulation devices [58]. Concretely, we study
the time-dependent state |y (1)) = exp(—iH1)|Zo) for the
Hamiltonian systems, whereas [{(n)) = U,f-’lZo) for the
Floquet model. As initial state we choose the Néel state
|Zy) = ®§:, |z;) with z; = (—=1)7*!. In order to characterize
the dynamics we mainly focus on the displacement AX? in
what follows. We simulate the Hamiltonian dynamics by us-
ing Krylov subspace methods [67], whereas the Floquet model
Ur is solved by employing exact numerical simulation. We
employ at least 300 realizations for the disorder averaging for
each system size L.

In Appendix A, we show an example for the detailed prop-
erties of [1(x) for nonequilibrium states with different disorder
strengths.

III. DYNAMICS

We first consider the Heisenberg model in Eq. (1) with
quasiperiodic fields. The results for different strengths of the
field W at a system of size L = 16 are plotted in Figs. 1(a) and
1(b). In the ergodic phase (W = 2), after an initial increase
and some intermediate drop, as a nonmonotonic behavior, the
displacement AX? finally approaches a static value on the
displayed timescales. For larger values of the disorder W > 2,
AX? monotonically increases during the time evolution. More
importantly, according to the results in Figs. 1(a) and 1(b), it
is seen that the late-time value of AX? exhibits a peak around
W* ~ 3.6 for the system of size L = 16, which is similar to
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FIG. 1. (a) Time evolution of the displacement AX? for the

Hamiltonian (1) with quasiperiodic fields and different disorder

strengths W. (b) is similar to (a) but for larger W. In (a) and (b), the

time ¢ is in units where the coupling strength J = 1. (c) is similar

to (a) but for the Floquet model (2). (d) is similar to (c) but for
larger W.

the properties of the displacement AX? for highly excited
eigenstates [54,55]. We also simulate the dynamics of AX 2
for the Floquet model in Eq. (2). As shown in Figs. 1(c) and
1(d), the dynamical behaviors of AX? are similar to those in
the Heisenberg model (1).

Next, we determine the dynamics of AX? for the
Heisenberg model (1) at different system sizes and an in-
termediate quasiperiodic-field strength W = 4.1. In order to
highlight the effect of interactions we also consider a non-
interacting model H' = Z?;}(S”;S’f“ +88%, ) + Hz with
quasiperiodic fields, i.e., ¢; = ¢ € [0,27) in Hz, where a
transition between the extended phase and Anderson local-
ization (AL) occurs at W, = 2 [68]. As shown in Fig. 2(a),
the dynamical behaviors of AX? for the interacting system
are distinct from the noninteracting AL. For the AL, after a
short-time increase, AX? saturates to relatively small values.
In contrast, for the interacting case, there is an approximately
logarithmic growth of the AX?. Theoretical studies indicate
that, near the critical point of the MBLT, AX? satisfies AX? ~
LP with1 < B < 2[54,55]. By fitting the time-averaged AX?,
defined as AX2 = [ ftff dr AX%(1)](t; — t;) with the time in-
terval ¢ € [t;, 7], in Fig. 2(b), we show that AX2 ~ L%

for the interacting case, while for the AL AX2 ~ L% with
an approximately linear size dependence. Moreover, for the
Floquet model (2), an approximately logarithmic growth of
the AX? can also be observed [see Fig. 2(c)]. In Fig. 2(d),
we plot the time-averaged AX? as a function of system size
L, showing that AX?2 ~ L!32. We note that the details of the
logarithmic fittings for the dynamics of AX?, and the power-
law fittings for AX? as a function of L in Fig. 2, are presented
in Appendix B.

