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How are two-body scattering and the resulting collective phenomena affected by preparing the mediator
of interactions in different quantum states? This question has recently become experimentally relevant in a
specific nonrelativistic version of QED implemented within materials, where standard techniques of quan-
tum optics are available for the preparation of desired quantum states of the photon mediating interactions
between matter’s constituents. We develop the necessary nonequilibrium approach for computing the ver-
tex function and find that, in addition to the energy and momentum structure of the scattering, a further
structure emerges, which reflects the Hilbert-space distribution of the mediator’s quantum state. This emer-
gent structure becomes nontrivial for non-Gaussian quantum states of the mediator, and can dramatically
affect scattering and collective phenomena. As a first application, we show that by preparing photons in
pure Fock states one can enhance pair correlations, and even modify the criticality of the superconducting
phase transition. Our results also reveal that the thermal mixture of Fock states regularizes the strong pair
correlations present in each of its components, yielding the standard Bardeen-Cooper-Schrieffer criticality.
Besides the above QED platform, ultracold atomic mixtures are among the most promising candidates for

the experimental implementation of these ideas.

DOI: 10.1103/PRXQuantum.6.020341

I. INTRODUCTION

Interactions between the constituents of matter are,
at the fundamental level, always described in terms of
force carriers. In the standard model of particle physics,
these carriers (or mediators) are gauge bosons, the most
commonly known being the photon, which mediates the
interaction between electric charges within quantum elec-
trodynamics (QEDs).

The nature of the carrier controls the nature of the inter-
actions between the fermionic constituents of matter. For
instance, the mass, charge, or spin of the gauge bosons
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determine the properties of the force they mediate. Within
the full quantum mechanical description, the gauge bosons
are excitations of a field. Therefore, in addition to the
above single-particle properties, a scattering event between
two fermionic particles will also in general depend on the
quantum state of the carrier gauge field. As an example, the
electromagnetic field can be found in a so-called coher-
ent state, which follows the classical Maxwell equations,
or instead in a nonclassical Fock state (also called pho-
ton number state), which contains a nonfluctuating fixed
number of photons [1].

The following question can then be asked: how is the
scattering between the constituents of matter affected by
preparing the force carriers in different quantum states?
This work revolves around this issue, which is so far
largely unexplored. One reason for this lies in the fact that,
in the context of high-energy physics, a systematic experi-
mental investigation is not feasible, as in particle colliders,
the gauge fields cannot be prepared in a desired quantum
state.

On the other hand, the above question becomes relevant
in a specific nonrelativistic version of QED implemented
within materials [2—4]. Here, by confining the light around

Published by the American Physical Society
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matter (for instance, using mirrors forming a resonator), a
selected number of modes can be separated from the elec-
tromagnetic continuum, and standard techniques of quan-
tum optics become available for the preparation of desired
quantum states of photons. Importantly, mode confinement
enhances the coupling between photons and electrons,
so that the material is affected already by low-intensity
electromagnetic fields, which are more easily prepared
in nonclassical states. Recent experimental developments
now allow to prepare non-Gaussian states of structured
light [5—8], where the dimensionality (both in real and
frequency space) of entanglement is enlarged by multiple
modes beyond the binary polarization space. Finally, the
fact that this regime of QED is realized within a material at
finite electron densities, allows the effect of different quan-
tum states of photons to be explored not only on individual
scattering events between electrons, but also on emergent
collective phenomena (see Fig. 1).

In order to answer our question of interest, an approach
outside the scope of equilibrium scattering and many-
body theory is needed, since the mediator’s part of the
system is externally prepared in an arbitrary initial state.
We achieve this by developing a tailored real-time formu-
lation of the Dyson equation for the two-particle vertex
function, known in thermal equilibrium as the Bethe-
Salpeter equation [9]. The advantage of our approach is
to reveal the difference between initial quantum states of
the mediator through an emergent structure of scattering
vertices. This structure, which is irrelevant when the medi-
ator is prepared in a Gaussian state, adds to the usual
energy, momentum and causal structure of the scattering,
and is determined by the wave function in the Hilbert
space of the mediator. Moreover, our method is amenable
to nonperturbative resummation techniques, allowing to
describe collective phenomena, like instabilities towards
macroscopically ordered phases.

After developing the general framework, we concen-
trate on a specific example in the context of QED within
materials: the case of photon-mediated electron pairing
and superconductivity. This recently proposed possibility
provides a new scenario, with implementations both in
two-dimensional materials [10,11] and ultracold atomic
gases [12—14]. In particular, by considering a specific tight-
binding model of QED, recent studies have found that, as
an alternative to tuning the electromagnetic-mode energy,
one can project the photon onto number states to control
the sign of the effective light-mediated, static interaction
potential [15], and thus favor pairing and superconduc-
tivity over competing instabilities [16]. A modification
of the effective light-matter coupling constant could also
be achieved by squeezing the photon field to enhance
the proper quadrature entering the electromagnetic vec-
tor field, as proposed in the phonon case [17]. On the
other hand, in a previous work [18] we have shown that
pairing can actually be dominated by scattering processes,
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FIG. 1. Sketch of a possible scenario: an ensemble of parti-

cles within a cavity interacts via photons, which are prepared in
a thermal equilibrium state or in a pure photon-number (Fock)
state.

which are not mediated by a static interaction vertex as
in the usual Bardeen-Cooper-Schrieffer (BCS) scenario,
but rather by resonant (nonadiabatic) photons. Here we
demonstrate that exactly those non-BCS processes directly
depend on the quantum state of the photon, and give thus
rise to the emergent structure of scattering vertices for non-
Gaussian states. In particular, by preparing the photons
in pure Fock states, one can enhance pair correlations in
a controlled way, thereby modifying the criticality of the
superconducting phase transition. Our results also reveal
that the thermal mixture of Fock states regularizes the
strong pair fluctuations present in each of its components,
yielding the usual BCS criticality.

II. SUMMARY OF THE MAIN RESULTS

A. General result: qualitative modification of
scattering through an emergent structure reflecting
the Hilbert space of a non-Gaussian mediator

(1) For a generic form of the coupling between the
fermionic matter and the bosonic mediator, appli-
cable to a broad class of systems including gauge
theories, electron-phonon systems, and Bose-Fermi
mixtures, using a real-time formulation on the
Keldysh contour we derive the equation for the two-
particle scattering vertex between two fermions with
the bosonic mediator initially prepared in an arbi-
trary quantum state. This equation, which we name
Mediator-Hilbert-Space Bethe-Salpeter (MHSBS)

020341-2
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FIG. 2. Emergent scattering structure in the mediator-Hilbert-space Bethe-Salpeter (MHSBS) equation [see Eq. (32)]. Schematic
representation of the equation for the scattering vertex function I'” between two fermions (blue lines) mediated by a single-mode
mediator boson (wiggled line) initially prepared in a pure Fock state with occupation n. The properties of the boson are encoded in
Green’s function D, while the form factor of the boson-fermion coupling is 7¥’. Two fermionic blue lines meet with the bosonic
wiggled line at the Yukawa vertex [given in Eq. (24)] represented by black dots. The matrices M and M,.s encode the momentum,
frequency, and causal structure of the scattering (with the symbol o indicating the tensor product in all the corresponding spaces). In
particular, M,.s corresponds to scattering processes where a real mediator is fully absorbed and emitted by the fermions. These processes
are the ones depending on the quantum state of the mediator, and give rise to the emergent structure reflecting the Hilbert space of the
latter. The vertex I'” thus becomes coupled to vertices corresponding to smaller (m < n) Fock-space occupations I'”, with the coupling
function F,_,,. The bottom row represents the form of the iterative solution of the MHSBS equation [see Egs. (33) and (47)].

2

3)

equation, is shown schematically in Fig. 2 for the
particular case of a single-mode mediator initially
prepared in a pure Fock state. In the MHSBS
equation, the scattering vertex acquires, in addi-
tion to the usual frequency, momentum and causal
(Keldysh) components, further components labeled
by Fock indices, i.e., representing the Hilbert space
of the mediator. The couplings between the Hilbert-
space components of the vertex are set by the initial
quantum state of the mediator.

The additional Hilbert-space structure of the
MHSBS equation is induced by resonant scattering
processes involving the absorption or emission of a
real (as opposed to virtual) mediator. Such processes
are obviously dependent on the quantum state of the
mediator.

When the state of the mediator is Gaussian, the
couplings between the Hilbert-space components
of the vertex are such that the emergent Hilbert-
space structure in the MHSBS equation can be
rearranged to become irrelevant, yielding the stan-
dard Bethe-Salpeter equation (see Fig. 5). The fact
that the emergent structure becomes irrelevant does

020341-3
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not mean that the Gaussian quantum state of the
interaction-mediator plays no role, as it still affects
the standard Bethe-Salpeter equation.

In the particular case of a mediator prepared in a
pure Fock state, the emergent scattering structure
involves coupling between vertices corresponding
to different Fock states with a number of media-
tor boson smaller than the initial one. It can be
solved in a hierarchical fashion starting from the
vacuum state. Physically, this can be interpreted as
the two fermions scattering via the exchange of an
ever decreasing number of photons from the initial
one down to zero. This very generally leads to a dif-
ferent functional dependence of the vertex function
on external parameters, that is, to a qualitative dif-
ferent behavior of scattering and thus of collective
phenomena.

B. Application to photon-mediated superconductivity:

a different criticality for Fock states

(1) We apply the MHSBS equation to the computation

of the scattering vertex, for a specific QED setup
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Superconducting critical behavior of electrons for different quantum states of the mediator photon in cavity QED. The

MHSBS equation (see Fig. 2) is solved in the pairing channel at the superconducting critical point. Two quantum states of the mediator
photons are compared: a pure Fock state with » photons, and a thermal mixture [Eq. (6)] with average number of photons (1) = ng(7).
Different critical properties are considered: the susceptibility exponent y (see Sec. VIIB), the correlation length &, and its critical
exponent v (see Sec. VIIC).
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belonging to the class described in the introduction,
where cavity photons mediate interactions between
electrons at finite density.

Photon-mediated interactions can induce the forma-
tion of electron pairs and ultimately a transition to
a superconducting phase. We focus on the critical
properties of this transition.

We compare the results for two different states of
the photon (summarized in Fig. 3): (i) a Gaus-
sian thermal mixture (where the emergent scattering
structure is irrelevant, see Fig. 5), and (ii) a pure
Fock state with n photons (inducing a nontrivial
emergent scattering structure of the type shown in
Fig. 2). The preparation of Fock states of light
within a cavity can be achieved, for instance, by
injecting through the cavity mirrors a light pulse
generated by one of the state-of-the-art sources of
photon-number states. An alternative, which avoids
the in-coupling issues of the latter protocol is to pre-
pare the Fock state of photons directly within the
cavity, which can be done by using additional mate-
rial’s degrees of freedom to engineer the required
optical nonlinearity.

The electron-electron vertex function in the pair-
ing channel I'puring diverges at the critical tem-
perature for the superconducting transition. The

)

(6)
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corresponding critical exponent y equals one in the
standard BCS scenario where bosons mediate sim-
ply a static attractive interaction. Instead, when the
mediator boson (photon in our case) is prepared
in a Fock state with n particles, we find that y
grows linearly with n. This is due to the emergent
pair-scattering structure in the mediator Fock space,
corresponding to a hierarchy of scattering processes
where the electrons exchange an ever decreasing
number of photons from the initial one down to zero
(see point A.4). Indeed, this hierarchical structure
leads to enhanced critical pair fluctuations, mathe-
matically expressed by a photon-number-dependent
power law governing the divergence of the vertex
function at the critical point [see Eq. (56)].

This photon-number-dependent power-law diver-
gence of the vertex function also manifests in an
enhanced electron pair correlation length &, which
is increased by a factor 4/1 + n.

The enhanced critical pair fluctuations present when
the photon is prepared in Fock states are regularized
in the Gaussian thermal mixture, where the y and
& are independent of the photon number and agree
with the BCS prediction. This regularization hap-
pens thanks to the peculiar Hilbert-space structure of
the Gaussian thermal mixture, which combines the
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hierarchical structures of the scattering from each
of its Fock-state component in such a way that they
become irrelevant (see also point A.3).

(7) The modification of the critical exponent appears
in our calculations through the modification of the
effective dimensionality of the scattering space,
which, as our MHSBS equation shows, is enlarged
by the Hilbert space of the mediator. This very
interesting finding shall stimulate future work where
methods tailored to the computation of critical
exponents (like the renormalization group analysis)
will be extended to include the emergent Hilbert-
space scattering structure, in order to study possi-
ble changes in the universality class of the phase
transition.

