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Abstract

We consider dynamical low-rank approximations to parabolic problems on higher-
order tensor manifolds in Hilbert spaces. In addition to existence of solutions and
their stability with respect to perturbations to the problem data, we show convergence
of spatial discretizations. Our framework accommodates various standard low-rank
tensor formats for multivariate functions, including tensor train and hierarchical ten-
SOrS.

Mathematics Subject Classification Primary 35K15 - 35R01; Secondary 15A69 -
65M12

1 Introduction

Dynamical low-rank approximation (DLRA) is a nonlinear model for time evolution
of high-dimensional functions on low-dimensional submanifolds. In its simplest form

for matrices, as presented in the seminal work [20], one seeks approximate solutions
of matrix valued ODEs

X)) = F(X(),1), X()eRM*N
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constrained to a low-rank model
X0 =Umnv®',

where U (1) € RM*" and V (r) € RV*". Hence X (1) has rank at most  for every time 7,
which if r <« M, N allows for an efficient numerical treatment. From a geometric
perspective, by enforcing X (¢) to have rank exactly r, the problem can be formulated
as an ODE on the manifold M, of matrices of fixed rank r by projecting the vector
field F onto the tangent space Tx )M, at every time ¢,

X(t) = PxyF(X(1),1). (1.1)

In this way, assuming a starting value Xo on M,, the time evolution is automatically
constrained to the manifold. This constrained problem admits the time-dependent
variational formulation

(X(0),Y) = (F(X(1),1),Y) forallY € Ty(yM,, (1.2)

which in physics is also called the Dirac—Frenkel principle [9, 15]. The state-of-the-art
tool for the numerical solution of these equations is based on a splitting of the tangent
space projector Py, see [24].

The DLRA approach can also be applied to time-dependent problems where the
solution X (¢) is a tensor of size N| x - -- x Ny. In this case, various low-rank models
are possible, notably those based on tree tensor networks [1, 21, 26]. The most basic
example is the low-rank Tucker format

1

rd
Xt i)=Y -y CW i,y UL i1, j1) -+ Ualts ja, ia)
=1 ja=1

with multilinear rank r = (rq, ..., rq). Another example is the widely used tensor
train model [29], also known as matrix product states in physics, in which the tensor
X (t) element-wise reads as

X(t5it, ... ia) = Gi(t;i)G2(t5i2) -+ - Ga(ts i) - (1.3)

Here G, (t,i,) for p = 1,...,d is a matrix of fixed size k,_1 x k;, with the con-
vention that ko = k; = 1. Hence, the parameters in this model are the so-called

core tensors G, (1) € RKu—1*Nixku  The componentwise minimal possible tuple
k = (ki,...,kg—1) is called the TT rank of X, and the set of tensors with a fixed
TT rank kK = (ky, ..., kg_1) can be shown to form an embedded manifold My in

RM X"'XNd, see [18, 33]. Note that for d = 2, one recovers matrices of rank k = k.
The DLRA formulation then essentially takes the same form (1.1) or (1.2) with the
according tangent space projection, and the resulting problem again can be solved
numerically using a projector splitting approach [7, 25]. We refer to [34] for a survey
on DLRA for matrix and tensor problems.
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So far we have outlined DLRA for problems in finite-dimensional matrix and ten-
sor spaces. In applications of DLRA related to PDE problems, such as in [1, 5, 6,
8, 10, 11, 16, 19, 23, 27], a finite-dimensional problem appears as the second step
after a spatial discretization of multivariate functions. Then the natural question arises
whether the solutions of discrete problems converge to a meaningful solution of a
continuous DLRA formulation when the spatial discretization is refined. To the best
of our knowledge, this convergence issue has not been addressed in the existing litera-
ture. Since DLRA is based on a nonlinear variational formulation, the convergence of
spatial discretizations is a nontrivial matter and cannot be treated by classical results
from the numerical analysis of PDEs.

1.1 Dynamical low-rank approximation for parabolic problems

In this work, we establish such results for certain types of parabolic PDEs. As a model,
we consider the diffusion equation

%u(x, t) = Vi - (B(t)Viu(x,t)) = f(x,t) for (x,1) e 2 x (0,T),

u(x. 1) =0 for (x.1) € 9@ x (0, T), (14

u(x,0) = uog(x) for x € Q

on the product domain 2 = (0, l)d . Here B(t) is a d x d-matrix, which allows
for anisotropic diffusion in (1.4), and we assume it to be uniformly bounded and
positive definite, as well as Lipschitz continuous with respect to ¢. The problem (1.4)
is typically formulated in weak form on function spaces as follows: given ug € L2(2)
and f € L»(0, T; H~'(Q)), find

ue W, T; H)(Q), H ' (Q) = {u € Lo(0, T; HY (R): u' € L0, T; H'(Q))}
such that for almost all r € (0, T),

(W' (1), v) +au(t), v; 1) = (f(r),v) forallv e Hj (),

u(0) = uo. (1.5)

Here, by (-, -) we denote the dual pairing on H~!(Q) x H} (), and a: H} () x
H(} (2) x [0, T] — R is the bounded, symmetric and coercive bilinear form

a(u,v;t) = / (B(t)Vu(x)) - Vu(x)dx.
Q

Classical theory provides a unique solution to (1.5); see for example [37, Theorem
23.A] and [38, Theorem 30.A].
A DLRA formulation for (1.5) is obtained by selecting a low-rank model class
M C Ly ()
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784 M. Bachmayr et al.

based on the tensor product structure of L>(2) = L2(0,1) ® --- ® L2(0, 1), such
as the tensor train format in a Hilbert space setting to be made precise in Sect. 4, and
restricting the test function in (1.5) to the tangent space of M at u(¢). In other words,
the problem reads: given ug € M and f € L,(0, T; H~(Q)), find

ue WO, T; H} (), H ' (Q):={u € L2(0, T; H} (Q)): u’ € Ly(0, T; H™(Q)))
such that u(t) € M forall ¢ € (0, T) and

W' (1), v) +a@),v;t) = {(f(@),v) forallve TypnyMnN Hé (),

u(0) = ug. (1.6)

For the matrix case d = 2, existence and uniqueness of DLRA solutions on a
maximal time interval (0, T*) has been shown in [3] under the additional regularity
assumptions ug € HO1 () and f € L2(0, T; L2(£2)). The proof given there is carried
out in a more general framework of parabolic problems on manifolds in Gelfand
triplets and is based on a variational time stepping scheme in Hilbert space. As we
will verify in Sect. 4, this framework also applies to the tensor train model of d-variate
functions, and can analogously be used to other tree based low-rank tensor models.
To this end, we establish a general concept of tensor manifolds in Hilbert space which
allows to deduce the required manifold properties, such as curvature estimates, from
their finite-dimensional counterparts. As a result, we obtain a meaningful and rigorous
notion of a continuous DLRA solution for parabolic problems for higher-order tensors
based on the results from [3].

However, the existence proof in [3] does not provide the convergence of solutions
of spatial semidiscretizations to the continuous solution, and we address this open
problem in the present work as well. Spatial discretizations of low-rank problems
can be obtained in a very natural way via tensor products of discretization spaces.
By considering finite-dimensional subspaces Vh“ - HO1 (0, 1) of dimension N, one
obtains a DLRA problem analogous to (1.6) by restricting to the tensor product space

V=Vl ®- @ V.
We hence seek a solution up (1) € M NV, satisfying

(uy, (1), vn) + a(up(t), vp; 1) = (f (1), vp) forallv, € Ty, (yM NV,

u(0) = up. (47

By writing uy, (¢) in a tensor product basis of V},

N Na
wi() =Yy Y X1, .. ia)el @ @ ¢,

i1=1 ig=1
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we obtain a DLRA problem for the coefficient tensor X (r) € RV >*Nd_ The question
is then whether for 7 — 0, the functions uj, converge to the (unique) solution u of (1.7).

1.2 Contributions and outline

In this work, we extend the existence and uniqueness result for the DLRA evolution
obtained in [3] from the bivariate to the multivariate case. The abstract framework
from [3] is recalled in Sect.2. This section also contains the new stability estimate
Theorem 2.5, which complements the uniqueness result of [3]. The main result of
Sect. 3 is the convergence result for spatial semidiscretizations (Theorem 3.2) in the
abstract framework of Gelfand triplets as developed in [3]. In Sect.4, we present
a general notion of low-rank manifolds in Hilbert spaces and obtain new curvature
estimates. We then in Sect. 5 apply these results to dynamical low-rank approximations
of the model problem (1.6) using the tensor train format. Based on the general setting of
Sect. 4, analogous results can be obtained for other low-rank manifolds; in particular,
our results apply directly also to the Tucker format. Note that in this work, we focus
on a theoretical framework for DLRA of parabolic problems and do not consider
specific numerical realizations. Numerical results for DLRA in the parabolic case can
be found, e.g., in [19, 28].

2 Abstract formulation

For developing the essential aspects of the theory we investigate the DLRA problem
in an abstract context as in [3]. We consider a Gelfand triplet

Vo HEH — V*

of Hilbert spaces, where V is compactly embedded in 7. This implies that the embed-
ding is also continuous, that is,

lullze S llully. 2.1

By (-,-) : V* x ¥V — R we denote the dual pairing of V* and V. Note that for
ue€H CV9andv €V C H, the dual pairing and the inner product on H coincide,
that is, (u, v) = (u, v). We will frequently identify # € )V as an element of H and in
turn also as an element in V*.

Foreveryt € [0, T], leta(-, ;) : Vx V — R be a bilinear form which is assumed
to be symmetric,

a(u,v;t) =a(v,u;t) forallu,ve Vandr € [0, 7],
uniformly bounded,

la(u, v; )| < Bllullyl|lvlly forallu,v € Vandt € [0, T]
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786 M. Bachmayr et al.

for some B > 0, and uniformly coercive,
a(u,u; 1) > plull}, forallu € Vands € [0, T]

for some > 0. Under these assumptions, a(-, -; ) is an inner product on V defining
an equivalent norm. Furthermore, it defines a bounded operator

A@):V— V" (2.2)
such that
a(u,v;t) = (A(t)u,v) forallu,v e V.

