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 A B S T R A C T

We consider the problem of a service provider who offers resources (such as equipment or accommodation) for 
rent that are substitutable and renewable over time. The provider aims to set static, yet time-dependent prices 
to maximize revenue while adhering to business-specific pricing rules. As customers arrive consecutively, they 
base their rental decisions on their willingness to pay, the prices set by the provider, and resource availability, 
leading to dynamic substitution.

To solve the problem, we propose a mixed-integer linear program (MIP) for a given stream of customers 
and different price constraints. The problem is difficult to solve because it requires modeling customers’ choices 
and resource availability over the course of time and also includes many prices that are closely intertwined 
by price constraints, constituting a complex pricing system. When developing heuristics, applying construction 
or improvement approaches becomes difficult because knowing all prices is necessary to evaluate a customer 
stream. Therefore, we develop a matheuristic based on the destroy/repair paradigm. To regain feasibility in the 
repair step, our approach uses a sub-MIP, which can easily consider different price constraints. As a benchmark, 
we also implement an enumeration-based approach.

We conduct a comprehensive computational study that covers 198 different instance classes of realistic size 
considering various price constraints. The study findings indicate that the new MIP-based heuristic outperforms 
the enumeration-based approach and a standard solver when applied to the initial MIP formulation.

1. Introduction

In this paper, we consider the following problem: A service provider 
offers a set of substitutable and renewable resources for rent over a 
given time horizon. An example of this is equipment where different 
kinds of machines are rented for several days. Other examples are hotel 
rooms or camper vans of different categories that customers book for 
multiple days or weeks. A further example is self-storage boxes. The 
provider has to determine static prices for the resources in the sense 
that the prices have to be fixed before the selling period, which is still 
common in many industries. However, these prices are time-dependent
in the sense that the provider can determine a separate price for each 
period of the considered time horizon. The provider’s objective is to 
maximize the total revenue. Due to marketing considerations, the prices 
are selected from a pre-defined set of discrete price points, and the 
provider might face price constraints (PC) due to business rules. For 
example, the number of price changes per resource might be limited 
for simplicity and transparency. Another example are monotonically 
decreasing prices from high to low-valued resources according to the 
assumed perception of the resources’ market value.

∗ Corresponding author.
E-mail addresses: kristina.bayer@uni-a.de (K. Bayer), robert.klein@uni-a.de (R. Klein).

In the selling period, customers arrive consecutively. Each customer 
considers their individual rental options, which may differ in e.g., re-
source, start of rent, or rental duration. As common in the pricing 
literature, customer choice behavior is captured by the deterministic
max-surplus choice rule based on customers’ willingness to pay and the 
provider’s prices. However, due to the limited availability of the offered 
resources, dynamic substitution behavior of customers (see e.g., Mahajan 
and van Ryzin, 2001) has to be considered: A customer only takes those 
of their rental options into account which are still available at the time 
of arrival.

Appropriately dealing with dynamic substitution requires consid-
ering the selling process explicitly over the course of time, i.e., con-
sidering the customers individually in their order of arrival: Thus, we 
model the problem based on a given customer stream in order to be 
able to track the residual availability of resources and the dynamic 
customer choice behavior, which are mutually dependent. We propose 
a mixed-integer linear program (MIP), and we give examples of how to 
incorporate various PC a service provider might face into this MIP. Note 
that we assume a given stream of customers to gain basic insight into 

https://doi.org/10.1016/j.cor.2025.107083
Received 7 June 2024; Received in revised form 29 January 2025; Accepted 28 March 2025

Computers & Operations Research 181 (2025) 107083 

Available online 9 April 2025 
0305-0548/© 2025 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY license ( http://creativecommons.org/licenses/by/4.0/ ). 

https://www.elsevier.com/locate/cor
https://www.elsevier.com/locate/cor
https://orcid.org/0009-0000-9317-4859
https://orcid.org/0000-0001-9843-2984
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
https://doi.org/10.5281/zenodo.14250620
mailto:kristina.bayer@uni-a.de
mailto:robert.klein@uni-a.de
https://doi.org/10.1016/j.cor.2025.107083
https://doi.org/10.1016/j.cor.2025.107083
http://creativecommons.org/licenses/by/4.0/


K. Bayer and R. Klein

the computational tractability of the problem. However, the proposed 
MIP as well as the proposed heuristic are adaptable in principle to deal 
with a set of customer streams.

Solving instances of realistic size in reasonable time requires a 
heuristic approach. However, dynamic substitution behavior and differ-
ent price constraints cause challenging problem characteristics which 
make it difficult to apply classical construction and improvement 
heuristics. Hence, we propose a new MIP-based heuristic framework: 
It is based on the destroy/repair paradigm and includes a MIP in the 
repair step. Due to its key idea, our matheuristic is called repair using MIP 
heuristic (RUMIP). It provides some features, e.g., it does not require a 
feasible starting solution, and it is easily adaptable, as it can handle 
any PC that can be formulated as linear constraints on the pricing 
decision variables. Briefly outlined, an iteration of RUMIP proceeds as 
follows: To diversify the search, some prices are removed in the destroy 
step, resulting in a partial solution. Yet, only complete solutions can be 
evaluated for a given customer stream. Therefore, the partial solution is 
filled up, resulting in a possibly infeasible solution (with respect to the 
imposed PC). To regain feasibility, a small MIP is applied, providing a 
similar, yet feasible solution.

The contribution of our work is as follows. We introduce and model 
a relevant problem class that has, to the best of our knowledge, not yet 
been considered: time-dependent pricing of renewable resources con-
sidering dynamic substitution behavior of customers; flexible business 
rules concerning these prices can be incorporated to accommodate for 
different applications. We propose a heuristic that is able to deal with 
these various price constraints. The innovative idea is to use a MIP to 
restore feasibility in the repair step, an idea that might be transferable 
to other problems.

This paper is structured as follows: In Section 2, we describe the 
considered problem class before giving a literature review, dedicated 
to both application and solution procedure, in Section 3. We propose a 
MIP formulation in Section 4. In Section 5, we present our new heuristic 
framework RUMIP. In Section 6, we propose an enumeration-based 
heuristic with subtree pruning (ESP), which we additionally designed 
for comparison. We report on comprehensive computational results in 
Section 7: We compare RUMIP to applying Gurobi (as a state-of-the-art 
MIP solver) on the MIP formulation as well as to ESP. Section 8 provides 
a summary and our conclusions.

2. Problem description

In Section 2.1, we formally describe the problem setting and as-
sumptions including demand modeling before discussing the practical 
relevance of price constraints in Section 2.2. Subsequently, we provide 
a brief example of the considered problem for illustration purposes in 
Section 2.3.

2.1. Problem setting and demand modeling

We consider a (service) provider who offers a set of substitutable 
and renewable resources  = {1,… , 𝐽} in a set of periods  =
{1,… , 𝑇 }. Before the selling period, the provider has to determine 
a static price 𝜌𝑗𝑡 for each position (𝑗, 𝑡), i.e., for each combination of 
resource 𝑗 ∈   and period 𝑡 ∈  , in order to maximize the total 
revenue.

During the selling period, customers arrive consecutively with each 
of them being interested in a certain set of options. Throughout this 
paper, we use the term option (𝑗, 𝑧) for a combination of resource 𝑗 and
time interval 𝑧 = (𝑠𝑧, 𝑑𝑧), with the latter consisting of a set of consecutive 
periods 𝑧 = {𝑠𝑧 + 1,… , 𝑠𝑧 + 𝑑𝑧} ⊆  . Note that the provider’s pricing 
decision results in a static, customer-independent price 𝑞𝑗𝑧 =

∑

𝑡∈𝑧 𝜌𝑗𝑡
for each option (𝑗, 𝑧), thus defining a product. In more detail, the selling 
process is defined as follows:

• Resources are ordered from low (𝑗 = 1) to high (𝑗 = 𝐽 ) according 
to the general assessment of their market value. The set of pos-
sible prices is discrete. Therefore, the provider has to select the 
price 𝜌𝑗𝑡 for each position (𝑗, 𝑡) out of a set of discrete price points 
𝑗 = {𝑝𝑗1,… , 𝑝𝑗𝑁𝑗 } for resource 𝑗, indexed by 𝑗 = {1,… , 𝑁𝑗}. 
In this context, the price constraints that we emphasize in this 
paper become relevant (see Section 2.2).

• Customers  = {1,… , 𝐼} differ from one another with respect 
to the options that they are interested in and their respective 
willingness to pay: Each customer 𝑖 ∈  considers a set of time 
intervals 𝑖, defining the set of options  × 𝑖 the customer is 
interested in (referred to as the customer’s set of interest in the 
following). For each of these options, customer 𝑖 has an individual
reservation price denoted by 𝑣𝑖𝑗𝑧 ≥ 0. Based on this, the customer 
surplus for option (𝑗, 𝑧) is defined as the difference between the 
reservation price and the overall price, i.e., 𝑣𝑖𝑗𝑧 − 𝑞𝑗𝑧.

• Due to the capacity constraints, the availability of each resource 𝑗
is fixed to 𝑐𝑗 in each period 𝑡 ∈  . Each time a customer decides 
to book an option (𝑗, 𝑧), the remaining capacity of resource 𝑗 is 
reduced by one in each period 𝑡 ∈ 𝑧. After handling customer 
𝑖 ∈  the remaining capacity of resource 𝑗 in period 𝑡 is denoted 
by 𝑐𝑖𝑗𝑡. The initial capacity is 𝑐0𝑗𝑡 = 𝑐𝑗 ∀𝑗 ∈  , 𝑡 ∈  . Please note 
that the period 𝑡 ∈   starts at time 𝑡 − 1 and ends at time 𝑡.

• The customers appear in consecutive order. Following the concept 
of dynamic substitution, customers only evaluate those options 
from their set of interest that are available at the time of their 
arrival. An option (𝑗, 𝑧) is called available (AV) for customer 𝑖 if 
𝑐𝑖−1,𝑗,𝑡 ≥ 1 ∀𝑡 ∈ 𝑧, i.e., if at least one unit of resource 𝑗 is left 
in each period 𝑡 ∈ 𝑧 due to the previous customers’ bookings. 
Following dynamic substitution and applying the max-surplus 
choice rule, each customer 𝑖 self-selects at most one available 
option (𝑗′, 𝑧′) from their set of interest that provides the highest 
non-negative surplus, i.e., 

𝑣𝑖𝑗′𝑧′ − 𝑞𝑗′𝑧′ = max
(𝑗,𝑧)∈ ×𝑖

{𝑣𝑖𝑗𝑧 − 𝑞𝑗𝑧 ∣ 𝑐𝑖−1,𝑗,𝑡 ≥ 1 ∀𝑡 ∈ 𝑧 ∧ 𝑣𝑖𝑗𝑧 − 𝑞𝑗𝑧 ≥ 0}

(1)

The aforementioned max-surplus choice rule is based on the 
following two assumptions (see, e.g., Talluri and van Ryzin, 2004, 
Section 8.3.3.3): The participation constraint (PPC) ensures that 
the chosen option provides a non-negative surplus. The incentive 
compatibility constraint (ICC) means that the chosen option has the 
highest surplus among all evaluated options.

2.2. Pricing rules

Unrestricted optimization of price points without additional con-
straints can result in undesirable pricing structures from a marketing 
perspective. For instance, prices may vary significantly over time and 
in relation to their value, leading to a complex pricing structure that 
can discourage customers. To mitigate these issues, businesses often 
establish specific pricing rules that align with market conditions and 
marketing requirements. These rules aim to create a more coherent 
price structure. Examples of such rules can be found in the context of 
hotel room pricing, as discussed by Baur et al. (2014), and in retail 
management, as explored by Ramakrishnan (2012) and Kunz and Crone 
(2015).

The first category includes rules that influence the price structure 
over time. These rules aim to create consistency in pricing throughout 
a specified timeframe. Examples of such rules are blackout rules and 
no-touch rules (see Ramakrishnan, 2012). Blackout rules establish fixed 
prices for designated timeframes (for instance, on certain days of the 
week). No-touch rules require a minimum number of periods during 
which no price changes can occur. This can be enforced by specifying 
either a minimum number of periods with the same price or a minimum 
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Fig. 1. Exemplary sales process.

number of periods without any price adjustments after a price change. 
Additionally, these rules can be complemented by limiting the maxi-
mum number of price changes or the number of price points allowed 
within a given timeframe. Lastly, it may also be beneficial to restrict the 
magnitude of price changes in practice (see Kunz and Crone, 2015).

The second category of rules pertains to the perceived market value 
of resources by potential customers. The key principle in this context 
is that resources with a higher market value cannot have a lower price 
than those with a lower market value.

All approaches, except the latter, require modeling and analyzing 
price changes. Corresponding constraints can be formulated mathemat-
ically in a linear manner. Section 4.2 details the concrete implementa-
tion of selected price rules.

2.3. Illustrative example

We consider an example with 𝐽 = 2 resources, 𝑇 = 4 periods, 
and an initial capacity of 𝑐𝑗 = 1 for each position. The sets of price 
points are 1 = {60,70,80,90,100} and 2 = {80,90,100,110,120}, 
hence 𝑁1 = 𝑁2 = 5. As a pricing rule, a maximum of one price change 
per resource is allowed. Fig.  1 depicts for each position (𝑗, 𝑡) the initial 
capacity 𝑐0𝑗𝑡 and the price chosen by the provider (highlighted in bold) 
in rows two and three.

In the selling period, 𝐼 = 4 customers arrive. Fig.  1 also shows the
customers’ choice behavior. Each option (𝑗, 𝑧) a customer 𝑖 is interested 
in is represented by a separate row depicting the customer’s reser-
vation price 𝑣𝑖𝑗𝑧 (highlighted in gray), the option’s overall price 𝑞𝑗𝑧, 
the resulting surplus, and the customer’s booking decision. Remember 
that a customer only evaluates available options. A customer chooses 
an option if and only if the columns representing availability (AV), 
participation constraint (PPC), and incentive compatibility constraint 
(ICC) are all check-marked. The last four columns depict the remaining 
capacity of resource 𝑗 after customer 𝑖’s booking decision.

Looking at the booking decisions, in the unrestricted case, cus-
tomer 2 would have chosen the option (𝑗, 𝑧) = (1, (0,2)) instead 
of (2, (0,2)) due to the higher surplus. However, this option is not 
available anymore and dynamic substitution occurs.

Looking at the prices, it would be desirable for the provider to 
raise the price at position (𝑗, 𝑡) = (1,1) from 70 to 80. With none 
of the booking decisions changing, the total revenue would increase. 
However, the resulting prices would not be feasible because of two 
price changes at resource 1.

3. Literature review

Our literature review is twofold. The first part of the review is ded-
icated to the application, i.e., problems related to our pricing problem 
with capacity constraints and dynamic substitution (Section 3.1). The 
second part of the review is dedicated to the type of solution procedure, 
i.e., related heuristic concepts (Section 3.2).

3.1. Related pricing problems

Due to the service provider’s pricing decision, each rental option 
considered by any customer is given an overall price and may, hence, 
be regarded a product. In the literature, various approaches address the 
challenge of setting product prices. The first approach is known as static 
pricing, often referred to as product line pricing when it pertains to the 
sale of similar products by a provider. The second approach focuses on 
dynamic pricing, commonly discussed within the context of revenue 
management (see Strauss et al., 2018).

The key difference between these two approaches is that static 
pricing requires prices to be established before the sales or booking 
period begins. In contrast, dynamic pricing allows providers to adjust 
prices in real-time based on observed demand. Although the methods 
for modeling demand behavior are similar in both approaches, the 
problem-solving techniques differ significantly. Static pricing typically 
employs (stochastic) static models solved using integer, linear, or non-
linear optimization methods. Meanwhile, dynamic pricing involves 
solving stochastic dynamic optimization problems.

As we consider a static pricing problem, we will focus on the 
existing literature in this area in the following discussion.

The literature on product line pricing dates back to Dean (1950). 
Since then, a number of optimization models and procedures have been 
proposed in this context (see e.g., Green and Krieger, 1985; Dobson 
and Kalish, 1988, 1993; Shioda et al., 2011, to list just some of the 
most prominent works). In these papers, customer choice behavior 
is explicitly captured by incorporating the deterministic max-surplus 
choice rule based on customers’ willingness to pay, a common approach 
in product line pricing (Burkart et al., 2012; Mayer and Steinhardt, 
2016). However, the aforementioned papers do not consider capacity 
constraints and their effects on customer choice behavior.

Considering a dynamic choice behavior, customers’ choices depend 
on the actual on-hand inventory status of alternatives (see e.g., Mahajan 
and van Ryzin, 1999). Thus, following the concept of dynamic substitu-
tion, also referred to as stock-out(-based) substitution, customers choose 
amongst available (i.e., in-stock) alternatives (see e.g., Mahajan and 
van Ryzin, 2001; Dong et al., 2008). Hence, products are substitutes, 
meaning that, in contrast to static choice behavior (see e.g., van Ryzin 
and Mahajan, 1999), a customer dynamically substitutes a preferred 
but (at the time of decision making) non-available alternative, with 
a less-preferred but available alternative, if any (see e.g., Mahajan 
and van Ryzin, 1999). Thus, this is a customer-driven substitution (see 
e.g., Shin et al., 2015). In the academic literature, stock-out-based sub-
stitution is mostly considered in the context of inventory optimization 
(see the recent overviews including a classification provided by Shin 
et al. (2015) and Nagpal et al. (2021) of the literature on substitutable 
products).
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These overview-papers also consider price-based substitution where, 
according to Shin et al. (2015), a product’s price, which is to be deter-
mined, is the important driver of customer preference and substitution 
behavior and considerably influences a product’s utility. Transchel 
(2017) describes price-based substitution as a customer substituting 
their original preference (although available) with another (cheaper) 
alternative because of the prices.

However, in contrast to inventory optimization, the literature on
dynamic substitution in the context of product line pricing is negligible. In 
the upcoming paragraphs, we describe papers most related to our pric-
ing problem, which are also summarized in Table  1. Shioda et al. (2011) 
extend their formulation of the product line pricing problem to incorpo-
rate capacity constraints. However, these constraints are either added 
as (hard) additional constraints, or a violation of them is penalized in 
the objective function. Thus, customers do not dynamically substitute 
due to stock-out. Burkart et al. (2012) explicitly consider dynamic 
substitution within the product line pricing problem: A seller chooses 
static, discrete, product-specific prices for a given set of substitutable 
products whose availability is limited due to fixed capacity constraints. 
The authors consider a deterministic stream of customers. Following 
the concept of dynamic substitution, each customer self-selects at most 
one of the products that are still available by applying the max-surplus 
choice rule. Shin et al. (2015) and Nagpal et al. (2021) categorize 
the work of Burkart et al. (2012) solely as price-based substitution 
due to the pricing decision. However, dynamic, i.e., stock-out-based 
substitution, is also clearly implemented.