III. STRUCTURE OF THE PAPER

In Sec. IV we provide a brief review of the background
formalism. In Sec. V we derive our MHSBS equation.
From Sec. VI on, we specify to the cavity QED model
where photons mediate pairing between electrons, and
compute the critical properties of the superconducting tran-
sition in Sec. VII. In Sec. VIII, we discuss justification of
the time-independent approach we used to study the case
of cavity-mediated superconductivity. Finally, in Sec. IX
we provide concluding remarks and a brief outlook.

IV. BACKGROUND FORMALISM

The approach employed in this work is based on the
Schwinger-Keldysh field theory (KFT), which is an action-
based formalism able to describe quantum many-body
systems out of equilibrium. The Keldysh partition func-
tion, Z is defined from the time-evolving density matrix
o) as Z = Tr[U(00,0)p(0)U(0, 00)], where U(t,0) and
U(0, ¢) are the forward and backward time-evolution oper-
ators, respectively. These are represented by two path
integrals, each involving one of two independent fields,
x+(?) and x_(?) [19]. These two pieces of the path-integral
contour are connected at 1 =0 by the matrix element,
{(x+(0)[p(0)|x_(0)) of the density matrix of the system at
the initial time, as

Z= f D[ x4, x—1eB5e 0 =S5 (0)]5(0)| x—(0)).
(1)

Here, S,y is the action describing the time evolution of the
system over the forward and the backward contour.

We start by considering a system of noninteracting
bosonic or fermionic particles, described by the Hamilto-
nian

HO = Za)sbzbs (2)

Here bI is the creation operator of the bosons or fermions
in the single-particle state labeled by the index s, satisfy-
ing the usual commutation and anticommutation relations
(bSb;r F bibs) = 1, with the convention where the upper
and lower sign applies to the bosons and fermions respec-
tively. In this noninteracting case the action is simply

Seu(xs) = / " X0 (@8 — ) xe(s0. ()

We will be interested in computing Green’s functions
(GFs) of the system. For this purpose we define the the
generating functional, which is obtained from Z by adding
sources J (f), which couple linearly to the fields x, and
x-as [19],

Z[J]= / D x4, x—]eSev ) =Sevxl (5 (0] 5(0)] x—(0))

> ei(f Aty JE DX+ (0= [dt Yo T* (5.0 x—(s.0)+h.c.) ) (4)

Due to the constraint imposed by the conservation of prob-
ability and causality, not all GFs are independent. It is
thus useful to work in the rotated basis of classical x., =
(X4 + x-)/+/2 and quantum fields xo =X+ — x=)/V2.
For instance, among the one-particle GFs, only two out of
four are independent, namely the retarded and the Keldysh
(also called statistical) GF. Those are defined as,

Gr(s, 1,1) = =i{xa(s, ) xp(s,1)) = ki)
RS, 5 1) = —KXa(S, D XS, N aJé(S’ DdJa(s, 1)’

/N . * / — 1822[‘]]
Gk (s, 1,1) = —i(xai(s, 1) Xz (s, 1)) = 3J5(s,00Jg(s, 1)

®)

where J. 90 = (Jy £J)/ V2 are the classical and quantum
component of the linear sources. As the nomenclature sug-
gests, Gy represents the retarded evolution of the system
governed by the dispersion (and the lifetime) of the modes,
and hence does not depend on the initial conditions. On the
other hand, Gk explicitly depends on the initial conditions
carrying their memory during the time evolution.

In order to proceed and derive equations of motions for
the GFs, we have to deal with the matrix element of the
initial state. As illustrated in the next two sections, we will
do this by exponentiating the matrix element of the initial
state, so that Z can be expressed as a path-integral with an
action which incorporates both the information about the
initial conditions as well as the time-evolution under the
Hamiltonian.

A. Single-particle Green’s functions for thermal initial
states

In this subsection, we will illustrate how to incorporate
the matrix element of the initial state in the action for a

020341-5
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thermal initial condition and obtain the GFs. We consider
a Gaussian thermal initial density matrix at temperature
T = 1/ given by,

Dy € P2 {ng)) ()|
Yy e Pz

p0) = pn = Q)

with |{ns}) = |n;,ny,...) being a Fock state with n; par-
ticles in the mode 1, n, in the mode 2, etc. In this case,
the matrix element of the initial state can be readily
exponentiated as a bilinear term of the initial fields as [19],

KOO x-(0)) = [ [ F po) e e po 00,
™

where p; = exp(—pBws). Hence, the information about the
thermal initial conditions can be easily added as a quadratic
(bilinear) term in the action as

7= l_[(l qus):FlfD[X+a X_]ei[Sev(X+)—Sev(X—)+8S(Xi,x—;ps)]’

with

8S(XG> X3P = Fi ) psx (5, 00x-(5,0).  (8)

This makes systems starting from Gaussian thermal initial
density matrices amenable to the standard KFT techniques
[19]. For noninteracting systems [evolving with the Hamil-
tonian given in Eq. (2)], the whole action is quadratic and
the functional integrals over the fields can be performed
exactly to yield the one-particle GFs,

Gr(s,t,1) = —i®(t — {)e =",

ltps o o ©)
Gr(s.1.1) = —i— P gmiont=1)
1 F py

where (1% p5)/(1 F ps) = 1 £ 2npp) is related to the
Bose or Fermi distribution npry in thermal equilibrium.

B. Single-particle Green’s functions with arbitrary
initial states

For an arbitrary 5(0), exponentiation of its matrix ele-
ment in Eq. (1) can not be performed to obtain a §S
containing only bilinear terms involving the initial fields
x+(0) and x_(0). Hence, even noninteracting systems
starting from nonthermal states 6(0) yield a non-Gaussian
field theory, which cannot be treated exactly within the
standard KFT. Recently, in Ref. [20], an efficient prescrip-
tion has been proposed to exponentiate p(0) within the
action-based KFT formalism, which we will briefly review
here.

To illustrate this, we first assume that the system is
initialized in a pure Fock state |{n,}) = |n1,n,...),

£(0) = Hng}) ({ng}!. (10)

In this case, (x4 (0)|0(0)|x—(0)) can be exponentiated by
introducing a quadratic source u;, which couples to the
bilinears of the initial fields x(s,0)x_(s,0) for all the
modes s, and finally taking appropriate derivatives with
respect to u,. For the state given in Eq. (10), the matrix
element can be written as

(K O)AO) [ X-(0)) = Le* T tert 60100

(11)

Ug=!

where the derivative operator,

1 a\"
CnHE) e

encodes the information about the initial Fock state.
The corresponding partition function of the system can
be thus written as

7=r |:/ D[X_HX_]ei[Sev(X+)—Sev(X—)'HSS()(_T_,X—;M)]:|

ug=0

with

8L, x—su) = Fi Yy usx1(s,0x-(5,0.  (13)

The prescription for computing the GFs is then organized
in two steps.

(i) Define an intermediate u;-dependent partition func-
tion in the presence of the linear, J, and quadratic,
ug sources,

21 u] = / Dl x_JelSev 0 =Sev G488t -]
> ei(fdtzs JEED X+ (8.0 —fdtzq J*(s,0) x—(s,0)+h.c.) )
(14)

By taking derivatives of Z[J;u] with respect to
the linear sources we obtain an intermediate {u}-
dependent Green’s functions G(s, ¢, 7; u) as,

i0°Z[J;u] . ,
V00T 0) [U“ Fu)T | G,
(15)

where we omitted the contour indices for simplic-
ity. At this point it is important to note that the
normalization of the intermediate partition function
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Z[J = 0;u] = [[,(1 F us)¥' crucially depends on
the initial sources {u;} and hence we need to keep
it explicitly in the path integral (unlike the Gaussian
thermal case where Z[J = 0] = 1). The intermedi-
ate retarded and Keldysh Green’s functions take the
form,

Gr(s,t,/;u) = —iO (1 — )e (=0

Gg (s, t,t;u) = —i——

where the retarded component is (as expected) inde-
pendent of the initial sources and hence the infor-
mation about the initial conditions of the system is
solely carried by the Keldysh component.

(ii) Take the derivatives of G(s,¢,¢;u) with respect to
{us} to calculate the physical GFs G(s,t,1) of the
system . This yields

Gr(s,t,) = L | [ [(1 Fu) ¥ Grs, 1,45 u)
L s A lug=0
= —iO(t — )e ="
G (s, t,0) = L| ][ F u)¥' G (s, 1,7 0)
L s _ us=0
= —i(1 £2n,) e D,
(17)

Here, for the sake of simplicity of the notation, we
use G with an explicit # dependence in the argument
as an intermediate GF, while the one without such
dependence is the physical GF.

We note that interchanging the order of taking derivatives
with respect to J and u is permissible, as J are linear
sources and u quadratic sources. This is crucial for the
major simplifications allowed by this method [20] (see also
next section).

An immediate extension of the above formalism for ini-
tial pure Fock states is to include a density matrix, which
is diagonal in the Fock basis,

AO) =" ey l{nsh) ({ns}l, (18)
{ns}

where ), cjn) = 1. In this case the derivative operator
which encodes the information about ©(0) takes the form

1 a\"™
L= » — . 19
}C{ S}Unsl (8%) (19)

{ns

As before, applying £ on the intermediate {u}-dependent
Green’s functions G(s,t,¢;u) (together with the {u}-
dependent normalization) we obtain the final physical
Keldysh GF,

Gk (s,t,1) = —i

{ns

iy (14 2n) €701 (20)
}

while the retarded component of the correlation function
remains unaffected by the initial condition and is given by
the first two lines of Eq. (17).

We note that in both the examples of initial density
matrices given above in Egs. (10) and (18), the dynam-
ics of the system is invariant under time translation as
the Hamiltonian is diagonal in the same Fock basis. The
time translation invariance is broken when we consider
a generic initial density matrix of the multimode system
which also has nondiagonal elements expanded in the Fock
basis. Within this extended KFT formalism, we can deal
with a generic number-conserving 6(0) of the form,

PO =Y Clagmlmd){ns}l, @1

{ns}.{ms}

with the constraint ) " ny = ) _mj. In this case the physi-
cal Keldysh GF becomes a function of two time variables:

Gi(s.s t.0) = —i (1 + 2(b§bs,>0) ei@st—oy?) (22)

while the retarded GF is unaffected by the initial condition
and thus remains time-translation invariant. In this case,
the system exhibits a nontrivial time evolution induced by
the memory of the initial state.

V. VERTEX FUNCTION FOR INTERACTION
MEDIATOR INITIALIZED IN ARBITRARY
QUANTUM STATES

After having reviewed how to compute single-particle
GF in a system of bosons or fermions initialized in a
non-Gaussian, nonthermal state, we now turn to the case
of interest, which is the one where fermions (the con-
stituents of matter) interact with bosons (the mediators)
via a Yukawa-type coupling, and the bosons are initialized
in a nonthermal state. We will be interested in studying
how fermion-fermion scattering mediated by the boson,
and ultimately collective phenomena, are affected by the
state in which the boson is initialized. This requires us
to develop an extension of the standard Dyson equation
for the two-particle vertex function (also called Bethe
Salpeter equation), allowing the memory of the nonther-
mal, non-Gaussian initial conditions of the boson to be
dealt with.

