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Abstract
A numerical dynamical low-rank approximation (DLRA) scheme for the solution of
the Vlasov–Poisson equation is presented. Based on the formulation of the DLRA
equations as Friedrichs’ systems in a continuous setting, it combines recently pro-
posed conservative DLRA methods with a discontinuous Galerkin discretization. The
resulting scheme is shown to ensure mass and momentum conservation at the dis-
crete level. In addition, a new formulation of the conservative integrator is proposed
based on its interpretation as a tangent space projector splitting scheme. Numerical
experiments validate our approach in one- and two-dimensional simulations of Lan-
dau damping. As a demonstration of feasibility, it is also shown that the rank-adaptive
unconventional integrator can be combined with mesh adaptivity.

Keywords Dynamical low-rank approximation · Discontinuous Galerkin method ·
Friedrichs’ system · Mass and momentum conservation

Mathematics Subject Classification 15A69 · 65M60 · 82D10

1 Introduction

The Vlasov–Poisson equation is one of the most important equations in plasma kinet-
ics. It models the time evolution of an electron density function f = f (t, x, v) of a
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collisionless plasma in d ≤ 3 spatial dimensions. It reads

∂t f + v · ∇x f − E(t, x) · ∇v f = 0 in � = �(x) × �(v), t ∈ (0, T ), (1)

where E is the electric field dependent on the density f via the Poisson equation:

E(t, x) = −∇x�(t, x), −�� = 1 −
∫

�(v)

f (t, x, v) dv. (2)

The initial condition is

f (0, x, v) = f0(x, v).

In this work we consider only spatial periodic domains �(x) ⊂ R
d and �(v) =

R
d . Otherwise the equation has to be accompanied by additional inflow boundary

conditions, but this case is not considered here.
For d = 2, 3 the numerical solution of the Vlasov–Poisson equation is challenging,

since a dynamical problem in 2d dimensions needs to be discretized. To tackle the
problem, methods such as particle methods [24], adaptive multiscale methods [7], and
sparse grids [17] have been used.

Recently, dynamical low-rank approximation (DLRA) [20] has been proposed in
the seminal paper [12] for reducing the dimensionality based on a separation of the
space and velocity variables. In DLRA the density f is represented as

fr (t, x, v) =
r∑

i=1

r∑
j=1

Xi (t, x)Si j (t)Vj (t, v) (3)

and its time evolution is applied to the spatial and velocity components separately. The
general idea of low-rank approximation has been demonstrated to be highly effective
for the Vlasov–Poisson equation in several works [2, 15, 16, 18]. A comprehensive
literature survey can be found in [10].

As for DLRA methods, a recent research focus has been on the development of
conservative methods, which is somewhat non-trivial to achieve. The ideas developed
in [9] allowed for significant progress in this direction. By combining them with
the rank-adaptive unconventional integrator from [5], also called basis update and
Galerkin (BUG) integrator [3], in [13] a robust numerical time stepping scheme for
the factors Xi , Si j and Vj in the DLRA representation (3) has been presented, which
is mass and momentum conservative and allows the rank r to be chosen adaptively.
Further improvements have been achieved recently in [11], where it is shown that
augmentation of the spatial basis with gradients is not required for ensuring local
conservation properties, hence leading to a more efficient algorithm.

The goal of the present work is to combine the conservative DLRA integrator from
[11] with a discontinuous Galerkin (DG) discretization. This is motivated by the fact
that the governing equations for the DLRA factors in the continuous setting take the
form of Friedrichs’ systems, as worked out in [23]. DG methods possess favorable
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numerical properties for solving such systems, and, in addition, offer the possibility
for adaptive mesh refinement. A (non-adaptive) DG based DLRA algorithm for one
spatial dimension has been worked out in [4]. With this work we make two main
contributions. First, for a fixed discretization, we obtain a rank-adaptive and con-
servative DG-based DLRA approximation scheme for the Vlasov–Poisson equation.
Second, we demonstrate how our approach of first formulating the DLRA scheme in a
continuous setting and then discretizing the subproblems allows us to exploit the capa-
bilities of DG solvers regarding mesh adaptivity. Compared to, e.g., [18], where the
DLRA approach is applied to a full DG discretization of a linear kinetic equation, this
approach offers much more flexibility. While the mesh adaptive version of our solver
in its current form does not yet yield a conservative scheme due to the coarsening
steps, we believe this approach to be a promising route for further development.

In more detail, the outline and contributions of the paper can be summarized as
follows. In Section 2 we derive the equations of motion for the DLRA approach. We
review the standard DLRA integrators in Section 2.1 and the required modifications
for the conservative integrator as proposed in [9, 13] in Section 2.2. We pay special
attention to formulating the equations in a continuous setting as Friedrichs’ systems
in weak form, which makes it easier to enable spatially adaptive DG discretizations
later. Our derivation of the equations for the conservative integrator in Section 2.3 is
based on a slightly different tangent space decomposition compared to [9, 11, 13]. In
particular, we present a new version of the modified L-step using a suitable block QR
decomposition of the DLRA representation, which avoids forming normal equations.
This L-step is then included in the rank-adaptive unconventional integrator, which is
introduced in Section 2.4.

As a side result, our special QR representation also suggests a robust projector-
splitting integrator allowing for fixed velocity basis functions which has not been
featured in the original works. We present this alternative integrator briefly at the
end of Section 2.3. While it is not clear that this scheme is conservative by itself, it
performs well in experiments and could be of some conceptual interest for further
developments.

Section 3 presents the main theoretical contribution. We introduce the DG dis-
cretization for the DLRA equations in Sections 3.1 and 3.2. Special attention is paid
to the approximation of derivatives and numerical fluxes at the element interfaces.
As explained in [9, 11, 13], the conservation properties of time integrators can be
ensured by enforcing discrete counterparts of certain continuity equations arising in
the Vlasov–Poisson system. In Section 3.3, we adopt the continuous approach from
[11] to rigorously prove these discrete continuity equations for mass and momentum
conservation in our setting under the assumption that central fluxes are used in the DG
discretization and the explicit Euler method is applied for time-stepping. The proof
holds for arbitrary spatial dimensions. In Section 3.4, we discuss spatial adaptivity in
the DG discretization, though currently in a simplified form.

Finally, in Section 4 we present numerical simulations that illustrate the feasibility
and advantages of our approach, and confirm the theoretical findings. As a main
contribution, we present simulations for Landau damping in two spatial dimensions
with conservation of mass and momentum in Section 4.2. We also demonstrate the use
of spatial adaptivity for a 2d transport problem in 4.3.While these experiments are still
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conducted in a simplified setting of periodic boundaries, they serve as an important
proof of concept that DG methods can be successfully used for the DLRA simulation
of Vlasov–Poisson equations.

For brevity, we will frequently use indices without indicating the limits. The fol-
lowing indices will be used: i, j take values in {1, . . . , r}, a, b in {1, . . . ,m}, p, q in
{m + 1, . . . , r}, and s in {1, . . . , d}. The values of other indices will be clear from the
context.

2 Conservative DLRA integrator

In this Section, we recall the conservative DLRA integrator as first presented in [9]
and further developed in [13]. With the goal of an adaptive DG discretization in mind,
we will, however, derive the governing equations from a weak formulation of the
Vlasov–Poisson equation as given in [8, Sec. 76.3]. Denoting the L2 inner product on
� = �(x) × �(v) with

(u, w)xv =
∫

�(x)

∫
�(v)

u(x, v) w(x, v) d(x, v),

the weak formulation of (1) reads: find f ∈ C1([0, T ],W) such that for every t ∈
(0, T ) it holds

(∂t f (t), w)xv + a(t, f (t), w) = 0 for all w ∈ W, (4)

whereW is an appropriate closed subspace of L2(�) (e.g.W ⊆ H1(�) is sufficient),
and

a(t, u, w) =
∫

�

v · ∇xu w − E(t, x) · ∇vu w dxdv.

Since we aim to separate the space and velocity variables, we will assume that the
space W has a tensor product structure

W = W(x) ⊗ W(v) ⊆ L2(�
(x)) ⊗ L2(�

(v)).

We also introduce the notation

(X ,Y )x =
∫

�(x)
X(x) Y (x) dx, (V ,W )v =

∫
�(v)

V (v)W (v) dv

for L2 inner products on �(x) and �(v).
In the DLRA ansatz, one ultimately seeks a solution f = fr of the form (3). It

admits several equivalent representations, such as

fr (t, x, v) =
∑
i j

Xi (t, x)Si j (t)Vj (t, v) (5a)
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=
∑
j

K j (t, x)Vj (t, v) (5b)

=
∑
i

Xi (t, x)Li (t, v), (5c)

where the functions X1(t), . . . , Xr (t), K1(t), . . . , Kr (t) ∈ W(x) and V1(t), . . . ,
Vr (t), L1(t), . . . , Lr (t) ∈ W(v) are related through

K j (t) =
∑
i

Xi (t)Si j (t), Li (t) =
∑
j

Si j (t)Vj (t).

Clearly, K j (t) ∈ span{X1(t), . . . , Xr (t)} and Li (t) ∈ span{V1(t), . . . , Vr (t)} for
every i and j . The X1(t), . . . , Xr (t) and V1(t), . . . , Vr (t) are usually assumed to be
orthonormal systems in W(x) and W(v) for all t without loss of generality, whereas
this is not the case for the combined functions K1(t), . . . , Kr (t) and L1(t), . . . , Lr (t),
respectively.

2.1 Standard DLRA integrators

Wefirst review the basic ideas ofDLRA integrators before presenting themodifications
proposed in [9, 11, 13] for obtaining conservative integrators in the following subsec-
tions. Using the representations (5a), (5b) or (5c) at an initial time t0 one can derive
equations of motion separately for the matrix S, the functions K1(t), . . . , Kr (t) ∈
W(x), and the functions L1(t), . . . , Lr (t) ∈ W(v), respectively.

