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Abstract
We study the random connection model on hyperbolic
space ℍ𝑑 in dimension 𝑑 = 2, 3. Vertices of the spatial
random graph are given as a Poisson point process with
intensity 𝜆 > 0. Upon variation of 𝜆, there is a percola-
tion phase transition: there exists a critical value 𝜆𝑐 > 0
such that for 𝜆 < 𝜆𝑐, all clusters are finite, but infinite
clusters exist for 𝜆 > 𝜆𝑐.We identify certain critical expo-
nents that characterise the clusters at (and near) 𝜆𝑐, and
show that they agree with the mean-field values for per-
colation.We derive the exponents through isoperimetric
properties of critical percolation clusters rather than via
a calculation of the triangle diagram.

MSC 2020
60K35, 82B43, 60G55

1 INTRODUCTION

Motivation
We study the random connection model (RCM) on a Borel space  . This is a spatial random
graph model, where vertices are given by a locally finite point process 𝜂 on  . Edges are sam-
pled randomly for any pair of points 𝑢, 𝑣 ∈ 𝜂 independently with probability 𝜑(𝑢, 𝑣), where
𝜑∶  ×  → [0, 1] is some connectivity function. The overarching question that we address is:
how is the geometry of  linked to the connectivity properties of the random connection model?
We zoom in on the case where  is hyperbolic and 𝜂 is the Poisson point process with respect to

the hyperbolic tensor measure. We found it useful to think in terms of the Poincaré disc model for
 = ℍ2 or Poincaré ball model for  = ℍ3, but this choice of model is not relevant for the results.
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article under the terms of the Creative Commons Attribution License, which permits use, distribution and reproduction in any medium,
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In our main result, we derive critical exponents that describe behaviour of the random con-
nection model at the phase transition point. We further derive criteria under which such phase
transition exists. As we shall work out, the value of these critical exponents is intimately related
to isoperimetric properties of random sets in the hyperbolic space. Interestingly, the same critical
exponents show up in high-dimensional Euclidean space, but proof techniques clearly differ.

The model
We adopt the Poincaré disc model for ℍ2 resp. the Poincaré ball model for ℍ3, both with con-
stant curvature −1, but that specific value is of no importance for our result. We write 𝑜 for
the origin, and let dist (𝑥, 𝑦) denote hyperbolic distance between points 𝑥 and 𝑦. The hyper-
bolic area (resp. volume) measure d𝑥 on the Poincaré disc model has metric tensor 4‖𝑑𝑦‖2

(1−‖𝑦‖2)2 ,
where 𝑦 is from the unit ball in Euclidean coordinates. Given a hyperbolic-measurable set 𝐸 ⊂ ℍ𝑑,
let |𝐸|ℍ𝑑 = ∫ℍ𝑑 𝟏𝐸 d𝑥 denote the hyperbolic measure of that set. A few relations for hyperbolic
triangles are listed in the Appendix.
Every hyperplane (forℍ2, these are simply bi-infinite geodesics) separates the space in two half-

spaces. Mind that, in contrast to Euclidean spaces, on ℍ𝑑, we can have more than two disjoint
half-spaces; see Figure 5 for an example.
Given 𝑢, 𝑣 ∈ ℍ𝑑, there exists a unique geodesic 𝛾 that passes through 𝑢 and 𝑣. There is then a

unique isometry on ℍ𝑑, which we call a translation isometry, which preserves orientation, maps
𝛾 ↦ 𝛾 and maps 𝑢 ↦ 𝑣. We denote this translation isometry map by 𝑡𝑢,𝑣 ∶ ℍ𝑑 → ℍ𝑑. We assume
that 𝜑∶ ℍ𝑑 × ℍ𝑑 → [0, 1] satisfies

𝜑(𝑥, 𝑦) = 𝜑(𝑦, 𝑥), (1.1)

𝜑(𝑥, 𝑦) = 𝜑
(
𝑡𝑢,𝑣(𝑥), 𝑡𝑢,𝑣(𝑦)

)
, (1.2)

for all 𝑥, 𝑦, 𝑢, 𝑣 ∈ ℍ𝑑. However, every even isometry on ℍ𝑑 extends to a unique Möbius transfor-
mation, and hence invariance of 𝜑 under translation is equivalent to invariance under rotation or
horolation (i.e. ‘rotation centred at a boundary point’), cf. [31, Exercise 29.13]. In particular, this
means that all the 𝜑 we consider are of the form

𝜑(𝑥, 𝑦) = 𝜑(dist(𝑥, 𝑦)).

The random connection model is a continuum percolation model. We let 𝜂 be a homogeneous
Poisson process onℍ𝑑 with intensitymeasure 𝜆 d𝑥, where 𝜆 > 0 is amodel parameter.We identify
𝜂 with its support. For 𝑥, 𝑦 ∈ ℍ𝑑, we also consider the Palm versions 𝜂𝑥 = 𝜂 ∪ {𝑥} and 𝜂𝑥,𝑦 = 𝜂 ∪
{𝑥, 𝑦}.
We consider a spatial randomgraphwhose vertices are given by 𝜂 (resp. 𝜂𝑥 or 𝜂𝑥,𝑦) and edges are

inserted independently for each pair of vertices𝑢 and 𝑣with probability𝜑(𝑢, 𝑣). Adopting notation
from [19], we denote by 𝜉 (resp. 𝜉𝑥 or 𝜉𝑥,𝑦) the entire model that includes the underlying point
process as well as the additional randomness required to form edges. See Figure 1. For Poisson
points 𝑢, 𝑣 ∈ 𝜂, we write 𝑢 ∼ 𝑣 in 𝜉 whenever there is an edge between 𝑢 and 𝑣, and further write
𝑢⟷ 𝑣 whenever 𝑢 = 𝑣 or 𝑢 and 𝑣 are (graph-)connected through a finite path of consecutive
edges in 𝜉. Our interest lies in the geometric properties of the connected components. These can
best be studied under the Palm measure:

𝒞(𝑜, 𝜉𝑜) ∶= {𝑥 ∈ 𝜂𝑜 ∶ 𝑜⟷ 𝑥 in 𝜉𝑜}.
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F IGURE 1 Simulations of the random connection model on the Poincaré disc model of ℍ2 with
𝜑 (𝑥, 𝑦) = exp (−2dist (𝑥, 𝑦)) and different intensities.

This is also called the cluster of 𝑜. Given a countable set𝐴, let #𝐴 denote the number of elements
of 𝐴. The susceptibility, or expected size of the cluster of 𝑜 is

𝜒(𝜆) ∶= 𝔼𝜆[#𝒞(𝑜, 𝜉
𝑜)]. (1.3)

A second quantity is the percolation probability, which is the probability that a designated point,
𝑜 say, lies within an infinitely large cluster:

𝜃(𝜆) ∶= ℙ𝜆(#𝒞(𝑜, 𝜉
𝑜) = ∞). (1.4)

While we generally make very few assumptions on 𝜑, we do assume throughout that

lim
𝑅→∞

ess sup
𝑥∉𝐵𝑅(𝑜)

𝜑(𝑥, 𝑜) < 1. (1.5)

This avoids a number of technical issues in the proof. A prominent example for the choice of 𝜑
is the indicator function 𝜑(𝑢, 𝑣) = 𝟏dist(𝑢,𝑣)⩽𝑅 for certain fixed 𝑅 > 0, and this gives the Poisson
Boolean model. It might be depicted by considering a (hyperbolic) ball of radius 𝑅∕2 around each
vertex and connecting vertices by an edge whenever their respective balls overlap.
One consequence of the invariance assumption (1.2) is that ∫ℍ𝑑 𝜑(𝑜, 𝑥)d𝑥 > 0 is sufficient to

guarantee a certain irreducibility: for all 𝑥, 𝑦 ∈ ℍ𝑑 and 𝜆 > 0, we have that the two-point function

𝜏𝜆(𝑥, 𝑦) ∶= ℙ𝜆(𝑥⟷ 𝑦 in 𝜉𝑥,𝑦) (1.6)

satisfies 𝜏𝜆(𝑥, 𝑦) > 0. See Proposition 1.1 for related statements.

1.1 Results

We first address the question of a ‘non-trivial phase transition’: under which assumptions do we
know that there exists a critical density threshold such that there is no percolation below, and
there is percolation above such threshold? To this end, we introduce two critical values:

 14697750, 2025, 5, D
ow

nloaded from
 https://londm

athsoc.onlinelibrary.w
iley.com

/doi/10.1112/jlm
s.70345 by U

niversitätsbibliothek A
ugsburg, W

iley O
nline Library on [10/12/2025]. See the Term

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline Library for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons License



4 of 50 DICKSON and HEYDENREICH

𝜆𝑇 ∶= inf {𝜆 > 0∶ 𝜒(𝜆) = ∞}, (1.7)

𝜆𝑐 ∶= inf {𝜆 > 0∶ 𝜃(𝜆) > 0}. (1.8)

It is clear that 𝜆𝑇 ⩽ 𝜆𝑐 always, because 𝜃 (𝜆) > 0 implies 𝜒 (𝜆) = ∞.
Our first result is a non-triviality criterion for these critical values:

Proposition 1.1. Let 𝑑 ⩾ 2 and consider a random connection model (RCM) on ℍ𝑑. Then, 𝜆𝑇 , 𝜆𝑐 <
∞ if and only if ∫ℍ𝑑 𝜑(𝑜, 𝑥)d𝑥 > 0, and 𝜆𝑇 , 𝜆𝑐 > 0 if and only if ∫ℍ𝑑 𝜑(𝑜, 𝑥)d𝑥 < ∞.
The behaviour at (and near) the critical intensity 𝜆𝑐 (resp. 𝜆𝑇) is best described through the

notion of critical exponents. This goes back a long way, see, for example, [2, 3, 32] and [21] for
physics references. In high-dimensional Euclidean space, the values of these critical exponents
agree with the corresponding exponents for branching random walk resp. branching jump pro-
cesses, cf. [18, Section 1.2]. Geodesic lines in hyperbolic space separate quickly, andwe thus expect
the same mean-field values for the critical exponents. The main critical exponents relevant for us
are the following:

𝛾 = − lim
𝜆↗𝜆𝑇

log 𝜒(𝜆)

log(𝜆𝑇 − 𝜆)
, (1.9)

𝛽 = lim
𝜆↘𝜆𝑐

log 𝜃(𝜆)

log(𝜆 − 𝜆𝑐)
, (1.10)

𝛿 = − lim
𝑛→∞

log 𝑛

logℙ𝜆𝑐 (#𝒞(𝑜, 𝜉
𝑜) ⩾ 𝑛)

, (1.11)

Δ = − lim
𝜆↗𝜆𝑇

log𝔼𝜆

[
#𝒞(𝑜, 𝜉𝑜)𝑛+1

]
− log𝔼𝜆

[
#𝒞(𝑜, 𝜉𝑜)𝑛

]
log(𝜆𝑇 − 𝜆)

. (1.12)

The existence of these limits is not a priori clear, and part of the hypothesis (though one might
use limit superior instead for definiteness). Also the fact that Δ is independent of 𝑛 in (1.12) is an
implicit claim. Our main result is that, for the RCM on ℍ2 and ℍ3, these critical exponents exist
(in a fairly strong sense) and take on their mean-field values.

Theorem 1.2 (Critical exponents). Let 𝑑 = 2, 3 and assume (1.5) as well as ∫ℍ𝑑 𝜑(𝑜, 𝑥)d𝑥 ∈ (0,∞).
For the RCM on ℍ𝑑, there exist 0 < 𝐶 ⩽ 𝐶′ < ∞ and 𝜀 > 0 such that

(a)

𝐶(𝜆𝑇 − 𝜆)
−1 ⩽ 𝜒(𝜆) ⩽ 𝐶′(𝜆𝑇 − 𝜆)

−1 (1.13)

for all 𝜆 < 𝜆𝑇 . That is, the critical exponent 𝛾 = 1.
(b)

𝐶(𝜆 − 𝜆𝑐)+ ⩽ 𝜃(𝜆) ⩽ 𝐶
′(𝜆 − 𝜆𝑐)+ (1.14)

for all 𝜆 < 𝜆𝑐 + 𝜀. That is, the critical exponent 𝛽 = 1. Furthermore, 𝜆𝑐 = 𝜆𝑇 .
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(c) For all 𝑛 ∈ ℕ,

𝐶𝑛−
1
2 ⩽ ℙ𝜆𝑐 (#𝒞(𝑜, 𝜉

𝑜) ⩾ 𝑛) ⩽ 𝐶′𝑛−
1
2 . (1.15)

That is, the critical exponent 𝛿 = 2.
(d) For all 𝑛 ⩾ 1, there exist 0 < 𝐶𝑛 ⩽ 𝐶′𝑛 < ∞ such that

𝐶𝑛(𝜆𝑐 − 𝜆)
−2 ⩽

𝔼𝜆

[
#𝒞(𝑜, 𝜉𝑜)𝑛+1

]
𝔼𝜆
[
#𝒞(𝑜, 𝜉𝑜)𝑛

] ⩽ 𝐶′𝑛(𝜆𝑐 − 𝜆)−2 (1.16)

for all 𝜆 < 𝜆𝑐 . That is, the critical exponent Δ = 2.

The lower bounds on 𝜒(𝜆) and 𝜃(𝜆) hold in very great generality. The arguments of [9] —
phrased on the product space of the Euclideanℝ𝑑 with a generalmark space—make no use of the
geometry of the ambient space and transfer across directly to our hyperbolic case. The remaining
bounds are more subtle and do not hold in such generality, and here we use specific properties of
hyperbolic space (in particular related to isoperimetric properties).
Interestingly, the same critical exponents have been obtained recently for the random connec-

tion model on high-dimensional Euclidean space ℝ𝑑. Indeed, in [19], a lace expansion argument
was developed to prove the so-called triangle condition, and [9] proved that the triangle condi-
tion implies critical exponents very much like in Theorem 1.2. In the present work, we use the
geometric properties resulting from negative curvature of the ambient space to prove the critical
exponents directly, rather than going via the triangle diagram. Our proof is inspired by techniques
on hyperbolic graphs by Madras and Wu [30]. Similar to their result, our theorem is limited to
dimensions 2 and 3. The reason for this lies in Lemma 5.3, wherewe provide a deterministic bound
on the ratio of the number of surface vertices of convex hyperbolic polytopes to the hyperbolic
volume of that region. This is not true deterministically for ℍ𝑑 with 𝑑 ⩾ 4 (see also Remark 5.4).
Even though we consider 𝑑 = 2 to be the most interesting part of the paper, we see no reason to
believe that the main result is limited to these dimensions, and possibly a probabilistic version of
Lemma 5.3 could be obtained for 𝑑 ⩾ 4.
An alternative proof approach is laid out in the work of Hutchcroft [22], who develops an

improved version of Benjamini and Schramm’s ‘magic lemma’ [6] and uses it to show mean-field
behaviour for bond percolation on quasi-transitive hyperbolic graphs. Similarly to our Lemma 5.3,
it is based on the observation that in hyperbolic geometry, a typical point in a compact set is close to
the boundary of its convex hull. However, a direct application of his Proposition 4.1 would require
the graph to be highly regular — including having an upper bound on the degrees and a positive
lower bound on the separation between vertices. One would thus need to get extra control on con-
figurations with clustered vertices as well as dealing with possible long-range connections. Note
that the probabilistic control required by this proof approach would be necessary for all 𝑑 ⩾ 2, not
just 𝑑 ⩾ 4.
The derivation of cluster moment exponents as in (1.16) on lattices proceeds via the tree graph

inequality [32], and the constants such as 𝐶′𝑛 are thus related to tree counting. In contrast, for
continuummodels, labelled vertices in the tree representation may appear as internal vertices as
well, and we therefore have to count Greg trees instead. For details, we refer to Section 4.4.
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1.2 Related work

We first summarise the results regarding graphs embedded into the hyperbolic plane. Lalley [28]
showed that for site percolation on the dual Dirichlet tiling graph of a co-compact Fuchsian group
of genus𝑑 ⩾ 2, there is a parameter range forwhich there are infinitelymany infinite clusters. This
is a remarkable geometric fact, because on amenable spaces the Burton–Keane argument rules out
such possibilities. Suchnon-uniqueness phases have been established byBenjamini and Schramm
[4] for non-amenable transitive graphs with one end, and by Pak and Smirnova–Nagniebeda [33]
for non-amenable Cayley-graphs. The conjecture that non-uniqueness implies mean-field critical
exponents would follow from some conjectures and results in a series of papers by Hutchcroft
[23–25].
In continuum models, Tykesson [38] proved that such a non-uniqueness phase exists for the

Poisson Boolean model on ℍ𝑑. Dickson [10] extended this not only to general connectivity func-
tions 𝜑, but covers even inhomogeneous percolation models by admitting vertex weights. His
main tool is the spherical transform. However, both the results of [38] in dimension 𝑑 ⩾ 3 as well
as in [10] require sufficient stretched-out properties of the connectivity function 𝜑.
Direct arguments towards mean-field criticality on hyperbolic graphs without the deviation

of non-uniqueness have been established by Schonmann [36, 37]. An alternative approach has
been developed byMadras andWu [30], and their approach has been inspirational for the present
work. In fact, the geometric arguments underlying their approach is arguably coming out more
clearly in the continuous setup persuaded in the present paper. On the other hand, the (possi-
ble) slow decay of the connectivity function 𝜑 requires involved additional separation arguments,
which were not necessary in the graph case. See Section 4. Hutchcroft [22] developed an alterna-
tive approach tomean-field criticality on connected, locally-finite, non-amenable, quasi-transitive
Gromov-hyperbolic graphs via a ‘hyperbolic magical lemma’.
Finally, we remark that in a different line of research, Poisson–Voronoi percolation on ℍ2 has

been investigated [5, 17]. Here, the focus has been on the asymptotic properties of the critical
values, but the nature of the phase transition (in terms of critical exponents) has not been derived.

Connection with hyperbolic random graphs
Hyperbolic random graphs are a class of spatial random graphs that exhibit many features that
are typical for real-world networks; this includes scale-free degree distributions, small-world dis-
tances and geometric clustering [27]. Given a model parameter 𝜈, we sample 𝑛 points uniformly
w.r.t. hyperbolic tensor measure on a hyperbolic disc of radius 𝑅 = 2 log(𝑛∕𝜈). That is, a given
point’s distance from the origin has density sinh(𝑟)

cosh(𝑅)−1
𝟏{𝑟⩽𝑅} 𝑑𝑟. See [20, Section 9.5.2]. We then

connect two points whenever their hyperbolic distance is at most 𝑅, that is,

𝜑(𝑥, 𝑦) = 𝟏{dist(𝑥,𝑦)⩽𝑅}.

There is a link between hyperbolic random graphs and a random graph model known as scale-
free percolation on Euclidean space; cf. [26] and [20, Theorem 9.31]. Scale-free percolation can
be viewed as a weight-dependent random connection model on ℝ𝑑 with a connection kernel
of product form. More generally, hyperbolic random graphs are special instances of geometric
inhomogeneous random graphs [8]. We have recently worked out critical exponents for weight-
dependent random connection models on ℝ𝑑 for sufficiently large 𝑑 [11]. However, the case of
unbounded weights (as it appears for scale-free percolation) is not covered by the conditions in
[11].
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Despite a seeming similarity, the results in this paper do not carry over to hyperbolic random
graphs (and their related weight-dependent Euclideanmodels). The reason is that hyperbolic ran-
domgraphs, as defined above, do not have a non-trivial limit within our framework. Indeed, as the
number of vertices𝑛 tends to infinity, the connection function𝜑(𝑥, 𝑦) = 𝟏{dist (𝑥, 𝑦) ⩽ 2 log(𝑛∕𝜈)}
goes pointwise to 1 and simultaneously the vertex density vanishes. Even if we rescale so that the
intensity remains constant, the curvature then diverges in the limit.
While results for geometric inhomogeneous random graphs are typically obtained through

a careful analysis of vertex weights, the methods in the present paper are genuinely
geometric.

1.3 Outline of the paper

Section 2 is concerned with proving Proposition 1.1. This is a short section, but allows us to pro-
ceed with confidence that the 𝜆𝑇 and 𝜆𝑐 we are talking about are indeed strictly positive and
finite numbers.
In Section 3, we recap the arguments that prove the susceptibility and percolation mean-field

lower bounds. These bounds are very general and hold outside our hyperbolic setting. The general
form of the arguments first appeared for Bernoulli bond percolation in [1, 3], and have previously
been applied to random connection models on ℝ𝑑 in [9, 19]. The proof for the percolation lower
bound also introduces the magnetisation function, which will be the main tool by which we will
access the percolation function and — later — the cluster tail distribution.
To find the remaining bounds in Theorem 1.2, our main tool will be to restrict clusters to partic-

ular half-spaces. In Proposition 4.3, we state that this restriction has only a bounded impact on the
susceptibility andmagnetisation. In the remaining parts of Section 4, we take these bounds on the
restricted susceptibility and magnetisation and use them to derive upper bounds on the suscepti-
bility and percolation functions, as well as complementary upper and lower bounds on the cluster
tail distribution and the higher moments of the cluster size. In Section 4.2, the space is split into
two distant half-spaces to derive a lower bound on the derivative of the susceptibility in terms of
two factors of the susceptibility, while in Section 4.3, the space is split into three distant half-spaces
to derive a lower bound for themagnetisation in terms of two factors of themagnetisation and one
factor of the susceptibility. This bound is then used to derive an upper bound for the percolation
function. We further use the upper bound on the magnetisation to derive an upper bound for the
cluster tail distribution, while the lower bound on the magnetisation from earlier provides the
lower bound on the cluster tail distribution. Section 4.4 uses the lower bound on the derivative
of the susceptibility to derive both the upper and lower bounds on the moments of the cluster
size.
Finally, in Section 5, we prove Proposition 4.3. It is in Lemma 5.3 that the requirement that

𝑑 = 2, 3 comes in.

2 NON-TRIVIALITY OF THE PHASE TRANSITION

In the following lemma, we construct a deterministic binary tree embedded in ℍ𝑑. In the proof of
Proposition 1.1 that follows, we then couple a subgraph of the percolation cluster of the RCMwith
Bernoulli bond percolation on this tree.
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8 of 50 DICKSON and HEYDENREICH

F IGURE 2 Sketch showing construction of the length (2.1) in the Poincaré disc model of ℍ2.

Lemma 2.1. Let 𝐴, 𝐵 ∈ ℍ2 be such that 𝐴, 𝐵 and 𝑜 are not co-linear, and let 𝜃 denote the angle at
𝑜 subtended by 𝐴 and 𝐵. Also define

𝐿(𝜃) ∶= arcosh
⎛⎜⎜⎝
1 − cos 𝜃 cos 𝜃

2

sin 𝜃 sin 𝜃
2

⎞⎟⎟⎠. (2.1)

If dist (𝑜, 𝐴) > 𝐿(𝜃) and dist (𝑜, 𝐵) > 𝐿(𝜃), then the Cayley tree, (𝑉, 𝐸), in ℍ2 generated by the
translations 𝑡𝑜,𝐴 and 𝑡𝑜,𝐵 is such that inf𝑢,𝑣∈𝑉 dist (𝑢, 𝑣) > 0.