The fermionic matter is initialized in a thermal density
matrix given by Eq. (6). The contribution to the non-
interacting part of the action coming from the fermions
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is Sp(Yer, o) defined in terms of the Grassmann fields
Ve, Y. This takes the thermal form composed of Egs.
(3) and (8). By inverting Sp we can obtain the non-
interacting fermionic GFs given in Egs. (9). On the
other hand, the bosons are initialized to the generic
diagonal density matrix given in Eq. (18), which cov-
ers a broad class of initial conditions. Differently from
the fermionic counterpart, the noninteracting bosonic
action has the contribution given by Eq. (13), which
depends on the initial quadratic source u. It is useful
to express the bosonic action Sp(X.;, Xp;u) in terms of
real position (also called quadrature) fields X (s, 1) =

[Xcz,Q(s, D+ X0, t)] /A/2w;, yielding the noninteract-
ing u-dependent (intermediate) bosonic GFs of the form,

1 + u, cos(ws(t — 1))

1 — u 2w ’

sin(w,(t — 1))
2wy '

DK(S> Z, tla Ll) =1

(23)
Dgp(s,t,f) = —O@ —1)

We consider the following form of the Yukawa-type
coupling:

T
Hi =Y V208w scpeiX (s,1),
ki s

24)

where cz (ck) 1s the creation (annihilation) operator of the
fermions with momentum k& and X (s,7) is the position
operator of the bosons in the s mode at time 7. We stress
that the form of coupling (24) can describe a broad variety
of cases, including the coupling of matter to vector poten-
tials like in gauge theories, the coupling between electrons
and phonons, or the coupling between the Bose-condensed
component and the fermionic component of a binary mix-
ture, as realized both in ultracold-atomic [21,22] and in
exciton-electron [23,24] systems. The corresponding part
of the action reads

o0
Sint = —/ dtzgk,k’,x\/ 2w

X ks
x [{w K 0ok, 1) + cl < O} Xe(s, 1)

+ (YK, DVak, D) + cl < OYXo(s, 0] (25)

After integrating out the bosonic degrees of freedom
(which can be done exactly), we obtain the intermediate
partition function Z[u] involving only fermionic fields of
the form,

Z[u] = ; /D[wclQ]eiSF(‘//cl,WQ)+iSCE(‘//c],‘//Q§u)
S —uy) ’ ’

Il
(26)

where the four-fermion effective interaction term mediated
by the bosons is given by a sum of terms in Keldysh space
with the following structure:

S o) = — [ dat Y VO (). DG. 150

{ki}.s

x Y ki, OV (o, )Y (s, €)Y (Kas 0).
27

The strength of the quartic interaction is V' ({k;},s) =
Ws8ks ks 58k, 4y 5+ HETE We have omitted all Keldysh indices
for the sake of simplicity, since the results of the present
section can be illustrated without explicit reference to the
Keldysh structure. This does not mean the latter is not
important, as the memory of the initial quantum state in
which the mediator boson is prepared is encoded only in
the Keldysh component of D(s, t,¢; u). Due to the causal-
ity structure of the theory, each component of D(s, t,¢; u)
can appear only together with certain combinations of the
(cl, Q) indices of the fermion fields. We refer to Appendix
A for a detailed discussion.

The physical partition function of the system is obtained
by taking the appropriate set of derivatives of Z[u] with
respect to {u,} through the operator £. The detailed form
of the operator £ depends the specific form of p(0) of the
bosons. For the particular case considered in this section in
Eq. (18), L is given by Eq. (19). As illustrated in the previ-
ous section, to calculate the physical GFs of the interacting
fermions, we add linear sources J (k, #) coupled to the fields
¥ (k, t) at all times ¢, and then take derivatives of the phys-
ical generating functional Z[.J] with respect to J to obtain
the m-particle physical GF GE (ki,...,ku,t1,. .. ty). The
nonlinearity of the derivative operator £, together with
the presence of the crucial u,-dependent normalization
1/T1,(1 — uy) of the partition function, makes several use-
ful properties of the theory, which could be exploited
for Gaussian thermal initial conditions, inapplicable here.
A major complication comes from the fact that Wick’s
theorem cannot be used to factorize the physical higher-
order GFs in terms of two-point GFs when the action is
Gaussian [20]. This leads to the breakdown of standard
perturbative and nonperturbative approximations, like the
Dyson or Bethe-Salpeter equations normally used for sys-
tems initialized in a Gaussian thermal state [9]. In order
to overcome these problems in our specific computation
of the fermion-fermion vertex function with a force medi-
ator prepared in a non-Gaussian initial state, we adopt
a two-step procedure like the one used for the case of
purely bosonic or fermionic model of Sec. IV B. After
having integrated out the mediator, we are dealing with
a purely fermionic action. We first define an intermediate
{us}-dependent GF GE (ki -+, kym, t1, - . - tam; 1) Obtained
from Z[J, u] by taking derivatives with respect to the J’s,
and subsequently take the final derivatives with respect
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° ® G o
Tw = R +
>}
° ° G e
First Order

Second Order

FIG. 4. The perturbative expansion of the intermediate vertex function I' (1), which takes the same form as in the thermal-equilibrium
case [9]. The diagrams are arranged in powers of the coupling factor ¥ ({k;},s), and are shown up to second order. fermions are
represented by solid blue lines (G is the noninteracting fermionic Green’s function) while the mediator bosons are represented by
yellow wiggled lines. At first order, I () is simply the bare interaction vertex ' (u) = VO (k;}, $)D(s, 1,75 u). Similarly, in all higher-
order diagrams, the u, dependence is solely coming through the mediator GF D(s, t,#; u), and the contribution from the mediator’s

initial state in each diagram can be computed analytically.

to {u,} via the operator £ to obtain the physical GF
Gl (ky, . .,tm). Even though we employ the
same procedure, the structure of the resulting equations in
our case is very different from the one obtained for a purely
fermionic theory where the interactions are not mediated
by bosons and the fermions themselves are initialized in
a non-Gaussian state. The reason is that in our case the
operator £ acts on the interaction part of the action Seg as
it contains the mediator GF, while in the purely fermionic
case L acts only on the quadratic part §S. Although tak-
ing derivatives with respect to {u,} and obtaining a closed
expression for G- can be nontrivial, the above two-step
construction makes the problem manageable in the best
possible way: at the intermediate stage we can exploit all
the useful properties also available in the Gaussian ther-
mal case for approximating the equations for the GFs, and
in particular diagrammatic perturbative approaches and
resummation techniques to obtain the intermediate GZ (u).

The next step is now to derive the equation for
the vertex function. We will focus on two-particle
vertices, and start from the two-particle physical GF,
Gg(kl, ceka i, ) = ﬁ[Gg(kl, ket ,t4;u)/
[1,(1 = us)]lu—0- The intermediate G4 (ky, ... ks, 11,. ..,
t4; u) can be formally constructed as a perturbation expan-
sion in terms of the intermediate two particle vertex
function I'(ky, ..., ks, t1, . .., t4;u) defined as,

S kom,t, ..

Gg(kl""ak49t1""9t4;u)

= [ TTasGth.1.) Gtk 251Gl 5.8

X G(k4,t4,tg)l“(k1,...,k4,t’1,...,tﬁ‘;u). (28)
Here the external points at times #; are connected to the
internal points at time #; by noninteracting fermion GFs
G (independent of {u}), and the effects of the fermion-
fermion interactions are included in the definition of I,
which thus solely carries the {u,} dependence [25]. The

physical two-particle vertex function is then given by,

F(kls"'sk4stls'°'st4)
Lky,... katq,. .., 1;
:£|: (ki, ... ks, 11, ,4,u)] 29)
HS(I_MS) ug=0

This function contains all the information about the ini-
tial state of the mediator, and thus gives a self-contained
quantity to investigate how the latter affects the fermion-
fermion scattering. Moreover, a divergence in the physical
vertex function signals an instability towards a macroscop-
ically ordered phase where the corresponding fermionic
bilinear acquires a finite expectation value. We will con-
sider the example of pairing and superconductivity in
Sec. VI.

Now we turn our attention to the construction of a dia-
grammatic expansion of the intermediate vertex function
I"(u). The simplest one is a perturbative expansion in pow-
ers of the quartic interaction potential ¥® ({k;}, s) as shown
in Fig. 4. Each boson line corresponds to D(s, ¢,;u) and
carries the {u;} dependence coming from the initial state.
Hence, if we truncate the perturbation series at a cer-
tain order (say n, see Fig. 4), the u; dependence of a
given diagram has an analytic form (1 4 u,)? /(1 — u,)P*!
(including the normalization) with p < n, where the equal-
ity holds for the diagram where each mediator’s GF is a
Keldsyh GF. This means that the action of the derivative
operator £ can be computed exactly to obtain a closed-
form analytical answer for the physical vertex I'. Here,
we are assuming the perturbation series of I'(«) to be con-
vergent for u; — 0, i.e., the convergence radius R; of the
series with respect to the variable z; = (1 4+ u,) /(1 — u;)
is larger than 1. The requirement R; > 1 comes from the
fact that the physical vertex Eq. (29) is evaluated at |z,| =
1 (uy, = 0). The possible scenario where this assumption
is broken (see, e.g., Ref. [26]), which would lead to an
infrared catastrophe with a nonanalytic dependence of
I" (1) on ug at uy; — 0, is not considered here.

A perturbative computation of I" is, however, not suf-
ficient to capture collective phenomena in many cases,
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( Carrier prepared in a Gaussian thermal state: standard BS equation J

h =
It = bg + My, ° Fth

FIG. 5.

Solution

: Fth =

(A =My)"o

Scattering structure in the standard Bethe-Salpeter (BS) equation [see Eq. (40)]. Schematic representation of the equation

for the scattering vertex function I'" between two fermions (blue lines) mediated by a mediator boson (wiggled line) initially prepared
in a Gaussian thermal state. The properties of the boson are encoded in the Green’s function D, while the form factor of the boson-
fermion coupling is V¥, The matrix My, encodes the momentum, frequency, and causal structure of the scattering (with the symbol o
indicating the tensor product in all these spaces). The scattering structure can be directly solved by inverting the corresponding matrix

[see Eq. (40)].

the most prominent one being the description of instabili-
ties towards macroscopically ordered phases. The required
nonperturbative closed-form equation can be derived for
the intermediate vertex I'(«). We demonstrate this using a
widely used resummation technique for a selected class of
diagrams, called ladder resummation (corresponding to the
leftmost of the second-order diagrams in Fig. 4), applied to
I'(w):

Fw) =VODw) + VODw)o GoGoT(w), (30)

where o stands for the appropriate integration or summa-
tion of the internal indices in position, time, and Keldysh
space, and V®D(u) is the bare vertex function in the
infinite series. The above equation can be rewritten as

I'(w) = V(O)D(u) + Myonres © T'(u) + f (1) Myes o T (u).
(31

Here, we have separated the u-independent contribution
(second term on the right-hand side), containing Dg 4, from
the u-dependent contribution, containing Dx (). The full
u-dependence of the second term Eq. (30) is collected in
the function f (). The rest [including V®, G and D(u =
0)] has been absorbed into the tensors M,onres and M,es. The
subscript of M, here refers to resonant processes involv-
ing the absorption and emission of a real (as opposed to
virtual) mediator. It is physically clear that it is those pro-
cesses that depend on the quantum state of the mediator.
Here the ladder is constructed out of the noninteracting
fermionic GFs, G, which will simplify the computation
of the physical vertex as the {u;} derivatives will act
only on the mediator’s GFs. This type of ladder resum-
mation scheme is the standard approximation applied in
thermal equilibrium to study instabilities associated with a
divergence of " [9].

A. Mediator initialized in a pure Fock state

Here we will compute the physical I for mediators ini-
tialized in a pure Fock state p(0) = |{n,})({n}|. In this
case the physical vertex I'"s} is obtained by substituting
Eq. (31) in Eq. (29) and then taking the derivatives with
respect to the sources:

(o[ Tw
‘HF<£) [ml—u»}

F{”A}

9
us=0
to obtain

st — pOp 4 prortst 1 Z

{ps)
Zs pX<Zs ng

Fnsfpores o FU)‘V}a

(32)

with
F _ [(a/aus)ns_psf (us)]|u5‘=0
ng—ps — s
(ns _p\)'

where p; < ny Vs and M = M onres + Mres. [ (45) 1s defined
below Eq. (31). The physical vertex function for the
generic initial density matrix shown in Eq. (18) can then
be constructed as T' = Y, 1 ¢ T,

Equation (32) is the main result here. This new tool
provides the desired generalization of the Bethe-Salpeter
equation for the vertex function to the situation where
the mediator is initialized in a Fock state (or an arbitrary
mixture of Fock states). Equation (32), schematically rep-
resented in Fig. 2 for the single-mode case, clearly shows
how this generalized form of the equation contains an addi-
tional structure with respect to the standard Bethe-Salpeter
equation, since it involves a new set of vertices (or com-
ponents of the vertex tensor), each corresponding to a
different Fock state. These additional components satisfy
a set of coupled equations of the Dyson type. Since each of
the additional components of the vertex tensor corresponds
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to a given Fock state, one can think of this extra structure
being a representation of the Hilbert space of the mediator.
This is why we named the above equation “mediator-
Hilbert-Space Bethe-Salpeter” (MHSBS) equation. For a
mediator initialized in a given Fock-state, we see that the
MHSBS equation involves a vertex component for that
Fock state, plus an additional vertex component for each
of all the Fock states with a smaller number of bosons.
The corresponding set of coupled Dyson equations can be
inverted as

i =1 —M)~" o [VOD+ Y Fyp My oD?