For example, given an initial function fr (t0) of the considered form, equations for
the time evolution of K1(t), . . . , Kr (t) in (5b) on a time interval [t0, t1] are obtained by
fixing the current Vj (t0) for j = 1, . . . , r and then restricting the weak formulation (4)
to the linear subspace

TV (t0):=W(x) ⊗ span{V1(t0), . . . , Vr (t0)} =
⎧⎨
⎩
∑
j

ψ
(x)
j ⊗ Vj (t0) : ψ

(x)
j ∈ W(x)

⎫⎬
⎭ .

(6)

This means that for t ∈ [t0, t1] one seeks f (t) = ∑
j K j (t) ⊗ Vj (t0) ∈ TV (t0) such

that

(∂t f (t), w)xv + a(t, f (t), w) = 0 for all w ∈ TV (t0).

This is called a K-step. By collecting the sought functions K1(t), . . . , Kr (t) as well
as the appearing test functions ψ

(x)
1 , . . . , ψ

(x)
r into vectors

K (t) = [
K j (t)

]
j , ψ (x) = [

ψ
(x)
j

]
j
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in (W(x))r , the K-step can be written in the form of a Friedrichs’ system (a coupled
system of hyperbolic PDEs in weak form) as follows:

(
∂t K (t) +

∑
s

A(x,s) · ∂xs K (t) − Es(t)B(x,s) · K (t),ψ (x))
L2(�(x),Rr )

= 0 for all ψ (x) ∈ (W(x))r , (7)

with initial condition

K (t0) =
[∑

i

Xi (t0)Si j (t0)

]

j

and suitable matrices A(x,s) and B(x,s); cf. [23]. We present these matrices for the
conservative integrator in Section 2.3.

Equations for the velocity functions L1(t), . . . , Lr (t) in the representation (5c) on
a time interval [t0, t1] are obtained in an analogous way by fixing X1(t0), . . . , Xr (t0)
instead, and restricting the weak formulation (4) to the linear space

TX(t0):= span{X1(t0), . . . , Xr (t0)} ⊗ W(v) =
{∑

i

Xi (t0) ⊗ ψ
(v)
i : ψ

(v)
i ∈ W(v)

}

(8)

instead. This is called the L-step and also results in a Friedrichs’ system, but this time
for the vector function

L(t) = [
Li (t)

]
i ∈ (L2(�

(v)))r

and with test functions of the same form. The system will be presented for the con-
servative integrator in Section 2.3.

Finally, in the S-step one only considers the time evolution of the coefficient matrix
S(t) = [Si j (t)] in (5a) with the basis functions Xi (t0) and Vj (t0) being fixed. One can
do so by restricting the weak formulation (4) to the finite-dimensional space

TX(t0),V (t0):= span{X1(t0), . . . , Xr (t0)} ⊗ span{V1(t0), . . . , Vr (t0)}. (9)

This gives an ODE of the form

∂t S(t) +
∑
s

[
B(v,s)S(t)

(
A(x,s))T + A(v,s)S(t)

(
B(x,s))T ] = 0 (10)

for the matrix S(t) with initial condition S(t0) and suitable matrices A(x/v,s), B(x/v,s).
Based on the above restriction of the time evolution to particular subspaces, the

so-called projector splitting integrator [12, 21] can be derived. It combines the three
steps for updating the factors from a time point t0 to a time point t1 in the order “KSL”
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as outlined below. The name projector splitting stems from the fact that the integrator
realizes in first order a time step on the subspace TV (t0) + TX(t0) ⊂ W(x) ⊗ W(v),
which is the tangent space to the manifold of functions of the form (5a) at the current
point fr (t0) (under the mild technical assumption that S(t0) has full rank r ). Since the
spaces TV (t0) and TX(t0) used for the K-step and L-step intersect precisely in the space
TX(t0),V (t0) defined in (9), this intersection space would be considered “twice”, both
in the K- and the L-step. Therefore, it is necessary to perform the S-step in TX(t0),V (t0)

“backwards” to compensate for this. The individual steps in the followingKSL scheme,
however, also always account for the updated basis functions from the previous step.
We refer to [21] for why the S-step is best executed between the K- and L-step.

Projector splitting integrator: KSL scheme

In detail, the KSL scheme for a time step from t0 to t1 proceeds as follows.

1. Perform a K-step on TV (t0) by solving the Friedrichs’ systems (7) on [t0, t1]
for new functions K1(t1), . . . , Kr (t1) ∈ W(x). Choose an orthonormal basis
X1(t1), . . . , Xr (t1) for a subspace containing K1(t1), . . . , Kr (t1) together with
coefficients S̃i j such that K j (t1) = ∑

i S̃i j Xi (t1).
2. Take S(t0) = S̃ as start point for a “backward” S-step on TX(t1),V (t0), that is, solve

the ODE (10) with ∂S(t)− . . . instead of ∂S(t)+ . . . and using the already updated
X1(t1), . . . , Xr (t1) instead of X1(t0), . . . , Xr (t0). This gives a newmatrix Ŝ at time
t1.

3. Perform an L-step on TX(t1) by solving the corresponding Friedrichs’ system
for new functions L1(t1), . . . , Lr (t1) ∈ W(v) with recomputed initial conditions
Li (t0) = ∑

j Ŝi j V j (t0). Choose an orthonormal basis V1(t1), . . . , Vr (t1) for a sub-
space containing of L1(t1), . . . , Lr (t1), and obtain coefficients Si j (t1) such that
Li (t1) = ∑

j Si j (t1)Vj (t1).

The result at time t1 is the function

fr (t1, x, v) =
∑
i j

Xi (t1, x)Si j (t1)Vj (t1, v).

The projector splitting integrator has a clear geometric interpretation and favorable
numerical properties but has the practical disadvantage that the target rank r needs to
be selected beforehand and remains fixed over time. Since the rank at any time should
be large enough to ensure sufficient accuracy while remaining small enough to keep
the computations feasible, an adaptive procedure is more desirable. The rank-adaptive
unconventional DLRA integrator proposed in [5] addresses this issue using a different
ordering of steps and basis augmentation. It will be discussed in Section 2.4.

2.2 Conservative DLRA integrator

The exact solution to the Vlasov-Poisson equation conserves several physically
relevant quantities such as mass, momentum and energy. Ensuring this in DLRA
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simulations requires nontrivial modifications and has been addressed only recently by
Einkemmer and Joseph in [9]. Consider for example the mass

m(t) =
∫

�(x)

∫
�(v)

f (t, x, v) d(x, v).

Employing a DLRAmodel (3) for f would require a spaceW(v) ⊆ L2(R
d)∩ L1(R

d)

for the velocity dependence to ensure that the mass is well-defined. (For the space
W(x) ⊆ L2(�

(x)) there is no problem since the periodic spatial domain �(x) is
assumed to be bounded.) On the other hand, since we are considering weak formu-
lations, quantities of interest can only be assessed by testing with suitable functions.
For mass, this would be the constant function (x, v) 	→ 1 since m(t) = ( f (t), 1)xv .
For momentum and kinetic energy, this would be the functions (x, v) 	→ vs and
(x, v) 	→ ‖v‖2, respectively. All these functions are clearly not in L2(R

d) ∩ L1(R
d)

either. As explained in [9], choosingW(v) as a space of functionswith bounded support
is not recommended to address this problem since it implicitly restricts the velocity
variable to a bounded domain which is not the desired physical model.

To resolve the conflict, Einkemmer and Joseph propose the followingmodifications.
First, the space of velocity functions is enlarged to actually accommodate for the
desired test functions. Specifically, one assumes

Vj ∈ W(v)
ω ⊆ L2(�

(v);ω),

where L2(�
(v);ω) is a Hilbert space of weighted L2 functions equipped with inner

product and norm

(V ,W )v,ω:=
∫

�(v)

V (v)W (v)ω(v) dv, ‖V ‖v,ω:=(V , V )1/2v,ω,

with a strictly positive and sufficiently fast decaying weight function ω ensuring that
L2(�

(v);ω) contains the functions 1, v1, . . . , vd , and ‖v‖2. A somewhat natural choice
is the Gaussian weight function

ω(v) = exp(−‖v‖2/2). (11)

Second, in order to be able to test with L2(�
(v);ω) functions in the ordinary L2

inner product, the low-rank model for f is modified to explicitly carry the weight
function ω, that is, instead of (3) one now seeks f = fr of the form

fr (t, x, v) = ω(v)
∑
i j

Xi (t, x)Si j (t)Vj (t, v) (12)

where X1(t), . . . , Xr (t) ∈ W(x) as before, but now V1(t), . . . , Vr (t) ∈ W(v)
ω are

allowed.
Third, since ultimately only test spaces of the form TV (t), TX(t) or TX(t),V (t)

(cf. (6), (8) and (9)) will be used in the numerical integrator, it will turn out necessary to
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ensure that at every time the space spanned by the velocity functions V1(t), . . . , Vr (t)
in the weighted DLRA representation (12) contains the functions v 	→ 1, v 	→ vs and
v 	→ ‖v‖2. This is achieved by simply fixing some of the factors Vj explicitly and not
allowing them to vary. Following the notation in [9], the first m functions Vj will be
kept fixed and denoted as

Ua = Va, a = 1, . . . ,m,

such that span{U1, . . . ,Um} ⊆ W(v)
ω contains the desired functions. In particular,

m ≥ 1 for mass, m ≥ 1 + d for mass and momentum conservation, respectively. The
remaining Vj are still variable and will be denoted by Wp instead:

Wp = Vp, p = m + 1, . . . , r .

