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The principle of cloaking has been developed and applied to different types of waves. We
consider the application in the context of flexural-gravity waves on shallow water in order
to reduce the wave force on an object. The parameters of the plate used to create a cloak
in the vicinity of the object are found applying a space transformation method to the wave-
propagation equation. The governing equation of a Kirchhoff-Love plate is generally not
shape-invariant, which traditionally induces error terms in the (thus approximate) use of the
space transformation method. First deriving the equations of motion for the shallow-water—
fully anisotropic plate system by a variational principle, we extend the transformation method
to anisotropic plates and show that for every change of coordinates there exists a class of
anisotropic plates such that the equation of motion is shape-invariant. Furthermore, we consider
examples in which the wave force on and the scattering by a rigid bottom-mounted vertical
cylinder are reduced when surrounded by a floating plate with a cloaking region having
material parameters computed by the presented method and we illustrate an approximate case
by simulations.

1. Introduction

The cloaking principle was developed with the aim of bending electromagnetic waves around an object, such that the object
is invisible to an observer located away from the object [1,2]. The material that surrounds the object and allows this deviation
of the path of the waves is called the cloak, and the so-called space transformation method for determining the properties of the
cloaking material is based on a change of coordinates in the equations governing wave propagation [3]. The usual approach is to
transform coordinates from an isotropic material to an arrival space obtained by inflating a point of very small diameter (and, thus,
negligible scattering). This creates annular cloaking regions consisting of anisotropic materials, which are typically realised using
metamaterials acting in an effective sense by designing their microstructure appropriately [4,5]. The space transformation method
relies on the equation governing wave propagation being shape-invariant, which means the structure of the mathematical operators
in the governing equation remains unchanged by the transformation. The principle has been applied to numerous types of waves,
such as acoustic waves [6,7], and shallow-water waves [8,9].
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In the context of water waves, the primary motivation for creating a cloak is for the ocean engineering application of reducing
wave forces on an offshore structure [9]. However, the difficulty in applying the space transformation method to water waves is that
the general (linear) water-wave system is not shape-invariant, so the space transformation method cannot be directly applied [8,10].
Nevertheless, in the shallow-water regime that is relevant to near-shore ocean engineering, the governing equations are shape-
invariant at the price of non-homogeneous and possibly anisotropic coefficients in the transformed equations, such as the transformed
water height.

The space transformation method was applied in its general form in the shallow-water regime by [11] and they proposed a
specific transformation that requires only anisotropic bathymetry to design the cloak. Subsequent design and numerical simulations
were performed by [12,13]. Based on the transformation method, anisotropy is realised by structures in the water or by a change
of the bathymetry, e.g. [14] suggest an assembly of rigid cylinders clamped to a flat seabed and piercing the free-water surface,
whereas [15] realise the cloak by a change in seabed topography. In the context of the mild-slope approximation [16], design and
numerical simulation of a structure cloaking a bottom-mounted cylinder by bathymetry variations and surface-piercing structures
using a homogenisation technique were presented by [17]. In [18], a design of a channel network to attain water-wave cloaking
was proposed. Moreover, an experimental realisation of a waveguide in the shallow-water regime using anisotropic bathymetry was
described by [19].

For the case of a vertical cylinder in water, a cloaking approach based on direct numerical optimisation (rather than space
transformation) was suggested by [10,20]. They optimised the bathymetry in the context of a mild-slope approximation by cancelling
the scattering. Similarly, [21] optimised surface-piercing structures surrounding a vertical cylinder and a flat seabed. Nonetheless,
the direct approach has the disadvantage of being dependent on the cloaked object and the frequency of the incoming waves.

It would be challenging and costly to build and deploy bottom-mounted structures or to adjust the bathymetry to create a
cloak. Therefore, attention has turned to use of floating elastic plates to achieve cloaking. Using the direct numerical optimisation
approach, [22] cloaked a cylinder in water of finite depth by finding the optimal multilayer isotropic plate that reduces scattering.
However, the space transformation method seems not to have been applied to design a cloak made up of a floating plate yet.
Indeed, it is well-known that the space transformation method cannot, in general, be applied to elastic plates (even without
fluid loading), as the equation for the wave motion is not shape-invariant [23-25]. More precisely, [23] show that the equations
governing wave propagation in elastic materials are only shape-invariant for general elastic materials with an additional pre-
stress term. It is unknown how to handle the space transformation method for a thin plate with no additional pre-stress, although
approximate cloaking has been experimentally achieved in structured plates [26-28]. Analytically, different strategies were proposed
to approximate a perfect cloak within a plate, such that the cloak is the result of a shape-invariant transformation. For example, [29]
developed a model for general orthotropic elastic materials, i.e. anisotropy is along orthogonal axes, and compared membrane
equations with plate equations. Also, [30] considered orthotropic plates and determined a particular change of coordinates to create
an approximate but efficient cloak. Both attempts resulted in imperfect cloaks because some terms corresponding to the pre-stress
force are neglected in the final cloak. Nevertheless, they showed that the error made by the approximation decreases with the
penetration depth of the wave into the cloak, resulting in efficient cloaking. Finally, [31] proposed an alternative approach by
using the variational formulation of the equations of motion, making it easier to handle the terms that make the equation non-
shape-invariant since the rigidity tensor can be rewritten as a bilinear form in the variational formulation. The authors pointed out
that the biharmonic equation should be shape-invariant for a class of transformations with a vanishing Hessian.

Here, starting from an anisotropic plate, we devise a transformation method which does not require to search for a specific
transformation minimising the pre-stress terms or even having vanishing Hessians. Using this novel approach, we resolve the issue
of the non-shape-invariant form of the Kirchhoff-Love plate equation by generalising the concept to the fully anisotropic plate
(i.e. with anisotropic rigidity and thickness), paying special attention to boundary terms before coupling to the shallow-water system.
We then apply the transformation method for general transformations and anisotropic plates and we show that, for every change
of coordinates, one can find a class of anisotropic plates that make the equation shape-invariant. We derive the model of the fully
anisotropic floating plate using Hamilton’s principle for the Kirchhoff-Love plate. In particular, the general boundary condition for
the fully anisotropic plate with arbitrary boundary is derived. Application of the cloaking principle is given in the context of an
infinite floating plate in the shallow-water regime. It turns out that, because of the coupling of two physical domains (plate and
water), both the rigidity of the plate and water height have to be anisotropic in the cloak. To allow for a constant seabed, the cloak is
created using a plate with anisotropic rigidity and immersion. Our cloaking strategy is illustrated based on the obtained parameters
without discussing how to create a plate with these parameters. Finally, we give an approximate numerical example showing that
the cloak leads to reduction of wave forcing on and scattering of a bottom-mounted cylinder subjected to incident flexural-gravity
waves.