Proof. Let 𝛾1 and 𝛾2 be two geodesic curves passing through 𝑜 at angle 𝜃 to each other and bound-
ing a cone in ℍ2. At hyperbolic length 𝑙 along 𝛾1, we branch off another geodesic curve 𝛾3 into the
cone at angle 𝜃 to 𝛾1, and at hyperbolic length 𝑙 along 𝛾2, we branch off another geodesic curve
𝛾4 into the cone at angle 𝜃 to 𝛾2. If 𝑙 is too small, then 𝛾3 and 𝛾4 will intersect inside the cone,
but if 𝑙 is sufficiently large, then they will not. We first want to find the transition length 𝑙 = 𝐿(𝜃),
at which 𝛾3 and 𝛾4 just touch at the boundary. This critical case is sketched in the Poincaré disc
model in Figure 2. The hyperbolic quadrilateral bounded by 𝛾1, 𝛾2, 𝛾3 and 𝛾4 can be partitioned
into two hyperbolic triangles along the radial line of reflection symmetry. We then have a triangle
with internal angles 𝜃

2
, 𝜋 − 𝜃 and 0, whose opposite side lengths are∞,∞ and 𝐿(𝜃), respectively.

By applying the second cosine rule for hyperbolic triangles (see the Appendix), we get

cosh (𝐿(𝜃)) sin (𝜋 − 𝜃) sin
𝜃
2
= 1 + cos (𝜋 − 𝜃) cos

𝜃
2
. (2.2)

This can be rearranged to get the expression for 𝐿(𝜃) above.

 14697750, 2025, 5, D
ow

nloaded from
 https://londm

athsoc.onlinelibrary.w
iley.com

/doi/10.1112/jlm
s.70345 by U

niversitätsbibliothek A
ugsburg, W

iley O
nline Library on [10/12/2025]. See the Term

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline Library for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons License



MEAN-FIELD BEHAVIOUR OF THE RANDOM CONNECTIONMODEL ON HYPERBOLIC SPACE 9 of 50

When we embed the binary tree generated by 𝐴 and 𝐵 in ℍ2, let 𝛾1 be the geodesic passing
through 𝑜 and𝐴, and 𝛾2 be the geodesic passing through 𝑜 and 𝐵. Then, let 𝛾3 split off at𝐴 and 𝛾4
split off at 𝐵. Every descendent of𝐴will then be contained in the cone bounded by 𝛾1 and 𝛾3, and
every descendent of𝐵will then be contained in the cone bounded by 𝛾2 and 𝛾4. If dist (𝑜, 𝐴) > 𝐿(𝜃)
and dist (𝑜, 𝐵) > 𝐿(𝜃), then these cones cannot intersect each other and the vertices in each cone
cannot get close to the vertices in the other cone. We now only need to consider vertices in the
same cone, whichmust be descendants and ancestors of each other. If we consider 𝑜, we see that it
is not in either of the cones descended from𝐴 or 𝐵, and therefore, there is a uniform lower bound
on how close a descendent can be. From the translation invariance, this can be repeated for every
vertex to show that no vertex has an arbitrarily close descendent. The argument can also be run
in reverse to show that there is a lower bound on how close an ancestor is. □

We are now prepared to prove the non-triviality of the phase transition.

Proposition 1.1. Let 𝑑 ⩾ 2 and consider an RCM on ℍ𝑑. Then, 𝜆𝑇 , 𝜆𝑐 < ∞ if and only if
∫ℍ𝑑 𝜑(𝑜, 𝑥)d𝑥 > 0, and 𝜆𝑇 , 𝜆𝑐 > 0 if and only if ∫ℍ𝑑 𝜑(𝑜, 𝑥)d𝑥 < ∞.
Proof. If ∫ℍ𝑑 𝜑 (𝑥, 𝑜) d𝑥 = ∞, then we can write 𝜑 = ∑∞𝑖=1 𝜑𝑖 where 𝜑𝑖 all satisfy our assumptions
of an adjacency function and ∫ℍ𝑑 𝜑𝑖 (𝑥, 𝑜) d𝑥 = 1 for all 𝑖 ⩾ 1. Fix 𝜆 > 0 and let the randomvariable
𝑋𝑚 denote #𝒞 (𝑜, 𝜉𝑜) for the RCM with intensity 𝜆 and connection function

∑𝑚
𝑖=1 𝜑𝑖 , and let 𝑌𝑚

denote the number of neighbours of 𝑜 in the samemodel. For finite𝑚, the𝑌𝑚 is a Poisson random
variable with mean 𝜆

∑𝑚
𝑖=1 ∫ℍ𝑑 𝜑𝑖(𝑥, 𝑜)d𝑥 = 𝜆𝑚 (by Mecke’s formula; [29, (6.12)]). Therefore, for

all 𝑛 ⩾ 0, we have ℙ (𝑌𝑚 = 𝑛) → 0 as 𝑚 → ∞. Since 𝑋𝑚 ⩾ 𝑌𝑚 for all configurations and 𝑚 by
monotonicity, we have ℙ (𝑋𝑚 = 𝑛) → 0 as 𝑚 → ∞. Now let 𝑋 denote #𝒞 (𝑜, 𝜉𝑜) for the RCM
with intensity 𝜆 and full connection function 𝜑. Since 𝑋 ⩾ 𝑋𝑚 for all configurations and 𝑚, we
have ℙ (𝑋 = 𝑛) = 0 for all 𝑛 ⩾ 1. Therefore, ℙ (𝑋 = ∞) = 1 and 𝜆 ⩾ 𝜆𝑐. Since this argument only
required 𝜆 > 0, we have 𝜆𝑐 = 0. Since 𝜆𝑇 ⩽ 𝜆𝑐, we also have 𝜆𝑇 = 0.
If ∫ 𝜑(𝑜, 𝑥)d𝑥 < ∞, then we can use the ‘method of generations’ and compare to a branching

process to show 𝜆𝑇 > 0.We first let 𝑜 be the root of our cluster (generation 0), and the vertices adja-
cent to 𝑜 (generation 1) are distributed according to a Poisson point process with intensity density
𝜆𝜑 (⋅, 𝑜)with respect to the hyperbolic measure. For 𝑘 ⩾ 2, we then iteratively define generation 𝑘
to be those vertices adjacent to a vertex in generation 𝑘 − 1, but no vertex from an earlier genera-
tion. If we assign an arbitrary ordering to each generation, then we can also assign a genealogical
tree to the vertices. Given a vertex from generation 𝑘, we can call the vertices in generation 𝑘 + 1
immediate descendants of this vertex if they are adjacent to this vertex but from no earlier ver-
tex in generation 𝑘. The immediate descendants of a vertex 𝑣 are then distributed according to
a thinned Poisson point process whose intensity density is bounded above by 𝜆𝜑 (⋅, 𝑣). We can
therefore bound the two-point function, recall (1.6), by the kernel of a spatial branching process:

𝜏𝜆(𝑥, 𝑜) ⩽ 𝜑(𝑥, 𝑜) +
∞∑
𝑘=1

𝜆𝑘 ∫(ℍ𝑑)𝑘
𝑘+1∏
𝑖=1

𝜑(𝑣𝑖 , 𝑣𝑖−1)d𝑣[1∶𝑘], (2.3)

where 𝑣0 = 𝑜 and 𝑣𝑘+1 = 𝑥. From Tonelli’s theorem and the translation symmetry of 𝜑, we then
have

𝜆 ∫ℍ𝑑 𝜏𝜆(𝑥, 𝑜)d𝑥 ⩽
∞∑
𝑘=1

𝜆𝑘
(
∫ℍ𝑑 𝜑(𝑣, 𝑜)d𝑣

)𝑘
. (2.4)
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10 of 50 DICKSON and HEYDENREICH

Then Mecke’s formula implies that 𝜒 (𝜆) = 1 + 𝜆 ∫ℍ𝑑 𝜏𝜆 (𝑥, 𝑜) d𝑥, and for 𝜆 < 1
∫
ℍ𝑑 𝜑(𝑣,𝑜)d𝑣

, we have

𝜒(𝜆) ⩽
1

1 − 𝜆 ∫ℍ𝑑 𝜑(𝑣, 𝑜)d𝑣
. (2.5)

Therefore, for sufficiently small 𝜆, we have𝜒(𝜆) < ∞ and therefore 𝜆𝑇 > 0 (and 𝜆𝑐 > 0). Note that
this also proves that 𝜆𝑇 = ∞ if ∫ℍ𝑑 𝜑 (𝑥, 𝑜) d𝑥 = 0, and furthermore, 𝜆𝑐 = ∞ if ∫ℍ𝑑 𝜑 (𝑥, 𝑜) d𝑥 = 0.
For the reverse direction, we adapt an argument of Penrose [34] to the hyperbolic setting. If

∫ 𝜑(𝑜, 𝑥)d𝑥 > 0, then there exist 𝑎, 𝑏 ∈ ℍ𝑑 and 𝛿, 𝜀 > 0 such that 𝑎, 𝑏 and 𝑜 are not co-linear, the
sets 𝐵𝛿(𝑎), 𝐵𝛿(𝑏) and 𝐵𝛿(𝑜) are disjoint, and

ess inf
𝑥∈𝐵𝛿(𝑜),𝑦∈𝐵𝛿(𝑎)∪𝐵𝛿(𝑏)

𝜑(𝑥, 𝑦) > 𝜀. (2.6)

Let 𝜃 be the angle subtended at 𝑜 by 𝑎 and 𝑏. Then, define

𝐿(𝜃) ∶= arcosh
⎛⎜⎜⎝
1 − cos 𝜃 cos 𝜃

2

sin 𝜃 sin 𝜃
2

⎞⎟⎟⎠, (2.7)

and 𝑚 ∶= ⌈ 𝐿(𝜃)
dist(𝑜,𝑎)

⌉ + 1 and 𝑛 ∶= ⌈ 𝐿(𝜃)
dist(𝑜,𝑏)

⌉ + 1. Then, we can define 𝐴 ∶= 𝑡𝑚𝑜,𝑎(𝑜) as the 𝑚-fold
application of 𝑡𝑜,𝑎 to 𝑜, and similarly, 𝐵 ∶= 𝑡𝑛𝑜,𝑏(𝑜). Note that dist (𝑜, 𝐴) > 𝐿(𝜃) and dist (𝑜, 𝐵) >
𝐿(𝜃). Sincewehave these bounds, Lemma2.1 proves that𝐴 and𝐵 generate a binary tree𝑇 = (𝑉, 𝐸)
embedded in ℍ𝑑 for which the ℍ𝑑-distances between vertices do not become arbitrarily small. We
are then free to choose 𝛿 > 0 small enough that {𝐵𝛿(𝑣)}𝑣∈𝑉 are disjoint.
By using Mecke’s formula, given 𝑢 ∈ 𝐵𝛿(𝑜), the number of vertices in 𝐵𝛿(𝑎) that are adjacent

to 𝑢 is a Poisson random variable with mean:

𝔼𝜆[#{𝑦 ∈ 𝜂 ∩ 𝐵𝛿(𝑎)∶ 𝑦 ∼ 𝑢}] = 𝜆 ∫𝐵𝛿(𝑎) 𝜑(𝑥, 𝑢)d𝑥 ⩾ 𝜆𝜀|𝐵𝛿(𝑎)|ℍ2 = 4𝜋𝜆𝜀(sinh 𝛿)2. (2.8)

It then follows that the probability that there exists such a neighbour has the lower bound

ℙ𝜆(∃𝑣 ∈ 𝜂 ∩ 𝐵𝛿(𝑎)∶ 𝑣 ∼ 𝑢) = 1 − exp (−𝔼𝜆[#{𝑦 ∈ 𝜂 ∩ 𝐵𝛿(𝑎)∶ 𝑦 ∼ 𝑢}]) ⩾ 1 − e
−4𝜋𝜆𝜀(sinh 𝛿)2 .

(2.9)
In particular, this bound is uniform in the vertex 𝑢 ∈ 𝐵𝛿(𝑜). From the translation invariance and
independence properties of the model, we can repeat this argument 𝑚 times to show that the
probability that there exists a path from 𝑢 ∈ 𝐵𝛿(𝑜) to some vertex in 𝐵𝛿(𝐴) is bounded below by

ℙ𝜆(∃𝑣 ∈ 𝜂 ∩ 𝐵𝛿(𝐴)∶ 𝑣⟷ 𝑢 in 𝜉𝑢) ⩾
(
1 − e−4𝜋𝜆𝜀(sinh 𝛿)

2
)𝑚
. (2.10)

Similarly, we can find that

ℙ𝜆(∃𝑣 ∈ 𝜂 ∩ 𝐵𝛿(𝐵)∶ 𝑣⟷ 𝑢 in 𝜉𝑢) ⩾
(
1 − e−4𝜋𝜆𝜀(sinh 𝛿)

2
)𝑛
. (2.11)

If min{(1 − e−4𝜋𝜆𝜀(sinh 𝛿)2)𝑚, (1 − e−4𝜋𝜆𝜀(sinh 𝛿)2)𝑚} > 1
2
, then the cluster 𝒞(𝑜, 𝜉𝑜) will have a

positive probability of having a vertex in infinitely many of the sets {𝐵𝛿(𝑣)}𝑣∈𝑉 . That is, if
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MEAN-FIELD BEHAVIOUR OF THE RANDOM CONNECTIONMODEL ON HYPERBOLIC SPACE 11 of 50

𝜆 > −1
4𝜋𝜀(sinh 𝛿)2

log(1 − 2
− 1
max{𝑚,𝑛} ), then 𝜃(𝜆) > 0. Therefore,

𝜆𝑐 ⩽
−1

4𝜋𝜀(sinh 𝛿)2
log

(
1 − 2

− 1
max {𝑚,𝑛}

)
< ∞. (2.12)

In turn, this also proves that 𝜆𝑇 < ∞. □

3 MEAN-FIELD BOUNDS

The following mean-field bounds are expected to hold in great generality. In particular, the proofs
make no use of the hyperbolic structure of the ambient space. They also apply for flat Euclidean
spaces such as ℝ𝑑 (see [9, 19]). The arguments are adapted from the arguments for transitive
Bernoulli bond percolation models in [1, 3].

3.1 Susceptibility lower bound

The proof of the mean field lower bound for the susceptibility can be found in [19]. The proof is
worded for the RCM on ℝ𝑑, but the argument for the RCM on ℍ2 proceeds identically.
The key points are in the following lemma.

Lemma 3.1. The map 𝜆 ↦ 1
𝜒(𝜆)

is continuous on [0,∞), and for all 𝜆 ∈ (0, 𝜆𝑇)

d𝜒

d𝜆
(𝜆) ⩽

1
𝜆
𝜒(𝜆)2. (3.1)

Proof. See [19, Lemma 2.3 and Proof of Theorem 1.3]. The key ingredients are a Margulis–Russo
formula and the BK inequality. The continuity result follows from showing that a sequence of
truncated versions is equicontinuous. □

This can be used to prove the claim in Theorem 1.2a that there exists 𝐶 > 0 such that

𝜒(𝜆) ⩾ 𝐶(𝜆𝑇 − 𝜆)
−1 (3.2)

for 𝜆 < 𝜆𝑇 .

Proof of the lower bound in Theorem 1.2a. The continuity of 𝜆 ↦ 1
𝜒(𝜆)

implies that 1
𝜒(𝜆𝑇)

= 0, and
therefore, for 𝜆 < 𝜆𝑇 ,

−
1
𝜒(𝜆)

=
1

𝜒(𝜆𝑇)
−
1
𝜒(𝜆)

= ∫
𝜆𝑇

𝜆

d
d𝑠

(
1
𝜒(𝑠)

)
d𝑠 = −∫

𝜆𝑇

𝜆

1
𝜒(𝑠)2

d𝜒

d𝑠
(𝑠)d𝑠 ⩽ −∫

𝜆𝑇

𝜆

1
𝑠
d𝑠 = − log

𝜆𝑇
𝜆
.

(3.3)
Therefore,𝜒 (𝜆) ⩾ 1

log 𝜆𝑇−log 𝜆
, and by taking aTaylor approximation of log 𝜆 at 𝜆𝑇 , there exist𝐶 > 0

and 𝜀 > 0 such that

𝜒(𝜆) ⩾ 𝐶(𝜆𝑇 − 𝜆)
−1 (3.4)

for 𝜆 ∈ (𝜆𝑇 − 𝜀, 𝜆𝑇) as required. □
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12 of 50 DICKSON and HEYDENREICH

3.2 Percolation lower bound

The proof of the mean field lower bound for the percolation proceeds as in [9]. The proof there is
given for the marked RCM on ℝ𝑑, but the argument proceeds identically for ℍ𝑑, and reduces to
our case if the set of marks is a singleton.

Definition 3.2. The following proposition provides bounds for the susceptibility andmagnetisa-
tion functions. Themagnetisation functionwill be important whenwewill use it to derive bounds
on the percolation function. Given a newparameter 𝑞 ∈ [0, 1], we label each vertex in 𝜂 as a ‘ghost’
vertex independently with probability 𝑞. Note that we take the convention that when we augment
a configuration with additional vertices, these are also independently labelled as a ghost vertex
with probability 𝑞. The set of ghost vertices is then denoted as . Then, themagnetisation function
is defined by

𝑀(𝜆, 𝑞) ∶= ℙ𝜆,𝑞(𝑜⟷  in 𝜉𝑜), (3.5)

and the ‘ghost free’ susceptibility is defined by

𝜒(𝜆, 𝑞) ∶= 𝔼𝜆,𝑞
[
#𝒞(𝑜, 𝜉𝑜)𝟙{𝒞(𝑜,𝜉𝑜)∩=∅}

]
. (3.6)

The following lemma provides some preliminary properties of𝑀 (𝜆, 𝑞) and 𝜒 (𝜆, 𝑞).

Lemma 3.3. For all 𝜆 ⩾ 0, the function 𝑞 ↦ 𝑀 (𝜆, 𝑞) is analytic on (0, 1),

lim
𝑞↘0
𝑀(𝜆, 𝑞) = 𝜃(𝜆), (3.7)

(1 − 𝑞)
𝜕𝑀
𝜕𝑞
(𝜆, 𝑞) = 𝜒(𝜆, 𝑞), ∀𝑞 ∈ (0, 1). (3.8)

Furthermore, for all 𝑞 ∈ (0, 1], the function 𝜆 ↦ 𝑀 (𝜆, 𝑞) is analytic on (0,∞).

Proof. These are proven in [9, Lemmas 3.1, 3.4, 3.7]. □

The following lemma introduces two differential inequalities that control 𝑀 (𝜆, 𝑞). These are
used in the proofs of Lemmas 3.5 and 3.6 below, and in Section 4.3 later.

Lemma 3.4. Let 𝑞 ∈ (0, 1) and 𝜆 > 0. Then,

𝜕𝑀
𝜕𝜆
(𝜆, 𝑞) ⩽

1 − 𝑞

𝜆
𝑀(𝜆, 𝑞)

𝜕𝑀
𝜕𝑞
(𝜆, 𝑞) (3.9)

𝑀(𝜆, 𝑞) ⩽ 𝑞
𝜕𝑀
𝜕𝑞
(𝜆, 𝑞) + 𝑀(𝜆, 𝑞)2 + 𝜆𝑀(𝜆, 𝑞)

𝜕𝑀
𝜕𝜆
(𝜆, 𝑞). (3.10)

Proof. See [9, Lemma 3.6]. □

Now define 𝜒f to be the susceptibility conditioned on the cluster of the origin being finite:

𝜒f (𝜆) ∶= 𝔼𝜆[#𝒞(𝑜, 𝜉
𝑜) ∣ #𝒞(𝑜, 𝜉𝑜) < ∞]. (3.11)
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MEAN-FIELD BEHAVIOUR OF THE RANDOM CONNECTIONMODEL ON HYPERBOLIC SPACE 13 of 50

Lemma 3.5. Let 𝑞 ∈ (0, 1), and 𝜆∗ > 0 be such that 𝜒f (𝜆∗) = ∞. Then,

𝑀(𝜆∗, 𝑞) ⩾
1√
2
𝑞
1
2 . (3.12)

Proof. See [9, Corollary 3.8]. □

Lemma 3.6. If 𝜆∗ > 0 satisfies 𝜃(𝜆∗) = 0 and 𝜒f (𝜆∗) = ∞, then

𝜃(𝜆) ⩾
1
2𝜆
(𝜆 − 𝜆∗)+. (3.13)

Proof. See [9, Proposition 4.3]. □

These lemmas lead to a proof of the claim in Theorem 1.2b that there exist 𝐶 > 0 and 𝜀 > 0 such
that

𝜃(𝜆) ⩾ 𝐶(𝜆 − 𝜆𝑐)+ (3.14)

for 𝜆 < 𝜆𝑐 + 𝜀.

Proof of the lower bound in Theorem 1.2b. We first aim to prove the claim that there exists 𝐶 > 0
and 𝜀 > 0 such that

𝜃(𝜆) ⩾ 𝐶(𝜆 − 𝜆𝑇)+ (3.15)

for 𝜆 < 𝜆𝑇 + 𝜀. Firstly note that by Theorem 1.2a we know that 𝜒 (𝜆𝑇) = ∞. If 𝜃 (𝜆𝑇) = 0, then this
implies 𝜒f (𝜆𝑇) = 𝜒 (𝜆𝑇) = ∞, and Lemma 3.6 proves the claim. On the other hand, if 𝜃 (𝜆𝑇) > 0,
then the claim immediately follows for some sufficiently small choice of 𝜀.
Now note that if 𝜆 > 𝜆𝑇 , we have proven that 𝜃 (𝜆) > 0, and therefore, 𝜆 ⩾ 𝜆c. Since we clearly

have 𝜆c ⩾ 𝜆𝑇 from their definitions, this proves 𝜆c = 𝜆𝑇 , and therefore, that there exist 𝐶 > 0 and
𝜀 > 0 such that

𝜃(𝜆) ⩾ 𝐶(𝜆 − 𝜆c)+ (3.16)

for 𝜆 < 𝜆c + 𝜀 as required. □

4 MEAN-FIELD BEHAVIOUR

While the bounds in Section 3 are valid in great generality (e.g. also in Euclidean setting), we now
prove the corresponding upper bounds, and here we are crucially relying on hyperbolic geometry.

4.1 Clusters in half spaces

Definition 4.1. Given a set 𝑆 ⊂ ℍ𝑑, let ℎ𝜀 (𝑆) denote the 𝜀-halo of 𝑆. That is, ℎ𝜀 (𝑆) = ∪𝑥∈𝑆𝐵𝜀(𝑥).
Also let conv (𝑆) denote the convex hull of 𝑆. That is, conv (𝑆) equals the intersection of all closed
half-spaces that contain 𝑆.
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14 of 50 DICKSON and HEYDENREICH

F IGURE 3 Sketch of the set𝜀(𝐻, 𝑥) in the Poincaré Disc model for ℍ2.

Let 𝐻 ⊂ ℍ𝑑 be a closed half-space with boundary hyperplane 𝜕𝐻 ⊂ ℍ𝑑, and let 𝑥 ∈ 𝐻. For all
𝜀 ∈ (0, dist (𝜕𝐻, 𝑥)), let𝜀 (𝐻, 𝑥) denote the union of all half spaces,𝑀 ⊂ ℍ𝑑, such that 𝑥 ∈ 𝑀 ⊂
𝐻 and dist (𝜕𝑀, 𝑥) < 𝜀:

𝜀(𝐻, 𝑥) ∶=
⋃

𝑀∶ 𝑥∈𝑀⊂𝐻,dist(𝜕𝑀,𝑥)<𝜀

𝑀. (4.1)

Let 𝑥⟂ ∈ 𝜕𝐻 denote the (unique) nearest point in 𝜕𝐻 to 𝑥. Clearly,𝜀 (𝐻, 𝑥) is symmetric under
rotations about the geodesic that passes through 𝑥 and 𝑥⟂. Let 𝜃𝜀 (𝐻, 𝑥) denote the angle this
geodesic forms with the boundary of 𝜀 (𝐻, 𝑥), and let 𝑚𝜀(𝐻, 𝑥) denote the point at which the
geodesic and the boundary meet. See Figure 3.
The following lemma presents some expressions for𝑚𝜀 = 𝑚𝜀(𝐻, 𝑥) and 𝜃𝜀 = 𝜃𝜀 (𝐻, 𝑥) that can

be derived from hyperbolic trigonometric rules (the tangent, sine and cosine rules can be found
in the Appendix). The proofs are omitted here because the relations are not required for our argu-
ments other that in noting that for 𝑥 ∉ 𝜕𝐻 and 𝜀 ∈ (0, dist (𝜕𝐻, 𝑥)), we have 𝜃𝜀 (𝐻, 𝑥) ∈ (0, 𝜋]—
a result that is ‘clear’ from Figure 3.