The DLRA model set for fr then ultimately is

Mr ,ω =
{
fr = ω

∑
ia

Sia Xi ⊗Ua + ω
∑
i p

Sip Xi ⊗ Wp :

S ∈ R
r×r , Xi ∈ W(x), Wp ∈ W(v)

ω and (Ua,Wp)v,ω = 0
}
.

(13)

The orthogonality relations (Ua,Wp)v,ω = 0 in W(v)
ω should hold for all pairs a, p

and ensure that the Wp are linearly independent from the Ua to avoid trivial cases.
When working with functions from Mr ,ω we will, without loss of generality, addi-
tionally assume that the X1, . . . Xr are pairwise orthonormal in L2(�

(x)) and the
Wm+1, . . . ,Wr are pairwise orthonormal in L2(�

(v);ω). We also assume that the
fixed functions U1, . . . ,Um are pairwise orthonormal in L2(�

(v);ω).
As a fourth and final modification, Einkemmer and Joseph propose to consider the

time-dependent variational principle for the time evolution on Mr ,ω in the form of a
Petrov–Galerkin formulation as

(
∂t fr (t),

1

ω
w
)
xv + a

(
t, fr (t),

1

ω
w
) = 0 for all w ∈ T fr (t)Mr ,ω, (14)

where T fr (t)Mr ,ω denotes the tangent space to the “manifold” Mr ,ω. We will not
rigorously investigate manifold properties of this set, but it is clear from the multi-
linearity of the representation in (13) that the tangent space at fr ∈ Mr ,ω takes the
form

T frMr ,ω =
{

ω
∑
i j

(
Ẋi Si j + Xi Ṡi j

) ⊗ Vj + ω
∑
i p

Sip Xi ⊗ Ẇp :

Ṡ ∈ R
r×r , Ẋi ∈ W(x), Ẇp ∈ W(v)

ω and (Ua, Ẇp)v,ω = 0
}
.

(15)
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As one can see, the weight function ω introduced for fr in (12) carries over to the
tangent space at fr , which would result in a squared weight when testing with fr itself.
Dividing by ω in (14) hence removes ω from the tangent space and, in particular,
ensures that the functions (x, v) 	→ Ua(v) are actually available as test functions as
desired (by choosing Ṡ = 0, Ẇp = 0 for all p, and Ẋi = αi1 such that

∑
i αi Si j = δ ja

in (15), which is possible if S has full rank r ).
As in the standard DLRA integrators, the formulation (14) will next be further

restricted to linear subspaces within the tangent space. However, since some of the
Va = Ua are fixed for a = 1, . . . ,m, the corresponding K-, L- and S-steps require a
more careful definition. We discuss the corresponding tangent space decomposition
in the next section.

2.3 Tangent space decomposition andmodified projector splitting

In [9] the equations of motion for Xi , S and Vj factors have been derived, but an
inversion of S was required for the updates of Vj . As an extension of their ideas,
we derive a decomposition of the tangent space T frMr ,ω into orthogonal subspaces
which allows to avoid the inversion of S, in the same spirit as in the original projector
splitting integrator [21]. For that, consider a particular low-rank representation of a
given fr ∈ Mr ,ω tailored to the fact that the first m velocity basis functions are fixed.
We can assume that fr is initially given in the form fr = ω

∑
j K j ⊗ Vj . We we can

then apply a suitable orthogonal transformation to the functions K1, . . . , Kr using a
variant of (block) QR decomposition, to obtain a new set of pairwise orthonormal
functions X1, . . . , Xr ∈ W(x) such that K j = ∑

i Xi Si j as usual, but now with a
block triangular matrix S of the form

S =
([Sab] 0m×(r−m)

[Spb] [Spq ]
)

. (16)

Hence, without loss of generality, we can write fr as

fr = ω
∑
ab

SabXa ⊗Ub + ω
∑
pb

SpbZ p ⊗Ub + ω
∑
pq

Spq Z p ⊗ Wq (17)

where we introduced the notation

Z p = X p, p = m + 1, . . . , r .

Taking this representation of fr , and additionally assuming that thematrix S has full
rank r , it is easy to deduce from (15) that the tangent space at fr can be decomposed
into

TV ,ω =
{

ω
∑
j

ψ
(x)
j ⊗ Vj : ψ j ∈ W(x)

}
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and (using that Sap = 0 in the second sum of (15))

TZ,ω =
{

ω
∑
p

Z p ⊗ ψ̂(v)
p : ψ̂(v)

p ∈ W(v)
ω , (Ua, ψ̂

(v)
p )v,ω = 0

}
, (18)

such that

T frMr ,ω = TV ,ω + TZ,ω. (19)

However, this sum is not direct, as the spaces intersect in

TZ,V ,ω = TZ,ω ∩ TV ,ω =
{

ω
∑
pq


pq Z p ⊗ Wp : 
pq ∈ R

}
. (20)

Based on the tangent space decomposition (19)–(20), we design a projector splitting
integrator as well as a variant of the unconventional integrator. For this, we next
derive the corresponding equations of motion as Friedrichs’ systems on subspaces
TV ,ω (modified K-step), TZ,ω (modified L-step) and TZ,V ,ω (modified S-step). Note
that these spaces are defined solely by the basis sets X1, . . . , Xr and Wm+1, . . . ,Wr

and hence can be defined even if S is not invertible.

Modified K-step

The time dependent solution of (14) restricted to TV ,ω is a function

fr (t) = ω
∑
j

K j (t) ⊗ Vj .

The test functions take the form

w = ω
∑
i

ψ
(x)
i ⊗ Vi ,

where ψ
(x)
1 , . . . , ψ

(x)
r ∈ W(x) are arbitrary. Substituting this into (14) gives

(
ω
∑
j

∂t K j (t) ⊗ Vj ,
∑
i

ψ
(x)
i ⊗ Vi

)
xv

+
∑
s

(
vs∂xs

(
ω
∑
j

K j (t) ⊗ Vj
) − Es∂vs

(
ω
∑
j

K j (t) ⊗ Vj
)
,

∑
i

ψ
(x)
i ⊗ Vi

)
xv

= 0.

Using the orthogonality relations (ωVj , Vi )v = δi j in the first term and rearranging,
it follows that
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∑
i

(
∂t Ki (t), ψ

(x)
i

)
x +

∑
s

[∑
i

(∑
j

(
ωvs V j , Vi

)
v
∂xs K j (t), ψ

(x)
i

)
x

+
∑
i

(∑
j

−Es
(
∂vs (ωVj ), Vi

)
v
K j (t), ψ

(x)
i

)
x

]
= 0.

(21)

As in the standard DLRA integrator, we write this equation in terms of the vector-
valued functions K (t) = [

K j (t)
]
j and ψ (x) = [

ψ
(x)
j

]
j in (W(x))r . Specifically,

defining the matrices

A(x,s) =
[(

vsVj , Vi
)
v,ω

]
i j

, B(x,s) =
[(

∂vs (ωVj ), Vi
)
v

]
i j

, (22)

eq. (21) can be rewritten as

(
∂t K (t),ψ (x))

x +
∑
s

(
A(x,s)∂xs K (t) − Es(·)B(x,s)K (t), ψ (x))

x

= 0 for all ψ (x) ∈ (W(x))r , (23)

which is the weak form of a Friedrichs’ system.

Modified L-step

For a modified L-step, we first write the initial function fr = fr (t0) ∈ Mr ,ω based
on (17) in the form

fr (t0) = ω
∑
ib

Sib Xi ⊗Ub +
∑
p

Z p ⊗ L̂ω,p(t0)

where we have incorporated the weight function ω into L̂ω,p as follows:

L̂ω,p(t0) = ωL p(t0) = ω
∑
q

SpqWq ∈ W(v).

We remark that due to our particular representation (17), this formula slightly differs
from the corresponding formula in [13, Eq. (6)], where products of S and its transpose
are required for forming the new L p factors. Recall that (Ua, L̂ω,p(t0))v = 0 for all
a and p. The goal is the time evolution of L̂ω,p(t) under this orthogonality constraint
which will yield

fr (t) = ω
∑
i

Sib Xi ⊗Ub +
∑
p

Z p ⊗ L̂ω,p(t)
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i.e. with the same “fixed” first part. The second sum in the above expression is a
function in the subspace TZ,ω of T fr (t0)Mr ,ω as defined in (18). Hence, equations for
the time evolution of L̂ω,p(t) are obtained by requiring the weak formulation (14)
only for test functions from TZ,ω, that is, test functions of the form

w = ω
∑
p

Z p ⊗ ψ̂(v)
p

with ψ̂
(v)
p ∈ W(v)

ω and (Ua, ψ̂
(v)
p )v,ω = 0. Since for such test functions one has

(∂t fr (t),
1
ω
w
)
xv = (∂t

∑
p Z p L̂ω,p(t),

1
ω
w)xv , this leads to the formulation

(
∂t

∑
p

Z p L̂ω,p(t),
1

ω
w
)
xv + a

(
t, fr (t),

1

ω
w
) = 0

for all w of the given form.
In detail, using orthogonality relations this means

∑
p

(
∂t L̂ω,p(t), ψ̂(v)

p

)
v

+
∑
s

[∑
pq

(
(−Es Z p, Zq)x∂vs L̂ω,p(t) + (∂xs Z p, Zq)xvs L̂ω,p(t), ψ̂(v)

q

)
v

]

= −
∑
s

[∑
iaq

(
(−Es Xi , Zq)x Sia∂vs (ωUa) + (∂xs Xi , Zq)x SiavsωUa, ψ̂(v)

q

)
v

]
.