We also assume that a(u, v; t) is Lipschitz continuous with respect to ¢. In other
words, there exists an L > 0 such that

la(u, vit) —a(u,v;s)| < LBlulvlviivir — s (2.3)

for all u,v € Vand s,t € [0, T], which in the model problem corresponds to the
Lipschitz continuity of the function t — B(¢).

We deal with evolution equations on subsets M C H that are submanifolds in the
following sense: for every point u € M there exists a closed subspace T, M C 'H
such that 7, M contains all tangent vectors to M at u. Here a tangent vector is any
v € 'H for which there exists a (strongly) differentiable curve ¢: (—¢, &) — H (for
some ¢ > 0) such that ¢(t) € M for all  and

90 =u, ¢'(0)=v.

By P, : H — T, M we denote the H-orthogonal projection onto T, M. We will also
assume M NV to be nonempty as well as 7, M NV to be nonempty for u € M N V.
By M" we denote the weak closure of M in H.

The abstract problem takes the following form.

Problem 2.1 In the above setting, given f € L,(0, T; V*) and ug € M N H, find
ue W, T;V,V):={ueLy0,T;V):u e L0, T; V"}

such that for almost all ¢ € [0, T],

u(t) e M,
(' (), v) +a@), v;t) = (f(t),v) forallv e TuyM NV, 2.4)
u(0) = uog.
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2.1 Basic assumptions and existence of solutions

The main challenge of the weak formulation in Problem 2.1 is that according to
the Dirac-Frenkel principle, the test functions are from the tangent space only. The
existence result in [3] requires several assumptions, including additional regularity of
the data as in assumption A0 below. The other assumption A1-A4 are abstractions of
corresponding properties of the model problem and will be discussed for the tensor
train format in Sect.4, and hence the main results of this paper apply to this setting.
The assumptions are the following.

A0 (Regularity of data) We have f € L>(0, T; 'H) and ug € M N V.

A1 (Cone property) M is a cone, that is, u € M implies su € M for all s > 0.

A2 (Curvature bound) For every subset M’ of M that is weakly compact in H, there
exists a constant k = « (M) such that

1Py — Pyl < kel — vllx
and
(I = P — )y < kllu— vl

forall u, v e M.
A3 (Compatibility of tangent spaces)

(@) Foru e MNVand v € T, M NV an admissible curve with ¢(0) = u,
¢’ (0) = v can be chosen such that

ety e MNYy

for all |¢#| small enough.
(b) fue MNVandv € Vthen P,v e T, MNV.

A4 (Operator splitting) The associated operator A(¢) in (2.2) admits a splitting
A(r) = A1(1) + Az(1)

into two uniformly bounded operators ¥V — V* such that for all ¢ € [0, T], all
u € MnNVandall v €V, the following holds:

(a) “Aj(r) maps to the tangent space”:
(A1(Ou, v) = (A1 (Du, Pyv).

(b) “A,(¢) is locally bounded from M NV to H: For every subset M’ of M
that is weakly compact in H, there exists y = y (M) > 0 such that

As(tyu e H and ||Ax(D)ullye < yllulll, forallu € M’

with an > 0 independent of M’.

@ Springer



788 M. Bachmayr et al.

The following existence and uniqueness result has been obtained in [3, Theo-
rem 4.3]. Here W(0, T; V, H) denotes the subspace of W(0, T; V, H) with u’ €
Ly(0, T; 'H).

Theorem 2.2 Let the Assumptions A0—A4 hold and let uy have positive H-distance
from /Vw\/\/l. There exist T* € (0, Tlandu € W0, T*; V, H)N Lo (0, T*; V) such
that u solves Problem 2.1 on the time interval [0, T*], and its continuous representative
u € C(0, T*; H) satisfies u(t) € M forallt € [0, T*). Here T* is maximal for the
evolution on M in the sense that if T* < T, then

liminf  inf  |lu(t) —v||x = 0.
1—>T* veﬂw\/\/t

In either case, u is the unique solution of Problem 2.1 in WO, T*;V,H) N
L,(0,T% V).

In particular, let o = disty (ug, ./\_/lw\/\/l), then there exists a constant ¢ > 0 such
that T* > min(az/c, T).

The solution satisfies the following estimates:

lllZ 0.7+ < Mol + CULFNIT 0,770 (2.5)
14117, 0.74:70) < C2 (IIMOII%; + ||f||i2(o,T*;H)) : (2.6)
7 0.7+ < C3 (||uo||%,+ ||f||%2(o,T*;H>) : 2.7

where C1, Ca, and C3 are the constants from [3, Lemma 4.4].

Note that the energy estimates (2.5)—(2.7) are not explicitly stated in [3, Theo-
rem 4.3], but immediately follow from its proof in combination with [3, Lemma 4.4].

Remark 2.3 We can take c as the right-hand side of (2.6).

Remark 2.4 Our Assumption A2 is stronger than the one used in [3], which requires
the curvature estimates to be valid for ||u — v|ly < ¢ for some ¢ > 0 (the constant
k then may depend on ¢). The stronger assumption made here is used in the proof
of Theorem 2.5. As our new curvature estimates in Sect.4.1.4 show, this stronger
assumption is in fact satisfied for the low-rank manifolds under consideration.

2.2 A stability estimate

As a first extension to the above existence and uniqueness theorem, we now provide
a stability estimate that in particular ensures continuity of the solution with respect
to the data. This result was obtained in [12]. The proof follows a similar idea as the
uniqueness result in [3, Theorem 4.1].

Theorem 2.5 Let u,v € W(0, T*; V, H) be two solutions of Problem 2.1 on a time
interval [0, T*] corresponding to right-hand sides f,g € Ly(0, T; H), and initial
values ugy, vo € M, respectively. Assume that the continuous representatives u, v €
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C(0, T*; 'H) have values in a weakly compact subset M’ C M (in particular their
‘H-distance to ./\/lw\/\/l remains bounded from below). Moreover, assume that u, v €
L0, T*; V) where n is from Assumption Ad(b). Then for any & > 0,

l t
lut) — v(O)lI3, < <|Iu0 — w3, + . /0 1£(s) — g()I13, ds) exp(A(1) + &t),
where

t
A(r) == ZK/O ' )3+ 10" Ol 4 v (T 15+ o)1) + 1L )l
+lg®)lInds < o0
with k = k(M) from Assumption A2.

Proof We use integration by parts in the sense of [37, Proposition 23.23(iv)]. This
results in

1d

5 g o = vl < (W' (@) = V') + A@) () — (@) = F@O) + g (1)

+ (@) —g@), u(®) —v())
for almost all r € [0, T*] by coercivity of A(¢) and adding and subtracting ( f(t) —

g(®), u(t) — v(r)). We add and subtract (2.4) for the solutions u and v with w =
Pyiy(u(t) — v(r)) and w = Py(;)(u(t) — v(¢)), respectively. This results in

3 g7 1@ = vy

S {f(O) —g@), u@®) —v®) + @' @) + Au) — f(1), Gd — Py (u(t) — v(1)))
—(' (1) + A (1) = g (1), (id = Py (u(t) — v(1))).

We use Young’s inequality to estimate
1
(f@) —g@),ut) —v@) < lef(t) — gl + %IIH(I) — v

and Assumption A4 to get

3 g7 1@ = vl

< (I’ Ol + y IO 1L+ 1Lf Oll) 1Gd = Pugey) (@) — v(@)) I
+ (IOl + v @I+ 118 @) l1#) 11Gd = Pog) (ur) — v(0)) |3

1 2 | ¢ 2
+Z”f(t) — gz + Ellu(t) —v(®) 5.
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Finally, Assumption A2 implies

d
27 @) = v(D)ll3 < <2K<|Iu'(Z)IIH + 10 Ol + v (lu@I, + lu@ly)
1
+HIfOlln + IIg(l)IIH) + 8) () — w017, + LAY g3

and the result follows from Gronwall’s lemma; see for example [31, Lemma 2.7]. Here
we take into account that L, (0, 7*; H) C L1(0, T*; H). O

3 Convergence of spatial discretizations

From the perspective of numerical analysis, an important question is whether the
unique solution of Problem 2.1 can be obtained as the limit of solutions of spatially
discretized problems. We now provide such a result under assumptions on the com-
patibility of the discrete spaces V;, C V with M. The spatially discretized problems
are of the following form.

Problem 3.1 Given f € Ly(0,T; H) and ugp, € M NV, findu, € WO, T;V, H)
such that for almost all ¢ € [0, T'],

up(t) e M NV,
() (1), vp) + a(up(0), vps 1) = (f (), vp) forallv, € T,y M NV, (3.1)
up(0) = upp.
We require that the discrete subspaces V;, C V have the following properties.

B1 (Approximation property)

(a) Forevery v € V, the V-orthogonal projections vj, € V}, satisfy [[v—vp|ly — O
as h \( 0.

(b) Forevery u € M NV there is a sequence (up) with uy € M NV, such that
uy converges tou in Vas h N\ O and |Jup|ly < |lully.

B2 (Compatibility of tangent spaces)

(a) Forup € MNYVy,and v, € T,M NV, acontinuously differentiable curve
with ¢(0) = uy, ¢’ (0) = vy, can be chosen such that

() e MNYy,

for all |¢| small enough.
(b) Ifup e M NV and v, € Vy then Py, vp € Tyy M N V.

The model problem (1.5) allows for such a space discretization, as verified in
Sect. 5.1.3 for tensor train manifolds. The following result was obtained in [12].
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Theorem 3.2 Let the Assumptions A0-A4 and B1-B2 hold. Let ug , € M NV, define
a sequence that converges to ug in ¥V as h \( 0 and let uy have positive H-distance
o to the relative boundary M \ M. Then there exists a constant ¢ > 0 independent
of o and a constant hy > 0 such that there is a unique up in W, T*;V, H) N
L, (0, T*; V) that solves Problem 3.1 on the time interval [0, T*] when T* < o?/c
forall h < hg. Furthermore, uy converges to the unique solution u of Problem 2.1 in
W, T*;V, H) N L,(0, T*; V) weakly in L>(0, T*; V) and strongly in C(0, T*; H),
while the weak derivatives u;l converge weakly to u’ in Ly(0, T*, H).