Lemma 4.2. For all half-spaces𝐻 ⊂ ℍ𝑑, 𝑥 ∈ 𝐻 and 𝜀 ∈ (0, dist (𝜕𝐻, 𝑥)),

dist(𝜕𝐻,𝑚𝜀(𝐻, 𝑥)) = dist(𝜕𝐻, 𝑥) −
1
2
log

(
1 + edist(𝜕𝐻,𝑥) sinh 𝜀

1 − e−dist(𝜕𝐻,𝑥) sinh 𝜀

)
, (4.2)
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MEAN-FIELD BEHAVIOUR OF THE RANDOM CONNECTIONMODEL ON HYPERBOLIC SPACE 15 of 50

𝜃𝜀(𝜕𝐻, 𝑥) = arccos

(
tanh 𝜀

tanh (dist(𝜕𝐻, 𝑥) − dist(𝜕𝐻,𝑚𝜀(𝐻, 𝑥)))

)
. (4.3)

Recall the susceptibility andmagnetisation functions:

𝜒(𝜆) = 𝔼𝜆[#𝒞(𝑜, 𝜉
𝑜)], 𝑀(𝜆, 𝑞) = ℙ𝜆,𝑞(𝑜⟷  in 𝜉𝑜). (4.4)

Clearly, if we take the susceptibility or magnetisation and introduce the indicator function
𝟙{𝒞(𝑜,𝜉𝑜)⊂𝐻} for some half-space 𝐻 into the expectation or probability, then the original sus-
ceptibility (resp. magnetisation) is an upper bound for our new restricted susceptibility (resp.
magnetisation). The following proposition shows that, in fact, the reverse inequalities are also true
at the cost of only a 𝜆-independent factor (in the sub-critical regime). It also shows corresponding
statements for ‘ghost free’ susceptibility.

Proposition 4.3. Let 𝑑 = 2, 3 and 𝐻 ∋ 𝑜 be a half-space such that dist (𝜕𝐻, 𝑜) > 0. Then, there
exists 𝜅 = 𝜅 (𝑑, 𝜑, dist (𝜕𝐻, 𝑜)) ∈ (0,∞) such that for all 𝜆 ∈ [0, 𝜆𝑐) and 𝑞 ∈ (0, 1),

𝔼𝜆[#𝒞(𝑜, 𝜉
𝑜)] ⩽ 𝜅𝔼𝜆

[
#𝒞(𝑜, 𝜉𝑜)𝟙{𝒞(𝑜,𝜉𝑜)⊂𝐻}

]
(4.5)

𝔼𝜆,𝑞
[
#𝒞(𝑜, 𝜉𝑜)𝟙{𝒞(𝑜,𝜉𝑜)∩=∅}

]
⩽ 𝜅𝔼𝜆,𝑞

[
#𝒞(𝑜, 𝜉𝑜)𝟙{𝒞(𝑜,𝜉𝑜)∩=∅}𝟙{𝒞(𝑜,𝜉𝑜)⊂𝐻}

]
(4.6)

ℙ𝜆,𝑞(𝑜⟷  in 𝜉𝑜) ⩽ 𝜅ℙ𝜆,𝑞(𝑜⟷  in 𝜉𝑜,𝒞(𝑜, 𝜉𝑜) ⊂ 𝐻). (4.7)

Remark 4.4. Even though the actual value of 𝜅 is of no importance to our argument, we observe
that by carefully following our argument, one can find 𝐾 = 𝐾 (𝑑, 𝜑) < ∞ such that

𝜅 = inf
𝜀∈(0,dist(𝜕𝐻,𝑜))

𝐾|𝐵𝜀(𝑜)|ℍ𝑑 (𝜋 + |𝐵𝜀(𝑜)|ℍ𝑑) ×
⎧⎪⎨⎪⎩

𝜋
𝜃𝜀(𝐻,𝑜)

∶ 𝑑 = 2
2

1−cos (𝜃𝜀(𝐻,𝑜))
∶ 𝑑 = 3.

(4.8)

As dist (𝜕𝐻, 𝑜) → 0 (and hence 𝜀 → 0), we have 𝜃𝜀 (𝐻, 𝑜) → 0. This is ‘clear’ from Figure 3, and
Lemma 4.2 can, in fact, be used to show 𝜃𝜀 (𝐻, 𝑜) =  (dist (𝜕𝐻, 𝑜)). This means that 𝜅 → ∞ as
dist (𝜕𝐻, 𝑜) → 0.

Proposition 4.3 allows us ‘at acceptable cost’ to condition on clusters being located inside
disjoint regions, and therefore be independent. This independence is the crucial ingredient in
deriving mean-field exponents.
When investigating the susceptibility and the magnetisation, we shall break up the cluster

through conditioning on a certain separation event  , see (4.44). This breaks the cluster into two
clusters living on half spaces. Proposition 4.3 is then employed to relate the half-space clusters to
full space clusters.

4.2 Susceptibility upper bound

The key bound for the proof of the upper bound on the susceptibility in Theorem 1.2a is the
following complementary bound to (3.1).
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16 of 50 DICKSON and HEYDENREICH

Lemma 4.5. For 𝑑 = 2, 3, there exist 𝜀, 𝐾 > 0 such that for all 𝜆 ∈ (𝜆𝑐 − 𝜀, 𝜆𝑐),

d𝜒

d𝜆
⩾ 𝐾𝜒(𝜆)2. (4.9)

Indeed, (4.9) readily implies the upper bound in Theorem 1.2, as we show next:

𝜒(𝜆) ⩽ 𝐶′(𝜆𝑇 − 𝜆)
−1 (4.10)

for all 𝜆 < 𝜆𝑇 .

Proof of the upper bound in Theorem 1.2a. Now we have Lemma 4.5, the argument proceeds sim-
ilarly to the proof of the lower bound in Theorem 1.2a. From the continuity of 𝜆 ↦ 1

𝜒(𝜆)
implying

1
𝜒(𝜆𝑐)

= 0, we have

1
𝜒(𝜆)

= ∫
𝜆𝑐

𝜆

1

𝜒(𝑠)2
d𝜒

d𝑠
(𝑠)d𝑠 ⩾ 𝐾 ∫

𝜆𝑐

𝜆
d𝑠 = 𝐾(𝜆𝑐 − 𝜆) (4.11)

for 𝜆 ∈ (𝜆𝑐 − 𝜀, 𝜆𝑐). Since 𝜒 (𝜆) ⩾ 1, we can find a constant 𝐶′ such that

𝜒(𝜆) ⩽ 𝐶′(𝜆𝑐 − 𝜆)
−1 (4.12)

for all 𝜆 < 𝜆𝑐. The result then follows from the equality 𝜆𝑇 = 𝜆𝑐 (proven using lower bound in
Theorem 1.2b). □

In the remainder of the subsection, we prove Lemma 4.5. We start with an auxiliary statement.

Lemma 4.6. Let 𝑥 ∈ ℍ𝑑 and 𝜆 ∈ [0, 𝜆𝑐). Then, 𝜆 ↦ 𝜏𝜆 (𝑜, 𝑥) and 𝜆 ↦ ∫ℍ𝑑 𝜏𝜆 (𝑜, 𝑥) d𝑥 are
differentiable at 𝜆 with

d
d𝜆
𝜏𝜆(𝑜, 𝑥) = ∫ℍ𝑑 ℙ𝜆(𝑢 ∈ 𝖯𝗂𝗏(𝑜, 𝑥; 𝜉

𝑜,𝑥))d𝑢 (4.13)

d
d𝜆 ∫ℍ𝑑 𝜏𝜆(𝑜, 𝑥)d𝑥 = ∫ℍ𝑑 ∫ℍ𝑑 ℙ𝜆(𝑢 ∈ 𝖯𝗂𝗏(𝑜, 𝑥; 𝜉

𝑜,𝑥))d𝑢d𝑥. (4.14)

Proof. Equations (4.13) and (4.14) are proven in the same way as [19, Lemma 2.2, 2.3], respectively
— the hyperbolic ambient space makes not difference to the argument. We work with a truncated
version of the two-point function: we let 𝐵𝑛(𝑜) be the ball around 𝑜 in ℍ𝑑 with radius 𝑛 ⩾ 1 in the
hyperbolic metric, and define

𝜏𝑛𝜆 (𝑜, 𝑥) ∶= ℙ𝜆

(
𝑜⟷ 𝑥 in 𝜉𝑜,𝑥

𝐵𝑛(𝑜)

)
. (4.15)

Then, the Margulis–Russo formula is applied to show that this truncated function 𝜆 ↦ 𝜏𝑛
𝜆
(𝑜, 𝑥)

is differentiable on [0, 𝜆𝑐 − 𝜀] for all 𝜀 > 0. Then, it is shown that 𝜏𝑛
𝜆 (𝑜, 𝑥) → 𝜏𝜆 (𝑜, 𝑥) and

d
d𝜆
𝜏𝑛
𝜆 (𝑜, 𝑥) →

d
d𝜆
𝜏𝜆 (𝑜, 𝑥) uniformly in 𝜆 ∈ [0, 𝜆𝑐 − 𝜀]. This uniform convergence then justifies the

exchange of the derivative and the 𝑛 → ∞ limit to get (4.13).
To show (4.14), we first note that 𝜏𝜆(𝑜, 𝑥) is non-decreasing in 𝜆 for any 𝑥 ∈ ℍ𝑑, and there-

fore, for any 𝜆 < 𝜆𝑐, we can dominate 𝜏𝜆 with 𝜏𝜆𝑐−𝜀 for sufficiently small 𝜀 > 0. Then, by the
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MEAN-FIELD BEHAVIOUR OF THE RANDOM CONNECTIONMODEL ON HYPERBOLIC SPACE 17 of 50

measure-theoretic form of Leibniz’s integral rule, we can exchange the derivative and the integral
to get the result. □

We now establish some notation to refer to geometric objects that we will use in the following
lemmas. Define

𝑅∗ ∶= sup

{
𝑟 > 0∶ ess sup

𝑥∉𝐵𝑟(𝑜)
𝜑(𝑥, 𝑜) = 1

}
. (4.16)

Observe that the assumption lim𝑟→∞ ess sup𝑥∉𝐵𝑟(𝑜) 𝜑(𝑥, 𝑜) < 1 implies that 𝑅∗ < ∞. Now since
∫ℍ𝑑 𝜑(𝑥, 𝑜)d𝑥 > 0, there exist 𝑢 ∈ ℍ𝑑 and 𝛿, 𝜀 > 0 such that both

dist(𝑢, 𝑜) > max {4𝛿, 𝑅∗ − 2𝛿}, (4.17)

ess inf
𝑥∈𝐵𝛿(𝑢),𝑦∈𝐵𝛿(𝑜)

𝜑(𝑥, 𝑦) > 𝜀. (4.18)

Let 𝛾̂ denote the (unique) geodesic containing both 𝑜 and 𝑢, and let 𝛾̂(𝑠) denote the isometric
parametrisation of 𝛾̂ such that 𝛾̂(0) = 𝑜 and 𝛾̂(𝑙) = 𝑢, where 𝑙 ∶= dist (𝑢, 𝑜).
For 𝑆 ∈ ℝ, let 𝐻+

𝑆
denote the minimal closed half-space containing

⋃
𝑠>𝑆 𝛾̂ (𝑠) with bound-

ary 𝜕𝐻+
𝑆
orthogonal to 𝛾̂, and similarly, let 𝐻−

𝑆
denote the minimal closed half-space containing⋃

𝑠<𝑆 𝛾̂ (𝑠)with boundary 𝜕𝐻−𝑆 orthogonal to 𝛾̂. Now given 𝑛 ∈ ℕ, we can partition our space using

𝐻1 ∶= 𝐻
−
2𝛿, 𝐻2 ∶= 𝐻

+
𝑛𝑙−2𝛿

, (4.19)

and

𝜕𝐻1 ∶= 𝜕𝐻
−
2𝛿, 𝜕𝐻2 ∶= 𝜕𝐻

+
𝑛𝑙−2𝛿

. (4.20)

It will also be convenient in the proof of Lemma 4.5 to make use of

𝐻3 ∶= 𝐻
−
1
2
𝑛𝑙
, 𝜕𝐻3 ∶= 𝜕𝐻

−
1
2
𝑛𝑙
. (4.21)

We now construct ‘stepping stones’ that will allow us to connect 𝑜 ∈ 𝐻1 to vertices in 𝐻2. For all
𝑘 ∈ ℕ, define

𝑉𝑘 ∶= 𝐵𝛿(𝛾̂(𝑘𝑙)). (4.22)

See Figure 4 for a sketch of the half-spaces and stepping stones.

Lemma 4.7. Let 𝜆min > 0 and 𝑑 ⩾ 2. Then, for sufficiently large 𝑛 ⩾ 1, there exist 𝐶1 =
𝐶1(𝜆min, 𝑛) > 0 and 𝐶2 = 𝐶2(𝜆min, 𝑛) > 0 such that for all 𝜆 ∈ [𝜆min, 𝜆𝑐),

d
d𝜆 ∫ℍ𝑑 𝜏𝜆(𝑜, 𝑥)d𝑥 ⩾ 𝐶1 ∫𝐻1 ∫𝐻2 ∫𝑉𝑛 ℙ𝜆(𝒞(𝑦, 𝜉

𝑦,𝑣) ⊂ 𝐻1, 𝑦 ⟷ 𝑜 in 𝜉𝑦,𝑜,

𝒞(𝑥, 𝜉𝑥,𝑣) ⊂ 𝐻2, 𝑣 ⟷ 𝑥 in 𝜉𝑥,𝑣)d𝑣d𝑦d𝑥 − 𝐶2. (4.23)
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18 of 50 DICKSON and HEYDENREICH

F IGURE 4 Sketch of the ‘stepping stones’ used to connect 𝑜 to a far half-space in Section 4.2.

The crux of the lemma is to write the pivotality in the RHS of (4.14) as an integral over half-
spaces only (to which subsequently we apply Proposition 4.3).

Proof. We carry out the proof in three steps.
Step 1. We first prove that there is a constant 𝑐 = 𝑐(𝜆min, 𝑛) such that for sufficiently large 𝑛,

we have

d
d𝜆 ∫ℍ𝑑 𝜏𝜆(𝑥, 𝑜)d𝑥

⩾ 𝑐 ∫𝐻1 ∫𝐻2 ∫𝑉𝑛 …∫𝑉1 ℙ𝜆(𝒞(𝑦, 𝜉
𝑦,𝑣1,…,𝑣𝑛 ) ⊂ 𝐻1, 𝑦 ⟷ 𝑜 in 𝜉𝑦,𝑜,𝒞(𝑥, 𝜉𝑥,𝑣1,…,𝑣𝑛 ) ⊂ 𝐻2,

𝑣𝑛⟷𝑥 in 𝜉𝑥,𝑣𝑛 )d𝑣1…d𝑣𝑛d𝑦d𝑥. (4.24)

To start with, by Lemma 4.6, we get

d
d𝜆 ∫ℍ𝑑 𝜏𝜆(𝑥, 𝑜) d𝑥 = ∫ℍ𝑑 ∫ℍ𝑑 ℙ𝜆(𝑢 ∈ 𝖯𝗂𝗏(𝑜, 𝑥; 𝜉

𝑜,𝑢,𝑥)) d𝑢d𝑥

= ∫ℍ𝑑 ∫ℍ𝑑 ℙ𝜆(𝑜 ∈ 𝖯𝗂𝗏(𝑥, 𝑦; 𝜉
𝑜,𝑥,𝑦)) d𝑥d𝑦, (4.25)

where in the last equality, we used the translation invariance of the model under the
hyperbolic measure.
Observe that 𝑜 ∈ 𝖯𝗂𝗏(𝑥, 𝑦; 𝜉𝑜,𝑥,𝑦) if and only if any path from 𝑥 to 𝑦 in the graph 𝜉𝑜,𝑥,𝑦 passes

through 𝑜. We want a lower bound on this, so we will start from the event that 𝑥⟷ 𝑜 in 𝜉𝑜,𝑥 and
𝑦⟷ 𝑜 in 𝜉𝑜,𝑦 and introduce restrictions that mean that . Firstly, we cannot have
𝑥 ∼ 𝑦in𝜉𝑥,𝑦 . This is independent of everything else in themodel so will immediately factorise out.
We then ask that there is a sequence of vertices 𝑜, 𝑣1, 𝑣2, … , 𝑣𝑛 (where each 𝑣𝑖 ∈ 𝑉𝑖) that forms a
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MEAN-FIELD BEHAVIOUR OF THE RANDOM CONNECTIONMODEL ON HYPERBOLIC SPACE 19 of 50

bridge between 𝐻1 and 𝐻2, and that 𝑦 is connected to 𝑜 within 𝐻1, while 𝑥 is connected to 𝑣𝑛
within𝐻2. To be precise, we bound

ℙ𝜆(𝑜 ∈ 𝖯𝗂𝗏(𝑥, 𝑦; 𝜉
𝑜,𝑥,𝑦)) ⩾ (1 − 𝜑(𝑥, 𝑦))

× ℙ𝜆
(
∃{𝑣𝑖}

𝑛
𝑖=1 ∶ 𝑣𝑖 ∈ 𝜂 ∩ 𝑉𝑖 ,𝒞(𝑦, 𝜉

𝑦) ⊂ 𝐻1,𝒞(𝑥, 𝜉
𝑥) ⊂ 𝐻2 ∪ {𝑣1, … , 𝑣𝑛},

𝑦 ⟷ 𝑜 in 𝜉𝑦,𝑜, 𝑜 ∼ 𝑣1 in 𝜉𝑜, 𝑣1 ∼ 𝑣2 in 𝜉, … ,

𝑣𝑛−1 ∼ 𝑣𝑛 in 𝜉, 𝑣𝑛⟷𝑥 in 𝜉𝑥). (4.26)

Nowwe condition on these stepping stone vertices {𝑣1, … , 𝑣𝑛} being in the configuration, and note
that they are all independently and uniformly distributed over the 𝑉𝑖 . Therefore,

ℙ𝜆
(
∃{𝑣𝑖}

𝑛
𝑖=1 ∶ 𝑣𝑖 ∈ 𝜂 ∩ 𝑉𝑖 ,𝒞 (𝑦, 𝜉

𝑦) ⊂ 𝐻1,𝒞 (𝑥, 𝜉
𝑥) ⊂ 𝐻2 ∪ {𝑣1, … , 𝑣𝑛} , 𝑦 ⟷ 𝑜 in 𝜉𝑦,𝑜,

𝑜 ∼ 𝑣1 in 𝜉
𝑜, 𝑣1 ∼ 𝑣2 in 𝜉, … , 𝑣𝑛−1 ∼ 𝑣𝑛 in 𝜉, 𝑣𝑛⟷𝑥 in 𝜉𝑥)

⩾

(
𝑛∏
𝑖=1

ℙ𝜆 (#𝜂 ∩ 𝑉𝑖 ⩾ 1)

)
∫𝑉𝑛 …∫𝑉1 ℙ𝜆 (𝒞 (𝑦, 𝜉

𝑦) ⊂ 𝐻1, 𝑦 ⟷ 𝑜 in 𝜉𝑦,𝑜,𝒞 (𝑥, 𝜉𝑥) ⊂ 𝐻2, 𝑜 ∼ 𝑣1 in 𝜉
𝑜,

𝑣1 ∼ 𝑣2 in 𝜉, … , 𝑣𝑛−1 ∼ 𝑣𝑛 in 𝜉, 𝑣𝑛⟷𝑥 in 𝜉𝑥 | 𝑣1, … , 𝑣𝑛 ∈ 𝜂)
d𝑣1 …d𝑣𝑛.

(4.27)

Observe that in this step, we also change the event {𝒞 (𝑥, 𝜉𝑥) ⊂ 𝐻2 ∪ {𝑣1, … , 𝑣𝑛}} to
{𝒞 (𝑥, 𝜉𝑥) ⊂ 𝐻2}. The inequality arises because the latter event is a subset of the former.
Since 𝜂 is a Poisson point process, conditioning on 𝑣1, … , 𝑣𝑛 ∈ 𝜂 is equivalent to augmenting 𝜉

with these vertices. Therefore,

ℙ𝜆(𝒞(𝑦, 𝜉
𝑦) ⊂ 𝐻1, 𝑦 ⟷ 𝑜 in 𝜉𝑦,𝑜,𝒞(𝑥, 𝜉𝑥) ⊂ 𝐻2, 𝑜 ∼ 𝑣1 in 𝜉𝑜,

𝑣1 ∼ 𝑣2 in 𝜉, … , 𝑣𝑛−1 ∼ 𝑣𝑛 in 𝜉, 𝑣𝑛⟷𝑥 in 𝜉𝑥
|||| 𝑣1, … , 𝑣𝑛 ∈ 𝜂

)
= ℙ𝜆(𝒞(𝑦, 𝜉

𝑦,𝑣1,…,𝑣𝑛 ) ⊂ 𝐻1, 𝑦 ⟷ 𝑜 in 𝜉𝑦,𝑜,𝑣1,…,𝑣𝑛 ,𝒞(𝑥, 𝜉𝑥,𝑣1,…,𝑣𝑛 ) ⊂ 𝐻2, 𝑜 ∼ 𝑣1 in 𝜉𝑜,𝑣1 ,

𝑣1 ∼ 𝑣2 in 𝜉𝑣1,𝑣2 , … , 𝑣𝑛−1 ∼ 𝑣𝑛 in 𝜉𝑣𝑛−1,𝑣𝑛 , 𝑣𝑛⟷𝑥 in 𝜉𝑣1,…,𝑣𝑛 ,𝑥)

⩾ ℙ𝜆(𝒞(𝑦, 𝜉
𝑦,𝑣1,…,𝑣𝑛 ) ⊂ 𝐻1, 𝑦 ⟷ 𝑜 in 𝜉𝑦,𝑜,𝒞(𝑥, 𝜉𝑥,𝑣1,…,𝑣𝑛 ) ⊂ 𝐻2, 𝑜 ∼ 𝑣1 in 𝜉𝑜,𝑣1 ,

𝑣1 ∼ 𝑣2 in 𝜉𝑣1,𝑣2 , … , 𝑣𝑛−1 ∼ 𝑣𝑛 in 𝜉𝑣𝑛−1,𝑣𝑛 , 𝑣𝑛⟷𝑥 in 𝜉𝑣𝑛 ,𝑥). (4.28)

The inequality arises because {𝑦 ⟷ 𝑜 in 𝜉𝑦,𝑜,𝑣1,…,𝑣𝑛 } ⊃ {𝑦 ⟷ 𝑜 in 𝜉𝑦,𝑜} and {𝑣𝑛⟷𝑥 in
𝜉𝑣1,…,𝑣𝑛 ,𝑥} ⊃ {𝑣𝑛⟷𝑥 in 𝜉𝑣𝑛 ,𝑥}. Note that many of the extra vertices are omitted from the adja-
cency events because these are independent of the entire configuration other than the two
vertices in question. This independence can be further used to extract these events from the
probability:

ℙ𝜆(𝒞(𝑦, 𝜉
𝑦,𝑣1,…,𝑣𝑛 ) ⊂ 𝐻1, 𝑦 ⟷ 𝑜 in 𝜉𝑦,𝑜,𝒞(𝑥, 𝜉𝑥,𝑣1,…,𝑣𝑛 ) ⊂ 𝐻2, 𝑜 ∼ 𝑣1 in 𝜉𝑜,𝑣1 ,

𝑣1 ∼ 𝑣2 in 𝜉𝑣1,𝑣2 , … , 𝑣𝑛−1 ∼ 𝑣𝑛 in 𝜉𝑣𝑛−1,𝑣𝑛 , 𝑣𝑛⟷𝑥 in 𝜉𝑣𝑛 ,𝑥)
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20 of 50 DICKSON and HEYDENREICH

= ℙ𝜆(𝒞(𝑦, 𝜉
𝑦,𝑣1,…,𝑣𝑛 ) ⊂ 𝐻1, 𝑦 ⟷ 𝑜 in 𝜉𝑦,𝑜,𝒞(𝑥, 𝜉𝑥,𝑣1,…,𝑣𝑛 ) ⊂ 𝐻2, 𝑣𝑛⟷𝑥 in 𝜉𝑣𝑛 ,𝑥)

× 𝜑(𝑜, 𝑣1)𝜑(𝑣1, 𝑣2) …𝜑(𝑣𝑛−1, 𝑣𝑛). (4.29)

The above steps lead to the bound

d
d𝜆 ∫ℍ𝑑 𝜏𝜆(𝑥, 𝑜)d𝑥

⩾

(
𝑛∏
𝑖=1

ℙ𝜆(#𝜂 ∩ 𝑉𝑖 ⩾ 1)

)
∫ℍ𝑑 ∫ℍ𝑑 (1 − 𝜑(𝑥, 𝑦))∫𝑉𝑛 …∫𝑉1 ℙ𝜆(𝒞(𝑦, 𝜉

𝑦,𝑣1,…,𝑣𝑛 ) ⊂ 𝐻1,

𝑦 ⟷ 𝑜 in 𝜉𝑦,𝑜,𝒞(𝑥, 𝜉𝑥,𝑣1,…,𝑣𝑛 ) ⊂ 𝐻2, 𝑣𝑛⟷𝑥 in 𝜉𝑥,𝑣𝑛 )

× 𝜑(𝑜, 𝑣1) …𝜑(𝑣𝑛−1, 𝑣𝑛)d𝑣1…d𝑣𝑛d𝑦d𝑥. (4.30)

Because 𝜂 is a Poisson point process with intensity 𝜆,

ℙ𝜆(#𝜂 ∩ 𝑉𝑖 ⩾ 1) = 1 − exp
(
−𝜆|𝐵𝛿(𝑜)|ℍ𝑑) ⩾ 1 − exp (−𝜆min|𝐵𝛿(𝑜)|ℍ𝑑).