The plan of the paper is as follows. We first construct the model of a floating anisotropic plate using a variational approach in
Section 2. We build our model first for an in-vacuo plate (Section 2.1) and for water waves in shallow water (Section 2.2) separately,
before coupling them to a model for a floating plate (Section 2.3). The change of coordinates is applied to the variational formulation
of the final model in Section 3. This transformation leads to a new floating plate with anisotropic rigidity and anisotropic immersion
(Section 3.1). We detail the computation for the elastic part that is not shape-invariant in general (Section 3.2). However, we show in
Section 3.3 that for all changes of coordinates we can find anisotropic plate parameters such that the elastic part is shape-invariant.
Formulas to find such plate parameters are given in that section. We explain in Section 4 how the method is applied to the plate
floating on shallow water. The approximate numerical example to illustrate our results is given in Section 5. We end with some
conclusions and an outlook in Section 6.
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2. Floating elastic plate model

In order to manipulate the formulations for a change of coordinates for the anisotropic plate and build our method more easily,
we work with a variational formulation derived from an associated Lagrangian and use Hamilton’s principle. This approach was used
in [32,33] for an isotropic plate in the context of modelling water-wave interactions with sea ice. Here, we extend the variational
formulation to a general anisotropic Kirchhoff-Love plate, which may also serve as a useful reference outside the cloaking context.
The construction is split into first giving the variational form for the anisotropic plate in Section 2.1, then for the water domain in
Section 2.2, where the shallow-water approximation is assumed, and finally for the coupled model of a plate floating on shallow
water in Section 2.3.

2.1. Variational formulation of the anisotropic thin plate

We suppose a horizontal thin plate occupying 2 X (—p, P — p) in three spatial dimensions with Cartesian coordinates (x;, x,, x3),
where 2 C R? and p = p(x;,x,) and P = P(x,,x,) are functions denoting the local distance of the bottom of the plate from the
{x3 = 0}-plane and the thickness of the plate at rest, respectively (see Fig. 1 for an illustration). This description of the geometry
will prove useful when adding the water domain, in which case p reflects the local submergence.

We assume the thin-plate approximation within the Kirchhoff-Love plate theory to be valid, so that the momentum is defined
as M;; = f_f;_” ;j» where o;; are the stresses, i,j = 1,2. The (local) flexural rigidity tensor of the plate is denoted by D,;, and
M;; = Dy w,, with w the vertical (out-of-plane) displacement depending on horizontal variables x;, i € {1,2}. Here and in what
follows, we use Einstein notation so that -; denotes the derivative in the ith spatial coordinate and -, denotes the derivative with
respect to time 7. Similarly, - ;; denotes the second-order derivative in the ith and jth spatial coordinates and -, denotes the second-
order derivative with respect to time. With standard symmetries D;;y; = Dyy;; = D}y = Dyjii.» See e.g. [34], we have M, = M, and

X30;

My, Dy Duxm 2Dy ||wn
My |=|Duzn  Dxnxp 2Dy ||wa|- @
My, Dij1n Dy 2Dpppp)\win

The Lagrangian of the plate is given by the difference of the elastic energy and the kinetic energy,
1 1
L,(w) = / =W Dijtt g + EpOP(w’,)zdxldxz,
Q

where p, is the density of the plate. The variation of the Lagrangian is given by

SL,(w, 6w) = /.Q —0w ;; Dyjw gy + pyPw Sw ,dx dx,. (2)
Integrating with respect to time and integrating by parts with respect to time, we obtain the variation of the action, 5S,, as

I
38, (w, 6w) = —/ <'/~(2 ow ;i Dy g + poPw 6w dxldx2> dr. 3)
fo

To derive the free boundary conditions, we integrate by parts with respect to space twice as detailed in Appendix A to obtain

t
58, (w, ) = —/ l </Q Sw ((M,.j),l_j + pOPwJ,) dxydx, — BC(w,5w>> dr, (4a)

fo

1
M -M M M M, +M
Bcw,&w):/ n (0 2T ) (Vysw )+ (ST (T 2 )0 ) (Vs s) —sw( T T2 ) o0 (ab)
50 §M12 M, M, My, M+ My,

with V, denoting the gradient with respect to horizontal coordinates x,,x,, M the momentum defined in (1), n the normal vector
to 02 and s the tangential direction. These boundary conditions are consistent with the boundary conditions given by [35,36]. After
integration by parts in the term involving V6w -s, BC is rewritten as

M M My +M M M
BC(w, w) =/ n’ 1 2 )n (Vh6w~n) - 6w 1.1 122 ‘n+V, s’ 1 20n)-s|. 5)
5Q M, My M+ My, M, My

We note that, for the special case of an isotropic homogeneous plate (D;,;; = Dy = D, Dyjjp = Dy =0, Dy = vD and
Dy5, = (1 = v)D/2, with v, D constant), boundary conditions (5) represent the standard free-edge boundary conditions [37]. The
complete computation in the isotropic case can be found in [32].

2.2. Variational formulation for the water

Consider a free surface (no plate) water domain 2, := {(x;,%,,%3) € HXR| —d < x5 < 5(t,x,,x,)}, where H C R? and for a
constant seabed depth d and local surface displacement #. Full construction of the functional for surface waves for water of finite
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depth can be found in [38] or [39]. The Lagrangian for the free surface water in £, is L,, = f_Q Py, Where p,, is the water pressure.
Using Bernoulli’s equation, the Lagrangian becomes

n
Lw(d),r]):—pw// <I7Y,+gz+%|V<D|2 dxydx, dx,
HJ-d

n 1 1 n
= ,,W/ [—a, (/ thx3> +1,P, = 38 (n* - d?) -3 (/ Vo |? dx3>] dx,dx,, (6)
H —d —d

where p,, is the water density, g is the constant of gravitational acceleration, @, is short-hand for @(x, x,,7(x;,x;)) and @ is the
water velocity potential, the gradient of which gives the water velocity (having assumed irrotational motion).

t
Integrating over a time interval [f,, #,] and fixing the (arbitrary) normalisation of the potential such that [ /. o tD] - 0, we obtain
w 1
the action ’
i Lo oy 1 [7 2
Sy (@, 1) = py, n®,— g —d*)—= [V®|* dx;dx,dx, ) dr. @
1 H 2 2 /)4
The first variation of the functional is
1 n
68, (6@, D, n,6n) = pw/ </ oD, n, + D,0on, — gnon —/ Véd - Vbdxy + %5;1 Vo |? dxldx2> dr. (8)
0 H —d

Using Green’s formula in the term containing V5@ - V@, we can derive the boundary and surface conditions,
1 1
- / / Véd - Vb dx dx,dx; =/ / 0DAD dx dx,dx; + / 0D_yP_y 3+ 6D, (—Vhr/ V@, + d5,,’3) dxdx,
HJ-d HJ-d H
+ / 5PV, ® - ndx;, ©
oH

where, as before, V} is the gradient operator with respect to the horizontal coordinates. Integrating by parts the term with 67, in
(8), injecting (9) and linearising for small elevation 5 around z = —p (note that p = 0 in the classic free surface case) gives the first
variation for the water domain,

n -p
58, (6@, D, 1, 61) = pw/ </H/ SPAD dx3 — 5D_, (Vyp - Vp®_, +D_,5—1,)
to —d
—6n (D_,, +gn) +6P_y®_, 3 dx dx, + / SOV, D - n) dr. (10)
oH

It is well-known that the formulation (10) is not shape-invariant and we refer to [8,10] for discussion and details on this point.
To be able to use the space transformation method in what follows, we pass to a shallow-water regime, which is shape-invariant at
the expense of having to adjust the local water height H := d — p, [11]. Therefore, we restrict to wavelengths much greater than
the water height, and, to derive the variational form in the shallow regime, we adopt the formulation derived by [40], such that