FIG. 2. (a) The solid (dotted) lines represent the time evolution
of AX? for the Hamiltonian (1) (noninteracting model A') with a
strength W = 4.1 and different system sizes. The time ¢ is in units
where the coupling strength J = 1. (b) The time-averaged AX?2,
ie., W, as a function of L with the time interval ¢ € [10, 1000].
The circle and square data correspond to the interacting model with
the Hamiltonian (1) and the noninteracting one H’, respectively.
(c) The time-evolution of AX? for the Floquet model (2) with the
disorder strength W =7 and different system sizes. (d) AX? as
a function of L for the Floquet model with the time interval n €
[10*, 2 x 10*]. The dashed lines in (b) and (d) show the power-law
fittings AX? oc LA,

IV. SCALING ANALYSIS

After studying the temporal properties of AX2, we now
focus on a scaling analysis of the time-averaged values of
AX2, denoted as AX2. To address the finite-time effect, for the
quasiperiodic and random models, we consider a long-time
interval ¢ € [ty, ty + 100], with ¢y denoting the Heisenberg
time, for the average (see Appendix C for more details). For
the random-circuit Floquet model, we analyze the finite-time
effect in Appendix C, and chose the timescale n ~ 10* for
the average, where the finite-time effect becomes moderate.
Specifically, for system sizes L = 12, 14, and 16, the time
interval is n € [10%, 2 x 10*], and for the system size L = 18,
ne[3x10% 4 x 10*].

We plot AX? for different sizes L of all three models, i.e.,
the quasiperiodic model, random model, and Floquet model,
in Figs. 3(a), 3(d), and 3(g), respectively. One can see that,
with increasing L, the location of the peak W* shifts to larger
value.

To more accurately capture the critical behaviors of
MBLTs in the three models, we perform the data collapse of
AX? as a function of disorder strength W based on both the
scaling function with the power-law and BKT-type correla-
tion lengths. We first consider the ansatz of continuous phase
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FIG. 3. (a) The value of AX? as a function of disorder strength W, for the quasiperiodic model with sizes L = 14, 16, 18, and 20. (b) Finite-
size data collapse for the data of AX? shown in (a) based on the power-law scaling, with W, = 5.7 +£0.4, v =1.0£0.1,and A = 1.7 £ 0.1.
(c) Finite-size data collapse for the data of AX? shown in (a) based on the BKT scaling, with b =4.2 +0.2, wy = 6.8 + 0.5, and w; =
0.1 £ 0.005. (d) is similar to (a) but for the random model. (e) Finite-size data collapse for the data in (c) based on the power-law scaling,
with W, =147+ 1.8, v =29+ 0.3, and A = 1.2 £ 0.2. (f) is similar to (e) but for the BKT scaling, with b = 18 0.9, wy = 5.2 0.2, and
w; = 0.61 & 0.03. (g) The value of AX? as a function of W, for the Floquet model with sizes L = 12, 14, 16, and 18. (h) Finite-size data
collapse for the data in (g) based on the power-law scaling, with W, = 14.3 £ 1.7,v = 3.0 £ 0.7, and A = 1.1 £ 0.1. (i) is similar to (h) but for
the BKT scaling, with b = 18.4 + 1.0, wy = 8.2 0.7, and w; = 0.63 &£ 0.03. The insets of (f) and (i) show the function W* = wy + w;L.

transitions with a power-law scaling function We also focus on the BKT-type scaling function

AX?%(L,W) = L/&gkr, with the BKT-type correlation length

b
}, &)

AXHLW) = LA gl (W = WoL'/"], “ Enkr = exp {—J
W =W

which is based on the assumption of a divergent correlation
length. The power-law scaling (4) can efficiently capture the
critical properties of AL transitions in high-dimensional sys-
tems [69-71], and is also widely employed in the study of
MBLTs [15-18].

where the crossing point ansatz is W* = wy + w, L.

As shown in Fig. 3(b), for the quasiperiodic model, the best
data collapse with power-law correlation length is obtained
when W, =5.7+04,v=1.0+0.1,and A = 1.7 = 0.1. The
scaling exponent v satisfies the Harris-Luck bound v > 1
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for 1D quasiperiodic systems [72]. In comparison with the
result of BKT-type scaling shown in Fig. 3(c), we suggest that
power-law scaling describes better the case of MBLT induced
by the quasiperiodic field.

