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 A B S T R A C T

The principle of cloaking has been developed and applied to different types of waves. We 
consider the application in the context of flexural–gravity waves on shallow water in order 
to reduce the wave force on an object. The parameters of the plate used to create a cloak 
in the vicinity of the object are found applying a space transformation method to the wave-
propagation equation. The governing equation of a Kirchhoff–Love plate is generally not 
shape-invariant, which traditionally induces error terms in the (thus approximate) use of the 
space transformation method. First deriving the equations of motion for the shallow-water–
fully anisotropic plate system by a variational principle, we extend the transformation method 
to anisotropic plates and show that for every change of coordinates there exists a class of 
anisotropic plates such that the equation of motion is shape-invariant. Furthermore, we consider 
examples in which the wave force on and the scattering by a rigid bottom-mounted vertical 
cylinder are reduced when surrounded by a floating plate with a cloaking region having 
material parameters computed by the presented method and we illustrate an approximate case 
by simulations.

1. Introduction

The cloaking principle was developed with the aim of bending electromagnetic waves around an object, such that the object 
is invisible to an observer located away from the object [1,2]. The material that surrounds the object and allows this deviation 
of the path of the waves is called the cloak, and the so-called space transformation method for determining the properties of the 
cloaking material is based on a change of coordinates in the equations governing wave propagation [3]. The usual approach is to
transform coordinates from an isotropic material to an arrival space obtained by inflating a point of very small diameter (and, thus, 
negligible scattering). This creates annular cloaking regions consisting of anisotropic materials, which are typically realised using 
metamaterials acting in an effective sense by designing their microstructure appropriately [4,5]. The space transformation method 
relies on the equation governing wave propagation being shape-invariant, which means the structure of the mathematical operators 
in the governing equation remains unchanged by the transformation. The principle has been applied to numerous types of waves, 
such as acoustic waves [6,7], and shallow-water waves [8,9].
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In the context of water waves, the primary motivation for creating a cloak is for the ocean engineering application of reducing 
wave forces on an offshore structure [9]. However, the difficulty in applying the space transformation method to water waves is that 
the general (linear) water-wave system is not shape-invariant, so the space transformation method cannot be directly applied [8,10]. 
Nevertheless, in the shallow-water regime that is relevant to near-shore ocean engineering, the governing equations are shape-
invariant at the price of non-homogeneous and possibly anisotropic coefficients in the transformed equations, such as the transformed 
water height.

The space transformation method was applied in its general form in the shallow-water regime by [11] and they proposed a 
specific transformation that requires only anisotropic bathymetry to design the cloak. Subsequent design and numerical simulations 
were performed by [12,13]. Based on the transformation method, anisotropy is realised by structures in the water or by a change 
of the bathymetry, e.g. [14] suggest an assembly of rigid cylinders clamped to a flat seabed and piercing the free-water surface, 
whereas [15] realise the cloak by a change in seabed topography. In the context of the mild-slope approximation [16], design and 
numerical simulation of a structure cloaking a bottom-mounted cylinder by bathymetry variations and surface-piercing structures 
using a homogenisation technique were presented by [17]. In [18], a design of a channel network to attain water-wave cloaking 
was proposed. Moreover, an experimental realisation of a waveguide in the shallow-water regime using anisotropic bathymetry was 
described by [19].

For the case of a vertical cylinder in water, a cloaking approach based on direct numerical optimisation (rather than space 
transformation) was suggested by [10,20]. They optimised the bathymetry in the context of a mild-slope approximation by cancelling 
the scattering. Similarly, [21] optimised surface-piercing structures surrounding a vertical cylinder and a flat seabed. Nonetheless, 
the direct approach has the disadvantage of being dependent on the cloaked object and the frequency of the incoming waves.

It would be challenging and costly to build and deploy bottom-mounted structures or to adjust the bathymetry to create a 
cloak. Therefore, attention has turned to use of floating elastic plates to achieve cloaking. Using the direct numerical optimisation 
approach, [22] cloaked a cylinder in water of finite depth by finding the optimal multilayer isotropic plate that reduces scattering. 
However, the space transformation method seems not to have been applied to design a cloak made up of a floating plate yet. 
Indeed, it is well-known that the space transformation method cannot, in general, be applied to elastic plates (even without 
fluid loading), as the equation for the wave motion is not shape-invariant [23–25]. More precisely, [23] show that the equations 
governing wave propagation in elastic materials are only shape-invariant for general elastic materials with an additional pre-
stress term. It is unknown how to handle the space transformation method for a thin plate with no additional pre-stress, although 
approximate cloaking has been experimentally achieved in structured plates [26–28]. Analytically, different strategies were proposed 
to approximate a perfect cloak within a plate, such that the cloak is the result of a shape-invariant transformation. For example, [29] 
developed a model for general orthotropic elastic materials, i.e. anisotropy is along orthogonal axes, and compared membrane 
equations with plate equations. Also, [30] considered orthotropic plates and determined a particular change of coordinates to create 
an approximate but efficient cloak. Both attempts resulted in imperfect cloaks because some terms corresponding to the pre-stress 
force are neglected in the final cloak. Nevertheless, they showed that the error made by the approximation decreases with the 
penetration depth of the wave into the cloak, resulting in efficient cloaking. Finally, [31] proposed an alternative approach by 
using the variational formulation of the equations of motion, making it easier to handle the terms that make the equation non-
shape-invariant since the rigidity tensor can be rewritten as a bilinear form in the variational formulation. The authors pointed out 
that the biharmonic equation should be shape-invariant for a class of transformations with a vanishing Hessian.

Here, starting from an anisotropic plate, we devise a transformation method which does not require to search for a specific 
transformation minimising the pre-stress terms or even having vanishing Hessians. Using this novel approach, we resolve the issue 
of the non-shape-invariant form of the Kirchhoff–Love plate equation by generalising the concept to the fully anisotropic plate 
(i.e. with anisotropic rigidity and thickness), paying special attention to boundary terms before coupling to the shallow-water system. 
We then apply the transformation method for general transformations and anisotropic plates and we show that, for every change 
of coordinates, one can find a class of anisotropic plates that make the equation shape-invariant. We derive the model of the fully 
anisotropic floating plate using Hamilton’s principle for the Kirchhoff–Love plate. In particular, the general boundary condition for 
the fully anisotropic plate with arbitrary boundary is derived. Application of the cloaking principle is given in the context of an 
infinite floating plate in the shallow-water regime. It turns out that, because of the coupling of two physical domains (plate and 
water), both the rigidity of the plate and water height have to be anisotropic in the cloak. To allow for a constant seabed, the cloak is 
created using a plate with anisotropic rigidity and immersion. Our cloaking strategy is illustrated based on the obtained parameters 
without discussing how to create a plate with these parameters. Finally, we give an approximate numerical example showing that 
the cloak leads to reduction of wave forcing on and scattering of a bottom-mounted cylinder subjected to incident flexural–gravity 
waves.

The plan of the paper is as follows. We first construct the model of a floating anisotropic plate using a variational approach in 
Section 2. We build our model first for an in-vacuo plate (Section 2.1) and for water waves in shallow water (Section 2.2) separately, 
before coupling them to a model for a floating plate (Section 2.3). The change of coordinates is applied to the variational formulation 
of the final model in Section 3. This transformation leads to a new floating plate with anisotropic rigidity and anisotropic immersion 
(Section 3.1). We detail the computation for the elastic part that is not shape-invariant in general (Section 3.2). However, we show in 
Section 3.3 that for all changes of coordinates we can find anisotropic plate parameters such that the elastic part is shape-invariant. 
Formulas to find such plate parameters are given in that section. We explain in Section 4 how the method is applied to the plate 
floating on shallow water. The approximate numerical example to illustrate our results is given in Section 5. We end with some 
conclusions and an outlook in Section 6.
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2. Floating elastic plate model

In order to manipulate the formulations for a change of coordinates for the anisotropic plate and build our method more easily, 
we work with a variational formulation derived from an associated Lagrangian and use Hamilton’s principle. This approach was used 
in [32,33] for an isotropic plate in the context of modelling water-wave interactions with sea ice. Here, we extend the variational 
formulation to a general anisotropic Kirchhoff–Love plate, which may also serve as a useful reference outside the cloaking context. 
The construction is split into first giving the variational form for the anisotropic plate in Section 2.1, then for the water domain in 
Section 2.2, where the shallow-water approximation is assumed, and finally for the coupled model of a plate floating on shallow 
water in Section 2.3.

2.1. Variational formulation of the anisotropic thin plate

We suppose a horizontal thin plate occupying 𝛺 × (−𝑝, 𝑃 − 𝑝) in three spatial dimensions with Cartesian coordinates (𝑥1, 𝑥2, 𝑥3), 
where 𝛺 ⊆ R2 and 𝑝 = 𝑝(𝑥1, 𝑥2) and 𝑃 = 𝑃 (𝑥1, 𝑥2) are functions denoting the local distance of the bottom of the plate from the 
{𝑥3 = 0}-plane and the thickness of the plate at rest, respectively (see Fig.  1 for an illustration). This description of the geometry 
will prove useful when adding the water domain, in which case 𝑝 reflects the local submergence.

We assume the thin-plate approximation within the Kirchhoff–Love plate theory to be valid, so that the momentum is defined 
as 𝑀𝑖𝑗 = ∫ 𝑃−𝑝

−𝑝 𝑥3𝜎𝑖𝑗 , where 𝜎𝑖𝑗 are the stresses, 𝑖, 𝑗 = 1, 2. The (local) flexural rigidity tensor of the plate is denoted by 𝐷𝑖𝑗𝑘𝑙 and 
𝑀𝑖𝑗 = 𝐷𝑖𝑗𝑘𝑙𝑤,𝑘𝑙 with 𝑤 the vertical (out-of-plane) displacement depending on horizontal variables 𝑥𝑖, 𝑖 ∈ {1, 2}. Here and in what 
follows, we use Einstein notation so that ⋅,𝑖 denotes the derivative in the 𝑖th spatial coordinate and ⋅,𝑡 denotes the derivative with 
respect to time 𝑡. Similarly, ⋅,𝑖𝑗 denotes the second-order derivative in the 𝑖th and 𝑗th spatial coordinates and ⋅,𝑡𝑡 denotes the second-
order derivative with respect to time. With standard symmetries 𝐷𝑖𝑗𝑘𝑙 = 𝐷𝑘𝑙𝑖𝑗 = 𝐷𝑗𝑖𝑘𝑙 = 𝐷𝑖𝑗𝑙𝑘, see e.g. [34], we have 𝑀12 = 𝑀21 and 

⎛
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⎜
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⎜

⎝
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⎟

⎟

⎟
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. (1)

The Lagrangian of the plate is given by the difference of the elastic energy and the kinetic energy,

𝐋p(𝑤) = ∫𝛺
−1
2
𝑤,𝑖𝑗𝐷𝑖𝑗𝑘𝑙𝑤,𝑘𝑙 +

1
2
𝜌0𝑃 (𝑤,𝑡)2d𝑥1d𝑥2,

where 𝜌0 is the density of the plate. The variation of the Lagrangian is given by 