(X, x, 1)
Vo =u=|/x3+p+1 )
(25) e vitw)

in which u,, denotes the vector of horizontal velocities. Injecting (11) in (10) makes the terms involving §@_,; and s0_, disappear
and the volume term in the functional for the water becomes

(11)

—-p P £y
5D ADdx; = Fd)@ (n,+ Vy - (Huy)). (12)
—h —d

Denoting ¥ (6®) = /:f %d)@, the variational formulation for shallow water is given by

1
584y (@, 8D, 1, 61) = pw/ </ ¥ (6D) (n, + Vy - (HV,®)) — 61 (D, + gn) dx dx, -/
H

oDV, D - n> dr. (13)
1y oH

2.3. Floating plate on water variational model

Now, we combine the variational formulations for the plate and the water to obtain a variational model for a plate floating
on shallow water. We assume the water surface is in contact with the plate immersion —p at all times, so that the water-surface
elevation # is equal to the plate displacement w and H = Q. The two variational formulations can be combined considering the
water as an external force on the plate in terms of the pressure. Thus, the Lagrangian for the total system is L = L, + L,, and the
first variation of the functional for the full floating plate system is given by

386D, D, 1, 6m) = 68,,(6P, D, n,6n) + 58,(6P, D, 1, 61)

2
= / [/ PP (6D) (n, + Vy, - (HV,®)) — 61 (pwd{, +pnen+ (Dijk,n_k,) TR POP’I,n) dx;dx, a4
f Q .

4
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Fig. 1. Schematic diagram of the cross-section of a floating plate surrounding a bottom-mounted circular cylinder (grey region).

- / P8PV, @ - n — BC(n,6n)| dr.
02

Another way to construct the coupled model is to consider the pressure exerted by the object on the fluid as a Lagrange multiplier
associated with the constraint w = 5 as proposed by [41].

In what follows, we will also consider the problem where a rigid bottom-mounted vertical circular cylinder of radius a centred
at the origin pierces the floating plate, so that = {(x;,x;) € R, x? + x3 > a*}. To simplify the time dependence and to focus on
the spatial change of coordinates, we restrict the study to time-harmonic motions, so that = R{e ¢} and @ = R{e™'*¢} with
complex-valued spatial parts ¢ and ¢ of the original quantities and radian frequency «. For the scattering problem, the incident
wave is given by the potential ®;,, = R{e ;.. }.

We also note that it is possible to generalise the model to a fully anisotropic plate, which involves anisotropic thickness
P, anisotropic density p, and, consequently, anisotropic water height H. As mentioned before, these anisotropic parameters
must be interpreted as effective parameters, for example resulting from the rational design and homogenisation of a multiscale
structure [42,43]. Taking this general form and according to (14), the system of equations of motion becomes

—iaé+V-HVp) =0 on £, (15a)
—iapd +pu8E+ (My(©) , — ( po.P)a’e =0 on @, (15b)
Vép-n=0 on 04, (15c¢)
(M@ Mo on 9L, (15d)
M (8)  My@)
M11.1(©) + Mypp(©) n+ V(s M€ Mi(©) n)-s=0 on 0%, (15e)
My 1(8) + My ,(E) Mj(&)  Myp)
¢ — ¢y, satisfy radiation conditions (156)

with n = (cos(9),sin(9))” and s = (—sin(8),cos(9)” and (p,,P) = o Pij denotes the Frobenius inner product. Here and in what
follows, we have dropped the subscripts h of the gradients for notational convenience. We note that, to solve the system, it is
convenient to inject (15a) into (15b) and obtain an equation for the potential ¢ only,

a2y d + pygV - HVP) — (pg, P)a?V - (HV ) + (M,-,- V- (HVII))))YU =0 (16)
with boundary conditions (15¢)—(15e) rewritten for ¢ accordingly.

Remark. To the best of our knowledge, a proof of mathematical well-posedness for this problem of a fully anisotropic floating plate
does not exist in the literature. We refer to [44] for the well-posedness of the isotropic Kirchhoff-Love plate equation alone with
radiation condition and [45] for the infinite plate case. We will not treat the problem of well-posedness for the general case in
this paper. Nonetheless, we give an example in Section 5 for a specific anisotropic plate where a solution is computed using the
eigenfunction matching method.

3. Change of coordinates and shape-invariant form

The idea of transformation-based cloaking is to start with the desired problem setup but only containing a small (or even
vanishing) version of the scatterer, which produces negligible scattering owing to its small size (or none at all). The spatial domain
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containing the scatterer and its surroundings are then transformed in a way such that the scatterer is enlarged to its real size.
Clearly, as part of this transformation, the equations of motions in the domain surrounding the scatterer transform. If the equations
are shape-invariant, the transformation is only reflected in changed (local) material parameters but not in the structure of the
equations. In a medium with these transformed material parameters, the scattering by the real-sized scatterer is still negligible.
In order to apply transformation-based cloaking, we suppose a change of coordinates F : 2 —  from the original space to the
arrival space. The partial derivative is denoted by
X

a
Fy, = = for I,ie({l1,2}.

N
X

For shortness of notation, we denote the associated (Jacobian) matrix by J, which is sometimes referred to as the deformation
gradient in this context.

3.1. Change of coordinates of plate-shallow-water system

Applying the change of coordinates to the variational formulation (14) gives the following variational form
51
0

8S(8W, D, 1, 6n) = / [ /~ 1317 o ¥ (5) (n,,+|J|VX~(ﬁVx<D))— I (py0,@ + pygn+ po, Phny,) — D@n,m) dX1dX,
1 Q
+/§6—/N 1T, 60 (JTVXd)-n)]dt, @a7)
02

where |J| denotes the determinant of J, Vy is the gradient in the arrival space coordinates (X, X,) € Q and H = JHIT /1J]. The
terms D and BC are the result of the change of coordinate of the elastic response written as an inner product associated to the
tensor D with entries D, ;;, such that

Dy (e, (), €,(0)) 1= u;; Dy 4, 18)

with €, the symmetrised second-order derivative for the system of coordinate x, i.e.

1 1 T Uy Ujp
€W =3V Vaut 3 (Vi Veu) = (u ) )
12 22

The expressions for D and BC are detailed in (20a) below and they generally describe an anisotropic material. Because the
determinant of the Jacobian appears in the term containing Hin (1 7), the shallow-water equation is shape-invariant only if |J| is
constant. This point is a well-known aspect of the space transformation method in the shallow-water context; [11] propose a specific
change of coordinates for which |J| is constant. With this specific change of coordinates, all terms turn out to be shape-invariant
except for the elastic part and the water height H in the arrival space is anisotropic.

As a result of the coupling of two physical systems, water and plate, the anisotropy involved in the change of coordinates appears
in two parameters: the rigidity and the water height. If we want to avoid the design of a non-constant water bed, we must suppose
a plate with anisotropic rigidity and immersion. The question of the design of such a plate via effective medium theory has been
studied, see e.g. [46], and we do not discuss it here. Therefore, we make use of anisotropic rigidity and immersion in what follows.
The elastic response is known not to be shape-invariant in general [23] and we recall the reasons in Section 3.2, making explicit
the transformed version of (18) in particular. Indeed, the change of coordinates produces an equation with an extra term, which
represents a pre-stress force. This gives rise to two possibilities of how to proceed. The first is to consider the plate with a pre-stress
force (as e.g. in [47]); the second is to try to determine plate parameters for which the pre-stress vanishes. This second approach has
recently been employed in [30], in which the authors, for a fixed change of coordinates, find specific plate parameters which allow
the terms related to the pre-stress to become asymptotically small far from the cylinder. We generalise this approach in Section 3.3
by determining for every change of coordinates the plate parameters that make the pre-stress force term vanish.