{ps}
Zsps <Zy Ns
(33)

and then solved in a iterative manner starting from the ver-
tex component corresponding to the Fock vacuum state

J

(nS = 0 VS),
r' =a-m"o[rn]. (34)

We explicitly show the cascading structure of the vertex
function when the mediator boson is initialized in a pure
Fock state focusing on the single mode boson case. The
explicit u dependence in Egs. (30) and (31) depends on
the details of which component of I"(x) in Keldysh space
we are calculating. For illustration purpose [without calcu-
lating a complete structure of I' (1) in Keldysh space], we
assume here that I (v) in Eq. (30) contains at least a term
with Dg (u). In this case, f (1) = (1 +u)/(1 — u), which
yields

Fhﬂ7= 1,
=2,

forn=p
forO0<p<m-—1) (35)

Starting from a vacuum state, we get the higher Fock states
iteratively,

M= [(1= M)~ + F (1 = M)~ 0 Mg 0 (1 — M)~] o [0 D]
2 =[(1 = M) + (Fy + F)(1 = M)~ 0 Mg o (1= M)
40 = M) o My o (1 = M)~ 0 Mg o (1 — M)~'] o [0 D]

(36)

M= [(1 M)+ (ZFm) (1 =M)" o Mg o (1= M)™!
m=1

+ o FI(1=M)" oMeso (1 = M) o0 Myes o (1 —M)‘l} o [9D].

This is pictorially shown in Fig. 2.

The above expression has been obtained by considering
a Fock state of the mediator, and is otherwise applicable
to the broad class of setups where the fermion-boson cou-
pling given in Eq. (24) is valid. This comes at the price of
it not showing any explicit dependence on external param-
eters, which is hidden in the form of the matrices A/ and
M:es (the function F,, is a numerical constant). Still, it
clearly shows that the vertex function I',, will have a dif-
ferent functional dependence on the external parameters
with respect to the case of a Gaussian state of the medi-
ator. Indeed, while in the latter case the matrix 1/(1 — M)
appears linearly in the vertex function [compare Fig. 2 with
Fig. 5 and Eq. (36) with Eq. (40) in the next section on the
thermal situation], for a Fock state of the mediator with n
photons, the matrix 1/(1 — M) (and in turn all the external
parameters) enter through a polynomial of order n. This

(

qualitatively affects the two-body scattering, and in turn
collective phenomena, as we shall explicitly demonstrate
below in Sec. VII.

B. Recovering the thermal-equilibrium Bethe-Salpeter
equation

In this subsection, starting from the generally applicable
(MHSBS) equation, we will recover the standard Bethe-
Salpeter equation for the two-particle vertex function for
the case where the mediator bosons are in a Gaussian ther-
mal state at equilibrium with the fermions. This is by far
not simply a sanity check for our MHSBS approach, but
also physically very insightful. As we will see next, it
shows that the thermal density matrix given in Eq. (6) is
a special mixture of all the Fock states, which allows for
a rearrangement of the emergent Hilbert-space structure in
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the MHSBS equation, such that this additional structure
becomes irrelevant.

To illustrate this, we take the example of a fermionic
system coupled to a single mode of bosons where the phys-
ical two-particle vertex function I'" of the system in the
thermal case can be constructed from the weighted aver-
age of the vertex function of the constituent Fock states I'”
as,

Zn e—ﬂ(unl—‘n
Zn e—Bon ’

rth = (37)

e

n=2

1
E —Pon E P ﬁwp
( e F, ) res O I[Pe e op

where in the first line we have collected all the terms with
fixed p, and in the second line we have shifted all the sums
over 7 to start from n = 1 and we have identified I'" with
Eq. (37). This means that the MHSBS equation for I'™"
given in Eq. (38) can be directly closed without having to
solve the emergent Hilbert-space structure, yielding

th — V(O)D +Mth ° Fth,

th —1 0 (40)
= "= (1 - Mw~ o [1OD],

where My = M + (302, e P"F,) Myes.

The above line of arguments can be easily generalized to
multimode bosons to recover the structure of the standard
BS equation in thermal equilibrium shown in Fig. 5.

VI. SUPERCONDUCTIVITY MEDIATED BY
CAVITY PHOTONS PREPARED IN
NON-GAUSSIAN STATES

In the previous section, we have considered a generic
system of fermions interacting with a bosonic field via a
Yukawa-type coupling. We have developed the MHSBS
formalism to nonperturbatively compute the fermion-
fermion scattering vertex for the case where the mediator
boson is initialized in an arbitrary quantum state.

In this section and in the remainder of this paper, we will
focus on a specific example, where a particular nonrela-
tivistic version of QED is realized by confining light within
a material. This is currently experimentally achieved both

Substituting I'” from Eq. (32), we get,

" =VOD+Mor™
1
Z e—Ba)n
x Z e PN FypMyes o TP (38)

p<n

+

The last term on the right-hand side, which is the addi-
tional structure characterizing the MHSBS equation, can
be rearranged as,

) res © Fl (Ze ,Ba)nF ) res © r? + - :|
(Z e PE, ) s 0 T, (39)

(

with electrons in solid state [3,4] and with synthetic mate-
rials made of ultracold atomic gases [2]. The confinement
of light (for instance, via mirrors forming a cavity) has
two consequences, which make these platforms ideal for
exploring the phenomenology of interest. First, it allows
separation of the certain modes from the electromagnetic
continuum and allows them to be selectively coupled to the
fermions. Second, it enhances the QED coupling so that
the equivalent of the fine-structure constant can become
so large that already low-intensity light (and even electro-
magnetic vacuum fluctuations) can affect a finite density of
fermions. Therefore, standard quantum optics techniques
become available for preparing desired nonclassical and
non-Gaussian states of a small number of photons in few
selected modes, also including spatial modes [5—7]. This
allows to explore how mediator-state preparation affects
the photon-mediated interactions and, since fermions have
fixed and controllable density, also collective phenomena
like instabilities toward macroscopically ordered states.

In general, the above regime of QED within materials
is an exciting playground for the study of collective phe-
nomena, and several directions have emerged both for the
solid-state [4] and ultracold-gas implementation [2]. While
our MHSBS approach is not limited to a certain class
of collective phenomena, we will here consider the case
of photon-mediated pairing and the resulting instability
toward a superconducting phase of the fermions [10—14].
Recent works have studied various properties peculiar to
this type of pairing, which is characterized by the fact that
the photon mediator has a gapped spectrum (due to the
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cavity mirrors) and at the same time is, at the relevant ener-
gies, very delocalized over the material or, equivalently,
localized within a narrow region in momentum space, the
latter being much smaller than the Fermi momentum for
the solid-state realizations, but not necessarily for ultracold
atoms. The peculiar properties revealed in these studies
emerged already within the standard BCS-type approxima-
tion, where the photons adiabatically follow the fermion
dynamics, so that they effectively mediate a static interac-
tion [10]. In particular, for certain Hubbard-type models,
it has been shown that the sign of the interaction can be
different if the photons are assumed to be in pure Fock
states [16].

In a recent work [18], we showed however that the spa-
tially delocalized cavity photons can mediate an additional,
non-BCS type of resonant pairing. Here the fermions fully
absorb (or emit) a photon at its own characteristic cavity
frequency. These resonant pairing processes can be dom-
inant over BCS-type processes and are of a completely
different nature. As we shall show in the next section, these
processes are the ones that depend on the quantum state of
the mediator photon and generate the additional structure
characterizing the MHSBS when the photon is prepared in
non-Gaussian states.

A. Pairing-vertex function mediated by cavity photons

Here we will derive the MHSBS equation for the vertex
function in the pairing channel and the mediator photon
prepared in an arbitrary initial quantum state. Our model
for QED consists of fermions with dispersion €; (measured
from the Fermi surface with energy £r and momentum
kr), coupled to photons in a single standing-wave elec-
tromagnetic mode of the cavity with wave vector ¢y and
resonance frequency §.. This allows the Yukawa interac-
tion Hamiltonian given in Eq. (24) to be expressed in the
momentum basis as

I_Ilight-matter = 286 Z Z g00£+(~w c%,aX'

7(’,0' é:i‘IO;‘

(41)

We note that, while as in the standard QED the foundamen-
tal coupling is always between photons and the fermion
current (minimal coupling), we are considering here a
coupling involving the fermion density. We choose this
variation because of two reasons. First, it can be exper-
imentally realized using laser-assisted two-photon transi-
tions both for electrons in solid-state materials [11,27] and
|

ultracold fermionic atoms [2]; it also takes the same form
if the photons are replaced by collective degrees of free-
dom, like lattice phonons [28] or Bogoliubov modes in
a condensate [24], as realizable both in charge tuneable
monolayer semiconductors [23] or ultracold Bose-Fermi
mixtures [21,22]. Second, it simplifies the momentum
structure of the Yukawa coupling and thus the analysis of
the vertex function. With these implementations in mind,
the photon characteristic frequency &. is not the abso-
lute value of the cavity resonance frequency but rather
its detuning from the laser frequency. A further advan-
tage of these implementation is indeed the tuneability of
the Hamiltonian via the laser parameters, not only its fre-
quency but also the value of the Yukawa coupling constant
2o, which is experimentally tuneable by the intensity of
the laser beam. We stress that, despite involving the elec-
tron density and not the current, the electromagnetic field
quadrature appearing in Eq. (41) pertains to the cavity vec-
tor potential in a two-photon transition where one photon is
provided by the laser. Finally, the coupling of the fermions
to a single standing-wave electromagnetic mode directly
applies to the nanoplasmonic split-ring cavities used in the
solid-state implementations [11], as well as to the Fabry-
Perot cavities used in the atomic-gas implementations [2].
Moreover, as discussed in Ref. [18], as long as the char-
acteristic photon momentum satisfies gy < kg, which we
will assume throughout, our treatment of the momentum
structure of the vertex function does also apply to the cou-
pling of the fermions to a continuum of transverse cavity
modes, as realized in solid-state microcavities [10] or in
the atomic-gas context using confocal cavities [29].

For the specific QED model of Eq. (41), we obtain the
effective action as a sum of terms in Keldysh space with the
structure (27), describing the fermion-fermion interactions
mediated by the photons, with the momentum-dependent
coupling taking the simple form V% (§) = g28.8;+5,. The
equation for the intermediate, u-dependent vertex function
(30), now written by making the Keldysh structure explicit,
reads (we refer to Appendix B for more details on the
derivation)

1
F(w) = V9D, + Macs o T(u) + 1ﬂM o T (),
—Uu
42)

where we defined the matrix multiplication in momentum-
frequency space as M oT(u) =) ; [(dw/2n)M (o,
kw)T' (k, w1; u), and with the matrices

Mycs(peo, ko) = 170 (6 = ) [ Da(@r — )Gk, @) Gr(—F, —o1)

+ Di(@r = )Gk, o) G (—k, o)

(43)

Mg (P>, k) = iV (k — p)2ilm [Dr(w; — )] Gr(k, @1)Gr(—k, —w))
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defining the coupling between the different momentum
and frequency components of the vertex function. We
note that the two-particle vertex function I'(P,p,p’ ) isin
general a function of the COM coordinates P = (P, 2),
incoming relative coordinates p = (p,w) and the outgo-
ing relative coordinates p’ = (p’, ®’). However, Eq. (42),
written in the pairing channel as per Eq. (43) (correspond-
ing to choosing the two fermion lines in the Feynman
diagram of Figs. 2 and 5 to be copropagating), is a cou-
pled equation only in the relative incoming coordinates,
ie., I'(P,p,p’) couples to I'(P,k,p’) and the kernel M
within the ladder approximation is independent of p’.
Moreover, since we want to study the superconducting
instability we set P = 0 and express the vertex function
in the simpler notation I'(p,w) = I'(P = 0,p,p’), which
describes the scattering of two fermions with equal and
opposite momenta and frequency (p,w) and (—p, —w).
Here we restricted our calculation only to those initial
density matrices of the photons, which keep the dynam-
ics time-translation invariant (see discussion in Sec. V),
which allowed us to write the Eq. (42) in frequency
space.

The frequency-momentum and causal structure of Eq.
(42) at thermal equilibrium has been discussed in Ref. [18],
and we limit ourselves to review the main features below,
in order to leave space for the discussion of the emergent
Hilbert-space structure we focus on here. Let us first con-
sider the second term on the right-hand side of Eq. (42),
containing Mpcs. It comes from the nonresonant processes
discussed in the previous section and, as expected, it does
not carry information about the initial state of the medi-
ator. As we shall see next, it leads to the standard BCS
scenario. It can be understood as two fermions interacting
via a retarded and advanced potential, whose frequency
dependence is set by the Fourier transform of the corre-
sponding photon GF given in the second line of Eq. (23):
DR(A)((UI — (1)) = 1/[2((,()1 —w*x i0+)2 — 283’] Such pair-
ing processes thus need the presence of fermions, whose
distribution is thermal and encoded in the Fourier trans-
form of the Keldysh GF of Eq. (9). For the sake of
simplicity of the momentum structure, we start by con-
sidering the case of the cavity momentum ¢y — 0. In
these nonresonant processes, fermions always remain in
the vicinity of the Fermi surface (FS) with momentum
P~k =kp. We also assume that the fermion distribu-
tion function is broadened by the finite lifetime of the

J

2g6,

R (E) [, 86310 + T e, —8 )|

quasiparticles as

1 [—Zir’l tanh (‘2“—})]

Gk (k, w1) = w1 — € +ir-!

w; — € —it™!