Proof Since ug 5 converges to ug in V, there is an iy > O such that ||ug , —uolly < 0/2
and |luon — uolly < o/2 for all h < hg due to (2.1). Furthermore, we can choose
ho small enough, such that ||u0,h||%, < 2||uo||$, and ||uo,h||72% < 2||u0||%1. Therefore,
the H-distance of ug , from HW\M is at least o/2. Hence, applying Theorem 2.2
with ), in place of V provides us with solutions u;, to Problem 3.1 on a time interval
[0, T*] with T* < o2 /(4c) for every h < hg, where c can be chosen as the right-hand
side of the following estimate (3.3). Theorem 2.2 provides us with the estimates

lunllZ y0. 7%y < 2Nu0llzg + Cill FIT 07570 (3.2)
i 10,5530 = C2 (20l + 171y 0.7-570)) (3.3)
lenll3 0.+ < €3 (20l + 1£130,74:70) - (3.4)

Note that by (3.3), we can assume that for % sufficiently small, ||u; (t) — uollx <
o — § forad > 0. As a consequence, there is a subsequence (i) converging weakly
toiin L»(0, T*; V) and weakly* in Lo, (0, T*; V) and the derivatives (1) converging
weakly to w in Ly (0, T*; H).

We next show that w is the weak derivative of i. For this, we need to verify that

T*
/O (@(1), v) $(1) + (i (1), v) ¢'(1) dt = O

for arbitrary v € Vand ¢ € C3°(0, T*). For any v, € V; we may add and subtract
the weak derivative of u; to obtain

/T*UD(I),vh)cb(t)dhL (@(t), vp) @' (1) dr

=/ (W(1) — )y (1), vp) @) + (@(t) — up(t), vp) ¢’ (1) dt.
T*
Now let (vy) be a sequence converging to v in V. Then

/ (ﬂ)(t),v>¢(t)dt+(ft(t),v>¢/(t)dt=lim/ (W), vp) () dt + (i (1), vy) @' (1) dt
T* hN\O JT*

= }}1{‘1}) T*(ID(I) — up, (1), vp) @ (1) + (@) — up (1), vy) ¢' (1) d1 = 0
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792 M. Bachmayr et al.

since v,¢ converges strongly to v¢ in Ly (0, T*; V). Therefore, the sequence (uy)
converges weakly in W (0, T*; V, H) to u. Due to the Aubin-Lions theorem, and by
boundedness in Lo (0, T*; V), it also converges strongly in C(0, T*; H) to i, and
ﬁ(O) = limh\o uh(O) = limh\o uo,n = uo.

It remains to show that i satisfies (2.4) and therefore agrees with the unique solu-
tion u of Problem 2.1 in W(0, T*; V, H) N L, (0, T*; V) provided by Theorem 2.2.
By a subsequence-of-subsequence argument, it then follows that the entire sequence
converges to ii. Let Oy be the V-orthogonal projection onto V},. For v € T )M NV,
let v, = Qjv, which converges strongly to v in V by Property B1(a). This also implies
that the sequence is uniformly bounded in . By (3.1), we have

Uy, (1), Py, oyvn) + a(un(t), Pu,yons t) = (f (1), Pu,yvn)
for almost every ¢, since Py, yvn € Ty, )M NV, by Property B2(b). We have chosen

the time interval such that uj (t) € M’ C M lie in a weakly compact subset for all
t € [0, T*]. Hence, using Assumption A2,

v = Pu,yvrlin = v = Puy@yvllre + 1 Puyy (v = vin) 1
< kMOla@) — un®llrlvlin + 1w = v)lln, (3.5

and thus Py, )v, converges strongly to v in H. Using a similar argument as in the
proof of Theorem 2.2 in [3], it suffices to show

T*
/0 (@' (1), v(@®) +a@@), v(t); 1) — (f (1), (1)) dt =0

forall v € Lo (0, T*; V) with v(t) € Ty¢)M NV for almost every ¢.

Since Py, ) Qnv(t) converges to v(¢) in H for almost all ¢ € [0, T*], and we have
the square integrable bound (3.5), the sequence Py, ) Qnv(t) converges strongly to
v in Ly(0, T*; H). This together with weak convergence of (u}l) in Ly(0, T*; H)
implies

T*
lim / (), (), Puy ey Qnv (1)) — (f (1), Py ey Qnv(2)) dt
hAN\O0 Jo
T*
= /O (@' (1), v(0)) — (f (), v(t)) dt.

Finally, we use Assumption A4. We have

aup(t), Puy, oy Qrv(@); 1) —a(u(t), v(1); 1)
= (A1(Oup (1), Puyy Qnv (@) — (A1 (0u(?), v(1))
H(A2@up (1), Puyry Qnv(@)) — (A2 (0)i(r), v(1)) (3.6)
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and due to Assumption A4(a)
(A1 @un(t), Puy,) Qnv@)) = (A1(Oup(t), Qpv(1)).
This implies
T*
lim/ (AL Oup(0), Py Qnv (@) — (Ar(Du(t), v(1))| dt =0
hN\O Jo

as uy, converges weakly to # and Qv converges strongly to v in L2(0, 7*; V). For the
second summand in (3.6) we have

(A2 @up (1), Puyry Qnv (1)) — (A2(0)u(t), v(1))
= (A2 up (1), Puy,ry Qrv(@) — v(@)) + (A2 () (u(t) — up(1)), v(1))

where
(A2 (Oun(t), Pty Qnv(t) — v(0))| < ¥ llunO I Puyry Qnv (@) — v(®) [l

and [i} [lun ()1 Pupy Qnv (1) — v(0) I3 dt — 0. Moreover,

T*
/ (A2(@) (1) —up(@®),v())dt — 0 ash 0,
0

since uy converges weakly to & in L,(0, T*;)). Taken together with (3.5) and the
uniform bound of uj, in Lo (0, T*; V), we have

T*
/ (D), Payoy Qav(1): 1) — ali(t), v(e); 0 di — 0 ash 0
0

and hence

T*
/O (@' (1), v(@®) +a(@(), v(t); 1) — (f (1), v(1)) dt

T*
= ;111{% (up (1), Puyyon) + aCup(t), Puyyons 1) — (f (1), Puyyvn) dt =0
0
forall v € Lo (0, T*; V) with v(t) € Ty¢)M NV for almost every ¢. O

4 Properties of low-rank tensor manifolds in Hilbert space

In this section we return to our model problem (1.4) in its weak formulation (1.5) and
apply the theory developed above for low-rank models of multivariate functions. In
the model problem H = L,>(2) and V = HO1 (£2), the compact embedding V — H is
due to the Rellich-Kondrachov theorem and (2.1) is the Poincaré inequality.
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4.1 Low-rank tensor manifolds in function space

Let Q@ = Q x -+ x 4, where €, is a bounded domain in a Euclidean space for

w=1,...,d. We write H* = L,(2,,) for abbreviation. The space H = L,(2; x
- xQq) = H'®---® H? is atensor product Hilbert space. In DLRA, one considers

low-rank manifolds M in such spaces. We consider manifolds of the general form

r rd
M=fu=3" 3 Clhi ok, @@ u

k1=1 kg=1

C e Me C RV Gy is invertible}. 4.1y

Here R, ™" denotes the dense and open subset of “regular” | x - - - X rg tensors
with full multilinear rank (r1, ..., rq), and G(u") = [(u!', ’*)],-,- e R'*e is the

Gramian of the system {u‘f, .. uru} We assume that MC is a smooth submanifold

in R, ™7 that we additionally assume to be invariant under changes of basis in the
sense that for all C € M,

Cx;T'xy - xqT% e M, forall invertible matrices 7', ..., T<. “4.2)

Here we use the notation X, for left multiplication of a matrix onto the ;1-th mode a
tensor [22].

The definition of M results in a constrained version of the Tucker format (for
which M, = R} ") and covers continuous versions of general tree based tensor
formats, for example by letting M. be a corresponding finite-dimensional low-rank
tensor manifold in R’ gsuch as manifolds of tensor trains [18, 34] or of hierar-
chical Tucker tensors [4, 33] with fixed ranks.

Note that it follows from the assumed properties of M., that this set is not closed
in R"1>X"d and hence M \M. # . To see this, let C € M, and Tnl, e Tnd be
invertible matrices converging to T*l, R T*d such that at least one of the limits is
not invertible. Then C x1 T,} x5 -+ x4 T¢ € M, for all n by (4.2), but the limit
C xq T*1 X2+ Xg T*d does not have full multilinear rank, and hence is not in M_... This
example also shows that the set M is not closed in H, and in particular not weakly
closed. Moreover, in Lemma 4.4 we will see that the closure and weak closure of M
coincide with the set described in (4.1) with M. replaced by M..

For investigating the manifold properties of M, the concepts of matricizations and
minimal subspaces play a crucial role. For every © = 1, ..., d, we can identify u with
an element M/, called the -th matricization of u, in the subspace H* @ H #It_ where
H#H = ®V¢M HY. Assuming u € M as above and letting

Fu—1 Fu+1 rq

utl d

v, = Z Yood T Y Clhan k) ug, @ Qu ®”kw®---®”kd’
ki=1 ku 1—]k/1+1—] ka=1

(4.3)
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one has
nm

M=y up, ® v (4.4)
ky=1

Since the core tensor C has full multilinear rank by (4.1), one can show that the v,’; )
are also linearly independent. Now define

mo_ W i
U"* = span{uy, ..., iy,
and
%
W = span{v], . ..,vﬁi},

then (4.4) expresses the fact, that M/ is an element of the “matrix subspace” U* ® VM
and rank(M}) = . We call * the pi-th minimal subspace of u € M.

Choosing an orthonormal basis for each space H* = L»(£2,,), we obtain an iso-
morphism between H* and ¢,(N) for each w. This in turn defines a tensor space
isomorphism between H and £2(N) ® - - - ® £2(N). In what follows, in order to use a
more common matrix and tensor notation, we can thus assume without loss of gener-
ality that

H=06N)=6LMN - ®6L(N),

and thus consider M as a set in the tensor product Hilbert space of square summable
infinite arrays. The definition of M remains the same as in (4.1), only that now
u;; € Lr(N).