Using the vector-valued function

L̂ω(t) = [L̂ω,p(t)]p, ψ̂
(v) = [

ψ̂(v)
p

]
p

in (W(v)
ω )r−m this can be rewritten as

(
∂t L̂ω(t), ψ̂

(v))
v
+

∑
s

(̂
A(v,s)∂vs L̂ω(t) + vs B̂(v,s) L̂ω(t), ψ̂

(v))
v

= −
∑
s

(
Ā(v,s) S̄∂vs (ωU) + vs B̄(v,s) S̄ωU, ψ̂

(v))
v

for all ψ̂
(v) ∈ (W(v)

ω )r−m, (24)

with S̄ = [Sia]ia , U = [Ua]a , and

Â(v,s) =
[
A(v,s)
pq

]
pq

, Ā(v,s) =
[
A(v,s)
pj

]
pj

, B̂(v,s) =
[
B(v,s)
pq

]
pq

,

B̄(v,s) =
[
B(v,s)
pj

]
pj

, (25)

123



   43 Page 14 of 38 BIT Numerical Mathematics            (2025) 65:43 

where

A(v,s) =
[( − Es X j , Xi

)
x

]
i j

, B(v,s) =
[(

∂xs X j , Xi
)
x

]
i j

. (26)

Hence, (24) is an inhomogeneous Friedrichs’ system for r − m functions L̂ω,p(t) in

W(v)
ω to be solved over the time interval [t0, t1]. By construction, these will satisfy

(L̂ω,p(t),Ua)v = 0 for all t ∈ [t0, t1]. Eventually, we obtain L p(t1) = ω−1 L̂ p(t1).
We highlight that (24) represents an orthogonal projection of the system onto the space
TZ,ω and therefore differs from the formulation of the modified L-step in [9, Eq. (11)]
which requires the inversion of the matrix S.

Modified S-step

The formulation of the modified S-step also starts out from the particular representa-
tion (17), this time written as

fr (t0) = ω
∑
ia

Sia Xi ⊗Ua + ω
∑
pq

Spq(t0)Z p ⊗ Wq . (27)

The goal is to evolve only Spq(t) by restricting the weak formulation (14) to the
finite-dimensional subspace TZ,V ,ω in (20), which is orthogonal to the first part of the
representation (27). Similar to the modified L-step, this leads to an inhomogeneous
system. Specifically, writing the test functions as

w = ω
∑
p′q ′


p′q ′ Z p′ ⊗ Wq ′ ,

where p′, q ′ run from m + 1, . . . , r , testing with w first gives

(
ω
∑
pq

∂t Spq(t)Z p ⊗ Wq ,
∑
p′q ′


p′q ′ Z p′ ⊗ Wq ′
)
xv

+
∑
s

(
vs∂xs

(
ω
∑
i j

Si j (t)Xi ⊗ Vj
) − Es∂vs

(
ω
∑
i j

Si j (t)Xi ⊗ Vj
)
,

∑
p′q ′


p′q ′ Z p′ ⊗ Wq ′
)
xv

= 0.

Using the orthogonality relations (Z p, Z p′)x = δpp′ and (Wq ,Wq ′)v,ω = δqq ′ this
reduces to

∑
pq

∂t Spq(t)
pq +
∑
s

∑
pp′
qq ′

[
B(v,s)
p′ p Spq(t)A

(x,s)
q ′q + A(v,s)

p′ p Spq(t)B
(x,s)
q ′q

]

p′q ′
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= −
∑
s

∑
i p′
bq ′

[
B(v,s)
p′i Sib(t)A

(x,s)
q ′b + A(v,s)

p′i Sib(t)B
(x,s)
q ′b

]

p′q ′ ,

where we used the splitting (27). Now, since 
 is an arbitrary matrix, this gives

∂t Ŝ(t) +
∑
s

[̂
B(v,s) Ŝ(t)

(̂
A(x,s))T + Â(v,s) Ŝ(t)

(̂
B(x,s))T ]

= −
∑
s

[
B̄(v,s) S̄(t)

(
Ā(x,s))T + Ā(v,s) S̄(t)

(
B̄(x,s))T ] (28)

for Ŝ(t) = [
Spq(t)

]
pq and S̄(t) = [

Sia(t)
]
ia , where the matrices are submatrices

of (22):

Â(x,s)=
[
A(x,s)
pq

]
pq

, Ā(x,s)=
[
A(x,s)
pb

]
pb

, B̂(x,s)=
[
B(x,s)
pq

]
pq

, B̄(x,s)=
[
B(x,s)
pb

]
pb

.

This is hence an inhomogenous ODE for the submatrix Ŝ(t).

Amodified projector splitting integrator

As alreadymentioned, the tangent space decomposition (19)–(20) suggests a projector
splitting integrator based on the modified K-, S- and L-steps, which we present here
for completeness. Although numerical experiments show that this scheme technically
works (see Section 4.1), keeping the functions Ua in the bases by itself might not
yet ensure the desired conservation properties. To guarantee this, the rank-adaptive
unconventional integrator presented further below is necessary.

Starting from a time point t0 and a current representation of fr (t0) in the form (17)
we denote V 0

j = Vj (t0). In particular, Ua = V 0
a for a = 1, . . . ,m and W 0

p = V 0
p for

p = m+1, . . . , r . The numerical computation of fr (t1) at a next time step t1 = t0+�t
consists of three steps:

1. (Modified K-step) Denoting V 0 = [V 0
j ] j=1,...,r and K 0 = [K j (t0)] j=1,...,r , solve

the system (14) restricted to the subspace TV 0,ω on the time interval [t0, t1] by
solving the Friedrichs’ system (23)with initial condition K 0.At time t1, one obtains

f̃ = ω
∑
j

K 1
j ⊗ V 0

j ∈ TV 0 .

Restore the form (17) by finding an orthonormal system X1 = [X1
1, . . . , X

1
r ] such

that

K 1
j =

∑
i

X1
i S̃i j

and S̃ is of the block triangular form (16). Let Z1
p = X1

p.
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2. (Modified S-step) Solve the system (14) restricted to the subspace TZ1,V 0,ω “back-

ward” on the time interval [t0, t1] with initial condition f̃ . This is achieved by
solving (28) with ∂t Ŝ − . . . (instead of ∂t Ŝ + . . .) on [t0, t1] with initial value S̃
from step 1 and correspondingmatrices Â(x,s), Ā(x,s), B̂(x,s), B̄(x,s) constructed from
X1 and V 0. At time t1 one obtains

f̂ = ω
∑
ab

S̃abX
1
a ⊗Ub + ω

∑
pb

S̃pb Z
1
p ⊗Ub + ω

∑
pq

Ŝpq Z
1
p ⊗ W 0

q .

3. (Modified L-step) Solve the system (14) restricted to the subspace TZ1,ω on the

time interval [t0, t1] with initial condition f̂ by solving the modified L-step (24)
with the data computed from f̂ . At time t1 one obtains

f̄r = ω
∑
i

X1
i ⊗ L1

i + ω
∑
p

Z1
p ⊗ L1

p

which is also taken as the final solution at time t1 after recomputing it into the
form (17).

2.4 Rank-adaptive unconventional integrator

The rank r in theDLRAmodel needs to be large enough to ensure accuracy of the solu-
tion, but still (if possible) small enough to keep the model efficient. Since determining
a suitable value of r is necessary, the missing rank-adaptivity of the projector splitting
integrator poses a practical disadvantage. The rank-adaptive integrator proposed in
[5] addresses this issue by first computing the K- and L-step independently, and then
using basis augmentation in the S-step. It has been adopted to the conservative setup
with fixed velocity functions in [11, 13]. The procedure is as follows.

1. (K- and L-steps) Starting from fr0(t0) with rank r0 and current basis functions
X0 and V 0 perform (modified) K- and L-steps independently to obtain new basis
functions K 1 and L1.

2. (Basis augmentation) Let r ′ = 2r , {X̃1
1, . . . , X̃

1
r ′ } be an orthonormal basis (in

L2(�
(x))) for the augmented set [X0, K 1], and {Ṽ 1

1 , . . . , Ṽ 1
r ′ } an orthonormal basis

(in L2(�
(v);ω)) for [V 0, L1]. Then we can represent f (t0) as

fr (t0) = ω

r ′∑
μ,ν=1

S̃0μν X̃
1
μ ⊗ Ṽ 1

ν .

with a new coefficient matrix S̃0 = [S̃0i j ] ∈ R
r ′×r ′

. In this way the DLRA repre-
sentation rank of fr is increased from r to r ′ = 2r . With a suitable choice of basis,
we can also achieve Ṽ 1

a = Ua for a = 1, . . . ,m and a block triangular structure
like (16)–(17).
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3. (S-step) Perform an S-step for the matrix S̃. However, instead of the “affine” modi-
fied S-step from (28), where only the part Ŝ is evolved, here we need a “full” S-step
as in the usual unconventional integrator. Also note that in contrast to the projector
splitting integrator, the S-step in the unconventional integrator is performed “for-
ward”, that is, using the formulation as in (10) with “+” and test functions of the
form

w = ω

r ′∑
μ,ν=1


μν X̃
1
μ ⊗ Ṽ 1

ν

with an arbitrary matrix 
 ∈ R
r ′×r ′

.

The idea of basis augmentation is actually quite general. Instead of K 1 and L1

one could use other or even more functions for basis enrichment. The above proce-
dure would increase the rank in every time step and needs to be combined with rank
truncation. Following [13] this is achieved as follows.