For the random model, as displayed in Figs. 3(e) and 3(f),
although the best power-law scaling with W, = 11.7 & 2.0,
v=3.8+0.5 and A = 1.1 £0.1 gives a scaling exponent
satisfying the Harris-Chayes bound v > 2 [30-32], based on
the comparison between the AX? after the data collapse in
the vicinity of critical points, i.e., (W — W)LY ~ 0 for the
power-law scaling and L/&ggr ~ O for the BKT-type scaling,
one can see that the BKT-type scaling more promisingly de-
scribes the MBLT in the random model. Similar signatures can
also be observed in the Floquet model [see Figs. 3(h) and 3(i)].
In short, the BKT-type scaling provides a better data collapse
close to the critical point for both the random Hamiltonian
model and the random-circuit Floquet model.

We also characterize the accuracy of the obtained data
collapse based on the power-law correlation length by self-
consistently checking the finite-size dependence of the AX?2
value at the estimated critical point. The results are presented
in Appendix E, indicating that for the random model and the
Floquet model, the power-law scaling is less compelling than
that of the quasiperiodic model.

Previously, based on conventional probes of MBLTs, such
as the level-spacing ratio, the BKT scaling analysis shows
that the estimated (finite-size) critical points are lower than
those reported in the works where the power-law scaling is
employed to estimate the critical points [29]. However, tak-
ing the new probe AX? into consideration, we reveal that
the BKT-type scaling gives larger (finite-size) critical points
[see the insets of Figs. 3(f) and 3(i)]. Specifically, for the
Floquet model, based on the BKT scaling, the (finite-size)
critical point with L = 18 is W* >~ 20, which is consistent
with the critical point estimated by the analysis of many-body
resonances [60].

V. SUMMARY AND DISCUSSIONS

In our work we show that the critical properties of MBLT's
can be characterized through a data collapse of the displace-
ment AX? and a subsequent finite-size scaling analysis. Our
results suggest that critical properties of the MBLT induced by
the quasiperiodic fields can be well captured by the power-law
scaling, while for the MBLTs in the model with random fields
and the Floquet model, the BKT scaling is more compelling.

For the three studied models with MBLTs, the difference
between the critical properties of the MBLT in the quasiperi-
odic model and those in other models may be due to the fact
that the avalanche instability induced by rare thermal regions
is absent for the quasiperiodic model [73-77].

We also emphasize that for the quasiperiodic model, al-
though the power-law scaling appears more compelling with
the accessible system sizes, the results in Figs. 3(b) and
3(c) cannot completely rule out the BKT-type scaling in this
model. An important further direction is to explore the alter-
native formulation of the function W* = W*(L) in Eq. (5) for
the MBLT in the quasiperiodic model.

Given that the non-equilibrium dynamics of AX? can be
efficiently measured in analog quantum simulations [58], a

future perspective of our work is to experimentally study
MBLTs by using the data collapse and scaling analysis in
large-scale quantum simulators, which can overcome the
finite-size effects of our present numerics. Additionally, for
classical simulations, with further increases of computational
resources and the development of algorithms, conducting a
scaling analysis based on the data of displacement AX? for
systems with larger and more varied sizes is an important
further task.

Our work paves the way for studying the MBLTSs in more
complex systems from the Fock space point of view, such as
for two-dimensional systems [37,78—-80], systems with long-
range interactions [48,81-86], Bose/Fermi-Hubbard models
[28,87,88], discrete time crystals protected by MBL [89-92],
and systems subjected to linear potentials exhibiting the Stark
MBL [93-97].
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APPENDIX A: FOCK-SPACE ANATOMY
OF NONEQUILIBRIUM STATES

In this section, we present more details of the Fock-space
[see Fig. 4(a)] anatomy of nonequilibrium states. The first
step is calculating the probabilities P, = |(¥|Z)|?, with |Z) =
®]4:1 |zj) (z; € {—1, +1}) being the product states in z basis,
and |v{) being the nonequilibrium states we focus on. Next, we
obtain the closest Fock state |Z*) satisfying maxy P; = Py,
and can calculate the Hamming distance x between an ar-
bitrary state |Z) and the state |Z*), i.e., Dz z-. We then can
plot the radial probability distribution IT(x) = > N
see Fig. 4(b) as an example for the Floquet model of many-
body localization (MBL) with L = 18 and three different
values of W. As shown in the Fig. 3(g), with W = 6.4,
there is a peak of the displacement AX? =) x’TI(x) —
[Zxxl'l(x)]z, corresponding to a broad distribution of IT(x).
We also display the probabilities P, for all the states |Z) in
Fig. 4(c)—4(e).