Based on Burkart et al. (2012), some extensions have been proposed: 
Mayer et al. (2013) consider a mixed bundling pricing problem where 
the seller decides, additionally to the single products’ prices, on the 
price of a bundle comprised of one unit of each single product. The 
price of the bundle is bounded by the sum of the prices of all single 
products. The customers either purchase the bundle, the subset of all 
available products that provide a non-negative surplus, or they decide 
not to buy anything. Mayer and Steinhardt (2016) extend the work of 
Burkart et al. (2012) by assuming budget-constrained customers who 
choose an affordable subset of products. The authors consider optimal 
and heuristic customer behavior concerning the customers’ ability to 
determine a budget-restricted, surplus-maximizing subset of available 
products. Another extension of the aforementioned work is proposed 
by Moon et al. (2017), who consider the seller’s selection and quantity 
decision in addition to the pricing decision.

In line with the integration of individual customer choice decisions 
into the seller’s decision model in Burkart et al. (2012) (and succeeding 
papers, see above), Pacheco Paneque et al. (2021) propose a general 
framework to integrate discrete choice models based on the random 
utility principle into MIPs. The approach directly uses utility values 
(instead of probability terms) and relies on simulation to draw real-
izations of the random component of the utility function to address 
stochasticity. They only require that the deterministic component of the 
utility function is linear in the variables that have an impact on the cus-
tomers’ choices, such as the price (see e.g., Talluri and van Ryzin, 2004, 
Section 7.2.2). The authors consider capacity constraints and stock-out-
based substitution, although they do not explicitly refer to it as such. 
In Pacheco Paneque et al. (2022), the same authors then propose a 
heuristic solution approach based on scenario decomposition and sce-
nario grouping for the framework previously introduced by them. For 
the uncapacitated version of the problem, Haering et al. (2024b) re-
formulate the simulation-based MIP formulation of Pacheco Paneque 
et al. (2021), again for continuous prices. Based on this reformulation, 
the authors propose a spatial branch and bound algorithm enhanced 
by using Benders decomposition to solve the uncapacitated problem. 
Furthermore, they present another exact algorithm well suited for 
instances with very few alternatives, which is extended in Haering 
et al. (2024a) to handle capacity constraints. In the same paper, this 
algorithm serves as basis for a heuristic algorithm that can handle the 
uncapacitated as well as the capacitated version of the problem.

Dynamic substitution is also discussed in other contexts. For exam-
ple, Transchel (2017) analytically examines an inventory and pricing 
problem for the special two product case. Considering two vertically 
differentiated products, the seller has to determine the price of the high-
quality product and the inventory quantities for both products. The 
author considers endogenous, i.e., price-dependent, stock-out-based 
substitution probabilities and derives closed-form expressions of them. 
Another context is dynamic pricing. Dong et al. (2008) consider dy-
namic substitution in the context of dynamically pricing substitutable 
products under the multinomial logit model of customer choice behav-
ior. The paper proposes a stochastic dynamic programming formulation 
and derives the optimal pricing policy analytically. While Dong et al. 
(2008) consider continuous prices, Zhang and Cooper (2009) consider 
discrete prices and a more general choice model.

Most of the papers summarized in Table  1 consider pricing of 
substitutable products under capacity constraints. However, these pa-
pers have one common feature: They do not consider various price 
constraints that have to be observed by the seller. Furthermore, all 
of these papers consider a vector of prices assuming that a product 
requires one unit of one resource. We, however, consider a matrix 
of prices (by adding the dimension of time) assuming that a product 
requires units of a resource over time.

3.2. Related heuristic concepts

In this section, we review ideas from the literature that are related 
to our proposed repair using MIP heuristic.

Shaw (1997) coined the term Large Neighborhood Search (LNS) and 
described the idea to overcome the issue of local minima by using 
a large neighborhood that is implicitly defined by relaxing a part of 
the solution and then re-optimizing that part. Meanwhile, the terms
destroy and repair have become common. As an input, LNS requires a 
(complete) feasible solution. Applying the destroy method to a com-
plete solution results in a partly destroyed solution. Subsequently, 
applying the repair method to that partial solution results in a (new) 
complete and feasible solution. As listed by Pisinger and Ropke (2019, 
Section 4.2), a problem-specific (construction) heuristic, an exact ap-
proach, a general MIP solver, or a constraint programming solver can 
be used in the repair step.

Using a MIP solver in the repair step, MIP-based large neighborhood 
search is a common technique (Blum et al., 2011) where large neigh-
borhoods are searched by a (black-box) MIP solver, hence constituting 
a matheuristic. One way of defining the neighborhood to be searched 
is by fixing certain variables to their according values of the incumbent 
solution and solving the remaining sub-problem with a MIP solver 
(see, e.g., Carrizosa et al., 2017; Mancini and Gansterer, 2021). In this 
context, instead of destroy and repair, the terms fix and optimize may 
be used (Pisinger and Ropke, 2019, Section 4.2). Another possibility of 
defining the neighborhood is by adding constraints to restrict the search 
space (Blum et al., 2011). For example, local branching constraints, as 
introduced by Fischetti and Lodi (2003), define a neighborhood by 
adding invalid cuts to the original MIP formulation instead of explicitly 
deciding on the variables to be fixed, hence, it is referred to as soft 
fixing (Fischetti and Fischetti, 2016). The 𝑘-OPT neighborhood of an 
incumbent (given a natural number 𝑘) consists of all feasible solutions 
satisfying an additional constraint that restricts the number of binary 
variables flipping their value to at most 𝑘 (Fischetti and Lodi, 2003).

When applying a MIP-based large neighborhood search to the prob-
lem class discussed in this paper, the MIP formulation would still 
contain the complex dynamic customer choice behavior. Furthermore, 
a destroy/repair approach that strictly fixes parts of a solution may 
fail for the problem class discussed in this paper: Depending on the 
combination of imposed price constraints and prices selected for fixing, 
the destroyed solution might only be completed into a feasible solution 
that is identical to the previous one.

Computers and Operations Research 181 (2025) 107083 

4 



K. Bayer and R. Klein

Table 1
Comparison of related papers.
 Authors (year) Seller’s decisions PC Methodology Prod. requ. 

(units)
Capac. 
constr.

Customer choice 
behavior

Remarks  

 Model Objective Solut. appro. Subst. Model  
 Dobson and Kalish (1988) P(cont), S 7 MINLP Max P H 1 7 7 MSCR Fixed set of customers  
 Dong et al. (2008) P(cont), Q 7 SDP Max ER A, X 1 3 dyn MNL Dynamic pricing  
 Zhang and Cooper (2009) P(disc) 7 SDP Max ER H 1 3 7∗ GUM ∗Depending on the concrete choice 

model dynamic substitution may 
occur; dynamic pricing

 

 Shioda et al. (2011) P(cont) 7 MIP Max R H 1 3∗ 7 MSCR ∗As extension, fixed set of customers  
 Burkart et al. (2012) P(disc) 3∗ MIP Max R H, X 1 3 dyn MSCR ∗Monotonically decreasing prices 

(fixed); fixed stream of customers
 

 Mayer et al. (2013) P(disc) 3∗∗ MIP Max R H 1, 1 each∗ 3 dyn MSCR ∗Seller also offers bundle comprised 
of one unit of each product; ∗∗bundle 
price is bounded; fixed stream of 
customers

 

 Mayer and Steinhardt (2016) P(disc) 7 MIP Max R X 1 3 dyn MSCR Fixed stream of customers; 
budget-constrained customers who 
select subset of products

 

 Moon et al. (2017) P(disc), S, Q 7 MIP Max P H 1 3 dyn MSCR Fixed stream of customers  
 Transchel (2017) P(cont), Q 7 EVM Max EP A 1 3 dyn 𝛩𝜓𝑗 − 𝑞𝑗 ∗ ∗Net utility maximization, 𝛩: quality 

valuation (random variable); quality 
attribute (𝜓𝑗 ) and price (𝑞𝑗 ) of 
product 𝑗; two products

 

 Pacheco Paneque et al. (2021) P(cont)∗, S, Q∗∗∗ 7 MIP Max EP∗∗ S∗ 1 3 dyn RUM ∗Discrete prices in complete 
enumeration; ∗∗simulation-based 
approximation; ∗∗∗as extension; only 
two products in numerical study

 

 Haering et al. (2024b) P(cont) 7 QCQP-L Max ER∗ X 1 7 7 RUM ∗Simulation-based approximation  
 This paper P(disc) 3 MIP Max R H ≥1 3 dyn MSCR Fixed stream of customers, additional 

dimension of substitutability: time
 

Headline: Capac(ity) constr(aints); Prod(uct) requ(irements); Solut(ion) appro(ach); Subst(itution).
Seller’s decisions: P (pricing): cont(inuous), disc(rete); Q (quantity); S (product selection).
Methodology: EVM (expectation value model); MINLP (mixed-integer non-linear program); MIP (mixed-integer linear program); QCQP-L (non-convex quadratically constrained 
quadratic program with linear objective); SDP (stochastic dynamic programming); Max EP (maximize expected profit); Max ER (maximize expected revenue); Max P (maximize 
profit); Max R (maximize revenue); A (analytically); H (heuristic); S (standard solver); X (exact).
Customer choice behavior: dyn (dynamic); GUM (general choice model based on (random) utility maximization); MNL (multinomial logit model); MSCR (max-surplus choice 
rule); RUM (random utility model).

A related MIP-based heuristic that makes use of a black-box MIP 
solver (for sub-MIPs) is proximity search, introduced by Fischetti and 
Monaci (2014). Given a feasible incumbent, a minimum improve-
ment of the objective value is imposed by adding a corresponding 
constraint to the original MIP formulation. In turn, the (original) ob-
jective function is replaced by a proximity function which minimizes 
the (Hamming) distance with respect to the incumbent (Fischetti and 
Fischetti, 2016). Hence, proximity search can be regarded as a dual 
version of local branching with the objective function and additional 
constraint swapping roles (Fischetti and Monaci, 2014). However, for 
the problem class discussed in this paper, the MIP formulations dealt 
with in this approach would yet again still contain customers’ decision 
making.

Another approach that also uses a proximity objective function is 
the feasibility pump, a primal heuristic introduced by Fischetti et al. 
(2005). It oscillates between LP-feasible (not necessarily integral) and 
integral (not necessarily LP-feasible) solutions. In the so-called pro-
jection step, the current integral solution is projected to the closest 
LP-feasible solution by replacing the LP-relaxation’s (original) objective 
function with the 𝓁1-norm (Berthold et al., 2019).

For a general review of matheuristics, see e.g., Fischetti and Fis-
chetti (2016), Hanafi and Todosijević (2017), Maniezzo et al. (2021) 
and Boschetti and Maniezzo (2022).

We are only aware of a few examples in literature in which a MIP is 
used to repair an infeasible (complete) solution, i.e., to restore feasibil-
ity. In the following, we summarize some of them. D’Andreagiovanni 
and Nardin (2015) use a MIP-based heuristic for both repairing an 
infeasible solution as well as improving a feasible one. A MIP modified 

similar to local branching and proximity search is solved by a state-of-
the-art MIP solver and embedded into a large variable neighborhood 
search. As a part of their overall approach, Kuramata et al. (2021) 
use a (problem-specific) MIP to determine a feasible solution that is as 
similar as possible to a given infeasible solution applying the Hamming 
distance. Another example is described by Manousakis et al. (2022), 
who present a local search that oscillates between the infeasible and 
the feasible solution space. Given an infeasible solution, in order to 
restore feasibility, a problem-specific sub-MIP including a penalty term 
to eliminate infeasibility is solved by a state-of-the-art MIP solver. A 
general approach for repairing an infeasible solution using a standard 
MIP solver was proposed by Fischetti and Lodi (2008). Starting from an 
infeasible solution, the authors apply their local branching approach 
(Fischetti and Lodi, 2003) to a relaxed, augmented variant of the 
original MIP model, pushing the infeasible solution towards the feasible 
solution space. A problem purely devoted to regaining feasibility is 
the minimal perturbation problem in the context of university course 
timetabling, see e.g., Phillips et al. (2017), who propose an iterative 
approach based on solving sub-MIPs to gradually decrease infeasibility.

In general, applying a MIP-based neighborhood search in the re-
pair step is quite common. However, applying a (sub-)MIP to restore 
feasibility, given an infeasible incumbent, has rarely been considered.

4. Model formulation

In this section, we develop a MIP for the presented pricing problem 
with not only capacity constraints resulting in dynamic substitution but 
also imposed price constraints. In Section 4.1, we present the basic 
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Table 2
Notation summary for the MIP.
 Indices/Sets
 𝑖 ∈  = {1,… , 𝐼} Set of customers  
 𝑗, 𝑘 ∈  = {1,… , 𝐽} Set of resources  
 𝑛 ∈ 𝑗 = {1,… , 𝑁𝑗} Set of price point indices of resource 𝑗  
 𝑧, 𝑦 ∈ 𝑖 Set of time intervals considered by customer 𝑖  
 (𝑗, 𝑧) ∈  ×𝑖 Set of options customer 𝑖 is interested in  
 𝑡, 𝑡′ ∈  = {1,… , 𝑇 } Set of periods  
 𝑧 = {𝑠𝑧 + 1,… , 𝑠𝑧 + 𝑑𝑧} ⊆  Set of periods of time interval 𝑧  
 𝑖 = ∪𝑧∈𝑖

𝑧 ⊆  Set of periods implicitly considered by customer 𝑖  
 Parameters
 𝑝𝑗𝑛 ∈ R+ 𝑛th price point of resource 𝑗 with 𝑝𝑗,𝑛−1 < 𝑝𝑗𝑛 for 𝑛 ∈ 𝑗 ⧵ {1} 
 𝑐𝑗 ∈ N Capacity limit of resource 𝑗 in each period  
 𝑣𝑖𝑗𝑧 ∈ R+ Reservation price of customer 𝑖 for option (𝑗, 𝑧)  
 𝑠𝑧 ∈ {0,1,… , 𝑇 − 1} Starting time of time interval 𝑧  
 𝑑𝑧 ∈ N Number of periods (duration) of time interval 𝑧  
 𝑀𝑖𝑗𝑧 ,𝑀𝑗𝑧 ∈ R+ Big M parameters (sufficiently large numbers)  
 Decision variables
 𝜋𝑗𝑡𝑛 = 1, if resource 𝑗 is offered at its 𝑛th price point (i.e., 𝑝𝑗𝑛) in period 𝑡, else 0
 𝑥𝑖𝑗𝑧 = 1, if customer 𝑖 chooses option (𝑗, 𝑧), else 0
 𝜅𝑖𝑗𝑧 = 1, if option (𝑗, 𝑧) is available for customer 𝑖, else 0
 𝜆𝑖𝑗𝑡 = 1, if a unit of resource 𝑗 is available for customer 𝑖 in period 𝑡 ∈ 𝑖, else 0
 𝑠𝑖𝑗𝑧 = 𝑣𝑖𝑗𝑧 − 𝑞𝑗𝑧, if 𝜅𝑖𝑗𝑧 = 1, else ≤ −1
 𝑟𝑖𝑗𝑧 = 𝑞𝑗𝑧, if 𝑥𝑖𝑗𝑧 = 1, else 0

model, i.e., without additional PC. Subsequently, we formally introduce 
some PC and show how to incorporate them into the MIP in Section 4.2. 
The notation for the (basic) model is depicted in Table  2.

4.1. Basic model

Aside from the notation introduced in Section 2.1, the MIP makes 
use of the following decision variables: The pricing decision of the 
provider is depicted by the binary variables 𝜋𝑗𝑡𝑛, with 𝜋𝑗𝑡𝑛 = 1 if and 
only if resource 𝑗 is offered in period 𝑡 at price point 𝑝𝑗𝑛. Analogously, 
the booking decisions of the customers are depicted by the binary 
variables 𝑥𝑖𝑗𝑧, with 𝑥𝑖𝑗𝑧 = 1 if and only if customer 𝑖 chooses option 
(𝑗, 𝑧).

The binary variables 𝜅𝑖𝑗𝑧 and 𝜆𝑖𝑗𝑡 represent the availability for 
customer 𝑖 of option (𝑗, 𝑧) and resource 𝑗 in period 𝑡, respectively. The 
variable 𝑠𝑖𝑗𝑧 equals the customer surplus 𝑣𝑖𝑗𝑧 − 𝑞𝑗𝑧 if option (𝑗, 𝑧) is 
available for customer 𝑖 (𝜅𝑖𝑗𝑧 = 1), whereas 𝑠𝑖𝑗𝑧 ≤ −1 if 𝜅𝑖𝑗𝑧 = 0. The 
variables 𝑟𝑖𝑗𝑧 serve to linearize the expression 𝑞𝑗𝑧 ⋅ 𝑥𝑖𝑗𝑧, i.e., 𝑟𝑖𝑗𝑧 takes 
the value of 𝑞𝑗𝑧 if customer 𝑖 chooses option (𝑗, 𝑧) and otherwise takes 
the value of 0.