Since lim𝑟→∞ ess sup𝑥∉𝐵𝑟(𝑜) 𝜑(𝑥, 𝑦) < 1, if 𝑛 is sufficiently large and we restrict to 𝑥 ∈ 𝐻1 and 𝑦 ∈
𝐻2, then there exists 𝑐 > 0 such that 1 − 𝜑 (𝑥, 𝑦) ⩾ 𝑐. Together with the lower bound 𝜑

(
𝑣𝑖 , 𝑣𝑖+1

)
⩾

inf𝑢∈𝑉𝑖 ,𝑢′∈𝑉𝑖+1 𝜑
(
𝑢, 𝑢′
)
⩾ 𝜀 for our stepping stones, these give (4.24).

Step 2. This bound is still too messy for our purposes. We want to remove the augmented ver-
tices 𝑣1, … , 𝑣𝑛−1 from the integrand, so that this dependence disappears andwe can integrate these
variables over𝑉1, … , 𝑉𝑛−1. Thiswillmake it easier to factorise the integral in the following lemma.
To this end, we introduce some notation. Given 𝑥 ∈ 𝐻2 and 𝑦 ∈ 𝐻1, we define ‘blue’ vertices to
be

𝐵 ∶=
𝑛−1⋃
𝑖=1

{𝑢 ∈ 𝜂𝑦 ∩ 𝐻1 ∶ 𝑢 ∼ 𝑣𝑖 in 𝜉𝑦,𝑣1,…,𝑣𝑛 } ∪
𝑛−1⋃
𝑖=1

{𝑢 ∈ 𝜂𝑥 ∩ 𝐻2 ∶ 𝑢 ∼ 𝑣𝑖 in 𝜉𝑥,𝑣1,…,𝑣𝑛 }. (4.31)

The set 𝐵 consists of the troublesome vertices for us if we wanted to remove the vertices
𝑣1, … , 𝑣𝑛−1 from our probability, because the vertices in the first part provide avenues through
which the cluster of 𝑦 could ‘escape’ 𝐻1 in 𝜉𝑦,𝑣1,…,𝑣𝑛 but not in 𝜉𝑦,𝑣𝑛 , and vertices in the second
part provide avenues through which the cluster of 𝑥 could ‘escape’𝐻2 in 𝜉𝑥,𝑣1,…,𝑣𝑛 but not in 𝜉𝑥,𝑣𝑛 .
Also note that𝐵 ⧵ {𝑥, 𝑦} is distributed as a Poisson point processwhose intensitymeasure is finite
and has total mass less than or equal to (𝑛 − 1) ∫ℍ𝑑 𝜑(𝑥, 𝑜)d𝑥.
For 𝜀1 ⩾ 0, 𝑛 ⩾ 2, and a sequence of points {𝑣1, … , 𝑣𝑛−1} ⊂ ℍ𝑑, we define the measurable

set

𝜀1 ∶=
{
𝑧 ∈ ℍ𝑑 ∶ 1 −

𝑛−1∏
𝑖=1

(1 − 𝜑(𝑧, 𝑣𝑖)) ⩾ 1 − 𝜀1

}
. (4.32)

This is the set of positions such that if a vertex was at this position, then it would be adjacent to at
least one of the vertices {𝑣1, … , 𝑣𝑛−1}with a ‘high probability.’ Observe that𝜀1 is non-decreasing
in 𝜀1, and it has finite measure:

|𝜀1 |ℍ𝑑 ⩽ 𝑛 − 11 − 𝜀1 ∫ℍ𝑑 𝜑(𝑥, 𝑜)d𝑥 < ∞. (4.33)
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MEAN-FIELD BEHAVIOUR OF THE RANDOM CONNECTIONMODEL ON HYPERBOLIC SPACE 21 of 50

Also observe that since lim𝑟→∞ ess sup𝑥∉𝐵𝑟(𝑜) 𝜑(𝑥, 𝑦) < 1, for sufficiently small 𝜀1, we have that𝜀1 is bounded except for possibly a null set.
We now make the claim that for 𝜀1 sufficiently small, there exists 𝑐 = 𝑐(𝑛, 𝜆, 𝜀1) > 0 such that

for 𝑥 ∈ 𝐻2 ⧵𝜀1 and 𝑦 ∈ 𝐻1 ⧵𝜀1 ,

ℙ𝜆(𝒞(𝑦, 𝜉
𝑦,𝑣1,…,𝑣𝑛 ) ⊂ 𝐻1, 𝑦 ⟷ 𝑜 in 𝜉𝑦,𝑜,𝒞(𝑥, 𝜉𝑥,𝑣1,…,𝑣𝑛 ) ⊂ 𝐻2, 𝑣𝑛⟷𝑥 in 𝜉𝑥,𝑣𝑛 )

⩾ 𝑐ℙ𝜆(𝒞(𝑦, 𝜉
𝑦,𝑣𝑛 ) ⊂ 𝐻1, 𝑦 ⟷ 𝑜 in 𝜉𝑦,𝑜,𝒞(𝑥, 𝜉𝑥,𝑣𝑛 ) ⊂ 𝐻2, 𝑣𝑛⟷𝑥 in 𝜉𝑥,𝑣𝑛 ). (4.34)

For 𝑥 ∉ 𝐻2 ⧵𝜀1 or 𝑦 ∉ 𝐻1 ⧵𝜀1 , we will use the trivial lower bound of 0.
To demonstrate the strategy, we first consider the case where 𝑅∗ = 0. Observe that this means

that |𝜀1 |ℍ𝑑 ↘ 0 as 𝜀1 ↘ 0, and, in particular, that𝜀1 ∩ 𝐻1 and𝜀1 ∩ 𝐻2 are null for sufficiently
small 𝜀1. Since 𝑥 ∉ 𝜀1 and 𝑦 ∉ 𝜀1 , they are not themselves blue with a positive probability and
the Poissonian nature of the remaining vertices tells us that there exists 𝑐 = 𝑐(𝑛, 𝜆) > 0 such that
ℙ𝜆 (#𝐵 = 0) = 𝑐. Furthermore, if there are no blue vertices, then 𝒞 (𝑦, 𝜉𝑦,𝑣1,…,𝑣𝑛 ) ⊂ 𝐻1 precisely
when 𝒞 (𝑦, 𝜉𝑦,𝑣𝑛 ) ⊂ 𝐻1, and 𝒞 (𝑥, 𝜉𝑥,𝑣1,…,𝑣𝑛 ) ⊂ 𝐻2 precisely when 𝒞 (𝑥, 𝜉𝑥,𝑣𝑛 ) ⊂ 𝐻2. Therefore,
when 𝑥 ∉ 𝜀1 and 𝑦 ∉ 𝜀1 ,
ℙ𝜆(𝒞(𝑦, 𝜉

𝑦,𝑣1,…,𝑣𝑛 ) ⊂ 𝐻1, 𝑦 ⟷ 𝑜 in 𝜉𝑦,𝑜,𝒞(𝑥, 𝜉𝑥,𝑣1,…,𝑣𝑛 ) ⊂ 𝐻2, 𝑣𝑛⟷𝑥 in 𝜉𝑥,𝑣𝑛 )

⩾ ℙ𝜆(𝒞(𝑦, 𝜉
𝑦,𝑣1,…,𝑣𝑛 ) ⊂ 𝐻1, 𝑦 ⟷ 𝑜 in 𝜉𝑦,𝑜,𝒞(𝑥, 𝜉𝑥,𝑣1,…,𝑣𝑛 ) ⊂ 𝐻2,

𝑣𝑛⟷𝑥 in 𝜉𝑥,𝑣𝑛 | #𝐵 = 0)ℙ𝜆(#𝐵 = 0)
= 𝑐ℙ𝜆(𝒞(𝑦, 𝜉

𝑦,𝑣𝑛 ) ⊂ 𝐻1, 𝑦 ⟷ 𝑜 in 𝜉𝑦,𝑜,𝒞(𝑥, 𝜉𝑥,𝑣𝑛 ) ⊂ 𝐻2,

𝑣𝑛⟷𝑥 in 𝜉𝑥,𝑣𝑛 | #𝐵 = 0). (4.35)

If 𝜉 ∼ ℙ𝜆 (⋅ | #𝐵 = 0), and 𝜉′ ∼ ℙ𝜈 where 𝜈 is defined by the Radon–Nikodym derivative

d𝜈
d𝑥
= 𝜆

𝑛−1∏
𝑖=1

(1 − 𝜑(𝑥, 𝑣𝑖)), (4.36)

then 𝜉
𝑑
= 𝜉′. Now recall that 𝜀1 ∩ 𝐻1 and 𝜀1 ∩ 𝐻2 are null for sufficiently small 𝜀1. There-

fore, 1
𝜆
d𝜈
d𝑥
∈ (𝜀1, 1] almost everywhere. Furthermore since 𝜆 − 𝜈 is a finite measure (in fact,

(𝜆 − 𝜈)
(
ℍ𝑑
)
⩽ 𝜆𝑛 ∫ℍ𝑑 𝜑(𝑥, 𝑜)d𝑥 < ∞), we can modify a configuration distributed as ℙ𝜆 that sat-

isfies the event so that it is now distributed as ℙ𝜈 at only the cost of a factor 𝑐 = 𝑐(𝑛, 𝜆, 𝜀1).
Multiplying 𝑐 and 𝑐 then gives the claimed 𝑐 = 𝑐(𝑛, 𝜆, 𝜀1).
Now let us address the case where 𝑅∗ ∈ (0,∞). Recall that we suppose that 𝑥 ∉ 𝜀1 and 𝑦 ∉𝜀1 for some 𝜀1 > 0. Once again because 𝐵 ⧵ {𝑥, 𝑦} is distributed as independent Poisson point

processeswhose intensitymeasure is finite,we are able tomodify the configuration such that there
are no blue vertices. However, since 𝑅∗ > 0, we now have the possibility that d𝜈

d𝑥
= 0 on a positive

measure part of 𝐻1 or 𝐻2. We therefore have to be careful with reintroducing vertices to ensure
that 𝑦⟷ 𝑜 in 𝜉𝑦,𝑜 and 𝑣𝑛⟷𝑥 in 𝜉𝑥,𝑣𝑛 still occur. Fortunately, having 𝑅∗ < ∞ ensures that𝜀1
is bounded by

⋃𝑛−1
𝑖=1 𝐵𝑅∗+𝜀2+𝛿(𝑣𝑖) for some 𝜀2 = 𝜀2 (𝜀1) > 0where lim𝜀1↘0 𝜀2 = 0. The symmetry of

𝜑 and the construction of the 𝑉𝑖 ensures that there is a positive probability that 𝑜 is adjacent to
a vertex in 𝜂 ∩ 𝐻1 ∩ c𝜀1 , and 𝑣𝑛 is adjacent to a vertex in 𝜂 ∩ 𝐻2 ∩ c𝜀1 . There is then a positive
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22 of 50 DICKSON and HEYDENREICH

probability that these vertices are connected to 𝑦 and 𝑥, respectively. This concludes the proof of
the claim in (4.34).
Step 3. We now have that for sufficiently large 𝑛, there exists 𝑐 > 0 such that

d
d𝜆 ∫ℍ𝑑 𝜏𝜆(𝑥, 𝑜)d𝑥

⩾ 𝑐 ∫𝐻1⧵𝜀1 ∫𝐻2⧵𝜀1 ∫𝑉𝑛
…∫𝑉1 ℙ𝜆(𝒞(𝑦, 𝜉

𝑦,𝑣𝑛 ) ⊂ 𝐻1, 𝑦 ⟷ 𝑜 in 𝜉𝑦,𝑜,𝒞(𝑥, 𝜉𝑥,𝑣𝑛 ) ⊂ 𝐻2,

𝑣𝑛⟷𝑥 in 𝜉𝑥,𝑣𝑛 ) d𝑣1…d𝑣𝑛d𝑦d𝑥

= 𝑐 |𝐵𝛿(𝑜)|𝑛−1ℍ𝑑 ∫𝐻1⧵𝜀1 ∫𝐻2⧵𝜀1 ∫𝑉𝑛
ℙ𝜆(𝒞(𝑦, 𝜉

𝑦,𝑣𝑛 ) ⊂ 𝐻1, 𝑦 ⟷ 𝑜 in 𝜉𝑦,𝑜,𝒞(𝑥, 𝜉𝑥,𝑣𝑛 ) ⊂ 𝐻2,

𝑣𝑛⟷𝑥 in 𝜉𝑥,𝑣𝑛 ) d𝑣𝑛d𝑦d𝑥. (4.37)

We can then remove the𝜀1 terms from the integral domains by performing the following bound.
Since we can bound the integrand above by 1,

∫𝐻1 ∫𝐻2 ℙ𝜆(𝒞(𝑦, 𝜉
𝑦,𝑣𝑛 ) ⊂ 𝐻1, 𝑦 ⟷ 𝑜 in 𝜉𝑦,𝑜,𝒞(𝑥, 𝜉𝑥,𝑣𝑛 ) ⊂ 𝐻2, 𝑣𝑛⟷𝑥 in 𝜉𝑥,𝑣𝑛 ) d𝑦d𝑥

⩽ ∫𝐻1⧵𝜀1 ∫𝐻2⧵𝜀1
ℙ𝜆(𝒞(𝑦, 𝜉

𝑦,𝑣𝑛 ) ⊂ 𝐻1, 𝑦 ⟷ 𝑜 in 𝜉𝑦,𝑜,

𝒞(𝑥, 𝜉𝑥,𝑣𝑛 ) ⊂ 𝐻2, 𝑣𝑛⟷𝑥 in 𝜉𝑥,𝑣𝑛 ) d𝑦d𝑥 + |𝜀1 |2ℍ𝑑 .
(4.38)

Therefore, after exchanging the order of integration (by Tonelli’s theorem), we have that for
sufficiently large 𝑛, there exists 𝑐′ > 0 such that

d
d𝜆 ∫ℍ𝑑 𝜏𝜆(𝑥, 𝑜)d𝑥

⩾ 𝑐′ ∫𝐻1 ∫𝐻2 ∫𝑉𝑛 ℙ𝜆(𝒞(𝑦, 𝜉
𝑦,𝑣𝑛 ) ⊂ 𝐻1, 𝑦 ⟷ 𝑜 in 𝜉𝑦,𝑜,𝒞(𝑥, 𝜉𝑥,𝑣𝑛 ) ⊂ 𝐻2,

𝑣𝑛⟷𝑥 in 𝜉𝑥,𝑣𝑛 )d𝑣𝑛d𝑦d𝑥 − 𝑐′|𝐵𝛿(𝑜)|ℍ𝑑 |𝜀1 |2ℍ𝑑 .
(4.39)

□

Proof of Lemma 4.5. For the sake of readability, let us abbreviate

𝐸(𝑦) ∶= {𝒞(𝑦, 𝜉𝑦) ⊂ 𝐻1, 𝑦 ⟷ 𝑜 in 𝜉𝑦,𝑜}, (4.40)

𝐸(𝑦, 𝑣𝑛) ∶= {𝒞(𝑦, 𝜉
𝑦,𝑣𝑛 ) ⊂ 𝐻1, 𝑦 ⟷ 𝑜 in 𝜉𝑦,𝑜}, (4.41)

𝐹(𝑣𝑛, 𝑥) ∶= {𝒞(𝑥, 𝜉
𝑥,𝑣𝑛 ) ⊂ 𝐻2, 𝑣𝑛⟷𝑥 in 𝜉𝑣𝑛 ,𝑥}. (4.42)
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MEAN-FIELD BEHAVIOUR OF THE RANDOM CONNECTIONMODEL ON HYPERBOLIC SPACE 23 of 50

Observe that as 𝑛 → ∞, we have ℙ𝜆 (𝐸(𝑦, 𝑣𝑛) ∩ 𝐹(𝑣𝑛, 𝑥)) → ℙ𝜆 (𝐸(𝑦) ∩ 𝐹(𝑣𝑛, 𝑥)) monotonically
since the probability that 𝑣𝑛 is adjacent to any vertex in 𝐻1 tends to 0 monotonically. Therefore,
for sufficiently large 𝑛, we have by Lemma 4.7 the existence of 𝑐 > 0 and 𝑐′ < ∞ such that

d
d𝜆 ∫ℍ2 𝜏𝜆(𝑥, 𝑜)d𝑥 ⩾ 𝑐 ∫𝐻1 ∫𝐻2 ∫𝑉𝑛 ℙ𝜆(𝐸(𝑦) ∩ 𝐹(𝑣, 𝑥)) d𝑣d𝑥d𝑦 − 𝑐

′. (4.43)

Our objective now is to condition on a separation event under which 𝐸 and 𝐹 are indepen-
dent events, and therefore, the probability and the integrals factorise. To this end, we define the
separation event

𝑛 ∶= {𝜉 ∶ ∀𝑎 ∈ 𝜂 ∩ 𝐻1, ∀𝑏 ∈ 𝜂 ∩ 𝐻c3, 𝑎 ≁ 𝑏} ∩ {𝜉 ∶ ∀𝑎 ∈ 𝜂 ∩ 𝐻3, ∀𝑏 ∈ 𝜂 ∩ 𝐻2, 𝑎 ≁ 𝑏}. (4.44)

This is constructed so that the configurations on 𝐻1 and 𝐻2 are independent when we condition
on it. By the law of total probability, it is immediate that

ℙ𝜆(𝐸(𝑦) ∩ 𝐹(𝑣, 𝑥)) ⩾ ℙ𝜆(𝐸(𝑦) ∩ 𝐹(𝑣, 𝑥) | 𝜉𝑜,𝑥,𝑦,𝑣 ∈ 𝑛)ℙ𝜆(𝜉𝑜,𝑥,𝑦,𝑣 ∈ 𝑛), (4.45)

and our definition of the conditioning event ensures that for 𝑥 ∈ 𝐻2, 𝑣 ∈ 𝑉𝑛 ⊂ 𝐻2, and 𝑦 ∈ 𝐻1,
we have

ℙ𝜆(𝐸(𝑦) ∩ 𝐹(𝑣, 𝑥) | 𝜉𝑜,𝑥,𝑦,𝑣 ∈ 𝑛) = ℙ𝜆(𝐸(𝑦) | 𝜉𝑜,𝑥,𝑦,𝑣 ∈ 𝑛)ℙ𝜆(𝐹(𝑣, 𝑥) | 𝜉𝑜,𝑥,𝑦,𝑣 ∈ 𝑛). (4.46)

We are now bounding ℙ𝜆 (𝜉𝑜,𝑥,𝑦,𝑣 ∈ 𝑛) and the two factors on the RHS of (4.46) in order to get
that there exists 𝑐′′ > 0 such that for sufficiently large 𝑛,

d
d𝜆 ∫ℍ2 𝜏𝜆(𝑥, 𝑜)d𝑥 ⩾ 𝑐

′′ ∫𝐻1 ∫𝐻2 ∫𝑉𝑛 ℙ𝜆(𝐸(𝑦))ℙ𝜆(𝐹(𝑣, 𝑥)) d𝑣d𝑥d𝑦 − 𝑐
′

= 𝑐′′
(
∫𝐻1 ℙ𝜆(𝐸(𝑦))d𝑦

)(
∫𝐻2 ∫𝑉𝑛 ℙ𝜆(𝐹(𝑣, 𝑥)) d𝑣d𝑥

)
− 𝑐′. (4.47)

To this end, we first find a lower bound for ℙ𝜆 (𝜉𝑜,𝑥,𝑦,𝑣 ∈ 𝑛). Note that since 𝑥, 𝑣 ∈ 𝐻2 and 𝑜, 𝑦 ∈
𝐻1, we can decompose the event {𝜉𝑜,𝑥,𝑦,𝑣 ∈ 𝑛} into the non-disjoint events

{𝜉𝑜,𝑥,𝑦,𝑣 ∈ 𝑛} = {𝑥 ≁ 𝑦} ∩ {𝑣 ≁ 𝑦} ∩ {𝑥 ≁ 𝑜} ∩ {𝑣 ≁ 𝑦} ∩ {𝜉𝑥,𝑣 ∈ 𝑛} ∩ {𝜉𝑜,𝑦 ∈ 𝑛}. (4.48)

The first four events are independent of the last two, and these last two are both decreasing events.
Therefore, the FKG inequality [19, (2.19)] produces

ℙ𝜆(𝜉
𝑜,𝑥,𝑦,𝑣 ∈ 𝑛) ⩾ (1 − 𝜑(𝑥, 𝑦))(1 − 𝜑(𝑣, 𝑦))(1 − 𝜑(𝑥, 𝑜))(1 − 𝜑(𝑣, 𝑜))ℙ𝜆(𝜉𝑥,𝑣 ∈ 𝑛)ℙ𝜆(𝜉𝑜,𝑦 ∈ 𝑛).