APPENDIX B: DETAILS OF FITTING

In this section, we directly present the fittings of several
numerical results in the main text. In Fig. 5(a), we dis-
play the fitting of the numerical result shown in Fig. 2(a)
with L = 22, taking the logarithmic function AX? o In? into
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FIG. 4. (a) A schematic of the Fock space for the Floquet model of MBL as an example with size L = 12, where the 2 pink nodes represent
the z-basis vectors, classified by different Hamming distance. (b) The radial probability distribution I1(x) versus the Hamming distance x for
the nonequilibrium states |1/ (n)) obtained from the time evolution of the Floquet model with n = 2 x 10* different values of W. (c) For the
Floquet model with W = 1, the probabilities P, = |(y(n)|Z)|?, where n = 2 x 10* and |Z) refers to the z-basis vectors, versus the Hamming
distance x corresponding to the closest state |Z*). (d) is similar to (c) but with W = 6.4. (e) is similar to (c) but with W = 25.

consideration. For the Floquet model of MBL with L = 18, APPENDIX C: FINITE-TIME EFFECT
i.e., the data in Fig. 2(c), we also fit the dynamics of AX? by

using the logarithmic function [see Fig. 5(c)]. To perform the scaling analysis based on the dynamics of

AX?, the limit of long time is required for the characterization

(a) 11 T (b) 6.4

107

AX?
AX?

10’ 102 103 103
t n

FIG. 5. (a) The logarithmic fit of the dotted numerical data presented in Fig. 5(a) with L = 22 and the time window ¢ € [10, 1000]. (c) The
logarithmic fit of the dotted numerical data presented in Fig. 5(b) with L = 18 and the time window ¢ € [300, 3000]. The goodnesses of fittings
are larger than 99%.

094210-6



CHARACTERIZING DYNAMICAL CRITICALITY OF ...

PHYSICAL REVIEW B 111, 094210 (2025)

(a) 10*a
\o\
O\
O%OG
o)
%,
®\
Q\
103 w 1(‘)1 °

ty

107

FIG. 6. (a) For the Hamiltonian model with quasiperiodic field and system size L = 16, the estimated Heisenberg time ¢ as a function of
the strength of disorder W. (b) is similar to (a) but for the Hamiltonian model with random field. The dashed lines in (a) and (b) are the fitting

curves with the form of function (C1).

of MBLTs. A natural cutoff of the evolved time with moder-
ate finite-time effect is the Heisenberg time defined by #5 =
2n /AE with AE being the mean level spacing in the center
of the energy spectrum [98]. For the Hamiltonian models
considered in this work, we calculate the Heisenberg time
ty by using the exact diagonalization. For the system size
L = 16, the results are displayed in Fig. 6. One can see that,
for both the models with the random and quasiperiodic fields,
the Heisenberg time 7y as a function of disorder strength
W satisfies

o 2L a
TV bt s

where a, b, and c are fitting parameters, L is the system size,
and W refers to the strength of disorder. For the quasiperiodic
model, a >~ 2.857, b >~ 0.3264, and ¢ >~ 0.8475. For the ran-
dom model, a >~ 2.112, b >~ 0.1546, and ¢ ~ 0.4062.

We then estimate whether the time interval close to g is
sufficiently long to suppress the finite-time effect. In Fig. 7, as

(CD)

(a) 12

10}

AX?