In order to enhance readability, we additionally introduce variables 
𝑞𝑗𝑧 and 𝑐𝑖𝑗𝑡. Variable 𝑞𝑗𝑧 takes the value of the customer-independent 
price of option (𝑗, 𝑧) (see Eq. (2), with set  = ∪𝑖∈𝑖 comprised of all 
time intervals considered by any customers). Due to Eq.  (3), variable 
𝑐𝑖𝑗𝑡 represents the remaining capacity of resource 𝑗 in period 𝑡 after 
handling customer 𝑖. 
𝑞𝑗𝑧 =

∑

𝑡∈𝑧
∑

𝑛∈𝑗
𝑝𝑗𝑛𝜋𝑗𝑡𝑛 ∀ 𝑗,∀ 𝑧 ∈  (2)

𝑐𝑖𝑗𝑡 = 𝑐𝑗 −
∑

𝑖′∈∶𝑖′≤𝑖
∑

𝑧∈𝑖′ ∶𝑡∈𝑧
𝑥𝑖′𝑗𝑧 ∀ 𝑖 ∈  ∪ {0}, 𝑗, 𝑡 (3)

Now, the provider’s pricing problem as described in Section 2.1 can 
be formulated as the following MIP: 
Max∑𝑖∈

∑

𝑗∈
∑

𝑧∈𝑖 𝑟𝑖𝑗𝑧 (4)

s.t. 
∑

𝑛∈𝑗
𝜋𝑗𝑡𝑛 = 1 ∀ 𝑗, 𝑡 (5)

𝑐𝑖−1,𝑗,𝑡
𝑐𝑗

≤ 𝜆𝑖𝑗𝑡 ∀ 𝑖, 𝑗,∀ 𝑡 ∈ 𝑖 (6)

𝜆𝑖𝑗𝑡 ≤ 𝑐𝑖−1,𝑗,𝑡 ∀ 𝑖, 𝑗,∀ 𝑡 ∈ 𝑖 (7)
(

∑

𝑡∈𝑧 𝜆𝑖𝑗𝑡
)

− |𝑧| + 1 ≤ 𝜅𝑖𝑗𝑧 ∀ 𝑖, 𝑗, 𝑧 (8)

𝜅𝑖𝑗𝑧 ≤ 𝜆𝑖𝑗𝑡 ∀ 𝑖, 𝑗, 𝑧,∀ 𝑡 ∈ 𝑧 (9)

∑

𝑗∈
∑

𝑧∈𝑖 𝑥𝑖𝑗𝑧 ≤ 1 ∀ 𝑖 (10)

𝑥𝑖𝑗𝑧 ≤ 𝜅𝑖𝑗𝑧 ∀ 𝑖, 𝑗, 𝑧 (11)

𝑠𝑖𝑗𝑧 ≥ (𝑣𝑖𝑗𝑧 − 𝑞𝑗𝑧) −𝑀𝑖𝑗𝑧(1 − 𝜅𝑖𝑗𝑧) ∀ 𝑖, 𝑗, 𝑧 (12)

𝑠𝑖𝑗𝑧 ≤ 𝑣𝑖𝑗𝑧 − 𝑞𝑗𝑧 ∀ 𝑖, 𝑗, 𝑧 (13)

𝑠𝑖𝑗𝑧 ≤𝑀𝑖𝑗𝑧𝜅𝑖𝑗𝑧 − 1 ∀ 𝑖, 𝑗, 𝑧 (14)

𝑠𝑖𝑗𝑧 ≤
∑

𝑘∈
∑

𝑦∈𝑖 (𝑣𝑖𝑘𝑦𝑥𝑖𝑘𝑦 − 𝑟𝑖𝑘𝑦) ∀ 𝑖, 𝑗, 𝑧 (15)

0 ≤
∑

𝑘∈
∑

𝑦∈𝑖 (𝑣𝑖𝑘𝑦𝑥𝑖𝑘𝑦 − 𝑟𝑖𝑘𝑦) ∀ 𝑖 (16)

𝑟𝑖𝑗𝑧 ≤𝑀𝑗𝑧𝑥𝑖𝑗𝑧 ∀ 𝑖, 𝑗, 𝑧 (17)

𝑟𝑖𝑗𝑧 ≤ 𝑞𝑗𝑧 ∀ 𝑖, 𝑗, 𝑧 (18)

𝑟𝑖𝑗𝑧 ≥ 𝑞𝑗𝑧 −𝑀𝑗𝑧(1 − 𝑥𝑖𝑗𝑧) ∀ 𝑖, 𝑗, 𝑧 (19)

𝜋𝑗𝑡𝑛 ∈ {0,1} ∀ 𝑗, 𝑡, 𝑛 (20)

𝑥𝑖𝑗𝑧, 𝜅𝑖𝑗𝑧 ∈ {0,1} ∀ 𝑖, 𝑗, 𝑧 (21)

𝜆𝑖𝑗𝑡 ∈ {0,1} ∀ 𝑖, 𝑗,∀ 𝑡 ∈ 𝑖 (22)

𝑠𝑖𝑗𝑧 ∈ R ∀ 𝑖, 𝑗, 𝑧 (23)

𝑟𝑖𝑗𝑧 ≥ 0 ∀ 𝑖, 𝑗, 𝑧 (24)

The objective function (4) maximizes the provider’s revenue.
Constraints (5) ensure that for each position (𝑗, 𝑡) exactly one price 

point is selected.
Constraints (6) – (9) are required to represent the availability of 

an option for a customer. The binary variable 𝜆𝑖𝑗𝑡 is forced to 1 in 
constraints (6) if a unit of resource 𝑗 is available for customer 𝑖 in 
period 𝑡, i.e., 𝑐𝑖−1,𝑗,𝑡 ≥ 1. Otherwise, 𝜆𝑖𝑗𝑡 is forced to 0 in constraints (7). 
Furthermore, the binary variable 𝜅𝑖𝑗𝑧 is forced to 1 in constraints (8) 
if option (𝑗, 𝑧) is available for customer 𝑖, i.e., 𝜆𝑖𝑗𝑡 = 1 ∀ 𝑡 ∈ 𝑧, and 
otherwise, to 0 in constraints (9).
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The remaining constraints represent the customer choice process 
including the effect of dynamic substitution. Due to constraints (10), ev-
ery customer chooses at most one option. According to constraints (11), 
an option can only be chosen if it is available.

Constraints (12) – (14) control the value of the variables 𝑠𝑖𝑗𝑧. More 
precisely, the variable 𝑠𝑖𝑗𝑧 is forced to 𝑣𝑖𝑗𝑧−𝑞𝑗𝑧 in constraints (12) – (13) 
if option (𝑗, 𝑧) is available for customer 𝑖, i.e., 𝜅𝑖𝑗𝑧 = 1. If it is not 
available, constraints (13) – (14) ensure that 𝑠𝑖𝑗𝑧 ≤ min{𝑣𝑖𝑗𝑧 − 𝑞𝑗𝑧,−1}. 
We can set 𝑀𝑖𝑗𝑧 ∶= 𝑣𝑖𝑗𝑧 − |𝑧| ⋅ 𝑝𝑗1 + 1, which is the smallest possible 
value for 𝑀𝑖𝑗𝑧. (Note that we assume |𝑧| ⋅𝑝𝑗1 ≤ 𝑣𝑖𝑗𝑧, see Appendix B.2.)

Constraints (15) force a customer 𝑖 into booking if there is at 
least one option (𝑗, 𝑧) of the customer’s set of interest with 𝑠𝑖𝑗𝑧 > 0, 
hence, in this case, the lhs of the corresponding constraint (15) takes 
a value >0. For such an option, 𝜅𝑖𝑗𝑧 = 1 and 𝑣𝑖𝑗𝑧 − 𝑞𝑗𝑧 > 0 holds, 
i.e., the option is available and its surplus is strictly positive. As all 
𝐽 × |𝑖| constraints (15) (regarding customer 𝑖) share the same rhs, 
these constraints ensure the compliance of the ICC: The rhs has to 
take a value ≥ max{𝑠𝑖𝑗𝑧 ∣ 𝑗 ∈  , 𝑧 ∈ 𝑖} > 0, i.e., the maximum 
surplus among all available options. Note that for any non-available 
option (𝑗, 𝑧), 𝑠𝑖𝑗𝑧 ≤ −1 holds. However, at most one term (𝑣𝑖𝑘𝑦𝑥𝑖𝑘𝑦−𝑟𝑖𝑘𝑦)
(𝑘 ∈  , 𝑦 ∈ 𝑖) of the rhs of constraints (15) can take a value ≠ 0, 
since customer 𝑖 chooses at most one option of their set of interest 
(see constraints (10)). Due to constraints (11), customer 𝑖 can only 
choose an available option. Hence, customer 𝑖 is forced to choose the 
available option (𝑘′, 𝑦′) that yields the highest surplus (with the rhs of 
constraint (15) taking the value of this option’s surplus 𝑣𝑖𝑘′𝑦′ − 𝑞𝑘′𝑦′ >
0, thus, fulfilling the PPC). Note that customer indifferences such as 
max{𝑠𝑖𝑗𝑧 ∣ 𝑗 ∈  , 𝑧 ∈ 𝑖} = 0 can be neglected in a numerical 
study if the number of decimal places of the given reservation prices is 
sufficiently high. However, if for all options (𝑗, 𝑧) of the customer’s set 
of interest 𝑠𝑖𝑗𝑧 < 0 holds, i.e., there is no available option with positive 
surplus, max{𝑠𝑖𝑗𝑧 ∣ 𝑗 ∈  , 𝑧 ∈ 𝑖} < 0 holds. In this case, the compliance 
of the PPC is not necessarily guaranteed by constraints (15). Hence, 
constraints (16) are required to prevent a booking by imposing that 
the surplus of any chosen option (rhs of constraint (16)) is ≥ 0.

Due to constraints (17) – (19) and (24), the decision variable 𝑟𝑖𝑗𝑧
is forced to 𝑞𝑗𝑧 if customer 𝑖 chooses option (𝑗, 𝑧), i.e., 𝑥𝑖𝑗𝑧 = 1, and 
otherwise, to 0. We can set 𝑀𝑗𝑧 ∶= |𝑧| ⋅ 𝑝𝑗𝑁𝑗 , which is the smallest 
possible value for 𝑀𝑗𝑧.

4.2. Incorporating price constraints

Various PC can be easily included into the model presented in 
Section 4.1 by adding additional constraints (and decision variables, if 
necessary). In this section, we present some exemplary PC, which may, 
for example, arise in the context of hotel pricing (see e.g., Baur et al., 
2014). Note that in the following, we assume a period to correspond 
to a day/night, period 𝑡 = 1 to represent a Monday, and 𝑇  to be a 
multiple of 7. Furthermore, we define  ′

7 ⊂   as the subset of all periods 
representing a Sunday, i.e.,  ′

7 = {𝑡 ∈  ∶ 𝑡 mod 7 = 0}. All PC are 
parameterized with a number indicated in parentheses.

• PC A (𝑎), price during the week: Constraints (25) ensure that for 
each resource and each week, the selected price stays the same 
beginning on Monday and extending over 𝑎 (2 ≤ 𝑎 ≤ 7) periods. 
𝜋𝑗,𝑡−6,𝑛 = 𝜋𝑗,𝑡−𝜉,𝑛 ∀ 𝑗,∀ 𝑡 ∈  ′

7 ,∀ 𝜉 ∈ {7 − 𝑎,… ,5},∀ 𝑛 (25)

• PC B (𝑏), minimum number of consecutive periods sharing a price (per 
week): A minimum of 𝑏 (2 ≤ 𝑏 ≤ 6) consecutive periods sharing 
a price per resource and week can be included by adding the 
variables 
𝛼𝑗𝑡 ≥ 0 ∀ 𝑗,∀ 𝑡 ∈ 𝑏′ (26)

with 𝑏′ = {𝑡 ∈  ∶ (𝑡 mod 7) ∈ {1,… ,7−𝑏+1}} ⊂   defining the 
subset of the first (7 − 𝑏 + 1) periods of each week, and by adding 
the constraints 
𝜋𝑗,𝑡′+1,𝑛−𝜋𝑗𝑡′𝑛 ≤ 𝛼𝑗𝑡 ∀ 𝑗,∀ 𝑡 ∈ 𝑏′ ,∀ 𝑡′ ∈ {𝑡,… , 𝑡+𝑏−2},∀ 𝑛 (27)

∑𝑡−𝑏+1
𝑡′=𝑡−6 𝛼𝑗𝑡′ ≤ 7 − 𝑏 ∀ 𝑗,∀ 𝑡 ∈  ′

7 (28)

The variable 𝛼𝑗𝑡 is forced to a value ≥ 1 in constraints (27) if there 
is at least one price change concerning resource 𝑗 considering 𝑏
consecutive periods starting from period 𝑡, i.e., considering the 
periods {𝑡,… , 𝑡 + 𝑏 − 1}. Constraints (28) ensure that for each 
resource and week, there is at least one period 𝑡′, from which 
there is no price change for 𝑏 periods.

• PC C (𝑐), minimum number of periods without price change: After 
a price change, a minimum number of 𝑐 + 1 (1 ≤ 𝑐 ≤ 𝑇 − 2) 
consecutive periods without price change can be included by 
adding the variables 

𝑜𝑗𝑡 ≥ 0 ∀ 𝑗,∀ 𝑡 ∈  ⧵ {𝑇 } (29)

and the constraints 

𝜋𝑗,𝑡+1,𝑛 − 𝜋𝑗𝑡𝑛 ≤ 𝑜𝑗𝑡 ∀ 𝑗,∀ 𝑡 ∈  ⧵ {𝑇 },∀ 𝑛 (30)

∑𝑡+𝑐
𝑡′=𝑡 𝑜𝑗𝑡′ ≤ 1 ∀ 𝑗,∀ 𝑡 ∈ {1,… , 𝑇 − 𝑐 − 1} (31)

The variable 𝑜𝑗𝑡 is forced to a value ≥ 1 in constraints (30) if 
there is a price change concerning resource 𝑗 at time 𝑡. Due to 
constraints (31), within 𝑐+2 consecutive periods, there is at most 
1 price change per resource, i.e., after a price change, the new 
price is fixed for at least 𝑐 + 1 periods.

• PC D (𝑑), maximum number of price changes: Constraints (32) en-
sure that there are a maximum of 𝑑 ⋅ 𝑇∕7 price changes per 
resource, i.e., a maximum of 𝑑 (≥1) price changes per week on 
average. Here, constraints (29) and (30) are needed again. 
∑

𝑡∈ ⧵{𝑇 } 𝑜𝑗𝑡 ≤ 𝑑 ⋅ 𝑇7 ∀ 𝑗 (32)

• PC E (𝑒), maximum number of price points (per week): A maximum 
number of 𝑒 (≥ 2) different price points per resource and week 
can be included by adding the variables 

𝛽𝑗𝑡𝑛 ∈ {0,1} ∀ 𝑗,∀ 𝑡 ∈  ′
7 ,∀ 𝑛 (33)

and the constraints 
∑

𝑛∈𝑗
𝛽𝑗𝑡𝑛 ≤ 𝑒 ∀ 𝑗,∀ 𝑡 ∈  ′

7 (34)

𝜋𝑗,𝑡−𝜉,𝑛 ≤ 𝛽𝑗𝑡𝑛 ∀ 𝑗,∀ 𝑡 ∈  ′
7 ,∀ 𝑛,∀ 𝜉 ∈ {0,… ,6} (35)

The variable 𝛽𝑗𝑡𝑛 is forced to 1 in constraints (35) if the 𝑛th price 
point of resource 𝑗 is used within the week ending with period 
𝑡. Constraints (34) ensure that a maximum number of 𝑒 different 
price points is used per resource and week.

• PC F (𝑓 ), smooth price changes: Constraints (36) and (37) ensure 
that the index of a position’s price point differs from the indices of 
horizontally (i.e., temporally) neighboring positions’ price points 
by at most 𝑓 (≥1). 
∑

𝑛∈𝑗
𝑛𝜋𝑗𝑡𝑛 −

∑

𝑛∈𝑗
𝑛𝜋𝑗,𝑡+1,𝑛 ≤ 𝑓 ∀ 𝑗,∀ 𝑡 ∈  ⧵ {𝑇 } (36)

∑

𝑛∈𝑗
𝑛𝜋𝑗,𝑡+1,𝑛 −

∑

𝑛∈𝑗
𝑛𝜋𝑗𝑡𝑛 ≤ 𝑓 ∀ 𝑗,∀ 𝑡 ∈  ⧵ {𝑇 } (37)

• PC G (𝑔), (strictly) monotonically increasing prices: Constraints (38) 
ensure that prices increase (strictly) monotonically in each period 
from the lowest-order resource (𝑗 = 1) to the highest-order 
resource (𝑗 = 𝐽 ) by imposing a minimum gap of 𝑔 (≥0) between 
two vertically neighboring positions’ prices. 
∑

𝑛∈𝑗−1
𝑝𝑗−1,𝑛𝜋𝑗−1,𝑡,𝑛 + 𝑔 ≤

∑

𝑛∈𝑗
𝑝𝑗𝑛𝜋𝑗𝑡𝑛 ∀ 𝑗 ∈  ⧵ {1}, 𝑡 (38)
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5. Repair using MIP heuristic (RUMIP)

In this section, we present our new heuristic framework, repair 
using MIP heuristic. First, we formally introduce solutions and their 
representation (Section 5.1), then we focus on challenging problem 
characteristics (Section 5.2). In Section 5.3, we give an overview of 
the basic algorithm of RUMIP and present pseudo code. Subsequently, 
we describe the individual components of the algorithm in more detail 
while addressing in particular where and how to adapt RUMIP to 
various PC: In Section 5.4, we propose the key component of our 
heuristic and in Section 5.5, we present the local search component. 
Finally, we discuss the evaluation of a complete solution in Section 5.6.

5.1. Solution representation

We use the term solution for any 𝐽 × 𝑇 -matrix of selected prices 𝜌𝑗𝑡
for positions (𝑗, 𝑡). A solution is either complete, i.e., 𝜌𝑗𝑡 ∈ 𝑗 for all 
positions, or it is a partial solution, i.e., for at least one position no 
price (point) has been set yet. We will explicitly indicate when talking 
about partial solutions. Furthermore, a solution is either feasible or not 
with respect to the imposed PC (see Sections 2.1 and 4.2).

In what follows, a solution is represented by a 𝐽 × 𝑇 -matrix 𝝉 of 
price point indices, i.e., 𝝉 =

[ 𝜏11 ⋯ 𝜏1𝑇
⋮ ⋱ ⋮
𝜏𝐽1 ⋯ 𝜏𝐽𝑇

]

 with 𝜏𝑗𝑡 ∈ 𝑗 ∪ {⊥} for all 
positions. As only the corresponding price point indices are stored, 
𝜏𝑗𝑡 = ⊥ represents that for the position (𝑗, 𝑡) no price point has been 
selected yet. In contrast to that, 𝜏𝑗𝑡 = 𝑛 with 𝑛 ∈ 𝑗 represents that 
for the position (𝑗, 𝑡) the 𝑛th price point 𝑝𝑗𝑛 is selected, i.e., 𝜌𝑗𝑡 = 𝑝𝑗𝑛. 
Furthermore, we use a colon notation for array slicing, i.e., 𝝉[𝑗, ∶] =
[ 𝜏𝑗1 … 𝜏𝑗𝑇 ] depicting the 𝑗th row and 𝝉[∶, 𝑡] =

[ 𝜏1𝑡
⋮
𝜏𝐽𝑡

]

 depicting the 𝑡th 
column of 𝝉.

5.2. Challenging problem characteristics

In the considered problem (see Section 2.1), particularly challenging 
characteristics arise from explicitly considering dynamic substitution 
on the one hand, and handling various price constraints on the other.

• Due to dynamic substitution, resource availability plays a crucial 
role in customer choice behavior. Slightly changing the selected 
prices may result in noticeably different customers’ choices, hence 
requiring a complete re-evaluation of the solution (with respect to 
the objective value).

• Complete solutions can be evaluated with respect to the objective 
value (see Section 5.6) while partial solutions cannot since cus-
tomers’ decision making cannot be simulated with missing prices. 
Consequently, applying classical construction and improvement 
heuristics is difficult.

• Facing various PC, there is no simple and efficient general ap-
proach to check whether a partial solution can be completed into 
a feasible one or not. Likewise, there is no simple construction 
heuristic leading to a feasible solution for arbitrary PC.

• In order to easily deal with various PC, a generic neighborhood 
definition which does not suffer from heavy reliance on the 
imposed PC seems to be appropriate. However, depending on the 
imposed PC, subsets of feasible solutions might not be connected.

These characteristics are demanding and make it difficult to ap-
ply classical construction and improvement heuristics. Therefore, we 
propose our new heuristic framework, RUMIP, in the following subsec-
tions.

Algorithm 1 Pseudo code of RUMIP
  Input: PC , ℎ
1: initialize variable percDestroy ← ℎ
2: initialize current solution 𝝉 and its objective value 𝐹
3: initialize current best feasible solution 𝝉∗ and its objective value 𝐹 ∗

4: while stopping criterion not met do
5:  𝝉 ← copy of 𝝉∗
6:  𝐹 ← 𝐹 ∗

7:  destroy(𝝉 , percDestroy) ⊳ resulting in a partial solution 𝝉
8:  fillUp(𝝉) ⊳ resulting in a complete, possibly infeasible solution 𝝉
9:  if ¬isFeasible(𝝉 ,PC) then
10:  𝑚← instantiateRMIP(𝝉 ,PC)
11:  optimize(𝑚)
12:  𝝉 ← setPrices(𝑚)
13:  end if
14:  𝐹 ← evaluate(𝝉)
15:  𝐹 ← localSearch(𝝉 , 𝐹 ,PC) ⊳ may modify 𝝉
16:  if 𝐹 > 𝐹 ∗ then
17:  𝝉∗ ← 𝝉
18:  𝐹 ∗ ← 𝐹
19:  end if
20:  adapt percDestroy
21: end while
22: return 𝝉∗, 𝐹 ∗

5.3. Basic algorithm

The key feature of RUMIP is that it can be easily adapted to deal 
with various PC a provider might face. In more detail, it is possible 
to smoothly incorporate any PC that can be formulated as linear 
constraints on the decision variables representing the (possible) prices, 
i.e., on the 𝜋-variables (see Section 4.2). Thus, the key characteristic of 
RUMIP is that it does not suffer from heavy reliance on the specific PC 
to be observed.