This function has a pole in frequency at the character-
istics energy scale of the fermions near the FS w; ~
it™! in Mpcs of Eq. (43). Assuming that the pho-
ton gap is large: 8. > t~!, and considering only the
strongest pairing, which happens in the limit of van-
ishing incoming relative frequency w, the frequency
dependence of the retarded interaction potential medi-
ated by photons can be neglected, resulting in the usual
static attractive interaction characterizing the BCS sce-
nario. The vertex function of the low-energy fermions,
which form pairs under the attractive interaction defines
the on-shell vertex function Ioyghenn (@) = T'(|p]| ~ kr, w ~
0;u) ~ T'(|p| ~ kp,w ~it~';u) . This identification to
a single component I'gpgnenr is valid as long as 77! «
3.. In the case of finite cavity momentum ¢¢ < kp,
BCS processes couple the vertex function of the low-
energy fermions in the vicinity of the FS at momenta
Pl ~ kp,kr £ g9 and @ ~ 0, €, 14,. Again, for €x,14, <K
3. we can identify all the components of the vertex
function within this small energy and momentum shell
around the FS as a single component I'nghen, SO that
Mpcs becomes a diagonal matrix, coupling "oy shen () to
itself.

The situation is different for the resonant processes
encoded in M,s. The fact that these involve the full absorp-
tion or emission of a photon is formally expressed by the
presence of

2ilmDg (w1 — w)
—i
= > [6(w) —w—38.) —d(w) —w+8)],

which is peaked at the cavity resonance frequency. As
expected, these are the processes that carry the information
about the initial state of the mediator in Eq. (42). These
processes are nondiagonal in the frequency space of the
vertex function, since a resonant photon scatters the incom-
ing on-shell electrons (w ~ 0) to energies far away from
the FS: w; ~ £4..

Using the Fourier transform of the retarded or advanced
fermion GF: GR(A)(I;, w)=1/(w— ¢ £it™!), Eq. (42)
becomes (see Appendix B for more details)

I14+u (44)
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Here g = g2/(28.)> and the bare vertex I’y = V' (k —
P)Da(w) — w) ~ —g§/(25.).

In order to efficiently pair, the off-shell electrons have to
undergo a second scattering process involving a resonant
photon which brings them back to the on-shell region close
to the FS. To compute this second-order process, one first
uses Eq. (42) to find the first off-shell component of the
vertex F(I;F, +34.;u) as a function of the on-shell compo-
nent only, which is done by neglecting the coupling to
higher off-shell components. One then substitutes the result
for F(]_é]:, +6.; u) into Eq. (44) (this truncation is allowed
for large photon gap [18]).

This yields the following closed equation for the on-
shell component of the intermediate vertex function:

2
Con-shent (T5u) = I'p + _CFon-shell(u)

~5c 2 1 2
+8<g ) ( i_Z) Iﬁon—shell(“) (45)

! 1

In the case when the mediator photon is initialized in a
thermal Gaussian state, the above equation holds directly
for the physical u-independent vertex function, whereby
the fraction involving u appearing in the last term is sub-
stituted by the photon distribution function [see Eq. (49)].
This thermal situation has by itself interesting properties,
which have been discussed in a previous work [18]. Here
we limit ourselves to repeating that the second term on
the right-hand side represents the standard BCS contri-
bution, where the polynomial dependence on T is due to
the delocalized nature of the photons i.e., the delta peak
of the momentum-dependent coupling function V' (p).
On the other hand, the third term on the right-hand side
results from the resonant pairing processes, which carry
the information about the initial mediator’s state via the
source u. We note that, although the resonant pairing is a
second-order process involving scattering to the off-shell
frequency sector and back, the small energy denomina-
tor (~ t~!) set by the characteristics energy scale of the
low-energy electrons can make it dominate over the BCS
processes. The fact that the repeated absorption and emis-
sion of full photons remains resonant is due to the narrow
cavity resonance together with the delocalized nature of
the photons thanks to which they transfer a well-defined
momentum. Even though the above equation for the inter-
mediate vertex function has a closed form in frequency
and momentum space, the explicit presence of the source
u generates an additional structure in the equation for the
physical vertex function. We demonstrated this for the gen-
eral case of Sec. V, and in the next section we will see
this structure emerging for the specific pairing scenario
considered here.

B. Photons prepared in a pure Fock state

We now focus on the case where the mediator pho-
tons are initially prepared in a pure Fock state described
by the density matrix gy = |n)(n|. This can be achieved
with many different protocols, and the most suitable one
for the present purpose will depend on the specific realiza-
tion of our QED within materials. Here we limit ourself
to observe that the possible strategies can be divided in
two classes: (i) a suitable light source is used to inject
the photon Fock state inside the cavity, or (ii) the pho-
ton Fock state is directly prepared inside the cavity. For
the first class, sources of nonclassical states of structured
light are already available and being continuously devel-
oped [5-8], the additional step required for our purposes
being the in coupling of the light pulse into the cavity
modes to which the matter couples. For the second class,
several options exist, which rely on coupling the desired
cavity modes with some material’s degree of freedom
inside the cavity. In the case where our QED model is
implemented using atomic gases, the additional degree of
freedom can be, for instance, an internal electronic tran-
sition with a laser-assisted coupling to the cavity modes
of interest (see, e.g., Ref. [30]). This laser is then to be
turned off after the state preparation, then another laser is
used to dispersively couple the atomic motion to the cav-
ity modes for the implementation of the QED coupling of
Eq. (41). On the other hand, for solid-state implementa-
tions of our QED model, a piece of nonlinear medium can
be added to the intracavity hetherostructure, to which also
the material hosting the quantum matter belongs. The cou-
pling to the nonlinear medium can be then controlled by
further driving lasers, as considered, for instance, in recent
promising schemes [31]. An analogous situation can be
realized with ultracold atoms, where the additional nonlin-
earity is brought in by a micromechanical element coupled
to the cavity [32,33].

Our goal is to compute the corresponding physical on-
shell vertex function, which we denote by I'y .. Fol-
lowing the procedure illustrated in Eq. (32) for the general
case, we derive the equation for I') ., from the interme-
diate u-dependent vertex function I'p ghen(¢) given in Eq.
(45). We obtain

n 2g6¢ n
l_‘on—shell(T) =T+ Tron—shell

55, 2
48 <g—1>
=

n—1
x [rgn_she” +4) (n— m)F(’)’;_she“i| . (46)

m=0

As anticipated, despite the closed form of the equation
for the intermediate vertex I'on.shen(7;u), the equation
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for the physical vertex I'} . .,(7) is not closed. A new
set of vertex components emerges, reflecting the Hilbert
space structure of the initial quantum state of the pho-
ton mediator. As we have seen also in the general case
of Sec. V, each of these additional components corre-
sponds indeed to a given Fock state, with a number of
photons lower than the initial photon number. Physically,
this implies that the fermion-fermion vertex mediated by
the boson prepared in a pure Fock state with a given
number of photons, effectively involves scattering pro-
cesses mediated by all Fock states with a smaller numbers
of resonant photons, down to the vacuum state. These
scattering processes take place in different Hilbert-space
sectors of the mediator photon, and are organized hierar-
chically [as noted already in the general case of Eq. (34)],
which means we can obtain the physical vertex I} o, ,,(7)
in an iterative way starting from the vacuum state. The
hierarchy is expressed in terms of the bare vertex Iy
and the functions Ny = 32(88.)%/(r™1)? and My, (T) =
288, /T + 8(28.)%/(t~1)?. The latter two are combinations
of the entries of the matrix Mpcs + M;es, which governs
the coupling between the different momentum-frequency
components of the vertex. The iterative solution then reads

r! nen (1) = Lo |: : + Mhac :| ’
on-she 1 — M, (1 - ]M\/ac)2

G et [ Lo 3Nee N ]
on-shell o1 Mye (1—=Mye)?  (1—=Myae)3

(47)

At this point we can already note that as n increases
[0 hen (T) shows a stronger divergence near My,.(T) = 1,
which corresponds to the pairing instability point, i.e., the
critical point of the transition towards a superconducting
state. This modifies the critical behavior near the super-
conducting transition, when the photons are initialized in
different Fock states. This will be discussed in detail in
Sec. VIL

C. Photons in thermal equilibrium with electrons

As done for the general case in Sec. VB, we
will compute here the vertex function for the ther-
mal case starting from the MHSBS equation. When
the photons are initialized in a Gaussian thermal state
at temperature 7 = 1/8 equal to the one of the elec-
trons, the on-shell vertex function satisfies the following

0 Ty )
Loneshen (T) = Wa equation:
vac
1 o0
T = = Zefﬁmscr"
= —PBné; on-shell®

Zn:O e Pn n=0

ga g S 2 4 00 n—1

C h C h _ 85
=To+ 2?an—shell + 8 (Tl) T on-shett + % _pmee Z e Z(n —mogen |[»  (48)
t Z”ZO € n=1 m=0

where in the last equation we have substituted I} o ., (7)
from Eq. (46). As we discussed in Sec. VB, we can fur-
ther organize the last term on the right-hand side of the

285,

8
T +

I gen (D) = To + |:

Instead of the Fock-state hierarchy of equations given
in Eq. (47) containing M,,.(T) and Ny,., we obtain
here a single equation containing My, (T) = 2g8./T +

above equation by collecting coefficients of I'y; o () in
the infinite series to obtain a closed-form equation in terms
of I'th

on-shell®

gd.

(5

(

(49)

2
8¢
> coth? (ﬁ)i| ro (.

8(88./t")? coth?(8./2T). As seen in the general case,
this is possible since the thermal Gaussian state allows
for a rearrangement of the Hilbert-space structure of the
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scattering such that the the latter becomes irrelevant, and
the equation for the on-shell vertex function can be directly
closed.

VII. CRITICAL PROPERTIES OF
SUPERCONDUCTING TRANSITION

In the previous section, we have computed the two-
particle scattering vertex function for electrons interacting
via photons according to the QED model of Eq. (41).
Being interested in the superconducting phase transition,
we computed the scattering in the pairing channel. As we
have seen, within the standard BCS approximation, cavity
photons mediate a static, attractive interaction potential,
provided that the detuning of the cavity resonance fre-
quency is positive (8. > 0). This attractive interaction is
further enhanced by the non-BCS processes involving
absorption and emission of resonant photons owing to
the long-range nature of the interaction. At the critical
temperature for the superconducting transition, the ver-
tex function in the pairing channel diverges, indicating
an instability towards the formation of two-particle bound
states, i.e., Cooper pairs with opposite momentum [9]. In
this section, we will use the MHSBS formalism to study
the critical properties of the superconducting transition,
comparing the case where the photon is in a thermally
mixed Gaussian state at equilibrium with the electrons,
with the case where it is prepared in a pure Fock state.

With this aim, we introduce the pairing field A” (p) (also
known as superconducting gap field), which is in general a
function of the coordinates of both electrons in the pair, or
equivalently of both the relative p and the COM coordinate
P (see Sec. VI A). It can be used as an auxiliary field to
decouple the quartic electron-electron interaction term Seg
in Eq. (27) into a form which is diagonal in the the COM
coordinate:

el = H/D[AP(p)]eifdpdp’AP*@) ot ep'u AP
P
x b/ ATV P+p)y* (P—p)the. (50)

Here T'y'(p,p’su) = 1/(VO @' — p)D(w' — w;u)). This
procedure, known as Hubbard-Stratonovich decoupling
[19,34], is a property of Gaussian path integrals. The
resulting action is quadratic in the fermionic fields 1,
which can thus be integrated out exactly to get an action
S(A;u) solely in terms of the pairing field. Up to quadratic
order, this action reads

eiSefr — l_[ / D[AP(p)]eifdp dp’ AP*(p)r=Y(Ppp ) AP (p')
P

(51

where I'(P,p,p’;u) is the u-dependent two-particle ver-
tex function introduced in the previous section. From the

action Eq. (51), we see that it corresponds to the Gaussian
GF of the pairing field A”(p). The physical two-particle
vertex function I'(P,p,p’) (and thus the physical pair
GF) corresponding to a given initial density matrix oy of
the mediator photon is then obtained from I'(P,p,p’; u)
through the proper set of u derivatives described in the
previous sections. Next, we will analyze the pair GF
C'(P,p,p’), computed via the MHSBS formalism, at and
in the vicinity of the transition point, in order to extract
some of the critical properties.