We will, however, denote the elements of Zz(Nd) as X instead of u, in order to
clearly distinguish these sequences from functions. The corresponding matricizations
are M ; e bhhr(N)®{y (N”l_1 ). The Tucker format (4.1) can then be written in the usual
abbreviated form

X=Cx U %3 x4 U?

where UM = [uf, ..., uy,] € (£2(N))"* contains a basis for ¢4*. Here the multiplica-
tions x , are defined as for finite tensors.

4.1.1 Manifold structure

Using the concept of manifolds in Banach space as presented in [36, Ch. 73] we can
prove the following result.

Theorem4.1 Let X = C x; Ul x5 -+ xg U4 be in M defined as in (4.1) satisfying
(4.2). Then the following statements hold.
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(1) There exists an open neighborhood O of X and a submersion g defined on O such
that M N O = g=1(0). Consequently, M N O is a smooth submanifold in the
Hilbert space 'H. The tangent space Tx M at X € M N O is the null space of
g'(X).

(ii) There exists a continuously Fréchet-differentiable homeomorphism ¢ from a neigh-
borhood of zero in Tx, M to M N O satisfying (§) = X« + & + o(|Elln) for
all & in that neighborhood. Moreover, ¢ is also an immersion and hence a local
embedding for M.

(iii) The tangent space equals the subspace spanned by elements of the form

&= CX]UI X2~~~XdUd+CX1Ul X2~~~XdUd—|—~~+CX1U1 X2~~~XdUd

4.5)
with C € Te M¢ and (UMTU* = Or xr, for pw =1, ...,d (that is, the columns
of Ur span a subspace orthogonal to U").

The proof of this theorem is given in the appendix. For an alternative treatment of
low-rank manifolds in Banach spaces, see [13, 14].

4.1.2 Tangent space projection

We now consider the orthogonal projection onto the tangent space Tx M at given
X = C x; U' x5+ x4 U?. By Theorem 4.1(iii), Tx M is spanned by elements
§=&+&+- +$d of the form (4.5). Here the elements £ = C x 1 U! x5+ - - x4 U4
with C € Te M, span a subspace of U' ® --- ® U’ which we denote by SX For
nw=1,...,d, the elements §, = C x U1 X2 e Xy Um Xptl = Xd U4 with
(UMTUM = 0 are equivalently described via their matricization as

Ty

MY = =urvHT =y i, ® vy

ky=1

due to the definition (4.3) of V#. Since actually any element in the space (U* e
can be written in this way, the Mé; span this space. Treating the (U*)* ® V* as

subspaces of 0>(N?) (in a slight abuse of notation) we conclude that
TxM=Sx ® (U @V - &) @], (4.6)

which indeed is an orthogonal decomposition as can be seen from the fact that V* C
U - U 'eUut ®...@U for every 1.

In the following proposition, we compute the tangent space projection under the
assumption that the matrices U have orthonormal columns; see Remark 4.3 for the
general formula.

Proposition4.2 Let X = C x| Uy X3 -+ xXq Uy € M, and assume (UMHTUH = id.
The orthogonal projection onto the tangent space Tx M is given as

Py =Py + P+ ..+ P (4.7)
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with P)l(, ceey P}‘g being implicitly defined via their action on matricizations as
Mg;(z) = —Pyp)MyPp, pn=1,....d. (4.8)

The projector Pg is defined as
0 _ 1 d
Px(Z) = Pc(Cz) x1U" x2--- xq U, (4.9)

where Pc is the orthogonal tangent space projector onto Tec M. in R and
Cz=2Zx1 (UH x2---xqg UHT.

Proof By (4.6), the single terms &, . .., &; in the tangent vector representation (4.5)
belong to mutually orthogonal subspaces. Therefore, the orthogonal projection
Px(Z) =& + & + - - - 4+ &; onto Tx M can be decomposed accordingly as in (4.7).
Here the P)’é for w = 1,...,d are the projections on (/") ® V* which have the
asserted form. We consider the projection &y = P)(g (Z) of a given Z onto the space
Sx in (4.6). We write

& = K x| U! X+ XdUd
and need to determine K € T¢ M. The orthogonality condition for the projection is
0=(Z—%0,Cx1U" x2--- xq U’)

for all C € T¢c M. Using properties of tensor-matrix multiplication, we rewrite this
as

0=1(Zx1 (UH x2--- xq UHT =& x1 (UHT x2--- x4 (U7, C)
=(Zx; (UH %2 xq (UHT—K,C)=(C; —K,C).

Since this holds for all C € Te M., it follows that K equals the orthogonal projection
of Cz onto Tec M.. |

Remark 4.3 If the U* are not orthonormal, then the formula for Pg (Z) needs to be
adjusted to

PY(2) = Nc(C2),
where I1¢ is the orthogonal projection in R™**"@ onto T M. with respect to the
inner product induced by the operator A = (UNTU! ® --- ® (U4)T U4, which is

symmetric and positive definite on R "*’¢_This projection is given by IT¢ =
(PcAPc) L PcA, where (PcAPc)~! denotes the inverse of PcA Pc on Te M..

@ Springer



798 M. Bachmayr et al.

4.1.3 Distance to boundary

As we will see in Sect.4.1.4, curvature estimates as in A2 for low-rank tensor man-
ifolds can be expressed in terms of inverses of smallest singular values of certain
matricizations. In this subsection, we therefore estimate the smallest singular values
of matricizations of a tensor X € M from below by its distance to the boundary
M” \ M. This will have the effect, that on every weakly compact subset M’ € M
these singular values remain bounded from below.

We first give a characterization of the weak closure of M. In what follows, by |||
without further specification we denote the Frobenius norm of tensors.

Lemma 4.4 Let M be of the form (4.1) with M. satisfying (4.2). Then

- w

M=M= {x=Cx iU xz-+- x4 U%: Ce M, (UMTU" € Gy, .

that is, the weak closure and closure of M coincide and are of the form (4.1) with M
replaced by M.

Proof Let (X,) C M be a sequence converging weakly to X € M". By [17,
Thm. 6.29], there are r,, dimensional subspaces U* such that X e U!' @ --- @ U?. In
particular, let U* € (¢£,(N))"* be orthonormal bases of the spaces U". Then

X:(Xx1(Ul)sz---xd(Ud)T)xlUl Xp o xq Ul =Cx U xg - xq U?

with C € R"* x r;z. Moreover, since X, € M, we have
_ 1 d
Xn=Cyx1U, x2---x4U,

and by weak convergence, we have
1lim Gy x1 (UDTU, x2 -+ x4 uHhtud = c.
By the invariance condition (4.2) for M., it follows that C € M. This shows
M' =[x =Cx iU sz xq U Ce Mo, WHTU €Ly, |.

Now let (C,) C M. be a sequence converging to C. Then the sequence defined by

Xn=6n XlU1 X2---XdUd

converges strongly to X as 1X, — X||62(Nd) = ||C‘n — C||. This proves the
assertion. O
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ForX e Mandpu =1,....d,let{ul,..., uf#} be the left singular vectors of the
matricization M ; Then

T
=D u ®v
k=1
with {v{’, ..., v/, } orthogonal in £,(N“~") such that
o' =0/ () = [V i1y k= Leoesrps (4.10)

are the singular values of M ¥ for which we may assume

01“ 202“ > .. Za,’;.
Further, we define o
o = dist(X, M" \ M). 4.11)

Proposition 4.5 Let a,f foruw=1,...,dand k = 1,...,r, be defined as above.
Then

uell,..dy ™~
Proof Let pu € {1,...,d}andletuy, ..., uy, be the left singular vectors of MYy asso-
ciatedto o', ..., ar‘/i, respectively. Then for the tensor X defined by its matricization

Fu—

M’f = Z u (u) TMM

we have | X — X|| L) = a,’; ,and X ¢ M. Furthermore, we have
X =C x U' xz-~-ded,
with U* = [u’f, . ..,ufu] and

X=Cx U x5, UMO"TU* xpyy1 - xq U?
= (C x, (UMHTUM) 1 U xq--- x4 U4

with U* = [u!', ..., u" _|, 0] It follows from Lemma 4.4 that X € M and the claim

ru—1°
is proven. O

It is important to note that the distance o defined in (4.11) can be expressed as the
distance of the core tensor C to the relative boundary of M..
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Proposition 4.6 Let X = C x| Uy x3 -+ xq Ug with C € M and orthonormal
Ui, ..., Ug. Then dist(C, M\ M) = dist(X, M\ M).

Proof First,letY € M" \M satisfy X =Y, = dist(X, Mw\/\/l). Then the ten-
sor D =Y x1 Uir X2+ Xy UJ satisfies ||C — D|| < ||X—Y||€2(Nd) and by Lemma 4.4,
we also have D € M\ M., and hence dist(C, M\ M.) < dist(X, Hw\/\/l). To
show equality, we consider a D € M\ M. with |C — DJ| = dist(C, M\ Mc). Set
Y =D x Uy x3+ xqUg € M"\M.Then | X — Y||, a, = [C = D| holds, and

thus dist(C, M\ M,) > dist(X, M"\M). O

4.1.4 Curvature estimates

We now turn to the curvature bounds in Assumption A2. We first derive an estimate
for the norm difference || Px — Py|| LN 05 (NY) of two such projections in operator
norm, which can be regarded as a curvature estimate for the manifold M. It will be
required for Assumption A2.

Proposition 4.7 Assume a curvature estimate

max (P — POZI < 2IC = Cll forallC.C e M, (412)
= o

where & = dist(C, M.\ M) and where ¢ > 0 is independent of C, C.LetX,Y e M
with corresponding tangent space projections Px and Py. Then

V2¢

d
1
I1Px = Pyl o,y po vty = - 2v2+1) Z o 1X = Yllgyve)

/1,:] "'

where o = dist(X, ﬂw\/\/l) and O’rli is the smallest singular value of the -th matri-
cization.

Note that a,’: > ¢ for each u as a consequence of Proposition 4.5. Therefore, we
have the simpler estimate

«/§c+2d(f2+1)

| Px — PY"lz(Nd)—)lz(Nd) = o X — Y”gz(Nd)-

Since on every weakly compact subset M’ C M the distance o to the boundary is
bounded from below (recall that M itself is not weakly closed), we obtain the first
curvature estimate in A2. In the proof of Proposition 4.7, we use the following lemma.

