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The Poisson equation involving surface measures

Marius M€uller

Mathematisches Institut, Albert-Ludwigs-Unversit€at Freiburg, Freiburg im Breisgau, Germany

ABSTRACT
We prove the (optimal) W1,1-regularity of weak solutions to the
equation �Du ¼ QHn�1bC in a domain X � R

n with Dirichlet
boundary conditions, where C �� X is a compact (Lipschitz) mani-
fold and Q 2 L1ðCÞ: We also discuss optimality and necessity of the
assumptions on Q and C. Our findings can be applied to study the
regularity of solutions for several free boundary problems, in particu-
lar the biharmonic Alt–Caffarelli problem.

1. Introduction

In this article, we study the Poisson equation with measure-valued right hand side of
the form

�Dv ¼ QHn�1 b C inX,
v ¼ 0 on @X,

�
(1.1)

for a (smooth) domain X, a (suitably regular) surface C �� X, and Q 2 L1ðC,Hn�1Þ:
The interest in this equation comes from the study of free boundary problems. The
notion of (weak) solutions for problems of the form

�Dv ¼ l inX,
v ¼ 0 on @X,

�
(1.2)

for a (signed) measure l is established in the literature and goes back to [1]. Regularity
theory is well-established in various contexts (cf. [2–5]). This is closely tied to the study
of the equation �Du ¼ divðFÞ via the duality method, cf. Section 3.3. The latter equa-
tion is subject to extensive research with wide applications, for example to the
Helmholtz decomposition, see, e.g., [6] for details.
We are interested in the optimal regularity of (weak) solutions of (1.1).
It turns out that general regularity results are either not applicable or not optimal if

l has the special structure l ¼ QHn�1 b C: This is mainly due to the fact that the
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gradient fundamental solution of �D has a singularity of order n� 1, which means that
its integrability is exactly critical for the measure Hn�1 b C, cf. (1.3). While the stand-
ard duality method (cf. Section 3.3, [7, 8]) or the method of layer potentials (cf. Section
3.5, [9, Section 7.11], [10, Section 14]) can be used to establish the W1, p-regularity for
all p 2 ½1,1Þ, both methods have limitations in the case of p ¼ 1: The question of
W1,1-regularity has already been raised in [11, p.171], where it is stated as an
open problem.
In this article, we show W1,1-regularity in the case that C is a compact Lipschitz

manifold and Q 2 L1ðCÞ: We also prove that the assumption Q 2 L1ðCÞ and the
Lipschitz regularity of C are necessary and discuss in which sense W1,1-regularity
is optimal.
The structure l ¼ QHn�1 b C is in many ways a critical limit case of the estab-

lished theory.
One way to see this is to look at the potential

UðxÞ :¼
ð
Fðx� yÞ dlðyÞ,

where F is the fundamental solution to the Laplace equation. It is well-known that

jrxFðx� yÞj ¼ Cn

jx�yjn�1 , i.e., it has a singularity of polynomial order n� 1 at y¼ x. If we

take l ¼ Hn�1 b ðB1ð0Þ \ fxn ¼ 0gÞ thenð
jrFð0� yÞjdlðyÞ ¼ Cn

ð
fjy0j<1g

1

jy0jn�1 dy
0, (1.3)

where y0 ¼ ðy1, :::, yn�1Þ and dy0 ¼ dy1:::dyn�1: This integral is infinite, but the order of
the singularity is just critical for this to hold true. Since we integrate only the absolute
value of jrFj in (1.3), we are not anymore able to take advantage of useful cancelation
properties. The idea of this cancelation is not new to mathematics and forms an integral
part of Calderon–Zygmund theory. In this theory however, the symmetries and the
structure of Rn are heavily used. Because of lacking symmetry of C, those arguments do
not immediately carry over.
Those considerations are obviously related to potential theory, but our goal is to pre-

sent an approach that does not rely on potential theory, except for standard elliptic
regularity results.
A second argument why l ¼ QHn�1 b C is a critical limit case is because of its crit-

icality for the Wolff potential

WlðxÞ :¼
ð1
0

jljðBtðxÞÞ
tn�1

dt
t
:

It is well-known that WlðxÞ < 1 for all x implies that solutions of (1.2) lie in
W1,1, cf. [2, 11]. The fact that ðHn�1 b CÞðBtðxÞÞ � tn�1 for suitably smooth C and
all x 2 C leads once again to a critical singularity in the definition of Wl:
Equations like (1.1) appear in applications. Oftentimes they describe solutions of free

boundary problems, for example the thin obstacle problem (cf. [12, Equation (3.8)]) and
the Alt–Caffarelli Problem (cf. [13, Equation (0.2)]) as well as its biharmonic relative (cf.
[14, Theorem 1.4]). We will explain possible applications in detail for the biharmonic
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Alt–Caffarelli problem, which has recently raised a lot of interest, cf. [14–16]. Some
methods, e.g., the blow-up techniques we use, are also inspired by applications from free
boundary problems [13, Section 4], but need to be refined in our analysis.
The article is organized as follows: In Section 2 we introduce the underlying concept

of weak solutions and state our main result. In Section 3 we recall what regularity has
been obtained in the existing literature and discuss in which sense W1,1-regularity is
the best regularity one may expect for our problem. Section 4 and 5 are devoted to the
proofs of the main results. In Section 6 we apply our results to study regularity of the
biharmonic Alt–Caffarelli problem.

2. Main results

Suppose for the rest of the article that X � R
n is a bounded domain with smooth

boundary and C �� X is such that Hn�1ðCÞ < 1: Further let Q 2 L1ðCÞ, which is
shorthand for L1ðC,Hn�1 b CÞ:
We next define a weak concept of solutions for

�Dv ¼ QHn�1 b C inX,
v ¼ 0 on @X:

�
(2.1)

Definition 2.1 (cf. [17, Definition 3.1]). We say that v 2 L1ðXÞ is a weak solution of
(2.1) if for all / 2 C2ð�XÞ such that /j@X ¼ 0 one has

�
ð
X
vD/ dx ¼

ð
C
Q/ dHn�1:

If Q 2 L1ðC,Hn�1Þ then Q Hn�1 b C is a finite signed Radon measure and by [17,
Proposition 3.2, Proposition 3.5] there exists a unique solution v 2 L1ðXÞ of (2.1) in the
sense of the previous definition.
As mentioned above, we are interested in the optimal regularity of such solutions,

which we will identify as W1,1ðXÞ (or equivalently C0, 1ð�XÞ, the space of
Lipschitz functions).
Let us first note that W2, q-regularity is impossible for any solution of (2.1) and any

q 2 ½1,1� unless Q¼ 0. This is due to the fact that v 2 W2, q implies that �Dv is abso-
lutely continuous with respect to the Lebesgue measure, whereas the right hand side
Q Hn�1 b C is not absolutely continuous.
This already yields that the best possible regularity in the sense of (integer) Sobolev

spaces is given by W1,1ðXÞ:
In classical function spaces however, this Lipschitz regularity could theoretically be

improved, e.g., to C1, a-regularity.
It however turns out that no improvement of the regularity can be achieved in the

classical function spaces—C1-regularity is impossible (cf. Section 3.4).
The main theorems of this article state that Lipschitz regularity can actually be

achieved under mild (and optimal) assumptions on Q and C, which we shall discuss.
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Main Theorem 2.2 (Lipschitz regularity for closed Lipschitz manifolds). Suppose that
X � R

n has smooth boundary and X0 �� X is open with Lipschitz boundary C ¼ @X0.
Further suppose that Q 2 L1ðCÞ. Then the unique solution to (2.1) lies in C0, 1ð�XÞ:
In this theorem, we have imposed additional restrictions on the set of admissible

right hand sides, mainly that C enjoys Lipschitz regularity and Q 2 L1ðCÞ. Also the fact
that we prescribe C ¼ @X0, i.e., C is a closed Lipschitz manifold, is an additional restric-
tion of topological nature.
We will see that Q 2 L1ðCÞ is a necessary condition for Lipschitz regularity, which

justifies this additional restriction (cf. Lemma 3.2). The Lipschitz regularity of C is
necessary in the sense that it is not enough to demand that C lies in C0, a for any a 2
ð0, 1Þ (cf. Remark 3.3).

The topological requirement that C ¼ @X0 is used in our argumentation but by no
means a necessary restriction. Indeed, Main Theorem 2.2 can be improved to hold with
a weaker (and optimal) topological assumption.

Main Theorem 2.3 (Lipschitz regularity for compact Lipschitz manifolds). Suppose that
X � R

n is a bounded domain with smooth boundary. Let C be a compact Lipschitz mani-
fold (with or without boundary). Then the unique solution of (2.1) lies in C0, 1ð�XÞ:
Here the new assumption is compactness of C which is indeed necessary (cf. Remark

3.3). To clarify what we mean by “compact Lipschitz manifold (with or without
boundary)” we refer to Appendix B. From now on all compact manifolds are meant to
be manifolds with or without boundary, unless explicitly stated otherwise.