102 10*
t

10°

an example, we plot the long-time dynamics of AX? for the
quasiperiodic model with W = 4.1 and L = 20 up to a time
t >~ ty, as well as the corresponding standard deviation of the
data AX2, denoted as Std(AX?), with the time interval [¢, ¢ +
1000] as a function of time ¢. One can see that the Heisenberg
time ty is an appropriate timescale to have moderate finite-
time effect, and we chose the time interval ¢t € [ty, ty + 100]
to perform the time average of AX? for both the quasiperiodic
and random models.

Finally, we pay attention to the finite-time effect of the
random-circuit Floquet model of MBL. For this Floquet
model, the Heisenberg time is equal to the Hilbert-space di-
mension, i.e., ny = 2L. For the systems with sizes L = 12
and 14, the chosen time interval n € [10%, 2 x 10*] is com-
parable to the Heisenberg time. However, for larger system
sizes L = 16 and 18, the corresponding Heisenberg time ny =
65536 and 262144 are long timescales. Taking the numeri-
cal feasibility into consideration, we now study the temporal
fluctuation of the displacement Std(AX 2) in detail for the
Floquet model.

(6) 400

Std(AX?)

10-1 L

10" 10

FIG. 7. (a) Time evolution of the displacement AX? for the Hamiltonian defined by Eq. (1) in the main text with quasiperiodic fields.
Here, the system size is L = 20 and the disorder strength is W = 4.1. The finial evolved time ¢ 2~ 6 x 10*, which is close to the corresponding
Heisenberg time. (b) The standard deviation for the data of AX? in (a) with the time interval [¢, ¢ 4+ 1000], as a function of time ¢.
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FIG. 8. The standard deviation of the AX? with the time interval
t € [n,n+ 1000] as a function of time n for the Floquet model of
MBL with the size L = 16 and the disorder strength W = 6.2, as
well as the size L = 18 and the disorder strength W = 6.4.

In Fig. 8, we show the temporal fluctuation of the displace-
ment Std(AX?) with different times n. Here, we consider two
system sizes L = 16 and 18. We adopt W = 6.2 and 6.4, near
the maximum point of AX?2 [see Fig. 3(g)], for L = 16 and 18,
respectively. It is seen that the saturation of Std(AX?) occurs
at much earlier times than the Heisenberg time. Specifically,
for L = 16 and 18, the chosen time interval n € [10%, 2 x 10%]
and n € [2 x 10%,3 x 10*] lie in the the saturation region
of Std(AX?).

APPENDIX D: DETAILS OF DATA COLLAPSE

In this section, we present the details of data collapse based
on both the power-law and BKT-type correlation lengths. We
first consider the data collapse based on the power-law cor-
relation length (4). The method of performing data collapse
is based on Ref. [99]. Finite size scaling has become a fun-
damental framework for characterizing critical properties of
phase transition. A quantity Q(¢, L) with scaling depending
on two variables, ¢ and L can be expressed as

O(L,t) =L*f(t x L'").

(D)

Data collapse is a quantitative way to show scaling and deter-
mine the exponents and the scaling function f(x) that shows
the critical behavior. In this work, we assume that the quan-
tity takes the form of scaling function Q = AX2(L, W) =
L*g((W — W.)L'/"). Therefore, the mean residual over all
the data points R = Y_ |Q — L*g((W — W,)L'/V)|/N (N is the
number of data points) reaches minimum for the right choice
of (W, A, v).

However, we cannot know the exact function form of
g(x) with finite known data points. Instead, we estimate the
function values using an interpolation scheme, since the func-
tion can generally be assumed as an analytic function. Then
we can define R* as

K= LY S 0., - 16 (00, — W)

i ij o n

. (D2

where (Q, j, W, ;) denotes the nth data point of AX 2 and
the disorder strength W for the system size L;, and G; is the
interpolating function based on the data points (Q,, ;, W, ;) for
the system size L;. Here, we use the linear interpolation for G;.
An optimization process can then be performed to obtain the
minimum value of R*, determining the values of (W,, A, v).