4. (Rank truncation) Assume the new solution has been computed and is of the form

fr ′(t1) = ω
∑
a

(∑
μ

X̃1
μ S̃

1
μa

)
⊗Ua + ω

r ′∑
π=m+1

(∑
μ

X̃1
μ S̃

1
μπ

)
⊗ Ṽ 1

π

= ω
∑
a

K̃ 1
a ⊗Ua + ω

r ′∑
π=m+1

K̃ 1
π ⊗ W̃ 1

π ,

where the (Ua, W̃ 1
π )v,ω = 0, and r ′ ≥ m is the current representation rank. Since

the first part contains the fixed functions Ua , the rank truncation is performed on
the second part only by computing a low-rank approximation

r ′∑
π=m+1

K̃ 1
π ⊗ W̃ 1

π ≈
r1∑

p=m+1

K 1
p ⊗ W 1

p (29)

with r1 ≤ r ′ using singular value decomposition (SVD). Since this will imply
W 1

p ∈ span{W̃ 1
m+1, . . . , W̃

1
r ′ } for all m + 1 ≤ p ≤ r1, the orthogonality relations

(Ua,W 1
p)v,ω = 0 are preserved and one proceeds with

fr1(t1) ← ω
∑
a

K 1
a ⊗Ua + ω

r1∑
p=m+1

K 1
p ⊗ W 1

p

(with K 1
a = K̃ 1

a ). Using QR decomposition of K 1
1 . . . , K 1

r , the result can be easily
transformed back into one of the other formats such as (12).

Note that the low-rank approximation (29) can either be based on a fixed target
rank or a fixed accuracy, which results in different schemes.
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3 Adaptive discontinuous Galerkin discretization

We now outline our approach to the solution of the Friedrichs’ systems (23) and (24)
for the K- and L-step via a DG discretization. We start by presenting the DG method
for a general class of Friedrichs’ systems, before specifying the discretization steps
needed in our particular setting. We then analyze the conservation properties of the
scheme and introduce a strategy for mesh adaptivity.

3.1 Discontinuous Galerkin discretization for Friedrichs’ systems

We first recall the discretization of Friedrichs’ systems using the DG approach. Our
formulation closely follows [6, Chapter 8]. Other references include [19] and [14]. In
this work, we restrict ourselves to the case of periodic domains or to problems without
boundary (i.e. on R

d ). In the latter case, however, we assume that the computational
domain can be taken sufficiently large to fully include the support of the solution in its
interior (up to machine precision) and hence can also be treated as a periodic domain
numerically. We note that in principle, DG discretizations also work for domains with
boundary, but this would require some more careful considerations, which will be left
for future work.

Consider a Friedrichs’ system

∂tU(t) +
∑
s

[
A(s) ∂ysU(t) + cs( y)B(s) U(t)

] = 0

on an unbounded or periodic domain �(y) ⊂ R
d , where A(s) ∈ R

r×r is symmetric,
B(s) ∈ R

r×r and cs : �(y) → R. Let U(t) : �(y) → R
r be a (continuous) exact

solution. Note that the systems (23) and (24) for the K- and L-step are both of this
form and the following considerations will be applied to both of them, essentially by
replacing y with x or v.

Let T (y)
h be a (not necessarily conforming) periodic triangulation of�(y) and define

the DG discretization space

V(y)
h,p = {U ∈ L2(�

(y)) : U |T ∈ Pp(T ), T ∈ T (y)
h },

where Pp(T ) is the space of all polynomials of degree less than or equal to p on T .

Testing the exact solution U(t) with � ∈ (V(y)
h,p)

r and integrating by parts gives

∑
T∈T (y)

h

[ ∫
T

∂tU(t) · � d y −
∫
T

∑
s

A(s)U(t) · ∂ys� d y

+
∫

∂T

∑
s

(n(T )
s A(s) · U(t)) · � dS +

∫
T

∑
s

(cs( y) B(s)U(t)) · � d y
]

= 0. (30)
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Here n(T ) = (n(T )
s )s is the outer normal vector of element T . Special attention in

the DG discretization is given to the numerical computation of the boundary integrals
over ∂T , as will be shown next.

Let F (y)
h be the set of all (d − 1)-dimensional faces of elements in T (y)

h . Since
we assume that the domain is periodic, all faces are in fact internal faces. For each
e ∈ F (y)

h we define a fixed unit normal vector n(e) (the direction can be arbitrary).
Taking into account that the domain is periodic, every boundary ∂T of an element
essentially decomposes into shared faces with its neighboring elements. For every
face e ∈ F (y)

h , there exist two elements T+ and T− such that e ⊂ T+ ∩ T−. We use
the convention that T+ lies in the direction of n(e). Given a vector field U on �(y),
one then defines the average and jump of U ,

{U}e = 1

2
(U+

e + U−
e ), [U]e = U−

e − U+
e ,

across the face e ∈ F (y)
h , where

U±
e ( y) = lim

ε→0+ U( y ± εn(e)).

Now, again taking periodicity into account, every face e with neighboring elements
T+ and T− appears in precisely two boundary integrals in (30) (for T+ and T−). Using
n(T±) = ∓n(e), the overall contribution of e in the boundary integrals is therefore

∫
e

∑
s

(n(T+)
s A(s)U) · �+

e + (n(T−)
s A(s)U) · �−

e dS =
∫
e
Fe(U) · [�]e dS,

where

Fe(U) = Ae · U with Ae:=
∑
s

n(e)
s A(s)

is the so-called flux over the edge e.
For a discontinuous Uh ∈ (

V(y)
h,p

)r , the flux has to be approximated by a numerical
flux, that is,

Fe(Uh) ≈ F∗
e

(
(Uh)

−
e , (Uh)

+
e ).

Common choices are based on the spectral decomposition Ae = Q�Q−1, where
� is diagonal. We define its positive and negative part as A±

e = Q�±Q−1, where
�± = ±max(±�, 0). For 0 ≤ α ≤ 1 we introduce the numerical flux

F∗
e

(
(Uh)

−
e , (Uh)

+
e

) = Ae{Uh}e + 1 − α

2
|Ae| · [Uh]e, (31)

where |Ae| = A+
e − A−

e . Choosing α = 0 recovers the so-called upwind flux, while
α = 1 corresponds to the central flux.
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The resulting semi-discrete Friedrichs’ system can finally be written as

∑
T∈T (y)

h

∫
T

∂tUh(t) · � +
∑
s

[
− (A(s)Uh(t)) · ∂ys�h + (cs( y) B(s)Uh(t)) · �h

]
d y

+
∑

e∈F (y)
h

∫
e
F∗
e

(
(Uh(t))

−
e , (Uh(t))

+
e

) · [�h]e dS = 0 for all �h ∈ (
V(y)
h,p

)r
.

For the time integration, we employ an explicit Euler step with step size τ for
computing a new discrete solution Un+1

h from a given one Un
h , leading to the fully

discrete system

∑
T∈T (y)

h

∫
T

1

τ

(
Un+1
h − Un

h
) · � +

∑
s

[
− (A(s)Un

h) · ∂ys�h + (cs( y) B(s)Un
h) · �h

]
d y

+
∑

e∈F (y)
h

∫
e
F∗
e
(
(Un

h)−e , (Un
h)+e

) · [�h]e dS = 0 for all �h ∈ (V(y)
h,p

)r
. (32)

Before proceeding, we need to discuss an important aspect regarding the particular
system matrices in the Friedrichs’ systems (23) and (24) of the K- and L-step. By (22)
and (26), they arise as Galerkin-type matrices involving derivatives such as

(
∂vs (ωVj ), Vi

)
v
,

(
∂xs X j , Xi

)
x .

However, in the DG setting, these terms are not defined since we are differentiating
possibly discontinuous functions (e.g. ∂xs X j ) and integratewith another discontinuous
function (e.g. Xi ). Hence, a reasonable approximation is needed which we will do as
follows. ForUh, Vh ∈ V(y)

h,p and s = 1, . . . , d, we define discrete partial derivatives as
linear forms

(
d̂ysUh, Vh

)
y :=

∑
T∈T (y)

h

∫
T

∂ysUh Vh d y −
∑

e∈F (y)
h

∫
e
n(e)
s [Uh]e {Vh}e dS. (33)

This definition is a generalization of the distributional derivative of a function Uh ∈
V(y)
h,p tested with a smooth and compactly supported function ϕ ∈ C∞

0 (�(y)):

∫
�(y)

∂ysUh ϕ d y =
∑

T∈T (y)
h

∫
T

∂ysUh ϕ d y −
∑

e∈F (y)
h

∫
e
n(e)
s [Uh]e ϕ dS.

Now, if ϕ itself is discontinuous along the edges e, the evaluation of ϕ at an edge is not
well-defined. Hence for ϕ ∈ V(y)

h,p we take the average value {ϕ}e on the edge, which
gives (33).
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The discrete partial derivatives satisfy a discrete version of an integration by parts
formula, which will be important for proving conservation properties in section 3.3.

Lemma 3.1 Let Uh, Vh ∈ V(y)
h,p on a periodic domain. Then

(
d̂ysUh, Vh

)
y = −

∑
T∈T (y)

h

∫
T
Uh∂ys Vh d y

+
∑

e∈F (y)
h

∫
e
n(e)
s {Uh}e [Vh]e dS.

Proof Inserting the definition (33) and applying integration by parts on each element
T yields

(
d̂ysUh, Vh

)
y = −

∑
T∈T (y)

h

∫
T
Uh∂ys Vh d y

+
∑

e∈F (y)
h

∫
e
n(e)
s [Uh Vh]e dS −

∑
e∈F (y)

h

∫
e
n(e)
s [Uh]e {Vh}e dS

due to the periodicity of the triangulation. Noting that

[Uh Vh]e − [Uh]e {Vh}e
= (Uh)

−
e (Vh)

−
e − (Uh)

+
e (Vh)

+
e − 1

2

(
(Uh)

−
e − (Uh)

+
e

) · ((Vh)−e + (Vh)
+
e

)

= 1

2

(
(Uh)

−
e (Vh)

−
e − (Uh)

−
e (Vh)

+
e + (Uh)

+
e (Vh)

−
e − (Uh)

+
e (Vh)

+
e

)
= {Uh}e [Vh]e

completes the proof. ��

3.2 Application of DG discretization to DLRA

We now apply the DG method to discretize the equations arising in the K- and L-
steps (23) and (24). We assume the basis functions Xi and Vj are represented in

possibly different DG spaces V(x)
h,p and V(v)

h,q . For notational simplicity we drop the
index h for all discretized functions in the following.