The whole next section will be devoted to clarify the background of the Main
Theorems, discussing existing literature, necessity of the assumptions and optimality.

3. Context and optimality

3.1. The general measure valued problem

In this section we recall some basic facts about the equation

�Dv ¼ l inX,
v ¼ 0 on @X:

�
(3.1)

where l is a signed finite Borel measure on X. We define the finite Borel measure jlj
as in [18, pp. 137–139] and identify it with the (outer) Radon measure

nðAÞ :¼ inf
U�AU Borel

jljðUÞ ðA � XÞ: (3.2)

This way we can apply all results about outer measures also to jlj:
Lemma 3.1 (cf. [17, Proposition 5.1]). Let v be a weak solution of (3.1). Then v 2
W1, q

0 ðXÞ for all q 2 ½1, n
n�1Þ and for all / 2 C1

0 ðXÞ one hasð
X
rvr/ dx ¼

ð
/ dl: (3.3)
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Moreover there exists C ¼ CðqÞ such that

jjvjjW1, q
0 ðXÞ � CjljðXÞ:

and ð3:3Þ holds also for / 2 W1, q0
0 ðXÞ, q0 > n, 1q þ 1

q0 ¼ 1
� �

:

3.2. Necessary criteria for Lipschitz continuity

In this article, our measure l in (3.1) is always of the form l ¼ Q Hn�1 b C for some
Q 2 L1ðCÞ and a hypersurface C. The reason for that is not just that this case is most
relevant in the presented applications but also that this structure is in a way necessary
for the Lipschitz continuity. The arguments presented here go back to observations
in [11].

Lemma 3.2 (Necessity of the structure l ¼ Q Hn�1 b C and Q 2 L1). Suppose that
u 2 C0, 1ð�XÞ is a solution of (3.1) for a nonnegative measure l supported on some Borel
set C such that Hn�1ðCÞ < 1. Then there exists Q 2 L1ðCÞ such that l ¼ Q Hn�1 b C.
Moreover

jjQjjL1ðCÞ � 22n�1anjjujjC0, 1ðXÞ , (3.4)

where an ¼ jB1ð0Þj is the n-dimensional volume of a unit ball.

It is remarkable about the constant in (3.4) that it does not at all depend on C.

Proof of Lemma 3.2. Let u 2 C0, 1ð�XÞ be as in the statement. Recall that l ¼ jlj and
hence we can also identify l with an outer Radon measure on R

n: For x0 2 C and r 2
ð0, distðx0, @XÞÞ set / : X ! R defined by

/ðxÞ :¼ 1� jx� x0j
r

x 2 Brðx0Þ,
0 otherwise:

8<
:

It is easy to check that then / 2 W1, q0
0 ðXÞ for some q0 > n and r/ðxÞ ¼

� x�x0
rjx�x0j vBrðx0ÞðxÞ a.e. We infer thatð

/ dl ¼
ð
X
rur/ dx:

Since 0 � / � 1 and / � 1
2 on Br

2
ðx0Þ we conclude that

1
2
l
�
Br

2
ðx0Þ

�
�
ð
/ dl

����
���� ¼

ð
rur/ dx

����
����

� jjrujjL1
ð
Brðx0Þ

jr/jdx ¼ jjrujjL1
1
r
jBrðx0Þj � jjujjC0, 1anr

n�1:

(3.5)

We infer that there exists c ¼ cðn, jjujjC0, 1Þ :¼ 2nanjjujjC0, 1 such that for all r <
1
2 distðC, @XÞ and x 2 C one has lðBrðxÞÞ � crn�1: If x 62 C then

lðBrðxÞÞ ¼ lðBrðxÞ \ CÞ � lðB2rðx0ÞÞ if 9 x0 2 BrðxÞ \ C
0 otherwise

� ð2n�1cÞrn�1:

�
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We conclude that lðBrðxÞÞ � ð2n�1cÞrn�1 for all x 2 R
n: Now [17, Proposition 5.3]

implies that for all d 2 ð0, 12 distðx0,CÞÞ and all Borel sets A � R
n one has lðAÞ �

2n�1cHn�1
d ðAÞ, where Hn�1

d denotes the d-Hausdorff capacity, cf. [17, Definition B.1].
Letting d ! 0 we infer that lðAÞ � 2n�1cHn�1ðAÞ for each Borel set A � R

n: Since
lðAÞ ¼ lðA \ CÞ we infer that lðAÞ � ð2n�1cÞðHn�1 b CÞðAÞ for all Borel sets A. Using
(3.2) and the fact that Hn�1 b C is a Radon measure we infer that lðAÞ �
2n�1cðHn�1 b CÞðAÞ for all A � R

n: Hence l is absolutely continuous with respect to
Hn�1 b C and we infer from [19, Section 1.6.2] that

lðAÞ ¼
ð
A
ðDHn�1 b ClÞ dHn�1 b C, 8A � R

n Borel

where Hn�1 b C a.e. one can estimate

QðxÞ :¼ ðDHn�1 b ClÞðxÞ � limsup
r!0þ

lðBrðxÞÞ
Hn�1 b CðBrðxÞÞ

� 2n�1c:

Hence, l ¼ QHn�1 b C for some Q 2 L1ðCÞ: To finally prove the estimate (3.4) we
conclude

jjQjjL1ðCÞ � 2n�1c ¼ 22n�1anjjujjC0, 1 :

w

Remark 3.3 (Necessity of Lipschitz regularity of C). In this remark, we intend to look
at the effect of the regularity of C on the solution. To eliminate other influential factors
we assume Q¼ 1.
The main observation of this remark is as follows: requiring that C is a C0, a-graph

for some a 2 ð0, 1Þ is not enough to obtain the regularity. This becomes visible when
looking at [20, Remark 2.7] or (3.5) of the present article. Indeed, a suitably rescaled
version of (3.5) reveals that whenever there exists a Lipschitz solution u 2 C0, 1ð�XÞ of
(3.1) with a nonnegative measure l, then there exists C> 0 such that

lðBrðxÞÞ � Crn�1 8r > 0 8x 2 X: (3.6)

Hence (3.6) forms a necessary criterion for Lipschitz regularity. Next we give an
example of a C0, a-graph C that does not satisfy (3.6). To this end we assume n¼ 2,
X ¼ B2ð0Þ and fix a 2 ½0, 1Þ: Choose a0 2 ða, 1Þ and define

C :¼ x,
1

1þ a0
x1þa0 sin

1
x

� �
: x 2 0, 1½ �

� �
:

It is easy to show that f ðxÞ :¼ 1
1þa0 x

1þa0 sin 1
x , ðx 2 ½0, 1�Þ, lies inW1, pð0, 1Þ for all p < 1

1�a0 ,
which embeds intoC0, að½0, 1�Þ if we choose p < 1

1�a0 suitably large. One readily checks that

H1ðCÞ ¼
ð1
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ f 0ðxÞ2

q
dx < 1:

Using that jf ðxÞj � jxj for all x 2 ½0, 1� and the mean value theorem we find
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lðBrð0ÞÞ ¼ H1ðC \ Brð0ÞÞ ¼
ð
fx2 0, 1½ �:x2þf ðxÞ2<r2g

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ f 0ðxÞ2

q
dx

�
ð rffiffi

2
p

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ xa0 sin

1
x
� 1
1þ a0

xa0�1 cos
1
x

� �2
s

dx

�
ð rffiffi

2
p

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� xa0 sin

1
x

� �2

þ 1
2

1
1þ a0

xa
0�1 cos

1
x

� �2
s

dx

�
ð rffiffi

2
p

0

1ffiffiffi
2

p ð1þ a0Þ x
a0�1 cos

1
x

����
���� dx � 1ffiffiffi

2
p ð1þ a0Þ

X
k> 1

2p

ffiffi
2

p
r þp

4


 �
ð 1

2pk�p
4

1
2pkþp

4

xa
0�1 cos

1
x

����
���� dx

� 1
2ð1þ a0Þ

X
k> 1

2p

ffiffi
2

p
r þp

4


 �
ð 1

2pk�p
4

1
2pkþp

4

xa
0�1 dx

0
B@

1
CA

¼ 1
2ð1þ a0Þ

1
a0

X
k> 1

2p

ffiffi
2

p
r þp

4


 � 1

ð2kp� p
4Þa

0 � 1

ð2kpþ p
4Þa0
!