(4.49)
Recall that 𝜑 ∶= lim𝑟→∞ ess sup𝑥∉𝑟(𝑜) 𝜑 (𝑥, 𝑜) < 1, and ∫ℍ𝑑 𝜑(𝑥, 𝑜)d𝑥 < ∞. Therefore, Mecke’s
formula and dominated convergence implies that lim𝑛→∞ ℙ𝜆 (𝜉𝑥,𝑣 ∈ 𝑛) = 1 uniformly in 𝑥, 𝑣 ∈
𝐻2 and lim𝑛→∞ ℙ𝜆 (𝜉𝑜,𝑦 ∈ 𝑛) = 1 uniformly in 𝑦 ∈ 𝐻1. Hence, for sufficiently large 𝑛, we have

ℙ𝜆(𝜉
𝑜,𝑥,𝑦,𝑣 ∈ 𝑛) ⩾ 12

(
1 − 𝜑

)4
> 0 (4.50)

for all 𝑦 ∈ 𝐻1 and 𝑥, 𝑣 ∈ 𝐻2.

 14697750, 2025, 5, D
ow

nloaded from
 https://londm

athsoc.onlinelibrary.w
iley.com

/doi/10.1112/jlm
s.70345 by U

niversitätsbibliothek A
ugsburg, W

iley O
nline Library on [10/12/2025]. See the Term

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline Library for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons License



24 of 50 DICKSON and HEYDENREICH

To boundℙ𝜆
(
𝐸(𝑦)

|||| 𝜉𝑜,𝑥,𝑦,𝑣 ∈ 𝑛
)
from below, we first adjust the conditioning event to finally

decouple the 𝑥 and 𝑣, and 𝑦 dependence. By using (4.48) and the independence of the edges
between 𝑥, 𝑣, 𝑦 and 𝑜 from the rest of the graph,

ℙ𝜆(𝐸(𝑦) | 𝜉𝑜,𝑥,𝑦,𝑣 ∈ 𝑛)
=

ℙ𝜆(𝐸(𝑦) ∩ {𝜉
𝑜,𝑥,𝑦,𝑣 ∈ 𝑛})

ℙ𝜆(𝑥 ≁ 𝑦)ℙ𝜆(𝑣 ≁ 𝑦)ℙ𝜆(𝑥 ≁ 𝑜)ℙ𝜆(𝑣 ≁ 𝑦)ℙ𝜆({𝜉𝑥,𝑣 ∈ 𝑛} ∩ {𝜉𝑜,𝑦 ∈ 𝑛})
⩾

ℙ𝜆(𝐸(𝑦) ∩ {𝜉
𝑜,𝑥,𝑦,𝑣 ∈ 𝑛})

ℙ𝜆({𝜉𝑥,𝑣 ∈ 𝑛} ∩ {𝜉𝑜,𝑦 ∈ 𝑛})
= ℙ𝜆(𝐸(𝑦) ∩ {𝑥 ≁ 𝑦} ∩ {𝑣 ≁ 𝑦} ∩ {𝑥 ≁ 𝑜} ∩ {𝑣 ≁ 𝑦} | {𝜉𝑥,𝑣 ∈ 𝑛} ∩ {𝜉𝑜,𝑦 ∈ 𝑛}). (4.51)

Note that as discussed above, FKG, Mecke and dominated convergence implies that

ℙ𝜆({𝜉
𝑥,𝑣 ∈ 𝑛} ∩ {𝜉𝑜,𝑦 ∈ 𝑛}) ⩾ ℙ𝜆(𝜉𝑥,𝑣 ∈ 𝑛)ℙ𝜆(𝜉𝑜,𝑦 ∈ 𝑛) → 1 (4.52)

as 𝑛 → ∞, uniformly for 𝑥, 𝑣 ∈ 𝐻2 and 𝑦 ∈ 𝐻1. Therefore,

ℙ𝜆(𝐸(𝑦) ∩ {𝑥 ≁ 𝑦} ∩ {𝑣 ≁ 𝑦} ∩ {𝑥 ≁ 𝑜} ∩ {𝑣 ≁ 𝑦} | {𝜉𝑥,𝑣 ∈ 𝑛} ∩ {𝜉𝑜,𝑦 ∈ 𝑛})
ℙ𝜆(𝐸(𝑦) ∩ {𝑥 ≁ 𝑦} ∩ {𝑣 ≁ 𝑦} ∩ {𝑥 ≁ 𝑜} ∩ {𝑣 ≁ 𝑦})

→ 1 (4.53)

as 𝑛 → ∞, uniformly for 𝑥, 𝑣 ∈ 𝐻2 and 𝑦 ∈ 𝐻1. Using (4.51) with (4.53) gives

ℙ𝜆(𝐸(𝑦) | 𝜉𝑜,𝑥,𝑦,𝑣 ∈ 𝑛) ⩾ 12ℙ𝜆(𝐸(𝑦) ∩ {𝑥 ≁ 𝑦} ∩ {𝑣 ≁ 𝑦} ∩ {𝑥 ≁ 𝑜} ∩ {𝑣 ≁ 𝑦})
for 𝑛 sufficiently large. We observe independence of the events 𝐸(𝑦), {𝑥 ≁ 𝑦}, {𝑣 ≁ 𝑦}, {𝑥 ≁ 𝑜}, and
{𝑣 ≁ 𝑦} (so that their joint probability factors), and have that for 𝑛 sufficiently large (independent
of 𝑥, 𝑣 ∈ 𝐻2, and 𝑦 ∈ 𝐻1)

ℙ𝜆(𝐸(𝑦) | 𝜉𝑜,𝑥,𝑦,𝑣 ∈ 𝑛) ⩾ 12
(
1 − 𝜑

)4
ℙ𝜆(𝐸(𝑦)). (4.54)

The same argument also gives

ℙ𝜆(𝐹(𝑣, 𝑥) | 𝜉𝑜,𝑥,𝑦,𝑣 ∈ 𝑛) ⩾ 12
(
1 − 𝜑

)4
ℙ𝜆(𝐹(𝑣, 𝑥)) (4.55)

for 𝑛 sufficiently large (again independent of 𝑥, 𝑣 ∈ 𝐻2, and 𝑦 ∈ 𝐻1). This finishes the proof of
(4.47).
We next claim that there exist 𝑐′′′ > 0 and 𝑐′ < ∞ such that

d
d𝜆 ∫ℍ𝑑 𝜏𝜆(𝑥, 𝑜)d𝑥 ⩾ 𝑐

′′′𝔼𝜆

[
#𝒞(𝑜, 𝜉𝑜)𝟙{

𝒞(𝑜,𝜉𝑜)⊂𝐻−2𝜀

}]𝔼𝜆[#𝒞(𝑜, 𝜉𝑜)𝟙{𝒞(𝑜,𝜉𝑜)⊂𝐻−
𝛿

}] − 𝑐′. (4.56)

In order to show this claim, we further bound from below the two terms in brackets on the RHS
of (4.47). We start with ∫𝐻1 ℙ𝜆 (𝐸(𝑦)) d𝑦 and write out

∫𝐻1 ℙ𝜆(𝐸(𝑦))d𝑦 = ∫𝐻1 ℙ𝜆(𝒞(𝑦, 𝜉
𝑦) ⊂ 𝐻1, 𝑦 ⟷ 𝑜 in 𝜉𝑦,𝑜) d𝑦
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MEAN-FIELD BEHAVIOUR OF THE RANDOM CONNECTIONMODEL ON HYPERBOLIC SPACE 25 of 50

⩾ ∫𝐻1 ℙ𝜆(𝒞(𝑦, 𝜉
𝑜,𝑦) ⊂ 𝐻1, 𝑦 ⟷ 𝑜 in 𝜉𝑦,𝑜) d𝑦

= ∫𝐻1 ℙ𝜆(𝒞(𝑜, 𝜉
𝑜,𝑦) ⊂ 𝐻1, 𝑦 ⟷ 𝑜 in 𝜉𝑦,𝑜) d𝑦. (4.57)

Here, we first introduced the vertex 𝑜 to 𝜉𝑦 , which produces a sub-event of the original event, and
then were able to replace the first 𝑦 in𝒞 (𝑦, 𝜉𝑜,𝑦) with an 𝑜 because we are also on the event that
𝑦⟷ 𝑜 in 𝜉𝑦,𝑜, and therefore, the two clusters are the same cluster. Finally, we are able to use
Mecke’s formula to get

∫𝐻1 ℙ𝜆(𝐸(𝑦))d𝑦 ⩾
1
𝜆
𝔼𝜆

[
#𝒞(𝑜, 𝜉𝑜)𝟙{𝒞(𝑜,𝜉𝑜)⊂𝐻1}

]
. (4.58)

This is exactly what we require once we notice that 𝜆 < 𝜆c < ∞ and𝐻1 ∶= 𝐻−2𝜀.
We now bound ∫𝐻2 ∫𝑉𝑛 ℙ𝜆 (𝐹(𝑣, 𝑥)) d𝑣d𝑥. Firstly, we use Tonelli’s lemma to exchange the order

of integration, and replace an instance of 𝑥 in the integrand with 𝑣 because we know that they are
in the same cluster:

∫𝐻2 ∫𝑉𝑛 ℙ𝜆(𝐹(𝑣, 𝑥))d𝑣d𝑥 = ∫𝑉𝑛 ∫𝐻2 ℙ𝜆(𝒞(𝑥, 𝜉
𝑥,𝑣) ⊂ 𝐻2, 𝑣 ⟷ 𝑥 in 𝜉𝑣,𝑥) d𝑥d𝑣

= ∫𝑉𝑛 ∫𝐻2 ℙ𝜆(𝒞(𝑣, 𝜉
𝑥,𝑣) ⊂ 𝐻2, 𝑣 ⟷ 𝑥 in 𝜉𝑣,𝑥) d𝑥d𝑣. (4.59)

Now fix 𝑣 ∈ 𝑉𝑛. For all 𝑣 ∈ 𝑉𝑛, there exists a unique geodesic 𝛾′ that contains 𝑣 and is perpen-
dicular to 𝜕𝐻2 (we take the ‘positive’ direction on 𝛾′ to be the direction towards 𝜕𝐻2 from 𝑜). Let 𝜄
be an isometry that maps 𝑣 ↦ 𝑜 and 𝛾′ ↦ 𝛾̂ (matching the ‘positive’ directions). This can be con-
structed by composing a translation that takes 𝑣 ↦ 𝑜, and then appropriately rotating about 𝑜. If
we define𝐻′ ∶= 𝜄 (𝐻2), then we find

𝐻′ = 𝐻−dist(𝑣,𝜕𝐻2)
. (4.60)

Applying this isometry 𝜄 for each 𝑣, we find

∫𝐻2 ℙ𝜆(𝒞(𝑣, 𝜉
𝑥,𝑣) ⊂ 𝐻2, 𝑣 ⟷ 𝑥 in 𝜉𝑣,𝑥) d𝑥 = ∫𝐻′ ℙ𝜆

(
𝒞(𝑜, 𝜉𝑥,𝑜) ⊂ 𝐻′, 𝑜 ⟷ 𝑥 in 𝜉𝑥,𝑜

)
d𝑥.

(4.61)
The right-hand side of this equation depends upon 𝑣 only via 𝐻′, and is non-decreasing in
dist (𝑣, 𝜕𝐻2). Since our construction of 𝑉𝑛 and𝐻2 ensures that

inf
𝑣∈𝑉𝑛

dist(𝑣, 𝜕𝐻2) ⩾ 𝛿, (4.62)

hence𝐻−
𝛿
⊂ 𝐻′, and we thus have

∫𝐻2 ∫𝑉𝑛 ℙ𝜆(𝐹(𝑣, 𝑥))d𝑣d𝑥 ⩾ |𝐵𝛿(𝑜)|ℍ𝑑 ∫𝐻−𝛿 ℙ𝜆
(
𝒞(𝑜, 𝜉𝑥,𝑜) ⊂ 𝐻−𝛿 , 𝑜 ⟷ 𝑥 in 𝜉𝑥,𝑜

)
d𝑥

=
|𝐵𝛿(𝑜)|ℍ𝑑
𝜆

𝔼𝜆

[
#𝒞(𝑜, 𝜉𝑜)𝟙{

𝒞(𝑜,𝜉𝑜)⊂𝐻−
𝛿

}], (4.63)
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26 of 50 DICKSON and HEYDENREICH

where the last equality follows from Mecke’s formula. This is exactly what we require once we
notice that 𝜆 < 𝜆c < ∞.
Combining (4.47) with (4.58) and (4.63) gives (4.56).
In the final step, we show how (4.56) yields the assertion of the lemma. With Proposition 4.3,

this leads to these existing 𝐶 > 0 and 𝑐′ < ∞ such that

d
d𝜆 ∫ℍ2 𝜏𝜆(𝑥, 𝑜) d𝑥 ⩾ 𝐶𝔼𝜆[#𝒞(𝑜, 𝜉

𝑜)]2 − 𝑐′. (4.64)

Since Mecke’s formula implies 𝜒 (𝜆) = 1 + 𝜆 ∫ℍ𝑑 𝜏𝜆 (𝑥, 𝑜) d𝑥, this inequality implies
d𝜒

d𝜆
⩾
1
𝜆
(𝜒(𝜆) − 1) + 𝜆𝐶𝜒(𝜆)2 − 𝜆𝑐′. (4.65)

Then, the lower bound in Theorem 1.2a implies that lim𝜆↗𝜆c 𝜒 (𝜆) = ∞, and therefore, there exist
𝜀, 𝐾 > 0 such that for 𝜆 ∈ (𝜆𝑐 − 𝜀, 𝜆c),

d𝜒

d𝜆
⩾ 𝐾𝜒(𝜆)2. (4.66)

□

This now completes the proof of Theorem 1.2a.

4.3 Percolation upper bound and cluster tail exponent

Lemma 4.8. There exists 𝐾 < ∞ such that

𝑀(𝜆𝑐, 𝑞) ⩽ 𝐾𝑞
1
2 (4.67)

for all 𝑞 ∈
(
0, 1
2

)
.

This leads to a proof of the claim in Theorem 1.2b that for 𝑑 = 2, 3, there exists 𝐶′ < ∞ and
𝜀 > 0 such that

𝜃(𝜆) ⩽ 𝐶′(𝜆 − 𝜆𝑐)+ (4.68)

for all 𝜆 < 𝜆𝑐 + 𝜀.

Proof of the upper bound in Theorem 1.2b. This follows exactly the argument of [9, Section 4.2]. By
using (3.9) to bound a slight increase in the 𝜆 parameter with a slight increase in the 𝑞 parameter,
and using the bound from Lemma 4.8, a bound of the form

𝑀(𝜆c + 𝜀, 𝑞) ⩽ 𝑐0𝜀 + 𝑐1𝑞
1
2 (4.69)

follows. Then taking 𝑞 ↘ 0 produces the required upper bound on 𝜃 (𝜆). □
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MEAN-FIELD BEHAVIOUR OF THE RANDOM CONNECTIONMODEL ON HYPERBOLIC SPACE 27 of 50

Lemma 4.8 is also the key ingredient for the bound on the cluster tail exponent in Theorem 1.2c.
This theorem claims that for 𝑑 = 2, 3, there exist 0 < 𝐶 ⩽ 𝐶′ < ∞ such that for all 𝑛 ∈ ℕ,

𝐶𝑛−
1
2 ⩽ ℙ𝜆𝑐 (#𝒞(𝑜, 𝜉

𝑜) ⩾ 𝑛) ⩽ 𝐶′𝑛−
1
2 . (4.70)

Proof of Theorem 1.2c. Begin by observing

ℙ𝜆𝑐 (#𝒞(𝑜) ⩾ 𝑛) =
e
e − 1

∑
𝑙⩾𝑛

(
1 − 1

𝑒

)
ℙ𝜆𝑐 (#𝒞(𝑜) = 𝑙)

⩽
e
e − 1

∑
𝑙⩾𝑛

(
1 −
(
1 − 1

𝑛

)𝑙)
ℙ𝜆𝑐 (#𝒞(𝑜) = 𝑙) ⩽

e
e − 1

𝑀
(
𝜆𝑐,

1
𝑛

)
. (4.71)

Lemma 4.8 then implies

ℙ𝜆𝑐 (#𝒞(𝑜) ⩾ 𝑛) ⩽
e
e − 1

𝐾𝑛−1∕2. (4.72)

To prove the lower bound, let 0 ⩽ 𝑞 < 𝑞 < 1. Then,

𝑀(𝜆𝑐, 𝑞) ⩽ 𝑞
∑
𝑙<𝑛

𝑙ℙ𝜆𝑐 (#𝒞(𝑜) = 𝑙) +
∑
𝑙⩾𝑛

ℙ𝜆𝑐 (#𝒞(𝑜) = 𝑙)

⩽
𝑞

𝑞

∑
𝑙<𝑛

e𝑙𝑞
(
1 − (1 − 𝑞)𝑙

)
ℙ𝜆𝑐 (#𝒞(𝑜) = 𝑙) + ℙ𝜆𝑐 (#𝒞(𝑜) ⩾ 𝑛)

⩽
𝑞

𝑞
e𝑞𝑛𝑀(𝜆𝑐, 𝑞) + ℙ𝜆𝑐 (#𝒞(𝑜) ⩾ 𝑛), (4.73)

where we have used (1 − (1 − 𝑞)𝑙) ⩽ 𝑙𝑞 and 𝑙𝑞 ⩽ e𝑙𝑞(1 − (e−𝑞)𝑙) ⩽ e𝑙𝑞(1 − (1 − 𝑞)𝑙). Setting 𝑞 =
1∕𝑛 and using Lemma 4.8 then gives

ℙ𝜆𝑐 (#𝒞(𝑜) ⩾ 𝑛) ⩾ 𝑀(𝜆𝑐, 𝑞) − 𝑞e𝐾𝑛
1
2 . (4.74)

We now use Lemma 3.5 to get

ℙ𝜆𝑐 (#𝒞(𝑜) ⩾ 𝑛) ⩾ 𝑞
1
2

(
1√
2
− 𝐾e𝑛

1
2 𝑞
1
2

)
. (4.75)

Choosing 𝑞 = 1
8𝐾2e2𝑛

shows that

ℙ𝜆𝑐 (#𝒞(𝑜) ⩾ 𝑛) ⩾ 𝐶𝑛
−1∕2 (4.76)

for 𝐶 ∶= 1
8𝐾e

. □

Next, we prove Lemma 4.8. To arrive at an upper bound for themagnetisation at 𝜆 = 𝜆𝑐, we will
derive an inequality relating the magnetisation to the percolation probability. To do this, we will
use a ‘stepping stone’ idea like we did in Section 4.2.
Given an isometrically parametrised geodesic 𝛾 and 𝑆 ∈ ℝ, let 𝐻−

𝑆 (𝛾) and 𝐻
+
𝑆 (𝛾) be the half-

spaces produced using 𝛾 in the same way 𝐻−
𝑆
and𝐻+

𝑆
were produced using 𝛾̂ in Section 4.2.
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28 of 50 DICKSON and HEYDENREICH

Recall 𝑅∗ ∶= sup{𝑟 > 0∶ ess sup𝑥∉𝐵𝑟(𝑜) 𝜑(𝑥, 𝑜) = 1}, and lim𝑟→∞ ess sup𝑥∉𝐵𝑟(𝑜) 𝜑 (𝑥, 𝑜) < 1
implies 𝑅∗ < ∞. Let 𝛾̂0 be an isometrically parametrised geodesic such that 𝛾̂0(0) = 𝑜 (the
rotational symmetry of the model makes the specific choice of 𝛾̂0 unimportant).
Since ∫ℍ𝑑 𝜑 (𝑥, 𝑜) d𝑥 > 0, there exist distinct 𝑢1, 𝑢2 ∈ ℍ𝑑 and 𝛿, 𝜀 > 0 such that
dist(𝑢1, 𝑜) > 𝑅∗ − 2𝛿, dist

(
𝑢1, 𝐻

−
2𝛿(𝛾̂0)

)
> 2𝛿, dist

(
𝑢2, 𝐻

−
2𝛿(𝛾̂0)

)
> 2𝛿, (4.77)

dist(𝑢2, 𝑜) = dist(𝑢1, 𝑜), dist(𝑢1, 𝑢2) > 2𝛿, (4.78)

and

ess inf
𝑥∈𝐵𝛿(𝑢1),𝑦∈𝐵𝛿(𝑜)

𝜑(𝑥, 𝑦) > 𝜀, ess inf
𝑥∈𝐵𝛿(𝑢1),𝑦∈𝐵𝛿(𝑜)

𝜑(𝑥, 𝑦) > 𝜀. (4.79)

Let 𝑙 ∶= dist (𝑢1, 𝑜). Also, let 𝛾̂1 denote the isometrically parametrised geodesic such that 𝛾̂1 (0) =
𝑜 and 𝛾̂1 (𝑙) = 𝑢1, and let 𝛾̂2 denote the isometrically parametrised geodesic such that 𝛾̂2 (0) = 𝑜
and 𝛾̂2 (𝑙) = 𝑢2. Given𝑚, 𝑛 ∈ ℕ, define

𝐻0 ∶= 𝐻
−
2𝛿(𝛾̂0), 𝐻1 ∶= 𝐻

+
𝑛𝑙−2𝛿(𝛾̂1), 𝐻2 ∶= 𝐻

+
𝑚𝑙−2𝛿(𝛾̂2). (4.80)

Observe that for sufficiently large 𝑚 and 𝑛, the three half-spaces 𝐻0, 𝐻1 and 𝐻2 are disjoint. We
then construct two families of stepping stones. For all 𝑘 ∈ ℕ, define

𝑣𝑘 ∶= 𝛾̂1(𝑘𝑙), 𝑉𝑘 ∶= 𝐵𝛿(𝑣𝑘), (4.81)

𝑤𝑘 ∶= 𝛾̂2(𝑘𝑙), 𝑊𝑘 ∶= 𝐵𝛿(𝑤𝑘). (4.82)

Lemma 4.9. There exists 𝑐 > 0 such that for all 𝑞 ∈
(
0, 1
2

)
and 𝜆 < 𝜆c,

𝑀(𝜆, 𝑞) ⩾ 𝑐𝑀(𝜆, 𝑞)2𝜒(𝜆, 𝑞). (4.83)

This lemma allows us to prove Lemma 4.8.

Proof of Lemma 4.8. Starting from the result of Lemma 4.9 and using (3.8), we get

𝑀(𝜆, 𝑞) ⩾ 𝑐(1 − 𝑞)𝑀(𝜆, 𝑞)2
𝜕𝑀
𝜕𝑞
(𝜆, 𝑞) ⩾

𝑐
2
𝑀(𝜆, 𝑞)2

𝜕𝑀
𝜕𝑞
(𝜆, 𝑞) (4.84)

for 𝜆 < 𝜆c and 𝑞 ∈
(
0, 1
2

)
. Therefore,

𝜕
𝜕𝑞

[
𝑀(𝜆, 𝑞)2

]
⩽
4
𝑐
. (4.85)

We now want to use this differential inequality with the boundary being the limit at 𝑞 ↘ 0. Since
lim𝑞↘0𝑀 (𝜆, 𝑞) = 𝜃 (𝜆) = 0 for 𝜆 < 𝜆c, we get

𝑀(𝜆, 𝑞)2 ⩽
4
𝑐
𝑞, (4.86)
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MEAN-FIELD BEHAVIOUR OF THE RANDOM CONNECTIONMODEL ON HYPERBOLIC SPACE 29 of 50

and

𝑀(𝜆, 𝑞) ⩽
2√
𝑐
𝑞
1
2 , (4.87)

for 𝜆 < 𝜆c and 𝑞 ∈
(
0, 1
2

)
.