𝛿𝐋p(𝑤, 𝛿𝑤) = ∫𝛺
−𝛿𝑤,𝑖𝑗𝐷𝑖𝑗𝑘𝑙𝑤,𝑘𝑙 + 𝜌0𝑃𝑤,𝑡𝛿𝑤,𝑡d𝑥1d𝑥2. (2)

Integrating with respect to time and integrating by parts with respect to time, we obtain the variation of the action, 𝛿𝐒p, as 

𝛿𝐒p(𝑤, 𝛿𝑤) = −∫

𝑡1

𝑡0

(

∫𝛺
𝛿𝑤,𝑖𝑗𝐷𝑖𝑗𝑘𝑙𝑤,𝑘𝑙 + 𝜌0𝑃𝑤,𝑡𝑡𝛿𝑤 d𝑥1d𝑥2

)

d𝑡. (3)

To derive the free boundary conditions, we integrate by parts with respect to space twice as detailed in Appendix  A to obtain 

𝛿𝐒p(𝑤, 𝛿𝑤) = −∫

𝑡1

𝑡0

(

∫𝛺
𝛿𝑤

(

(

𝑀𝑖𝑗
)

,𝑖𝑗 + 𝜌0𝑃𝑤,𝑡𝑡

)

d𝑥1d𝑥2 − (𝑤, 𝛿𝑤)
)

d𝑡, (4a)

(𝑤, 𝛿𝑤) = ∫𝛿𝛺

(

𝐧𝑇
(

𝑀11
1
2𝑀12

1
2𝑀12 𝑀22

)

𝐧
)

(

∇h𝛿𝑤 ⋅ 𝐧
)

+

(

𝐬𝑇
(

𝑀11 𝑀12

𝑀12 𝑀22

)

𝐧
)

(

∇h𝛿𝑤 ⋅ 𝐬
)

− 𝛿𝑤

(

𝑀11,1 +𝑀12,2

𝑀12,1 +𝑀22,2

)

⋅ 𝐧, (4b)

with ∇h denoting the gradient with respect to horizontal coordinates 𝑥1, 𝑥2, 𝑀 the momentum defined in (1), 𝐧 the normal vector 
to 𝜕𝛺 and 𝐬 the tangential direction. These boundary conditions are consistent with the boundary conditions given by [35,36]. After 
integration by parts in the term involving ∇h𝛿𝑤 ⋅ 𝐬,  is rewritten as

(𝑤, 𝛿𝑤) = ∫𝛿𝛺

(

𝐧𝑇
(

𝑀11 𝑀12

𝑀12 𝑀22

)

𝐧
)

(

∇h𝛿𝑤 ⋅ 𝐧
)

− 𝛿𝑤

[(

𝑀11,1 +𝑀12,2

𝑀12,1 +𝑀22,2

)

⋅ 𝐧 + ∇h

(

𝐬𝑇
(

𝑀11 𝑀12

𝑀12 𝑀22

)

𝐧
)

⋅ 𝐬
]

. (5)

We note that, for the special case of an isotropic homogeneous plate (𝐷1111 = 𝐷2222 = 𝐷, 𝐷1112 = 𝐷2221 = 0, 𝐷1122 = 𝜈𝐷 and 
𝐷1212 = (1 − 𝜈)𝐷∕2, with 𝜈,𝐷 constant), boundary conditions (5) represent the standard free-edge boundary conditions [37]. The 
complete computation in the isotropic case can be found in [32].

2.2. Variational formulation for the water

Consider a free surface (no plate) water domain 𝛺w ∶= {(𝑥1, 𝑥2, 𝑥3) ∈ H × R | − 𝑑 ≤ 𝑥3 ≤ 𝜂(𝑡, 𝑥1, 𝑥2)}, where H ⊆ R2 and for a 
constant seabed depth 𝑑 and local surface displacement 𝜂. Full construction of the functional for surface waves for water of finite 
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depth can be found in [38] or [39]. The Lagrangian for the free surface water in 𝛺w is 𝐋w = ∫𝛺w
𝑝w, where 𝑝w is the water pressure. 

Using Bernoulli’s equation, the Lagrangian becomes

𝐋w(𝛷, 𝜂) = −𝜌w ∫H ∫

𝜂

−𝑑
𝛷,𝑡 + 𝑔𝑧 + 1

2
|∇𝛷|

2 d𝑥3d𝑥1d𝑥2

= 𝜌w ∫H

[

−𝜕𝑡

(

∫

𝜂

−𝑑
𝛷d𝑥3

)

+ 𝜂,𝑡𝛷𝜂 −
1
2
𝑔
(

𝜂2 − 𝑑2
)

−1
2

(

∫

𝜂

−𝑑
|∇𝛷|

2 d𝑥3

)]

d𝑥1d𝑥2, (6)

where 𝜌w is the water density, 𝑔 is the constant of gravitational acceleration, 𝛷𝜂 is short-hand for 𝛷(𝑥1, 𝑥2, 𝜂(𝑥1, 𝑥2)) and 𝛷 is the 
water velocity potential, the gradient of which gives the water velocity (having assumed irrotational motion).

Integrating over a time interval [𝑡0, 𝑡1] and fixing the (arbitrary) normalisation of the potential such that 
[

∫𝛺w
𝛷
]𝑡1

𝑡0
= 0, we obtain 

the action 

𝐒w(𝛷, 𝜂) = 𝜌w ∫

𝑡1

𝑡0

(

∫H
𝜂,𝑡𝛷𝜂 −

1
2
𝑔
(

𝜂2 − 𝑑2
)

− 1
2 ∫

𝜂

−𝑑
|∇𝛷|

2 d𝑥3d𝑥1d𝑥2

)

d𝑡. (7)

The first variation of the functional is

𝛿𝐒w(𝛿𝛷,𝛷, 𝜂, 𝛿𝜂) = 𝜌w ∫

𝑡1

𝑡0

(

∫H
𝛿𝛷𝜂𝜂,𝑡 +𝛷𝜂𝛿𝜂,𝑡 − 𝑔𝜂𝛿𝜂 −∫

𝜂

−𝑑
∇𝛿𝛷 ⋅ ∇𝛷d𝑥3 +

1
2
𝛿𝜂 |∇𝛷|

2 d𝑥1d𝑥2

)

d𝑡. (8)

Using Green’s formula in the term containing ∇𝛿𝛷 ⋅ ∇𝛷, we can derive the boundary and surface conditions,

− ∫H ∫

𝜂

−𝑑
∇𝛿𝛷 ⋅ ∇𝛷 d𝑥1d𝑥2d𝑥3 =∫H ∫

𝜂

−𝑑
𝛿𝛷𝛥𝛷 d𝑥1d𝑥2d𝑥3 + ∫H

𝛿𝛷−𝑑𝛷−𝑑,3 + 𝛿𝛷𝜂
(

−∇h𝜂 ⋅ ∇h𝛷𝜂 +𝛷𝜂,3
)

d𝑥1d𝑥2

+ ∫𝜕H
𝛿𝛷∇h𝛷 ⋅ 𝐧 d𝑥3, (9)

where, as before, ∇h is the gradient operator with respect to the horizontal coordinates. Integrating by parts the term with 𝛿𝜂,𝑡 in 
(8), injecting (9) and linearising for small elevation 𝜂 around 𝑧 = −𝑝 (note that 𝑝 = 0 in the classic free surface case) gives the first 
variation for the water domain,

𝛿𝐒w(𝛿𝛷,𝛷, 𝜂, 𝛿𝜂) = 𝜌w ∫

𝑡1

𝑡0

(

∫H ∫

−𝑝

−𝑑
𝛿𝛷𝛥𝛷 d𝑥3 − 𝛿𝛷−𝑝

(

∇h𝑝 ⋅ ∇h𝛷−𝑝 +𝛷−𝑝,3 − 𝜂,𝑡
)

−𝛿𝜂
(

𝛷−𝑝,𝑡 + 𝑔𝜂
)

+ 𝛿𝛷−𝑑𝛷−𝑑,3 d𝑥1d𝑥2 + ∫𝜕H
𝛿𝛷∇h𝛷 ⋅ 𝐧

)

d𝑡. (10)

It is well-known that the formulation (10) is not shape-invariant and we refer to [8,10] for discussion and details on this point. 
To be able to use the space transformation method in what follows, we pass to a shallow-water regime, which is shape-invariant at 
the expense of having to adjust the local water height 𝐻 ∶= 𝑑 − 𝑝, [11]. Therefore, we restrict to wavelengths much greater than 
the water height, and, to derive the variational form in the shallow regime, we adopt the formulation derived by [40], such that 

∇𝛷 = 𝐮 =
⎛

⎜

⎜

⎝

𝐮h(𝑥1, 𝑥2, 𝑡)
(

𝑥3 + 𝑝 + 1
𝐻

)

(

𝜂,𝑡 + ∇h𝐻 ⋅ 𝐮h
)

⎞

⎟

⎟

⎠

, (11)

in which 𝐮h denotes the vector of horizontal velocities. Injecting (11) in (10) makes the terms involving 𝛿𝛷−𝑑 and 𝛿𝛷−𝑝 disappear 
and the volume term in the functional for the water becomes 

∫

−𝑝

−ℎ
𝛿𝛷𝛥𝛷d𝑥3 =

(

∫

−𝑝

−𝑑

𝛿𝛷
𝐻

d𝑥3

)

(

𝜂,𝑡 + ∇h ⋅ (𝐻𝐮h)
)

. (12)

Denoting 𝛹 (𝛿𝛷) = ∫ −𝑝
−𝑑

𝛿𝛷
𝐻 d𝑥3, the variational formulation for shallow water is given by

𝛿𝐒sw(𝛷, 𝛿𝛷, 𝜂, 𝛿𝜂) = 𝜌w ∫

𝑡1

𝑡0

(

∫H
𝛹 (𝛿𝛷)

(

𝜂,𝑡 + ∇h ⋅ (𝐻∇h𝛷)
)

− 𝛿𝜂
(

𝛷,𝑡 + 𝑔𝜂
)

d𝑥1d𝑥2 − ∫𝜕H
𝛿𝛷∇h𝛷 ⋅ 𝐧

)

d𝑡. (13)

2.3. Floating plate on water variational model

Now, we combine the variational formulations for the plate and the water to obtain a variational model for a plate floating 
on shallow water. We assume the water surface is in contact with the plate immersion −𝑝 at all times, so that the water-surface 
elevation 𝜂 is equal to the plate displacement 𝑤 and H = 𝛺. The two variational formulations can be combined considering the 
water as an external force on the plate in terms of the pressure. Thus, the Lagrangian for the total system is 𝐋 = 𝐋p + 𝐋w and the 
first variation of the functional for the full floating plate system is given by

𝛿𝐒(𝛿𝛷,𝛷, 𝜂, 𝛿𝜂) = 𝛿𝐒w(𝛿𝛷,𝛷, 𝜂, 𝛿𝜂) + 𝛿𝐒p(𝛿𝛷,𝛷, 𝜂, 𝛿𝜂)

= ∫

𝑡2

𝑡1

[

∫𝛺
𝜌w𝛹 (𝛿𝛷)

(

𝜂,𝑡 + ∇h ⋅ (𝐻∇h𝛷)
)

− 𝛿𝜂
(

𝜌w𝛷,𝑡 + 𝜌w𝑔𝜂 +
(

𝐷𝑖𝑗𝑘𝑙𝜂,𝑘𝑙
)

,𝑖𝑗 + 𝜌0𝑃𝜂,𝑡𝑡
)

d𝑥1d𝑥2 (14)
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Fig. 1. Schematic diagram of the cross-section of a floating plate surrounding a bottom-mounted circular cylinder (grey region).