Lemma4.8 Let U,V € [(o(N)]" be orthonormal (that is, UTU = VTV = id) such
that the r x r matrix UV is symmetric and positive semidefinite.
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(i) The corresponding subspace projections Py = UU" and Py = V'V satisfy
1OV Irr = 6,00 < V21 Pu = Pylley o 20 -

(i) Forallx,y e R, |x — y|| < \/§||Ux — Vylle,m-

Proof After orthogonal change of basis, we may assume the matrix UTV = X to be
diagonal with entries 1 > o; > 0, that is uly; = 0;dij.
Ad (i). We define the spaces W; = span{u;, v;}fori = 1, ..., r. These are pairwise

orthogonal. Furthermore, let W, = (@le Wi)J'. Then the difference of projections
is block-diagonal with respect to the spaces W;, that is, (Py — Py)(xu; + yv;) =
(x + 0iy)u; — (y + o;x)v;. Therefore, the operator norm is given by

| i — Pylle;avy—e,av) = max max —————————|[[(Py — Py)(xu; + yvi)lle,av-
2= 600 i x#0#y ||lxu; + yville, l PIEE

We note the norm equality ||xu; + yv; ||%2(N) = x2 4 y? + 20;xy. Then on the one
hand,

1Py — Py)(xui + yod) 7,y = ( + 0i9)° + (v + 01x)* — 20 (x + 6iy) (y + 07 x)
=x2 42 4+ 20ixy — 67 (x> + y? 4 20ixy)
= (1= o)) llxui + yvillg,m

> (1= op)llxui + yvill7, -
that is, | Py — PV“Z(N)»&(N) > 1 — o;. On the other hand, we have
(U - WU - V) =2(id, - %),
and thus max =1 |(U — V)w||%2(N) = 2 max; (1 — o;), which leads to the desired
inequality.

Ad (ii). Using inequality (a — b)> < 2a” + 2b* componentwise, we get

lx =y =G =»NT2@x -y + & —»id -Z)x —y)
< (= )'Sx —y) +2x"(1d, —)x +2y"(id, —T)y
<2||x|I* +2lylI* — 4xT 2y
=2|Ux e + 21 Vyllsen — 4U)T(Vy) = 2|Ux = VylF,m)-

which is the claim.

Proof of Proposition 4.7 Assume representations
X=Cx1U; x2---x4qUy, Y:éX]f]] X2--~Xdl7d
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as in Proposition 4.2. By using polar decompositions (U*)TU* = Q" S*, where Q"
is orthogonal and S* is positive semidefinite, we can replace the U* with U* Q" and
the core tensor C accordingly such that (U “)TU P is positive semidefinite, which we
assume to be the case forall u =1, ..., d. By Proposition 4.2,

d
Pxy—Py=Py—P)+) PY—P/.
n=1

We will estimate the single differences separately. Applying the triangle inequality
will then prove the assertion.

We first consider any of the projector differences P;; - P{,‘ foru =1,...,d.
By (4.8), they can be written in the u-th matricization space as

P)l; - P# = (id—Fyp) ® Pyu — (id —Pyp) ® Py
= (d—Pyp) @ (Pyn — Pf)u) + (sz/* —Pp)® Pvt.

We have

1 1
n ©
”P[;[“ - PM“”Eg(N)—%g(N) = _ullMX - MY ||52(Nd*1)_>52(N) = O’_M“X - Y”[2(Nd),

Im Im
(4.13)
where again MY and My denote the matricizations of X and Y and o/, = o/, (X)
denotes the smallest positive singular value of M ; as in (4.10). For the first inequality
see, for example, the proof of [3, Lemma A.2], the second one is trivial. The same
upper bound holds for || Py — Pyl LN £y (N1 - Thus we conclude

Py — Py <Zix—v
1Py — Y||ez(Nd)—>z2<Nd)—;|| = Yllg,vey-

We now proceed with estimating the operator norm of the difference Pg - P)(,) .
By (4.9),

(PY = PO)(Z) = Pc(Cz) <1 U xa -+ xq UY = Pa(Cy) x1 0" x3 -+ xg U4
=[Pc(Cz) — Pa(C)1 %1 U x5 -+ xq U
+ Pc(Cz) x1 [U' = 0" %2 0% x5 -+ x4 U

+ Po(Cz) x1 U xa - xgu U x4 (U4 — U9

where Cz = Z x1 (UYT x5 -+ xg (U?)T and similar for C‘Z. The first term in the
right sum is bounded by

1Pc(C2) = Pa(C2)llyynty < I(Pc = Pe)CzIl + 1C2z = Czl,
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since U and U* have orthonormal columns and hence spectral norm one. For the
other terms we use Lemma 4.8(i) and (4.13), which leads to

I1Pc(Cz) x1 [U' =T x2 U% x5+ xa U4, e
< V2IPy = Pyplleay— el Pe(C2)ll
J2 V2

X — Y”gz(Nd)”CZ” = U_IHX - Y”gz(Nd)”Z”gz(Nd)

r

<
- 0,1 (X)

and we proceed similarly for the further modes. So far we have shown
I(PY = PY(2) g,y < I(Pc — Pe)Czll +1ICz — Cz|

1 1
+«/§ 1 +---+ —a X — Y”gz(Nd)”Z”gz(Nd)'
o o,

rd

It remains to estimate |Cz — C~'Z|| and [|[(Pc — Pz)Cz|. Using again a telescopic
expansion of

Cz—Cz=27Zx1(UY x2---xq (UHT = Z x1 (O %3+ xq (OHT,

one obtains in a similar way as above that

- 1 1
”CZ _ CZ” < \/5 0_1 + -4+ a_d ||X — Y“Zz(Nd)”Z”Zz(Nd)‘

r rd

We need to bound |[(Pc — Pz)Cz|| in terms of || X — Y”ez(Nd). Note that
X—Y=Cx U x2--xqUsg—Cx1 Uy x2--- x4 Uy

where U, and U 1 satisfy the assumptions in Lemma 4.8. It follows that ||C — C| <
V21X = Y||,. e . Hence by (4.12) and Proposition 4.6 we have
() y p

c ~ \/Ec
I(Pc = Pe)CzIl < —IIC = CIICzZI < ==X = ¥l gy 000, 1 Zll g, -

In total, we have

c 2 2
I(PY — POty < V2 =+ = 4+ = | I1X = Yll gy iy 1 Z 1, -
o o, of
In summary, this allows to conclude the asserted curvature estimate. O

In Assumption A2 we also need an estimate for the projection id — Py.
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Proposition 4.9 Assume a curvature estimate of the form
I(id —Pz)(C — O)|| < SIC =€ foraliC € Mcand € e M,
o

where & = dist(C, Mc\M.) and where ¢ > 0 is independent of C, C.LetX,Y e M
with corresponding tangent space projections Px and Py. Then

2 4 / 2
. C 1 2 d+C 2
IGd =P X = V)l g0y = | —5 + MZ_jl an =Ygty S g IX =Y )

where o = dist(X, M"Y \ M).

Proof We use the same notation as in the proof of Proposition 4.7. We decompose the
identity into

id = Ppg.qu+ Puno-ou + Pumeet) e T+ Prpou-gedt (414
Then

(d=PY)(X = Y) = (Pyg. e — POX = Y) + (Popyig.qud — PHX —Y)
+(Py,yeetrie-gul — POX = Y) + ...+ (Pyi-1ygey — POX —Y)

holds. For the first summand, we have
(Pygaut = PRI = ¥) = ((d=POX = ¥) 51 (U 52+ g U)T)
X1U1 X9 - XdUd

where [[(X=Y)x1 (U xz- - xg(U)T|| < | X=Y |, e, Sincedist(X, M \M) =
dist(C, M\ M) by Proposition 4.6, we have

0 ¢ 2
I(Pg..gue — Px)(X = V)l ey = ;IIX - Yllgz(Nd),

where we use that ¥ x; (UDT x5 -+ x4 (U7 € M_. For the next summand, we
obtain

(Pagty gt — PX)X = Y) = Pggy1 @ (Gdy, 1) =P (X — ide, () @ Pag. gyt V-

Then, || X —id, ) ®PZ/{2®-~-®L{"Y”ZZ(N‘1) < ||X—Y||Z2(Nd) andidy, ) ®PZ/I2®~~®L{‘1Y e
— ~1 =1
M” . 1f idgy ) ®Ppg. g Y € M, then we have corresponding spaces ¢ and V
and

1 . 1
1P — Pf)lllﬁz(Nd)%lz(Nd) < o7 I X —ide, ) ®Pu2®m®MdY”€2(Nd) < o7 X — Y”ZZ(N")'
1 rl
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As a consequence,
1Pty gt — POX = V)l iy < of ||x Y||£ o

If ide, V) ®Pppg.. et Y ¢ M, the same estimate follows by continuity of the linear
operator P(Z/{l) Leggld — P}(. Similar considerations show

1
" 2
1Py, ey o)t g--gud — Px)(X =Vl ey < U—MIIX — Yy, ey

Ty

for u =2, ..., d. Finally, we obtain

2 d
. &
1Gd=POX =Dl < |5+ s

n=

1X = Y12, 0,

(0. )?

utilizing that the images of the operators appearing in (4.14) are orthogonal. The final
inequality follows with Proposition 4.6. O

4.2 Application to tensor train manifolds

In order to give the above estimates a more concrete meaning, we now consider the
popular example of the fixed-rank tensor-train (TT) format discussed in the intro-
duction. Here M. = My consists of all finite dimensional tensors C € R **"d
with the fixed TT rank k of the form (1.3). We denote the resulting manifold M in
(4.1) by M, k. It thus contains infinite tensors in 22(Nd) of “outer” multilinear rank
r = (ry,...,rq)and “inner” TTrankk = (ky, ..., kg—1). This can be seen as a special
case of the hierarchical tensor format with linear dimension tree, see [2, Rem. 2.27].