3.2. Kirchhoff-Love plate equation is not shape-invariant in general

It is well-known that the elastic plate equation is not shape-invariant in general. This is also true for more general waves
propagating in elastic media [23-25]. Its invariant form appears with additional terms resulting from the change of coordinate
computation. Physically, these additional terms can be seen as an external force. Here, we detail their expression and derive the
general boundary conditions resulting from this coordinate change.

With @ being the space in which we will have the cloaking zone (the arrival physical space), the plate rigidity tensor D 1k Will
be computed depending on the rigidity tensor of the plate in the space £ noted D,;,; where there is no cloak (the original physical
space). Considering this notation, we have

ijk

w;i=FrFy Wi+ FriiW;. (19)

Applying the change of coordinate to the elastic term in the plate equation gives

/5w,[/.DUk,w‘k,=/DD (ex(ﬁw),ex(w)):/Nﬁ(éW,W) (20a)
Q Q Q
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= /N 5W,11511KLW,1(L + 5W,”Zf,WK + 5I/I{,E§<LWKL + W Ex Wk (20b)
2
with
Dyjkr = Fl,iFJ,/'FK,kFLJD,‘jkl|J|_], 21a)
by, = FyFy Fy gDy lJ™, (21b)
Crk = FriFi D317 210

Integration by parts gives the formulation of the elastic response in the arrival space @ as

/Nﬁ(st,W):/N&W(M,“,—N,,WH+S,W,)+B7E(5W,W) (22a)

Q Q

— -R

BC((SW,W):/N n (O Q) g ) wew m s | (Cr TR (o (O Q) ) (22b)
PYe Op On 0121 +007— Ry Op On

with Q;; = M;; + bf Wk and R, = bi Wk +exWk. The term M, ;, corresponds to the shape-invariant part of the equation,
ie.

My, =D Wk and My, ;= (DIJKLW,KL),]J-

The terms N;; and S; are given by
I K
Nyy=-2bjp g +b5; ke
1
Sy = bJK,JK —C1jJ-

Details of the computations to obtain (22) are given in Appendix A. Note that if b;‘J and ¢;; vanish, then (22b) has the same form
as (5).

In general, the term —N,,;W,; + S;W, restricts Eq. (20a) from being invariant. To be shape-invariant, we must allow only
coordinate changes satisfying —N,;;W,; + S;W,; = 0. As explained in [31], because N,; and S; are factors of Hessian terms
(i.e. depend on the second derivative of the transformation), they vanish for linear transformations, which thus leads to a shape-
invariant equation and, in turn, perfect cloaking. From the physical point of view, the term —N, ;W ,; + S; W corresponds to a
pre-stress term and an internal force. We aim to avoid this when we add the part arising from the water to the considerations.

3.3. How to choose plate parameters to have a shape-invariant equation

To control the parameters that give the pre-stress force, we can write the plate parameters in the arrival space in terms of the
change of coordinate F and its derivative. More precisely, we write the plate parameters in the arrival space D, and the “error
terms” B’fj and ¢, as solutions of linear operators on initial parameters D,;,, that depend on F and its derivative. With these
tools, we will show general properties of the change of coordinate applied to the plate equation. In particular, for each change of
coordinate F, we give a class of specific plates such that the corresponding plate equation is shape-invariant.

Let us first rewrite the change of coordinate (19) using the short-hand notation

w; wy
H- =H,w, + Hyw, for a vector (23)
w, wr

with H; € R>? the Hessian matrix of F; and w; € R.
Then, in the arrival space, we have

DEW W)= JI""Dp (3 ex GW)I+H - VyoW . Jex WHI+H -VyW),
where Dp(-, -) is the inner product associated with the 4th-order symmetric tensor D with entries D, i.e.
Dp(U, V) =U;; D;;1 1 Vi, (29)

where U,V € R?2, As shown by (20) and (21), by applying the change of coordinate to the elastic response, D is decomposed in
terms describing the elastic energy of an anisotropic plate and terms describing the action of the pre-stress force. The expression
(21) can be seen as linear operators on the entries D;;, of the symmetric tensors D. We propose to generalise this approach by
defining three linear operator on the set of 4th-order symmetric tensor. To aid the manipulation of the equations, we use the Voigt
notation.

Definition 3.1 (Voigt Notation and Tensor Space). We first introduce the sets A and S,, which are the set of all mappings from 2
to R and the set of all nth-order symmetric tensors with entries in A, respectively. We use the Voigt convention by introducing the
symbol ~ such that:
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+ For U e A2

U/\U Uy
o=("" "2)=| Uy, |
U2I U22 \/EU
12
*ForDeS,

Dy, Dy V2Dyy1,
D=1 Dy Dyp» V2Dyyn |- (25)
V2D, V2Dyy 2Dy

With this notation and the definition of Dy, given by (24), we note that Dy (U, V) = UTDV for U,V € A2,
We define the following subsets of S,:

» G C S, the set of 4th-order symmetric tensors G, such that
G::{Ges4|3geA3:é=ggT}. (26)
Note that Dg with G € G is positive and
2
Dg(U,U) = (81U11 +g2U22+‘/5g3U12> , 27)

so that there are possible points of degeneracy.
* Sy ortho € Sy, the set of 4th-order symmetric tensors given by

D €S, | 3D;111- D1122- Dapry, Dyp15 € A and not null :

Dy Dunx 0
S4,ortho = S (28)
D=|D5 Dyxn 0
0 0 2D515
* Syiso € Sy, the set of 4th-order symmetric tensors given by
DeS,|3D>0and0<v<1:
D vD
S4,isn = ﬁ =|vD (29)
0 0 (dA-v)D
Definition 3.2 (Definition of Linear Operators A, B, C). We define three linear operators acting on S,:
+ A given by
T,
D 4p(U,V) =Dy (J'UJJ'VI) =JTUJ D JTV]J. (30a)
» B given by
T
Dpp(U,v) =Dy (JTULH -v) =JTUY DH -v. (30b)
+ C given by
o TA —
Dep(u,v)=Dp(H-u,H-v)=H-u DH -v. (30c)

Using these operators, D is expressed as
DEW, W) = |JI7'D yp(ex W), ex(W)) + I Dyp(ex W), Vx W)
+ I ' Dypex W), Vx6W) + || "' Dep (VX 6W, Vx W).

The operator A gives the properties of the plate in the arrival space. The operators /3 and C give the properties of the force resulting
from the change of coordinate. The space S, ., is the set of 4th-order tensors representing the rigidity tensor of an orthotropic
plate. In the same way, Sy, is the set of 4th-order tensors representing the rigidity tensor of an isotropic plate. Using the different
properties of operators A, B and C, we will deduce the properties of the plate in the arrival space Q.