Considering the algorithmic procedure, RUMIP is an iterative pro-
cedure that is based on the destroy/repair paradigm (see Section 3.2):

• Destroy step: Starting from the current solution, some positions are 
selected and the prices of these positions are removed, i.e., de-
stroyed. This results in a partial solution.

• Repair step: The repair step is composed of three substeps.
1. Fill up: Since the partial solution resulting from the destroy 
step cannot be evaluated (see Section 5.2), this partial 
solution is filled up by assigning new prices to the empty 
positions. This results in a complete but likely infeasible 
solution (with respect to the imposed PC).

2. Restore feasibility : A relatively small MIP (referred to as R-
MIP for restore feasibility MIP) is applied. This MIP takes the 
current infeasible solution as a parameter and determines 
a solution as similar as possible, yet feasible (with respect 
to the imposed PC).

3. Local search: Starting from the newly obtained feasible 
solution, a local search is performed in order to improve 
the solution quality while retaining feasibility.

These destroy/repair steps are repeated until a stopping criterion is 
met. In order to go into more detail, Algorithm 1 shows pseudo code 
of RUMIP.

First of all, initialization takes place: The imposed price constraints 
are given as input PC. The percentage of positions used in the destroy 
step is stored in the variable percDestroy , which is initialized with the 
input ℎ. The variable 𝝉, which stores the current solution, is initialized 
at random, i.e., each position is assigned a random price point index. 
This initialization results most likely in an infeasible solution. However, 
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RUMIP does not need a feasible solution as input. As no feasible 
solution is known so far, 𝝉∗, which stores the current best feasible 
solution, is initialized with a dummy value (at each position, as are 
the corresponding objective values 𝐹  and 𝐹 ∗). In the unlikely event of 
𝝉 being feasible, 𝐹  is initialized by evaluating 𝝉 (with respect to its 
objective value, see Section 5.6). Furthermore, 𝝉∗ is assigned a copy 
of 𝝉 and 𝐹 ∗ is assigned 𝐹 . Then, the iterative part of RUMIP begins 
by assigning 𝝉 a copy of 𝝉∗ and correspondingly, 𝐹  the value of 𝐹 ∗. 
Thus, at the beginning of each iteration, the current solution 𝝉 equals 
the best feasible solution found so far for the sake of simplicity. Note, 
this step is very likely avoided in the very first iteration, namely if 𝝉∗
represents a dummy after initialization as just described. However, this 
is not depicted in the pseudo code for the sake of clarity.

In the destroy step, a predetermined number (based on percDestroy) 
of positions of the current solution 𝝉 are selected and the prices of these 
positions are removed, i.e., destroyed.

In the repair step, first of all, the current partial solution 𝝉 is filled up
by assigning a price point that is different to the previously removed 
one to each empty position. This results in a complete but likely 
infeasible solution 𝝉. Subsequently, 𝝉 is checked for feasibility (with 
respect to the imposed PC). If 𝝉 is not feasible, in order to restore 
feasibility, an R-MIP is instantiated (𝑚) taking 𝝉 as a parameter and 
aiming to determine a solution as similar as possible to 𝝉 but feasible. R-
MIP will be described in more detail in  Section 5.4. After instantiating 
𝑚, it is solved by a standard MIP solver, and 𝝉 is replaced by the 
determined similar but feasible solution. Next, in any case, 𝐹  is updated 
by evaluating 𝝉 with respect to its objective value. Finally, starting from 
𝝉, a local search (see Section 5.5) is performed, which modifies 𝝉.

After the destroy/repair steps, the best feasible solution 𝝉∗ and its 
objective 𝐹 ∗ are updated if a better solution 𝝉 has been found in the 
current iteration. At the end of an iteration, the variable percDestroy is 
adapted according to an adaptation strategy.

Finally, the best feasible solution 𝝉∗ and its objective value 𝐹 ∗ are 
returned by RUMIP.

5.4. Restoring feasibility (R-MIP)

This section is devoted to the key component of RUMIP, namely 
the MIP used to restore feasibility: R-MIP takes the current infeasible 
solution as a parameter and determines a feasible solution that is as 
similar as possible to the current infeasible solution. In contrast to 
other components of RUMIP described in Section 5.3, this component 
has to be adapted to account for various PC. To be more precise, a 
general-purpose MIP, which serves as a basic framework, is extended 
by additional constraints (and decision variables) to account for the 
imposed PC, resulting in an R-MIP.

In more detail, this basic framework of R-MIP is given in the follow-
ing. 
Min∑𝑗∈

∑

𝑡∈ 𝛿𝑗𝑡 (39)

∑

𝑛∈𝑗
𝜋𝑗𝑡𝑛 = 1 ∀ 𝑗, 𝑡 (40)

∑

𝑛∈𝑗
(𝑛 ⋅ 𝜋𝑗𝑡𝑛) − 𝜏𝑗𝑡 ≤ 𝛿𝑗𝑡 ∀ 𝑗, 𝑡 (41)

𝜏𝑗𝑡 −
∑

𝑛∈𝑗
(𝑛 ⋅ 𝜋𝑗𝑡𝑛) ≤ 𝛿𝑗𝑡 ∀ 𝑗, 𝑡 (42)

𝜋𝑗𝑡𝑛 ∈ {0,1} ∀ 𝑗, 𝑡, 𝑛 (43)

𝛿𝑗𝑡 ≥ 0 ∀ 𝑗, 𝑡 (44)

The parameters 𝜏𝑗𝑡 (𝑗 ∈  , 𝑡 ∈  ) represent the current infeasible
solution, while the binary 𝜋-variables (analogously to Section 4) rep-
resent the (complete) feasible solution that is to be determined. Note 
that constraints (43) are identical to (20). Likewise, constraints (40) 
are identical to (5) and ensure that for each position exactly one price 
point is chosen. As a metric of similarity, we implement the well-known 
𝓁1-norm, also known as Manhattan distance. In combination with 

the objective function (39), constraints (41) – (42) force the decision 
variable 𝛿𝑗𝑡 to take the exact value of the absolute difference between 
the current price point index 𝜏𝑗𝑡 and the index of the price point to be 
determined for that position, i.e., ∑𝑛∈𝑗

(𝑛 ⋅𝜋𝑗𝑡𝑛). The objective function 
(39) minimizes the sum of these differences over all positions. Note that 
one could use price points in constraints (41) – (42) instead of indices 
in case of non-equidistant price points among all resources.

Now, in order to account for the imposed PC, this basic framework 
(39) – (44) is complemented by simply adding additional constraints 
and decision variables the same way as described in Section 4.2. (The 
resulting R-MIP is then solved, and 𝝉 is replaced by the solution 
represented by 𝝅, see Section 5.3). Hence, this component of RUMIP 
can be easily adapted to account for various PC by exchanging the 
additional constraints and decision variables. Some further remarks on 
R-MIP include:

• Due to minimizing the distance between the infeasible solution 
𝝉 and the feasible solution (represented by 𝝅) by applying the 
𝓁1-norm, these two solutions may differ in any positions but not 
necessarily in those that have been selected in the destroy step.

• Applying R-MIP can be seen as the projection of the infeasible 
solution 𝝉 to the closest feasible solution in terms of the 𝓁1-norm. 
However, in contrast to the projection step applied within the 
feasibility pump (see Section 3.2), we are looking for a close 
solution without relaxing the domains of the variables.

• It is important to note that the MIP used in the repair step, 
i.e., the R-MIP, is simple and much smaller compared to the 
MIP presented in Section 4. This is due to R-MIP missing all 
the constraints and variables needed to account for the customer 
choice behavior.

5.5. Local search

Starting from the current feasible solution 𝝉, we perform a local 
search (see, e.g., Delahaye et al., 2019, Section 1.2.1). In each it-
eration of the local search, the neighborhood of the current solution 
𝝉 is explored in order to find a better solution (with respect to the 
objective value). As soon as a better solution is found, it becomes the 
current solution 𝝉, i.e., a move is performed and the next iteration 
starts. While exploring the neighborhood of 𝝉, the neighbor of 𝝉 to be 
considered next is chosen by applying a so-called generating mechanism
(Delahaye et al., 2019, Section 1.2.1). Local search ends when 𝝉 is a 
local optimum with respect to its neighborhood. Then, 𝝉 ’s objective 
value 𝐹  is returned.

• Neighborhood: In order to deal with various PC, we consider 
a generic neighborhood definition with the neighborhood of a 
solution 𝝉 consisting of all feasible solutions that differ from 𝝉
in the price of exactly one position. Thus, we represent a neighbor
of 𝝉 by a tuple (𝑗, 𝑡, 𝑛) in which (𝑗, 𝑡) is the position at which 𝝉
and this neighboring solution (𝑗, 𝑡, 𝑛) differ, and 𝑛 (𝑛 ∈ 𝑗) is the 
price point index set at position (𝑗, 𝑡).
By applying this definition, the neighborhood of a solution can be 
determined in a general way by iterating over all combinations of 
positions and price points while checking for feasibility along the 
way (see Section 5.6). Note that, except for the feasibility check, 
no further adaptation to account for different PC is necessary 
within the local search component.
However, a resulting challenging characteristic of the problem is 
that subsets of feasible solutions might not be connected, i.e., a 
path consisting of feasible solutions that leads from one feasible 
solution to another might not exist. For example, accounting for 
PC A(5), look at the solutions 𝝉1[𝑗, ∶] = [4,4,4,4,4,3,3] and 
𝝉2[𝑗, ∶] = [5,5,5,5,5,3,3] with 𝑇 = 7 and any resource 𝑗. The so-
lutions 𝝉1 and 𝝉2 are not connected by a path of feasible solutions. 
This emphasizes the application of the overall destroy/repair 
paradigm (see Section 5.3) in order to reach different areas of 
the solution space.
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• Generating mechanism: In order to account for the capacity con-
straints rooted in the problem, the neighborhood of the current 
solution 𝝉 is partitioned into two disjointed subsets. The idea is 
to take the residual capacity after simulating the customer stream 
(see Section 5.6) into account when considering the direction of 
price change, i.e., decrease or increase in price. The subsets are 
referred to as primarySet and secondarySet , with primarySet being 
preferred to secondarySet . Within each set, the next neighbor to 
be considered is chosen at random.
In more detail, the subset a neighbor (𝑗, 𝑡, 𝑛) belongs to is deter-
mined by considering the residual capacity 𝑐𝐼𝑗𝑡 at position (𝑗, 𝑡)
after simulating the customer stream for the current solution 𝝉. 
If 𝑐𝐼𝑗𝑡 = 0, i.e., all units at position (𝑗, 𝑡) are depleted by the 
customers, an increase in the price at position (𝑗, 𝑡) might be 
beneficial. Thus, neighbor (𝑗, 𝑡, 𝑛) belongs to the primarySet if 
𝑛 > 𝜏𝑗𝑡. The same is true for 𝑛 < 𝜏𝑗𝑡 if there is capacity left at 
position (𝑗, 𝑡) (𝑐𝐼𝑗𝑡 > 0). In any other case, (𝑗, 𝑡, 𝑛) belongs to the 
secondarySet .

5.6. Evaluation of a complete solution

Within RUMIP, complete solutions have to be evaluated (see Algo-
rithm 1) in terms of feasibility (with respect to the imposed PC) as well 
as with respect to the objective value.

• Feasibility check: The feasibility check of a complete solution 
depends on the imposed PC and, hence, has to be adapted in 
order to account for different PC. However, checking whether a 
complete price matrix is feasible with respect to the imposed PC 
is straightforward: This is exemplarily demonstrated for some of 
the PC introduced in Section 4.2:

– PC C (minimum number of periods without price change): For 
each resource, check whether the new price persists for at 
least 𝑐 + 1 periods after a price change while iterating over 
all periods.

– PC G (monotonically increasing prices): For each period, com-
pare vertically neighboring positions’ prices while iterating 
over all resources.

• Objective value: A complete solution is evaluated (with respect to 
its objective value) by simulating each customer’s decision making
while considering the customers of the customer stream in consec-
utive order. Simulating a customer’s decision making is done by 
applying the customer choice behavior as described in Section 2.1 
while iterating over all options of this customer’s set of interest. 
Whenever a customer chooses an option, the remaining capacity 
is decreased by one at the corresponding positions. We call that 
overall process simulating the customer stream.

Note that the feasibility check (the evaluation with respect to the 
objective value, respectively) does not only occur in line 9 (14) of 
Algorithm 1 but also within local search.

6. Enumeration-based heuristic with subtree pruning (ESP)

In order to investigate the competitiveness of RUMIP (see Section 5), 
we additionally designed an enumeration-based heuristic with subtree 
pruning. The idea of ESP is to search a decision tree (see, e.g., Rothlauf, 
2011, Section 3.3.2) for complete and feasible solutions until a stop-
ping criterion is met. Similar to RUMIP, ESP is designed to be easily 
adaptable to various PC.

In this section, we focus on the basic version of ESP. First, we 
present the structure of the decision tree. Subsequently, we go into 
detail on how the tree is searched by providing pseudo code, and we 
consider how to deal with various PC. In Appendix B.1, we describe in 
detail the idea of pruning subtrees which certainly do not contain any 
feasible solution.

Algorithm 2 Pseudo code of recursive function descend()
  Global input: PC ,Opp,Prune
1: function descend(𝝉 , 𝑙, 𝑛, 𝝉∗, 𝐹 ∗)
2:  (𝑗, 𝑡) ← posAtLevel(𝑙)
3:  𝝉[𝑗, 𝑡] ← 𝑛
4:  if 𝝉 is complete solution then
5:  if isFeasible(𝝉 ,PC) then
6:  𝝉 ′ ← copy of 𝝉 ⊳ because local search may modify 𝝉 ′
7:  𝐹 ′ ← evaluate(𝝉 ′)
8:  𝐹 ′ ← localSearch(𝝉 ′, 𝐹 ′,PC)
9:  if 𝐹 ′ > 𝐹 ∗ then
10:  𝝉∗ ← 𝝉 ′

11:  𝐹 ∗ ← 𝐹 ′

12:  end if
13:  end if
14:  else
15:  if Prune ∧ canPruneSubtree(𝝉 ,PC) then
16:  nop ⊳ prune subtree completely
17:  else
18:  (𝑗′, 𝑡′) ← posAtLevel(𝑙 + 1)
19:  for 𝑛′ ∈ 𝑗′  do ⊳ iterate over price points according to Opp
20:  if stopping criterion not met then
21:  (𝝉∗, 𝐹 ∗) ← descend(𝝉 , 𝑙 + 1, 𝑛′, 𝝉∗, 𝐹 ∗)
22:  end if
23:  end for
24:  end if
25:  end if
26:  𝝉[𝑗, 𝑡] ← ⊥ ⊳ reset to dummy value
27:  return 𝝉∗, 𝐹 ∗

28: end function

The structure of the decision tree is as follows: Inner nodes represent 
partial solutions, and leaf nodes represent complete solutions. The root 
node at level 0 represents the partial solution with no prices set. At 
each subsequent level, one position’s price is additionally fixed. The 
decision tree is constructed in a static manner in the sense that each 
level 𝑙 (1 ≤ 𝑙 ≤ 𝐽 ⋅ 𝑇 ) corresponds to one position (𝑗, 𝑡) ∈  ×  . The 
assignment of positions to levels (referred to as posAtLevel) is drawn at 
random one time before the tree is searched. Each inner node of the tree 
has one child node for each possible price point (indexed by 𝑛 ∈ 𝑗) 
of the position (𝑗, 𝑡) that corresponds to the child node’s level. Hence, 
the solutions represented by the parent node and any of its child nodes 
differ only in position (𝑗, 𝑡): In the child node’s solution, 𝜏𝑗𝑡 is fixed to 
𝑛 ∈ 𝑗 whereas no price is selected (⊥) at this position in the parent 
node’s solution. Note that the tree structure does not depend on the 
imposed PC.

As an example, Fig.  2 shows a small excerpt of a decision tree for 
𝐽 = 2, 𝑇 = 7. The node depicted at level 5 represents a partial solution 
𝝉0 with 5 prices set. Level 6 corresponds to position (𝑗, 𝑡) = (1,3) =
posAtLevel(6). Thus, node 𝝉0 has 11 child nodes, one for each possible 
price point indexed by 𝑛 ∈ 1 = {1,… ,11} (marked in bold).

In order to quickly find complete feasible solutions, we search the 
decision tree by applying depth-first search until a stopping criterion 
is met. Algorithm 2 shows pseudo code of the recursive function 
descend(). At first, we focus on the basic version of ESP that constitutes 
an incomplete depth-first search (printed in black); for now, we ignore 
further enhancements (printed in gray). The function descend() requires 
the following parameters:

• 𝝉: the partial solution represented by the current node at level 
𝑙 − 1

• 𝑙: the subsequent level
• 𝑛: the index of the price point to be fixed at position (𝑗, 𝑡) =
posAtLevel(𝑙)

• 𝝉∗: the current best feasible solution
• 𝐹 ∗: objective value of 𝝉∗.
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Fig. 2. Part of a decision tree for 𝐽 = 2, 𝑇 = 7.

Further inputs required by the overall algorithm are the imposed PC
and the sequencing order in which a node’s child nodes are searched 
(Opp, see Appendix  A.4).

By calling descend(𝝉 , 𝑙, 𝑛, 𝝉∗, 𝐹 ∗), the search descends to a child node 
of the current node by fixing the price point indexed by 𝑛 to position 
(𝑗, 𝑡) (lines 2 and 3 of Algorithm 2). Two cases have to be distinguished:

• If the new current node at level 𝑙 is a leaf node, i.e., 𝝉 is a complete 
solution (line 4), 𝝉 is checked for feasibility with respect to the 
imposed PC (see Section 5.6). If 𝝉 is feasible, it is then evaluated 
with respect to its objective value (again, see Section 5.6). The 
best feasible solution 𝝉∗ and its objective value 𝐹 ∗ are updated if 
necessary (lines 9 – 12).

• If the new current node is an inner node, i.e., 𝝉 is a partial solution 
(line 14), the position (𝑗′, 𝑡′) = posAtLevel(𝑙 + 1) of the next level 
is determined (line 18). As long as the stopping criterion is not 
met, the function descend() is called recursively for each possible 
price point (indexed by 𝑛′ ∈ 𝑗′ ) of resource 𝑗′, thus iteratively 
descending to each child node.