Now [9, Lemma3.4] proves that 𝜆 ↦ 𝑀 (𝜆, 𝑞) is analytic on (0,∞) for all 𝑞 ∈ (0, 1). In particular,
it is continuous. Therefore,

𝑀(𝜆c, 𝑞) ⩽
2√
𝑐
𝑞
1
2 , (4.88)

for all 𝑞 ∈
(
0, 1
2

)
. □

Now we finalise the proof of Lemma 4.8 by proving Lemma 4.9.

Proof of Lemma 4.9. Recall 𝑀 (𝜆, 𝑞) ∶= ℙ𝜆,𝑞 (𝑜⟷  in 𝜉𝑜). Now for each 𝑥 ∈ ℍ𝑑, let us
define

𝐹𝑥 ∶= {𝑥 ∈ 𝖯𝗂𝗏(𝑜,; 𝜉𝑜)} ∩ {𝑥⟺  in 𝜉}, (4.89)

and then 𝐹 ∶=
⋃
𝑥∈𝜂 𝐹𝑥. Since 𝐹 implies {𝑜 ⟷  in 𝜉𝑜},

𝑀(𝜆, 𝑞) ⩾ ℙ𝜆,𝑞(𝐹). (4.90)

Then, by using Mecke’s formula, we get

ℙ𝜆,𝑞(𝐹) = 𝔼𝜆,𝑞

[∑
𝑥∈𝜂

𝟙{𝐹𝑥 in 𝜉}

]
= 𝜆 ∫ℍ𝑑 ℙ𝜆,𝑞(𝐹𝑥 in 𝜉

𝑥)d𝑥. (4.91)

To lower boundℙ𝜆,𝑞 (𝐹), wewill find a lower bound for ∫ℍ𝑑 ℙ𝜆,𝑞 (𝐹𝑥 in 𝜉𝑥) d𝑥. The aim is to express
the probability as integrals of three different events (denoted 𝐸(𝑦), 𝐹(𝑣), 𝐺(𝑤)), which are inte-
grated over the three disjoint half spaces𝐻0, 𝐻1, 𝐻2— see Figure 5. This bound is formulated in
(4.101).
By using the definition of 𝐹𝑥 and the translation symmetry of the model, we get

∫ℍ𝑑 ℙ𝜆,𝑞(𝐹𝑥 in 𝜉
𝑥)d𝑥 = ∫ℍ𝑑 ℙ𝜆,𝑞(𝑥 ∈ 𝖯𝗂𝗏(𝑜,, 𝜉

𝑜,𝑥), 𝑥 ⟺  in 𝜉𝑥)d𝑥

= ∫ℍ𝑑 ℙ𝜆,𝑞(𝑜 ∈ 𝖯𝗂𝗏(𝑦,, 𝜉
𝑜,𝑦), 𝑜 ⟺  in 𝜉𝑜)d𝑦. (4.92)

The objective is now to find a lower bound for the integrand. The event {𝑜 ∈ 𝖯𝗂𝗏(𝑦,, 𝜉𝑜,𝑦)} can be
written as

(4.93)

that is, 𝑦 is connected to  when 𝑜 is there, but is not connected when 𝑜 is absent. We now find
a lower bound for the second of these events in the intersection by constructing a particular way
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30 of 50 DICKSON and HEYDENREICH

F IGURE 5 Sketch of the ‘stepping stones’ used to connect 𝑜 to two disjoint far half-spaces in Section 4.3.

in which 𝑦 is connected to  when 𝑜 is present. Firstly, we say that 𝑦 is connected to 𝑜 when the
latter is present (i.e. 𝑦⟷ 𝑜 in 𝜉𝑦,𝑜) and that this is the onlyway inwhich𝒞 (𝑦, 𝜉𝑦,𝑜) leaves𝐻0 (i.e.
𝒞 (𝑦, 𝜉𝑦) ⊂ 𝐻0). We then say that there exists a path of non-ghost vertices from 𝑜 to a vertex in𝐻1,
and a (vertex) disjoint path of non-ghost vertices from 𝑜 to a vertex in𝐻2. Wewill label the vertices
in these paths as (𝑣1, 𝑣2, … , 𝑣𝑛) and (𝑤1, 𝑤2, … , 𝑤𝑚), respectively. For notational convenience, we
denote 𝑣 = {𝑣1, 𝑣2, … , 𝑣𝑛} and𝑤 = {𝑤1, 𝑤2, … , 𝑤𝑚}. We then require that 𝑣𝑛 and𝑤𝑚 each connect
to (i.e. 𝑣𝑛⟷  in 𝜉 and𝑤𝑚⟷  in 𝜉) without leaving𝐻1 or𝐻2 other than via the vertices 𝑣 or
𝑤 (i.e. 𝒞

(
𝑣𝑛, 𝜉
[
𝜂 ⧵
(
{𝑣1, … , 𝑣𝑛−1} ∪ 𝑤

)])
⊂ 𝐻1 and 𝒞

(
𝑤𝑚, 𝜉

[
𝜂 ⧵
(
𝑣 ∪ ({𝑤1, … , 𝑤𝑚−1}

)])
⊂ 𝐻2).

Note that in this construction, we not only have 𝑦⟷  in 𝜉𝑦,𝑜, but also 𝑜⟺  in 𝜉𝑜. Therefore,
given 𝑦 ∈ ℍ𝑑,

(4.94)
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MEAN-FIELD BEHAVIOUR OF THE RANDOM CONNECTIONMODEL ON HYPERBOLIC SPACE 31 of 50

As in the proof of Lemma 4.7, we can condition on the positions of vertices 𝑣 ∪ 𝑤. Since
the stepping stones are disjoint, the point processes on these sets is independent, and this
produces

(4.95)

where we have omitted the extra vertices from the adjacency events because the adjacency
is independent of the other vertices. Using this independence of the adjacency events and
the bounds 𝜑

(
𝑣𝑖 , 𝑣𝑖+1

)
⩾ 𝜀 and 𝜑

(
𝑤𝑖 , 𝑤𝑖+1

)
⩾ 𝜀, and removing vertices from increasing events

gives

(4.96)
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32 of 50 DICKSON and HEYDENREICH

By the same argument as in Lemma 4.7, we can omit the stepping stone vertices from some of
the events at the cost of a constant factors:

(4.97)

where

(4.98)

𝐹(𝑣) ∶= {𝑣⟷  in 𝜉𝑣} ∩ {𝒞(𝑣, 𝜉𝑣) ⊂ 𝐻1}, (4.99)

𝐺(𝑤) ∶= {𝑤⟷  in 𝜉𝑤} ∩ {𝒞(𝑤, 𝜉𝑤) ⊂ 𝐻2}. (4.100)

We therefore have that there exists 𝑐, 𝑐′ > 0 such that for 𝑚 and 𝑛 sufficiently large and 𝜆 ∈
[𝜆min, 𝜆c),

ℙ𝜆,𝑞(𝐹) ⩾ 𝑐 ∫𝐻0 ∫𝑉𝑛 ∫𝑊𝑚 ℙ𝜆,𝑞(𝐸(𝑦) ∩ 𝐹(𝑣) ∩ 𝐺(𝑤)) d𝑤d𝑣d𝑦 − 𝑐
′. (4.101)

We next proceed as before and factorise the three events appearing in (4.101) after conditioning
on a suitable separation event. Repeating the argument of Lemma 4.5, the events in the probability
become asymptotically independent as𝑚, 𝑛 → ∞. Therefore, there exists 𝑐′′ > 0 such that for𝑚
and 𝑛 sufficiently large and 𝜆 ∈ [𝜆min, 𝜆c),

∫𝐻0 ∫𝑉𝑛 ∫𝑊𝑚 ℙ𝜆,𝑞(𝐸(𝑦) ∩ 𝐹(𝑣) ∩ 𝐺(𝑤)) d𝑤d𝑣d𝑦

⩾ 𝑐′′ ∫𝐻0 ∫𝑉𝑛 ∫𝑊𝑚 ℙ𝜆,𝑞(𝐸(𝑦))ℙ𝜆,𝑞(𝐹(𝑣))ℙ𝜆,𝑞(𝐺(𝑤)) d𝑤d𝑣d𝑦

= 𝑐′′ ∫𝐻0 ℙ𝜆,𝑞(𝐸(𝑦))d𝑦 ∫𝑉𝑛 ℙ𝜆,𝑞(𝐹(𝑣)) d𝑣 ∫𝑊𝑚 ℙ𝜆,𝑞(𝐺(𝑤)) d𝑤.
(4.102)

 14697750, 2025, 5, D
ow

nloaded from
 https://londm

athsoc.onlinelibrary.w
iley.com

/doi/10.1112/jlm
s.70345 by U

niversitätsbibliothek A
ugsburg, W

iley O
nline Library on [10/12/2025]. See the Term

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline Library for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons License



MEAN-FIELD BEHAVIOUR OF THE RANDOM CONNECTIONMODEL ON HYPERBOLIC SPACE 33 of 50

We now need to lower bound the three integrals on the RHS of (4.102), and do this one by one.
By Mecke’s formula,

(4.103)

To manage the 𝑣 and 𝑤 integrals, we transform the half spaces 𝐻1 and 𝐻2 for each value of
𝑣 ∈ 𝑉𝑛 and 𝑤 ∈ 𝑊𝑚. Like at the end of the proof of Lemma 4.5, for all 𝑣 ∈ 𝑉𝑛, there exists a
unique geodesic 𝛾′ that contains 𝑣 and is perpendicular to 𝜕𝐻1 (we take the ‘positive’ direction
on 𝛾′ to be the direction towards 𝜕𝐻1 from 𝑜). Let 𝜄 be an isometry that maps 𝑣 ↦ 𝑜 and 𝛾′ ↦ 𝛾̂0
(matching the ‘positive’ directions). If we define𝐻′ ∶= 𝜄 (𝐻1), then we find

𝐻′ = 𝐻−dist(𝑣,𝜕𝐻1)
(𝛾̂0). (4.104)

Since inf 𝑣∈𝑉𝑛 dist (𝑣, 𝜕𝐻1) ⩾ 𝛿,

∫𝑉𝑛 ℙ𝜆,𝑞(𝐹(𝑣)) d𝑣 = ∫𝑉𝑛 ℙ𝜆,𝑞
(
𝑜⟷  in 𝜉𝑜,𝒞(𝑜, 𝜉𝑜) ⊂ 𝐻′) d𝑣
⩾ |𝐵𝛿(𝑜)|ℍ𝑑ℙ𝜆,𝑞(𝑜⟷  in 𝜉𝑜,𝒞(𝑜, 𝜉𝑜) ⊂ 𝐻−𝛿 (𝛾̂0)

)
. (4.105)

Similarly,

∫𝑊𝑚 ℙ𝜆,𝑞(𝐺(𝑤)) d𝑤 ⩾ |𝐵𝛿(𝑜)|ℍ𝑑ℙ𝜆,𝑞(𝑜⟷  in 𝜉𝑜,𝒞(𝑜, 𝜉𝑜) ⊂ 𝐻−𝛿 (𝛾̂0)
)
. (4.106)

Together, the three bounds above yield a lower bound for (4.102). Together with (4.101), we thus
get the following lower bound: there exists 𝑐′′′ > 0 such that for 𝜆 ∈ [𝜆min, 𝜆c),

𝑀(𝜆, 𝑞) ⩾ ℙ𝜆,𝑞(𝐹) ⩾ 𝑐
′′′𝔼𝜆,𝑞

[
#𝒞(𝑜, 𝜉𝑜)𝟙{𝒞(𝑜,𝜉𝑜)∩=∅}𝟙{𝒞(𝑜,𝜉𝑜)⊂𝐻−𝜀 (𝛾̂0)}

]
× ℙ𝜆,𝑞

(
𝑜⟷  in 𝜉𝑜,𝒞(𝑜, 𝜉𝑜) ⊂ 𝐻−𝛿 (𝛾̂0)

)2
− 𝑐′. (4.107)

In the final step of the proof, we employ Proposition 4.3 to replace the terms on the right-hand
side with𝑀 (𝜆, 𝑞) and 𝜒 (𝜆, 𝑞) at the cost of a constant multiplicative factor. This means that there
exist 𝜀, 𝐾 > 0 such that

𝑀(𝜆, 𝑞) ⩾ 𝐾𝑀(𝜆, 𝑞)2𝜒(𝜆, 𝑞) (4.108)
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34 of 50 DICKSON and HEYDENREICH

for all 𝜆 ∈ (𝜆𝑐 − 𝜀, 𝜆𝑐) and 𝑞 ∈
(
0, 1
2

)
. To extend this to 𝜆 ∈ [0, 𝜆𝑐), observe that𝑀 (𝜆, 𝑞) ∈ [0, 1],

and therefore,

𝑀(𝜆, 𝑞) ⩽ 𝑀(𝜆, 𝑞)2. (4.109)

For 𝜆 ∈ [0, 𝜆𝑐 − 𝜀], we have

𝜒(𝜆, 𝑞) ⩽ 𝜒(𝜆) ⩽ 𝜒(𝜆𝑐 − 𝜀) < ∞, (4.110)

and therefore,

𝑀(𝜆, 𝑞) ⩾
1

𝜒(𝜆𝑐 − 𝜀)
𝑀(𝜆, 𝑞)2𝜒(𝜆, 𝑞). (4.111)

Therefore, for all 𝜆 ∈ [0, 𝜆𝑐) and 𝑞 ∈
(
0, 1
2

)
,

𝑀(𝜆, 𝑞) ⩾ 𝑐𝑀(𝜆, 𝑞)2𝜒(𝜆, 𝑞) (4.112)

with 𝑐 = min
{
𝐾,𝜒 (𝜆𝑐 − 𝜀)

−1} > 0. □

This now completes the proof of Theorems 1.2b and 1.2c.

4.4 Cluster moment exponent

The derivation of the cluster moment exponent here closely follows the analogous argument in
[32], with versions of lemmas from [3] and [12].
We first bound the 𝑛-point function using tree diagrams. Given 𝑛 ⩾ 2, 𝜆 > 0, and 𝑥1, … , 𝑥𝑛 ∈

ℍ𝑑, define the 𝑛-point function to be

𝜏𝑛,𝜆(𝑥1, … , 𝑥𝑛) ∶= ℙ𝜆(𝑥1⟷𝑥2⟷…⟷𝑥𝑛 in 𝜉𝑥1,…,𝑥𝑛 ). (4.113)

To bound 𝜏𝑛,𝜆, we will make use of Greg trees. AGreg tree with 𝑛 labelled vertices is defined to be a
tree with two colours of vertices: there are 𝑛 ‘blue’ labelled vertices with degrees ⩾ 1, and𝑚 ‘red’
unlabelled vertices with degree ⩾ 3. These can be constructed iteratively in the manner described
in [13]. The only Greg tree with 1 labelled vertex is one blue vertex by itself. Given the set of Greg
trees with 𝑛 labelled vertices, the set of Greg trees with 𝑛 + 1 labelled vertices can be constructed
by taking each Greg tree with 𝑛 labelled vertices and doing one of the following with the extra
labelled (blue) vertex:

1. attach the new blue vertex to any pre-existing vertex (blue or red),
2. insert the new blue vertex into the middle of an edge,
3. insert a red vertex into the middle of an edge and attach the new blue vertex to that red vertex,
4. replace a pre-existing red vertex with the new blue vertex.
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MEAN-FIELD BEHAVIOUR OF THE RANDOM CONNECTIONMODEL ON HYPERBOLIC SPACE 35 of 50

The following diagrams represent some examples of option 1 for the iterative step:

(4.114)

Here is an example of option 2:

(4.115)

Here is an example of option 3:

(4.116)

Here is an example of option 4:

(4.117)

Observe that these options each add atmost two edges to the tree (attained by option 3). Therefore,
a Greg tree with 𝑛 labelled vertices has at most 2𝑛 − 3 edges (for 𝑛 ⩾ 2). In particular, this means
that the number of Greg trees with 𝑛 labelled vertices,𝑁𝑛, is finite, and it has been proven in [14]
that

𝑁𝑛 =
1√
2

1
𝑛2
e
3
4
−𝑛
(
2e−

1
2 − 1
) 3
2
−𝑛
𝑛𝑛(1 + 𝑜(1)) (4.118)

as 𝑛 → ∞†.
Let 𝐺𝑛 denote the set of Greg trees with 𝑛 labelled vertices. Then, given g ∈ 𝐺𝑛, define 𝑟(g) to

be the number of red (unlabelled) vertices in g , and 𝐸(g) to be the set of edges in g . Then for 𝑛 ⩾ 2,
𝜆 > 0, and 𝑥1, … , 𝑥𝑛 ∈ ℍ𝑑, define

𝑇𝑛,𝜆(𝑥1, … , 𝑥𝑛) ∶=
∑
g∈𝐺𝑛

𝜆𝑟(g) ∫(ℍ𝑑)𝑟(g)
∏

{𝑧,𝑧′}∈𝐸(g)

𝜏𝜆
(
𝑧, 𝑧′
)
d𝑦1…𝑦𝑟(g). (4.119)

If 𝑟(g) = 0, the ‘integral’ just returns the value of the integrand.

Lemma 4.10. For all 𝑛 ⩾ 2, 𝜆 > 0, and 𝑥1, … , 𝑥𝑛 ∈ ℍ𝑑,

𝜏𝑛,𝜆(𝑥1, … , 𝑥𝑛) ⩽ 𝑇𝑛,𝜆(𝑥1, … , 𝑥𝑛). (4.120)

† The sequence 𝑁𝑛 is sequence 𝐴005263 on the Online Encyclopedia of Integer Sequences.
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36 of 50 DICKSON and HEYDENREICH

Proof. Suppose that the vertices 𝑥1, … , 𝑥𝑛 are in the same cluster in 𝜉𝑥1,…,𝑥𝑛 . Then, there exists
a spanning tree of this cluster in 𝜉𝑥1,…,𝑥𝑛 that, of course, contains {𝑥1, … , 𝑥𝑛}. Let us prune away
the branches of the tree beyond any of the vertices {𝑥1, … , 𝑥𝑛}— they will be irrelevant for our
considerations. For the remaining tree, let {𝑦1, … , 𝑦𝑚} denote the vertices that have degree ⩾ 3
that are not one of the initial {𝑥1, … , 𝑥𝑛}. The remaining vertices of our tree will then lie on one
of the disjoint paths between elements of {𝑥1, … , 𝑥𝑛, 𝑦1, … , 𝑦𝑚}. Contracting these paths to edges
will then produce a tree graphs that details how {𝑥1, … , 𝑥𝑛, 𝑦1, … , 𝑦𝑚} can be connected by disjoint
paths. If {𝐸𝑖}𝑖∈𝐼 is a finite set of events, let us denote

○
𝑖∈𝐼
𝐸𝑖 ∶= 𝐸𝑖1◦ (𝐸𝑖2◦ … ◦ (𝐸𝑖𝑛−1◦𝐸𝑖𝑛 ) …), (4.121)

where 𝑛 = #𝐼, and 𝐸 ◦𝐹 denotes the vertex disjoint occurrence of the events 𝐸 and 𝐹 (an asso-
ciative binary operation on increasing events) — see [19, Section 2.3] for details. Then, by a union
bound and Mecke’s formula,

𝜏𝑛,𝜆(𝑥1, … , 𝑥𝑛) ⩽ ℙ𝜆(∃g ∈ 𝐺𝑛, {𝑦1, … , 𝑦𝑚} ⊂ 𝜂∶ 𝑉(g) = {𝑥1, … , 𝑥𝑛, 𝑦1, … , 𝑦𝑚}

and ○
{𝑧,𝑧′}∈𝐸(g)

{𝑧⟷ 𝑧′ in 𝜉𝑥1,…,𝑥𝑛 }
)

⩽
∑
g∈𝐺𝑛

𝔼𝜆

⎡⎢⎢⎢⎣
∑

(𝑦1,…,𝑦𝑟(g))∈𝜂(𝑟(g))
𝟙{

○
{𝑧,𝑧′}∈𝐸(g)

{𝑧⟷𝑧′ in 𝜉𝑥1,…,𝑥𝑛 }

}⎤⎥⎥⎥⎦
=
∑
g∈𝐺𝑛

𝜆𝑟(g) ∫(ℍ𝑑)𝑟(g) ℙ𝜆
(

○
{𝑧,𝑧′}∈𝐸(g)

{
𝑧⟷ 𝑧′ in 𝜉𝑥1,…,𝑥𝑛 ,𝑦1,…,𝑦𝑟(g)

})
d𝑦1…d𝑦𝑟(g).

(4.122)

Now because we are taking the disjoint occurrence of connection events inside the probability, all
the augmenting vertices other than 𝑧 and 𝑧′ can be omitted from the configuration 𝜉𝑥1,…,𝑥𝑛 ,𝑦1,…,𝑦𝑟(g)
— they are being used on other paths. That is,

ℙ𝜆

(
○

{𝑧,𝑧′}∈𝐸(g)

{
𝑧⟷ 𝑧′ in 𝜉𝑥1,…,𝑥𝑛 ,𝑦1,…,𝑦𝑟(g)

})
= ℙ𝜆

(
○

{𝑧,𝑧′}∈𝐸(g)

{
𝑧⟷ 𝑧′ in 𝜉𝑧,𝑧′

})
. (4.123)

Then, by the BK inequality [19, Thm. 2.1],

ℙ𝜆

(
○

{𝑧,𝑧′}∈𝐸(g)

{
𝑧⟷ 𝑧′ in 𝜉𝑧,𝑧′

})
⩽
∏

{𝑧,𝑧′}∈𝐸(g)

ℙ𝜆

(
𝑧⟷ 𝑧′ in 𝜉𝑧,𝑧′

)
. (4.124)

This then produces

𝜏𝑛,𝜆(𝑥1, … , 𝑥𝑛) ⩽
∑
g∈𝐺𝑛

𝜆𝑟(g) ∫(ℍ𝑑)𝑟(g)
∏

{𝑧,𝑧′}∈𝐸(g)

ℙ𝜆
(
𝑧⟷ 𝑧′ in 𝜉𝑧,𝑧′

)
d𝑦1 …d𝑦𝑟(g) = 𝑇𝑛,𝜆(𝑥1, … , 𝑥𝑛) (4.125)

as required. □
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MEAN-FIELD BEHAVIOUR OF THE RANDOM CONNECTIONMODEL ON HYPERBOLIC SPACE 37 of 50

Lemma 4.11. For all 𝑛 ⩾ 1, there exists 𝐶𝑛 < ∞ such that

𝔼𝜆
[
#𝒞(𝑜, 𝜉𝑜)𝑛

]
⩽ 𝐶𝑛𝜒(𝜆)

2𝑛−1 (4.126)

for all 𝜆 ⩾ 0.