� 1
2ð1þ a0Þ

X
k> 1

2p

ffiffi
2

p
r þp

4


 �
p
2

ð2kpþ p
4Þa

0þ1 �
p

4ð1þ a0Þ
X

k> 1
2p

ffiffi
2

p
r þp

4


 �
ðkþ1

k

1

ð2kpþ p
4Þa

0þ1 dz

� p
4ð1þ a0Þ

X
k> 1

2p

ffiffi
2

p
r þp

4


 �
ðkþ1

k

1

ð2pz þ p
4Þa

0þ1 dz

� p
4ð1þ a0Þ

ð1
1
2p

ffiffi
2

p
r þp

4


 � 1

ð2pz þ p
4Þa

0þ1 dz ¼ p
8ð1þ a0Þ

ffiffiffi
2

p

r
þ p

2

� ��a0

:

Now if we assume that lðBrð0ÞÞ � Cr for all r> 0 we would obtain

Cr � 1
8ð1þ a0Þ

ffiffiffi
2

p

r
þ p

2

� ��a0

:

Dividing by ra
0
and then letting r ! 0 we obtain 0 � 1

8ð1þa0Þ
ffiffiffi
2

p �a0
, a contradiction.

As another conclusion from this example we can state that compactness of C is neces-
sary. This is so since

C0 :¼ x,
1

1þ a0
x1þa0 sin

1
x

� �
: x 2 ð0, 1Þ

� �
:

is indeed a (noncompact) Lipschitz manifold, as graph of a function that is locally
Lipschitz. Since C0 coincides Hn�1 a.e. with the counterexample above we infer that sol-
utions to (2.1) with Q¼ 1 and C ¼ C0 are not C0, 1ð�XÞ-regular.

3.3. H€older regularity via duality method

In this section, we report on existing regularity statements briefly and discuss why they
are of limited use when it comes to the optimal Lipschitz regularity. The famous duality
method can be used to show
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Proposition 3.4 (C0, a-regularity). Let X � R
n and C be a compact Lipschitz manifold.

Let v 2 L1ðXÞ be a weak solution of (2.1). Then v 2 W1, pðXÞ for all p 2 ½1,1Þ and v 2
C0, að�XÞ for all a 2 ½0, 1Þ. Furthermore, rv 2 BMOðXÞ:
To prove this we convert (2.1) into an equation of the form �Du ¼ divðFÞ for some

F 2 L1ðX,RnÞ. For p 2 ð1,1Þ it is classical (cf. [7]) that F 2 LpðX,RnÞ implies that
there exists a solution u 2 W1, p

0 ðXÞ. This result does not generalize to p ¼ 1, as we
shall see at the end of this section.

Lemma 3.5. Let C be a compact Lipschitz manifold. Distributionally one has
QHn�1 b C ¼ divðFÞ for some F 2 L1ðX;RnÞ. Moreover QHn�1 b C 2 W1, 1

0 ðXÞ	 and

jjFjjL1ðXÞ ¼ jjQHn�1 b CjjW1, 1
0 ðXÞ	 � CðXÞ C½ �0, 1jjQjjL1ðCÞ, (3.7)

where ½C�0, 1 is defined in Appendix B.

Proof. We first show that QHn�1 b C 2 ðW1, 1
0 ðXÞÞ	, i.e., for all / 2 C1

0 ðXÞ one hasð
C
j/jjQj dHn�1 � D C½ �0, 1jjQjjL1 jjr/jjL1ðXÞ, (3.8)

for some D ¼ DðXÞ: By [17, Proposition 17.17] it suffices to show that for all Borel sets
A � R

n, ð
A
jQj dHn�1 b C � ~D C½ �0, 1jjQjjL1Hn�1

1 ðAÞ,

where Hn�1
1 is the 1-Hausdorff capacity (cf. [17, Definition B.1]) and ~D ¼ ~DðXÞ:

Using [17, Proposition B.3] we find that it suffices to show that for all y 2 R
n and r> 0

one has ð
BrðyÞ\C

jQjdHn�1 � ~D C½ �0, 1jjQjjL1an�1r
n�1:

To this end cover C with open sets R1ðU1 
 V1Þ, :::,RmðUm 
 VmÞ � R
n such that

Ui � R
n�1 open and Vi � R open and Ri 2 OðnÞ such that for fi 2 C0, 1ðUiÞ one has

C \ RiðUi 
 ViÞ ¼ Rifðx0, fiðx0ÞÞ : x0 2 Vig: Then we can estimate

Ð
BrðyÞ\CjQjdHn�1 � jjQjjL1Hn�1ðBrðyÞ \ CÞ � jjQjjL1

Xm
i¼1

Hn�1ðBrðyÞ \ C \ RiðUi 
 ViÞÞ

¼ jjQjjL1
Xm
i¼1

ð
fx02Ui:ðx0 , fiðx0ÞÞ2BrðR�1

i ðyÞÞg

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ jrfiðx0Þj2

q
dx0:

Now note that ðx0, fiðx0ÞÞ 2 BrðR�1
i ðyÞÞ implies that x0 2 Brðy0iÞ, where y0i :¼

ðR�1
i ðyÞð1Þ , :::,R�1

i ðyÞðn�1ÞÞT 2 R
n�1: Thus
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ð
BrðyÞ\C

jQjdHn�1 � jjQjjL1
Xm
i¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ jjrfijj2L1ðViÞ

q ð
BrðyiÞ

dx0

� jjQjjL1
Xm
i¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ jjrfijj2L1ðViÞ

q !
an�1r

n�1:

We infer from this and (B.1) thatð
BrðyÞ\C

jQjdHn�1 � jjQjjL1 C½ �0, 1an�1r
n�1:

Equation (3.8) and hence the second estimate in (3.7) follows by [17, Proposition
B.3] and [17, Proposition 17.17]. The existence of F 2 L1ðX;RnÞ follows directly from
[21, Lemma 6.6]. w

Lemma 3.6. Let C be a compact Lipschitz manifold and let v be a weak solution of (2.1).
Then v 2 W1, 2

0 ðXÞ \ L1ðXÞ. Furthermore there exists a constant D ¼ DðXÞ > 0 such that

jjvjjL1ðXÞ � DðXÞjjQHn�1 b CjjW1, 1
0 ðXÞ	 :

Proof. We first show that v 2 W1, 2
0 ðXÞ: Recall that v 2 W1, q

0 ðXÞ for some q> 1 by
Lemma 3.1. Now fix / 2 C1

0 ðXÞ: We obtain by Lemma 3.5 for C1 :¼
jjQHn�1 b CjjW1, 1

0 ðXÞ	 and C2 :¼
ffiffiffiffiffiffiffijXjp

C1 thatð
X
rvr/ dx

����
���� ¼

ð
/Q dHn�1

����
���� � C1jjr/jjL1ðXÞ � C2jjr/jjL2ðXÞ ¼ C2jj/jjW1, 2

0 ðXÞ:

Since W1, 2
0 ðXÞ is a Hilbert space and C1

0 ðXÞ is dense in W1, 2
0 ðXÞ there exists w 2

W1, 2
0 ðXÞ such that ð

X
rvr/ dx ¼

ð
rwr/ dx 8/ 2 C1

0 ðXÞ:

We infer that u :¼ v� w 2 W1, q
0 ðXÞ is a weak solution of

�Du ¼ 0 inX,
u ¼ 0 on @X:

�

By uniqueness of such solution in W1, q
0 (cf. [22, Section 2.5.2]) we infer that v ¼ w 2

W1, 2
0 ðXÞ: It remains to show the L1-regularity and the desired estimate. By Lemma 3.5

we infer that v 2 W1, 2
0 ðXÞ is a weak solution of �Dv ¼ divðFÞ for some F 2 L1ðX;RnÞ:

The claim follows then immediately from [17, Lemma 5.2]. w

Note that the previous regularity is definitely not true for solutions of (3.1) with arbi-
trary measures l. Indeed, if l ¼ dx0 for some x0 2 X then the solution of (3.1) is
Green’s function GXðx0, �Þ, which does not lie in L1ðXÞ, cf. [22, Section 4].

Proof of Proposition 3.4. We infer from the previous lemma and Lemma 3.5 that each
solution v of (2.1) lies in W1, 2

0 ðXÞ and is a weak solution of �Dv ¼ divðFÞ for some
F 2 L1ðXÞ: In particular F 2 BMOðXÞ: Applying [7, Theorem 2.9] with p¼ 2 and x �
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1 we infer that rv 2 BMOðXÞ: Since BMOðXÞ � LpðXÞ for all p> 1, we infer that v 2
W1, pðXÞ for all p 2 ð1,1Þ: By Sobolev embedding v 2 C0, að�XÞ for all a 2 ½0, 1Þ: w

Remark 3.7 (Limitations of the duality method). Finally, we discuss limitations of the
duality method in the case p ¼ 1: To this end we construct F 2 L1ðX;RnÞ such that
�Du ¼ divðFÞ has no distributional solution in W1,1ðXÞ:
The argument we present is a slight variation of arguments in [23, Section 2].