A. Critical temperature

At the critical point, the low-energy electrons hav-
ing zero COM momentum and frequency (P = 0), as
well as relative coordinates at the FS (|p| ~ kr, w ~ 0)
become unstable towards pair formation. This is mani-
fested as a pole in the on-shell two-particle vertex func-
tion Conshert(7) = T'(P = 0; |p| ~ kp,0 = 0;p') at T=
T., associated with a uniform pairing field AP="(p =
7(}, w = 0). In this subsection, we will calculate the critical
temperature using I'y_shen (7) obtained in Sec. VI.

We first consider the equilibrium case where the photons
are initialized in a thermal and Gaussian density matrix at
a temperature 7 equal to that of the electrons. In this case,
the physical on-shell vertex function T'" . given in Eq.
(49) diverges when My, (T) = 1, yielding the equation of
the critical temperature:

g5, 8.\ L[ &
2ﬁ+8 = coth i =1 (52)

We discussed the solution of the above equation for 7t in
Ref. [18], considering a Fermi-liquid type lifetime of elec-
trons due to the screened Coulomb interaction = '(7) =
(wT?/8Er) log(Er/T). We note that, in principle, the pres-
ence of a phase transition and the associated critical boson
fluctuations can strongly affect the quasiparticle lifetime
and eventually lead to non-Fermi-liquid behavior. The
computation of this effect in our case is more challeng-
ing than in the standard non-Fermi-liquid literature (see
Ref. [35] for an example involving electrons in cavities),
since the interaction mediator (photon) is not the boson that
becomes critical at the superconducting phase transition.
As explained in the previous section, the critical boson in
our case is the Cooper pair, whose propagator is essen-
tially the vertex function I'. Therefore, in order to compute
the effect of critical fluctuations onto the electrons, our
case would require a self-consistent 7-matrix approach.
Due to the tensorial structure of the vertex function, such
approaches become quite demanding, so that the literature
so far is essentially restricted to static contact interactions
(see, e.g., Ref. [36] for a study of the associated non-Fermi-
liquid behavior), allowing to bypass the tensorial structure
of I" thanks to the absence of an actual phonon or photon
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mediator. Coming back to our case, for realistic parame-
ters in 2D materials (STO/LAO) coupled to a tera-Hertz
split-ring cavity, the superconducting transition in the ther-
mal case occurs in the low Kelvin regime. We note that
the photon resonance frequency in these cavities satisfies
8. > T, so that the average number of photons in the cav-
ity is negligible: () = 0.5 coth (8./27H) — 0.5 ~ 0. The
critical temperature in this vacuum case can be calculated
from,

R (53)

) 1—8(5"3‘)2

It is however important to note, that the actual critical tem-
perature in the thermal equilibrium case, though very close
to Tyae, 18 always going to be slightly larger due to the
average number of photons not being exactly zero.

We now turn our attention to the case of photons pre-
pared in a Fock state, 09 = |n)(n|. The corresponding
on-shell physical vertex function I'}, _, ., satisfies Eq. (46).
As evident from the iterative solution for I'j ., given in
Eq (47), for any finite photon number # in the Fock state,

7 hen diverges when the denominator My, = 288./T +
8(g8.)?/(r~")? approaches 1. This implies that the super-
conducting transition occurs at the same critical tempera-
ture 7% as the thermal vacuum case, independently of the
number of photons in the Fock state.

B. Susceptibility exponent

Since I' is equivalent to the propagator of the pair-
ing field, the exponent characterizing the divergence of
Conshett (T — T.) as T approaches 7. corresponds to the
critical susceptibility exponent y:

Consshen (I — T¢) ~ (54)

|T_ Tcly.

We again first consider a Gaussian thermal initial state
of the mediator photons. In this case, Fg;l_she“ given
in Eq. (49) diverges when My, (T = T") =1 [see Eq.
(52)]. In the regime of interest T K Ep, My (T) =
258./T + 8(88./t~")? coth?(8./2T) (including the tem-
perature dependent lifetime of the quasiparticles) is a
smooth function of 7. Hence, in order to analyze the nature

of the singularity in Fon shen» We can expand My (T) in

Taylor’s series around T = 7%, to obtain
th I’y
L on-shell m (55)

c

This yields y = 1, which recovers the standard BCS result
of the susceptibility critical exponent for the Gaussian
fixed point in thermal equilibrium. That is, when the medi-
ator photon is initialized in a Gaussian thermal state, the

superconducting transition temperature is strongly modi-
fied by the non-BCS resonant pairing processes (see Sec.
VI A), but the critical behavior of the pairing susceptibility
remains unaltered from the standard BCS case.

We now turn to the case where the mediator photon is
initialized in a Fock state. For Fock states with any finite
number of photons n, I'} ., given in Eq. (46) always
diverges at the vacuum critical temperature 7.°°, defined
by Myao(T = T7*) = 1. As apparent from Eq. (47), in the
vicinity of the phase transition, the strongest divergence in
[} hen Comes in the form,

NacT'o vacl 0
T & — (56
Myae(T)) (T — Ty)

n
1—‘on—shell ~
(1

where we expanded M,,. in Taylor’s series around the
critical temperature 77*. This yields the susceptibility
exponent y = n + 1. That is, while the critical temperature
remains unaffected, the critical behavior is dramatically
altered, as the critical exponent becomes linearly propor-
tional to the number of photons prepared in the Fock
state.

C. Correlation-length exponent

Finally, we study the critical behavior of the spatial
correlations of the order parameter To do so, we define
the function A(P) as the palrlng field A”(p) introduced
in Eq. (50) evaluated at P = (P,2=0) and p = (p =
kr,w = 0), i.e., with the variables €2, p, and w fixed to the
value at which they glve the most divergent contribution to
the pair GF TP, Q;p p,w;p') when approaching the phase
transition. We can then define the correlation function:

dP

(2n)d<A<i>>A*<i>>>eif"“l 7

(AGF)A* (7)) =

dP
o )dF(P Q=0,p = ke,
X w = 0;p)ell F1=72), (57)

In order to obtain the long-distance behavior of the corre-
lation function with spatial separation |71 — 72|, we expand
F(P Q=0;p = kF,Cl) = 0;p’) in Taylor’s series around

= 0 and 7 = T, to the lowest nontrivial order. Near the
critical point, the spatial correlation decays exponentially
approximately like exp(—|7| — 72|/&(T)) with a character-
istic correlation length £(T) ~ (T — T.)~". £(T) diverges
at T = T, with the critical exponent v and the system
becomes scale invariant at the phase transition.

Again, we first consider the mediator photons being
prepared in a Gaussian thermal state. In this case, the
physical two—pamcle vertex function I'M(P, Q = 0; P =
ke, w = 0; :p)) = '™(P, T), expanded around P =0 and
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T = T™, reads (to leading order)

Iy

FoB,T) —
& P2(c0529+a)+m

(58)

Here 0 is the angle between the COM momentum P and
the relative momentum of the incoming electrons p = ke
and a is a constant (independent of P and T) depending on
the characteristic energy scales of the electrons and pho-
tons at 7= T%. m = m(T — T™) oc (T — T™) is the mass
gap obtained by expanding My, (T) upto linear order around
T = T [see Eq. (55)]. The above form of I, T) can
be obtained analytically, by Taylor expansion of @, 7)
around P =0 and T = T, Here we motivate this form
by general symmetty arguments. In the scattering events
contributing to P, T), two 1ncom1ng electrons close to
the FS and having momentum P+ kF and P — kp, interact
by exchanging cavity photons gf momentum g, and are
scattered to the momenta P + kr + §o and P — ke — do,
respectively, near the FS. Hence, as a consequence of the
delta like shape of the momentum structure of the cav-
ity photons 9 (§) o §; +,, the relative momentum of the
scattered electrons is fixed. This breaks rotational symme-
try of the scattering amplitude and hence I (P, T depends
on 6 through €7 for g9 ~ 0 (unlike the standard case of
phonon-mediated superconductivity). Still, inversion sym-
metry P> -p prohibits terms linear in P (and hence in
cos 6) to appear in the expansion of @, 7).

To obtain the spatial correlation function, we then per-
form the Fourier transform,

dp
(2m)d

eIV (59)

f‘th(ﬁ’ T’)eii).(;li;z) I

This implies that the correlation length & diverges as,

1 1
—_— X —, 60
gaﬁu(r_nh)% (60)

thatis, v = % This correlation length exponent for photons
prepared in a Gaussian thermal state is the same as in the
standard BCS scenario.

We now finally consider photons initialized in a Fock
state. The spatial behavior of the correlation function is
extracted from the physwal vertex function I'"(P,Q =
0;p = kF,w =0;p)=1I" (P,T) expanded the critical
point P=0,T= T7%. As for the thermal case, the func-
tional dependence of 1:"(13, T) on P? and 0 is constrained
by the symmetries of the problem, while the leading-
order temperature dependence comes from the expansion
of Mu(T) around T = T7* through the temperature-
dependent mass gap m = m(I — 1,*°). However, the cru-
cial difference from the thermal case lies in the polyno-
mially stronger divergence of the I' at the critical point,

leading to the following form:

~ > FO
e, = ,
[P2 (cos?6 + a) + m]n+1

1 Iy

= m"(n + 1) [P? (cos? 6 + a) + 25

. (6])
]

where in the last equation we expanded the denominator
in a binomial series and kept the lowest-order terms in P.
We see that mass gap m is now effectively reduced by a
factor n + 1, yielding an exponential decay of the spatial
correlations of the form

dP o
f @2r)?

Hence, the correlation length reads

1\ 12
£ o ( n+ )
T-T,
We thus see that, while the correlation-length exponent
remains unaltered from the BCS case v = 1/2, the cor-
relation length scales with the square root of the number

of photons in the Fock state. This result completes the
derivation of the critical properties summarized in Fig. 3.

e_l;l _;le/ m (62)

(1_5, 7 eif’-(?l—?z) o

D. Discussion of the change in the critical exponents

Within our formalism, the critical exponents start to
depend on the number of mediator photons in the Fock
state. This can be traced back to the additional dimension
emerging in the two-body scattering, and corresponding to
the Fock space of the mediator photon. Indeed, as clearly
shown by our MHSBS equation (see, for instance, Fig. 2),
it is the nontrivial structure in this extended space that,
once solved, leads to the photon-number-dependent critical
exponents.

The critical exponents are in a way the most difficult
thing to change about a phase transition, because of the
concept of universality: Even very different models can
show the same critical exponents (but dramatically differ-
ent critical temperatures) as long as they share symmetries
and dimensionality. In this spirit, our results thus show
the deepest possible change of the critical behavior, and
that this can be controlled by the photon number. Actu-
ally, due to the very concept of universality, one should
be surprised that this is possible at all in our case, since
we are not changing symmetries (the order parameter is
the same as in the standard BCS approach) and also not
spatial dimensionality. An interpretation of this surprising
finding is that, through the emergent Hilbert-space struc-
ture, we are actually changing the effective dimensionality
of the space in which two-body scattering takes place, and
thereby the critical exponents.
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These findings shall motivate further theoretical inves-
tigations focusing on the computation of critical expo-
nents with dedicated approaches, which will require
the extension of methods like the renormalization
group analysis to the present case featuring the addi-
tional Hilbert-space structure of the two-body scattering.
Such studies shall eventually address possible modifi-
cations of the universality class, as well as the robust-
ness of the photon-number-dependence of the critical
exponents.

VIII. POLARIZABILITY AND THE
TIME-INDEPENDENT APPROXIMATION

So far, we have considered a time-independent situation
in which the mediator photon remains in its initial quan-
tum state. However, the latter is in principle affected by the
interactions with the fermionic matter. In general, if our
QED system of fermions and photons would be ergodic,
the whole system would thermalize and the memory of
the initial photon state would be lost. In fact, the con-
straints imposed by gauge invariance can lead to ergodicity
breaking through what is called disorder-free many-body
localization [37,38]. For our QED within materials, one
can thus expect the memory of the initial state never to be
lost completely. How this happens and what consequences
it has for the present phenomenology is a very interest-
ing fundamental question, that we defer, however, to future
investigations.

Here we instead consider a different mechanism for the
preservation of the memory of the initial photon state,
which is simply the strong suppression of the effect of the
material onto the photons [39].