In both cases, the search ascends back to the current node’s parent 
node at level 𝑙−1 (line 26), returning the current best feasible solution 
𝝉∗ and its objective value 𝐹 ∗ (line 27). Technically, the solution repre-
sented by the parent node is restored by reassigning the dummy value 
⊥ to position (𝑗, 𝑡).

The overall depth-first search starts by calling descend(𝝉 ,0,0, 𝝉∗,
𝐹 ∗). 𝝉 is a partial solution with no prices set, 𝝉∗ is initialized with a 
dummy value at each position, and 𝐹 ∗ is also initialized with a dummy 
value. Thus, the search starts by descending to the root node at level 
0. As the root node is an inner node, descend() is called recursively to 
iteratively descend to each of the root node’s child nodes. Note that 
lines 2, 3, and 26 are skipped for level 𝑙 = 0.

Note that, except for the feasibility check, no further adaptation to 
deal with arbitrary PC is necessary. In order to speed up the search 
and improve its results, we came up with the following enhancements 
(printed in gray in Algorithm 2):

• Calling local search (line 8) as described in Section 5.5 whenever 
a complete feasible solution is reached.

• Pruning subtrees that certainly do not contain any feasible solu-
tion (line 15) is described in detail in Appendix B.1. Pruning can 
be (de-)activated by setting the boolean input Prune.

7. Computational results

In this section, we present the results of our computational ex-
periments to evaluate the performance of our heuristics RUMIP and 

ESP (see Sections 5 and 6) for various PC. After introducing instance 
classes (Section 7.1), we describe the measures used to analyze the 
performance of the approaches (Section 7.2) and our experimental 
setup (Section 7.3). Finally, Sections 7.4 and 7.5 present the main 
performance analysis of our heuristics (also compared to a state-of-the 
art solver).

7.1. Instance classes

In order to address a variety of possible scenarios of the pricing 
problem described in Section 2.1, we systematically investigate several 
different instance classes, each of which is defined by a combination of a
data set and imposed PC. A data set (𝑠,𝑤) comprises different customer 
streams for the parameter combination of 𝑠 and 𝑤:

• Size (𝑠): Having run pretests, we defined 4 combinations for the 
number of resources 𝐽 and periods 𝑇 , referred to as sizes (of the 
pricing matrix): S1 (𝐽 = 2, 𝑇 = 7), S2 (𝐽 = 4, 𝑇 = 14), S3
(𝐽 = 6, 𝑇 = 14), and S4 (𝐽 = 4, 𝑇 = 28). The number of periods is 
a multiple of 7, representing entire weeks. The initial capacity 𝑐𝑗
is fixed to 4 units, i.e., 𝑐0𝑗𝑡 = 𝑐𝑗 ∀ 𝑗 ∈  , 𝑡 ∈  . Hence, the overall 
number of available resource units is 4 ⋅ 𝐽 ⋅ 𝑇 .

• Level of demand on average (𝑤): This parameter indirectly deter-
mines the number of customers in a customer stream: A minimum 
ratio of the average resource demand of a customer stream to 
the overall number of available resource units is defined by 𝑤. 
In more detail, the resource demand on average of a customer 
𝑖 is 𝐷𝑖 =

∑

𝑧∈𝑖 𝑑𝑧
|𝑖|

, i.e., it equals the average duration over the 
customer’s set of time intervals 𝑖 assuming each time interval is 
equally likely. When creating a customer stream for a given com-
bination of 𝑠 and 𝑤, customers are added to the customer stream 
until 

∑

𝑖∈ 𝐷𝑖
4⋅𝐽 ⋅𝑇 ≥ 𝑤 holds. For the generation of our instance classes, 

we consider 𝑤 ∈ {0.8,1.2,1.6}, i.e., under- and over-demand.
Thus, we consider 12 data sets overall. For each data set, we generated 
40 customer streams. The number of customers on average ranges from 
16.3 for data set (S1,0.8) to 248.8 for data set (S4,1.6). The process 
of generating a customer stream (in particular customers’ sets of time 
intervals and reservation prices) is described in detail in Appendix B.2. 
Note that due to the definition of 𝑤, the number of customers may differ 
for different customer streams within a data set. The computation of the 
resource-specific price points is also described in Appendix B.2.

To summarize, we refer to an instance class as the combination of 
a data set (𝑠,𝑤) and imposed PC. We consider all 7 (individual) PC 
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described in Section 4.2 with 2 values for the corresponding param-
eter each. Furthermore, we consider 6 compound PC consisting of 2 
(individual) PC each and 2 compound PC consisting of 3 (individual) 
PC each. This results in 22 PC overall. Applying a full factorial design 
results in 12 ⋅ 22 = 264 instance classes. Each instance class 𝑄 consists 
of 40 scenarios 𝑞 ∈ 𝑄 due to the 40 customer streams of the underlying 
data set. Hence, we consider 10,560 scenarios in total. We provide all 
data sets as well as the code for generating them in a data repository 
(Bayer and Klein, 2025).

7.2. Performance measures

To evaluate the test results, we use the following generic measures.
• avtypeproc: the average of a specific performance outcome (type), 
obtained by applying procedure proc (for a given parameter con-
figuration, see Section 7.3) on all scenarios of a given instance 
class 𝑄. The notion ‘procedure’ refers to either the solver, RUMIP, 
or ESP. The type of performance outcome may be the running 
time of the procedure (time) or the objective value (obj), i.e., the 
overall revenue. Considering RUMIP, the type of outcome may 
also be the number of completed iterations (iter), the average 
running time of solving an instance of R-MIP (tRMIP), or the 
average number of prices that are modified per local search (pLS).

• av.devprocA,procB: the average relative deviation of the objective 
value, obtained by applying procedures procA and procB, then 
comparing their results. Each procedure is performed (given its 
parameter configuration) on all scenarios of a given instance class 
𝑄. The measure is computed as av.devprocA,procB ∶= 1

|𝑄|
∑

𝑞∈𝑄
objprocA(𝑞)−objprocB(𝑞)

objprocB(𝑞)
⋅ 100 in percentage terms, with objproc(𝑞) denot-

ing the objective value obtained by applying procedure proc on 
scenario 𝑞 ∈ 𝑄.

• max.devprocA,procB/min.devprocA,procB: analogously, the maximum 
and minimum relative deviation, respectively, of the objective 
value, obtained by applying procedures procA and procB on all 
scenarios of a given instance class 𝑄 and then comparing their 
results. The measures are computed as max.devprocA,procB ∶=
max𝑞∈𝑄 {

objprocA(𝑞)−objprocB(𝑞)
objprocB(𝑞)

} ⋅ 100 in percentage terms and
min.devprocA,procB ∶= min𝑞∈𝑄 {

objprocA(𝑞)−objprocB(𝑞)
objprocB(𝑞)

} ⋅ 100 in percent-
age terms, respectively.

• #procA→procB: the number of scenarios 𝑞 ∈ 𝑄 of a given instance 
class 𝑄 where objprocA(𝑞) ≥ objprocB(𝑞), i.e., in which procA
performs at least as good as procB with respect to the objective 
value.

• H0:𝜇procA ≤ 𝜇procB: a paired difference test on the objective value 
of applying procedures procA and procB on all scenarios of a 
given instance class 𝑄. As each instance class consists of 40 (>30) 
scenarios, we assume the values to be approximately normally 
distributed. We formulate the null hypothesis as H0:𝜇procA ≤
𝜇procB and the alternative hypothesis as H1:  𝜇𝑝𝑟𝑜𝑐𝐴 > 𝜇𝑝𝑟𝑜𝑐𝐵 , with 
𝜇𝑝𝑟𝑜𝑐 denoting the mean of procedure proc with respect to the 
objective value. If the null hypothesis is rejected at a significance 
level of 0.05, we mark that using a single asterisk (*). If the null 
hypothesis is rejected at an even stricter level of 0.01, we mark 
that using a double asterisk (**), while using a dash (-), otherwise.

7.3. Experimental setup

The subsequent sections are devoted to the performance comparison 
of our heuristics, RUMIP and ESP, and a state-of-the-art MIP solver. 
Note that for the ease of presentation, we use the abbreviations R 
(RUMIP), E (ESP), and S (solver) in the following. Our numerical study 
is based on the following parameter configurations 𝜒R and 𝜒E for RUMIP 
and ESP, respectively:

• 𝜒R = (ℎ,Adaptation,GM ) for RUMIP with

– ℎ ∈ {0.2,0.4,0.6,0.8,1.0}
– Adaptation ∈ {NoAdapt,Adapt}
– GM ∈ {GMRandom,GMResCap}

• 𝜒E = (Prune,Opp,GM ) for ESP with

– Prune ∈ {true, false}
– Opp ∈ {Inc,Dec,Mid,Rand}
– GM ∈ {NoLocalSearch,GMRandom,GMResCap}

The parameters and their corresponding values are described in 
Appendix  A, where we provide configuration details of the algorithmic 
components of our heuristics.

As we want to provide heuristics that can deal with and provide 
good results on various PC, we do not want to tune the parameter 
configuration of a heuristic for a certain instance class. Therefore, 
we ran pretests testing combinations of parameter configurations (see 
above) and instance classes (see Section 7.1) using separate tuning data 
sets. As a result of these pretests, the parameter configuration yielding 
the best value of avobjproc on average (over all instance classes of sizes 
S2, S3, S4 with individual PC) is

• For RUMIP: 𝜒R = (0.6,Adapt,GMResCap)
• For ESP: 𝜒E = (true,Mid,GMResCap).

Thus, we only use these two parameter configurations in Sections 7.4
and 7.5, where we present results of experiments conducted on our 
benchmark data sets. Note that when applying these configurations, the 
same local search procedure (as described in Section 5.5 and Appendix 
A.2) is applied in RUMIP and ESP, as the parameter GM is set to
GMResCap for both heuristics. Also note that if not explicitly stated 
otherwise, we apply the default stopping criterion (see Appendix  A.1).

We implemented all solution procedures (R, E, S) in the program-
ming language Julia (1.8.4) applying Gurobi (10.0.0) as a state-of-the-
art MIP solver (S) on the MIP formulation presented in Section 4. We 
adapted the Gurobi parameters IntFeasTol (to 1 ⋅10−7) and FeasibilityTol
(to 1 ⋅ 10−8) to account for the accuracy of the customers’ reservation 
prices (see Appendix B.2). We also used Gurobi for R-MIP. All tests were 
performed on a server architecture with an Intel Xeon Gold 5218 CPU 
at 2.30 GHz (2 processors, each test was restricted to one of 10 virtual 
processors with a maximum of running 8 tests in parallel), 64 GB RAM, 
and Windows 10 Enterprise.

7.4. Comparing RUMIP, ESP, and a solver on small-sized scenarios

This section covers all computational experiments concerning all 
instance classes of size S1, which consist of small-sized scenarios. 
Section 7.4.1 deals with the comparison of RUMIP to ESP, as well as 
the comparison of these heuristics to the solver. In Section 7.4.2, we 
derive managerial insights by evaluating the impact of time-dependent 
pricing on the provider’s total revenue.

7.4.1. Comparison
Table  3 summarizes the comparison of the solution approaches with 

respect to the objective value. Note that the column PC depicts the 
corresponding PC followed by its parameter value(s) (see Section 4.2), 
e.g., AF5,2 means the compound PC consisting of PC A(5) and PC F(2).

The left block of columns considers the comparison of RUMIP to 
ESP. For each instance class, the values of min.dev𝑅,𝐸 , av.devR,E, and 
max.devR,E deal with the relative deviation of the objective value, 
obtained by applying RUMIP and ESP. Furthermore, the table presents 
the number of scenarios in which RUMIP performs at least as good 
as ESP (#R→E) and the result of testing the null hypothesis H0:𝜇R ≤
𝜇E, again for each instance class. As Table  3 shows, RUMIP clearly 
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Table 3
Performance comparison of RUMIP, ESP, and the solver for all instance classes of size S1 (small-sized scenarios).
 Instance class Comparing R to E Comparing R to S Comparing E to S
 Data set PC min.dev𝑅,𝐸 av.devR,E max.devR,E #R→E H0 ∶ 𝜇𝑅 ≤ 𝜇𝐸 min.dev𝑅,𝑆 av.devR,S max.devR,S #R→S min.dev𝐸,𝑆 av.devE,S max.devE,S #E→S 
 (S1 ,0.8) A5 0.0 10.1 38.5 40 ** −6.4 −0.3 0.0 36 −28.6 −8.6 0.0 5  
 A6 −4.4 −0.1 0.0 39 – −4.4 −0.1 0.0 39 0.0 0.0 0.0 40  
 B5 −1.8 6.4 19.8 38 ** −4.0 −0.3 0.0 34 −16.5 −6.0 0.0 5  
 B6 0.0 2.5 14.1 40 ** 0.0 0.0 0.0 40 −12.3 −2.3 0.0 21  
 C1 −0.4 3.0 10.2 39 ** −6.5 −0.9 0.0 15 −9.2 −3.7 −0.4 0  
 C2 0.0 2.6 10.6 40 ** −3.4 −0.6 0.0 21 −11.6 −3.1 0.0 2  
 D2 0.0 2.8 8.2 40 ** −3.5 −0.4 0.0 23 −7.6 −3.1 0.0 3  
 D1 −1.3 1.2 7.6 38 ** −4.4 −0.2 0.0 34 −7.1 −1.4 0.0 12  
 E3 −1.2 0.9 3.6 36 ** −4.1 −0.4 0.0 17 −3.5 −1.3 0.0 1  
 E2 −2.5 1.4 7.9 34 ** −3.0 −0.6 0.0 20 −7.3 −2.0 0.0 6  
 F 2 −0.1 2.7 14.8 39 ** −2.9 −0.3 0.0 27 −14.7 −2.7 0.0 6  
 F 1 0.0 8.7 29.9 40 ** −3.7 −0.1 0.0 38 −23.0 −7.7 0.0 6  
 G0 0.0 1.0 4.3 40 ** −2.2 −0.2 0.0 28 −5.0 −1.2 0.0 1  
 G10 0.0 1.8 18.7 40 ** −2.8 −0.4 0.0 18 −16.7 −2.1 0.0 1  
 AF5,2 0.0 1.2 12.8 40 ** −6.2 −0.3 0.0 38 −11.3 −1.3 0.0 29  
 AG5,0 0.0 10.7 38.8 40 ** −7.0 −0.4 0.0 34 −28.7 −9.3 0.0 3  
 CE1,3 0.0 3.0 8.7 40 ** −4.5 −0.8 0.0 18 −8.2 −3.6 −0.1 0  
 CF1,2 0.0 4.2 17.6 40 ** −0.7 0.0 0.0 35 −14.9 −3.9 0.0 2  
 DG2,0 −0.4 2.9 14.9 39 ** −3.1 −0.5 0.0 22 −13.0 −3.2 0.0 2  
 FG2,0 0.0 3.0 15.1 40 ** −3.3 −0.3 0.0 29 −15.6 −3.0 0.0 7  
 CFG1,2,0 0.0 5.2 34.8 40 ** −1.2 0.0 0.0 37 −25.8 −4.7 0.0 6  
 DFG2,2,0 0.0 2.8 14.2 40 ** −1.0 0.0 0.0 39 −12.5 −2.6 0.0 7  
 (S1 ,1.2) A5 0.0 8.9 36.2 40 ** −9.4 −0.5 0.0 36 −28.8 −7.9 0.0 8  
 A6 −0.3 0.0 0.0 39 – −0.3 0.0 0.0 39 0.0 0.0 0.0 40  
 B5 0.0 3.6 12.7 40 ** −2.4 −0.2 0.0 34 −11.3 −3.6 0.0 7  
 B6 0.0 1.9 11.1 40 ** 0.0 0.0 0.0 40 −10.0 −1.7 0.0 25  
 C1 −0.4 3.8 13.6 39 ** −3.7 −0.8 0.0 13 −12.0 −4.4 −0.8 0  
 C2 −0.9 2.3 15.0 36 ** −1.7 −0.3 0.0 28 −13.0 −2.4 0.0 8  
 D2 −1.4 2.9 9.5 36 ** −2.1 −0.5 0.0 21 −8.7 −3.2 0.0 3  
 D1 −1.8 1.1 7.6 36 ** −1.8 −0.2 0.0 33 −7.0 −1.2 0.0 20  
 E3 −0.6 1.2 4.6 37 ** −1.6 −0.4 0.0 14 −4.4 −1.5 0.0 2  
 E2 −1.4 2.4 8.7 39 ** −2.9 −0.4 0.0 24 −8.0 −2.7 0.0 1  
 F 2 −0.8 1.8 14.4 39 ** −1.1 −0.1 0.0 34 −12.6 −1.8 0.0 7  
 F 1 0.0 5.6 18.1 40 ** −0.6 0.0 0.0 38 −15.3 −5.1 0.0 4  
 G0 −1.6 1.0 4.2 37 ** −1.6 −0.2 0.0 26 −4.0 −1.2 0.0 2  
 G10 −0.5 1.3 5.3 38 ** −3.2 −0.3 0.0 22 −5.1 −1.6 −0.2 0  
 AF5,2 −0.3 2.4 13.5 39 ** −3.5 −0.2 0.0 37 −11.9 −2.3 0.0 23  
 AG5,0 0.0 9.9 42.2 40 ** −4.3 −0.1 0.0 36 −29.7 −8.6 0.0 3  
 CE1,3 −0.1 2.8 8.6 39 ** −3.4 −0.6 0.0 17 −9.0 −3.3 −0.2 0  
 CF1,2 0.0 2.7 18.2 40 ** −2.5 −0.1 0.0 33 −15.4 −2.7 0.0 3  
 DG2,0 −0.5 3.2 17.0 38 ** −2.5 −0.4 0.0 24 −14.6 −3.3 0.0 2  
 FG2,0 −0.3 2.6 17.8 39 ** −0.3 0.0 0.0 38 −15.1 −2.4 0.0 5  
 CFG1,2,0 0.0 3.1 16.6 40 ** −0.7 0.0 0.0 35 −14.7 −2.9 0.0 6  
 DFG2,2,0 0.0 2.2 11.7 40 ** −1.1 −0.1 0.0 37 −10.5 −2.2 0.0 9  
 (S1 ,1.6) A5 0.0 6.6 38.0 40 ** −1.5 −0.1 0.0 35 −27.5 −5.8 0.0 2  
 A6 −0.6 0.0 0.0 38 – −0.6 0.0 0.0 38 0.0 0.0 0.0 40  
 B5 0.0 3.3 12.0 40 ** −1.6 −0.1 0.0 35 −10.7 −3.2 0.0 3  
 B6 0.0 1.5 12.8 40 ** 0.0 0.0 0.0 40 −11.3 −1.4 0.0 26  
 C1 0.1 3.4 10.1 40 ** −3.6 −0.6 0.0 13 −9.9 −3.8 −0.5 0  
 C2 0.0 2.1 8.3 40 ** −4.4 −0.4 0.0 25 −7.7 −2.4 0.0 1  
 D2 0.0 2.7 9.2 40 ** −3.7 −0.5 0.0 19 −10.7 −3.2 0.0 1  
 D1 −2.1 0.9 4.7 37 ** −1.3 −0.1 0.0 30 −4.5 −1.1 0.0 14  
 E3 −0.6 1.3 4.0 36 ** −2.9 −0.4 0.0 14 −4.6 −1.7 0.0 2  
 E2 −0.2 2.5 6.9 39 ** −3.2 −0.6 0.0 19 −7.0 −2.9 −0.2 0  
 F 2 0.0 1.1 5.7 40 ** −0.7 0.0 0.0 35 −5.4 −1.1 0.0 11  
 F 1 0.0 3.7 21.1 40 ** −3.7 −0.2 0.0 35 −20.5 −3.5 0.0 8  
 G0 −0.1 1.2 8.6 39 ** −1.4 −0.1 0.0 28 −8.0 −1.3 0.0 1  
 G10 −0.8 1.3 8.6 38 ** −4.3 −0.3 0.0 22 −7.9 −1.6 0.0 3  
 AF5,2 0.0 2.3 23.8 40 ** −3.5 −0.2 0.0 37 −19.2 −2.3 0.0 21  
 AG5,0 −1.4 5.3 38.2 38 ** −4.2 −0.2 0.0 33 −27.6 −4.9 0.0 6  
 CE1,3 −0.5 3.3 12.6 39 ** −2.4 −0.7 0.0 15 −11.2 −3.7 −0.4 0  
 CF1,2 −0.4 2.5 15.4 39 ** −1.3 −0.2 0.0 33 −13.3 −2.6 0.0 1  
 DG 2,0 −0.4 2.8 15.9 39 ** −1.6 −0.2 0.0 26 −13.7 −2.8 0.0 4  
 FG2,0 0.0 1.2 5.9 40 ** −0.8 −0.1 0.0 34 −5.6 −1.3 0.0 13  
 CFG1,2,0 0.0 2.1 11.7 40 ** −4.7 −0.2 0.0 34 −10.5 −2.2 0.0 4  
 DFG2,2,0 0.0 1.3 6.7 40 ** −1.9 −0.1 0.0 33 −6.3 −1.4 0.0 11  
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Table 4
Running time of RUMIP, ESP, and the solver for all instance classes of size S1 (small-sized scenarios).
 PC Running time (in seconds) aviterR avtRMIP