Proposition 3.3 (Properties of Operator A). The operator A has the following properties:
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1. By definition, A : S, - Sy, and
AD = JTDJ, 1)

where J is a non-symmetric 3 x 3-matrix depending on J. It is defined in Appendix B.
2. If |J] # 0, A is an automorphism on S, (AS, =S, and A is invertible). Moreover,

D ip(U.V)=Dp (JTUF L 377V ). (32)

3. If |J| #0, A is an automorphism on G (AG = G and A is invertible). In particular, if D € G such that D = GGT for a G € A>?
then AD € G such that

D = JIGITIGIT . (33)

4. AS4i0 C Syorno If and only if Fy | Fp  + Fi,F,, = 0. (As an example, the transformation to the cylindrical coordinate system
satisfies this condition, another possibility is to have F, | = Fy, =0, i.e. X; depends only on x;.)

5. ASyis0 C Syjso if and only if Fy | Fyy + Fi,Fyy =0 and F{ |+ Fl, = F}, + F22,1 = |J|%. (As an example, every linear transformation
F satisfies these hypotheses.)

Proof. 1. Let us define J, the non-symmetric 3 x 3-matrix such that JTUJ = 70 for all U e R, Then, by definition
T~ o o
D ,4p(U,V)=JT0J DJTV)=U"J'DJV.
2. With the definition of A~! given by (32), we can easily check that

AAT'D=A"'AD =D.
3. If D € G such that D = GG7, we have

D.p(U.V) = JTUJ GGTITVY = 0T FTGGT 7V = 0TIGITIGIT V.
4. and 5. Suppose D € S;,, then

1
D=vD|1[(1 1 0)+D1-w,
0

_ — T PUN

AD =vDJJTJJT + DA -wJ"'J.
We deduce from the expressions of J and JJ” that D, ;, = Dy, =0and Dy, D122, Daans» Dia1p # 0if and only if F|F, +F|,F; =
0. In the same way, we obtain the condition to have AD € Syj,.
Proposition 3.4 (Kernel of B and C). The kernel of the operators BB and C is non-empty. If F is affine then ker(B)nker(C) = S,. Otherwise,
ker(B) nker(C) C G. We describe two cases depending on I' := H; AH, € A® (where A denotes the cross product):

« If I # 0 then

ker(B)nker(C):{DeG|VceA : f)=crrT}. (34
* If I' =0 then
~\1l A
ker(53) nker(C) = { DeG|VeecAVge (Span(Hl)) D = cgg” } (35)

Note that the kernel space is one dimensional in the first case, and is a two-dimensional space in the second case.

Proof. From definition (30b) and from the definition of H, it is clear that if ]A)If[\, =0fori € {1,2} then DD and CD are null tensors.
Then, for every g L H, and g L H,, taking D = cgg’ for any ¢ € A will give BD = 0 and CD = 0. Because D is symmetric this is the
only possibility to have both BD =0 and CD = 0.

Property 3.5 (Invariant Plate Parameters). For a given coordinate change F such that |J| # 0, choosing a plate in the original space 2
with rigidity tensor D € ker(J3) n ker(C) given by Proposition 3.4 will ensure the plate equation is shape-invariant for this transformation.
The obtained rigidity operator D in the arrival space Q is given by D = |J|™' D 4p.
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Application of the space transformation method for a plate. The operator A defines the parameters of the plate in the arrival space. The
operators BB and C define the pre-stress force obtained after the change of coordinates. In most works, the change of coordinates for
cloaking an object is applied to an isotropic material. In this case, Proposition 3.3 gives conditions on the change of coordinates F
to ensure that the image of the isotropic plate is orthotropic (and not fully anisotropic). We see that possible changes of coordinates
to obtain such result are restrictive. Moreover, for changes of coordinates mostly used in cloaking (e.g. inflating a point), the image
of an isotropic plate (subject to free boundary conditions) is not orthotropic.

In the context of cloaking, most considered changes of coordinates F have non-vanishing I'. Property 3.5 gives plate parameters
that ensure no pre-stress force after the change of coordinates F. This means that, for every transformation F such that I' := ITI\I /\I-/I\z #
0 (where A denotes the cross product), there exists a class of plates whose rigidity tensors D are in ker (B) n ker (C), such that the
elastic energy is shape-invariant with respect to the transformation F. More precisely, taking D= c(xp, )l I'" for any mapping

Q — RR, the obtained rigidity tensor .AD in the arrival space Qis given by its Voigt representation AD = JI~ lc(xl, x,)gg" with
g= JGJT where G = I'. Note that both plate parameters (in the original space £ and the arrival space Q) are in the set G defined
in Definition 3.1 that ensure by (27) that the elastic energy of the plate is positive if ¢ is positive.

Property 3.6 (Shape-Invariant Coupled Plate-Water Equation). Suppose a change of coordinate F with its Jacobian matrix J such that |J|
is constant. Then, for any plate parameters represented by the tensor D € ker(/3) N ker(C), the floating-plate system (15) is shape-invariant
for the transformation F.

Proof. From the variational form (17), because |J| is constant, the water height can be taken as H’ = J' HJ and the transformed 5
describes the surface elevation in the arrival space. Also, by Property 3.6, the elasticity term is shape-invariant and

D(@n,m) = (1317"6n) ,, 13D yxp ) k1 = Dap(IN ™" ex (6m), ex ().

Injecting the above into the variational form (17) gives
4]
3S(W, @, 1, 5m) = / [ /N W™ oy (@) (1, + V- (HVy®)) dX,dX,
a
- /35’7|J|71 (Pw0, @ + pygh +(po, Py + (IJID ki k).0y) dX1dXo
<
—/ 1317 py,6@ (JTVy® - n) + BC| dr.
02
Therefore, the plate rigidity matrix in the arrival space is given by AD.
4. Application of the space transformation method to the floating plate

In this section, we give an example how the space transformation method can be applied to a floating plate. For this purpose,
we consider a transformation within the scope of Property 3.6, and which results in a shape-invariant system. We show how this
transformation can be used to cloak a rigid bottom-mounted circular cylinder piercing the water surface. (We briefly discuss the
case of cloaking an inner hole of open water (polynya) instead of a vertical cylinder in Appendix C.)

More specifically, we give a transformation F, which inflates the cylinder and transforms the plate parameters in the vicinity of
the cylinder (the cloak region). Thus, we devise plate parameters such that the forcing on the transformed (larger) cylinder is the
same as on the original smaller cylinder (similarly to Kohn et al. [48], who considered the blow-up of a small ball to design a cloak
decreasing the scattering of Dirichlet inclusions in the context of electric impedance tomography). The geometrical meaning of the
transformation scheme is illustrated in Fig. 2.

4.1. Example of a shape-invariant floating plate system

Consider the change of coordinate proposed by [11] for cloaking in shallow water (without plate) written in polar coordinates
as F(r,0) = (Vbr? + a,0), where a,b > 0, which gives |J| = b (i.e. a constant). According to Section 3.3, the system (15) is shape-
invariant for this change of coordinate F (i.e. BD = 0 and CD). Thus, the corresponding rigidity tensor in the original space € is
given by

rr  nn nn\foy,

Die, ). )= (uy uy wup)eaxpx)| N T2 LI||vgy (36)

nry Lo I )\vn
with
I(r,0)= b (x% + x%)2 + dx%,
= 2
I(r,0)=5b (x% + x%) + dxg,
I5(r,0) = ax x,

and an arbitrary function ¢ > 0. The parameters of the plate after the change of coordinate F can be computed by the formula given
in Proposition 3.3.