Suppose that X � R
2 is a smooth domain and X � ½0, 1�2: By [23, Proof of Proposition

2, Section 2] there exists a sequence ðwjÞ1j¼1 � C1
0 ðXÞ such that

k@2
x1x1wjkL1ðXÞ þ k@2

x2x2wjkL1ðXÞ � 1 8j 2 N, k@2
x1x2wjkL1ðXÞ � j 8j 2 N:

Now define

Tj : L
1ðXÞ ! R, TjðgÞ :¼

ð
X
g @2

x1x2wj dx:

One readily checks that jjTjjjL1ðXÞ	 ¼ k@2
x1x2wjkL1ðXÞ ! 1 as j ! 1: By the

Banach–Steinhaus theorem there exists G 2 L1ðXÞ such that (along a subsequence)

TjðGÞ
�� �� ¼ ð

X
G @2

x1x2wj dx

����
����! 1 ðj ! 1Þ: (3.9)

Define now FðxÞ :¼ ð0,GðxÞÞT for almost every x 2 X: Clearly F 2 L1ðX;R2Þ: We
claim that �Du ¼ divðFÞ has no distributional solution u 2 W1,1ðXÞ: For a contradic-
tion we assume the opposite. Then there exists u 2 W1,1ðXÞ such that for all / 2
C1
0 ðXÞ one has ð

X
ru � r/ dx ¼

ð
X
F � r/ dx:

Plugging in / ¼ @x1wj and integrating by parts we findð
X
G @2

x1x2wj dx ¼
ð
X
ð@x1u@2

x1x1wj þ @x2u@
2
x1x2wjÞ dx ¼

ð
X
@x1uð@2

x1x1wj þ @2
x2x2wjÞ dx:

Taking absolute values and using the estimates above we findð
X
G @2

x1x2wj dx

����
���� � jj@x1ujjL1 � jjujjW1,1 :

Letting j ! 1 we obtain a contradiction to (3.9).

3.4. The Hopf-Oleinik-Lemma and C1-regularity

In this section we explain why one cannot hope for more than C0, 1-regularity in clas-
sical function spaces. More precisely we show

Proposition 3.8 (Impossibility of C1-regularity). Suppose that X � R
n is a smooth

domain and let C ¼ @X0 for some domain X0 �� X with C1,b-boundary for some
b 2 ð0, 1Þ. Let v 2 L1ðXÞ be a weak solution of (2.1). Then v 62 C1ðXÞ unless Q¼ 0.
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The main ingredient used in the proof is the famous Hopf–Oleinik boundary point
lemma stated here (in a nonoptimal version).

Lemma 3.9 (Hopf-Oleinik-Lemma, cf. [24, Theorem 4.1]). Suppose that D � R
n is a set

with C1,b-boundary for some b > 0. Let v 2 C2ðDÞ \ Cð�DÞ be a harmonic function in D.
If x0 2 @D is such that vðx0Þ ¼ maxx2@DvðxÞ then one has

liminf
t!0�

vðx0 þ t�ðx0ÞÞ � vðx0Þ
t

> 0,

where �ðx0Þ denotes the outer unit normal at x0. If x0 2 @D is such that vðx0Þ ¼
minx2@DvðxÞ then one has

limsup
t!0�

vðx0 þ t�ðx0ÞÞ � vðx0Þ
t

< 0:

Proof of Proposition 3.8. Assume that C,X0 are as in the statement and let Q 2
L1ðCÞnf0g: Moreover let v 2 L1ðXÞ be as in the statement. Assume now that v 2
C1ðXÞ: Since v is harmonic in a neighborhood of @X and attains homogeneous bound-
ary values on @X one infers by Schauder theory that v 2 C1ð�XÞ: In particular
maxx2�XvðxÞ, minx2�XvðxÞ are attained. Let x0, x1 2 �X be such that vðx0Þ ¼ maxx2�XvðxÞ
and vðx1Þ ¼ minx2�XvðxÞ: We claim next that either x0 or x1 can be chosen to lie on C.
Indeed, one has by harmonicity of v on X0

max
x2X0 vðxÞ ¼ maxx2CvðxÞ (3.10)

and by harmonicity of v on X00 :¼ XnX0

max
x2X00 vðxÞ ¼ maxx2@X00vðxÞ ¼ maxx2C[@X ¼ maxf0,maxx2CvðxÞg, (3.11)

as v¼ 0 on @X: If now maxx2�XvðxÞ > 0 then (3.10) and (3.11) leave the conclusion that

max
x2X0 vðxÞ ¼ max

x2X00 vðxÞ ¼ maxx2CvðxÞ:
Since X0 [ X00 ¼ �X we obtain that x0 can be chosen to lie on C. On contrary if

maxx2�XvðxÞ � 0 then minx2�XvðxÞ < 0 unless v � 0 (which is not allowed as Q � 0 was
excluded). Now we can argue the same way as in (3.10), (3.11) to find

min
x2X0 vðxÞ ¼ minx2CvðxÞ,

min
x2X00 vðxÞ ¼ minx2@X00vðxÞ ¼ minf0,minx2CvðxÞg:

Since now minx2�XvðxÞ < 0 we infer that

min
x2X0 vðxÞ ¼ min

x2X00 vðxÞ ¼ minx2CvðxÞ
and since X0 [ X00 ¼ �X we once more infer that x1 can be chosen to lie on C. Without
loss of generality we can assume that x0 lies on C, otherwise we may consider—v. Now
we apply Lemma 3.9 with D :¼ X0: Since maxx2DvðxÞ is attained at x0 and v 2 C1ð�DÞ
we obtain that
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0 < liminf
t!0�

vðx0 þ t�X0ðx0ÞÞ � vðx0Þ
t

¼ rvðx0Þ � �X0ðx0Þ: (3.12)

Analogously we can also consider D ¼ X00 (or one connected component of X00 whose
boundary contains x0) and apply Lemma 3.9. Since maxx2DvðxÞ is also attained at x0 we
obtain

0 < liminf
t!0�

vðx0 þ t�X00ðx0ÞÞ � vðx0Þ
t

¼ rvðx0Þ � �X00ðx0Þ: (3.13)

But now �X00ðx0Þ ¼ ��X0ðx0Þ as x0 2 C and X0 and X00 lie on two different sides of C.
This means however that (3.12) and (3.13) cannot hold at the same time. A contradiction. w

3.5. Remarks on potential theory

As already announced our approach will not use potential theory, except for standard regu-
larity results. Nevertheless we comment briefly on potential theoretic results about (2.1), since
one can indeed give a partial positive answer to our question of C0, 1 regularity.
As in the introduction we consider for Q 2 L1ðCÞ the single-layer potential

SQðxÞ :¼
ð
C
Fðx� yÞQðyÞ dHn�1ðyÞ,

where F is the fundamental solution of �D in R
n: We intend to understand the behav-

ior of SQ and its partial derivatives on C. Note first that SQ is smooth and harmonic
on R

nnC: Further one can show that SQ 2 W1, q
loc ðRnÞ for some q 2 ½1, n

n�1Þ and in the
sense of weak derivatives one has

rðSQÞðxÞ ¼
ð
C
rFðx � yÞQðyÞ dHn�1 a:e: x 2 R

n:

A first remarkable theorem discusses a control of the normal derivatives of SQ on C
under certain assumptions on C,Q:

Proposition 3.10 (Normal derivative of single-layer potential, [10, Theorem 14.IV]).
Suppose that C ¼ @T �� R

n for some C1, k-domain T � R
n, k > 0 with unit normal

field �. If Q 2 L1ðCÞ then the inner and outer normal derivatives @þ
� SQ and @�

� SQ exist
in the sense of

@6
� SQ ¼ lim

t!06
rSQðx0 þ t�ðx0ÞÞ � �ðx0Þ exists forHn�1a:e: x0 2 C (3.14)

and

@6
� ðSQÞðx0Þ ¼ 7

1
2
Qðx0Þ þ

ð
C
@�Fðx0 � yÞQðyÞ dHn�1ðyÞ Hn�1a:e: x0 2 C:

If Q 2 LpðCÞ for some p > n�1
k then the map C�x0 7!

Ð
C@�Fðx0 � yÞQðyÞ dHn�1ðyÞ lies in

C0,lðCÞ for any l < k� n�1
p . In particular @6

� SQ 2 L1ðCÞ if Q 2 L1ðCÞ. If Q 2 C0ðCÞ
then the above equations hold everywhere and not just Hn�1 a.e.

This shows that Q 2 L1ðCÞ implies bounded normal derivatives on C in the sense
of (3.14).
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If Q is somewhat more regular, we can also bound non-normal derivatives on C and
hence the whole gradient. Indeed, one can show.