R

 𝑤 = 0.8 𝑤 = 1.2 𝑤 = 1.6 𝑤 = 0.8 𝑤 = 1.2 𝑤 = 1.6 𝑤 = 0.8 𝑤 = 1.2 𝑤 = 1.6 
 avtime

R avtime
E avtime

S avtime
R avtime

E avtime
S avtime

R avtime
E avtime

S

 A5 131 21 6 102 21 19 82 21 39 8,744 6,403 4,777 0.01 0.01 0.01  
 A6 341 19 3 238 22 10 181 22 17 21,763 14,942 11,125 0.01 0.01 0.01  
 B5 292 21 44 222 21 222 170 20 617 7,257 5,389 3,929 0.03 0.03 0.03  
 B6 274 22 3 204 22 11 167 21 23 18,753 12,992 9,742 0.01 0.01 0.01  
 C1 186 22 32 142 22 203 110 21 497 7,700 5,582 4,033 0.02 0.02 0.02  
 C2 403 23 91 282 22 463 223 21 1289 12,488 8,325 6,375 0.03 0.03 0.03  
 D2 333 23 119 256 22 658 204 22 1857 10,083 7,370 5,668 0.03 0.03 0.03  
 D1 951 26 203 653 25 1076 433 24 2451 30,224 21,148 13,687 0.03 0.02 0.02  
 E3 76 22 25 64 21 111 58 20 289 5,525 4,200 3,383 0.01 0.01 0.01  
 E2 197 23 80 159 23 508 133 22 1197 17,396 13,430 9,933 0.01 0.01 0.01  
 F 2 69 21 16 58 21 75 52 20 223 6,002 4,527 3,420 0.00 0.00 0.01  
 F 1 154 22 17 128 22 95 106 21 212 13,436 10,423 7,672 0.01 0.01 0.01  
 G0 31 21 7 29 20 34 28 20 90 2,187 1,735 1,337 0.00 0.00 0.00  
 G10 37 21 10 33 20 46 32 20 109 2,923 2,196 1,755 0.00 0.00 0.00  
 AF5,2 569 26 6 408 25 16 314 25 34 28,484 19,938 15,155 0.01 0.01 0.01  
 AG5,0 207 22 6 155 22 19 121 21 36 12,588 9,119 6,896 0.01 0.01 0.01  
 CE1,3 446 21 59 319 22 284 229 21 673 12,214 8,876 6,393 0.03 0.03 0.03  
 CF1,2 497 23 43 370 23 235 287 23 547 17,168 12,507 9,237 0.02 0.02 0.02  
 DG2,0 531 22 99 430 22 613 330 21 2024 13,232 10,679 8,165 0.03 0.03 0.03  
 FG2,0 81 21 15 68 21 67 55 21 202 6,711 5,225 3,866 0.01 0.01 0.01  
 CFG1,2,0 720 23 27 510 23 194 368 22 473 19,315 14,097 10,374 0.03 0.03 0.03  
 DFG2,2,0 1109 23 74 795 24 374 571 23 999 22,000 15,820 11,836 0.05 0.04 0.04  

outperforms ESP: In 2575 out of all 2640 considered scenarios 𝑞, 
obj𝑅(𝑞) ≥ obj𝐸 (𝑞) holds. Furthermore, for all instance classes except for 
those of PC A(6), the value of av.devR,E is strictly positive, and the null 
hypothesis H0:𝜇R ≤ 𝜇E is always rejected at a significance level of 0.01. 
The instance classes of PC A(6) are the only ones for which ESP finds an 
optimal solution for all scenarios (see the very last column), which can 
be explained by the small number of overall feasible solutions allowing 
ESP to search a huge part of the decision tree.

Within a time limit of 2 h, the solver could not find the optimal 
solution for five out of all 880 scenarios of 𝑤 = 1.6. Therefore, in Tables 
3–5, all calculations concerning the solver are based only on those 
scenarios that could be solved to optimality using the solver within 
2 h. The affected values and corresponding PC D(2), D(1), DG(2,0) are 
printed in italics in the tables.

The middle and right block of Table  3 present the comparison 
of each of the heuristics, RUMIP and ESP, to the solver. For both 
heuristics (proc) and each instance class, the table presents the values 
of min.devproc,S, av.devproc,S, and max.devproc,S. Obviously, these values 
are less than or equal to zero, as the solver could solve all considered 
scenarios to optimality. Furthermore, the value of #proc→S is provided, 
which shows the number of scenarios for which heuristic proc also 
finds an optimal solution, again for each instance class. As Table  3 
shows, RUMIP is able to find an optimal solution for 1934 out of all 
2635 considered scenarios, while ESP could only find one for 515. 
Furthermore, the relative deviation of RUMIP to the solver is noticeably 
less on average (in absolute values) than the relative deviation of ESP 
to the solver, again showing that RUMIP clearly outperforms ESP.

Table  4 presents the average running time of all three considered 
procedures (avtime

R , avtime
E , avtime

S ) for all instance classes of size S1. As 
the table shows, for any PC the running time of the solver greatly 
increases with the length of the considered customer stream (𝑤). This 
is obvious, as the size of the MIP instances increase in terms of the 
number of decision variables and constraints with an increasing value 
of 𝑤.

In contrast to the solver, the running time of RUMIP decreases with 
an increasing value of 𝑤, for any PC. In order to explain this, the table 
contains further columns showing the average number of completed 
iterations (aviterR ) and the average running time of solving an instance of 
R-MIP (avtRMIP

R ), again for all instance classes of size S1. As evaluating 
a solution (with respect to the objective value) requires to simulate 
each customer’s decision making (see Section 5.6), the more customers 

constitute the customer stream, the more often the counter simCount
(see Appendix  A.1) is incremented. This results in a lower number 
of iterations (before meeting the stopping criterion) and thus a lower 
number of instances of R-MIP to be solved, which finally results in a 
lower running time of RUMIP. Note that the average time required for 
solving an instance of R-MIP does not depend on the value of 𝑤, as R-
MIP does not involve the customer stream (see Section 5.4). Moreover, 
we can observe that the number of iterations heavily depends on the 
imposed PC, which will be discussed in more detail in the next section. 
Further note that in contrast to RUMIP, the running time of ESP is quite 
consistent over all considered instance classes.

Looking at the average running times (avtime
R , avtime

S ), it seems that 
the solver significantly outperforms RUMIP even for the highest value 
of 𝑤 = 1.6 for some PC, namely for PC A(5), A(6), B(6), AF(5,2), and 
AG(5,0). This can be explained as follows: First, note that the value 
of avtime

S  is much smaller for any of these PC compared to any other 
PC. Taking a closer look, all of the considered PC impose that the 
price (per resource and week) is the same for (at least) five particular 
consecutive time periods, resulting in a very rigid structure of any 
feasible solution, which is apparently advantageous for the solver. 
Supporting this consideration, Table  4 reveals that the value of avtime

S  is 
yet smaller for PC A(6) compared to PC A(5) and PC B(6), respectively, 
as for the former PC, the structure of any feasible solution is even more 
rigid. Second, in contrast to the solver, which stops as soon as a proven 
optimal solution is found, RUMIP always uses a fixed total number 
of simulations of customers’ decision making (see Appendix  A.1) as a 
stopping criterion. Hence, we additionally compared the average objec-
tive values with a running time of only 10 s (not depicted here). The 
results show that RUMIP clearly outperforms the solver: RUMIP finds 
an optimal solution for 177 out of all 200 considered scenarios, while 
the solver only finds an optimal solution for 16 scenarios. Moreover, 
RUMIP performs at least as good as the solver in 197 scenarios, whereas 
the solver does not find any feasible solution in 8 scenarios.

7.4.2. Impact of time-dependent pricing
This section evaluates the impact of time-dependent pricing (on the 

provider’s overall revenue), which forms the main motivation as well as 
one of the main characteristics of the pricing problem considered in this 
paper. Therefore, using the solver, we compare the optimal objective 
values (i.e., the maximum overall revenues) obtained when applying 
time-dependent pricing with the optimal objective values obtained 
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Table 5
Impact of time-dependent pricing for all instance classes of size S1.
 PC(S) PC(Suni) 𝑤 = 0.8 𝑤 = 1.2 𝑤 = 1.6

 min.devS,Suni av.devS,Suni max.devS,Suni #S→Suni H0 ∶ 𝜇S ≤ 𝜇Suni min.devS,Suni av.devS,Suni max.devS,Suni #S→Suni H0 ∶ 𝜇S ≤ 𝜇Suni min.devS,Suni av.devS,Suni max.devS,Suni #S→Suni H0 ∶ 𝜇S ≤ 𝜇Suni  
 A5 F0 1.5 8.3 18.9 40 ** 2.8 9.5 16.1 40 ** 1.7 8.5 21.7 40 **   A6 F0 0.0 4.6 17.7 40 ** 0.1 5.0 14.3 40 ** 0.0 4.7 14.1 40 **   B5 F0 4.3 11.5 21.6 40 ** 4.6 12.6 24.2 40 ** 5.4 11.5 31.7 40 **   B6 F0 1.3 6.8 18.7 40 ** 0.9 7.8 18.3 40 ** 0.0 7.2 20.8 40 **   C1 F0 5.1 16.9 32.8 40 ** 5.8 18.3 35.0 40 ** 6.1 17.5 36.2 40 **   C2 F0 5.1 14.1 29.3 40 ** 4.9 15.2 28.9 40 ** 5.5 14.2 30.7 40 **   D2 F0 7.1 16.2 33.8 40 ** 5.1 17.1 31.7 40 ** 6.0 16.2 33.6 38 **   D1 F0 2.5 9.7 18.7 40 ** 4.0 10.4 18.3 40 ** 2.9 9.5 21.4 38 **   E3 F0 8.5 18.9 35.3 40 ** 8.0 20.5 36.7 40 ** 9.7 20.0 39.1 40 **   E2 F0 6.5 15.8 34.0 40 ** 4.8 16.6 31.8 40 ** 5.6 15.8 35.5 40 **   F 2 F0 6.2 15.1 26.4 40 ** 7.1 16.6 29.8 40 ** 5.6 15.5 33.2 40 **   F 1 F0 3.8 11.2 25.2 40 ** 4.9 12.5 25.2 40 ** 4.0 11.6 27.1 40 **   G0 FG0,0 7.5 19.6 34.7 40 ** 8.3 21.5 37.3 40 ** 9.7 21.0 38.8 40 **   G10 FG0,10 7.2 19.6 37.8 40 ** 8.9 20.9 43.4 40 ** 6.5 20.2 44.8 40 **   AF5,2 F 0 0.8 6.1 16.4 40 ** 2.0 7.0 12.9 40 ** 1.1 5.9 16.5 40 **   AG5,0 FG0,0 1.5 8.0 18.9 40 ** 2.5 8.8 16.1 40 ** 1.7 7.8 21.7 40 **   CE1,3 F 0 5.1 16.5 32.8 40 ** 5.7 17.8 34.1 40 ** 5.9 16.9 34.4 40 **   CF1,2 F 0 3.8 11.5 24.9 40 ** 4.9 12.4 26.0 40 ** 4.3 11.7 31.2 40 **   DG2,0 FG0,0 4.6 15.4 31.9 40 ** 5.1 16.0 30.9 40 ** 5.1 15.4 33.6 39 **   FG2,0 FG0,0 5.6 14.9 26.4 40 ** 6.0 16.1 29.8 40 ** 5.6 15.5 33.2 40 **   CFG1,2,0 FG0,0 3.8 11.2 24.9 40 ** 4.9 12.1 25.2 40 ** 4.3 11.6 31.2 40 **   DFG2,2,0 FG0,0 3.6 10.6 24.9 40 ** 4.7 11.5 24.5 40 ** 3.6 10.8 27.5 40 **  

when demanding a uniform price per resource. The latter is referred to 
as uniform-resource pricing in the following (denoted by the subscript
uni). It is equivalent to imposing PC F(0). However, whenever the 
originally required PC comprise PC G (i.e., constraints that vertically 
affect prices), uniform-resource pricing additionally requires PC G.

Table  5 summarizes the comparison of applying time-dependent 
pricing to uniform-resource pricing with respect to the objective value 
for all instance classes of size S1. Note that, again, we consider only 
those 2635 scenarios that could be solved to optimality using the solver 
within 2 h (see Section 7.4.1). The column labeled with PC(S) (PC(Suni)) 
shows the PC imposed for time-dependent (uniform-resource) pric-
ing. As the results show, time-dependent pricing clearly outperforms 
uniform-resource pricing: av.devS,Suni  ranges from 4.6 to 21.5 (with 
a value of 13.3 on average), i.e., the losses in revenue when not 
considering time-dependent prices are quite impressive. Obviously, all 
values concerning the relative deviation in Table  5 are greater than or 
equal to zero, as the set of feasible solutions under uniform-resource 
pricing is a subset of the set of feasible solutions under time-dependent 
pricing, and hence for each instance class, #𝑆→Suni  equals the number 
of considered scenarios. The null hypothesis H0:𝜇S ≤ 𝜇Suni  is rejected 
at a significance level of 0.01 in all 66 instance classes.

7.5. Comparing RUMIP to ESP on scenarios of realistic size

This section deals with the comparison of RUMIP to ESP for all 
instance classes of sizes S2, S3, and S4, which consist of scenarios of 
realistic size. For these instance classes, Gurobi is no longer a reliable 
alternative: Within the time limit of 2 h, Gurobi only finds a feasible 
solution for 797 out of 2640 scenarios of the smallest considered size 
S2 (387 for 𝑤 = 0.8, 201 for 𝑤 = 1.2, and 209 for 𝑤 = 1.6). The 
number of feasible solutions found heavily depends on the PC. None of 
the scenarios could be solved to (proven) optimality.

We give an overview of the comparison of RUMIP to ESP in Sec-
tion 7.5.1, followed by a detailed discussion in Section 7.5.2 before 
summarizing some general tendencies in Section 7.5.3.

7.5.1. Overview
Table  6 summarizes the comparison of RUMIP to ESP with respect to 

the objective value. RUMIP clearly outperforms ESP: av.devR,E ranges 
from −2.6 to 43.8 (with a value of 8.3 on average) and takes a 
positive value in 193 of all 198 instance classes. The null hypothesis 
H0:𝜇R ≤ 𝜇E is rejected at a significance level of 0.01 in 190 of all 
198 instance classes. On the scenario level, RUMIP performs at least as 
good as ESP in 7412 of all 7920 scenarios. However, the results differ 
depending on the PC and the data set. In the following, we group the 
various (individual) PC based on their structural similarities (which will 
become more obvious in Section 7.5.2).

• PC A and B: Concerning the instance classes dealing with PC A 
or B, av.devR,E ranges from −2.6 to 19.0 (with a value of 4.4 on 
average). However, considering these values in more detail, the 
benefit of RUMIP compared to ESP decreases with increasing size 
(i.e., S2 compared to S3 and S4, respectively) and/or increasing 
𝑤. Instance classes dealing with PC A or B are the only ones for 
which av.devR,E also takes negative values, namely in 5 out of 36 
instance classes. The null hypothesis H0:𝜇R ≤ 𝜇E is rejected at a 
significance level of 0.01 in 28 out of 36 instance classes.

• PC C and D: In all but 5 of the 1440 scenarios dealing with PC C 
or D, RUMIP performs at least as good as ESP. av.devR,E ranges 
from 1.9 to 36.7 (with a value of 11.2 on average), thus taking 
higher values compared to the other individual PC. For all 36 
instance classes the null hypothesis H0:𝜇R ≤ 𝜇E is rejected at a 
significance level of 0.01.

• PC E, F, and G: Again, the null hypothesis H0:𝜇R ≤ 𝜇E is rejected 
at a significance level of 0.01 in all 54 instance classes. av.devR,E
ranges from 0.8 to 17.8 (with a value of 4.0 on average) and 
RUMIP performs at least as good as ESP in 2034 of those 2160 
scenarios.

• Compound PC: Concerning the instance classes dealing simulta-
neously with two or three individual PC, av.devR,E ranges from 
1.3 to 43.8 (with a value of 11.9 on average), thus taking higher 
values compared to all individual PC. Again, the null hypothesis 
H0:𝜇R ≤ 𝜇E is rejected at a significance level of 0.01 in all 72 
instance classes.

These results can be explained when having a closer look. Therefore, 
we first discuss some characteristics of the heuristics as a background 
before considering the different PC in detail.