10
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F(r,0) = (I(r), 02

~

Q

Fig. 2. Scheme of the change of coordinate used to compute plate parameters in the cloak zone. In order to determine the cloak of radius b
around the cylinder of radius a < b, we start from a smaller cylinder of radius 0 < g, < a, which is then transformed (inflated) to the desired
radius a by means of the transformation F. The region {(r,0,z) | r > b} is not affected by the transformation. As the force and scattering in @ is
the same as in the untransformed domain £, it is much smaller than it would be without the cloak. Note that 4, = 0 is a possible choice.

4.2. Cloaking a rigid bottom-mounted surface-piercing circular cylinder

We consider water of constant depth ¢ and a rigid bottom-mounted surface-piercing circular cylinder of radius a,, so that
Q = {(x1,xy) : xf + x% > ay} (see Fig. 1 as well as the left panel of Fig. 2), a rigidity tensor of the plate given by (36) and an
immersion p. We start with a, > 0 in order to take care of the boundary conditions in the change of coordinates explicitly (instead
of a, = 0, which is often used in the electromagnetism community). Note that Property 3.5 remains valid for the choice a, = 0 but
the boundary condition would have to be treated separately. The governing equations are given by (15) in the original space. In

view of Section 4.1, consider the transformation F with respect to polar coordinates, F(r,8) = (I(r), 8), where

ar r<a
% s 0
2 2
- b2_a2 a“—a
Itr) 5 Sr2+ b2 > (2), ay <r<b, (7)
b —a; b —a
r, b>r,

noting that / is a bijection. This transformation acts within the cylinder of radius » > a, containing the bottom-mounted cylinder
of radius a, and plate-covered water (ay < r < b), while leaving the region outside this cylinder invariant. Inside this cylinder, the
transformation acts to inflate the cylinder of radius g, to radius a, while the plate-covered water region in the hollow cylinder of
inner radius a, and outer radius » is mapped to the cloak region, which is a hollow cylinder of inner radius a and outer radius b,
see Fig. 2.

The plate properties in Q={(X,Y),a< R(X,Y) < b} of the cloak around the cylinder of radius « is given by the tensor

D(u, v) = |J|D 4p(ex V), ex (V) with 131 = b, (38a)
2 2 a? - a*

p=b—a and = 0 (38b)
b2 — a(z) b2 — a(z)

Moreover, the plate immersion is given by the anisotropic expression
—P(X,. X)) =JTH] - d, (38¢)

1 r2+r? — (I + 1) I R? - p*(d* - &®)
whereJ:(R2r3b) 2773 (L+D)IY ="' (R) = ) ——
—(L+ L)1 rk+r; b2 — a2

5. Approximate numerical illustration: reduction of the force on and scattering by a bottom-mounted cylinder

In the context of the geometry shown in Figs. 1 and 2, and analogous to Section 4.2, we illustrate the reduction of the wave
forcing on the bottom-mounted cylinder by the cloak through a numerical example. In order to keep the computations simple and
the system of equations amenable to an eigenfunction matching solution method, we use a transformation with non-constant |J|,
contrary to Section 4.2, which makes the results approximate only. For the same reason, we take the plate in the untransformed
domain to have a simple form of the rigidity tensor, which has a degeneracy with respect to the shear component but the associated
rigidity tensor falls within the hypotheses of Property 3.5 and we note that the transformed parameters (the physically relevant
parameters of the cloak) turn out not to have this degeneracy in the shear component.

11
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5.1. The untransformed geometry

We consider water of constant depth 4 and a cylinder of radius a, so that 2 = {(x|,x;) : x% + x% > agy}, also see Fig. 1

as well as the left panel of Fig. 2, and a rigidity tensor of the plate, which we assume to have constant immersion p, to satisfy
D11 = Dyyyy = Dyjpp = D >0 and Dyyjp = Dyyy) = Dyyyp = 0, thus given by

D D O U1
Do (e e@) = (uy, up Vau,)[D D off va | (39)
0 0 0 \/50,12

Under these assumptions, the governing Egs. (15) become

—iaé+ HAp =0 on £, (40a)

—iapy, ¢ + p8& + DA’E — pg Pa*éE =0 on Q, (40b)
Vp-n=0 on 04, (40c¢)

0,4 = AE =0 on 0%, (40d)

¢ — ¢y satisfy radiation condition, (40e)

with constant H = d — p. We note that this resulting system is the same as that for an isotropic plate but with different boundary
conditions (40d).
A solution to this system can be devised by eigenfunction matching. For this purpose, we use (40a) in (40b), which leads to

?pyd + pygHAP + DHA ¢ — po Pa’ HAd = 0. 41)

Eq. (41) can be factorised as

2

H(4-kj)¢=0 with keC and Sk} 20, (42)
i

where the k; are solutions of the dispersion relation
DHK® + (p,, — pPHa®)K? + a*p,, = 0.

We suppose k, > 0 and an incident wave given by &,,. = Aye%0*1, the corresponding potential ¢,,. is given by (40a) as
iAga .
Pine = H_k(z)elkoxl.
System (40), noting (42), is now solved using the eigenfunction matching method which is based on expanding the potential, and
correspondingly the plate displacement, in cylindrical eigenfunctions as

=P+ D B, HD k)™, (43)
m ie{0,1,2}

E=Cuet ), D CpHW )™, (44)
m ie{0,1,2}

where H ,(,,“ is the Hankel function of the first kind of order m. Injecting (43) into (40c) and (40d) leads to a linear system of equations
to be solved for the unknowns B, for each m. The C;, are deduced afterwards using (40a). The details of the application of the
method to a floating plate can be found in [37,49].

5.2. Force on the cylinder and scattering cross-section

In order to assess the performance of the cloak, we measure the force exerted on the cylinder and the scattering cross-section.
The force on a vertical cylinder of radius « in the x,-direction, which is the direction of the incident wave, is given by

2z
F(a) = / cos(8)¢p(a, 6)dé. (45)
0

Moreover, the scattering cross-section, which is a measure for the scattering strength, for a vertical cylinder of radius « is given by

2r
5@ = 5 / Ao®)
7 Jo Ay

Here, the diffracted far-field amplitude A, is defined via

Ep=E—Ejpe ~ kiei(ko’_”/‘”AO as r— . 47)
\l whor

12

2
de. (46)
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Fig. 3. Graph of function / as a function of the non-dimensional variable r/a € [0, b/a] (solid line). Dash-dotted line represents the corresponding
identity function (y = r/a).

Assuming we have only one propagating mode k, and injecting the far-field asymptotics HS(r) ~ 1/ 2 ilkoz=ma/2=7/4) a5 p 5 oo
Tz
into (43) gives

AO(H) - ZC(),meim(g_”ﬂ)' (48)

5.3. The transformation

According to Section 3.3, we can define a change of coordinates F such that the system (40) is shape-invariant for this change
of coordinate (i.e. BD, = CD, = 0).