Proposition 3.11 ([10, Theorem 14.VII]). If T �� X is a C1, k-domain and Q 2 C0, k

then rSQ 2 C0, kð�TÞ \ C0, kðXnTÞ. In particular rSQ 2 L1ðXÞ, i.e., SQ 2 C0, 1ð�XÞ:
While this is a positive result on our original question it is difficult to weaken the

assumptions with potential theoretic methods. The reason for that is that layer poten-
tials do not necessarily behave well with approximations and less regular domains.
Another reason is that the sense of (3.14) is a very weak sense of assuming boundary
values and not compatible with modern notions of (BV/Sobolev)-traces.
There are potential theoretic methods that allow for better control of boundary val-

ues, a common notion being the nontangential maximal function. Using these methods
one can indeed study the behavior of SQ on Lipschitz domains via approximation (cf.,
e.g., [25]). The price one usually pays for this approximation is however the restriction
to W1, p for p 2 ð1,1Þ: The reason for that is that crucial a priori estimates like [25,
Lemma 1.3] have no trivial generalization to p ¼ 1:

An observation which is highly relevant for the article is the normal jump of size Q
on the boundary C ¼ @T, i.e.,

@þ
� SQ� @�

� SQ ¼ �Q onC: (3.15)

We will obtain this jump later independently with modern techniques from PDE and
geometric measure theory.

4. Proof of Main Theorem 2.2

This section is devoted to the proof of our first main theorem. We will first obtain the
desired Lipschitz regularity for smooth data C and Q by constructing almost-solutions
with the aid of the comparison function x 7!distðx,CÞ: Once Lipschitz regularity of solu-
tions with smooth data is shown, we can obtain a priori estimates of the Lipschitz norm
in terms of C and Q. To find sharp a priori estimates we perform blow-up procedures
and study the behavior of solutions around points in C. Finally, we can argue by
approximation to show the claim also for less regular data.

4.1. Regularity for smooth initial data

First we show the result for surfaces of the form C ¼ @X0, where X0 �� X is an open,
bounded set with C2-boundary. The advantage of this additional smoothness is that one
can work with the signed distance function dX0 , see Appendix A for the precise defin-
ition and basic properties. We will observe that the absolute value of the signed distance
function jdX0 j already solves a similar problem to the one we intend to solve.
Thankfully jdX0 j 2 C0, 1, which is an important step toward our desired regularity.
For less regular domains we will argue by an approximation argument for Lipschitz

domains presented in [26]—but in order to do so we will need a priori estimates.
If we write in the sequel C ¼ @X0 2 Ck we mean that X0 �� X is a domain with Ck-

smooth boundary C. The notation Q 2 W2, pðXÞ shall indicate that Q 2 L1ðCÞ can be
extended to a W2, p-function on X.
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Lemma 4.1. Suppose that Q 2 W2, pðXÞ, n < p � 1 and C ¼ @X0 2 C2. Let � > 0 be
such that C� :¼ fx 2 X : distðx,CÞ < �g is a C2-domain and d ¼ dX0 2 C2ðC�Þ. Then
jdj 2 W1, 2ðC�Þ and for all / 2 C1

0 ðC�Þ one hasð
C�

r 1
2
Qjdj

� �
r/ dx ¼ �

ð
C
/QdH1 þ

ð
C�

D
Q
2
d

� �
v/ dx, (4.1)

where v ¼ 1X0 � 1XnX0 :

Proof. That jdj 2 W1, 2ðC�Þ follows from d 2 W1, 2ðC�Þ and [19, Theorem 4.4]. Next we
divide C� ¼ Cþ

� [ C�
� [ C, where Cþ

� :¼ C� \ XnX0 and C�
� :¼ C� \ X0: Note that d> 0

on Cþ
� and d< 0 on C�

� and thus for / 2 C1
0 ðC�Þ one hasð

C�

r 1
2
Qjdj

� �
r/ dx ¼

ð
Cþ
�

r 1
2
Qd

� �
r/ dx �

ð
C�
�

r 1
2
Qd

� �
r/ dx

¼
ð
@Cþ

�

/r 1
2
Qd

� �
�Cþ

�
dHn�1 �

ð
Cþ
�

D
Q
2
d

� �
/ dx

�
ð
@C�

�

/r 1
2
Qd

� �
�C�

�
dHn�1 þ

ð
C�
�

D
Q
2
d

� �
/ dx

¼
ð
C
/r 1

2
Qd

� �
ð�Cþ

�
� �C�

�
Þ dHn�1 þ

ð
C�

D
Q
2
d

� �
v/ dx:

Notice that on C one has �Cþ
�
¼ ��C�

�
¼ ��X0 and henceð

C�

r 1
2
Qjdj

� �
r/ dx ¼ �

ð
C
/rðQdÞ�X0 dHn�1 þ

ð
C�

D
Q
2
d

� �
v/ dx:

Now on C one has d ¼ dX0 ¼ 0 and thus by Lemma A.2 rðQdÞ ¼ ðrQÞd þ Qrd ¼
Q�X0 : Here we have used that Q 2 C1ð�XÞ by Sobolev embedding. We inferð

C�

r 1
2
Qjdj

� �
r/ dx ¼ �

ð
C
/Q dHn�1 þ

ð
C�

D
Q
2
d

� �
v/ dx:

w

Corollary 4.2. Suppose that Q 2 W2, pðXÞ, n < p � 1 and C ¼ @X0 2 C2. Let � > 0 be
such that for all �0 � � the set C�0 :¼ fx 2 X : distðx,CÞ < �0g is a C2-domain and
d ¼ dX0 2 C2ðC�Þ. Then the solution v of (2.1) satisfies v 2 C0, 1ð�XÞ:

Proof. We first show that v 2 C0, 1ðC�=2Þ: To this end we look at w :¼ vþ 1
2Qjdj which

lies in W1, 2ðC�Þ by Proposition 3.4 and satisfies for each / 2 C1
0 ðC�Þ by (4.1)ð

C�

rwr/ ¼
ð
C�

D
Q
2
d

� �
v/ dx:

Now note that D Q
2 d
� �

v ¼ v
2 ðdDQþ 2rQrd þ QDdÞ, which lies in LpðC�Þ: We infer

that w 2 W2, p
loc ðC�Þ for some p 2 ðn,1Þ and hence w 2 C1ðC�Þ: Now v ¼ w� 1

2Qjdj lies
in C0, 1 since jdðxÞj ¼ distðx,X0Þ þ distðx,X0CÞ is Lipschitz continuous as sum of
Lipschitz continuous functions and Q,w 2 C1ðC�Þ � C0, 1ðC�=2Þ: The claimed Lipschitz
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continuity on C�=2 is shown. Since v is harmonic on the C2-domain XnC�=4 and

vj@ðXnC�=4Þ is smooth we infer by elliptic regularity that v 2 W2, nþ1ðXnC�=4Þ �
C1ðXnC�=4Þ: We conclude that v 2 C0, 1ðXnC�=4Þ: Together with the fact that v 2
C0, 1ðC�=2Þ we obtain that v 2 C0, 1ð�XÞ: w

With our additional smoothness requirements, we can also achieve BV-regularity.

Corollary 4.3 (BVðXÞ-regularity). Suppose that C ¼ @X0 2 C2 and Q 2 W2, pðXÞ, p> n.
Then the solution v of (2.1) satisfies rv 2 BVðX;RnÞ:

Proof. Let � > 0 be as in the previous corollary. We have seen in the proof of the previ-

ous corollary that vþ Q
2 jdj lies in W2, p

loc ðC�Þ and hence r vþ Q
2 jdj

� �
2 W1, p

loc ðC�Þ �
BVðC�=2Þ: To show that rv 2 BVðC�=2Þ it is hence sufficient to prove that r Q

2 jdj
� �

2
BVðC�=2Þ: As in Lemma 4.1 we decompose C� ¼ Cþ

� [ C [ C�
� and compute for i 2

f1, :::, ng and arbitrary / 2 C1
0ðC�;R

nÞ such that jj/jj1 � 1ð
C�

@i
Q
2
jdj

� �
divð/Þ dx ¼

ð
Cþ
�

@i
Q
2
d

� �
divð/Þ dx �

ð
C�
�

@i
Q
2
d

� �
divð/Þ dx

¼ 2
ð
C
@i

Q
2
d

� �
/dHn�1 �

ð
Cþ
�

r@i
Q
2
d

� �
/ dxþ

ð
C�
�

r@i
Q
2
d

� �
/ dx:

By the product rule one has Q
2 d 2 W2, pðC�Þ and hence Sobolev embedding yields that����@i Q

2 d
� �����

L1ðCÞ
� C for some C> 0. Moreover

����r@i
Q
2 d
� �����

LpðC�Þ
� D for some D> 0.