−∫𝜕𝛺
𝜌w𝛿𝛷∇h𝛷 ⋅ 𝐧 − (𝜂, 𝛿𝜂)

]

d𝑡.

Another way to construct the coupled model is to consider the pressure exerted by the object on the fluid as a Lagrange multiplier 
associated with the constraint 𝑤 = 𝜂 as proposed by [41].

In what follows, we will also consider the problem where a rigid bottom-mounted vertical circular cylinder of radius 𝑎 centred 
at the origin pierces the floating plate, so that 𝛺 = {(𝑥1, 𝑥2) ∈ R2, 𝑥21 + 𝑥22 > 𝑎2}. To simplify the time dependence and to focus on 
the spatial change of coordinates, we restrict the study to time-harmonic motions, so that 𝜂 = ℜ{e−i𝛼𝑡𝜉} and 𝛷 = ℜ{e−i𝛼𝑡𝜙} with 
complex-valued spatial parts 𝜉 and 𝜙 of the original quantities and radian frequency 𝛼. For the scattering problem, the incident 
wave is given by the potential 𝛷inc = ℜ{e−i𝛼𝑡𝜙inc}.

We also note that it is possible to generalise the model to a fully anisotropic plate, which involves anisotropic thickness 
𝐏, anisotropic density 𝝆0 and, consequently, anisotropic water height 𝐇. As mentioned before, these anisotropic parameters 
must be interpreted as effective parameters, for example resulting from the rational design and homogenisation of a multiscale 
structure [42,43]. Taking this general form and according to (14), the system of equations of motion becomes 

−i𝛼𝜉 + ∇ ⋅ (𝐇∇𝜙) = 0 on 𝛺, (15a)

−i𝛼𝜌w𝜙 + 𝜌w𝑔𝜉 +
(

𝑀𝑖𝑗 (𝜉)
)

,𝑖𝑗 − ⟨ 𝝆0,𝐏⟩𝛼2𝜉 = 0 on 𝛺, (15b)

∇𝜙 ⋅ 𝐧 = 0 on 𝜕𝛺, (15c)

𝐧𝑇
(

𝑀11(𝜉) 𝑀12(𝜉)
𝑀12(𝜉) 𝑀22(𝜉)

)

𝐧 = 0 on 𝜕𝛺, (15d)
(

𝑀11,1(𝜉) +𝑀12,2(𝜉)
𝑀12,1(𝜉) +𝑀22,2(𝜉)

)

⋅ 𝐧 + ∇

(

𝐬𝑇
(

𝑀11(𝜉) 𝑀12(𝜉)
𝑀12(𝜉) 𝑀22(𝜉)

)

𝐧
)

⋅ 𝐬 = 0 on 𝜕𝛺, (15e)

𝜙 − 𝜙inc satisfy radiation conditions (15f)

with 𝐧 = (cos(𝜃), sin(𝜃))𝑇  and 𝐬 = (− sin(𝜃), cos(𝜃))𝑇  and ⟨𝝆0,𝐏⟩ = 𝜌0𝑖𝑗𝑃𝑖𝑗 denotes the Frobenius inner product. Here and in what 
follows, we have dropped the subscripts h of the gradients for notational convenience. We note that, to solve the system, it is 
convenient to inject (15a) into (15b) and obtain an equation for the potential 𝜙 only, 

𝛼2𝜌w𝜙 + 𝜌w𝑔∇ ⋅ (𝐇∇𝜙) − ⟨𝝆0,𝐏⟩𝛼2∇ ⋅ (𝐻∇𝜙) +
(

𝑀𝑖𝑗 (∇ ⋅ (𝐻∇𝜙))
)

,𝑖𝑗 = 0 (16)

with boundary conditions (15c)–(15e) rewritten for 𝜙 accordingly.
Remark. To the best of our knowledge, a proof of mathematical well-posedness for this problem of a fully anisotropic floating plate 
does not exist in the literature. We refer to [44] for the well-posedness of the isotropic Kirchhoff–Love plate equation alone with 
radiation condition and [45] for the infinite plate case. We will not treat the problem of well-posedness for the general case in 
this paper. Nonetheless, we give an example in Section 5 for a specific anisotropic plate where a solution is computed using the 
eigenfunction matching method.

3. Change of coordinates and shape-invariant form

The idea of transformation-based cloaking is to start with the desired problem setup but only containing a small (or even 
vanishing) version of the scatterer, which produces negligible scattering owing to its small size (or none at all). The spatial domain 
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containing the scatterer and its surroundings are then transformed in a way such that the scatterer is enlarged to its real size. 
Clearly, as part of this transformation, the equations of motions in the domain surrounding the scatterer transform. If the equations 
are shape-invariant, the transformation is only reflected in changed (local) material parameters but not in the structure of the 
equations. In a medium with these transformed material parameters, the scattering by the real-sized scatterer is still negligible.

In order to apply transformation-based cloaking, we suppose a change of coordinates 𝐹 ∶𝛺 → 𝛺̃ from the original space to the 
arrival space. The partial derivative is denoted by

𝐹𝐼,𝑖 =
𝜕𝑋𝐼
𝜕𝑥𝑖

for 𝐼, 𝑖 ∈ {1, 2}.

For shortness of notation, we denote the associated (Jacobian) matrix by 𝐉, which is sometimes referred to as the deformation 
gradient in this context.

3.1. Change of coordinates of plate–shallow-water system

Applying the change of coordinates to the variational formulation (14) gives the following variational form

𝛿𝐒(𝛿𝛹,𝛷, 𝜂, 𝛿𝜂) =∫

𝑡1

𝑡0

[

∫𝛺
|𝐉|−1𝜌w𝛹 (𝛿𝛷)

(

𝜂,𝑡 + |𝐉|∇𝑋 ⋅
(

𝐇̃∇𝑋𝛷
))

− 𝛿𝜂|𝐉|−1
(

𝜌w𝜕𝑡𝛷 + 𝜌w𝑔𝜂 + ⟨ 𝝆0,𝐏⟩𝜂,𝑡𝑡
)

− ̃(𝛿𝜂, 𝜂) d𝑋1d𝑋2

+̃ − ∫𝜕𝛺
|𝐉|−1𝜌w𝛿𝛷

(

𝐉𝑇∇𝑋𝛷 ⋅ 𝐧
)

]

d𝑡, (17)

where |𝐉| denotes the determinant of 𝐉, ∇𝑋 is the gradient in the arrival space coordinates (𝑋1, 𝑋2) ∈ 𝛺 and 𝐇̃ = 𝐉𝐇𝐉𝑇 ∕|𝐉|. The 
terms ̃ and ̃ are the result of the change of coordinate of the elastic response written as an inner product associated to the 
tensor 𝐃 with entries 𝐷𝑖𝑗𝑘𝑙, such that 

𝐃(𝝐𝑥(𝑢), 𝝐𝑥(𝑣)) ∶= 𝑢,𝑖𝑗𝐷𝑖𝑗𝑘𝑙𝑣,𝑘𝑙 , (18)

with 𝝐𝑥 the symmetrised second-order derivative for the system of coordinate 𝑥, i.e.

𝝐𝑥(𝑢) =
1
2
∇𝑥∇𝑥𝑢 +

1
2
(

∇𝑥∇𝑥𝑢
)𝑇 =

(

𝑢,11 𝑢,12
𝑢,12 𝑢,22

)

.

The expressions for ̃ and  are detailed in (20a) below and they generally describe an anisotropic material. Because the 
determinant of the Jacobian appears in the term containing 𝐇̃ in (17), the shallow-water equation is shape-invariant only if |𝐉| is 
constant. This point is a well-known aspect of the space transformation method in the shallow-water context; [11] propose a specific 
change of coordinates for which |𝐉| is constant. With this specific change of coordinates, all terms turn out to be shape-invariant 
except for the elastic part and the water height 𝐇̃ in the arrival space is anisotropic.

As a result of the coupling of two physical systems, water and plate, the anisotropy involved in the change of coordinates appears 
in two parameters: the rigidity and the water height. If we want to avoid the design of a non-constant water bed, we must suppose 
a plate with anisotropic rigidity and immersion. The question of the design of such a plate via effective medium theory has been 
studied, see e.g. [46], and we do not discuss it here. Therefore, we make use of anisotropic rigidity and immersion in what follows. 
The elastic response is known not to be shape-invariant in general [23] and we recall the reasons in Section 3.2, making explicit 
the transformed version of (18) in particular. Indeed, the change of coordinates produces an equation with an extra term, which 
represents a pre-stress force. This gives rise to two possibilities of how to proceed. The first is to consider the plate with a pre-stress 
force (as e.g. in [47]); the second is to try to determine plate parameters for which the pre-stress vanishes. This second approach has 
recently been employed in [30], in which the authors, for a fixed change of coordinates, find specific plate parameters which allow 
the terms related to the pre-stress to become asymptotically small far from the cylinder. We generalise this approach in Section 3.3 
by determining for every change of coordinates the plate parameters that make the pre-stress force term vanish.

3.2. Kirchhoff–Love plate equation is not shape-invariant in general

It is well-known that the elastic plate equation is not shape-invariant in general. This is also true for more general waves 
propagating in elastic media [23–25]. Its invariant form appears with additional terms resulting from the change of coordinate 
computation. Physically, these additional terms can be seen as an external force. Here, we detail their expression and derive the 
general boundary conditions resulting from this coordinate change.