Property 5.1 (The Change of Coordinates Associated To D). For every transformation F with respect to polar coordinates, which is of the
form F(r,0) = (Br +y/r,0), where y, p € R, we have BD;, = CD,, = 0.

Consider the transformation F with respect to polar coordinates, F(r,8) = (I(r),#), where

ir, r < ay,
ao )
a
1r) = (l—e)<r+—°>, ay<r<b, (49a)
r
r, b<r,

a

a b= , (49b)
2(1-¢) 2v/e(1—¢)
where a,¢ > 0 are given and ¢ can be chosen such that ¢ < 1/2 to ensure that / is a bijection. Transformation (49) is taken such that
there exists a fixed point /(b) = b, I is increasing in [a, b] and a = I(a;) > a,. This choice limits the ratio a/a,, such that a/a, € 11,2[.
Note that the cloak of radius b increases when ¢ decreases and a/a; — 2 as ¢ — 0. Moreover, the ratio a/a, cannot be increased
under these conditions. Fig. 3 represents the function f for the non-dimensional variable r/a € [0, b/a].

The determinant of the Jacobian is

with g =

2(1 —¢) r < ag,
a
Jl=q A-e? -2 ) asr<b
1 b<r,

which is non-constant. By neglecting the variations of |J| in the shallow-water equation, the prediction of the cloaking plate
parameters in the arrival space 2 = {(X,Y),a < R(X,Y) < b} is only approximate. The approximation of such plate properties
is given by the tensor
G GG, V26,6, v
Do) =(uy, up Vaup)DB| 6,6, G2 V26,6 || v (50a)

V26,6, V26,G;  2G Vau,,

13



S. Thery et al. Wave Motion 140 (2026) 103642

Re(&)/A Re(&)/A
(§)/A0 16 (E)/Ao 16
20 15 20 12
08 08
10 10
04 04
=] (=]
X 0 0.0 X 9 00
> >
-04 -04
-10 -10
-08 -08
-20 -1.2 -20 -1.2
-16 -16
-20 -10 0 10 20 -20 -10 0 10 20
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Fig. 4. Surface elevation for a wave incident on a bottom-mounted cylinder of radius a = 20m ~ 10/k, from the left for the plate with anisotropic

parameters (D, p) everywhere (left panel) and in the case that the plate parameters are (D, ) within the cloak region marked by the black circle
(right panel). (Computed using eigenfunction matching method (43), (44) with m = 10; axes are given by the non-dimensional variable X;k.).

l0g10(F11/H) 10g10(H22/H) 10g10|H15/H|
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o
% 00 a8 ¥ 0.
>
-25 24 ;
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-15 26 .
-10.0
-1o -5 0 5 10 0 0

X1ko Xko X1ko

Fig. 5. Anisotropic water height ﬁ/H given by (51) in the cloak with respect to the non-dimensional coordinate k,X;. The left-hand panel
represents H;,/H, middle panel H,,/H and right-hand panel H,,/H.

with
~ vV R2 — g2
BR) = Dr*, r=iY(R)= RIVR -da® (50b)
2(1—¢)
G, = R> —d’cos(9)’, G, =R>—a*sin(0)%, Gy = —a®cos(6)sin(0). (50c)

Moreover, the plate immersion is given by the anisotropic expression

H(R) = r2 Gi G and p=-H+dl (51)
—\G 6 P= >

5.4. Numerical illustration

In order to illustrate the reduction of force and scattering, we compute the solution for the parameters H = 5m, « = 157!,
P =0.05m, D = 36630Pam? and p = 500kgm™, which are typical parameter values for a polystyrene plate. The water density is
taken as that of sea water, p,, = 1024kgm™>. This gives a propagating mode outside the cloak region of wavelength 4 = 2z /k, ~ 60m.
Considering an incident wave of amplitude A, = 0.5m, these parameters verify P < A; < H < A.

We begin with a visual illustration of the impact of the cloak. For a bottom-mounted cylinder of radius ¢ = 20m and
transformation F taken with ¢ = 0.01, Fig. 4 compares the surface elevation for the plate given by (D, p) everywhere (left panel)
to the case where it is chosen as (.ADj.p) in the cloak region (right panel). A reduction of the scattering is clearly visible. There is
hardly any scattering to the far field in the case including the cloak, which is identical to the scattering by the uncloaked cylinder
of radius a,. The graphs of each element of H and ADj, corresponding to this example are given in Figs. 5 and 6, respectively.

In order to quantify this, Fig. 7 shows the force exerted on the bottom-mounted vertical cylinder, given by (45), (left panel) and
the scattering cross-section, given by (46), (right panel) versus cylinder radius and frequency for three cases. The dashed line shows
the results for a plate with rigidity tensor (D, p) everywhere, i.e. without a cloak, and the solid line shows the results for the plate
with rigidity tensor (D, 5) in the vicinity of the cylinder, i.e. with the cloak. For comparison, we also show the solution for the case

14
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Fig. 6. Anisotropic rigidity tensor ;tT),- ;/D given by (50) in the cloak with respect to the non-dimensional coordinate k,X;. Upper row: .74?),1 /D
(left), AD,,/D (middle), AD,,/D (right). Bottom row: AD,;/D (left), AD,,/D (middle) ADs;/D (right).

of an isotropic plate with the same rigidity constant (and without a cloak), which is shown as a dotted line and coincides with the
results for the anisotropic plate without cloak everywhere. To be precise, for this last case we imposed the same values of flexural
rigidity D and plate thickness P as before and choose the Poisson’s ratio to be v = 0.3, which corresponds to a Young’s modulus
E = 3.2 x 10° Pa and classic free plate boundary condition. For radii up to ak, < 10, the force exerted on the vertical cylinder as
shown in Fig. 7 (left panel) is reduced for the plate with the cloak compared to the plate without cloak. Up to about ak, < 1, the two
lines are parallel, implying that the cloak leads to reduction of the force on the cylinder, which is constant in the log-log setting.
The same global behaviour is observed for the force for frequencies a\/m < 10%* as shown in the second row of Fig. 7. A similar
behaviour is observed for the scattering cross-section in Fig. 7 (right panel), for which a significant reduction is achieved by the
cloak for all radii considered.

To illustrate the reduction of the force and the scattering in the case of the plate with the cloak, Fig. 8 shows the evolution of
F,(a) (left panel) and S, (a) (right panel) as a function of ¢, which is given by the ratio a/ay = 2(1 —¢) € [1,2[ for different values of
cylinder radius a. The graphs are normalised by the case € = 1/2, which corresponds to the case with plate parameters (D, p) and
no cloak. As can be seen, the force and the scattering is reduced for all values of a, and more so as € becomes smaller. For ak, < 0.5,
the force is nearly halved by the cloak when ¢ is sufficiently small, which confirms the observations made from Fig. 8. A similar
behaviour is observed for the scattering cross-section in the right panel.