The procedure for one time step consists of the following parts: computing the elec-
tric field, assembling the system matrices in the Friedrichs’ formulation, and solving
them. Finally, following the unconventional integrator, the resulting basis functions
are augmented, and an S-step is performed, followed by possible rank truncation as
explained in section 2.4.We do not present the details for the fixed-rank projector split-
ting version as they are very similar and even simpler because no basis augmentation
and truncation are required.
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The electric field is calculated via equation (2). The charge density generated by
fr is given by

ρ(t, x) =
∑
i j

Xi (x)Si j

∫
�(v)

Vj (v) dv

and is in V(x)
h,p. Hence, the Poisson equation can be solved exactly on the same mesh

with continuous functions of degree p + 2.
We first focus on the K-step (23) using the explicit Euler method (32). We assume

that the DLRA representation is in the block QR format (16)-(17). As discussed at
the end of the previous subsection, the system matrices B(x,s) are not well-defined and
need to be approximated. In particular, we define

A(x,s) =
[(

vsV
n
j , V n

i

)
v,ω

]
i j

, B(x,s)
h =

[(
d̂vs (ωV

n
j ), V n

i

)
v

]
i j

,

using the discrete partial derivatives d̂ys , defined in (33), instead of ∂ys in B
(x,s). Hence,

the discretized equations for the K-step read

1

τ
(Kn+1 − Kn, ψ)x +

∑
T∈T (x)

h

∑
s

[ ∫
T

−(A(x,s) · Kn) · ∂sψ − En
s (B(x,s)

h · Kn) · ψ dx
]

+
∑

e∈F (x)
h

∫
e
F∗
e (K

−
e , K+

e ) · [ψ]e dS = 0 for all ψ ∈ (V(x)
h,p)

r .

(34)

The Friedrichs’ system (24) for the velocity components is formulated for weighted
functions of the form L̂ω = ωL, where the individual components L p belong to
L2(R

d;ω). This needs to be reflected in the discrete equations. Keeping the notation
from the previous subsection, assume we are given a discrete function L ∈ V(v)

h,p

(representing a component L p). We then need a discrete representation L̂ω ∈ V(v)
h,p of

the L2 function ωL . For this, we compute the L2 projection of ωL onto V(v)
h,p, which

defines a linear operator

Pω(L) = L̂ω such that (L̂ω,ψ)v = (ωL, ψ)v for all ψ ∈ V(v)
h,p.

OnV(v)
h,p, the operatorPω is invertible. The inverse operator is hence used as a substitute

for the multiplication by 1/ω.
As a result, for computing the L-step we first project

L̂n
ω,p = Pω

(∑
q

SnpqW
n
q

)
, L̂

n
ω = [L̂n

ω,p]p,
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and then perform an explicit Euler step of the DG discretization

1

τ
(L̂

n+1
ω − L̂

n
ω,ψ)v +

∑
T∈T (v)

h

∑
s

∫
T

( − Â(v,s) · L̂n
ω

) · ∂sψ + vs (̂B
(v,s)
h · L̂n

) · ψ dv

+
∑

e∈F (v)
h

∫
e
F∗
e

(
(L̂

n
ω)−e , (L̂

n
ω)+e

) · [ψ]e dS

= −
∑
s

( − Ā(v,s) S̄∂vs (ωU) + vs B̄
(v,s)
h S̄ωU, ψ̂

(v))
v
,

where

A(v,s) =
[( − Es X

n
j , X

n
i

)
x

]
i j

, B(v,s)
h =

[(
d̂xs X

n
j , X

n
i

)
x

]
i j

.

and its parts are defined as in (25). The L-step is completed by applying the inverse
of the projector to calculate

Ln+1
p = P−1

ω

(
L̂n+1

ω,p

)
.

Finally, for the S-step we use the unconventional integrator with an augmented

basis. We define orthonormal bases X̃
n+1 ∈ (V(x)

h,p)
2r and Ṽ

n+1 ∈ (V(v)
h,p)

2r−m for the

augmented matrices [Xn, K n+1] and [V n, Ln+1], respectively. Here, Ln+1 contains

the new basis functions Ln+1
p from the L-step. The orthonormal basis Ṽ

n+1
is always

chosen with respect to the (·, ·)v,ω inner product and such that the first m functions
remain the fixed Ua .

For expressing functions with respect to these new bases we let

Mki = (X̃n+1
k , Xn

i )x , N� j = (Ṽ n+1
� , V n

j )v,ω

with k running from 1, . . . , 2r and � from 1, . . . , 2r − m. It follows that the state at
the previous (n-th) step can be expressed in the new basis as

∑
i j

Sni j X
n
i ⊗ V n

j =
∑
k�

S̃nk� X̃
n+1
k ⊗ Ṽ n+1

� , S̃nk� =
∑
i j

Mki S
n
i j N� j . (35)

To update S for the function

f (t) = ω
∑
k�

S̃k�(t)X̃
n+1
k ⊗ Ṽ n+1

� ,

we consider the ODE as in (10) but on the subspace T
X̃
n+1

,Ṽ
n+1 of the augmented

bases. Applying the explicit Euler method for the time discretization and using (35)
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then gives

S̃n+1
k� = S̃nk� − τ

∑
i js

[(
d̂xs X

n
i , X̃

n+1
k

)
x S

n
i j (Ṽ

n+1
� , vsV

n
j )v,ω

+ (X̃n+1
k ,−Es X

n
i )x S

n
i j

(
d̂vs (ωV

n
j ), Ṽ n+1

�

)
v

]
, (36)

where as in the K- and L-step above the system matrices employ the discrete deriva-
tives. Once a new Sn+1 has been computed, the rank truncation procedure is applied
as explained in Section 2.4.

3.3 Conservation of mass andmomentum

In this section, we establish the mass and momentum conservation properties of the
unconventional integrator applied to the DG discretization when using central fluxes.
Specifically, following [11, 13], we prove that the numerical scheme satisfies discrete
continuity relations consistent with the analytic continuity equations. As a weight
functionω(v), we use the Gaussian weight (11), although generalizations are possible.

For a density function f the mass density (or charge density) and the momentum
density (or current density) are defined as

ρ(t, x) =
∫

�(v)

f (t, x, v) dv, j(t, x) =
∫

�(v)

v f (t, x, v) dv.

For the continuous solution of the Vlasov–Poisson equation (1), these functions satisfy
the continuity equations

∂tρ(t) + ∇x · j(t) = 0 (37)

and, for s = 1, . . . , d,

∂t js(t) + ∇x · σ s(t) = −Es(t)ρ(t), σ s(t, x) =
[ ∫

�(v)
vsvs′ f (t, x, v) dv

]
s′=1,...,d

.

(38)

These equations, in particular, imply mass and momentum conservation over time.
In the numerical scheme from Section 3.2, instead of ρ and js , discrete quantities

ρn and jns are computed for n = 0, 1, 2 . . . , from the discrete bases Xn, V n and
coefficient matrices Sn . The goal is to establish local continuity relations for the
discrete quantities. For this we adapt the approach recently presented in [11].

Lemma 3.2 For f n = ω
∑

i j S
n
i j X

n
i ⊗ V n

j define

F̂( f n) :=
∑
s

−vs d̂xs f
n + En

s d̂vs f
n .
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Then, using the central flux, i.e., α = 1 in (31), the K-step (34) can be written as

(Kn+1
j , ψ)x = (Kn

j , ψ)x + τ
(
F̂( f n), ψ ⊗ V n

j

)
xv, j = 1, . . . , r , (39)

for all ψ ∈ V(x)
h,p. We also have

S̃n+1
k� = S̃nk� + τ

(
F̂( f n), X̃n+1

k ⊗ Ṽ n+1
�

)
xv (40)

for the S-step (36).

Proof For the first equation, recall that f n = ω
∑

j K
n
j ⊗ V n

j , which gives

(
F̂( f n), ψ ⊗ V n

k

)
xv

=
∑
s

∑
j

( − vsωV
n
j , V n

k

)
v

· (d̂xs K n
j , ψ

)
x + (

d̂vs (ωV
n
j ), V n

k

)
v

· (En
s K

n
j , ψ

)
x

=
∑
s

∑
j

−A(x,s)
k j

(
d̂xs K

n
j , ψ

)
x − B(x,s)

h,k j

(
En
s K

n
j , ψ

)
x .

Now, Lemma 3.1 implies

(
d̂xs K

n
j , ψ

)
x

= −
∑

T∈T (x)
h

∫
T
Kn

j ∂xsψ dx +
∑

e∈F (x)
h

∫
e
n(e)
s {Kn

j }e [ψ]e dS.

Plugging this into the previous equation yields shows that (39) is just (34) in component
form for central fluxes with α = 1.

The second equation is immediate from (36) and the representation of f n . ��
Next note that both the discrete density and momentum density can be written in

the form ϕn
U = (

f n,U
)
v
for appropriate functionsU : for the density ρ we takeU = 1

whereas for js we take U = vs . By construction, all these functions are elements of
the subspace span(Ua) spanned by the fixed velocity functions, see Section 2.2. We
now derive a discrete equation of motion for ϕn

U which eventually will eventually lead
to discrete versions of the continuity equations (37) and (38).

Lemma 3.3 Let U ∈ span(Ua) and define

ϕn
U = (

f n,U
)
v

∈ V(x)
h,p.