With 𝛺 being the space in which we will have the cloaking zone (the arrival physical space), the plate rigidity tensor 𝐷𝐼𝐽𝐾𝐿 will 
be computed depending on the rigidity tensor of the plate in the space 𝛺 noted 𝐷𝑖𝑗𝑘𝑙 where there is no cloak (the original physical 
space). Considering this notation, we have 

𝑤,𝑖𝑗 = 𝐹𝐼,𝑖𝐹𝐽 ,𝑗𝑊,𝐼𝐽 + 𝐹𝐼,𝑖𝑗𝑊,𝐼 . (19)

Applying the change of coordinate to the elastic term in the plate equation gives 

∫𝛺
𝛿𝑤,𝑖𝑗𝐷𝑖𝑗𝑘𝑙𝑤,𝑘𝑙 = ∫𝛺

𝐃
(

𝜖𝑥(𝛿𝑤), 𝜖𝑥(𝑤)
)

= ∫𝛺
̃(𝛿𝑊 ,𝑊 ) (20a)
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∶= ∫𝛺
𝛿𝑊,𝐼𝐽 𝐷̃𝐼𝐽𝐾𝐿𝑊,𝐾𝐿 + 𝛿𝑊,𝐼𝐽 𝑏̃

𝐾
𝐼𝐽𝑊,𝐾 + 𝛿𝑊,𝐼 𝑏̃

𝐼
𝐾𝐿𝑊,𝐾𝐿 + 𝛿𝑊,𝐼 𝑐𝐼𝐾𝑊,𝐾 (20b)

 with 

𝐷̃𝐼𝐽𝐾𝐿 = 𝐹𝐼,𝑖𝐹𝐽 ,𝑗𝐹𝐾,𝑘𝐹𝐿,𝑙𝐷𝑖𝑗𝑘𝑙|𝐉|−1, (21a)

𝑏̃𝐾𝐼𝐽 = 𝐹𝐼,𝑖𝐹𝐽 ,𝑗𝐹𝐾,𝑘𝑙𝐷𝑖𝑗𝑘𝑙|𝐉|−1, (21b)

𝑐𝐼𝐾 = 𝐹𝐼,𝑖𝑗𝐹𝐾,𝑘𝑙𝐷𝑖𝑗𝑘𝑙|𝐉|−1. (21c)

 Integration by parts gives the formulation of the elastic response in the arrival space 𝛺 as 

∫𝛺
̃(𝛿𝑊 ,𝑊 ) = ∫𝛺

𝛿𝑊
(

𝑀𝐼𝐽 ,𝐼𝐽 −𝑁𝐼𝐽𝑊,𝐼𝐽 + 𝑆𝐼𝑊,𝐼
)

+ ̃(𝛿𝑊 ,𝑊 ) (22a)

̃(𝛿𝑊 ,𝑊 ) = ∫𝜕𝛺

(

𝐧𝑇
(

𝑄11 𝑄12

𝑄12 𝑄22

)

𝐧
)

(∇𝛿𝑊 ⋅ 𝐧) − 𝛿𝑊

[(

𝑄11,1 +𝑄12,2 − 𝑅1

𝑄12,1 +𝑄22,2 − 𝑅2

)

⋅ 𝐧 + ∇

(

𝐬𝑇
(

𝑄11 𝑄12

𝑄12 𝑄22

)

𝐧
)

⋅ 𝐬
]

(22b)

 with 𝑄𝐼𝐽 = 𝑀𝐼𝐽 + 𝑏𝐾𝐼𝐽𝑊,𝐾 and 𝑅𝐼 = 𝑏𝐼𝐾𝐿𝑊,𝐾𝐿 + 𝑐𝐼𝐾𝑊,𝐾 . The term 𝑀𝐼𝐽 ,𝐼𝐽  corresponds to the shape-invariant part of the equation, 
i.e.

𝑀𝐼𝐽 = 𝐷𝐼𝐽𝐾𝐿𝑊,𝐾𝐿 and 𝑀𝐼𝐽 ,𝐼𝐽 =
(

𝐷𝐼𝐽𝐾𝐿𝑊,𝐾𝐿
)

,𝐼𝐽 .

The terms 𝑁𝐼𝐽  and 𝑆𝐼  are given by

𝑁𝐼𝐽 = −2𝑏𝐼𝐽𝐾,𝐾 + 𝑏𝐾𝐼𝐽,𝐾 + 𝑐𝐼𝐽 ,

𝑆𝐼 = 𝑏𝐼𝐽𝐾,𝐽𝐾 − 𝑐𝐼𝐽 ,𝐽 .

Details of the computations to obtain (22) are given in Appendix  A. Note that if 𝑏𝐾𝐼𝐽  and 𝑐𝐼𝐽  vanish, then (22b) has the same form 
as (5).

In general, the term −𝑁𝐼𝐽𝑊,𝐼𝐽 + 𝑆𝐼𝑊,𝐼  restricts Eq.  (20a) from being invariant. To be shape-invariant, we must allow only 
coordinate changes satisfying −𝑁𝐼𝐽𝑊,𝐼𝐽 + 𝑆𝐼𝑊,𝐼 = 0. As explained in [31], because 𝑁𝐼𝐽  and 𝑆𝐼  are factors of Hessian terms 
(i.e. depend on the second derivative of the transformation), they vanish for linear transformations, which thus leads to a shape-
invariant equation and, in turn, perfect cloaking. From the physical point of view, the term −𝑁𝐼𝐽𝑊,𝐼𝐽 + 𝑆𝐼𝑊,𝐼  corresponds to a 
pre-stress term and an internal force. We aim to avoid this when we add the part arising from the water to the considerations.

3.3. How to choose plate parameters to have a shape-invariant equation

To control the parameters that give the pre-stress force, we can write the plate parameters in the arrival space in terms of the 
change of coordinate 𝐹  and its derivative. More precisely, we write the plate parameters in the arrival space 𝐷̃𝐼𝐽𝐾𝐿 and the ‘‘error 
terms’’ 𝑏̃𝐾𝐼𝐽  and 𝑐𝐼𝐾 as solutions of linear operators on initial parameters 𝐷𝑖𝑗𝑘𝑙 that depend on 𝐹  and its derivative. With these 
tools, we will show general properties of the change of coordinate applied to the plate equation. In particular, for each change of 
coordinate 𝐹 , we give a class of specific plates such that the corresponding plate equation is shape-invariant.

Let us first rewrite the change of coordinate (19) using the short-hand notation 

 ⋅

(

𝑤1

𝑤2

)

= 𝐇1𝑤1 +𝐇2𝑤2 for a vector
(

𝑤1

𝑤2

)

(23)

with 𝐇𝑖 ∈ R2×2 the Hessian matrix of 𝐹𝑖 and 𝑤𝑖 ∈ R.
Then, in the arrival space, we have

̃(𝛿𝑊 ,𝑊 ) = |𝐉|−1𝐃
(

𝐉𝑇 𝝐𝑋 (𝛿𝑊 ) 𝐉 + ⋅ ∇𝑋𝛿𝑊 , 𝐉𝑇 𝝐𝑋 (𝑊 ) 𝐉 + ⋅ ∇𝑋𝑊
)

,

where 𝐃( ⋅ , ⋅ ) is the inner product associated with the 4th-order symmetric tensor 𝐃 with entries 𝐷𝑖𝑗𝑘𝑙, i.e. 

𝐃(𝐔,𝐕) = 𝐔𝑖𝑗𝐷𝑖𝑗𝑘𝑙𝐕𝑘𝑙 , (24)

where 𝐔,𝐕 ∈ R2×2. As shown by (20) and (21), by applying the change of coordinate to the elastic response, ̃ is decomposed in 
terms describing the elastic energy of an anisotropic plate and terms describing the action of the pre-stress force. The expression 
(21) can be seen as linear operators on the entries 𝐷𝑖𝑗𝑘𝑙 of the symmetric tensors 𝐃. We propose to generalise this approach by 
defining three linear operator on the set of 4th-order symmetric tensor. To aid the manipulation of the equations, we use the Voigt 
notation.

Definition 3.1 (Voigt Notation and Tensor Space). We first introduce the sets A and S𝑛, which are the set of all mappings from 𝛺
to R and the set of all 𝑛th-order symmetric tensors with entries in A, respectively. We use the Voigt convention by introducing the 
symbol ⋅̂  such that:
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• For 𝐔 ∈ A2×2

𝐔̂ =
̂(

𝑈11 𝑈12

𝑈21 𝑈22

)

=

⎛

⎜

⎜

⎜

⎝

𝑈11

𝑈22
√

2𝑈12

⎞

⎟

⎟

⎟

⎠

.

• For 𝐃 ∈ S4

𝐃̂ =

⎛

⎜

⎜

⎜

⎝

𝐷1111 𝐷1122
√

2𝐷1112

𝐷1122 𝐷2222
√

2𝐷2221
√

2𝐷1112
√

2𝐷2221 2𝐷1212

⎞

⎟

⎟

⎟

⎠

. (25)

With this notation and the definition of 𝐃 given by (24), we note that 𝐃(𝐔,𝐕) = 𝐔̂𝑇 𝐃̂𝐕̂ for 𝐔,𝐕 ∈ A2×2.
We define the following subsets of S4:
• G ⊂ S4 the set of 4th-order symmetric tensors 𝐆, such that 

G ∶=
{

𝐆 ∈ S4 ∣ ∃𝐠 ∈ A3 ∶ 𝐆̂ = 𝐠𝐠𝑇
}

. (26)

Note that 𝐆 with 𝐆 ∈  is positive and 

𝐆(𝐔,𝐔) =
(

𝑔1𝑈11 + 𝑔2𝑈22 +
√

2𝑔3𝑈12

)2
, (27)

so that there are possible points of degeneracy.
• S4,ortho ⊂ S4, the set of 4th-order symmetric tensors given by 

S4,ortho ∶=

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝐃 ∈ S4 ∣ ∃𝐷1111, 𝐷1122, 𝐷2222, 𝐷1212 ∈ A and not null ∶

𝐃̂ =

⎛

⎜

⎜

⎜

⎝

𝐷1111 𝐷1122 0
𝐷1122 𝐷2222 0
0 0 2𝐷1212

⎞

⎟

⎟

⎟

⎠

⎫

⎪

⎪

⎬

⎪

⎪

⎭

. (28)

• S4,iso ⊂ S4, the set of 4th-order symmetric tensors given by 

S4,iso ∶=

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝐃 ∈ S4 ∣ ∃𝐷 > 0 and 0 < 𝜈 < 1 ∶

𝐃̂ =

⎛

⎜

⎜

⎜

⎝

𝐷 𝜈𝐷 0
𝜈𝐷 𝐷 0
0 0 (1 − 𝜈)𝐷

⎞

⎟

⎟

⎟

⎠

⎫

⎪

⎪

⎬

⎪

⎪

⎭

. (29)

Definition 3.2 (Definition of Linear Operators , , ). We define three linear operators acting on S4: 
•  given by 

𝐃(𝐔,𝐕) = 𝐃
(

𝐉𝑇𝐔𝐉, 𝐉𝑇𝐕𝐉
)

= 𝐉𝑇𝐔𝐉
𝑇
𝐃̂ 𝐉𝑇𝐕𝐉. (30a)

•  given by 

𝐃(𝐔, 𝐯) = 𝐃
(

𝐉𝑇𝐔𝐉, ⋅ 𝐯
)

= 𝐉𝑇𝐔𝐉
𝑇
𝐃̂ ̂ ⋅ 𝐯. (30b)

•  given by 

𝐃(𝐮, 𝐯) = 𝐃 ( ⋅ 𝐮, ⋅ 𝐯) = ̂ ⋅ 𝐮
𝑇
𝐃̂ ̂ ⋅ 𝐯. (30c)

Using these operators, ̃ is expressed as
̃(𝛿𝑊 ,𝑊 ) = |𝐉|−1𝐃(𝝐𝑋 (𝛿𝑊 ), 𝝐𝑋 (𝑊 )) + |𝐉|−1𝐃(𝝐𝑋 (𝛿𝑊 ),∇𝑋𝑊 )

+ |𝐉|−1𝐃(𝝐𝑋 (𝑊 ),∇𝑋𝛿𝑊 ) + |𝐉|−1𝐃(∇𝑋𝛿𝑊 ,∇𝑋𝑊 ).