We infer that ð
C�

@i
Q
2
jdj

� �
divð/Þ dx � 2CHn�1ðCÞ þ D jCþ

� j
1
q þ jC�

� j
1
q

� �
,

where q 2 1, n
n�1


 �
is chosen such that 1

p þ 1
q ¼ 1: We have shown that r Q

2 jdj
� �

2
BVðC�Þ and thus also rv 2 BVðC�=2Þ: Since v is harmonic on XnC�=4 and vj@ XnC�

4ð Þ is

smooth we have that v 2 W2, 2ðXnC�=4Þ and hence rv 2 BVðXnC�=4Þ: We infer that
rv 2 BVðXÞ by the gluing property, cf. [27, Remark 2.14]. w

4.2. Blow-up arguments

We have now obtained Lipschitz-regularity for smooth domains and sufficiently smooth
data Q. To pass to less regular settings we argue by approximation. To this end we dis-
cuss a priori estimates that can be obtained by looking at the precise behavior of
Lipschitz solutions on C.

Lemma 4.4 (A Taylor expansion). Suppose that C ¼ @X0 2 C1, x0 2 C, Q 2 C0ðCÞ and
u 2 C0, 1ð�XÞ is a solution of (2.1). Then there exists a vector hðx0Þ 2 R

n such that in a
neighborhood of x0 one has
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uðxÞ ¼ uðx0Þ þ hðx0Þ � ðx � x0Þ � 1
2
Qðx0Þjðx � x0, �ðx0ÞÞj þ oðjx� x0jÞ: (4.2)

Proof. Define ur : R
n ! R to be

urðxÞ :¼
uðx0 þ rxÞ � uðx0Þ

r
x0 þ rx 2 X,

�uðx0Þ
r

otherwise:

8>><
>>:

Note that ur 2 C0, 1ðRnÞ and jjrurjjL1ðRnÞ � jjrujjL1ðXÞ: Moreover urð0Þ ¼ 0, so
jurðzÞj � jjrujjL1 jzj for all z 2 R

n and r> 0. We conclude by Proposition C.2 that there
exists a subsequence rj ! 0 and some �u 2 C0, 1

loc ðRnÞ with r�u 2 L1ðRnÞ such that urj !
�u weakly in W1, 2ðBRð0ÞÞ and uniformly on BRð0Þ for all R> 0. Next let / 2 C1

0 ðRnÞ be
fixed. Let R0 > 0 be such that suppð/Þ 2 BR0ð0Þ and j0 2 N be such that 1

rj
ðX� x0Þ �

BR0ð0Þ for all j � j0: Next we derive a PDE for �u: We computeð
R

n
r�ur/ dx ¼

ð
BR0 ð0Þ

r�ur/ dx ¼ lim
j!1, j�j0

ð
BR0 ð0Þ

rurjr/ dx

¼ lim
j!1, j�j0

ð
BR0 ð0Þ

ruðx0 þ rjxÞr/ðxÞ dx ¼ lim
j!1, j�j0

ð
1
rj
ðX� x0Þ

ruðx0 þ rjxÞr/ðxÞ dx

¼ lim
j!1

1
rnj

ð
X
ruðyÞr/

y� x0
rj

� �
dy ¼ lim

j!1
1

rn�1
j

ð
X
ruðyÞr /

ð�Þ � x0
rj

!!
ðyÞ dy

¼ lim
j!1

1
rn�1
j

ð
C
QðzÞ/ z � x0

rj

� �
dHn�1ðzÞ ¼ lim

j!1
1

rn�1
j

ð
C\BrjR0 ðx0Þ

QðzÞ/ z � x0
rj

� �
dHn�1ðzÞ:

Now we can find an orthogonal matrix R 2 OðnÞ and t> 0 such that C \ BrjR0ðx0Þ �
x0 þ Rfðx0 , f ðx0ÞÞT : x0 2 Btð0Þg for sufficiently large j. Here f 2 C1ðBt0ð0ÞÞ satisfies
f ð0Þ ¼ 0 and rf ð0Þ ¼ 0: We can also achieve that Ren ¼ �X0ðx0Þ: Henceð

R
n
r�ur/ dx ¼ lim

j!1
1

rn�1
j

ð
Btð0Þ

Qðx0 þ Rðz0, f ðz0ÞÞTÞð/ 
RÞ z0

rj
,
f ðz0Þ
rj

! ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ jrf ðz0Þj2

q
dz0

¼ lim
j!1

ð
B t
rj
ð0Þ
Qðx0 þ Rðrjs, f ðrjsÞÞTÞð/ 
 RÞ

�
s,
1
rj
f ðrjsÞ

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ jrf ðrjsÞj2

q
ds:

Since Rðs, 1
rj
f ðrjsÞÞT

��� ��� � jsj we find that jsj � R0 implies Rðs, 1
rj
f ðrjsÞÞT 62 suppð/Þ:

Using the dominated convergence theorem, the fact that rf ð0Þ ¼ 0, and suppð/Þ �
BR0ð0Þ we findð

R
n
r�ur/ dx ¼ lim

j!1

ð
BR0 ð0Þ

Qðx0 þ Rðrjs, f ðrjsÞÞTÞð/ 
 RÞ
�
s,
1
rj
f ðrjsÞ

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ jrf ðrjsÞj2

q
ds

¼ Qðx0Þ
ð
BR0 ð0Þ

ð/ 
 RÞðs,rf ð0Þ � sÞds ¼ Qðx0Þ
ð
R

n�1
ð/ 
 RÞðs, 0Þ ds

Summarizing our findings we have that �u satisfies �u 2 C0, 1, r�u 2 L1ðRnÞ, �uð0Þ ¼ 0
and for all / 2 C1

0 ðRnÞ one has
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ð
R

n
r�ur/ dx ¼ Qðx0Þ

ð
R

n�1
ð/ 
 RÞðs, 0Þ ds: (4.3)

Next we define ~u : Rn ! R by ~uðxÞ :¼ � 1
2 jeTnRTxj ¼ � 1

2 jðx, �X0ðx0ÞÞj: We will next
understand the relation between �u and ~u: Set Hþ :¼ fz 2 R

n : eTn z > 0g, H� :¼ fz 2
R

n : eTn z < 0g: One readily checks that ~u 2 C0, 1
loc ,r~u 2 L1ðRnÞ, ~uð0Þ ¼ 0 and for / 2

C1
0 ðRnÞ one computes

�2
ð
R

n
r~ur/ dx ¼

ð
RHþ

ðRenÞTr/ dx �
ð
RH�

ðRenÞTr/ dx

¼
ð
Hþ

ðRenÞTðr/ÞðRxÞ dx�
ð
H�

ðRenÞTðr/ÞðRxÞ dx

¼
ð
Hþ

ðRenÞTRrð/ 
 RÞ dx �
ð
H�

ðRenÞTRrð/ 
 RÞ dx

¼
ð
Hþ

@nð/ 
 RÞ dx �
ð
H�

@nð/ 
 RÞ dx ¼ �2
ð
R

n�1
ð/ 
 RÞðs, 0Þ ds,

where we used Fubini’s theorem in the last step and performed the xn-integration first.
We infer from this and (4.3) that �u � Qðx0Þ~u lies in C0, 1

loc ðRnÞ,rð�u � Qðx0Þ~uÞ 2
L1ðRnÞ, ð�u � Qðx0Þ~uÞð0Þ ¼ 0 and for all / 2 C1

0 ðRnÞ one hasð
R

n
rð�u � Qðx0Þ~uÞr/ ¼ 0:

Hence �u � Qðx0Þ~u is a harmonic function on R
n: This implies that also rð�u �

Qðx0Þ~uÞ is harmonic on R
n: Since also rð�u � Qðx0Þ~uÞ 2 L1ðRnÞ we infer by Liouville’s

Theorem that rð�u � Qðx0Þ~uÞ ¼ const ¼: hðx0Þ 2 R
n: We infer that �uðxÞ ¼

Qðx0Þ~uðxÞ þ hðx0Þx þ b for some b 2 R, but since �uð0Þ ¼ ~uð0Þ ¼ 0 we find b¼ 0.
Hence �uðxÞ ¼ � 1

2Qðx0Þjðx, �X0ðx0ÞÞj þ hðx0Þx: Recalling the definition of �u we obtain
for all x 2 B1ð0Þ

lim
r!0

uðx0 þ rxÞ � uðx0Þ
r

¼ �uðxÞ ¼ hðx0Þx � 1
2
Qðx0Þjðx, �X0ðx0ÞÞj:

We could as well write

uðx0 þ rxÞ ¼ uðx0Þ þ hðx0ÞðrxÞ � 1
2
Qðx0Þjðrx, �X0ðx0ÞÞj þ oðrÞ,

which implies (4.2). w

Lemma 4.5. Let C ¼ @X0 2 C1 and u 2 C0, 1ð�XÞ be a solution of (2.1). Further let
h : C ! R

n, x0 7!hðx0Þ, where hðx0Þ is as in the previous Proposition. Then one has for all
z 2 C

hðzÞ ¼ lim
r!0

ð

6

BrðzÞ
ru dx: (4.4)