Then, these quantities satisfy the update equation

(
ϕn+1
U , ψ

)
x = (

ϕn
U , ψ

)
x + τ

((
F̂( f n),U

)
v
, ψ

)
x

for all ψ ∈ V (x)
h,p (41)

when the algorithm described in Section 3.2 is applied with central fluxes.
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Proof Let P denote the orthogonal projection of
(
F̂( f n),U )v onto V(x)

h,p. We first

show that P ∈ span(X̃
n+1

). Recall that

U =
∑
j

(
V n
j ,U

)
v,ω

V n
j (42)

since, by construction,U belongs to span(V n) and in the algorithm it is always ensured
that the V n

j form an orthonormal system in the weighted (·, ·)v,ω inner product. There-
fore, it holds that

((
F̂( f n),U )v, ψ

)
x

=
(∑

j

(
F̂( f n), V n

j

)
v

(
V n
j ,U

)
v,ω

, ψ
)
x

=
∑
j

(
F̂( f n), ψ ⊗ V n

j

)
xv

(
V n
j ,U

)
v,ω

=
(∑

j

1

τ

[
Kn+1

j − Kn
j

] (
V n
j ,U

)
v,ω

, ψ
)
x

for all ψ ∈ V(x)
h,p, where we used (39). This shows

P =
∑
j

1

τ

[
Kn+1

j − Kn
j

] (
V n
j ,U

)
v,ω

∈ span(X̃
n+1

)

since Kn
j , K

n+1
j ∈ span(X̃

n+1
). As a result, since the X̃n+1

i are an orthonormal system
by construction, we can write

P =
∑
i

(
X̃n+1
i ,

(
F̂( f n),U

)
v

)
x
X̃n+1
i

and hence it holds that

((
F̂( f n),U )v, ψ

)
x

=
(∑

i

(
X̃n+1
i ,

(
F̂( f n),U

)
v

)
x
X̃n+1
i , ψ

)
x

(43)

for all ψ ∈ V(x)
h,p. We can now prove (41). Using (40), we have

(
ϕn+1
U , ψ

)
x =

((
ω
∑
i j

S̃n+1
i j X̃n+1

i ⊗ Ṽ n+1
j , U

)
v
, ψ

)
x

=
(∑

i j

(
ω
[
S̃ni j + τ

(
F̂( f n), X̃n+1

i ⊗ Ṽ n+1
j

)
xv

]
X̃n+1
i ⊗ Ṽ n+1

j , U
)
v
, ψ

)
x

= (
ϕn
U , ψ

)
x + τ

(∑
i j

(
ω
(
F̂( f n), X̃n+1

i ⊗ Ṽ n+1
j

)
xv X̃

n+1
i ⊗ Ṽ n+1

j , U
)
v
, ψ

)
x
.
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Due to (42) the last expression equals

(
ϕn+1
U , ψ

)
x = (

ϕn
U , ψ

)
x + τ

(∑
i

X̃ n+1
i

(
F̂( f n), X̃n+1

i ⊗U
)
xv, ψ

)
x
,

which in light of (43) shows (41). Finally, this relation is preserved if the conservative
rank truncation (29) from [13] is applied. ��

Based on Lemma 3.3 we now establish the discrete continuity equations.

Theorem 3.4 If m ≥ 1, the computed discrete mass densities ρn fulfill (in exact arith-
metic) for all n = 0, 1, 2, . . . the relations

1

τ
(ρn+1 − ρn, ψ)x −

∑
T∈T (x)

h

∫
T
jn · ∇ψ dx +

∑
e∈F (x)

h

∫
e

(
n(e) · { jn}e

) [ψ]e dS = 0

(44)

for all ψ ∈ V(x)
h,p. This corresponds to a DG discretization of the continuity equa-

tion (37) using central fluxes and explicit Euler time stepping as in (32). Hence,
the discrete local continuity equation holds for the mass density, and the total mass∫
�(x) ρn dx is conserved.

Proof Letting U = 1, so that ρ = ϕU , and applying Lemma 3.3, we obtain

(
ρn+1, ψ

)
z = (

ρn, ψ
)
z + τ

((
F̂( f n), 1

)
v
, ψ

)
x
,

with

((
F̂( f n), 1

)
v
, ψ

)
x

=
∑
s

−
(
d̂xs

(
vs, f

)
v
, ψ

)
x

+
(
Es

(
d̂vs f

n, 1)v, ψ
)
x

for all ψ ∈ V(x)
h,p. Lemma 3.1 implies

(
d̂vs f

n, 1
)
v

= 0.

Applying the same lemma to the first term gives

((
F̂( f n), 1

)
v
, ψ

)
x

=
∑
s

∑
T∈T (x)

h

∫
T
js∂xsψ dx −

∑
e∈F (x)

h

∫
e
n(e)
s { js}e [ψ]e dS,

thereby showing (44). Letting ψ = 1 ∈ V(x)
h,p in (44) demonstrates conservation of

total mass. ��
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Theorem 3.5 Assume a central flux, i.e. α = 1 in (31), for computing the K-steps (34).
If m ≥ 1+d, then the computed discrete mass densities jns fulfill (in exact arithmetics)
for all n = 0, 1, 2, . . . the relations

1

τ
( jn+1

s − jns , ψ)x +
∑

T∈T (x)
h

∫
T

−σ n
s · ∇ψ + En

s ρnψ dx

+
∑

e∈F (x)
h

∫
e

(
n(e) · {σ n

s }e
) [ψ]e dS = 0 (45)

for all ψ ∈ V(x)
h,p. This corresponds to a DG discretization of the continuity equa-

tions (38) using central fluxes and explicit Euler time stepping as in (32). Hence,
the discrete local continuity equation holds for the momentum density and the total
momentum

∫
�(x) jn dx is conserved.

Proof Letting U = vs , so that js = ϕU , and applying Lemma 3.3, we obtain

(
jn+1
s , ψ

)
x = (

jns , ψ
)
x + τ

((
F̂( f n), vs

)
v
, ψ

)
x
,

with

((
F̂( f n), vs

)
v
, ψ

)
x

=
∑
s′

−
(
vs′ d̂xs′

(
vs, f

)
v
, ψ

)
x

+
(
En
s′
(
d̂vs′ f

n, vs)v, ψ
)
x

for all ψ ∈ V(x)
h,p. In this case Lemma 3.1 yields

(
d̂v′

s
f n, vs

)
v

= δs′,sρ
n .

Applying the same lemma also to the first term hence gives

((
F̂( f n), vs

)
v
, ψ

)
x

=
∑
s

∑
T∈T (x)

h

∫
T

∑
s′

σs,s′∂xsψ dx

−
∑

e∈F (x)
h

∫
e
n(e)
s

{∑
s′

σs,s′
}
e [ψ]e dS + (

En
s ρn, ψ

)
x ,

thereby showing (45). For the conservation of momentum, we note that in the contin-
uous setting one has [13]

E(1 − ρ) = ∇ ·
(
E ⊗ E − 1

2
‖E‖2

)
,
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and hence
∫

�(x)
E(1 − ρ) dx = 0.

This also holds for the discrete version, since the computed En is the exact electric
field corresponding to the (discrete) density ρn ; see Section 3.2. Settingψ = 1 ∈ V(x)

h,p

in (45), and using the fact that
∫
�(x) E dx = 0, we conclude that the total momentum

is conserved. ��
We remark that the key observation for deriving the local continuity equations–

and thus the associated conservation properties–is that the updates for K and S can be
expressed using F̂ (Lemma 3.2). However, this property holds only for the central flux.
For the upwind flux additional jump terms appear and the local continuity equations
in the presented form are hence not satisfied when using the upwind flux. Depending

on the basis X̃
n+1

, physical quantities may still be conserved globally. It remains to be
investigated whether the algorithm can be modified to also conserve these quantities
when employing the upwind flux.

3.4 Spatial adaptivity

In this section, we explore the use of adaptive mesh strategies within the DG frame-
work for DLRA. As a demonstration of feasibility, we present a rather simple adaptive
scheme and present numerical tests in Section 4.3 to illustrate its behavior. The devel-
opment of more sophisticated schemes and error estimators, like in [25], is left for
future work.

We consider the general setup of Section 3 (which applies to both the K- and L-step)
and employ an elementwise error indicator based on the projection of a DG solution.
Specifically, given a DG function U ∈ (V (y)

h,p)
r of polynomial order p, we project it

onto a DG space of order p− 1 within each element T ∈ T (y)
h , resulting in a function

Ũ ∈ V (y)
h,p−1 that satisfies

(Ũ, ϕ)L2(�(y)) = (U, ϕ)L2(�(y)) for all ϕ ∈ V(y)
h,p−1.

The local error indicator is then defined as the maximum of the component wise
L2-norm of the difference between the original and the projected function, that is,

e(T ) = max
i

‖Ũi −Ui‖L2(T ).

This approach provides a measure of local discretization error and can serve as the
basis for the adaptive refinement strategy.

Now in order to solve the discretized Friedrichs’ system (32) we first compute the
next stepUn+1 on the current grid and evaluate the error indicators forUn+1 as above.
Wemark an element T for refinement if the error e(T ) exceeds a predefined threshold ε.
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Once the marked elements are identified, they are refined accordingly. This refinement
process may lead to nonconforming meshes with hanging nodes. However, due to the
local nature of the DG method, these nonconformities do not pose a problem, as
continuity across element interfaces is not enforced.

After refinement, the current solution Un is interpolated onto the new mesh. The
time-stepping procedure is then repeated on the refined mesh to obtain a new Un+1,
incorporating the newly adapted elements. This process is repeated until no further
refinement is triggered.

In order to remove unnecessary refinements and maintain computational efficiency,
a coarsening procedure is applied. The same error indicator is used to assess whether
refinement is still required. Specifically, all children of a parent element are removed
if the sum of their error indicators falls below c ε, where 0 < c < 1 is a safety factor.