The operator  gives the properties of the plate in the arrival space. The operators  and  give the properties of the force resulting 
from the change of coordinate. The space S4,ortho is the set of 4th-order tensors representing the rigidity tensor of an orthotropic 
plate. In the same way, S4,iso is the set of 4th-order tensors representing the rigidity tensor of an isotropic plate. Using the different 
properties of operators ,  and , we will deduce the properties of the plate in the arrival space 𝛺.

Proposition 3.3 (Properties of Operator ). The operator  has the following properties:
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1. By definition,  ∶ S4 → S4, and 

̂𝐃 = ̂ 𝑇 𝐃̂̂ , (31)

where ̂  is a non-symmetric 3 × 3-matrix depending on 𝐉. It is defined in Appendix B.
2. If |𝐉| ≠ 0,  is an automorphism on S4 (𝐴S4 = S4 and 𝐴 is invertible). Moreover, 

−1𝐃(𝐔,𝐕) = 𝐃
(

𝐉−𝑇𝐔𝐉−1, 𝐉−𝑇𝐕𝐉−1
)

. (32)

3. If |𝐉| ≠ 0,  is an automorphism on G (𝐴G = G and  is invertible). In particular, if 𝐃 ∈ G such that 𝐃̂ = 𝐆̂𝐆̂𝑇  for a 𝐆 ∈ A2×2

then ̂𝐃 ∈ G such that 

̂𝐃 = 𝐉𝐆𝐉𝑇 𝐉𝐆𝐉𝑇
𝑇
. (33)

4. S4,iso ⊂ S4,ortho if and only if 𝐹1,1𝐹2,1 + 𝐹1,2𝐹2,2 = 0. (As an example, the transformation to the cylindrical coordinate system 
satisfies this condition, another possibility is to have 𝐹2,1 = 𝐹1,2 = 0, i.e. 𝑋𝑖 depends only on 𝑥𝑖.)

5. S4,iso ⊂ S4,iso if and only if 𝐹1,1𝐹2,1 +𝐹1,2𝐹2,2 = 0 and 𝐹 2
1,1 +𝐹 2

1,2 = 𝐹 2
2,2 +𝐹 2

2,1 = |𝐉|2. (As an example, every linear transformation 
𝐹  satisfies these hypotheses.)

Proof.  1. Let us define ̂ , the non-symmetric 3 × 3-matrix such that 𝐉𝑇𝐔𝐉 = ̂ 𝐔̂ for all 𝐔 ∈ R2×2. Then, by definition

𝐃(𝐔,𝐕) = 𝐉𝑇𝐔𝐉
𝑇
𝐃̂𝐉𝑇𝐕𝐉 = 𝐔̂𝑇 ̂ 𝑇 𝐃̂̂ 𝐕̂.

2. With the definition of −1 given by (32), we can easily check that

−1𝐃 = −1𝐃 = 𝐃.

3. If  ∈  such that 𝐃̂ = 𝐆̂𝐆̂𝑇 , we have

𝐃(𝐔,𝐕) = 𝐉𝑇𝐔𝐉
𝑇
𝐆̂𝐆̂𝑇 𝐉𝑇𝐕𝐉 = 𝐔̂𝑇 ̂ 𝑇 𝐆̂𝐆̂𝑇 ̂ 𝐕̂ = 𝐔̂𝑇 𝐉𝐆𝐉𝑇 𝐉𝐆𝐉𝑇

𝑇
𝐕̂.

4. and  5. Suppose 𝐃 ∈ S4,iso, then

𝐃̂ = 𝜈𝐷

⎛

⎜

⎜

⎜

⎝

1
1
0

⎞

⎟

⎟

⎟

⎠

(

1 1 0
)

+𝐷(1 − 𝜈)𝐈3,

̂𝐃 = 𝜈𝐷𝐉𝐉𝑇 𝐉𝐉𝑇
𝑇
+𝐷(1 − 𝜈)̂ 𝑇 ̂ .

We deduce from the expressions of ̂  and 𝐉𝐉𝑇  that 𝐷1112 = 𝐷2221 = 0 and 𝐷1111, 𝐷1122, 𝐷2222, 𝐷1212 ≠ 0 if and only if 𝐹1,1𝐹2,1+𝐹1,2𝐹2,2 =
0. In the same way, we obtain the condition to have 𝐃 ∈ S4,iso.

Proposition 3.4 (Kernel of  and ). The kernel of the operators  and  is non-empty. If 𝐹  is affine then ker(𝐵)∩ker(𝐶) = S4. Otherwise, 
ker() ∩ ker() ⊂ G. We describe two cases depending on 𝛤 ∶= 𝐇̂1 ∧ 𝐇̂2 ∈ A3 (where ∧ denotes the cross product):

• If 𝛤 ≠ 0 then 

ker() ∩ ker() =
{

𝐃 ∈ G ∣ ∀𝑐 ∈ A ∶ 𝐃̂ = 𝑐𝛤𝛤 𝑇
}

. (34)

• If 𝛤 = 0 then 

ker() ∩ ker() =
{

𝐃 ∈ G ∣ ∀𝑐 ∈ A∀𝐠 ∈
(

Span(𝐇1)
)⟂

∶ 𝐃̂ = 𝑐𝐠𝐠𝑇
}

. (35)

Note that the kernel space is one dimensional in the first case, and is a two-dimensional space in the second case.

Proof.  From definition (30b) and from the definition of , it is clear that if 𝐃̂𝐇𝑖 = 0 for 𝑖 ∈ {1, 2} then 𝐃 and 𝐃 are null tensors. 
Then, for every 𝐠 ⟂ 𝐇1 and 𝐠 ⟂ 𝐇2, taking 𝐃̂ = 𝑐𝐠𝐠𝑇  for any 𝑐 ∈ A will give 𝐃 = 0 and 𝐃 = 0. Because 𝐃̂ is symmetric this is the 
only possibility to have both 𝐃 = 0 and 𝐃 = 0.

Property 3.5 (Invariant Plate Parameters). For a given coordinate change 𝐹  such that |𝐉| ≠ 0, choosing a plate in the original space 𝛺
with rigidity tensor 𝐃 ∈ ker() ∩ ker() given by Proposition  3.4 will ensure the plate equation is shape-invariant for this transformation. 
The obtained rigidity operator ̃ in the arrival space 𝛺 is given by ̃ = |𝐉|−1𝐃.
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Application of the space transformation method for a plate. The operator 𝐴 defines the parameters of the plate in the arrival space. The 
operators  and  define the pre-stress force obtained after the change of coordinates. In most works, the change of coordinates for 
cloaking an object is applied to an isotropic material. In this case, Proposition  3.3 gives conditions on the change of coordinates 𝐹
to ensure that the image of the isotropic plate is orthotropic (and not fully anisotropic). We see that possible changes of coordinates 
to obtain such result are restrictive. Moreover, for changes of coordinates mostly used in cloaking (e.g. inflating a point), the image 
of an isotropic plate (subject to free boundary conditions) is not orthotropic.

In the context of cloaking, most considered changes of coordinates 𝐹  have non-vanishing 𝛤 . Property  3.5 gives plate parameters 
that ensure no pre-stress force after the change of coordinates 𝐹 . This means that, for every transformation 𝐹  such that 𝛤 ∶= 𝐇1∧𝐇2 ≠
0 (where ∧ denotes the cross product), there exists a class of plates whose rigidity tensors 𝐃 are in ker () ∩ ker (), such that the 
elastic energy is shape-invariant with respect to the transformation 𝐹 . More precisely, taking 𝐃̂ = 𝑐(𝑥1, 𝑥2)𝛤𝛤 𝑇  for any mapping 
𝑐 ∶ 𝛺 → R, the obtained rigidity tensor 𝐃 in the arrival space 𝛺 is given by its Voigt representation ̂𝐃 = |𝐉|−1𝑐(𝑥1, 𝑥2)𝐠𝐠𝑇  with 
𝐠 = 𝐉𝐆𝐉𝑇  where 𝐆̂ = 𝛤 . Note that both plate parameters (in the original space 𝛺 and the arrival space 𝛺) are in the set G defined 
in Definition  3.1 that ensure by (27) that the elastic energy of the plate is positive if 𝑐 is positive.

Property 3.6 (Shape-Invariant Coupled Plate–Water Equation). Suppose a change of coordinate 𝐹  with its Jacobian matrix 𝐉 such that |𝐉|
is constant. Then, for any plate parameters represented by the tensor 𝐃 ∈ ker() ∩ ker(), the floating-plate system (15) is shape-invariant 
for the transformation 𝐹 .

Proof.  From the variational form (17), because |𝐉| is constant, the water height can be taken as 𝐇′ = 𝐉𝑇𝐻𝐉 and the transformed 𝜂
describes the surface elevation in the arrival space. Also, by Property  3.6, the elasticity term is shape-invariant and

̃(𝛿𝜂, 𝜂) =
(

|𝐉|−1𝛿𝜂
)

,𝐼𝐽 |𝐉|𝐷𝐼𝐽𝐾𝐿 (𝜂),𝐾𝐿 = 𝐃(|𝐉|−1𝜖𝑋 (𝛿𝜂), 𝜖𝑋 (𝜂)).

Injecting the above into the variational form (17) gives

𝛿𝐒(𝛿𝛹,𝛷, 𝜂, 𝛿𝜂) =∫

𝑡2

𝑡1

[

∫𝛺
|𝐉|−1𝜌w𝛹 (𝛿𝛷)

(

𝜂,𝑡 + ∇𝑋 ⋅
(

𝐇′∇𝑋𝛷
))

d𝑋1d𝑋2

− ∫𝛺
𝛿𝜂|𝐉|−1

(

𝜌w𝜕𝑡𝛷 + 𝜌w𝑔𝜂 + ⟨𝝆0,𝐏⟩𝜂,𝑡𝑡 + (|𝐉|𝐷𝐼𝐽𝐾𝐿𝜂,𝐾𝐿),𝐼𝐽
)

d𝑋1d𝑋2

−∫𝜕𝛺
|𝐉|−1𝜌w𝛿𝛷

(

𝐉𝑇∇𝑋𝛷 ⋅ 𝐧
)

+ ̃
]

d𝑡.

Therefore, the plate rigidity matrix in the arrival space is given by ̂𝐃.

4. Application of the space transformation method to the floating plate

In this section, we give an example how the space transformation method can be applied to a floating plate. For this purpose, 
we consider a transformation within the scope of Property  3.6, and which results in a shape-invariant system. We show how this 
transformation can be used to cloak a rigid bottom-mounted circular cylinder piercing the water surface. (We briefly discuss the 
case of cloaking an inner hole of open water (polynya) instead of a vertical cylinder in Appendix  C.)

More specifically, we give a transformation 𝐹 , which inflates the cylinder and transforms the plate parameters in the vicinity of 
the cylinder (the cloak region). Thus, we devise plate parameters such that the forcing on the transformed (larger) cylinder is the 
same as on the original smaller cylinder (similarly to Kohn et al. [48], who considered the blow-up of a small ball to design a cloak 
decreasing the scattering of Dirichlet inclusions in the context of electric impedance tomography). The geometrical meaning of the 
transformation scheme is illustrated in Fig.  2.