Proof. By a binomial expansion and Mecke’s formula,

𝔼𝜆
[
#𝒞(𝑜, 𝜉𝑜)𝑛

]
= 𝔼𝜆

[(
1 +
∑
𝑥∈𝜂

𝟙{𝑜⟷𝑥 in 𝜉𝑜}

)𝑛]

= 1 +
𝑛∑
𝑘=1

(
𝑛
𝑘

)
𝔼𝜆

⎡⎢⎢⎣
∑

(𝑥1,…,𝑥𝑘)∈𝜂(𝑘)

𝟙{𝑜⟷𝑥1⟷…⟷𝑥𝑘 in 𝜉𝑜}

⎤⎥⎥⎦
= 1 +

𝑛∑
𝑘=1

(
𝑛
𝑘

)
𝜆𝑘 ∫(ℍ𝑑)𝑘 𝜏𝑘+1,𝜆(𝑜, 𝑥1, … , 𝑥𝑘)d𝑥1…d𝑥𝑘. (4.127)

From Lemma 4.10, we therefore have

𝔼𝜆
[
#𝒞(𝑜, 𝜉𝑜)𝑛

]
⩽ 1 +

𝑛∑
𝑘=1

(
𝑛
𝑘

)
𝜆𝑘 ∫(ℍ𝑑)𝑘 𝑇𝑘+1,𝜆(𝑜, 𝑥1, … , 𝑥𝑘)d𝑥1…d𝑥𝑘. (4.128)

By translation invariance and ‘peeling off’ leaves from the Greg trees g ∈ 𝐺𝑘+1 in definition of
𝑇𝑘+1,𝜆, we can arrive at

𝜆𝑘 ∫(ℍ𝑑)𝑘 𝑇𝑘+1,𝜆(𝑜, 𝑥1, … , 𝑥𝑘)d𝑥1…d𝑥𝑘 =
∑

g∈𝐺𝑘+1

𝜆𝑘+𝑟(g)
(
∫ℍ𝑑 𝜏𝜆(𝑜, 𝑧)d𝑧

)#𝐸(g)

=
∑

g∈𝐺𝑘+1

𝜆#𝐸(g)
(
∫ℍ𝑑 𝜏𝜆(𝑜, 𝑧)d𝑧

)#𝐸(g)
, (4.129)

where we have used the fact that the Greg trees we are summing over have 𝑘 + 1 + 𝑟(g) vertices
in total and (since they are trees) will have #𝐸(g) = 𝑘 + 𝑟(g). Mecke’s formula then leads to

∑
g∈𝐺𝑘+1

𝜆#𝐸(g)
(
∫ℍ𝑑 𝜏𝜆(𝑜, 𝑧)d𝑧

)#𝐸(g)
=
∑

g∈𝐺𝑘+1

(𝔼𝜆[#𝒞(𝑜, 𝜉
𝑜)] − 1)#𝐸(g)

⩽
∑

g∈𝐺𝑘+1

𝔼𝜆[#𝒞(𝑜, 𝜉
𝑜)]#𝐸(g). (4.130)

Recall that from the iterative construction of Greg trees that for any 𝑘 ⩾ 1 and g ∈ 𝐺𝑘+1, we have
#𝐸(g) ⩽ 2𝑘 − 1. Since 𝔼𝜆 [#𝒞 (𝑜, 𝜉𝑜)] ⩾ 1, we therefore have

𝜆𝑘 ∫(ℍ𝑑)𝑘 𝑇𝑘+1,𝜆(𝑜, 𝑥1, … , 𝑥𝑘)d𝑥1…d𝑥𝑘 ⩽ 𝑁𝑘+1𝔼𝜆[#𝒞(𝑜, 𝜉
𝑜)]2𝑘−1. (4.131)
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38 of 50 DICKSON and HEYDENREICH

Combining this inequality with (4.127) and (4.125) then gives

𝔼𝜆
[
#𝒞(𝑜, 𝜉𝑜)𝑛

]
⩽ 1 +

𝑛∑
𝑘=1

(
𝑛
𝑘

)
𝑁𝑘+1𝔼𝜆[#𝒞(𝑜, 𝜉

𝑜)]2𝑘−1 ⩽ (𝑛 + 1)!𝑁𝑛+1𝔼𝜆[#𝒞(𝑜, 𝜉
𝑜)]2𝑛−1,

(4.132)
as required. □

This will be sufficient for the upper bound on 𝔼𝜆
[
#𝒞 (𝑜, 𝜉𝑜)𝑛

]
. We need to prepare one more

lemma to get our lower bound.

Lemma 4.12. For all 𝜆 ∈ (0, 𝜆𝑇),

𝔼𝜆

[
#𝒞(𝑜, 𝜉𝑜)2

]
⩾
𝜆2

𝜒(𝜆)

(
d𝜒

d𝜆

)2
. (4.133)

Proof. In [9], the following expression was derived: for all 𝑘 ∈ ℕ0 and 𝜆 > 0,

ℙ𝜆(#𝒞(𝑜, 𝜉
𝑜) = 𝑘 + 1) =

𝜆𝑘

𝑘! ∫(ℍ𝑑)𝑘 𝑓𝑘
(
𝑥⃗
)
exp
(
−𝜆g𝑘

(
𝑥⃗
))
d𝑥1…d𝑥𝑘, (4.134)

where 𝑥⃗ = (𝑥1, … , 𝑥𝑘),

𝑓𝑘
(
𝑥⃗
)
∶=

∑
𝐺∈Gr𝑘+1

( ∏
{𝑖,𝑗}∈𝐸(𝐺)

𝜑
(
𝑥𝑖 , 𝑥𝑗

))( ∏
{𝑖,𝑗}∉𝐸(𝐺)

(
1 − 𝜑

(
𝑥𝑖 , 𝑥𝑗

)))
, (4.135)

g𝑘
(
𝑥⃗
)
∶= ∫ℍ𝑑

(
1 −

∏
𝑚∈{0,…,𝑘}

(1 − 𝜑(𝑦, 𝑥𝑚))

)
d𝑦, (4.136)

Gr𝑘+1 is the set of simple connected graphs on {0, … , 𝑘}, 𝐸 (𝐺) is the set of edges in the graph 𝐺
and 𝑥0 = 𝑜. Then,

𝔼𝜆

[
#𝒞(𝑜, 𝜉𝑜)

|||| #𝒞(𝑜, 𝜉𝑜) < ∞
]
=
∞∑
𝑘=0

(𝑘 + 1)
𝜆𝑘

𝑘! ∫(ℍ𝑑)𝑘 𝑓𝑘
(
𝑥⃗
)
exp
(
−𝜆g𝑘

(
𝑥⃗
))
d𝑥1…d𝑥𝑘

(4.137)

d
d𝜆
𝔼𝜆

[
#𝒞(𝑜, 𝜉𝑜)

|||| #𝒞(𝑜, 𝜉𝑜) < ∞
]
=

∞∑
𝑘=0

(𝑘 + 1)
𝜆𝑘

𝑘! ∫(ℍ𝑑)𝑘
(
𝑘
𝜆
− g𝑘
(
𝑥⃗
))
𝑓𝑘
(
𝑥⃗
)
exp
(
−𝜆g𝑘

(
𝑥⃗
))
d𝑥1 …d𝑥𝑘 .

(4.138)

We are able to exchange differentiation with the summation and integration for the same reasons
as in [9, Lemma 3.5] in which they considered the analogous argument for the magnetisation. We
omit the details here. By the Cauchy–Schwarz inequality, we then get(
d
d𝜆
𝔼𝜆

[
#𝒞(𝑜, 𝜉𝑜)

|||| #𝒞(𝑜, 𝜉𝑜) < ∞
])2

⩽

(
∞∑
𝑘=0

(𝑘 + 1)2
𝜆𝑘

𝑘! ∫(ℍ𝑑)𝑘 𝑓𝑘
(
𝑥⃗
)
exp
(
−𝜆g𝑘

(
𝑥⃗
))
d𝑥1 …d𝑥𝑘

)
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×

(
∞∑
𝑘=0

𝜆𝑘

𝑘! ∫(ℍ𝑑)𝑘
(
𝑘
𝜆
− g𝑘
(
𝑥⃗
))2
𝑓𝑘
(
𝑥⃗
)
exp
(
−𝜆g𝑘

(
𝑥⃗
))
d𝑥1 …d𝑥𝑘

)

= 𝔼𝜆

[
#𝒞(𝑜, 𝜉𝑜)2

|||| #𝒞(𝑜, 𝜉𝑜) < ∞
]

×

(
∞∑
𝑘=0

𝜆𝑘

𝑘! ∫(ℍ𝑑)𝑘
(
𝑘
𝜆
− g𝑘
(
𝑥⃗
))2
𝑓𝑘
(
𝑥⃗
)
exp
(
−𝜆g𝑘

(
𝑥⃗
))
d𝑥1 …d𝑥𝑘

)
.

(4.139)

To manipulate this second factor, observe that

𝜃(𝜆) = 1 −
∞∑
𝑘=0

𝜆𝑘

𝑘! ∫(ℍ𝑑)𝑘 𝑓𝑘
(
𝑥⃗
)
exp
(
−𝜆g𝑘

(
𝑥⃗
))
d𝑥1…d𝑥𝑘, (4.140)

and that for 𝜆 < 𝜆𝑇 (so 𝜃 (𝜆) = 0),

0 =
d𝜃
d𝜆
= −

∞∑
𝑘=0

𝜆𝑘

𝑘! ∫(ℍ𝑑)𝑘
(
𝑘
𝜆
− g𝑘
(
𝑥⃗
))
𝑓𝑘
(
𝑥⃗
)
exp
(
−𝜆g𝑘

(
𝑥⃗
))
d𝑥1…d𝑥𝑘, (4.141)

0 =
d2𝜃
d𝜆2
=
∞∑
𝑘=0

𝜆𝑘

𝑘! ∫(ℍ𝑑)𝑘
(
𝑘
𝜆2

)
𝑓𝑘
(
𝑥⃗
)
exp
(
−𝜆g𝑘

(
𝑥⃗
))
d𝑥1…d𝑥𝑘

−
∞∑
𝑘=0

𝜆𝑘

𝑘! ∫(ℍ𝑑)𝑘
(
𝑘
𝜆
− g𝑘
(
𝑥⃗
))2
𝑓𝑘
(
𝑥⃗
)
exp
(
−𝜆g𝑘

(
𝑥⃗
))
d𝑥1…d𝑥𝑘. (4.142)

That is, for 𝜆 < 𝜆𝑇 ,

∞∑
𝑘=0

𝜆𝑘

𝑘! ∫(ℍ𝑑)𝑘
(
𝑘
𝜆
− g𝑘
(
𝑥⃗
))2
𝑓𝑘
(
𝑥⃗
)
exp
(
−𝜆g𝑘

(
𝑥⃗
))
d𝑥1…d𝑥𝑘

=
1
𝜆2

∞∑
𝑘=0

𝑘ℙ𝜆(#𝒞(𝑜, 𝜉
𝑜) = 𝑘 + 1) =

1
𝜆2

(
𝔼𝜆

[
#𝒞(𝑜, 𝜉𝑜)

|||| #𝒞(𝑜, 𝜉𝑜) < ∞
]
− 1

)
. (4.143)

Since 𝜆 < 𝜆𝑇 implies ℙ𝜆 (#𝒞 (𝑜, 𝜉𝑜) < ∞) = 1, we now have(
d𝜒

d𝜆

)2
⩽
1
𝜆2
𝜒(𝜆)𝔼𝜆

[
#𝒞(𝑜, 𝜉𝑜)2

]
. (4.144)

Rearranging this then recovers the result. □

The following proposition proves Theorem 1.2d and therefore completes the entire proof of
Theorem 1.2.

Proposition 4.13. For each 𝑛 ⩾ 1, there exist 0 < 𝐶𝑛 ⩽ 𝐶′𝑛 < ∞ such that

𝐶𝑛(𝜆𝑇 − 𝜆)
1−2𝑛 ⩽ 𝔼𝜆

[
#𝒞(𝑜, 𝜉𝑜)𝑛

]
⩽ 𝐶′𝑛(𝜆𝑇 − 𝜆)

1−2𝑛 (4.145)

for all 𝜆 < 𝜆𝑇 .
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40 of 50 DICKSON and HEYDENREICH

Proof. The upper bound directly follows from Lemma 4.11 and the upper bound in Theorem 1.2a:
for all 𝜆 < 𝜆𝑇 and 𝑛 ⩾ 1,

𝔼𝜆
[
#𝒞(𝑜, 𝜉𝑜)𝑛

]
⩽ 𝐶𝑛
(
𝐶′(𝜆𝑇 − 𝜆)

−1)2𝑛−1. (4.146)

For the lower bound, first observe that by the Cauchy–Schwarz inequality

(
𝔼𝜆

[
#𝒞(𝑜, 𝜉𝑜)𝑛−1

])2
=
(
𝔼𝜆

[
#𝒞(𝑜, 𝜉𝑜)

𝑛
2#𝒞(𝑜, 𝜉𝑜)

𝑛
2
−1
])2

⩽ 𝔼𝜆
[
#𝒞(𝑜, 𝜉𝑜)𝑛

]
𝔼𝜆

[
#𝒞(𝑜, 𝜉𝑜)𝑛−2

]
(4.147)

for all 𝑛 ⩾ 1 and 𝜆 ⩾ 0 (recall #𝒞 (𝑜, 𝜉𝑜) ⩾ 1 everywhere for all 𝜆 ⩾ 0). Therefore, by induction,

𝔼𝜆
[
#𝒞(𝑜, 𝜉𝑜)𝑛

]
𝔼𝜆

[
#𝒞(𝑜, 𝜉𝑜)𝑛−1

] ⩾ 𝔼𝜆
[
#𝒞(𝑜, 𝜉𝑜)𝑛−1

]
𝔼𝜆

[
#𝒞(𝑜, 𝜉𝑜)𝑛−2

] ⩾ … ⩾ 𝔼𝜆
[
#𝒞(𝑜, 𝜉𝑜)2

]
𝔼𝜆[#𝒞(𝑜, 𝜉𝑜)]

=∶ 𝑆(𝜆), (4.148)

and

𝔼𝜆
[
#𝒞(𝑜, 𝜉𝑜)𝑛

]
⩾ 𝜒(𝜆)𝑆(𝜆)𝑛−1 (4.149)

for all 𝑛 ⩾ 1 and 𝜆 ⩾ 0.
From Lemma 4.5 and Lemma 4.12, we know that there exists 𝐾′ < ∞ such that for 𝜆 < 𝜆𝑇 ,

𝑆(𝜆) ⩾ 𝐾′𝜒(𝜆)2. (4.150)

Therefore, the lower bound in Theorem 1.2a and the bound in (4.149) imply that for each 𝑛 ⩾ 1,
there exists 𝐶𝑛 > 0 such that

𝔼𝜆
[
#𝒞(𝑜, 𝜉𝑜)𝑛

]
⩾ 𝐶𝑛(𝜆𝑇 − 𝜆)

−1((𝜆𝑇 − 𝜆)−2)𝑛−1 = 𝐶𝑛(𝜆𝑇 − 𝜆)1−2𝑛 (4.151)

for all 𝜆 < 𝜆𝑇 . □

Remark 4.14. Observe that both the upper and lower bounds in Proposition 4.13 made use of the
hyperbolic space. For the upper bound, this came via the upper bound in Theorem 1.2a and for
the lower bound, this came via the lower bound on the derivative of 𝜒 (𝜆) in Lemma 4.5.

5 CLUSTERS IN HALF-SPACES: PROOFS

Here, we prove Proposition 4.3 thereby finishing the proof of Theorem 1.2. As a first step in the
proof, we bound the expected number of vertices in the cluster by the expected hyperbolic area of
its 𝜀-halo. This step in the proof is based on an analogous argument for the Boolean disc model
on ℝ2 in [35].
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MEAN-FIELD BEHAVIOUR OF THE RANDOM CONNECTIONMODEL ON HYPERBOLIC SPACE 41 of 50

F IGURE 6 A tiling of ℍ2 (in the Poincaré disc model) with Schläfi symbol {3, 7}, used in the proof of
Lemma 5.1.

Lemma 5.1. Let 𝑑 = 2, 3. For all 𝜀, 𝜆∗ > 0, there exists a constant 0 < 𝐾1(𝜀, 𝜆∗) < ∞ such that for
all 𝜆 ∈ [0, 𝜆∗],

𝔼𝜆[#𝒞(𝑜, 𝜉
𝑜)] ⩽ 𝐾1𝔼𝜆

[|ℎ𝜀(𝒞(𝑜, 𝜉𝑜))|ℍ𝑑 ]. (5.1)

Proof. We first state the proof for ℍ2, and then explain the necessary adaptations for ℍ3.
Partitionℍ2 by the regular triangular lattice with seven equilateral trianglesmeeting at a vertex,

where we choose to have 𝑜 contained in the interior of one of the triangular cells. This lattice is
denoted by the Schläfli symbol {3, 7} (see Figure 6). Let𝐶 denote a cell in this lattice, and note that|𝐶|ℍ2 = 𝜋7 (from Lemma A.5) and the side length of this cell 𝐿 = 2 arcosh

( 1
2 sin 𝜋

7

)
(by the second

cosine rule— see Lemma A.4). Recall that 𝜂ℍ2⧵𝐶 denotes the vertex Poisson point process outside
the cell 𝐶, and𝒞

(
𝑜, 𝜉𝑜

ℍ2⧵𝐶

)
denotes the cluster of 𝑜 that is formed without using any vertices in 𝐶

(except perhaps 𝑜).
For cells 𝐶 not containing 𝑜, we have

𝔼𝜆
[
#(𝒞(𝑜, 𝜉𝑜) ∩ 𝐶) ∣ 𝜂ℍ2⧵𝐶

]
⩽

∞∑
𝑘=1

𝑘ℙ𝜆

(
#𝜂𝐶 = 𝑘 and ∃𝑦 ∈ 𝜂𝐶 ∶ 𝑦 ∼ 𝒞

(
𝑜, 𝜉𝑜

ℍ2⧵𝐶

)
∣ 𝜂ℍ2⧵𝐶

)

= 𝑒−𝜆|𝐶|ℍ2 ∞∑
𝑘=1

𝑘
𝑘!
𝜆𝑘|𝐶|𝑘

ℍ2

(
1 −

(
1 −

1|𝐶|ℍ2 ∫𝐶 ℙ𝜆
(
𝑥 ∼ 𝒞

(
𝑜, 𝜉𝑜

ℍ2⧵𝐶

)
∣ 𝜂ℍ2⧵𝐶

)
d𝑥

)𝑘)

⩽ 𝑒−𝜆|𝐶|ℍ2 ∞∑
𝑘=1

𝑘
𝑘!
𝜆𝑘|𝐶|𝑘

ℍ2
×
𝑘|𝐶|ℍ2 ∫𝐶 ℙ𝜆

(
𝑥 ∼ 𝒞

(
𝑜, 𝜉𝑜

ℍ2⧵𝐶

)
∣ 𝜂ℍ2⧵𝐶

)
d𝑥

= 𝜆|𝐶|ℍ2(𝜆|𝐶|ℍ2 + 1)( 1|𝐶|ℍ2 ∫𝐶 ℙ𝜆
(
𝑥 ∼ 𝒞

(
𝑜, 𝜉𝑜

ℍ2⧵𝐶

)
∣ 𝜂ℍ2⧵𝐶

)
d𝑥

)
. (5.2)

If a cell 𝐶 contains a vertex, we want to find the minimal area this vertex can contribute to the 𝜀-
halo: 𝑣𝜀 ∶= inf𝑥∈𝐶 |𝐵𝜀(𝑥) ∩ 𝐶|ℍ2 . If 𝜀 is sufficiently small, then 𝑣𝜀 is found by placing 𝑥 in a corner
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42 of 50 DICKSON and HEYDENREICH

of the triangle, in which case the intersection is 1
7
of the 𝜀-ball (𝑣𝜀 =

4𝜋
7
(sinh 𝜀)2). This fails once 𝜀

is big enough to reach outside the far side of the triangle. By the hyperbolic sine rule, this distance
𝑙 between a vertex and the far side satisfies sinh 𝑙 = sin

(
2𝜋
7

)
sinh 𝐿. In such a case, we simply

truncate the 𝜀-ball to the 𝑙-ball. Therefore,

𝑣𝜀 =
4𝜋
7

(
min
{
sinh 𝜀, sin

(2𝜋
7

)
sinh 𝐿

})2
. (5.3)

By restricting to the event that there is exactly one vertex in 𝐶, we therefore have

𝔼𝜆
[|ℎ𝜀(𝒞(𝑜, 𝜉𝑜)) ∩ 𝐶|ℍ2 ∣ 𝜂ℍ2⧵𝐶] ⩾ 𝑣𝜀𝜆|𝐶|ℍ2e−𝜆|𝐶|ℍ2 1|𝐶|ℍ2 ∫𝐶 ℙ𝜆

(
𝑥 ∼ 𝒞

(
𝑜, 𝜉𝑜

ℍ2⧵𝐶

)
∣ 𝜂ℍ2⧵𝐶

)
d𝑥.

(5.4)
Therefore, for 𝐶 not containing 𝑜, we have

𝔼𝜆
[
#(𝒞(𝑜, 𝜉𝑜) ∩ 𝐶) ∣ 𝜂ℍ2⧵𝐶

]
⩽
1
𝑣𝜀
(𝜆|𝐶|ℍ2 + 1)e𝜆|𝐶|ℍ2𝔼𝜆[|ℎ𝜀(𝒞(𝑜, 𝜉𝑜)) ∩ 𝐶|ℍ2 ∣ 𝜂ℍ2⧵𝐶]. (5.5)

If 𝐶 is the cell containing 𝑜, then we use the trivial bound

𝔼𝜆
[
#(𝒞(𝑜, 𝜉𝑜) ∩ 𝐶) ∣ 𝜂ℍ2⧵𝐶

]
⩽ 𝔼𝜆
[
#𝜂0𝐶
]
= 1 + 𝜆|𝐶|ℍ2 . (5.6)

By taking the expectations over 𝜂ℍ2⧵𝐶 and then summing over 𝐶, we arrive at

𝔼𝜆[#𝒞(𝑜, 𝜉
𝑜)] ⩽ 1 + 𝜆|𝐶|ℍ2 + 1𝑣𝜀 (𝜆|𝐶|ℍ2 + 1)e𝜆|𝐶|ℍ2𝔼𝜆[|ℎ𝜀(𝒞(𝑜, 𝜉𝑜))|ℍ2]. (5.7)

Since 𝔼𝜆 [|ℎ𝜀 (𝒞 (𝑜, 𝜉𝑜))|ℍ2] ⩾ 4𝜋 (sinh 𝜀)2, this proves the result.
Forℍ3, we simply change the cells that form the lattice. It is shown in [7] that there is no regular

hyperbolic tetrahedral space filler for ℍ3, but the regular hyperbolic cubic space filler serves our
purposes instead. □

Remark 5.2. We will only require the above result for 𝑑 = 2, 3, due to limitations in Lemma 5.3.
Nevertheless, it should be possible to extend the above argument to higher dimensions. The only
complication is in the choice of the cells used to fill the space. Brandts et al.[7] show that there are
only two bounded regular hyperbolic space-filler cells for ℍ4 (the hyperbolic 120 and 600 cells)
and none for ℍ𝑑 for 𝑑 ⩾ 5. For 𝑑 = 4, the above argument can just be repeated with the 120 or
600 cells, but for 𝑑 ⩾ 5, one would need to use more than one type of cell (preferably only finitely
many types) to fill the space.

Given a set 𝑆 ⊂ ℍ𝑑 with only finitely many elements, we define 𝜕𝜀conv (𝑆) ∶=
{
𝑥 ∈ 𝑆 ∶

𝐵𝜀(𝑥) ⊄ conv (𝑆)
}
to be the elements of 𝑆 whose 𝜀-balls are not contained in conv (𝑆). Also, let

𝜕conv (𝑆) ∶=
⋂
𝜀>0 𝜕𝜀conv (𝑆), the elements of 𝑆 that lie on the boundary of conv (𝑆).