Proposition 4.10 Ler X, Y € M, x with corresponding tangent space projections Px
and Py. Then

2d <3ﬁ+ 1)
, V2d —
||(1d—PX)(X - Y)”gz(Nd) = —”X Y”Z (N‘[

where o = dist(X, ./\/lr,kw\/\/lr,k)-
The result follows directly follows from Propositions 4.7 and 4.9 and the following

refined curvature estimates for the finite-dimensional TT manifold My, which under
the given assumptions seem to be new.
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Proposition 4.11 Let My, c RV1>X*Na pe a finite-dimensional TT manifold of fixed
TT rank K. Let X, Y € My and o = dist(X, Mx\Mkx). Then

IX — Y|

4d . Vd—1
(DX, I(Px — Py)Z||l = - IX=Yi, [Gd —Px)(X = V)| =< .

and

vd—1
1Gd =Py)(X = V)| = ——— X — Y2

Furthermore, the last inequality holds more generally for Y € Mj.

The proof is given in the appendix.

5 Application to the model problem
We now return to the model problem (1.6) under the regularity assumption A0.

Problem 5.1 Given f € L»(0, T; L2(S2)) and ug € M N H} (Q), find
u e WO, T; Hy(Q), L2(R) = {u € L0, T; Hy()): u' € Ly(0, T; V)}

such that for almost all € [0, T'],

u(t) e M,
W' (1), v) +a@),v;t) = (f(@),v) forallve TyyMnN Hd (), 5.1
u(0) = up.

Here
a(u,v;t) = / (B(t)Vu(x)) - Vu(x)dx
Q

with a symmetric positive definite matrix B(¢) that is entrywise Lipschitz continuous
in ¢t and M is a manifold of functions in L>(2) = L(2;] X --- x £4) as described
in (4.1), that is, u € M is of the form

rd
uzZ...Zc(kl,...,kd)u,il®...®ugd, (5.2)
ki=1 kq=1

with C € M..

@ Springer



Dynamical low-rank tensor approximations... 807

5.1 Discussion of main assumptions

Our goal is to apply Theorems 2.2, 2.5 and 3.2 to Problem 5.1. It suffices to verify
the Assumptions A1-A4, B1, and B2. Assumption A1 holds since M. is a cone,
which follows from the invariance assumption (4.2). We already proved A2 in Propo-
sition 4.7 and Proposition 4.9 assuming that corresponding curvature bounds for M,
are available. Indeed, in the special case where M, is the manifold of tensors with
constant TT-rank M, such curvature bounds are stated in Proposition 4.10. We now
consider the remaining Assumptions A3 and A4 as well as B1 and B2. We make use
of the following well-known technique for estimating norms of factors in low-rank
representations, see for example [32].

Lemma5.2 Letu € HO1 (2) admit a singular value decomposition

T
k=1

with respect to the [u-th variable. Then the singular vectors satisfy u € H(} (£2,)
and uz ;. € Hy (X, Q) with

1 1

Hul’k”Hol(Qu) = G_k”u”HOl(Q) and ”uz’k”H(%(Xv;&,LQv) = O_k”u”HOI(Q)
Proof We state the proof for u = 1. Then

ok k(x1) = / ., u(xy, x2, ..., xpuz (X2, ..., xg)d(x2, ..., xq)

><u=ZQV
and
oxu2k(X2, ..., Xq) =/ u(xi, x2, ..., xg)uy (x1) dxy.
Q)

By the Cauchy-Schwarz inequality, we have

2

2 2 2 2
of|lu =0 Vil dx; =
k” l'k”HO‘(Ql) k -/;2]| X1 l,k} 1 /Ql
2 2 2 2
< |lu _ Vaul” dxg, ..., xg) = ||u < |lu .
< lu2,kl17 9.1y /Q | Vx|~ d D =l 0ozt 0 = 1410

This proves the first estimate. The other one follows in analogy. O

5.1.1 Assumption A3: Compatibility of tangent spaces

We now verify A3(a).
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Lemma5.3 Let u € Hd QD NMandv € HO1 () N T, M. Then there exists an
admissible curve ¢(t) € HO1 () N M for |t| small enough with ¢(0) = u and
@' (0) =v.

Proof Let u be of the form (5.2). Then by Lemma 5.2 all basis functions Mll:; . €
Hé (£2,,). We write v is in (4.5), thatis, v = vo + vi + ... 4+ vg, where

Il

rd
vy = Z...ZC(kl,...,kd)ullcl@...@uZd
k=1 kq=1

with C € Te M. and

8t rd

—_— “ e 1 .« . u_l .M M+l .« .. d

v, = Z Z Clhi, . kp)up, ® - Qup— ®uf Qu’ ®---@uj,
k1=1 kqg=1

where 12,’; is orthogonal to all uf', ..., up,. By similar reasoning as in Lemma 5.2 one

can show that l;tlkLM € HH(Q).

Furthermore, t.here exists acurve D(t) € M, for |¢| small enough such that D(0) =
C and D’(0) = C. We now choose

r rd
Q)= - Y Dk, ... ko)) (uy, + tiig) ® -+ ® (uf, + ti ),
ki=1 kg=1

which is a differentiable curve in M N HO1 (€2) for small enough [¢|. By the product
rule, it satisfies ¢(0) = u and ¢’(0) = v. O

Assumption A3(b), which states that for u € H(} (2) N M the Lj-orthogonal

projection onto its tangent space is also a bounded operator with respect to the H(} -
norm, follows with a similar technique as Lemma 5.2.

Proposition 5.4 Let M be of the form (4.1), letu € HOl QNMandv € Hé (). Let
PO ..., Pud be the projections in (4.7). Then

s -
||P15LU||H01(Q) = C”U”HOI(Q)
Proof First, we consider P,?. We note the norm bound
IC2Il < 1 Z1l, e,
in the definition of Pg in Proposition 4.2. In terms of the represented function,

IColl = IIVllLy(@)-
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Furthermore, we have
[ Pc(CHIl = I1Cull
since Pc is an £;-orthogonal projection. We now consider the summands of

Poy|? = |Pv|? Pov|? _
B0l @) = 1P ”H&(Q1)®L2(X‘,ﬁ:29u)+ MG ”Lz(x‘,ﬁ:‘1 Q,0®H] (2a)

independently. Let

.o

w(x) =y " ageuy g(xDu2,e(x2, ., Xa) (5:3)

k=1 £=1

be a decomposition of u separating the first variable, where {u x} and {u> ¢} are L;-
orthonormal (as, for example, in a singular value decomposition). After an orthogonal
change of basis, we may assume the vectors u]  to be both Ly-orthonormal and
Hg -orthogonal. Note that the basis vectors are given by

r r
Uik :/ , u Zbuuz,g d(x2,...,xq) and upp :f u Zbkzul,k dxy
X n=2 Qu =1 i k=1

where Y )L ax, ¢bkye = S k-
The singular values of the corresponding decomposition satisfy oy > o for k =
1, ..., ry, and hence the vectors in (5.3) satisfy

ollurilligop) = IIuIIH(Jl(QI)@LZ(XZ:z Q) 54

O'||u2,k”H01(><Z:2 Q) = ”u”LZ(Ql)‘X)HOI(XZ:z Q)

since o |4, bkﬁul,k||L2(><z:2 o = 1, o 1YL breuselly ) < 1 and by the last

argument of the proof of Lemma 5.2. By L,- and Hol-orthogonality and (5.4), we
obtain the estimate

0.2
1B @peracxd_y 2
r rq 2
=3 > PeCo . k) dnuf, @ Ut @ - @
k1=1 ka=1 L@
oy on rd 2
_ 2 d 12
=D 1> D PeCohr k) up, ® - @ uf, PR L AT
kl:l k2:l kd:l LZ(X’L:Z QM)

1 2 2
2 IPc(Coll ”u”Hol(Q|)®L2(><ﬁ=2Q,L)'
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Using the Poincaré inequality, we have
[Pc(CIl < ICyll = ||U||L2(S2) =< CQ||U||H01(Q)

with a cq > 0 depending only on 2. We thus arrive at

0 cQ
< 2
1PVl g @norax iy 20 = 5 Ilai@ 14l mi@ner.<i_, 2,

Similarly,

0
P'v -
e QHY (Q®La(X_, 1 Q)

cQ
< — _
— ”””Hd(fl)”“”Lz(x’;:l‘ QBH ()®La(X_, 1 Q)

This yields

POl o < 110l 1o
wPlHj @) = W H @ 1" B @)

Next we consider Pul; the estimates for the projections Puz, e, Pud follow in anal-
ogy. The action of Pu1 is given by the tensor product of L;-orthogonal projections

P)(v) = (id—P)) ® Py,
where
rl
(Prw)(x1) = Zul,km)/g Lk (yDw(yn) dyi
k=1 1

and

r
(Pw)(x,...,xq) = Zuzyk(xz,...,xd)/ 4 uy k
X Q
k=1 pn=2 "

25 o YOWO2, - YD) A(V2, s Ya)-

We again use the decomposition (5.3) with L-orthonormal and Hé -orthogonal sets
of vectors {u1 x: k =1,...,ri}and {usr: k = 1, ..., r1}. Using orthogonality, we
get the estimate

2

r 1
2 _ 2
1Pl g, = ; k3 ) (/0 Ml,k()’l)w()’l)d)’l>

2 2
< —l|lu w
~ o2 I ”H(} (QD®LX Y, Qu)” W)
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and similarly

< —
”PszHol(Xi:z Q) = pu ”u”LZ(QI)‘gH&(Xi:ZQ;L)”w”LﬂXﬁ:z Q)

We finally obtain
1,112 _ 1.2 1,112
1Py ””H(,‘(m = I v”Hgml)@Lz(x;ﬂ:z oot IEs U”L2(91)®H(}(><j{=2 Q)

— 1 —_— 2
= [[((d—P1) ® P2)””H01(s21)®L2(><;i=2 Q)

1 2
+ [1(Gd —P1) ® PZ)U||L2(91)®H(}(><Z:2 Q)

1 2
= (;”’/‘”HOI(QI)(@LZ(XZZ QM)”U“Lz(Q) + ”U”HOI(QI)@LZ(XZZZ Q/L)>

2

1 2
+ 2l eneni i, o) V@

cQ 2 ) 2
<2 (1 —5 ’
= 2\ 2l @) 191 @@ oot 20

where we have again used Poincaré’s inequality. O

We have thus verified Assumption A3.