4.1. Example of a shape-invariant floating plate system

Consider the change of coordinate proposed by [11] for cloaking in shallow water (without plate) written in polar coordinates 
as 𝐹 (𝑟, 𝜃) = (

√

𝑏̃𝑟2 + 𝑎̃, 𝜃), where 𝑎̃, 𝑏̃ > 0, which gives |𝐉| = 𝑏̃ (i.e. a constant). According to Section 3.3, the system (15) is shape-
invariant for this change of coordinate 𝐹  (i.e. 𝐵 = 0 and 𝐶). Thus, the corresponding rigidity tensor in the original space 𝛺 is 
given by 

(𝝐𝑥(𝑢), 𝝐𝑥(𝑣)) =
(

𝑢,11 𝑢,22 𝑢,12
)

𝑐(𝑥1, 𝑥2)

⎛

⎜

⎜

⎜

⎝

𝛤 2
1 𝛤1𝛤2 𝛤1𝛤3

𝛤1𝛤2 𝛤 2
2 𝛤2𝛤3

𝛤1𝛤3 𝛤2𝛤3 𝛤 2
3

⎞

⎟

⎟

⎟

⎠

⎛

⎜

⎜

⎜

⎝

𝑣,11
𝑣,22
𝑣,12

⎞

⎟

⎟

⎟

⎠

(36)

with

𝛤1(𝑟, 𝜃) = 𝑏̃
(

𝑥21 + 𝑥22
)2 + 𝑎̃𝑥21,

𝛤2(𝑟, 𝜃) = 𝑏̃
(

𝑥21 + 𝑥22
)2 + 𝑎̃𝑥22,

𝛤3(𝑟, 𝜃) = 𝑎̃𝑥1𝑥2

and an arbitrary function 𝑐 > 0. The parameters of the plate after the change of coordinate 𝐹  can be computed by the formula given 
in Proposition  3.3.
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Fig. 2. Scheme of the change of coordinate used to compute plate parameters in the cloak zone. In order to determine the cloak of radius 𝑏
around the cylinder of radius 𝑎 < 𝑏, we start from a smaller cylinder of radius 0 ≤ 𝑎0 < 𝑎, which is then transformed (inflated) to the desired 
radius 𝑎 by means of the transformation 𝐹 . The region {(𝑟, 𝜃, 𝑧) ∣ 𝑟 > 𝑏} is not affected by the transformation. As the force and scattering in 𝛺 is 
the same as in the untransformed domain 𝛺, it is much smaller than it would be without the cloak. Note that 𝑎0 = 0 is a possible choice.

4.2. Cloaking a rigid bottom-mounted surface-piercing circular cylinder

We consider water of constant depth 𝑑 and a rigid bottom-mounted surface-piercing circular cylinder of radius 𝑎0, so that 
𝛺 = {(𝑥1, 𝑥2) ∶ 𝑥21 + 𝑥22 > 𝑎0} (see Fig.  1 as well as the left panel of Fig.  2), a rigidity tensor of the plate given by (36) and an 
immersion 𝑝. We start with 𝑎0 > 0 in order to take care of the boundary conditions in the change of coordinates explicitly (instead 
of 𝑎0 = 0, which is often used in the electromagnetism community). Note that Property  3.5 remains valid for the choice 𝑎0 = 0 but 
the boundary condition would have to be treated separately. The governing equations are given by (15) in the original space. In 
view of Section 4.1, consider the transformation 𝐹  with respect to polar coordinates, 𝐹 (𝑟, 𝜃) = (𝑙(𝑟), 𝜃), where 

𝑙(𝑟) =

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝑎
𝑎0

𝑟, 𝑟 < 𝑎0,
√

√

√

√

𝑏2 − 𝑎2

𝑏2 − 𝑎20
𝑟2 + 𝑏2

𝑎2 − 𝑎20
𝑏2 − 𝑎20

, 𝑎0 ≤ 𝑟 ≤ 𝑏,

𝑟, 𝑏 > 𝑟,

(37)

noting that 𝑙 is a bijection. This transformation acts within the cylinder of radius 𝑏 > 𝑎0 containing the bottom-mounted cylinder 
of radius 𝑎0 and plate-covered water (𝑎0 < 𝑟 < 𝑏), while leaving the region outside this cylinder invariant. Inside this cylinder, the 
transformation acts to inflate the cylinder of radius 𝑎0 to radius 𝑎, while the plate-covered water region in the hollow cylinder of 
inner radius 𝑎0 and outer radius 𝑏 is mapped to the cloak region, which is a hollow cylinder of inner radius 𝑎 and outer radius 𝑏, 
see Fig.  2.

The plate properties in 𝛺 = {(𝑋, 𝑌 ), 𝑎 < 𝑅(𝑋, 𝑌 ) < 𝑏} of the cloak around the cylinder of radius 𝑎 is given by the tensor 
̃(𝑢, 𝑣) = |𝐉|𝐃(𝝐𝑋 (𝑈 ), 𝝐𝑋 (𝑉 )) with |𝐉| = 𝑏̃, (38a)

𝑏̃ = 𝑏2 − 𝑎2

𝑏2 − 𝑎20
and 𝑎 = 𝑏2

𝑎2 − 𝑎20
𝑏2 − 𝑎20

. (38b)

Moreover, the plate immersion is given by the anisotropic expression
−𝐩̃(𝑋1, 𝑋2) = 𝐉𝑇𝐻𝐉 − 𝑑, (38c)

where 𝐉 =
(

𝑅2𝑟3𝑏̃
)−1

(

𝛤 2
2 + 𝛤 2

3 −
(

𝛤2 + 𝛤2
)

𝛤3

−
(

𝛤2 + 𝛤2
)

𝛤3 𝛤 2
1 + 𝛤 2

2

)

and 𝑟 = 𝑙−1(𝑅) =

√

𝑅2 − 𝑏2(𝑎2 − 𝑎20)

𝑏2 − 𝑎2
.

5. Approximate numerical illustration: reduction of the force on and scattering by a bottom-mounted cylinder

In the context of the geometry shown in Figs.  1 and 2, and analogous to Section 4.2, we illustrate the reduction of the wave 
forcing on the bottom-mounted cylinder by the cloak through a numerical example. In order to keep the computations simple and 
the system of equations amenable to an eigenfunction matching solution method, we use a transformation with non-constant |𝐉|, 
contrary to Section 4.2, which makes the results approximate only. For the same reason, we take the plate in the untransformed 
domain to have a simple form of the rigidity tensor, which has a degeneracy with respect to the shear component but the associated 
rigidity tensor falls within the hypotheses of Property  3.5 and we note that the transformed parameters (the physically relevant 
parameters of the cloak) turn out not to have this degeneracy in the shear component.
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5.1. The untransformed geometry

We consider water of constant depth 𝑑 and a cylinder of radius 𝑎0 so that 𝛺 = {(𝑥1, 𝑥2) ∶ 𝑥21 + 𝑥22 > 𝑎0}, also see Fig.  1 
as well as the left panel of Fig.  2, and a rigidity tensor of the plate, which we assume to have constant immersion 𝑝, to satisfy 
𝐷1111 = 𝐷2222 = 𝐷1122 =∶ 𝐷 > 0 and 𝐷1112 = 𝐷2221 = 𝐷1212 = 0, thus given by 

𝐃0
(𝝐𝑥(𝑢), 𝝐𝑥(𝑣)) =

(

𝑢,11 𝑢,22
√

2𝑢,12
)

⎛

⎜

⎜

⎜

⎝

𝐷 𝐷 0
𝐷 𝐷 0
0 0 0

⎞

⎟

⎟

⎟

⎠

⎛

⎜

⎜

⎜

⎝

𝑣,11
𝑣,22

√

2𝑣,12

⎞

⎟

⎟

⎟

⎠

. (39)

Under these assumptions, the governing Eqs. (15) become 
−i𝛼𝜉 +𝐻𝛥𝜙 = 0 on 𝛺, (40a)

−i𝛼𝜌w𝜙 + 𝜌w𝑔𝜉 +𝐷𝛥2𝜉 − 𝜌0𝑃𝛼
2𝜉 = 0 on 𝛺, (40b)

∇𝜙 ⋅ 𝐧 = 0 on 𝜕𝛺, (40c)

𝜕𝑟𝛥𝜉 = 𝛥𝜉 = 0 on 𝜕𝛺, (40d)

𝜙 − 𝜙inc satisfy radiation condition, (40e)

with constant 𝐻 = 𝑑 − 𝑝. We note that this resulting system is the same as that for an isotropic plate but with different boundary 
conditions (40d).

A solution to this system can be devised by eigenfunction matching. For this purpose, we use (40a) in (40b), which leads to 
𝛼2𝜌w𝜙 + 𝜌w𝑔𝐻𝛥𝜙 +𝐷𝐻𝛥3𝜙 − 𝜌0𝑃𝛼

2𝐻𝛥𝜙 = 0. (41)

Eq.  (41) can be factorised as 
2
𝛱
𝑖=0

(

𝛥 − 𝑘2𝑖
)

𝜙 = 0 with 𝑘𝑖 ∈ C and ℑ(𝑘2𝑖 ) ≥ 0, (42)

where the 𝑘𝑖 are solutions of the dispersion relation
𝐷𝐻𝑘6𝑖 + (𝜌𝑤 − 𝜌𝑃𝐻𝛼2)𝑘2𝑖 + 𝛼2𝜌𝑤 = 0.

We suppose 𝑘0 > 0 and an incident wave given by 𝜉inc = 𝐴0𝑒i𝑘0𝑥1 , the corresponding potential 𝜙inc is given by (40a) as

𝜙inc =
i𝐴0𝛼
𝐻𝑘20

ei𝑘0𝑥1 .

System (40), noting (42), is now solved using the eigenfunction matching method which is based on expanding the potential, and 
correspondingly the plate displacement, in cylindrical eigenfunctions as

𝜙 = 𝜙inc +
∑

𝑚

∑

𝑖∈{0,1,2}
𝐵𝑖,𝑚𝐻

(1)
𝑚 (𝑘𝑖𝑟)ei𝑚𝜃 , (43)

𝜉 = 𝜉inc +
∑

𝑚

∑

𝑖∈{0,1,2}
𝐶𝑖,𝑚𝐻

(1)
𝑚 (𝑘𝑖𝑟)ei𝑚𝜃 , (44)

where 𝐻 (1)
𝑚  is the Hankel function of the first kind of order 𝑚. Injecting (43) into (40c) and (40d) leads to a linear system of equations 

to be solved for the unknowns 𝐵𝑖,𝑚 for each 𝑚. The 𝐶𝑖,𝑚 are deduced afterwards using (40a). The details of the application of the 
method to a floating plate can be found in [37,49].