6. Conclusion and outlook

We derived a variational formulation for a fully anisotropic plate floating on shallow water and we extended the change of
coordinates method used in the cloaking principle to this situation. We constructed the equations of motion for an anisotropic
plate floating on water from variational formulations in each domain. These variational formulations allow us to apply the change
of coordinate in the weak formulations and simplify the formulation with respect to the elastic energy part. We recall that, for a
general change of coordinates, the elastic energy part is not shape-invariant but produces additional terms that can be interpreted as
a pre-stress force. A main purpose of this paper was to treat the terms producing the pre-stress force in its variational form and gave
conditions when these terms vanish. In particular, we showed that for each change of coordinate one can find a class of anisotropic
plates which are shape-invariant for the particular change of coordinate. Applied to the model of a floating plate, it gives plates
with anisotropic rigidity and immersion.

In the context of cloaking, our results extend known methods to anisotropic plates for reducing the force on and scattering due
to an object by not restricting the study to an isotropic plate in the original space. The model presented assumes a dual anisotropy
in the rigidity and immersion of the plate.

In order to put the results into practice, it remains to study how such a double anisotropy can be realised, possibly based on
metamaterials devised via homogenisation. Another potential next step is to consider a floating plate of finite extent and study its
boundary effects. A first approach in this direction could be to find the anisotropic plate that achieves no scattering. Then the given
tool in this paper would allow to indicate a suitable transformation to apply the space transformation method to this plate and
fine-tune the parameters of a plate of finite extent in order to achieve perfect, or at least nearly perfect, cloaking. Extensions to the
reduction of scattering by or sloshing within polynyas might also be of interest (see the discussion in Appendix C).
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Fig. 7. Left panel: Force on vertical cylinder given by (45) versus non-dimensional radius ak, (top) and frequency a (bottom). Right panel:
Scattering cross-section as given by (46) versus non-dimensional radius k,a (top) and frequency a+/d/g (bottom). For all panels : Solid lines
correspond to the plate with parameters (D,3) inside the cloak region while dashed lines correspond to the plate with parameters (Dy, p)
everywhere, i.e. without the cloak. The starred lines show the results for a corresponding isotropic plate that is superposed to the one
corresponding to D,.
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Fig. 8. Normalised force on vertical cylinder (45) versus parameter ¢ € [1072,0.5] (left) and normalised scattering cross-section as given by
(46) versus € (right). Both panels: The different lines correspond to different values of the cylinder radius a. The force F,(a) and the scattering
cross-section .S, (a) correspond to a plate including a cloaking region around the cylinder given by plate parameters (D, D) (see (50)) depending
on ¢, which defines the cylinder radius in the untransformed plate (a, = 2/2(1 — ¢)). The limit case ¢ = 1/2 corresponds to no transformation,
i.e. ay = a = b and, thus, no cloak.

Appendix A. Extraction of general boundary conditions

Boundary conditions (4) are obtained through two successive integrations by parts on the weak formulation (2). We detail the
derivation by focusing on the elastic term in (2):

/Qﬁw,ijDijklw,kl =/Q5w,11M11 + 6w 9 My, + 26w 1, M,

= My, M\ _ r{Mu Mp
= Véw, - + Véw, - — (Véw) ncC (A1)
@ My, My, 00 M, My
M M My +M
C :/ sw, V- . B1,V - 12 _ / Véw - 11,1 122
@ M, M2, e My, + My,

M + M
=/ sw( W 122 -n—/ﬁw(Mu,u + M+ My ). (A.2)
0Q M+ My, Q

with

Decomposing the boundary term in (A.1) using Véw = (Véw - n)n + (Véw - s) s combined with (A.2) gives (4).
We now want to extract the boundary condition from the elastic term in the transformed version given by (20a). We can rewrite
as the general form

/N5(5W7 W)= /N‘SVV,HQH + W00 +6WpQ1p + 6W, Ry + W) R,.
a 2

The terms containing Q can be treated by an integration by parts as in (A.1) and we have

/5(5W,W)=/ (Vew)T <Q” le)n—CN (A.3)
Q 02 O, On

~ + -R + -R ~
G =/~ Véw- Q111 +0ps— Ry _ /~ Sw 0111+ 012 i /sz (Qn,u +0p1+0mnyn—Ry | - Rz’z) . (A4
a O +0n2— Ry bYel 0151 +0»,- R,y a

Using the symmetry of D;;x;, the last term in (A.4) gives the formulation in M;;, N;; and S; as in (22). The boundary term in
(A.3) is decomposed with respect to the basis (n,s), so that

/N(VEW)T <Q” le)n:/N (nT<Q“ Q”) n) (VW -n) + <ST<Q” Q12>n> (VW -5). (A.5)
602 QlZ Q22 o] QIZ Q22 Q12 Q22
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Integrating by parts the term with VW - s gives
/ g9 Qe), (VW -5) = —/ swv (9 920 (A.6)
50 On Oxn 80 O On
Injecting (A.5) and (A.6) in (A.3) leads to (22).
Appendix B. Computation on Jacobian of F

Consider the Jacobian of a change of coordinates F :

y= <F1,1 F1,2>.
By Fp
Then we define J € A>3 such that for all U € A%*3 we have JUJ = 70 and
Fﬁl Fi] \/EFI,IFZ,I
J= F, E}, V2F 1 F
V2F Fiy V2Fy Fyy  Fi Fop+ FioFy

After computation of J7J and noting y = F, 11521 + Fi 5 F, 5, we have

(F2, + F2,? v V2r(F2 + F2)
JTT = y? (F2 + F22)2 \/—}'(Fz +F2
V2y(F2, + F2) \/'y(F§1+F§2> 11
We also have
4F12_1F12,2 A4F | FipFi5F)) 2\/EF1,1F1,27
i = 4F  FioFpFp 4F; F, 2V2F, Fypr |-
2V2F,  F oy 2V2F,, Fyoy 2y?

Appendix C. Cloaking a polynya

Following on from model (14), we can also look into using the space transformation method for cloaking a polynya (i.e. a hole
of free water surface within the floating plate). Indeed, it has been pointed out by Greenleaf et al. [50] that some almost trapped
eigenstates occur in the invisibility region created by a cloak in the context of matter waves. For water waves, the objective would
be to find plate parameters in a cloak region around the polynya so as to reduce sloshing inside the polynya, which is a problem of
interest in ocean engineering [51].

Compared to the case with a cylinder, in which there is no water in the domain occupied by the cylinder, application of the
space transformation method for a polynya transforms the equations in the water domain underneath the polynya as well. In order
to make the equations shape-invariant in the polynya region, we must consider a change in the seabed topography in this region as
there are no plate parameters to adjust at the surface. Nevertheless, pursuing the idea of the transformation method, we suppose a
change of coordinates that inflates a small polynya to a large one. It turns out that the transformation lowers the seabed underneath
the small polynya, so it has to be a hill in order for it to be flat in the transformed region or, if it is flat in the untransformed region,
it is an inverse hill in the transformed region.

More concretely, let us consider an anisotropic plate (D,5) given by (38) with an inner hole of free surface. For example, by
change of coordinates (37), we can identify this setup as a transformed version of a corresponding untransformed geometry consisting
of a plate (D, p) given by (36) with a polynya of radius a; < a and a water depth d under the plate and ayd/a < d in the polynya
region. As the scattering in the untransformed region is potentially large rather than small owing to the hill in the sea bed, this
would create larger surface waves within the polynya and, unfortunately, the objective of energy minimisation in the polynya cannot
be achieved.

Nevertheless, the case of starting with a flat seabed at the price of a trough in the sea bed underneath the polynya might be
worth pursuing.
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