4 Numerical simulations

We present numerical experiments to validate our theoretical findings and evalu-
ate the performance of the proposed methods. We first simulate classical Landau
damping in one spatial dimension, verifying the conservation properties and accuracy
of the DG discretization. Additionally, we examine our modified projector splitting
integrator in this setting. Next, we apply the conservative unconventional integra-
tor to Landau damping in two spatial dimensions, demonstrating its applicability to
higher-dimensional problems. Finally, we simulate the free motion of a Maxwellian
distribution in two spatial dimensions governed by a linear kinetic equation with a
vanishing electric field. This simplified setup enables us to study the impact of both
rank and spatial adaptivity within our framework, serving as an initial step toward
adaptive low-rank DG methods for kinetic equations.

The implementation is based on the finite element library MFEM [1]. All computa-
tions were performed on a workstation equipped with dual-socket AMD EPYC 7543
processors and 1 TB RAM.

4.1 Landau damping in one spatial dimension

We consider classical Landau damping in one spatial and one velocity dimension over
the time interval [0, 40]. We use periodic domains�(x) = [0, 4π ] and�(v) = [−6, 6]
with the initial condition

f (0, x, v) = 1√
2π

e−v2/2 (1 + α cos(kx)
)
, α = 10−2, k = 1

2
.

The same setup was investigated in [13]. In this case, linear analysis predicts that
the electric field decays with a rate of γ ≈ 0.153. For the discretization, we use a
uniform grid with nx = 32 elements in the spatial domain and nv = 64 elements in
the velocity domain. Quadratic finite elements (p = 2) are employed, along with a
step size τ = 10−4.
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Fig. 1 Simulation results of 1+1-dimensional linear Landau damping using the unconventional integrator
with a maximum rank of 10, central flux, and different number of fixed velocity basis functions m; electric
energy including the theoretical decay rate (upper right), relative error of the mass (upper right) and total
energy (bottom right), absolute error of the momentum (bottom left)

The results for the conservative unconventional integrator with truncation to a fixed
rank of 10, shown in Fig. 1, closely resemble those in [13, Fig. 1]. While all config-
urations (m = 0, 1, 2, 3) exhibit the expected decay in electric energy, their behavior
with respect to physical invariants differs significantly. Including the constant func-
tion v 	→ 1 for m = 1, 2, 3 reduces the relative error in mass from approximately
10−9 to 5 ·10−11. The absolute error of the momentum decreases from approximately
10−7 to 10−11 when the function v 	→ v is included (m = 2, 3). Consequently, both
quantities can be considered numerically conserved for m ≥ 2. As argued in [13] the
total energy is not expected to be conserved; however, including v 	→ v2 reduces the
error by approximately two orders of magnitude for m = 3.

We repeat the experiment using the projector splitting integrator to assess its ability
to conserve physical invariants. The results, shown in Fig. 2, confirm that the integrator
correctly reproduces the expected decay of electric energy according to the theoreti-
cal prediction. However, the conservation of physical invariants yields mixed results.
Notably, including the constant function increases the error in mass, whereas incorpo-
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Fig. 2 Simulation results of 1+1-dimensional linear Landau damping using the modified projector splitting
integrator with rank 10, central flux, and different number of fixed velocity basis functions m; electric
energy including the theoretical decay rate (upper right), relative error of the mass (upper right) and total
energy (bottom right), absolute error of the momentum (bottom left)

rating the linear function systematically improves the accuracy of the momentum. The
total energy error remains small but exhibits an inconsistent behavior across different
configurations.

Finally, we also apply the unconventional integrator in its rank-adaptive version,
employing an SVD truncationwith a Frobenius norm error threshold of ε = 10−7. The
results, presented in Fig. 3, closely resemble those obtained with a fixed rank in Fig. 1.
This similarity is expected, as the maximum selected rank throughout the simulation
remained below 10. However, a notable difference is observed in the momentum error:
the best results are achieved when no velocity function is fixed (m = 0).

4.2 Landau damping in two spatial dimensions

We now extend our simulation of Landau damping to two spatial dimensions,
demonstrating that the DG-based approach generalizes well to higher dimensions.
Specifically, we solve the problem on periodic domains �(x) = [0, 4π ]2 and
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Fig. 3 Simulation results of 1+1-dimensional linear Landau damping using the rank-adaptive unconven-
tional integrator with a truncation tolerance of ε = 10−7, central flux, and different number of fixed velocity
basis functions m; electric energy including the theoretical decay rate (upper right), relative error of the
mass (upper right) and total energy (bottom right), absolute error of the momentum (bottom left)

�(v) = [−6, 6]2, using the initial condition

f (0, x, v) = 1

2π
e−|v|2/2 (1 + α cos(kx1) + α cos(kx2)

)
, α = 10−2, k = 1

2
.

We use a uniform triangulation with nx = 2 · 322 and nv = 2 · 642 elements,
quadratic finite elements (p = 2), and a step size τ = 10−4. Results for the rank-
adaptive unconventional integrator are shown in Fig. 4. Note that in this figure m =
3 corresponds to momentum conservation, since in the two-dimensional setup two
additional velocity functions v 	→ vs (s = 1, 2) must be included. Additionally, we
present the norm of the momentum error.

The results are quite similar to the corresponding one-dimensional case in Figure 3.
The only notable difference appears in the momentum conservation. Even for m = 1,
the results are nearly as accurate as when including the two additional basis functions.
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Fig. 4 Simulation results of 2+2-dimensional linear Landau damping using the rank-adaptive unconven-
tional integrator with a truncation tolerance of ε = 10−7, central flux, and different number of fixed velocity
basis functions m; electric energy including the theoretical decay rate (upper right), relative error of the
mass (upper right) and total energy (bottom right), absolute error of the momentum (bottom left)

4.3 Mesh- and rank-adaptive transport problem

As a final experiment, we conduct a first test combining spatial adaptivity with a rank-
adaptive scheme.Mesh coarsening poses additional challenges regarding conservation
properties, which are beyond the scope of this work. Hence, we do not take conser-
vation into account in this experiment. Consequently, we are not fixing any velocity
basis functions (m = 0) and do not use a weight function.

As a model problem, we consider the Vlasov–Poisson equation (1) with the electric
field E(t, x) = 0 set to zero at all times on the periodic domain � = [0, 4π ]2 ×
[−6, 6]2. The initial condition is chosen as a Maxwellian distribution with a nonzero
mean velocity in the x-direction:

f (0, x, v) = 1

2π
e−|v−μ(v)|2/(2σ 2

v ) 1

2π
e−|x−μ(x)|2/(2σ 2

x )
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Fig. 5 Spatial density at t = 0 (left), t = 1 (middle), and t = 2 (right) of the free motion of a Maxwellian
distribution along with the dynamically adaptive mesh

with

σx = 1/2, μ(x) = [π, 2π ]T , σv = 1/4, μ(v) = [π, 0]T .

This corresponds to the free motion of the distribution. We simulate the time interval
[0, 2].

The initial discretization is based on a regular triangulation with nx = 2 · 162 and
nv = 2 · 322 elements and a time step of τ = 5 · 10−3. We estimate the error by
projecting onto discontinuous linear finite elements, as described in Section 3.4. An
element is refined if the error exceeds 10−3 and all children of a parent element are
coarsened if the sum of their error indicators falls below 0.15 ·10−3. The rank adaptive
integrator is applied with a truncation tolerance of 10−4. The time step τ itself was
fixed to a small enough value to fulfill CFL conditions at all times and for all meshes.
In principle the time step could be adapted to the grid or substepping could be applied,
but this was not implemented.

Fig. 5 displays the spatial density distribution ρ(t, x) at different times, along with
the corresponding adaptivemesh. At t = 0, the initially coarse, regular mesh (left plot)
is refined around the center of the initial state to accurately represent the function with
an error below the given tolerance. As the distribution evolves under the rank-adaptive
scheme, its center shifts to the right, and it broadens in the spatial domain. The mesh
adapts to the changing distribution, refining at the new location while coarsening in
regions where the distribution becomes negligible (middle plot t = 1 and right plot
t = 2). These results demonstrate that the spatial adaptivity is effective in this setting,
even with a simple error indicator and refinement strategy.

We also display the number of mesh elements as well as the rank over time in
Fig. 6. The number of elements in the spatial domain increases only slightly during
the simulation, corresponding to the broadening of the spatial distribution. The rank
increases since the evolving distribution becomes more and more entangled in phase
space.
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Fig. 6 Number of mesh elements in the spatial domain (blue) and DLRA rank (red) for the simulation of a
free motion of a Maxwellian using a mesh- and rank-adaptive scheme

5 Conclusion

We developed and analyzed a conservative DG discretization of the DLRA approach
for the numerical solution of theVlasov–Poisson equation.We presented the conserva-
tive integrator from [9, 11, 13], which is based on fixing some velocity basis functions,
in a modified form that avoids normal equations in the L-step and suggests a projector
splitting scheme. We rigorously derived the DG formulation for the DLRA equations
in terms of Friedrichs’ systems, including appropriate numerical fluxes and discrete
differentiation operators. Combined with the unconventional rank-adaptive integra-
tor, we proved the conservation of mass and momentum in our numerical solver.
The numerical experiments demonstrate the feasibility of our approach, confirm the
conservation of physical invariants, and highlight the possibility for mesh adaptivity.

Despite these advances, several questions remain open and could be addressed in
future work. First, extending the method to non-periodic domains and corresponding
boundary conditions requires additional considerations, potentially based on the ideas
in [23]. Second, more sophisticated error estimators and mesh adaptive strategies
need to be designed for the DG solvers to maintain the conservation of invariant
quantities. Also, higher-order time-stepping schemes, such as those suggested in [22],
could be considered. So far, we have established conservation properties only for
the unconventional integrator, but certain quantities may also be conserved under the
projector splitting approach, which might merit a more detailed investigation.
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