5.2. Force on the cylinder and scattering cross-section

In order to assess the performance of the cloak, we measure the force exerted on the cylinder and the scattering cross-section. 
The force on a vertical cylinder of radius 𝑎 in the 𝑥1-direction, which is the direction of the incident wave, is given by 

 (𝑎) = ∫

2𝜋

0
cos(𝜃)𝜙(𝑎, 𝜃)d𝜃. (45)

Moreover, the scattering cross-section, which is a measure for the scattering strength, for a vertical cylinder of radius 𝑎 is given by 

𝑆(𝑎) = 1
2𝜋 ∫

2𝜋

0

|

|

|

|

0(𝜃)
𝐴0

|

|

|

|

2
d𝜃. (46)

Here, the diffracted far-field amplitude 0 is defined via 

𝜉𝐷 ≡ 𝜉 − 𝜉inc ∼

√

2
𝜋𝑘0𝑟

ei(𝑘0𝑟−𝜋∕4)0 as 𝑟 → ∞. (47)
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Fig. 3. Graph of function 𝑙 as a function of the non-dimensional variable 𝑟∕𝑎 ∈ [0, 𝑏∕𝑎] (solid line). Dash-dotted line represents the corresponding 
identity function (𝑦 = 𝑟∕𝑎).

Assuming we have only one propagating mode 𝑘0 and injecting the far-field asymptotics 𝐻 (1)
𝑚 (𝑟) ∼

√

2
𝜋𝑧

ei(𝑘0𝑧−𝑚𝜋∕2−𝜋∕4) as 𝑟 → ∞
into (43) gives 

0(𝜃) =
∑

𝑚
𝐶0,𝑚ei𝑚(𝜃−𝜋∕2). (48)

5.3. The transformation

According to Section 3.3, we can define a change of coordinates 𝐹  such that the system (40) is shape-invariant for this change 
of coordinate (i.e. 𝐃0 = 𝐃0 = 0).

Property 5.1 (The Change of Coordinates Associated To 𝐃0). For every transformation 𝐹  with respect to polar coordinates, which is of the 
form 𝐹 (𝑟, 𝜃) = (𝛽𝑟 + 𝛾∕𝑟, 𝜃), where 𝛾, 𝛽 ∈ R, we have 𝐵0 = 𝐶0 = 0.

Consider the transformation 𝐹  with respect to polar coordinates, 𝐹 (𝑟, 𝜃) = (𝑙(𝑟), 𝜃), where 

𝑙(𝑟) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑎
𝑎0

𝑟, 𝑟 ≤ 𝑎0,

(1 − 𝜀)

(

𝑟 +
𝑎20
𝑟

)

, 𝑎0 ≤ 𝑟 ≤ 𝑏,

𝑟, 𝑏 ≤ 𝑟,

(49a)

with 𝑎0 = 𝑎
2(1 − 𝜀)

𝑏 = 𝑎
2
√

𝜀(1 − 𝜀)
, (49b)

where 𝑎, 𝜀 > 0 are given and 𝜀 can be chosen such that 𝜀 < 1∕2 to ensure that 𝑙 is a bijection. Transformation (49) is taken such that 
there exists a fixed point 𝑙(𝑏) = 𝑏, 𝑙 is increasing in [𝑎0, 𝑏] and 𝑎 = 𝑙(𝑎0) > 𝑎0. This choice limits the ratio 𝑎∕𝑎0, such that 𝑎∕𝑎0 ∈ ]1, 2[. 
Note that the cloak of radius 𝑏 increases when 𝜀 decreases and 𝑎∕𝑎0 → 2 as 𝜀 → 0. Moreover, the ratio 𝑎∕𝑎0 cannot be increased 
under these conditions. Fig.  3 represents the function 𝑓 for the non-dimensional variable 𝑟∕𝑎 ∈ [0, 𝑏∕𝑎].

The determinant of the Jacobian is

|𝐉| =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

2(1 − 𝜖) 𝑟 ≤ 𝑎0,

(1 − 𝜖)2
(

1 −
𝑎40
𝑟4

)

, 𝑎0 ≤ 𝑟 ≤ 𝑏,

1 𝑏 ≤ 𝑟,

which is non-constant. By neglecting the variations of |𝐉| in the shallow-water equation, the prediction of the cloaking plate 
parameters in the arrival space 𝛺 = {(𝑋, 𝑌 ), 𝑎 < 𝑅(𝑋, 𝑌 ) < 𝑏} is only approximate. The approximation of such plate properties 
is given by the tensor 

̃0(𝑢, 𝑣) =
(

𝑢,11 𝑢,22
√

2𝑢,12
)

𝐷̃(𝑅)

⎛

⎜

⎜

⎜

⎝

𝐺2
1 𝐺1𝐺2

√

2𝐺1𝐺3

𝐺1𝐺2 𝐺2
2

√

2𝐺2𝐺3
√

2𝐺1𝐺3
√

2𝐺1𝐺3 2𝐺2
3

⎞

⎟

⎟

⎟

⎠

⎛

⎜

⎜

⎜

⎝

𝑣,11
𝑣,22

√

2𝑣,12

⎞

⎟

⎟

⎟

⎠

(50a)
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Fig. 4. Surface elevation for a wave incident on a bottom-mounted cylinder of radius 𝑎 = 20m ≈ 10∕𝑘0 from the left for the plate with anisotropic 
parameters (0, 𝑝) everywhere (left panel) and in the case that the plate parameters are (̃, 𝑝) within the cloak region marked by the black circle 
(right panel). (Computed using eigenfunction matching method (43), (44) with 𝑚 = 10; axes are given by the non-dimensional variable 𝑋𝑖𝑘0.).

Fig. 5. Anisotropic water height 𝐇̃∕𝐻 given by (51) in the cloak with respect to the non-dimensional coordinate 𝑘0𝑋𝑖. The left-hand panel 
represents 𝐇11∕𝐻 , middle panel 𝐇̃22∕𝐻 and right-hand panel 𝐇̃12∕𝐻 .

with

𝐷̃(𝑅) = 𝐷𝑟−4, 𝑟 = 𝑙−1(𝑅) = 𝑅 +
√

𝑅2 − 𝑎2
2(1 − 𝜀)

, (50b)

𝐺1 = 𝑅2 − 𝑎2 cos(𝜃)2, 𝐺2 = 𝑅2 − 𝑎2 sin(𝜃)2, 𝐺3 = −𝑎2 cos(𝜃) sin(𝜃). (50c)

Moreover, the plate immersion is given by the anisotropic expression 

𝐇̃(𝑅) = 𝑟−2
(

𝐺1 𝐺3

𝐺3 𝐺2

)

and 𝐩̃ = −𝐇̃ + 𝑑𝐈2. (51)

5.4. Numerical illustration

In order to illustrate the reduction of force and scattering, we compute the solution for the parameters 𝐻 = 5m, 𝛼 = 1 s−1, 
𝑃 = 0.05m, 𝐷 = 36630Pam3 and 𝜌 = 500 kgm−3, which are typical parameter values for a polystyrene plate. The water density is 
taken as that of sea water, 𝜌w = 1024 kgm−3. This gives a propagating mode outside the cloak region of wavelength 𝜆 = 2𝜋∕𝑘0 ≈ 60m. 
Considering an incident wave of amplitude 𝐴0 = 0.5m, these parameters verify 𝑃 ≪ 𝐴0 ≪ 𝐻 ≪ 𝜆.

We begin with a visual illustration of the impact of the cloak. For a bottom-mounted cylinder of radius 𝑎 = 20m and 
transformation 𝐹  taken with 𝜖 = 0.01, Fig.  4 compares the surface elevation for the plate given by (𝐃0, 𝑝

) everywhere (left panel) 
to the case where it is chosen as (𝐃0, 𝑝

) in the cloak region (right panel). A reduction of the scattering is clearly visible. There is 
hardly any scattering to the far field in the case including the cloak, which is identical to the scattering by the uncloaked cylinder 
of radius 𝑎0. The graphs of each element of 𝐇̃ and 𝐃0 corresponding to this example are given in Figs.  5 and 6, respectively.

In order to quantify this, Fig.  7 shows the force exerted on the bottom-mounted vertical cylinder, given by (45), (left panel) and 
the scattering cross-section, given by (46), (right panel) versus cylinder radius and frequency for three cases. The dashed line shows 
the results for a plate with rigidity tensor (0, 𝑝) everywhere, i.e. without a cloak, and the solid line shows the results for the plate 
with rigidity tensor (̃, 𝑝) in the vicinity of the cylinder, i.e. with the cloak. For comparison, we also show the solution for the case 
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Fig. 6. Anisotropic rigidity tensor ̂𝐃𝑖𝑗∕𝐷 given by (50) in the cloak with respect to the non-dimensional coordinate 𝑘0𝑋𝑖. Upper row: ̂𝐃11∕𝐷
(left), ̂𝐃22∕𝐷 (middle), ̂𝐃12∕𝐷 (right). Bottom row: ̂𝐃13∕𝐷 (left), ̂𝐃23∕𝐷 (middle) ̂𝐃33∕𝐷 (right).

of an isotropic plate with the same rigidity constant (and without a cloak), which is shown as a dotted line and coincides with the 
results for the anisotropic plate without cloak everywhere. To be precise, for this last case we imposed the same values of flexural 
rigidity 𝐷 and plate thickness 𝑃  as before and choose the Poisson’s ratio to be 𝜈 = 0.3, which corresponds to a Young’s modulus 
𝐸 = 3.2 × 109 Pa and classic free plate boundary condition. For radii up to 𝑎𝑘0 ≤ 10, the force exerted on the vertical cylinder as 
shown in Fig.  7 (left panel) is reduced for the plate with the cloak compared to the plate without cloak. Up to about 𝑎𝑘0 ≤ 1, the two 
lines are parallel, implying that the cloak leads to reduction of the force on the cylinder, which is constant in the log–log setting. 
The same global behaviour is observed for the force for frequencies 𝛼

√

𝑑∕𝑔 < 100.4 as shown in the second row of Fig.  7. A similar 
behaviour is observed for the scattering cross-section in Fig.  7 (right panel), for which a significant reduction is achieved by the 
cloak for all radii considered.

To illustrate the reduction of the force and the scattering in the case of the plate with the cloak, Fig.  8 shows the evolution of 
𝐹𝜀(𝑎) (left panel) and 𝑆𝜀(𝑎) (right panel) as a function of 𝜀, which is given by the ratio 𝑎∕𝑎0 = 2(1 − 𝜀) ∈ [1, 2[ for different values of 
cylinder radius 𝑎. The graphs are normalised by the case 𝜀 = 1∕2, which corresponds to the case with plate parameters (𝐃0, 𝑝) and 
no cloak. As can be seen, the force and the scattering is reduced for all values of 𝑎, and more so as 𝜀 becomes smaller. For 𝑎𝑘0 ≤ 0.5, 
the force is nearly halved by the cloak when 𝜀 is sufficiently small, which confirms the observations made from Fig.  8. A similar 
behaviour is observed for the scattering cross-section in the right panel.