This effect is described by the polarization function,
IT(w, go), where w and ¢ are the energy and momentum
of the photon. In our Keldysh formalism, the polarization
function has two components: the retarded, Iz (w, go) and
the Keldysh, Il (w, qo). The real part of 1z (w, g9) modi-
fies the dispersion of the photons, while its imaginary part,
resulting from on-shell processes, introduces absorption.
When the fermionic matter is in thermal equilibrium, the
imaginary part of the polarization function fixes also the
Keldysh component via a fluctuation dissipation relation:
[k (w, qo) = 2icoth(w/2T)Im[ITr (w, qo)]. The Keldysh
component is the relevant one here, as we are interested in
the possible modification of the initial quantum state of the
photons, which we have seen being encoded in the Keldysh
GF.

As noted already above, a characteristic feature of the
regime of QED considered here is the strong separation
of energy and momentum scales between light and matter:
compared to the fermionic scales, the cavity photons have
a large energy gap 8. > €44, (® Vrqo) but at the same
time very small momentum ¢y < kr. Here vg is the Fermi
velocity.

0+

W

FIG. 6. Feynman diagram corresponding to the polarization
function of the fermions. It quantifies the backaction of the mat-
ter onto the light, and in particular the modification of the initial
quantum state of the photon.

In the present model of QED, given in Eq. (41), the pho-
tons couple to the electron density, which is a conserved
quantity. This fact, as we argue next, together with the
above separation of scales, implies that the polarization
function has to be small, thereby guaranteeing the preser-
vation of the memory of the initial quantum state of the
photon.

As shown in Ref. [40] for a general class of Yukawa
couplings between a real boson and fermions, of which our
QED coupling is a particular case, this result applies every
time the interaction form factor is constant. Let us briefly
repeat the general argument here. Let us first consider the
zero-momentum case. ITz(w, 0) is the two-time correlator
of the total number of electrons ny = 7 1//%r Vio the

latter being conserved. The time independence of ny then
results in [Tz (w, 0) = 0. By continuity one can then imply
that Ig(w, g) has to remain small in the limit @ > vggq.
This limit is exactly the limit of interest in our case where
3. > vpqo. We thus can conclude that the polarization
function, whose leading-order diagrammatic expression in
shown in Fig. 6, should be small compared to §. even when
fully dressed with high-order corrections. In Ref. [40], this
general argument has been verified both perturbatively and
nonperturbatively.

We finally note that, in the regime of interest here where
the polarization function remains small, phase transitions
of the superradiant type, characterized by a macroscopic
occupation of the cavity mode and a density modulation of
the fermions [29,41-49], are excluded.

IX. CONCLUSIONS

In this work, we developed a field-theoretical frame-
work for the study of the effect of mediator-quantum-state
preparation on scattering and collective phenomena. We
derived an equation for the two-particle scattering vertex
for the case where the force boson mediating the scatter-
ing is initially prepared in an arbitrary quantum state. This
MHSBS equation is characterized by an additional struc-
ture in an emergent scattering space, which adds to the
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standard energy-momentum space. This emergent scatter-
ing structure reflects the wave function of the quantum
state of the force mediator in Hilbert space, and is non-
trivial when the latter is not Gaussian. Gaussian and in
particular thermal Gaussian states of the mediator instead
allow for a reorganization of the additional Hilbert-space
structure that renders the latter irrelevant, yielding the stan-
dard Bethe-Salpeter equation for the scattering vertex. As
a first example, we applied our MHSBS equation to the
case of photon-mediated pairing and superconductivity for
electrons in cavities, and showed that photons prepared
in pure Fock states strongly enhance pair correlations and
ultimately modify superconducting critical properties like
the susceptibility exponent or the correlation length, which
become dependent on the number of photons.

This work shows that by preparing the quantum state
of an interaction mediator, the properties of scattering and
the resulting collective phenomena can be deeply altered.
By developing a theoretical tool for the systematic inves-
tigation of this possibility, it paves the way for further
investigations exploring new scenarios in few- and many-
body physics. Several different research directions emerge
naturally from the present work. Also the study of the effect
of other non-Gaussian nonclassical states of the media-
tor, beyond the Fock state on which we have focused
here. Or the investigation of different ordering phenom-
ena besides the pairing considered here, and how these can
be manipulated by mediator-state preparation, including
also (frustrated) magnetism with photon-mediated interac-
tions [27,50]. QED within materials also allows to address
our central question from the complementary perspective
where the electrons play the role of the mediators of inter-
actions between photons or polaritons [23,24], for which
a nonequilibrium field theory has been recently developed
[51-54] that could be extended in the future to include the
effect of the mediator-state preparation.

Finally, we note that the possibility for experimen-
tal investigation also exists at a less fundamental level,
where the role of photons can be played by collective

degrees of freedom like phonons [55,56], or by excitons‘

Sefi(u) = — f f drdy Y VO ({k),
{ki}.s

(polaritons) [23,24]. While quantum-state-engineering is
currently more developed for photons than for the rest
of the candidate mediators like phonons, new promising
platforms are emerging. Strong candidates are Bose-Fermi
mixtures, like the ones realized in charge-tuneable semi-
conductors [23] or in ultracold atoms [21,22]. For instance,
the bosonic component of an ultracold atomic mixtures can
be prepared in a nonclassical state using the tuneable inter-
atomic interactions (e.g., Mott phases have been achieved
already a long time ago [57]). Moreover, a major current
endeavor [58—60] in this field (with important experimen-
tal steps already taken) is the implementation of (lattice)
gauge theories, where the role of the gauge field is played
by one component of the mixture, that can be eventu-
ally prepared in an interesting quantum state (e.g., a Mott
insulator).
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APPENDIX A: COMPLETE EXPRESSION OF THE
EFFECTIVE ACTION

In the main text, we formulated the MHSBS formalism
to study fermion-fermion scattering mediated by exchange
of bosons, which are prepared in arbitrary nonthermal ini-
tial density matrices. As we discussed in Sec. 1V, the
information about the initial conditions of the noninteract-
ing system is incorporated by introducing a set of quadratic
sources {u;} coupled to the bilinears of the initial fields
and taking an appropriate set of derivatives with respect
to {u,} to compute physical correlation functions (or more
generally physical partition function).

We considered the fermion-boson coupling to be a
Yukawa-type interaction given by Sj,; in Eq. (25). Since
the action Sp + Siy 1S a quadratic action in bosonic fields,
we can integrate out the bosonic fields X,; and Xy exactly
to obtain an effective fermion-fermion action St of the
form [see Eq. (27) of the main text],

x [ Dt 1| ik, 0 (Wi ko, Ol ) + el <> q) Wy a1

5 G0 (o, OBl ) + €l <> ) Wratha, 0]

+ Dt t, ) Witk ) {Withes Oy Uhs, ) + el > g} Ytk

5 G0 {3, O (s ) + el > ) Va0
+ Di (s, 1, /5 w) [ W k1, 0) {W (o, ) Wrg (ks ) 4l <> g} g (ka, 1)

5 G0 (o, 0 s, € + cl > q) athasn)] |

(AT)
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Here the four-fermion interaction is mediated by the
bosonic Green’s functions D(s, ¢,7; u) where the Keldysh
component Dk (s,t,¢;u) solely carries the initial source
dependence in the effective fermionic theory.

The vertex functions corresponding to the 12 bare ver-
tices shown in Eq. (Al) obey 12 equations, which are
coupled in Keldysh space. As discussed in Ref. [18], for
the cavity-QED example given in Sec. VI A, one of those

PP, 4p,w;p 0u) = VO @

12 equations decouples from the others and is the relevant
one to be considered.

APPENDIX B: DETAILS OF THE DERIVATION OF
PAIRING-VERTEX FUNCTION MEDIATED BY
CAVITY PHOTONS

This equation is written in Egs. (42) and (43) of the main
text, and reads (in explicit form)

—p)D (@ — w)

d S ..
+1Y° [ 200G — p)Da(wr — 0)Gx (P + k2 + w1)
- 2

X Gr(P — k, Q2 — )T (P, k, 01; 5, s u)

d T .-
+iy O O — p)Dr(w) — 0)Gr(P + k, Q2 + wy)
- 2

X Gg(P =k Q — o) (B, %k, 0135, ' 1)

d 7 = - -
iy Oy 0) & — 5)Dy (w1 — w3 u) Gr(P + K, 2 + 1)
- 2

x Gg(P — Q- w)T(P, Q;lz,wl;ﬁ/,w/;u).

We recall that Green’s functions for the fermions are
given by GR(A)(k w) =1/(0 — e £ir -1y and Gg (k, ) =

tanh(a)/ZT)[GR(k w) — Gy (k w)], while Green’s func-
tions for the bosons are given by Dgy)(w) = 1/[2((w =
i07)2 —82)] and Dg(w,u) = —im /28.[(1 +u)/(1 — u)]
[6(w — 8.) — §(w + 6.)]. First, we will calculate the sec-
ond and the third term of the right-hand side of Eq. (B1)
[referred to as Mpcs o I'(#) in the main text], which leads
to the standard BCS pairing processes involving adiabatic
photons and on-shell electrons. As we discussed in the
main text, in order to probe the superconducting insta-
bility we set P = 0,2 =0 and p = kr,w = 0. Also for
the sake of simplicity, we assume the cavity momentum
go — 0. This immediately simplifies the structure of the
loop momentum sum by replacing it with a factor of 2
(coming from the two £gy9 — 0 terms) and just setting
k = p = kr. The loop frequency integral over w, is per-
formed by the method of contour integration by choosing
the pole of G¢ (%F, w) at w; = it ~!. Hence the photonic
retarded and advanced Green’s functions are evaluated
at frequencies w; — w = +ir~!, which is much smaller
than photon resonance frequency &.. This is similar to the
standard BCS picture where the boson mediates a static
attractive potential. This yields (for 2D electrons coupled

(B1)

(

to cavity photons),
da)1
Z —MBCS(P = kp,o = 03k, )T (k, w13 u)

~ w1 1 -
=226, Z tanhz—Tw—II‘(kF,wl;u)

w)==ir~!

2848
= %Fon—shell(u)a

(B2)
where in the last equality we have assumed 7! « 7.

Next, we will evaluate the resonant contribution given
by the fourth term in Eq. (B1) on right-hand side [referred
to as [(1 +u)/(1 — u)]Mes o T'(u) in the main text]. In
the case, the delta functions in Dk (w; — w; 1) set the loop
frequency variable w; = +£4. to yield,

dw . - - >
Zf “Mies (p = k. = 0;k, )T (k, w15 )

= 285’ Z Gr(kg, 1) Gr(—kr, —)T (kg 01 1)
w1==%8
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= _2g|:r(7€F:8(:;u) + F(%Fa_sc;u)]- (B3)

The above term makes the equation nondiagonal in fre-
quency space, coupling 'y shen to the high-frequency com-
ponent of the vertex function involving off-shell electrons
scattered by resonant photons (w; — @ = £4,).

Now we need to evaluate the BCS components of
the equation at the external frequency w = %§.. This

J

do .- . .- . .
3 [ 52 [Micsf = o = bk + Macs B = v = =8t | P i) ~ 0,

21

The off-shell vertex component is thus given by (neglect-
ing the contributions from further off-shell sectors like
[ (kp, £26:;u) [18])

d R R R
> [ St i 3T i
- 2

= 285G (kr,0)Gr(—kr, O)T (kr, 0; 1)

on-shell (24). (B6)

552

.. <80
Substituting this in Eq. (B3), we obtain the closed-form
equation for I'gyhen(#) given in Eq. (45) of the main
text.

APPENDIX C: VERTEX CORRECTION OF THE
ELECTRON-PHOTON INTERACTION

In this section, we will discuss the effect of the vertex
correction of the electron-photon interaction, which comes
from the higher-order diagrams that we have neglected in
earlier discussions.

@)

7., 7. w,)

FIG. 7.

(7.0,

yields,
dw S - - -
Z EMBCS(P =kp,w = £éc; k, 0)T (k, w15 1)
k
882 1 -
~ -2 — | T'(% JU). B4
T Z |::|:2i561’_1:| (kp, w15 u) (B4)
wy==ir~!
Hence,

(B3)

We will compute the vertex correction V., nonpertur-
batively. A widely used choice is to calculate V., from
the ladder-resummed electron-photon vertex as shown in
Fig. 7. The self-consistent equation for the renormalized
vertex is a coupled equation in the electronic coordinates
(P, w,.), the solution of which is in general a nontriv-
ial numerical task. However, some general results can be
obtained by using Ward identities for the Yukawa ver-
tex [40,61]. We exploit again the fact that the photon
momentum q is by far the smallest scale. This allows us to
consider the vertex evaluated at vanishing photon momen-
tum g — 0, for which the following Ward identity holds
[40] (we suppress the Keldysh structure for the following
discussion),

I+ Ve—ph(ﬁs we;é g 05 a)p)

1 N 1o
o« —[GH@ + G, 00+ @) = GH(Br00)]. (C1)
'p

Here, G~! is the inverse of the fully dressed electron
Green’s function. Within the structure of the Fermi-liquid

(T ®,)

7.,

This figure shows the fully renormalized electron-photon vertex within ladder approximation. This gives a self-consistent

equation for the vertex corrections, which is coupled in electronic frequency and momentum. We estimate the nonperturbative vertex

correction using the Ward identity for the density vertex.
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theory, the electronic quasiparticles acquire a finite life-
time 7.