In particular, h is measurable and lies in L1ðCÞ, satisfying jjhjjL1ðCÞ � jjrujjL1ðXÞ:

Proof. To show the measurability of h and the L1-estimate it suffices to prove (4.4). To
this end we compute for all z 2 C and r> 0 small enough
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ð

6

BrðzÞ
@iu dx ¼ 1

anrn

ð
@BrðzÞ

uðxÞ xi � zi
r

dHn�1ðxÞ

¼ 1
anrn

ð
@BrðzÞ

ðuðxÞ � uðzÞÞ x � z
r

dHn�1ðxÞ

¼ 1
anrn

ð
@BrðzÞ

ðhðzÞ � ðx � zÞ � 1
2
Qðx0Þjðx � z, �X0ðx0ÞÞj þ oðjx � zjÞÞ x� z

r
dHn�1ðxÞ:

(4.5)

Now note that

1
anrn

ð
@BrðzÞ

oðjx� zjÞ x� z
r

dHn�1ðxÞ
�����

����� � oðrÞxnrn�1

anrn
! 0, ðr ! 0Þ,

and ð
@BrðzÞ

1
2
Qðx0Þjðx� z, �X0ðx0ÞÞj x� z

r
dHn�1ðxÞ ¼ 0,

since the integrand is antisymmetric and @BrðzÞ is a symmetric set. Again using such
reflection and symmetry arguments we obtain for i 2 f1, :::, ng

1
anrn

ð
@BrðzÞ

hðzÞ � ðx � zÞ xi � zi
r

dHn�1ðxÞ

¼ 1
anrn

Xn
j¼1

ð
@BrðzÞ

hjðzÞðxj � zjÞ xi � zi
r

dHn�1ðxÞ

¼ 1
anrn

ð
@BrðzÞ

hiðzÞ ðxi � ziÞ2
r

dHn�1ðxÞ

¼ 1
nanrn

ð
@BrðzÞ

hiðzÞ jx � zj2
r

dHn�1ðxÞ ¼ 1
nanrn

r2

r
hiðzÞxnr

n�1 ¼ hiðzÞ,

since xn ¼ nan: The claim follows passing to the limit in (4.5). w

4.3. An a priori estimate

Next we obtain an a priori estimate for jjrujjL1ðXÞ via the maximum principle on X0

and X00 :¼ XnX0 : We shall use the notation for X00 in the entire rest of this section.
The regularity that we have proved so far is however not sufficient to apply the max-

imum principle to ru—neither for the classical nor for the weak (Sobolev) maximum
principle. Hence we need the following generalization.

Lemma 4.6 (A maximum principle for BV-solutions, Proof in Appendix D). Let U �
R

n be open and bounded with C1-smooth boundary and w 2 BVðUÞ be such thatð
U
wD/ ¼ 0 8/ 2 C1

0 ðUÞ: (4.6)

Then jjwjjL1ðUÞ � jjtrUðwÞjjL1ð@UÞ, where trUðwÞ denotes the BV(U)-trace of w.
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To the best of our knowledge this result is not known for BV-solutions but only for
W1, 1-solutions. This is why we give a proof in the appendix. Next we compute the
BVðX0Þ-trace of ru:

Lemma 4.7. Let C ¼ @X0 2 C1, X00 :¼ XnX0 , and u 2 C0, 1ð�XÞ be a solution of (2.1) with
Q 2 C0ðCÞ such that ru 2 BVðXÞ. Then one has Hn�1 a.e. on C

trX0ðruÞ ¼ hþ Q
2
�X0

trX00ðruÞ ¼ h� Q
2
�X0 ,

where h is as in (4.2) and (4.4).

Proof. We only show the first equality, the other one is completely analogous. We know
by Lemma D.1 that Hn�1 a.e. one has

trX0ð@iuÞðzÞ ¼ lim
r!0

ð

6

BrðzÞ\X0
@iuðxÞ dx:

We compute using (4.2) and the fact that by Proposition B.4 BrðzÞ \ X0 is a Lipschitz
domain for r small enough.

trX0ð@iuÞðzÞ ¼ lim
r!0

1
jBrðzÞ \ X0j

ð
@ðBrðzÞ\X0Þ

uðyÞ�iðyÞ dHn�1ðyÞ

¼ lim
r!0

1
jBrðzÞ \ X0j

ð
@ðBrðzÞ\X0Þ

ðuðyÞ � uðzÞÞ�iðyÞ dHn�1ðyÞ þ uðzÞ
ð
@ðBrðzÞ\X0Þ

�iðyÞ dHn�1ðyÞ
 !

¼ lim
r!0

1
jBrðzÞ \ X0j

ð
@ðBrðzÞ\X0Þ

ðuðyÞ � uðzÞÞ�iðyÞ dHn�1ðyÞ þ uðzÞ
ð
BrðzÞ\X0

@ið1Þ dy
 !

¼ lim
r!0

1
jBrðzÞ \ X0j

ð
@ðBrðzÞ\X0Þ

ðhðzÞ � ðy� zÞ � 1
2
QðzÞjðy� z, �ðzÞÞj þ oðjy � zjÞÞ�iðyÞÞ dHn�1ðyÞ:

Note that

lim
r!0

1
jBrðzÞ \ X0j

ð
@ðBrðzÞ\X0Þ

oðjy � zjÞ dHn�1ðyÞ
�����

����� � limsup
r!0

oð1Þ rH
n�1ð@ðBrðzÞ \ X0ÞÞ
jBrðzÞ \ X0j :

Now, we obtain by [19, Theorem 5.14(iii) and Theorem 5.15] that Hn�1ð@X0 \
BrðzÞÞ � ð2n�1 þ oð1ÞÞan�1rn�1: Moreover Hn�1ðX0 \ @BrðzÞÞ � xnrn�1 ¼ nanrn�1:

Therefore

limsup
r!0

oð1Þ rH
n�1ð@ðBrðzÞ \ X0Þ
jBrðzÞ \ X0j � limsup

r!0
oð1Þ rðH

n�1ðBrðzÞ \ @X0Þ þ Hn�1ðX0 \ @BrðzÞÞ
jBrðzÞ \ X0j

¼ limsup
r!0

oð1Þ r
nðnþ 2n�1 þ oð1ÞÞan�1

jBrðzÞ \ X0j ¼ limsup
r!0

oð1Þ ðnþ 2n�1 þ oð1ÞÞan�1����B1ð0Þ \ X0 � z
r

� �����
¼ 0,

where we used that by [19, Theorem 5.13]
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lim
r!0

1����B1ð0Þ \ X0�z
r

� �����
¼ 1

jB1ð0Þ \H�j 2 ð0,1Þ,

where H� ¼ fy 2 R
n : �ðzÞ � y < 0g: For later use we also define Hþ :¼ fy 2 R

n :

�ðzÞ � y > 0g: Now using once more the divergence theorem we obtain

1
jBrðzÞ \ X0j

ð
@ðBrðzÞ\X0Þ

hðzÞ � ðy� zÞ�iðyÞdHn�1ðyÞ ¼ 1
jBrðzÞ \ X0j

ð
BrðzÞ\X0

hiðzÞ ¼ hiðzÞ,

for all r> 0. Hence we obtain that Hn�1-a.e. one has

trX0ð@iuÞðzÞ ¼ hiðzÞ � lim
r!0

1
jBrðzÞ \ X0j

ð
@ðBrðzÞ\X0Þ

QðzÞ
2

jðy� z, �ðzÞÞj�iðyÞ dHn�1ðyÞ:

¼ hiðzÞ � lim
r!0

1
jBrðzÞ \ X0j

QðzÞ
2

ð
@ðBrðzÞ\X0Þ

jðy� z, �ðzÞÞj�iðyÞ dHn�1ðyÞ:

Therefore,

trX0ð@iuÞðzÞ ¼ hiðzÞ � lim
r!0

1
jBrðzÞ \ X0j

QðzÞ
2

ð
BrðzÞ\X0

@yi jðy� z, �ðzÞÞj dy

¼ hiðzÞ � QðzÞ
2

lim
r!0

jBrðzÞ \ X0 \Hþj � jBrðzÞ \ X0 \ H�j
jBrðzÞ \ X0j

¼ hiðzÞ � QðzÞ�iðzÞ
2

lim
r!0

����B1ð0Þ \ X0 � z
r

\ Hþ
�����
����B1ð0Þ \ X0 � z

r
\ H�

��������B1ð0Þ \ X0 � z
r

����
¼ hiðzÞ � QðzÞ�iðzÞ

2
jB1ð0Þ \H� \Hþj � jB1ð0Þ \H�j

jB1ð0Þ \H�j ¼ hiðzÞ þ QðzÞ�iðzÞ
2

,

where we used [19, Theorem 5.13] in the last step. w

We can hence look at ru 2 BVðX0Þ as a solution of the following Dirichlet problem