6. Conclusion and outlook

We derived a variational formulation for a fully anisotropic plate floating on shallow water and we extended the change of 
coordinates method used in the cloaking principle to this situation. We constructed the equations of motion for an anisotropic 
plate floating on water from variational formulations in each domain. These variational formulations allow us to apply the change 
of coordinate in the weak formulations and simplify the formulation with respect to the elastic energy part. We recall that, for a 
general change of coordinates, the elastic energy part is not shape-invariant but produces additional terms that can be interpreted as 
a pre-stress force. A main purpose of this paper was to treat the terms producing the pre-stress force in its variational form and gave 
conditions when these terms vanish. In particular, we showed that for each change of coordinate one can find a class of anisotropic 
plates which are shape-invariant for the particular change of coordinate. Applied to the model of a floating plate, it gives plates 
with anisotropic rigidity and immersion.

In the context of cloaking, our results extend known methods to anisotropic plates for reducing the force on and scattering due 
to an object by not restricting the study to an isotropic plate in the original space. The model presented assumes a dual anisotropy 
in the rigidity and immersion of the plate.

In order to put the results into practice, it remains to study how such a double anisotropy can be realised, possibly based on 
metamaterials devised via homogenisation. Another potential next step is to consider a floating plate of finite extent and study its 
boundary effects. A first approach in this direction could be to find the anisotropic plate that achieves no scattering. Then the given 
tool in this paper would allow to indicate a suitable transformation to apply the space transformation method to this plate and 
fine-tune the parameters of a plate of finite extent in order to achieve perfect, or at least nearly perfect, cloaking. Extensions to the 
reduction of scattering by or sloshing within polynyas might also be of interest (see the discussion in Appendix  C).
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Fig. 7. Left panel: Force on vertical cylinder given by (45) versus non-dimensional radius 𝑎𝑘0 (top) and frequency 𝛼 (bottom). Right panel: 
Scattering cross-section as given by (46) versus non-dimensional radius 𝑘0𝑎 (top) and frequency 𝛼

√

𝑑∕𝑔 (bottom). For all panels : Solid lines 
correspond to the plate with parameters (̃, 𝑝) inside the cloak region while dashed lines correspond to the plate with parameters (0, 𝑝)
everywhere, i.e. without the cloak. The starred lines show the results for a corresponding isotropic plate that is superposed to the one 
corresponding to 0.

CRediT authorship contribution statement

Sophie Thery: Methodology, Investigation, Formal analysis, Software, Visualisation, Writing. Malte A. Peter: Conceptu-
alization, Methodology, Writing, Supervision. Luke G. Bennetts: Conceptualization, Writing – review. Sébastien Guenneau: 
Conceptualization, Writing – review.

Declaration of competing interest

The authors declare that they have no known competing financial interests or personal relationships that could have appeared 
to influence the work reported in this paper.

Acknowledgments

This work was supported by the EU through the H2020-MSCA-RISE-2020 project EffectFact, Grant Agreement ID: 101008140. 
LGB is funded by an Australian Research Council Future Fellowship (FT190100404). The authors thank the Isaac Newton Institute 
for Mathematical Sciences, Cambridge, for support and hospitality during the MWS programme where work on this paper was 
undertaken (supported by EPSRC grant no EP/R014604/1).

Wave Motion 140 (2026) 103642 

16 



S. Thery et al.

Fig. 8. Normalised force on vertical cylinder (45) versus parameter 𝜀 ∈ [10−2, 0.5] (left) and normalised scattering cross-section as given by 
(46) versus 𝜀 (right). Both panels: The different lines correspond to different values of the cylinder radius 𝑎. The force 𝐹𝜀(𝑎) and the scattering 
cross-section 𝑆𝜀(𝑎) correspond to a plate including a cloaking region around the cylinder given by plate parameters (̃, 𝑝) (see (50)) depending 
on 𝜀, which defines the cylinder radius in the untransformed plate (𝑎0 = 2∕2(1 − 𝜀)). The limit case 𝜀 = 1∕2 corresponds to no transformation, 
i.e. 𝑎0 = 𝑎 = 𝑏 and, thus, no cloak.

Appendix A. Extraction of general boundary conditions

Boundary conditions (4) are obtained through two successive integrations by parts on the weak formulation (2). We detail the 
derivation by focusing on the elastic term in (2): 

∫𝛺
𝛿𝑤,𝑖𝑗𝐷𝑖𝑗𝑘𝑙𝑤,𝑘𝑙 =∫𝛺

𝛿𝑤,11𝑀11 + 𝛿𝑤,22𝑀22 + 2𝛿𝑤,12𝑀12

=∫𝛺
∇𝛿𝑤,1 ⋅

(

𝑀11

𝑀12

)

+ ∇𝛿𝑤,2 ⋅

(

𝑀12

𝑀22

)

= ∫𝜕𝛺
(∇𝛿𝑤)𝑇

(

𝑀11 𝑀12

𝑀12 𝑀22

)

𝐧 −  (A.1)

with

 =∫𝛺
𝛿𝑤,1∇ ⋅

(

𝑀11

𝑀12

)

+ 𝛿𝑤,2∇ ⋅

(

𝑀12

𝑀22

)

= ∫𝛺
∇𝛿𝑤 ⋅

(

𝑀11,1 +𝑀12,2

𝑀12,1 +𝑀22,2

)

=∫𝜕𝛺
𝛿𝑤

(

𝑀11,1 +𝑀12,2

𝑀12,1 +𝑀22,2

)

⋅ 𝐧 − ∫𝛺
𝛿𝑤

(

𝑀11,11 +𝑀12,12 +𝑀22,22
)

. (A.2)

Decomposing the boundary term in (A.1) using ∇𝛿𝑤 = (∇𝛿𝑤 ⋅ 𝐧)𝐧 + (∇𝛿𝑤 ⋅ 𝐬) 𝐬 combined with (A.2) gives (4).
We now want to extract the boundary condition from the elastic term in the transformed version given by (20a). We can rewrite 

as the general form

∫𝛺
̃ (𝛿𝑊 ,𝑊 ) = ∫𝛺

𝛿𝑊,11𝑄11 + 𝛿𝑊,22𝑄22 + 𝛿𝑊,12𝑄12 + 𝛿𝑊,1𝑅1 + 𝛿𝑊,2𝑅2.

The terms containing 𝑄 can be treated by an integration by parts as in (A.1) and we have 

∫𝛺
̃ (𝛿𝑊 ,𝑊 ) = ∫𝜕𝛺

(∇𝛿𝑊 )𝑇
(

𝑄11 𝑄12
𝑄12 𝑄22

)

𝐧 − ̃ (A.3)

with

̃ =∫𝛺
∇𝛿𝑤 ⋅

(

𝑄11,1 +𝑄12,2 − 𝑅1

𝑄12,1 +𝑄22,2 − 𝑅2

)

= ∫𝜕𝛺
𝛿𝑤

(

𝑄11,1 +𝑄12,2 − 𝑅1

𝑄12,1 +𝑄22,2 − 𝑅2

)

⋅ 𝐧 − ∫𝛺
𝛿𝑤

(

𝑄11,11 +𝑄12,12 +𝑄22,22 − 𝑅1,1 − 𝑅2,2

)

. (A.4)

Using the symmetry of 𝐷𝐼𝐽𝐾𝐿, the last term in (A.4) gives the formulation in 𝑀𝐼𝐽 , 𝑁𝐼𝐽  and 𝑆𝐼  as in (22). The boundary term in 
(A.3) is decomposed with respect to the basis (𝐧, 𝐬), so that

∫𝛿𝛺
(∇𝛿𝑊 )𝑇

(

𝑄11 𝑄12

𝑄12 𝑄22

)

𝐧 = ∫𝛿𝛺

(

𝐧𝑇
(

𝑄11 𝑄12

𝑄12 𝑄22

)

𝐧
)

(∇𝛿𝑊 ⋅ 𝐧) +
(

𝐬𝑇
(

𝑄11 𝑄12

𝑄12 𝑄22

)

𝐧
)

(∇𝛿𝑊 ⋅ 𝐬) . (A.5)
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Integrating by parts the term with ∇𝑊 ⋅ 𝐬 gives

∫𝛿𝛺

(

𝐬𝑇
(

𝑄11 𝑄12

𝑄12 𝑄22

)

𝐧
)

(∇𝛿𝑊 ⋅ 𝐬) = −∫𝛿𝛺
𝛿𝑊 ∇

(

𝐬𝑇
(

𝑄11 𝑄12

𝑄12 𝑄22

)

𝐧
)

⋅ 𝐬. (A.6)

Injecting (A.5) and (A.6) in (A.3) leads to (22).

Appendix B. Computation on Jacobian of 𝑭

Consider the Jacobian of a change of coordinates 𝐹  :

𝐉 =

(

𝐹1,1 𝐹1,2

𝐹2,1 𝐹2,2

)

.

Then we define ̂ ∈ A3×3 such that for all 𝐔 ∈ A3×3 we have 𝐉𝑇𝐔𝐉 = ̂ 𝐔̂ and

̂ =

⎛

⎜

⎜

⎜

⎜

⎝

𝐹 2
1,1 𝐹 2

2,1

√

2𝐹1,1𝐹2,1
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.

After computation of ̂ 𝑇 ̂  and noting 𝛾 = 𝐹1,1𝐹2,1 + 𝐹1,2𝐹2,2, we have

̂ 𝑇 ̂ =

⎛

⎜

⎜

⎜
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.

We also have

𝐉𝐉𝑇 𝐉𝐉𝑇
𝑇
=

⎛

⎜
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⎜
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Appendix C. Cloaking a polynya

Following on from model (14), we can also look into using the space transformation method for cloaking a polynya (i.e. a hole 
of free water surface within the floating plate). Indeed, it has been pointed out by Greenleaf et al. [50] that some almost trapped 
eigenstates occur in the invisibility region created by a cloak in the context of matter waves. For water waves, the objective would 
be to find plate parameters in a cloak region around the polynya so as to reduce sloshing inside the polynya, which is a problem of 
interest in ocean engineering [51].

Compared to the case with a cylinder, in which there is no water in the domain occupied by the cylinder, application of the 
space transformation method for a polynya transforms the equations in the water domain underneath the polynya as well. In order 
to make the equations shape-invariant in the polynya region, we must consider a change in the seabed topography in this region as 
there are no plate parameters to adjust at the surface. Nevertheless, pursuing the idea of the transformation method, we suppose a 
change of coordinates that inflates a small polynya to a large one. It turns out that the transformation lowers the seabed underneath 
the small polynya, so it has to be a hill in order for it to be flat in the transformed region or, if it is flat in the untransformed region, 
it is an inverse hill in the transformed region.

More concretely, let us consider an anisotropic plate (̃, 𝑝) given by (38) with an inner hole of free surface. For example, by 
change of coordinates (37), we can identify this setup as a transformed version of a corresponding untransformed geometry consisting 
of a plate (, 𝑝) given by (36) with a polynya of radius 𝑎0 < 𝑎 and a water depth 𝑑 under the plate and 𝑎0𝑑∕𝑎 < 𝑑 in the polynya 
region. As the scattering in the untransformed region is potentially large rather than small owing to the hill in the sea bed, this 
would create larger surface waves within the polynya and, unfortunately, the objective of energy minimisation in the polynya cannot 
be achieved.

Nevertheless, the case of starting with a flat seabed at the price of a trough in the sea bed underneath the polynya might be 
worth pursuing.
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