Lemma 5.3. Let 𝑑 = 2, 3. For any finite 𝑆 ⊂ ℍ𝑑,

|conv (𝑆)|ℍ𝑑 ⩽ 𝜋(#𝜕conv (𝑆) − 2). (5.8)

For all 𝜀 > 0, there exists a constant 𝜋 < 𝐾𝜀 < ∞ such that for all finite 𝑆 ⊂ ℍ2,

|ℎ𝜀(𝑆)|ℍ𝑑 ⩽ 𝐾𝜀#𝜕𝜀conv (𝑆). (5.9)
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MEAN-FIELD BEHAVIOUR OF THE RANDOM CONNECTIONMODEL ON HYPERBOLIC SPACE 43 of 50

Proof. We first prove (5.8). For 𝑑 = 2, since 𝑆 is finite, conv (𝑆) is a bounded convex polygon.
Any bounded convex polygon with 𝑛 vertices can be viewed as the union of 𝑛 − 2 triangles. A
hyperbolic triangle can have at most a hyperbolic area of 𝜋, and this produces the first bound.
For 𝑑 = 3, Madras and Wu [30, Lemma 8] show that

|conv (𝑆)|ℍ3 ⩽ 𝑉3(2#𝜕conv (𝑆) − 4), (5.10)

where 𝑉3 is the (hyperbolic) volume of a regular tetrahedra, whose volume is bounded above by
𝜋∕2, cf. [16, Prop. 2]. We thus arrive at the same upper bound.
For the second bound, we first bound

|ℎ𝜀(𝑆) ∩ conv (𝑆)|ℍ𝑑 ⩽ |conv (𝑆)|ℍ𝑑 , (5.11)

and account for the elements of 𝑆 whose 𝜀-balls are not contained in conv (𝑆) by bounding

|ℎ𝜀(𝑆) ⧵ conv (𝑆)|ℍ𝑑 ⩽ |𝐵𝜀(𝑜)|ℍ𝑑#𝜕𝜀conv (𝑆). (5.12)

Combining these bounds and using (5.8) gives

|ℎ𝜀(𝑆)|ℍ𝑑 ⩽ |conv (𝑆)|ℍ𝑑 + |𝐵𝜀(𝑜)|ℍ𝑑#𝜕𝜀conv (𝑆) ⩽ (𝜋 + |𝐵𝜀(𝑜)|ℍ𝑑)#𝜕𝜀conv (𝑆). (5.13)

Note that we have used 𝜕conv (𝑆) ⊂ 𝜕𝜀conv (𝑆) here. The result then follows with 𝐾𝜀 = 𝜋 +|𝐵𝜀 (𝑜)|ℍ𝑑 . □

Remark 5.4. Finding an appropriate replacement for (5.8) is where the argument runs into issues
for 𝑑 ⩾ 4. As noted by [30] in their arguments, [15] shows that if you consider a class of polytope
called cyclic polytopes, then even in 𝑑 = 4, you can find examples with 𝑛 vertices but 1

2

(
𝑛2 − 3𝑛

)
‘three-dimensional facets’.

We now state two lemmas, which together imply Proposition 4.3.

Lemma 5.5. For all 𝑑 ⩾ 2 and 𝜆 < 𝜆𝑐,

𝔼𝜆[#𝜕𝜀conv (𝒞(𝑜, 𝜉
𝑜))] = 𝔼𝜆

[
#𝒞(𝑜, 𝜉𝑜)𝟙{𝑜∈𝜕𝜀conv (𝒞(𝑜,𝜉𝑜))}

]
. (5.14)

In the following lemma,𝔖𝑑−1 =
2𝜋𝑑∕2

Γ(𝑑∕2)
denotes the Lebesguemeasure of thewhole sphere 𝑆𝑑−1.

Lemma 5.6. For all 𝑑 ⩾ 2, half-spaces𝐻 ∋ 𝑜, 𝜀 ∈ (0, dist (𝜕𝐻, 𝑜)), and 𝜆 < 𝜆𝑐,

𝔼𝜆

[
#𝒞(𝑜, 𝜉𝑜)𝟙{𝑜∈𝜕𝜀conv (𝒞(𝑜,𝜉𝑜))}

]
⩽
𝔖𝑑−1
𝔖𝑑−2

𝔼𝜆

[
#𝒞(𝑜, 𝜉𝑜)𝟙{𝒞(𝑜,𝜉𝑜)⊂𝜀(𝐻,𝑜)}

]
∫ 𝜃𝜀(𝐻,𝑜)0 (sin 𝑡)𝑑−2d𝑡

. (5.15)

Proof of Proposition 4.3. The bound for the susceptibility follows from Lemmas 5.1–5.6. The bound
for the ghost free susceptibility starts in the same way with Lemmas 5.1 and 5.3. Repeating the
proofs of Lemmas 5.5 and 5.6 with 𝔼𝜆,𝑞 in the place of 𝔼𝜆 and with the extra 𝟙{𝒞(𝑜,𝜉𝑜)∩=∅} then

 14697750, 2025, 5, D
ow

nloaded from
 https://londm

athsoc.onlinelibrary.w
iley.com

/doi/10.1112/jlm
s.70345 by U

niversitätsbibliothek A
ugsburg, W

iley O
nline Library on [10/12/2025]. See the Term

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline Library for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons License



44 of 50 DICKSON and HEYDENREICH

produces

𝔼𝜆,𝑞
[
#𝜕𝜀conv (𝒞(𝑜, 𝜉

𝑜))𝟙{𝒞(𝑜,𝜉𝑜)∩=∅}
]
= 𝔼𝜆,𝑞

[
#𝒞(𝑜, 𝜉𝑜)𝟙{𝑜∈𝜕𝜀conv (𝒞(𝑜,𝜉𝑜))}𝟙{𝒞(𝑜,𝜉𝑜)∩=∅}

]
(5.16)

for all 𝑑 ⩾ 2, 𝑞 ∈ (0, 1), and 𝜆 < 𝜆c. Similarly, for all 𝑑 ⩾ 2, half-spaces𝐻 ∋ 𝑜, 𝜀 ∈ (0, dist (𝜕𝐻, 𝑜)),
𝑞 ∈ (0, 1), and 𝜆 < 𝜆𝑐,

𝔼𝜆,𝑞

[
#𝒞(𝑜, 𝜉𝑜)𝟙{𝒞(𝑜,𝜉𝑜)∩=∅}𝟙{𝑜∈𝜕𝜀conv (𝒞(𝑜,𝜉𝑜))}

]

⩽
𝔖𝑑−1
𝔖𝑑−2

𝔼𝜆,𝑞

[
#𝒞(𝑜, 𝜉𝑜)𝟙{𝒞(𝑜,𝜉𝑜)∩=∅}𝟙{𝒞(𝑜,𝜉𝑜)⊂𝜀(𝐻,𝑜)}

]
∫ 𝜃𝜀(𝐻,𝑜)0 (sin 𝑡)𝑑−2d𝑡

. (5.17)

These then produce the bound for the ghost free susceptibility with the same constant 𝜅.
For the magnetisation bound, we relate the magnetisation to the susceptibility. From

Lemma 3.3, we have that for 𝜆 < 𝜆c and 𝑞 ∈ (0, 1)

(1 − 𝑞)
𝜕
𝜕𝑞
ℙ𝜆,𝑞(𝑜⟷  in 𝜉𝑜) = 𝔼𝜆,𝑞[#𝒞(𝑜, 𝜉𝑜)𝟙{𝒞(𝑜,𝜉𝑜)∩=∅}]. (5.18)

The same idea means that for 𝜆 < 𝜆c and 𝑞 ∈ (0, 1),

(1 − 𝑞)
𝜕
𝜕𝑞
ℙ𝜆,𝑞(𝑜⟷  in 𝜉𝑜,𝒞(𝑜, 𝜉𝑜) ⊂ 𝐻) = 𝔼𝜆,𝑞[#𝒞(𝑜, 𝜉𝑜)𝟙{𝒞(𝑜,𝜉𝑜)∩=∅}𝟙{𝒞(𝑜,𝜉𝑜)⊂𝐻}]. (5.19)

In particular, this means that the bound for the expectations of the cluster sizes in the first part of
the result implies the differential inequality

𝜕
𝜕𝑞
ℙ𝜆,𝑞(𝑜⟷  in 𝜉𝑜) ⩽ 𝜅 𝜕

𝜕𝑞
ℙ𝜆,𝑞(𝑜⟷  in 𝜉𝑜,𝒞(𝑜, 𝜉𝑜) ⊂ 𝐻). (5.20)

Since, lim𝑞↘0 ℙ𝜆,0 (𝑜⟷  in 𝜉𝑜,𝒞 (𝑜, 𝜉𝑜) ⊂ 𝐻) ⩽ lim𝑞↘0 ℙ𝜆,0 (𝑜⟷  in 𝜉𝑜) = 𝜃 (𝜆) = 0 for all
𝜆 < 𝜆𝑐 (see Lemma 3.3), we have

ℙ𝜆,𝑞(𝑜⟷  in 𝜉𝑜) ⩽ 𝜅ℙ𝜆,𝑞(𝑜⟷  in 𝜉𝑜,𝒞(𝑜, 𝜉𝑜) ⊂ 𝐻) (5.21)

for all 𝜆 < 𝜆c and 𝑞 ∈ (0, 1). □

It remains to prove Lemmas 5.5 and 5.6.

Proof of Lemma 5.5. In the following, given a finite set 𝑆, we use 𝑁𝜀(𝑆) ∶= #𝜕𝜀conv (𝑆). Firstly,
we expand the left-hand side of (5.14), conditioning on the size of the cluster:

𝔼𝜆[#𝜕𝜀conv (𝒞(𝑜, 𝜉
𝑜))]

=
∞∑
𝑛=1

ℙ𝜆(#𝒞(𝑜, 𝜉
𝑜) = 𝑛)𝔼𝜆[#𝜕𝜀conv (𝒞(𝑜, 𝜉

𝑜)) ∣ #𝒞(𝑜, 𝜉𝑜) = 𝑛]
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MEAN-FIELD BEHAVIOUR OF THE RANDOM CONNECTIONMODEL ON HYPERBOLIC SPACE 45 of 50

=
∞∑
𝑛=1

ℙ𝜆(#𝒞(𝑜, 𝜉
𝑜) = 𝑛)∫(ℍ𝑑)𝑛−1 𝑁𝜀({𝑜, 𝑥2, … , 𝑥𝑛})ℙ𝜆({𝑜, 𝑥2, … , 𝑥𝑛} is a cluster) d𝑥2…d𝑥𝑛.

(5.22)

Note that since 𝜆 < 𝜆𝑐, ℙ𝜆 (#𝒞 (𝑜, 𝜉𝑜) = ∞) = 0.
We now similarly expand the right-hand side:

𝔼𝜆

[
#𝒞(𝑜, 𝜉𝑜)𝟙{𝑜∈𝜕𝜀conv (𝒞(𝑜,𝜉𝑜))}

]
=
∞∑
𝑛=1

ℙ𝜆(#𝒞(𝑜, 𝜉
𝑜) = 𝑛)𝔼𝜆

[
#𝒞(𝑜, 𝜉𝑜)𝟙{𝑜∈𝜕𝜀conv (𝒞(𝑜,𝜉𝑜))} ∣ #𝒞(𝑜, 𝜉

𝑜) = 𝑛
]

=
∞∑
𝑛=1

ℙ𝜆(#𝒞(𝑜, 𝜉
𝑜) = 𝑛)𝑛 ∫(ℍ𝑑)𝑛−1 𝟙{𝑜∈𝜕𝜀conv ({𝑜,𝑥2,…,𝑥𝑛})}ℙ𝜆({𝑜, 𝑥2, … , 𝑥𝑛} is a cluster) d𝑥2…d𝑥𝑛.

(5.23)

By translation invariance, we have

𝑛 ∫(ℍ𝑑)𝑛−1 𝟙{𝑜∈𝜕𝜀conv ({𝑜,𝑥2,…,𝑥𝑛})}ℙ({𝑜, 𝑥2, … , 𝑥𝑛} is a cluster) d𝑥2…d𝑥𝑛

=
𝑛∑
𝑖=1

∫(ℍ𝑑)𝑛−1 𝟙{𝑥𝑖∈𝜕𝜀conv ({𝑜,𝑥2,…,𝑥𝑛})}ℙ({𝑜, 𝑥2, … , 𝑥𝑛} is a cluster) d𝑥2…d𝑥𝑛

= ∫(ℍ𝑑)𝑛−1 𝑁𝜀({𝑜, 𝑥2, … , 𝑥𝑛})ℙ({𝑜, 𝑥2, … , 𝑥𝑛} is a cluster) d𝑥2…d𝑥𝑛, (5.24)

and therefore, the right hand-side and the left-hand side are equal. □

Proof of Lemma 5.6. The idea is that for each cluster configuration with 𝑜 ∈ 𝜕𝜀conv (𝒞 (𝑜, 𝜉𝑜)),
there are rotations about 𝑜 such that 𝒞 (𝑜, 𝜉𝑜) ⊂𝜀 (𝐻, 𝑜), and each of these rotated configu-
rations has the same probability density. Since 𝑜 ∈ 𝜕𝜀conv (𝒞 (𝑜, 𝜉𝑜)), there exists a half-space
𝑀 such that dist (𝜕𝑀, 𝑜) ⩽ 𝜀 and 𝒞 (𝑜, 𝜉𝑜) ⊂ 𝑀. By associating rotations, 𝑟, with elements of the
sphere 𝑆𝑑−1, the uniform probability measure of rotations such that 𝑟(𝑀) ⊂𝜀 (𝐻, 𝑜) is given by

𝔖𝑑−2
𝔖𝑑−1 ∫

𝜃𝜀(𝐻,𝑜)

0
(sin 𝑡)𝑑−2d𝑡. (5.25)

Since𝔖0 = 2,𝔖1 = 2𝜋 and𝔖2 = 4𝜋, for 𝑑 = 2, 3, this takes the form

⎧⎪⎨⎪⎩
1
𝜋
𝜃𝜀(𝐻, 𝑜) ∶ 𝑑 = 2

1
2
(1 − cos (𝜃𝜀(𝐻, 𝑜))) ∶ 𝑑 = 3.

(5.26)

Imprecisely speaking, for each configuration 𝑜 ∈ 𝜕𝜀conv (𝒞 (𝑜, 𝜉𝑜)), there are at least (5.26)-many
‘equally likely’ configurations such that 𝒞 (𝑜, 𝜉𝑜) ⊂𝜀 (𝐻, 𝑜). This would then imply the result.
The following argument gives the details for the ℍ2 case, higher dimensions are analogous.
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46 of 50 DICKSON and HEYDENREICH

Recall from the proof of Lemma 5.5 that

𝔼𝜆

[
#𝒞(𝑜, 𝜉𝑜)𝟙{𝑜∈𝜕𝜀conv (𝒞(𝑜,𝜉𝑜))}

]
= e−𝜆 ∫ℍ2 𝜑(𝑦,𝑜)d𝑦 +

∞∑
𝑛=2

𝑛ℙ𝜆(#𝒞(𝑜, 𝜉
𝑜) = 𝑛)∫(ℍ2)𝑛−1 𝟙{𝑜∈𝜕𝜀conv ({𝑜,𝑥2,…,𝑥𝑛})}
× ℙ𝜆({𝑜, 𝑥2, … , 𝑥𝑛} is a cluster) d𝑥2…d𝑥𝑛.

(5.27)

Here, we use the Poincaré disc radial coordinates for ℍ2, so for 𝑥 ∈ ℍ2, 𝜌 ∈ [0, 1), and 𝜃 ∈ [0, 2𝜋),

d𝑥 =
4𝜌(

1 − 𝜌2
)2 d𝜌d𝜃. (5.28)

Then, for 𝑛 ⩾ 2, we can write

∫(ℍ2)𝑛−1 𝟙{𝑜∈𝜕𝜀conv ({𝑜,𝑥2,…,𝑥𝑛})}ℙ𝜆({𝑜, 𝑥2, … , 𝑥𝑛} is a cluster) d𝑥2…d𝑥𝑛

= ∫𝜃∈[0,2𝜋)𝑛−1 ∫𝜌∈[0,1)𝑛−1 𝟙{𝑜∈𝜕𝜀conv ({𝑜,(𝜌1,𝜃1),…,(𝜌𝑛−1,𝜃𝑛−1)})}

× ℙ𝜆({𝑜, (𝜌1, 𝜃1), … , (𝜌𝑛−1, 𝜃𝑛−1)} is a cluster)
𝑛−1∏
𝑖=1

4𝜌𝑖

2𝜋
(
1 − 𝜌2

𝑖

)2 d𝜌𝑖d𝜃𝑖
= ∫𝜃∈[0,2𝜋)𝑛−2 ∫𝜌∈[0,1)𝑛−1 𝟙{𝑜∈𝜕𝜀conv ({𝑜,(𝜌1,0),…,(𝜌𝑛−1,𝜃𝑛−1)})}

× ℙ𝜆({𝑜, (𝜌1, 0), … , (𝜌𝑛−1, 𝜃𝑛−1)} is a cluster)
4𝜌1(
1 − 𝜌21

)2 d𝜌1 𝑛−1∏
𝑖=2

4𝜌𝑖

2𝜋
(
1 − 𝜌2

𝑖

)2 d𝜌𝑖d𝜃𝑖 .
(5.29)

Observe that

𝔼𝜆

[
#𝒞(𝑜, 𝜉𝑜)𝟙{𝒞(𝑜,𝜉𝑜)⊂𝜀(𝐻,𝑜)}

]
= e−𝜆 ∫ℍ2 𝜑(𝑦,𝑜)d𝑦 +

∞∑
𝑛=2

𝑛ℙ𝜆(#𝒞(𝑜, 𝜉
𝑜) = 𝑛)∫(ℍ2)𝑛−1 𝟙{𝒞(𝑜,𝜉𝑜)⊂𝜀(𝐻,𝑜)}

× ℙ𝜆({𝑜, 𝑥2, … , 𝑥𝑛} is a cluster) d𝑥2…d𝑥𝑛.
(5.30)

Then, for 𝑛 ⩾ 2, we can once again use the radial coordinates of the Poincaré disc model to
write

∫(ℍ2)𝑛−1 𝟙{{𝑜,𝑥2 ,…,𝑥𝑛}⊂𝜀(𝐻,𝑜)}
ℙ𝜆({𝑜, 𝑥2, … , 𝑥𝑛} is a cluster) d𝑥2 …d𝑥𝑛
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= ∫𝜃∈[0,2𝜋)𝑛−1 ∫𝜌∈[0,1)𝑛−1 𝟙{{𝑜,(𝜌1,𝜃1),…,(𝜌𝑛−1,𝜃𝑛−1)}⊂𝜀(𝐻,𝑜)}

× ℙ𝜆({𝑜, (𝜌1, 𝜃1), … , (𝜌𝑛−1, 𝜃𝑛−1)} is a cluster)
𝑛−1∏
𝑖=1

4𝜌𝑖

2𝜋
(
1 − 𝜌2𝑖

)2 d𝜌𝑖d𝜃𝑖
⩾ ∫𝜃1∈𝐼𝜀(𝐻,𝑜) ∫𝜃∈[0,2𝜋)𝑛−2 ∫𝜌∈[0,1)𝑛−1 𝟙{𝑜∈𝜕𝜀conv ({𝑜,(𝜌1 ,0),…,(𝜌𝑛−1,𝜃𝑛−1)})}

× ℙ𝜆({𝑜, (𝜌1, 0), … , (𝜌𝑛−1, 𝜃𝑛−1)} is a cluster)
4𝜌1(
1 − 𝜌21

)2 d𝜌1 12𝜋d𝜃1 𝑛−1∏
𝑖=2

4𝜌𝑖

2𝜋
(
1 − 𝜌2𝑖

)2 d𝜌𝑖d𝜃𝑖 ,
(5.31)

where 𝐼𝜀 (𝐻, 𝑜) is a measurable subset of [0, 2𝜋). Here, we have used that if 𝑜 ∈
𝜕𝜀conv ({𝑜, (𝜌1, 𝜃1) , … , (𝜌𝑛−1, 𝜃𝑛−1)}), then there are rotations 𝜃∗ of the vertex set such that
{𝑜, (𝜌1, 𝜃1 + 𝜃

∗) , … , (𝜌𝑛−1, 𝜃𝑛−1 + 𝜃
∗)} ⊂𝜀 (𝐻, 𝑜). 𝐼𝜀 (𝐻, 𝑜) denotes the angles of these rotations,

andwill be either an interval or a union of two intervals (and hence bemeasurable). Furthermore,
{𝑜 ∈ 𝜕𝜀conv ({𝑜, (𝜌1, 𝜃1) , … , (𝜌𝑛−1, 𝜃𝑛−1)})} is rotation invariant, and |𝐼𝜀 (𝐻, 𝑜)| = 2𝜃𝜀 (𝐻, 𝑜). We
therefore have

∫(ℍ2)𝑛−1 𝟙{{𝑜,𝑥2,…,𝑥𝑛}⊂𝜀(𝛾,𝑜)}
ℙ𝜆({𝑜, 𝑥2, … , 𝑥𝑛} is a cluster)d𝑥2…d𝑥𝑛

⩾
𝜃𝜀(𝐻, 𝑜)

𝜋 ∫𝜃∈[0,2𝜋)𝑛−2 ∫𝜌∈[0,1)𝑛−1 𝟙{𝑜∈𝜕𝜀conv ({𝑜,(𝜌1,0),…,(𝜌𝑛−1,𝜃𝑛−1)})}

× ℙ𝜆({𝑜, (𝜌1, 0), … , (𝜌𝑛−1, 𝜃𝑛−1)} is a cluster)
4𝜌1(
1 − 𝜌21

)2 d𝜌1 𝑛−1∏
𝑖=2

4𝜌𝑖

2𝜋
(
1 − 𝜌2

𝑖

)2 d𝜌𝑖d𝜃𝑖 ,
(5.32)

and the result follows. □

APPENDIX: HYPERBOLIC TRIANGLES
The following lemmas are standard relations for hyperbolic triangles that are used in Sections 2
and 4.1. The parameters 𝐴, 𝐵, 𝐶, 𝑎, 𝑏, 𝑐, 𝛼, 𝛽, 𝛾 correspond to the vertices, edge lengths and angles
in Figure A1.

Lemma A.1 (Tangent rule for hyperbolic triangles). If the hyperbolic triangle Δ𝐴𝐵𝐶 has a right
angle at 𝐶, then

tan 𝛼 =
tanh𝑎
sinh 𝑏

. (A.1)

Proof. See [31, Corollary 32.13]. □

Lemma A.2 (Cosine rule for hyperbolic triangles). If the hyperbolic triangle Δ𝐴𝐵𝐶 has a right
angle at 𝐶, then

cos 𝛼 =
tanh 𝑏
tanh 𝑐

. (A.2)
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48 of 50 DICKSON and HEYDENREICH

F IGURE A1 Labelling of vertices, angles and side lengths of the hyperbolic triangle Δ𝐴𝐵𝐶 used in
Lemmas A.1, A.2, A.3 and A.4.

Proof. See [31, Corollary 32.13]. □

Lemma A.3 (Sine rule for hyperbolic triangles). For the hyperbolic triangle Δ𝐴𝐵𝐶,

sin 𝛼
sinh 𝑎

=
sin 𝛽

sinh 𝑏
=
sin 𝛾

sinh 𝑐
. (A.3)

Proof. See [31, Corollary 32.14]. □

Lemma A.4 (Second cosine rule for hyperbolic triangles). For the hyperbolic triangle Δ𝐴𝐵𝐶,

cosh 𝑐 sin 𝛼 sin 𝛽 = cos 𝛼 cos 𝛽 + cos 𝛾. (A.4)

Proof. See [31, Corollary 32.16]. □

Lemma A.5 (Hyperbolic area for hyperbolic triangles). For the hyperbolic triangle Δ𝐴𝐵𝐶, the
hyperbolic area is equal to the angle defect:

|Δ𝐴𝐵𝐶|ℍ𝑑 = 𝜋 − 𝛼 − 𝛽 − 𝛾. (A.5)

Proof. See [31, Chapter 33.2]. □
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