5.1.2 Assumption A4: Operator decomposition

The bilinear form a(-, -; t) can be written as a(-, -; t) = a1 (-, -; t) + a2 (-, -; t) with
d
ay(u,vit) = / > (bup Vi, u(x)) - Vi, v(x) dx
Q,2
and

d
@ vi) = [ (b Vyu00) - Vo000
Qu,v:l
HFEY

where b, (t) are the corresponding blocks of the matrix B(¢). These bilinear forms
in turn define linear operators A and A,. For A4(a), we can use a similar technique
as in [3], albeit on the more complicated manifold M. First, we show that the strong
version of A, when defined, maps to the tangent space.

Lemma5.5 Let M be of the form (4.1) and u € H*(Q) N H} () N M. Then for
matrices a,, of the corresponding size, we have Zi:l Vi, - (ay Vxﬂu) e T, M.
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Proof Since u € M, we can write u as in (5.2) and

" rd
Ve (@ Vyu) =YY" Clhrn ... k) Ve, - (@1 Viup) @ujpy @ -+ @uf .
ki=1 kg=1

We define ¢(t) = u 4+ tVy, - (a1 Vy,u). For sufficiently small |¢], the Gramian of the
system {u] + 1V, - (a1 Vi, uy), ud +1Vy (@ Veud), ... ul +1Vy - (a1Vyul )} is

invertible and hence ¢ () € M with ¢'(t) = Vy, - (a1 Vy,u). Thus Vy, - (a1 Vyu) €
T, M. Analogously, Vi, - (a,Vy,u) € T,M for p = 1,...,d and by linearity,

d
ZM:I Vy, - (@ Vy,u) € T, M. O

The assumption A4(a) now follows by a density argument. For a proof, choose a
sequence (u,) C M N H*(Q) N HOl (2) converging to u in HO1 (2)-norm. Then for
v € H}(Q), we have

ay(un, v; 1) = (A1 (Ouy, v) = (A1(Oun, Py,v) = a1 (uy, Py,v;t)
since A1 (t)u, € T,,M by Lemma 5.5. Moreover,
ay(up, Py,v;t) = ai(u, P,v) +ay(u, (Py, — P)v) +ay(u, —u, Py,v).

Wehave P,,v — P,v strongly in L,(£2) by Proposition 4.7, and Proposition 5.4 yields
lim sup,, ||Punv||H01 < 00. Since Lo(R2) is dense in H~1() it follows that P, v —

P,v weakly in H(} (2) by a standard argument; see for example [37, Prop. 21.23(g)].
Consequently, ay(up, Py, v;t) — ai(u, P,v;t). At the same time, aj(u,, v;t) —
ai(u, v; t), so we have verified Assumption A4(a).

For Assumption A4(b), it suffices to verify mixed smoothness for u € HO1 (Q)NM.

Lemma5.6 Let M be of the form (4.1), u € H} ()NM, ando = disty, (u, M \M).

1 2
Then for v # w, we have ||V, Vi, ullL,@) < %HMHHOI(Q)'

,,,,,

tion of u separating the p-th variable. Then oy > o fork =1, ..., r,. We will use the
abbreviation Q,c = X, 2 S On the one hand, by the triangle inequality, Young’s
inequality, and 0 < o}, we have

'n
1V, Vi ttll o) < D 0kl Ve, Vi, 1.k ® 2 k| Ly
k=1
'
= Z okl Vi, 1kl Ly @) [ Vi, U2,k 1 L2 (9,10)
k=1

L 2
[
<3 5 (Vs 0, + 1V 240 0,0) -
k=1
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On the other hand, by L,-orthogonality of the singular vectors, we have

d i
2 2 2 2 2
HM“H&(Q) =./Q E |VX)L”(X)‘ dx = E oy (”V)‘uu]-k“Lz(QM) + § ”VX)LM2,/(”L2(QMC)) s
A=l k=1 AEL

2

Hi(S) as asserted. |

1
and hence || Vy, Vi, ullL, @) < 55 llull

Assumption A4(b) now follows directly by integration by parts.

5.1.3 Assumptions B1 and B2: Spatial discretizations

We now exhibit space discretizations that can be used to achieve convergence to the
infinite dimensional solution as in Theorem 3.2. It turns out to be sufficient for the
discretization to allow the format (4.1). This is a natural requirement, since otherwise
one does not have the required product structure for using the low-rank approximation
in practice.

For short, let us denote H}(Q2) =V =V!®@ H*’®---®@ H'Nn---NH'®
- @ H'"!' ® V4, where V¥ = H}(Q,) and H* = L(Q,) for p = 1,....d.
Then V! ® --- ® V¥ is a continuously and densely embedded subspace of V. As the
finite-dimensional subspaces, we choose

Vi = Vhl®- . -®V;fl satisfying ||PV41 vH—v*lyn — 0 as h— 0 forallv* € V#.

(5.5)
This can be a finite element space, but also any other discretization suitable for €2,,.
As a consequence, for v € Vig---® Vd, we have

lv — PV,)@--@va”V <Clv— th|®_“®V];w||V1®_“®Vd — 0 for h— 0.

Since V! ® --- ® V¢ is a dense subspace of V, the V-orthogonal projection onto
Vh1 ®: - ® Vf satisfies B1(a). For assumption B1(b), let u € VN M. Then u €

Vig...@ V4 by Lemma 5.2. By (4.2), we have that thl®m®véz'u € M". Hence

there exists uj, € Vh1 Q- ® V,fl N M such that |lu, — thl®__4®vhdu||v < € for any
€ > 0.Thus |jup —ully — 0ash — 0. Possibly after rescaling, we can thus construct
a sequence (u,) that converges to u in Vas h N\ 0 with |lup|ly < |lully.

Assumption B2 follows immediately by noting that M NV, is of the same form as
M and Theorem 4.1 can be applied.

Remark 5.7 In practical numerical realizations, the elements of the discretization sub-
spaces Vj, in (5.5) need to be represented in terms of suitable basis functions, usually
obtained as tensor products of bases of each V;’. While the results given here refer to
the represented functions, the properties of the problem in terms of basis coefficients
depend also on the condition number of the chosen basis. For tensor product bases,
this condition number is the product of the condition number of the univariate bases,
and thus in general depends exponentially on d unless orthonormal bases are used for
each V. A possible remedy for large d is the use of nonstandard basis functions (such
as wavelets) for finite element spaces. We refer to [2] for further details.
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5.2 Main results

The main results for the model problem are the following specific versions of The-
orems 2.2, 3.2, and 2.5. They follow directly by applying the results of Sects.4 and
5.1.

Theorem 5.8 (Existence and uniqueness of solutions) Let ug have positive Ly -distance
from ﬂ“’\M. There exist T* € (0,T] and u € W(Q, T, HO1 (), Lr(2)) N
Loo(0, T*; HOl (R)) such that u solves Problem 5.1 on the time interval [0, T*], and its
continuous representativeu € C(0, T*; Ly(RQ)) satisfiesu(t) € M forallt € [0, T*).
Here T* is maximal for the evolution on M in the sense that if T* < T, then

liminf  inf  [lu() — v]Ly@) = 0.
=T yeM"\M

In either case, u is the unique solution of Problem 5.1 in W(0, T*; H(; (), L2()).
In particular, with o = disty,(q)(uo, M"Y \M), there exists a constant ¢ > 0 such
that T* > min(o%/c, T).
The solution satisfies the following estimates:

2 2 2

2 2 2
[|ue ”LZ(QT*;Lz(Q)) < (”uO”HOl(Q) + ”f”Lz(()’T*;Lz(Q))) ,

2

2 2
”u”Loo(O,T*,HOl(Q)) S C3 (”uO”HOl(Q) + ”f”LZ(O,T*;LZ(Q))) )

where C1, Ca, and C3 are the constants from [3, Lemma 4.4].

Theorem 5.9 (Convergence of spatial discretizations) Let Vy, be of the form (5.5). Let
uo.n € M NV, define a sequence that converges to ug in H(} () as h N\ 0 and
let ug have positive Ly (2)-distance o to the relative boundary HW\M Then there
exists a constant ¢ > 0 independent of o and a constant hg > 0 such that there is a
unique up in W(0, T*; H} (), L2(R2)) N L,y (0, T*; H}(RQ)) that solves Problem 3.1
on the time interval [0, T*] when T* < 0'2/6‘ for all h < hgy. Furthermore, uy,
converges to the unique solution u of Problem 5.1 in W(0, T*; H(} (), Lr(2)) N
L, (0, T*; H}(R)) weakly in L0, T*; Hj (Q)) and strongly in C(0, T*; L»(R)),
while the weak derivatives uj, converge weakly to u’ in L3(0, T*, L2(2)).

Theorem 5.10 (Stability) Let u,v € W(0, T, HO1 (2), L2(R2)) be two solutions of
Problem 5.1 on a time interval [0, T*] corresponding to right-hand sides f,g €
Ly(0, T; Ly(R2)) and initial values ug, vo € M, respectively. Assume that the contin-
uous representatives u, v € C(0, T*; Lo(2)) have pointwise positive L,(2)-distance
o M"” \M of at least o. Then for any ¢ > 0,

1 t
() = (D7, () < (nuo —wli,@ * /0 1£(5) = g7, ds) exp(A (D) + 61),
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where

13
At) == 2/</0 ' () ) + 1V ()l Lo + ¥ (IIM(S)II" + v )

H(Q) H}(Q)
L) + 1g@) Ly ds < oo

withk = k(o) = —Vd:cz Jfrom Proposition 4.9.

Appendix A. Proofs of Theorem 4.1 and Proposition 4.11

Proof of Theorem 4.1 Ad (i). We fix a particular X, = C, x Uj X9+ Xy Uf. The
construction of the submersion follows [30], where this has been done for manifolds of
fixed multilinear rank in finite-dimensional tensor spaces. Here we additionally have
to take the constraint C € M, for the coefficient tensor into account. In the following,
O is an open neighborhood of X, in £(N) that can always be chosen sufficiently
small to ensure that all maps are well defined.

Since X, € M, the matricizations Mﬁ* admit low-rank decompositions (4.4),
which can be written in matrix product form as

MYy, = ULV

Here the columns of UL and V//* are bases of the minimal subspaces U/ C £>(N) and
Vi Ez(Nd_l), respectively. For X € M sufficiently close to X, it will be useful
to define a particular basis U )’é for the p-th minimal subspace U*, u =1, ...,d, as a
continuous function of X. To this end, we choose

Uy = My(viHl, (A.1)
where Y, = [YTY]7!'YT denotes the pseudoinverse of a matrix with full column
rank. Then U }’(L has full column rank for X close enough to X, which follows from
U )’é — U¥ for all u for X — X, and the lower semicontinuity of the rank. As a
result, every X in the neighborhood of X, can be written as

X =Cx x1 U} x2--- x4 US.