While both heuristics apply the same local search component for 
intensification, a main difference of the heuristics is how feasible solu-
tions that serve as a starting point for the local search are determined. 
In ESP, such a feasible solution corresponds to a leaf node reached 
by searching the decision tree. In RUMIP, such a feasible solution 
is obtained in each iteration by first, destroying parts of the current 
solution, and subsequently, restoring feasibility by applying R-MIP. 
This destroy/repair-component enables RUMIP to destroy even large 
parts of the solution, hence diversifying the search. Moreover, RUMIP 
contains kind of a learning component taking the current best feasible 
solution as an input for the next iteration. Note that RUMIP is designed 
in a general way, not requiring any feasible starting solution but 
starting with prices selected completely at random. Concerning the 
local search, the extent to which a feasible solution can be modified 
differs depending on the imposed PC. Remember that the neighborhood 
applied in the local search component is defined as the set of all 
feasible solutions that differ from the current solution in the price of 
one position (see Section 5.5).
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Table 6
Performance comparison of RUMIP to ESP for all instance classes of sizes S2, S3, and S4.
 Size PC 𝑤 = 0.8 𝑤 = 1.2 𝑤 = 1.6

 min.dev𝑅,𝐸 av.devR,E max.devR,E #R→E H0 ∶ 𝜇𝑅 ≤ 𝜇𝐸 min.dev𝑅,𝐸 av.devR,E max.devR,E #R→E H0 ∶ 𝜇𝑅 ≤ 𝜇𝐸 min.dev𝑅,𝐸 av.devR,E max.devR,E #R→E H0 ∶ 𝜇𝑅 ≤ 𝜇𝐸

 S2 A5 0.3 9.1 19.5 40 ** −0.7 6.2 15.4 38 ** −0.2 3.8 11.8 39 **   A6 3.5 19.0 40.6 40 ** 2.0 9.9 25.7 40 ** 1.4 5.7 15.2 40 **   B5 0.1 5.3 16.2 40 ** −3.1 1.8 6.8 30 ** −4.1 0.7 4.2 29 **   B6 5.0 13.5 30.1 40 ** 0.6 6.2 14.2 40 ** −0.8 2.6 6.5 37 **   C1 5.5 15.5 25.7 40 ** 2.7 12.1 28.6 40 ** 1.6 8.1 21.4 40 **   C2 6.6 16.6 32.2 40 ** 1.7 12.5 27.2 40 ** 1.4 9.1 22.3 40 **   D2 3.7 7.4 12.8 40 ** 1.0 4.5 13.5 40 ** 0.6 3.4 5.9 40 **   D1 6.2 13.7 25.3 40 ** 2.8 8.2 17.9 40 ** 1.3 4.9 11.3 40 **   E3 −1.6 1.9 4.6 38 ** −0.2 1.9 6.0 39 ** −0.5 1.8 4.8 37 **   E2 −0.1 2.8 6.2 39 ** −0.4 2.3 6.0 39 ** −1.4 2.3 4.7 39 **   F 2 0.9 5.3 14.6 40 ** 0.2 3.8 10.2 40 ** 0.0 2.5 6.2 39 **   F 1 8.5 15.5 28.4 40 ** 1.8 8.6 17.7 40 ** −0.7 4.7 10.2 39 **   G0 1.0 3.5 8.4 40 ** −0.8 2.7 5.5 38 ** −0.4 3.0 8.3 38 **   G10 3.5 7.7 14.1 40 ** 1.6 6.7 17.3 40 ** 0.6 4.7 9.9 40 **   AF5,2 11.1 26.3 56.1 40 ** 3.0 14.1 26.3 40 ** 2.6 8.6 17.1 40 **   AG5,0 1.1 11.0 23.7 40 ** 1.7 6.9 12.4 40 ** 0.1 4.8 12.9 40 **   CE1,3 4.8 16.0 27.4 40 ** 1.7 12.6 23.1 40 ** −1.2 9.3 17.6 39 **   CF1,2 9.5 23.6 44.8 40 ** 5.7 16.0 29.4 40 ** 3.2 10.7 22.6 40 **   DG2,0 3.4 8.7 16.1 40 ** 2.2 6.4 14.2 40 ** 1.3 4.2 8.3 40 **   FG2,0 1.9 6.0 13.9 40 ** −1.1 3.9 9.6 39 ** 0.1 2.9 7.0 40 **   CFG1,2,0 5.6 27.4 50.4 40 ** 4.9 16.9 33.9 40 ** 2.9 10.9 19.1 40 **   DFG2,2,0 4.1 9.8 17.6 40 ** 2.9 7.0 13.5 40 ** 1.3 4.1 7.6 40 **  
 S3 A5 −2.1 4.6 18.6 36 ** −2.9 3.3 12.0 32 ** −3.9 1.0 7.4 27 **   A6 4.5 13.2 32.9 40 ** −0.9 5.5 12.8 38 ** −0.8 2.9 10.4 35 **   B5 −3.9 1.1 7.3 25 ** −7.1 −1.1 2.9 13 – −8.7 −1.1 2.0 9 –   B6 1.5 8.0 19.3 40 ** −0.6 3.0 8.3 38 ** −3.1 0.7 7.7 24 *   C1 4.5 13.8 24.7 40 ** 1.8 10.2 20.3 40 ** −1.3 6.5 16.8 37 **   C2 8.7 15.8 26.3 40 ** 2.8 11.9 19.9 40 ** 0.9 8.3 19.3 40 **   D2 0.7 5.5 11.0 40 ** −0.6 3.1 9.0 39 ** −1.5 1.9 6.9 39 **   D1 7.8 13.9 27.8 40 ** 4.0 8.2 19.5 40 ** 0.9 4.5 12.4 40 **   E3 −2.4 0.8 3.1 30 ** −1.0 1.1 3.5 32 ** −2.8 1.1 4.2 36 **   E2 −1.1 1.9 4.5 37 ** −1.8 1.6 4.6 34 ** 0.2 1.7 4.9 40 **   F 2 −1.2 3.1 9.1 38 ** −1.0 2.0 8.1 35 ** −1.9 1.7 5.2 36 **   F 1 2.7 10.9 17.6 40 ** 0.7 5.5 10.7 40 ** −1.5 3.5 8.3 39 **   G0 −1.2 2.7 8.2 38 ** −1.5 2.7 6.0 39 ** 0.6 2.5 5.4 40 **   G10 4.0 11.4 20.7 40 ** 1.5 7.5 14.6 40 ** 2.0 5.2 11.0 40 **   AF5,2 10.2 19.4 37.7 40 ** 2.3 11.3 20.8 40 ** −0.5 6.6 16.5 39 **   AG5,0 0.7 8.1 22.3 40 ** −0.9 4.8 11.3 39 ** −1.5 3.2 11.6 38 **   CE1,3 5.1 14.8 26.2 40 ** 2.9 12.3 23.1 40 ** 1.7 7.1 14.2 40 **   CF1,2 11.2 26.9 70.4 40 ** 6.0 15.8 30.2 40 ** 2.3 10.0 23.5 40 **   DG2,0 2.6 8.2 13.0 40 ** 1.4 6.1 10.5 40 ** 0.3 3.6 6.5 40 **   FG2,0 −0.2 4.3 9.1 38 ** −3.8 2.8 6.8 35 ** −1.7 1.6 5.1 34 **   CFG1,2,0 14.4 28.7 68.9 40 ** 3.5 17.0 31.6 40 ** 3.7 9.8 24.5 40 **   DFG2,2,0 0.8 8.8 14.9 40 ** 1.6 5.9 10.7 40 ** −0.1 3.9 7.9 39 **  
 S4 A5 −6.7 4.2 15.1 35 ** −6.7 0.2 10.6 17 – −6.5 −1.0 4.1 13 –   A6 7.1 15.8 28.0 40 ** 1.5 5.4 12.1 40 ** −2.0 2.2 6.8 33 **   B5 −4.6 1.4 6.6 27 ** −11.1 −2.6 2.1 8 – −8.6 −2.6 2.4 3 –   B6 0.4 9.0 20.1 40 ** −2.9 2.4 8.0 28 ** −4.6 0.2 5.4 19 –   C1 11.3 31.5 59.8 40 ** 9.1 18.3 39.9 40 ** 2.4 10.9 18.8 40 **   C2 18.9 36.7 58.2 40 ** 5.8 21.1 38.5 40 ** 4.0 12.7 23.8 40 **   D2 2.1 8.3 14.8 40 ** 0.1 4.6 10.2 40 ** 0.3 2.8 6.8 40 **   D1 5.9 18.4 28.3 40 ** 2.7 10.4 18.4 40 ** 1.9 6.1 12.0 40 **   E3 −1.1 1.1 3.7 32 ** −1.3 1.2 3.2 33 ** −0.6 1.1 4.8 35 **   E2 −0.8 1.7 4.5 33 ** −1.0 1.4 3.6 34 ** 0.1 1.6 3.4 40 **   F 2 −1.2 4.7 9.8 39 ** −2.2 2.4 6.7 38 ** −3.0 0.8 5.6 26 **   F 1 5.3 17.8 40.0 40 ** −0.7 7.1 15.4 39 ** −4.5 2.8 8.3 34 **   G0 −0.7 2.3 5.5 37 ** −0.8 2.1 6.6 37 ** −2.7 2.0 6.0 38 **   G10 2.1 9.1 16.1 40 ** 0.1 5.8 16.9 40 ** 0.0 4.0 8.4 40 **   AF5,2 12.7 25.4 41.5 40 ** 2.7 13.9 23.2 40 ** −0.4 7.3 13.2 39 **   AG5,0 0.3 7.2 15.4 40 ** −4.4 4.1 13.3 36 ** −4.4 1.3 4.9 31 **   CE1,3 15.9 34.9 57.4 40 ** 9.5 20.1 45.2 40 ** 3.7 11.9 21.7 40 **   CF1,2 23.2 42.0 68.5 40 ** 12.7 24.7 46.8 40 ** 7.5 15.5 27.5 40 **   DG2,0 4.5 11.4 21.1 40 ** 2.1 7.4 12.1 40 ** 0.4 4.4 7.7 40 **   FG2,0 −1.3 5.6 10.9 39 ** −5.8 2.4 8.2 33 ** −3.5 1.6 7.8 32 **   CFG1,2,0 24.8 43.8 77.2 40 ** 13.8 24.6 42.3 40 ** 8.6 16.6 30.2 40 **   DFG2,2,0 7.3 12.8 21.1 40 ** 2.5 7.6 13.0 40 ** 1.5 4.6 9.3 40 **  

7.5.2. Detailed discussion
In order to support the subsequent, detailed discussion on the 

performance of RUMIP and ESP for different PC, we analyzed further 
log data and performed additional simulations. Informative results are 
presented in further tables/figures, where we focus by default on the 
medium-sized data set (S2,1.2) (with 94.0 customers on average). While 
Table  6 deals with the performance comparison of RUMIP to ESP 
with respect to the final objective value, Fig.  3 exemplarily depicts 
the progression of the objective value for some instance classes. Each 
boxplot summarizes the objective values of all 40 scenarios given a 
considered instance class, a certain fraction of SimLim (see Appendix 
A.1), and the appliance of RUMIP and ESP, respectively.

For each instance class of data set (S2,1.2), Table  7 presents the best 
feasible solution 𝝉∗ of the first scenario (i.e., based on the first customer 
stream) when applying RUMIP. The entries of the solution-matrix are 
ordered as follows: [𝜏1,1… 𝜏1,14;… ; 𝜏4,1… 𝜏4,14]. Lastly, Table  8 sum-
marizes further characteristics of RUMIP and ESP, again for all instance 
classes of data set (S2,1.2): The left column block depicts the average 
objective value (avobjR , avobjE ) and the average running time in seconds 
(avtime

R , avtime
E ) of applying RUMIP and ESP, respectively. The right 

column block deals with RUMIP and depicts the average number of 
iterations (aviterR ), the average running time in seconds of solving an 

instance of R-MIP (avtRMIP
R ), and the average number of prices modified 

by calling local search (avpLSR ). Please refer to Section 4.2 for a detailed 
description of the various PC, discussed in the following:

• PC A and B: These PC are quite restrictive, meaning that the local 
search component can only modify a feasible solution by a very 
limited extent, namely by modifying the prices of ‘free positions’. 
Free positions are positions whose period does (currently) not 
belong to the consecutive periods (of the corresponding resource 
and week) which share a price. However, local search cannot 
change the common price shared by such consecutive periods, as 
the intermediate solutions are not feasible. For example, consider 
the solution in Table  7 for PC A(5): The first 5 entries (corre-
sponding to 𝑗 = 1, 𝑡 ∈ {1,… ,5}) share the price point 5, which 
cannot be changed individually at any of these positions, as the 
resulting solution is not feasible. In contrast to the local search 
component, major modifications to a solution can be performed 
by the destroy/repair component of RUMIP. Considering ESP, the 
decision tree is searched incompletely. Simultaneously modifying 
the common price of multiple consecutive periods is therefore 
only possible if all of the corresponding positions are assigned to 
quite deep levels of the tree in order to be modified before the 
overall search is terminated.
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Table 7
 Best feasible solution 𝝉∗ of the first scenario of each instance class of the data set (S2 ,1.2) when applying RUMIP.
 PC Best feasible solution 𝝉∗  
 A5 [5 5 5 5 5 8 1 6 6 6 6 6 1 3; 5 5 5 5 5 5 2 6 6 6 6 6 6 6; 5 5 5 5 5 8 1 6 6 6 6 6 6 1; 5 5 5 5 5 6 1 6 6 6 6 6 8 1]  
 A6 [4 4 4 4 4 4 3 4 4 4 4 4 4 4; 5 5 5 5 5 5 2 5 5 5 5 5 5 5; 5 5 5 5 5 5 1 5 5 5 5 5 5 2; 7 7 7 7 7 7 3 5 5 5 5 5 5 1]  
 B5 [8 5 5 5 5 5 2 8 4 6 6 6 6 6; 7 2 6 6 6 6 6 1 6 6 6 6 6 4; 4 6 6 6 6 6 2 3 5 5 5 5 5 4; 6 6 6 6 6 4 2 6 6 6 6 6 7 1]  
 B6 [9 4 4 4 4 4 4 5 5 5 5 5 5 6; 5 5 5 5 5 5 3 6 5 5 5 5 5 5; 5 5 5 5 5 5 2 5 5 5 5 5 5 4; 5 5 5 5 5 5 3 6 6 6 6 6 6 1]  
 C1 [4 6 6 6 7 7 4 4 5 5 5 5 1 1; 2 6 6 6 6 2 2 2 4 4 4 8 8 3; 8 2 2 6 6 4 4 1 1 4 4 5 5 5; 3 3 3 6 6 6 6 1 1 6 6 7 7 1]  
 C2 [3 3 3 5 5 5 3 3 3 6 6 6 6 8; 2 6 6 6 6 6 6 3 3 3 8 8 8 3; 1 6 6 6 6 6 2 2 2 6 6 6 6 4; 1 6 6 6 6 4 4 4 4 7 7 7 7 1]  
 D2 [9 9 2 5 7 7 5 5 5 5 5 5 5 5; 5 6 6 4 5 5 5 5 5 5 5 5 5 5; 5 5 5 5 6 6 2 5 5 5 5 5 5 3; 6 6 6 6 6 4 4 4 6 6 6 6 7 2]  
 D1 [3 3 3 5 5 5 5 5 5 5 6 6 6 6; 4 4 4 4 4 4 4 4 4 4 4 8 8 4; 4 4 4 4 4 4 4 4 4 4 4 7 7 1; 2 2 6 6 6 6 4 4 4 4 4 4 4 4]  
 E3 [6 11 5 5 6 5 5 2 7 2 2 7 7 1; 4 7 5 5 7 7 4 4 4 8 4 4 8 5; 4 9 7 4 9 7 4 1 7 6 6 6 6 1; 6 6 6 6 8 6 3 3 6 8 8 6 6 3]  
 E2 [7 7 4 4 7 7 7 5 5 5 5 7 7 5; 1 1 5 1 5 5 1 5 5 8 5 8 5 5; 2 2 9 2 9 9 2 4 5 5 5 5 5 4; 2 2 6 6 6 6 2 5 4 5 4 5 4 4]  
 F 2 [7 7 5 6 8 7 5 3 5 7 6 8 6 5; 4 5 5 6 6 7 5 3 5 7 5 5 6 5; 4 4 5 5 7 6 4 3 4 6 5 7 5 6; 2 3 5 5 5 7 5 5 4 6 8 7 5 3]  
 F 1 [6 7 6 6 7 6 5 4 5 6 6 7 6 5; 6 5 5 5 5 4 5 4 5 6 5 6 6 5; 5 5 6 5 6 5 4 4 5 6 5 6 5 4; 5 6 6 6 7 6 5 4 5 6 5 5 5 5]  
 G0 [8 8 7 3 9 8 1 5 4 8 5 9 6 5; 6 6 5 4 11 7 1 3 2 6 4 7 6 5; 7 5 8 2 11 8 3 2 7 8 3 11 5 4; 7 3 6 6 10 6 2 2 7 10 6 9 5 2] 
 G10 [2 1 5 5 8 6 3 1 6 7 4 6 4 1; 2 3 8 5 8 6 3 1 6 10 5 6 7 1; 2 3 8 5 10 6 3 1 6 10 5 6 7 1; 5 5 8 6 10 7 3 3 6 10 6 6 8 1] 
 AF5,2 [3 3 3 3 3 5 4 5 5 5 5 5 3 3; 5 5 5 5 5 5 4 5 5 5 5 5 5 5; 4 4 4 4 4 5 3 4 4 4 4 4 6 4; 6 6 6 6 6 6 4 5 5 5 5 5 6 4]  
 AG5,0 [7 7 7 7 7 6 1 5 5 5 5 5 9 3; 5 5 5 5 5 5 1 6 6 6 6 6 7 1; 6 6 6 6 6 6 1 4 4 4 4 4 9 1; 6 6 6 6 6 5 1 6 6 6 6 6 7 1]  
 CE1,3 [5 3 3 3 8 8 3 3 3 8 8 4 4 4; 7 5 5 3 3 3 5 5 5 5 5 5 5 5; 5 2 2 4 4 4 2 2 5 5 5 5 5 4; 1 1 1 5 5 5 5 4 4 7 7 4 4 2]  
 CF1,2 [7 7 5 5 5 5 4 4 5 5 5 7 7 5; 4 6 6 5 5 5 3 3 5 5 5 7 7 6; 4 6 6 5 5 5 4 4 5 5 6 6 5 5; 5 6 6 6 6 6 4 4 4 4 4 4 2 2]  
 DG2,0 [4 4 4 4 6 5 5 5 5 5 7 7 7 1; 5 5 5 5 8 5 5 5 5 5 5 5 7 2; 5 5 5 5 9 3 3 3 6 6 6 6 6 1; 6 6 6 6 11 4 4 4 7 7 7 7 7 1]  
 FG2,0 [7 7 7 5 7 7 5 3 5 6 6 8 6 5; 5 5 6 5 7 6 4 5 4 6 7 7 6 5; 6 5 6 5 7 5 3 3 5 7 5 7 5 6; 4 6 7 7 5 4 4 6 5 6 8 6 5 4]  
 CFG1,2,0 [6 6 4 4 5 5 4 4 5 5 5 7 7 5; 6 5 5 5 5 5 5 4 4 6 6 7 7 5; 7 5 5 6 6 4 4 5 5 5 5 6 6 4; 5 6 6 6 6 6 4 4 5 5 5 5 5 5]  
 DFG2,2,0 [7 7 7 6 6 5 5 5 5 5 5 7 7 5; 5 5 5 5 5 3 5 5 5 5 5 6 6 5; 5 5 5 5 5 5 5 5 5 5 5 7 6 4; 6 6 6 6 5 5 3 5 5 5 5 5 5 5]  

Table 8
Further characteristics of RUMIP and ESP for the data set (S2 ,1.2).
 PC Comparing R to E Characteristics of R
 avobjR avobjE av.devR,E avtime