For the Heisenberg model with random and quasiperiodic
potential, the best data collapse is achieved for the parameters
W, A,v)=(5.7,1.7,1.0) and (14.7,1.2,2.9), respectively.
For the Floquet model, the parameters obtained from data
collapse are (W, A, v) = (14.3, 1.1, 3.0). In Fig. 9, we plot
the value of InR* as a function of W and v, with a fixed
value of ). For the Heisenberg model with quasiperiodic and
random fields, we chose A = 1.7 and A = 1.2, respectively,
and for the Floquet model, the chosen value of A is A = 1.1.

Next, we estimate the errors of the data collapse, which can
be obtained from the width of the minimum of In R*. Here,
In R* is a function of W, v, and X, and the minimum point of
In R* is denoted as In R*(W,., vy, Ag). The width of W, can be
estimated as [99]

R* W, + nWe, vo, 20)]™/?
We +nWe, vg 0):| D3)

AW = nW,|21n
R*(W,, vo, o)

with n = 1% being a chosen value. Similarly to Eq. (D3), Av
and AA can also be estimated. For the Heisenberg model with
random potential, AW ~ 1.8, Av >~ 0.3, and AA ~ 0.2. For

In R*
0.5

FIG. 9. (a) The value of In R* as a function of W and v for the Heisenberg model with quasiperiodic potential and A = 1.7. (b) is similar
to (a) but for the Heisenberg model with random potential and A = 1.2. (c) The value of In R* as a function of W and v for the Floquet model
with A = 1.1. The dashed lines represent the values of v and W with the minimum of In R*.
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FIG. 10. (a) For the quasiperiodic model with W = 5.7, the time-averaged displacement AX? with the time interval ¢ € [ty, ty + 100] (¢
is the Heisenberg time) as a function of the system size L. (b) is similar to (a) but for the random model with W = 15. (c) For the Floquet
model with W = 14.3, the time-averaged displacement AX? as a function of the system size L. Here, for the data with L = 12, 14, and 16,
the time interval is n € [10*, 2 x 10*]. For the data with L = 18, the time interval is n € [3 x 10*, 4 x 10*]. The solid lines are the power-law
fitting AX? L. With 95% confidence bounds, the fitting gives g € [1.47,1.86], B € [1.20, 1.53], and B € [1.04, 1.81] for the quasiperiodic

model, random model, and Floquet model, respectively.

the Heisenberg model with quasiperiodic potential, AW ~
0.4, Av >~ 0.1, and AA =~ 0.1. For the Floquet model, AW =~
1.7, Av >~ 0.7, and AL >~ 0.1.

Similarly to Eq. (D2), for the BKT scaling, the cost func-
tion can be defined as

1 n,j
R == 302 D10 — GilLs /58kd)|
i i#j on

with £5¢2) = exp(b//W,,.; — W*). The errors of the data col-
lapse can also be estimated by Eq. (D3).

(D4)

APPENDIX E: QUALITY OF POWER-LAW SCALING

In Appendix D, we analyze the the errors of the data
collapse based on Eq. (D3). It is seen that the values of AW
for the random model and the Floquet model are significantly
larger than that of the quasiperiodic model, indicating that the
quality of power-law scaling for the quasiperiodic model is
more compelling than other models. In this section, we adopt
another method to quantify the quality of power-law scaling.

Here, we fit the data of AX? as a function of the sys-
tem size L, around the estimated critical point W, via the
power-law scaling. We consider the fitting function AX?
L?. Near the estimated critical point W,, if the value of 8
obtained by the power-law fitting is close to the A estimated
by the data collapse based on Eq. (4), the scaling analysis
is reliable.

The results are displayed in Fig. 10. We find that for the
MBLT in the quasiperiodic model, the value of 8 obtained
by the power-law fitting is very consistent with the A ex-
tracted from the power-law scaling analysis [see Fig. 3(b)].
However, as shown in Figs. 10(b) and 10(c), the extracted
values of B for the MBLTs in the random-field Heisen-
berg model and the Floquet model deviate significantly
from the corresponding A values. This discrepancy indicates
that the power-law scaling fails to accurately describe the
MBLT in these models. Instead, our revised analysis sug-
gests that the BKT- type scaling provides a more appropriate
framework for characterizing the critical behavior in these
cases.
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