Moreover, we can assume that foru =1, ..., d, the r, x r,, matrices (Uf)Jr Uﬁ(i are
invertible (again, since Uy — UL’ for all u for X — X,). We then also consider

Cx = X x1(UD s %2 xq (U1 = Cx x1 (UN4 Uy x2- - xq (UL US. (A2)

Clearly, Cx, = C,.Noting that by (4.2) the condition Cx € M. in (4.1)isindependent
under invertible changes of basis, we arrive at the following local description of M:

MNO={X€0: Cx € Mc, rank(My) =ryforp=1,....d}.  (A3)
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We next describe the constraints as preimages of smooth maps. We begin with
the constraint Cxy € M. Since M, is assumed to be an embedded submanifold of
R there exists a submersion ¢ from an open neighborhood of C,, € M, to R?
(here g is the co-dimension of M) such that the conditions C € M. and ¢ (C) =0
are equivalent in this neighborhood. Considering

20:0—> PRI, X ¢(Cy),

we then locally have Cy € M, if and only if go(X) = 0.

‘We now consider the rank constraints in (A.3), which first will be reformulated. Let
Py = UL (UL) denote the orthogonal projections on the z.-th minimal subspaces
of X,, and let

JP’M:PU}K®~-~®Pm®idu+1®~-~®idd,

with the convention Py = id. In the following we consider tensors P;,_1(X), that
is, orthogonal projections of X onto the subspaces U} ® - - - ® Uk 1@ gy (Nd-Rt,
In particular, we claim that for any fixed 1 < v < d there exists a neighborhood
of X, in which the condition rank (M ;) =ry forp =1,...,vis equivalent with
rank(MﬁfMil(X)) =ry forall u = 1,...,v. This is shown by induction over v. For
v = 1 the statement is trivial since Py = id. In the induction step v — 1 — v, it
suffices to show that in some neighborhood of X, any X satisfying rank (M ;) =1y
foru =1,...,v—1also satisfies rank(M;() = rank(ME”),%l(X)). Any such X liesin a
subspace U Q@ QU ® £r(NY™VH1), where U* are the minimal r,-dimensional
subspaces of X. We choose a neighborhood of X, in which the restrictions of all
Py to U* are necessarily invertible maps between U and U/ (which is equivalent
with (UL)4 Uk being invertible). Hence in this neighborhood the projection P, is
a tensor product of invertible operators between U' ® --- @ U’ ™' ® £,(N¢~V*+1) and
U R - @U@ €r(NY~"F1), which hence leaves all matricization ranks invariant.
Hence, for such X, we obtain that rank(M}’() = rank(MI‘[;U_1 +)» which completes the
induction.

Applying the above equivalence with v = d allows us to replace the conditions
rank(Mg) = ry in (A.3) with rank(Mﬁ,fﬂil(X)) =ryforpu =1,...,d. These latter
conditions are now handled via Schur complements as follows. Note that

M ) MU @UT @ LN,
We consider orthogonal decompositions
LN =U & UH*
and
U@ U @ LN =V @ WL,
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which is possible since Vi is even contained in the smaller subspace of M}F ® - ®

L{ﬁf_l ® Z/lﬁfH R ® Z/t‘i (which in turn follows from X, € Z/{i R Q Z/ti). Hence
in this notation

Mp, ,(x) € Uy & U1 [VE & WL

By applying a block decomposition of Mﬁiq x) into the four corresponding parts,

Ok = Pyp Mg, (x) Py € UL ® VX,
R = B M P <28 @ W,
Sk = (d —Pp)ME | P € U @ VL,

TY = (d—Py)Mp |, Py € UDT @ WL,

we can consider the Schur complement functions
gu:0— UHT WL, X TE — S04 'RE. (A.4)

Note that Q’; is indeed invertible (as an r;, x r, matrix in U, @ V) for X close enough
to X, since Q’;* = PpM g* Py is invertible. As for finite matrices, we then have

gu(X) = 0if and only if rank(MﬁL_l(X)) =ry.
Defining

g=1(2081,--,80): O = RI X [UYT @W,] x -+ x [UH @ W]
we conclude from all the previous considerations that (A.3) can be written as
MNO =g 0.

We need to show that g is a submersion in X,, that is, g’(X,) is surjective. First
note that for u = 1, ..., d we have

g (XOH] =Tg = (id —Pug)MI’E,fWI(H)PM, (A.5)

that is, g;L (X4) is the orthogonal projection (of the p-th matricization) onto the sub-
space (UL)T ® WY, This follows by applying a product rule to (A.4) and noting
that Rﬁ* = 0 and S;* = 0. When viewed as subspaces of £5(NY), the subspaces
o )L ® W are mutually orthogonal to each other, since they are contained in the
pairwise orthogonal subspaces L{i ®--- QU ! Q UHE @ r(NI™H), respectively.
Moreover, all of them are orthogonal to the subspace L[i (SRR Uf,f . Regarding g,
note that

20(C x1 U} x3-+ xq Ud) = ¢(C) (A.6)
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(again with U = UL"), which shows that already the restriction of go tolf. ®- - - @
is a submersion in X, since ¢'(Cy) is surjective to R?. It is now easy to conclude
from these facts that g’(X,) is altogether surjective.

By the local submersion theorem in Hilbert space, see [36, Thm. 73.C], M NO =
g~ 1(0) is a smooth submanifold of . The tangent space Tx, M at X, is the null space
of the g’(X,). The proof of part (i) is therefore completed.

Ad (ii). The existence of the continuously Fréchet-differentiable homeomorphism
@ of the asserted form is a consequence of Ljusternik’s submersion theorem as stated
in [35, Thm. 43.C]. To show that (in a possibly smaller neighborhood around zero) ¢ is
also an immersion, that is, ¢’ (§): Tx, M — T,)M is injective and its range splits, it
suffices to show that there exists ¢ > 0 such that ||/ (§)h| > c||h| forall h € Tx, M.
This, however, follows immediately from the continuity of ¢’ and ¢’(0)h = h. By
definition, ¢ is therefore a local embedding [36, Def. 73.43].

Ad (iii). Let & be an element of the form (4.5) (but at X, = C, X Uj X+ Xq Ujf).
Since C € Tc, M, there exists a curve C(#) in M, such that C(0) = C, and
C’(0) = C. For small enough 1,

X(1) =C@t) x1 (U +10") x3 -+ xq (UL 4+1U%)

then defines a curve in M because UY + tUM has full column rank for nw=1,...,d.
Obviously X (0) = X, and by multilinearity it is easily seen that X’(0) = &, which
shows & € Ty, M.

In order to show that all tangent vectors are of the form (4.5), let§ € Ty, M and a
corresponding curve X (1) € M with X(0) = X, and X’(0) = & be given. For small
enough ¢ we represent X (¢) in the particular bases U )’;(t) defined in (A.1) as

X(@) = Cxq x1 U)lf(t) X2t Xd U§<t)’

where Cx ;) is in M. Clearly, the curves ¢ — U )l;(t) are smooth. It implies that for

small enough ¢ the pseudoinverses ¢ — (U )’(‘(I))Jr are also smooth functions. It then
follows from (A.2), by applying an inverse transformation, that also 7 — Cx() is a
smooth curve, since Cx ;) is. By the product rule we then get that

£ =X'(0) =C~‘><1U>,£ ><24--de£+€*><]01x2~4-><de—|—-~-+C*><1U>,£ ><2A--><dl~/d,

(A7)
where C € T¢c, M. is the derivative of t — Cx () int = 0, and U* € (£2(N))" is the
derivative of # U;m int =0foru =1,...,d. By decomposing every column of

U" into the span of UL and its orthogonal complement, we can write
U* =Uls, + UL,

where S, is some r, x r;, matrix and UMt Uf = 0. Expanding the expression (A.7)
we then have

& =KX]U*1 X2~~Xde—I—C>‘< XlUi X2~~'XdU:l—i-'“—l—Cl‘<
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><1U>: Xp o+ Xy Uf

where
K =C‘+C* X1 8] Xodd X3+ Xgid4+---4+Cy x11d X2 --+ Xq S4.
It remains to show that K € T¢, M, to conclude that £ is of the asserted form (4.5).

Since Tc, M is a linear space it suffices to show this for every term. For C there is
nothing to show. The sum of the remaining terms equals the derivative of the curve

C(t) = C* X1 (1d+fS]) X9+ Xg (1d+tSd)

att = 0, which for small enough ¢ lies in M by the invariance condition (4.2). Hence
C'(0) € Te, M. O

Proof of Proposition 4.11 Let X1} ¢ RV =NuxButiNa pe g matricization of X.
We can decompose

with UU, = id,, and V[V, = id,, . Furthermore, we define the spaces U
Viu+1,....qy via their respective orthonormal bases

.....

,,,,,

nh = (Ul & iszmNM) T (U;L—l ® idNﬂ)Uu
and

T T - T
Virt,d = Vi1 QAo ®Vy)-
The projection Py can be decomposed as

Py =P} +...+Pf,

where

see, e.g. [25] or [34, Section 9.3.4]. Let 1:1{1,“,,“} and f){u+1
spaces for Y. Then by (4.13),

,,,,,

1PX —PYI = I(Py,_ ., ®idy, —Py, .
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)

4
=—IX-YI
o

holds and the first desired inequality readily follows. For the other inequalities, we
use the decomposition of the identity matrix

+ o Gdy, —Pyy) ®idy,.

into orthogonal projections onto mutually orthogonal spaces. Then

+ (ile - PZ/[“)) ® (Pf}(Z,..,.d) - PV{z 1111 d})(X - Y)
holds. Note that the operators map onto orthogonal subspaces. Hence, we get the
desired estimate

vd—1
1Gd =P)(X = V)| = ——— X — Y2

By continuity of the projection and taking limits, the estimate also holds for ¥ € M_.
In a similar way, the second inequality follows. O
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