R avtime
E aviterR avtRMIP

R avpLSR

 A5 18,414 17,352 6.2 44.8 39.5 209 0.03 6.1 
 A6 18,093 16,491 9.9 58.5 39.6 544 0.03 2.6 
 B5 18,632 18,308 1.8 64.2 38.9 154 0.12 8.3 
 B6 18,270 17,209 6.2 60.1 39.8 423 0.03 4.0 
 C1 18,701 16,716 12.1 80.4 41.5 312 0.12 8.5 
 C2 18,560 16,540 12.5 112.6 41.4 464 0.15 6.1 
 D2 19,030 18,216 4.5 79.7 41.9 249 0.15 11.3 
 D1 18,512 17,121 8.2 165.2 44.1 758 0.15 6.0 
 E3 19,472 19,105 1.9 42.5 39.4 128 0.02 18.1 
 E2 19,090 18,664 2.3 51.4 40.9 417 0.02 11.0 
 F 2 19,307 18,616 3.8 41.3 39.0 133 0.01 17.1 
 F 1 18,813 17,343 8.6 48.7 39.4 340 0.02 11.3 
 G0 19,752 19,238 2.7 38.6 39.8 64 0.01 21.8 
 G10 19,300 18,116 6.7 40.5 39.7 143 0.01 13.8 
 AF5,2 18,226 16,009 14.1 89.5 44.2 757 0.05 4.7 
 AG5,0 18,403 17,228 6.9 59.1 42.0 394 0.04 5.5 
 CE1,3 18,782 16,706 12.6 140.8 41.4 411 0.24 8.1 
 CF1,2 18,749 16,193 16.0 155.2 43.0 666 0.16 7.1 
 DG2,0 19,000 17,872 6.4 179.6 40.2 422 0.32 9.5 
 FG2,0 19,252 18,547 3.9 43.7 40.9 158 0.02 16.3 
 CFG1,2,0 18,749 16,103 16.9 418.7 41.5 812 0.46 6.8 
 DFG2,2,0 18,814 17,595 7.0 387.6 41.4 633 0.54 9.2 

In more detail, the results depicted in Table  6 reveal that the 
benefit of RUMIP over ESP is less for PC B than PC A. This 
is intuitive, as with PC B, the local search component might 
perform additional modifications (compared to PC A) by shifting 
the consecutive periods that share a common price by a period. 
Similarly, Table  6 reveals that the advantage of RUMIP over ESP 
is greater for PC A(6) (B(6)) compared to PC A(5) (B(5)). This 
is apparent, as the former PC is even more restrictive than the 
latter one, imposing 6 instead of 5 consecutive periods sharing a 
common price, which results in even less prices being modifiable 
by the local search. These considerations are further supported 
by the (small) number of prices that are modified on average by 
the local search (avpLSR ) and the rather high number of iterations 
completed within RUMIP before meeting the stopping criterion 
(aviterR ) (both see Table  8).
As mentioned above, the results depicted in Table  6 show that 
the benefit of RUMIP compared to ESP decreases with increasing 
𝑤 and/or size (but fixed SimLim), and eventually disappears for 
some instance classes. In order to investigate this aspect, Figs. 
3(c)–3(e) exemplarily deal with PC A(5), yet for different data 
sets or values of SimLim: RUMIP clearly outperforms ESP for our 
default data set (see Fig.  3(c)), where RUMIP provides better 

results even after 10% of SimLim (i.e., iterations). However, with 
increasing size and/or 𝑤, RUMIP seems to need some iterations 
to profit from its destroy/repair-component and to reach feasi-
ble solutions as good as those provided by ESP right from the 
beginning (see Fig.  3(d)). This observation is supported when 
considering not only this instance class (dealt with in Fig.  3(d)) 
but all 5 instance classes for which av.devR,E takes a negative 
value: For these instance classes, RUMIP significantly profits from 
initializing price point 6 at every position (as in the very first 
feasible solution reached by ESP, not depicted here) compared 
to initializing prices at random. Furthermore, it seems that for 
instance classes with an increased size and/or 𝑤, RUMIP cannot 
yet use its advantageous feature due to the quite small number 
of iterations (as we do not adapt SimLim): While for PC A(5), 
209 iterations are performed on average for the data set (S2,1.2)
(see Table  8), only 27 are performed for the data set (S4,1.6)
(not depicted here). To further investigate this aspect, we ran 
both heuristics on this large instance class with an increased 
value of SimLim = 108, resulting in 290 iterations on average 
for RUMIP. As Fig.  3(e) shows, although starting worse, RUMIP is 
able to pass ESP and heavily improve the results. Thus, over time, 
RUMIP seems to provide much better solutions that serve as a 
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Fig. 3. Progression of the objective value applying RUMIP and ESP.

starting point for the local search compared to ESP. Furthermore, 
Figs.  3(c)–3(e) show that RUMIP greatly benefits from further 
iterations, but ESP hardly does.

• PC C and D: PC C and D force some consecutive periods to share 
a common price. However, the structure of the solution, i.e., the 
specific periods sharing a price, is not as rigid as with PC A or B.
Considering PC C in more detail, Table  6 depicts that av.devR,E
takes the highest values among all considered individual PC with 
a value of 15.1 on average. This can be explained as follows: 
For example, consider two consecutive time periods (for a certain 
resource) that share a common price imposed by the PC. If the 
price of only one of these two positions is modified in the destroy 
component of RUMIP, the repair component must respond to this 
modification: either the price of the other position follows the 
modified one, the prices of both positions meet somewhere in 
between, or the price of the modified position is simply reset. 
In the first two cases, the common price of both positions is 

modified. Considering ESP, such a modification might be per-
formed, however, this heavily depends on the levels these two 
positions are assigned to (see the discussion for PC A and B 
above). Note that such a modification is not possible by applying 
local search, as the intermediate solution is not feasible. Local 
search can shift a price change, but only if the price extends 
over more consecutive periods than imposed by the PC. Major 
modifications of the structure of a solution cannot be performed. 
Especially with PC C, many consecutive periods’ prices might not 
be modifiable at all by local search (as opposed to PC A and B 
where modifiable ‘weekend positions’ occur regularly). Fig.  3(a) 
shows that the gap between RUMIP and ESP greatly increases 
with an increasing fraction of SimLim, as RUMIP greatly benefits 
from further iterations, but ESP hardly does.
Considering PC D, the situation is similar: The destroy/repair 
component of RUMIP can easily modify the structure of a solu-
tion, i.e., shift a price change by several periods or modify the 
common price of consecutive periods. However, if the maximum 
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number of possible price changes is exhausted, local search can 
only shift a price change period by period or modify a price that 
only extends over one period. Note that a series of modifications 
is only possible by applying the local search if the intermediate 
solutions improve on the objective value.
Table  8 depicts the rather small number of prices modified on 
average by the local search (avpLSR ) for PC C and D, supporting 
our explanations. Moreover, we observe that the best feasible 
solutions found by RUMIP (see Table  7) clearly differ due to the 
observable price changes from the first feasible solution reached 
by ESP (as opposed to PC A or B).

• PC E, F, and G: In contrast to PC A–D considered so far, PC 
E –G are less restrictive, meaning that applying the local search 
can enormously modify and improve a solution. Considering PC 
E, local search could modify any position’s price concerning 
feasibility, as opposed to PC A–D. The possible modifications of 
a position’s price depend on whether the maximum number of 
possible price points is exhausted, and whether the considered 
price occurs more than once a week. Considering PC F, local 
search might modify the price of many positions, namely those 
that are not part of a maximally increasing/decreasing sequence 
of prices. While for PC F, the extent of modification of a position’s 
price is restricted by the prices of the horizontally (i.e. tempo-
rally) neighboring positions, for PC G, it is restricted by vertically 
neighboring positions. Table  8 shows rather high values of avpLSR
and rather low values of aviterR , supporting the above explanations.
Even though the local search component seems to be more pow-
erful for PC E –G than for PC A–D, RUMIP clearly outperforms 
ESP for PC E –G (see also Fig.  3(b)). The values of av.devR,E (see 
Table  6) are not that high on average, but the benefit of RUMIP 
compared to ESP clearly remains even for large instance classes.

• Compound PC: Looking at Table  6, we can observe that the 
benefit of RUMIP over ESP is in general greater for compound 
PC compared to their included individual PC, e.g., PC AF(5,2) 
compared to PC A(5) and PC F(2), respectively. This can be 
explained well, as a combination of constraints is even more 
restrictive than its included individual PC, resulting in less pos-
sible modifications by the local search component. As Table  8 
verifies, this coincides with a smaller number of prices that are 
modified on average by the local search (avpLSR ) and a higher 
number of iterations completed within RUMIP before meeting the 
stopping criterion (aviterR ) when comparing compound PC to their 
included individual PC. A higher number of iterations in turn 
leads to a higher number of instances of R-MIP to be solved, which 
results in a higher running time of RUMIP. Note that more time is 
needed for solving an instance of R-MIP (avtRMIP

R ) for compound 
PC compared to their included individual PC.

So far, we did not consider the actual running times of RUMIP and 
ESP. For the results presented in Table  6, the average running time of 
RUMIP (ESP) is 111.1 s (47.7 s) with a maximum of 702.2 s (67.6 s) over 
all instance classes. In order to assess the effectiveness of the proposed 
heuristics when given the same computational resources, we compare 
RUMIP to ESP analogously to Table  6, however, applying a time limit 
of 300 s: Overall, the results confirm the observations described above 
(in Sections 7.5.1 and 7.5.2). Further details are discussed in Appendix 
B.3.

7.5.3. General tendencies
In the following, we summarize some general tendencies that can 

be derived. The less a feasible solution can be modified and im-
proved by applying the local search component, the more RUMIP 
pays off (compared to ESP). The more restrictive the imposed PC are, 
meaning that the local search fails to modify several positions’ prices 
or the structure of a solution, the more importance is given to the 
destroy/repair-component of RUMIP diversifying the search.

By reducing the number of positions to be destroyed within RUMIP 
during runtime (see Appendix  A.3), the amount of diversification is 
gradually reduced. Starting from the current best feasible solution, the 
destroy/repair-component also contains kind of a learning component 
specializing on the instance on hand. For some PC, ESP might provide 
quite good feasible solutions right from the beginning, whereas RUMIP 
might need some iterations to catch up. We additionally tested both 
heuristics on all instance classes of data set (S4,1.6) with SimLim =
108: The values of av.devR,E increased by 2.4% on average compared 
to SimLim = 107, indicating that RUMIP pays off even more with 
increasing SimLim. This is also confirmed by the values of av.devR,E
which increased from 8.3 to 8.8 (on average over all instance classes 
of sizes S2, S3, and S4) when using TimeLim = 300 s instead of SimLim =
107 as the stopping criterion since the latter results in an average 
running time of 111.1 s for RUMIP and 47.7 s for ESP, respectively.

In accordance with the above discussion on the restrictiveness of 
the PC, the following trends can be well comprehended: As for each 
individual PC, the corresponding two parameter values are ordered 
from least to most restrictive in the above tables, e.g., D(2) followed 
by D(1), the advantage of RUMIP compared to ESP increases. This 
corresponds to the decreasing values of avpLSR , indicating that the 
solution is less modified by the local search, and to the increasing 
values of aviterR , resulting in a higher running time of RUMIP (see Table 
8). Moreover, the benefit of RUMIP over ESP generally increases when 
combining (individual) PC. This is due to the stronger restrictiveness 
of compound PC, which results in less prices being modifiable by the 
local search.

Furthermore, the value of av.devR,E generally decreases (for any 
PC) with an increasing 𝑤, which induces a longer customer stream, 
resulting in a decreased number of iterations. Hence, RUMIP can take 
less advantage of its learning component. Moreover, as more customers 
constitute the stream due to a high value of 𝑤, the higher the selected 
prices are, and the easier a good solution might be found.

8. Summary and conclusion

In this paper, we investigated a relevant problem class, namely time-
dependent pricing of rentable resources while adhering to business-
specific pricing rules and accounting for dynamic substitution. In order 
to address the latter issue, we modeled the problem based on a given 
customer stream to account for residual resource availability and cus-
tomers’ dynamic choice behavior. To the best of our knowledge, this 
study is the first work that addresses this problem.

We formulated a mixed-integer linear program including several 
examples of how to incorporate different price constraints. As construc-
tion and improvement heuristics are difficult to apply to the considered 
problem, we introduced a new heuristic framework. It was our inten-
tion to design a well performing heuristic that does not suffer from 
heavily relying on particular price constraints. Our framework is based 
on the destroy/repair paradigm. The innovative idea of our matheuris-
tic is to use a MIP in the repair step to restore feasibility. In this way, 
our framework RUMIP can be easily adapted to account for various 
price constraints. RUMIP can be regarded as a MIP-based variation 
of large neighborhood search; however, unlike common approaches, 
RUMIP benefits from not requiring a feasible input solution.

We investigated the performance of RUMIP running comprehensive 
computational experiments considering different price constraints. We 
found that RUMIP finds solutions with reasonably small deviations 
compared to the optimal solutions obtained by applying Gurobi (on the 
MIP formulation of the problem) for all 66 considered instance classes 
of small size. As Gurobi did not reliably find feasible solutions for the 
198 considered instance classes of realistic size within a reasonable 
time, we additionally designed an enumeration-based heuristic for com-
parison. In our experiments, we found that RUMIP clearly outperforms 
the enumeration-based approach.
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For future research, evaluating neighboring solutions (within the 
local search component of the heuristics) could be accelerated by 
exploiting their similarity. Furthermore, the order in which the decision 
tree of the enumeration-based heuristic is built or searched could be 
adapted to account for the particular instance on hand in a follow-up 
study.
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Appendix A. Configuration details of heuristics

This section is devoted to configuration details of the algorithmic 
components of our heuristics. The first two subsections deal with com-
ponents applied in both heuristics RUMIP and ESP: Appendix  A.1 deals 
with the stopping criterion, while Appendix  A.2 gives configuration 
details of the local search component. Subsequently, in Appendices 
A.3 and A.4, we give detailed information about the configuration of 
RUMIP and ESP, respectively.

A.1. Stopping criterion

As default stopping criterion of our heuristics RUMIP and ESP, we 
decided to limit the total number of simulations of customers’ decision 
making (see Section 5.6). We decided on this criterion, first, to be able 
to easily compare the performance of the two heuristics we propose, 
and second, to provide reproducible results that do not depend on the 
particular computer system used (as would be the case when applying 
running time as a stopping criterion). The corresponding parameter is 
called SimLim. A variable called simCount counts the overall number 
of simulations of customers’ decision making whenever a solution is 
evaluated (with respect to the objective value) within a heuristic. As 
soon as simCount > SimLim holds, the stopping criterion is met. We set 
SimLim = 107. Furthermore, we added a time limit of 2 h, which partly 
comes into effect for the solver (see Sections 7.4 and 7.5).

As alternative stopping criterion, we limit the total running time. 
We do this by setting TimeLim = 300 s.

A.2. Local search

In the following, we give configuration and implementation details 
of the local search described in Section 5.5.

• Performing the local search, we apply the well-known first-fit
strategy. Thus, as soon as a neighbor improving on the current 
solution (with respect to the objective value) is found, a move is 
performed. We decided on that strategy as a result of pretests we 
had run.

• The generating mechanism based on residual capacities (as de-
scribed in Section 5.5) is referred to as GMResCap. For compari-
son, we additionally implemented a generating mechanism where 
the neighbor to be considered next is simply chosen at random 
(GMRandom).

• The neighborhood of a solution (as described in Section 5.5) can 
be determined in a general way by iterating over all combinations 
of positions and price points while simultaneously checking for 
feasibility. However, in order to reduce the running time, we 
implemented a procedure that determines the neighborhood of a 
solution by explicitly constructing the set of neighbors depending 
on the imposed PC (see Section 4.2). Note that the actual stopping 
criterion is not based on the running time but on the number of 
simulations of customers’ decision making. Hence, this adaptation 
is simply a running time reduction, and we do not present further 
details.

• In general, local search ends when 𝝉 is a local optimum with 
respect to its neighborhood. However, the stopping criterion, 
simCount > SimLim, is regularly checked within local search, 
namely after each move, which is treated as a unit. If SimLim is 
exceeded during the move, 𝝉 (and analogously its corresponding 
objective value 𝐹 ) is reset to the solution before that move, and 
local search returns prematurely.

A.3. Configuration details of RUMIP

In this subsection, we give configuration details of RUMIP (see 
Section 5).

• Destroy Step: The number of positions (numPos) of the current 
solution that are selected in the destroy step is calculated based 
on percDestroy , with 0.0 ≤ percDestroy ≤ 1.0. However, we 
decided to implement a minimum of 2 positions to be selected, 
i.e., numPos ← max {⌈percDestroy ⋅ 𝐽 ⋅ 𝑇 ⌉,2}. Having calculated 
numPos, the positions to be selected are chosen at random.

• Fill up: To each empty position resulting from the destroy step, a 
randomly chosen price point (that is different to the previously 
removed one) is assigned.

• Adaptation of percDestroy : At the end of each iteration of RUMIP, 
the value of the variable percDestroy is adapted depending on the 
chosen adaptation strategy: Having run pretests, we decided to 
implement two different strategies:

– NoAdapt: There is no adaptation at all, i.e., percDestroy = ℎ
for every iteration.

– Adapt: Whenever another 10% of SimLim (TimeLim) has 
been exhausted by simCount (running time), the value of 
percDestroy is decreased by 20%, i.e., percDestroy ← ℎ ⋅

0.8
⌊

simCount
0.1⋅SimLim

⌋

.
• Note that solely complete and feasible solutions are evaluated in 
RUMIP.

• Please note that we kept some configurations of RUMIP simple 
(see above) in order to concentrate on the overall algorithmic idea 
of RUMIP and its key component R-MIP.

A.4. Configuration details of ESP

In this subsection, we give configuration details of ESP (see Sec-
tion 6).

• Opp: We implemented four different strategies for the order in 
which a node’s child nodes are searched: For the first three 
strategies, the order is the same for every parent node. The price 
points of a position (𝑗, 𝑡) are considered ...

– Inc: ... in ascending order from index 1 to 𝑁𝑗 (as an example, 
see Fig.  2)

– Dec: ... in descending order from index 𝑁𝑗 to 1
– Mid: ... from the center outwards (starting at the middle 
price point), i.e., for 𝑁𝑗 = 11 e.g., in the order 6,7,5,… ,
11,1

– Rand: ... at random. Hence, per position, i.e., per level of the 
tree, a random order is drawn once.

Please note that for the first three strategies, the very first leaf 
node reached when searching the decision tree represents a feasi-
ble solution regarding any of the considered PC (see Section 4.2); 
however, this might not be true for other PC.

• Note that in ESP (as in RUMIP) solely complete feasible solutions 
are evaluated. Hence, if the parameter Prune (see Section 6) is 
set to false, ESP might get stuck in huge subtrees of infeasible 
solutions with no evaluation taking place.
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Appendix B. Supplementary data

Supplementary material related to this article can be found online 
at https://doi.org/10.1016/j.cor.2025.107083.

Data availability

Data is available online at:
Data Repository for "A matheuristic for complex pricing problems: An
application to rentable resources" (Original data) (Zenodo)
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