We are first interested in the resonant pairing processes,
which carry the information about the initial mediator
state, mediated by photons having frequency, w, ~ 8. >
t~!. This is the dominant pairing process described in third
term in Eq. (45). In this case, Eq. (C1) yields a vertex cor-
rection for electrons at the Fermi surface, which is given
by

~1
Veh® = kp, w0, — 0,4 — 0,0, — 8.) ~ O (T(S )

(€2

Since we are working in a regime where the decay rate
of the quasiparticles is still much smaller than the photon
frequency §., the vertex correction to the non-BCS term
can be safely neglected.

On the other hand, we note that for the standard BCS
mechanism, denoted by second term in Eq. (45), medi-
ated by adiabatic photons w, ~ t~!, the numerator of
right-hand side of Eq. (C1) vanishes for vanishing pho-
ton momentum g = 0. However, for small but finite photon
momentum gg < kr, Veph can be finite for the nonresonant
BCS process.

We thus conclude that the peculiarities of cavity pho-
tons, which lead to weak polarization effects, namely large
frequency and small momentum, also imply that the fully
resummed vertex correction to the electron-photon inter-
action is small for the resonant pairing, as we have argued
using a Ward identity.

APPENDIX D: EXPLICIT ONE-LOOP
CALCULATION OF THE POLARIZATION
FUNCTION

In this section we provide an explicit calculation (at the
perturbative one-loop level) of the polarization function.

J

2 28c * 2
Re [Mg(w)] = =22 m/ d@P[
0

(2m)?
= g38:p(0) | 1 —

2gis.m*w

Im [TTz(w)] = T onE

where p(0) is the density of states of the 2D elec-
trons at the FS. Now, if we analyze the polarization
function near the resonance frequency of the on-shell
nonadiabatic photons, i.e., w ~ §., we can expand the

This calculation is aimed at supporting the general argu-
ment for the smallness of polarization effects discussed in
Sec. VIII of the main text.

We compute ITz(w,qo) perturbatively at the one loop
order by evaluating the diagram shown in Fig. 6. This
yields [19] (suppressing the momentum-index of the polar-
ization function for compactness),

dk dw

¢ WEZ [GR(k-l—C]O,CUl + w)

x Grc(k 1) + Gy (6 + Go, 01 + @) Galk, o) |
(o)

i,
[r(w) = 5805

where the momentum of the external photon line, gy =

+gox. After performing the frequency integral, ITgz(w)
takes the form,

d% nr(€g) — nF(E@+ZIO|)
QCm)? w4+ e — €liaol T i0+’

Mg(w) = 2g38c (D2)

where, np(e;) = 1/ [exp(ex/T) + 1] is the Fermi function.
Now, in the limit 7 <« Ep we can approximate [np(€;) —
np(elh%l)] ~ e — E|7c+¢}o\]5(€k)’ which indicates that the
energy integral in [1z(w) is sharply concentrated around
the FS. Moreover, since gy < kr, we can write [€; —
€litgo)] & Vkgo cOS O, where v; = |k|/m* and 6 is angle
between & and go. Inserting these in Eq. (D2), we
obtain,

2928.m*
Mp(w) = f;n)z / do

(—vrgo cos 0)
w + i0t—vpgocosh

(D3)

Separating the real and imaginary part of the above
equation, we get

(—vrqo cos 0)
® — Vpg(cos b

(for vpqo/w < 1), (D4)

2
/ dO(vrqocosB) §(w — vrgocos ),
0

(

denominator of Re[I1z(w)] in powers of the dimensionless
quantity vrqo/@ = (Er/8:)(2q0/kr) < 1 (since qo/kr ~
0.002). The leading-order contribution of Re[Ilg(w)] and
Im[T1z(w)] is given by (comparing with the typical energy
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scale of the photons),

Re [[Tz(w ~ &, qz
w —(4m)* g5cp(0) <1, and
c F

m [[g(w ~ 8.)] = (D5)
While the imaginary part is zero within this perturbative
calculation whenever @ > vy qo, in the real part we see the
suppression factor (¢o/kr)?, in accordance with the general
argument given in the main text. In principle, there can be
and enhancement with the number of electrons, as the den-
sity of states at the Fermi surface p(0) typically scales with
the size of the Fermi surface itself (not actually in a 2D

J

TP, 2p,w;p,0) = D(P,%p, 0,5, )

+,/ dk do
1
Qn)? 21

x GP+kQ+w)GP —kQ— )P,k o;p, o).

Here, I'(P, ©2; p,w;p’, o) is the set of all irreducible dia-
grams, which can not be divided into two parts by cutting
two copropagating electron lines [9]. In our earlier discus-
sion [see Eq. (B1) and Sec. VI A], we have approximated
I' by I’y = V9D, which is the first-order diagram in the
perturbation series of T'. In this section, we will discuss

rY P=0Q=0;p,w:k w)

Cross

electron gas). As a matter of fact however, for a standard
Fermi-liquid coupled to a Fabry-Perot cavity, the polariza-
tion function is typically very small, as discussed, e.g., in
Ref. [62]. This can be changed by significantly reducing
the volume of the electromagnetic modes (see, e.g., Refs.
[63,64]).

APPENDIX E: CROSSED DIAGRAMS OF THE
VERTEX FUNCTION

The general structure of the Bethe-Salpeter equation [9],
which is used to calculate the transition temperature of the
photon-mediated superconductivity is given by [see Eq.
(B1) for the full Keldysh structure],

PQpa)ka)l)

(ED

(

the next higher-order diagrams (crossed diagrams) in the
perturbation series of I" as shown in Fig. 8.

The correction to I coming from the cross diagrams
associated with the BCS vertex [i.e., corrections to the
bare vertex V®D, in first line of Eq.(43)] are of the
form,

da)2 dkz
l(g() c) (27T)2 8—p kz iqoxa—k k2 +qox

X [4GA(13 + k+ k2, 0 4 o) + 02) Gy (kz, 3) Dr(—w — w3) Dr(—w) — @)
+4Gx (P + k + ko, + @1 + 02)Gr(ka, 02)Ds(—w — 2) Dp(—w1 — w2)

+2G4(p + k + k2o 0 + w1 + ) Grllky, 02) Di (—w — ) Dr(—w) — wz)] , (E2)

where we have set the COM coordinates €2 =0 and
P =0 as discussed in Sec. VIA. For our present dis-
cussion, we will restrict the discussion to the case of
thermal photons in equilibrium with electrons. For the
sake of simplicity of calculation, we will assume the
momentum of the photon propagator ¢ = #¢ox and show
that the above correction terms from cross diagrams

(

are negligible as long as the separation of energy
scales holds, €j,+4) < 8. In the limit of vanishingly
small cavity momentum (gy — 0), the following argu-
ment still remains valid as long as the energy scale
of the quasiparticles close to FS, 77! « §.. After per-
forming the frequency and the momentum integrals we
obtain,
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(g88)*

F((;:gss(P = 07 Q= O:ﬁa w; ka (,!)1) = (27T)2 [8 + (Sk[’iZ‘IOx]

> 4GA(‘5+%+ZT2"‘)+‘“'+6\%2|)DR(_‘“_€|122\)DR(_‘“' 6kz|)tanh<kzl)

ky=—pFqox

2T

2T

. Elp+k+iy|
+4Gr(k2, €5 147y — @ — @DDa(—€5 747, T @DDrR(—€p5 545 + @) tanh | ———

26,
X DR(_C‘)I + o+ 8c) + 80 - _80}] 5

Here, we will also assume the coordinates of the incoming
electrons, p = kpX and ® ~ €xiq,.

First, we will analyze the effect of the corrections intro-
duced by ') on resonant type of pairing discussed
in Sec. VIA [see Eq. (43)]. As we have discussed in
section Sec. VI A, in the case of non-BCS pairing mech-
anism, the electrons are scattered far off from the FS,
i.e., the loop frequency is close to the photon resonance
frequency w; ~ %4, in Eq. (El) The corrections _com-
ing from TX (P =0,Q = 0; = ke, ~ €4 1493 kr 1)
will contribute in this type of pairing when it has pole w.r.t
the variable w; near w; ~ +4.. However, it can be seen

from Eq. (E3) that all poles of I'¢oss With respect to w;

P+k P-p
1) - 7 ;
Fgrogs(P’Q';p, w; k, w,) =
P+p /\/\’ xF’ k
—_— —>Y~~ —
P+k P-p

re (P, Q; P, w; %, ) =

Cross

P+

FIG. 8.

1 N - - N
+— coth ( T) {GA(p +k+k,w —8.)Grlkr, —w — 6,)

(E3)

are in the same half-plane, i.e., in this case upper half of
the complex frequency plane. Hence, while performing the
loop-frequency integral in the BS equation [Eq. (E1)], we
can always choose the contours in the other half-plane and
the poles of I'¢oss With respect to the loop frequency will
not contribute. This concludes that the corrections coming
from the crossed diagrams I'{!)  at second order will not
affect the non-BCS pairing mechanism.

Next, we will evaluate the correction ')

orass Introduces

to the standard BCS paring when the loop frequency w; ~
€kp+qy> 1-€., the electrons are scattered close to the FS.
—g2/(28. ) of the stan-

() obtained

Compared to the bare vertex I'y =
dard BCS coupling [see below Eq. (44)], T'{}

This figure shows the crossed diagrams, which lead to corrections of the bare electron-electron pairing vertex.
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from Eq. (E3), introduces a correction term whose rela-
tive strength is O(g8./ max(7, €, 44,)). At this point, it
is important to note that the new resonant type of pair-
ing proposed in Sec. VIA increases 7, by more than
one order of magnitude (see Ref. [18]) and hence further
suppresses the corrections coming from I'{)) . At typical
temperatures of our interest 7~ 1K, this correction term

coming from I'{))  can be neglected compared to the bare

J

2 - 7 . dw,
Fggss(P = O, Q = OQP,CUQk,CUI) = l(g§5c)2 / ~

vertex. Once again this discussion illuminates why it is
important to include the effects of long-range photon fluc-
tuations mediated by the on-shell nonadiabatic photons in
the dynamics.

Now we calculate the correction to I' coming from the
cross diagrams associated with the non-BCS vertex, which
are of the form,

— =5 - - N X
2 (27)? —p—ka,xqox " —k—ky,+qo%

x 4 [GR@ + ki + Ky, 0 4 o) + 02)Gg(ky, 2)Dr(—w — w3)Dy(—w) — @)

+ Gk + k + ky, @ + o1 + 02) G (kp, 2) Dp(—w — ) Dr(— ) — )

+ G4 + k + ko, 0 + w1 + 02) Grlka, 02) Dy (—w — 03) Dr(—w) — w3)

+ G (B + k + kz, 0 + 01 4 02)Grkz, 02) D (— — w2) Dr(—w) — @)
+ Gr(P + k + ky, 0 + @) + 03) G (ky, 02) Dr(— — 3) D (— ) — @)

+ Gr(@ + k+ k0 + w1 + CUZ)GR(%L ®2)Dg (—w — w2) Dy (—wy — wz)] . (E4)

Following the line of arguments described above, we
will analyze the contribution of T'2) in correcting the
bare non-BCS electron-electron pairing vertex. This cor-
rection will come from the poles of I'2)  with respect
to w;, which are close to photon resonance frequency
wy ~ %3, For this purpose, the relevant terms in '3
are those which have poles w; ~ 4§, present in both the
half planes in the complex frequency plane of w; [simi-
lar to the structure of what we have in the bare non-BCS
vertex VoDk(w; — w)]. After performing the frequency
and the momentum integration in Eq. (E4), we obtain
that compared to the bare non-BCS vertex VyDg (w; — w),
the relative strength of these correction terms are O(g)
and O(g) tanh(ex,. 14, /(27)). This verifies that the relative
magnitude of these correction terms are much smaller com-
pared to 1 in the regime of our interest and hence these
higher-order corrections do not change the main results
proposed in the main text. This concludes our discussion
on the correction coming from the crossed diagrams in
electron-electron pairing vertices. We note that our discus-
sion above is different from the case of a singular gauge
propagator discussed in Ref. [65] (or in Ref. [66] for
finite-range interaction).
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