DðruÞ ¼ 0 inX0

ru ¼ hþ 1
2
Q� on @X0,

8<
:

where the last line however holds only in the sense of BV-traces (which makes the
notion of solution somewhat nonstandard). In the same manner ru 2 BVðX00Þ solves

DðruÞ ¼ 0 inX00

ru ¼ h� 1
2
Q� on @X00 \ @X0:

8<
:

Notice that in the sense of BV-traces ru makes a normal jump on C ¼ @X0 ¼
@X00 \ @X0: This can be seen as a new version of the potential theoretic statement
(3.15), which characterizes the normal jump of the single-layer potential.
Having this characterization of ru at hand we can apply the (BV-)maximum prin-

ciple to estimate jjrujjL1ðXÞ:
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Corollary 4.8. Let C ¼ @X0 2 C1 and u 2 C0, 1ð�XÞ be a solution of (2.1) with Q 2
C0ðCÞ such that ru 2 BVðXÞ. Then one has

jjhjjL1ðCÞ � jjrujjL1ðXÞ � jjhjjL1ðCÞ þ
1
2
jjQjjL1ðCÞ þ CðX, distðC, @XÞÞjjujjL1 : (4.7)

The constant CðX,DÞ can always be chosen to be increasing in Dþ 1
D :

Proof. Let u be as in the statement. The first inequality has already been shown in
Lemma 4.5. For the second inequality observe that ru is harmonic in X0 and in X00

and hence by Lemma 4.6

jjrujjL1ðXÞ � maxfjjrujjL1ðX0Þ, jjrujjL1ðX00Þg � maxfjjtrX0ðruÞjjL1ð@X0Þ, jjtrX00ðruÞjjL1ð@X00Þg
¼ maxfjjtrX0ðruÞjjL1ðCÞ, jjtrX00ðruÞjjL1ðC[@XÞg:

(4.8)

On C one has by Lemma 4.7 that

jjtrX0ðruÞjjL1ðCÞ, jjtrX00ðruÞjjL1ðCÞ � jjhjjL1ðCÞ þ
1
2
jjQjjL1ðCÞ: (4.9)

It only remains to estimate jjtrX00ðruÞjjL1ð@XÞ: To this end let d ¼
minfd0, 12 distðC, @XÞg, where d0 > 0 is such that for all � < 2d0 one has that X� :¼
fx 2 X : distðx, @XÞ < �g is a C2, c- domain. Since u is harmonic on Xd and takes
smooth values on @Xd we infer by Schauder theory (cf. [22, Theorem 2.19]) that u 2
C2, cð�XdÞ and by [28, Theorem 8.33] we have that

jjujj
C1, cðXd Þ � C0ðXdÞjjujjL1 ,

where the constant C0ðXdÞ depends only on the measure of Xd (or better on jXdj þ 1
jXdjÞ

and the boundary parametrizations of Xd: One should notice now that this constant
does not depend on C but only on X and d. Using the choice of d we find

jjrujjL1ð@XÞ � CðX, distðC, @XÞÞjjujjL1 ,
where CðX,DÞ depends increasingly on Dþ 1

D : This, (4.9) and (4.8) imply the claim. w

Lemma 4.9 (An a priori estimate for jjhjjL1ðCÞ). Let C ¼ @X0 2 C1, u 2 C0, 1ð�XÞ be as
in the previous corollary. Then there exists C ¼ CðnÞ > 0 such that

jjhjjL1ðCÞ � CðnÞjjQjjL1ðCÞ:

Proof. Let x0 2 C: Let w 2 C1
0 ð½0, 1ÞÞ be such that wj½0, 14� ¼ 1, wj½34, 1� ¼ 0, 0 � w � 1 and

w0 � 0: We test (2.1) with /rðxÞ :¼ hðx0Þ � ðx� x0Þw jx�x0j
r

� �
for r 2 ð0, 12 distðC, @XÞÞ:

We have to perform some integrations by parts, even more than one would guess, since
the Taylor expansion (4.2) is only of first order. We conclude
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ð
C
/rQ dHn�1 ¼

ð
Brðx0Þ

ruðxÞ � hðx0Þw jx� x0j
r

� �
þ hðx0Þ jx � x0j

r
w0 jx� x0j

r

� �� �
dx

¼
ð
@Brðx0Þ

uðxÞ hðx0Þw jx� x0j
r

� �
þ hðx0Þ jx � x0j

r
w0 jx� x0j

r

� �� �
� �Brðx0Þ dHn�1ðxÞ

�
ð
Brðx0Þ

uðxÞ div hðx0Þw jx� x0j
r

� �
þ hðx0Þ jx� x0j

r
w0 jx � x0j

r

� �� �
dx

¼ �
ð
Brðx0Þ

uðxÞ div hðx0Þw jx� x0j
r

� �
þ hðx0Þ jx � x0j

r
w0 jx� x0j

r

� �� �
dx

¼ �
ð
Brðx0Þ

ðuðxÞ � uðx0ÞÞ div hðx0Þw jx � x0j
r

� �
þ hðx0Þ jx� x0j

r
w0 jx � x0j

r

� �� �
dx

¼ �
ð
Brðx0Þ

hðx0Þ � ðx� x0Þdiv hðx0Þw jx� x0j
r

� �
þ hðx0Þ jx� x0j

r
w0 jx � x0j

r

� �� �
dx

þ
ð
Brðx0Þ

1
2
Qðx0Þjðx� x0, �ðx0ÞÞjdiv hðx0Þw jx� x0j

r

� �
þ hðx0Þ jx � x0j

r
w0 jx� x0j

r

� �� �
dx

�
ð
Brðx0Þ

oðjx � x0jÞdiv hðx0Þw jx � x0j
r

� �
þ hðx0Þ jx� x0j

r
w0 jx� x0j

r

� �� �
dx:

Now note that

div hðx0Þw jx� x0j
r

� �
þ hðx0Þ jx � x0j

r
w0 jx� x0j

r

� �� �����
����

¼ hðx0Þ � ðx � x0Þ
rjx� x0j 2w0 jx� x0j

r

� �
þ jx� x0j

r
w00 jx � x0j

r

� �� �����
����

� jhðx0Þjð2jjw0jjL1 þ jjw00jjL1Þ
r

:

Henceð
Brðx0Þ

oðjx � x0jÞdiv hðx0Þw jx � x0j
r

� �
þ hðx0Þ jx� x0j

r
w0 jx � x0j

r

� �� �

¼ oðrÞjBrðx0Þj jhðx0Þjð2jjw
0jjL1 þ jjw00jjL1Þ
r

¼ oðrÞanrn�1jhðx0Þjð2jjw0jjL1 þ jjw00jjL1Þ
¼ oð1Þrnjhðx0Þj:

(4.11)

Moreover integrating by parts once more (using that /r 2 C1
0 ðBrðx0ÞÞ and

rjðx, zÞj ¼ sgnðx, zÞz in the sense of weak derivatives) we findð
Brðx0Þ

1
2
Qðx0Þjðx� x0, �ðx0ÞÞjdiv hðx0Þw jx� x0j

r

� �
þ hðx0Þ jx� x0j

r
w0 jx � x0j

r

� �� �
dx

¼ �
ð
Brðx0Þ

1
2
Qðx0Þsgnððx� x0, �ðx0ÞÞ�ðx0Þ � hðx0Þw jx � x0j

r

� �
þ hðx0Þ jx� x0j

r
w0 jx � x0j

r

� �� �
dx

¼ �
ð
Brð0Þ

1
2
Qðx0Þsgnððy, �ðx0ÞÞ�ðx0Þ � hðx0Þw jyj

r

� �
þ hðx0Þ jyjr w0 jyj

r

� �� �
dx ¼ 0,

(4.12)

since the integrand is antisymmetric with respect to the transformation y 7! � y, though
the set Brð0Þ is symmetric with respect to this transformation. Furthermore, we infer
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�
ð
Brðx0Þ

hðx0Þ � ðx � x0Þ½ �div hðx0Þw jx� x0j
r

� �
þ hðx0Þ jx� x0j

r
w0 jx� x0j

r

� �� �
dx

¼ �
ð
Brðx0Þ

hðx0Þ � ðx� x0Þ½ � hðx0Þ � 2w0 jx� x0j
r

� �
x� x0
rjx� x0j þ w00 jx� x0j

r

� � ðx � x0Þ
r2

 !" #
dx

¼ �
ð
Brðx0Þ

½hðx0Þ � ðx� x0Þ�2
�
2w0
� jx� x0j

r

�
1

rjx� x0j þ w00
� jx� x0j

r

�
1
r2

�
dx

¼ �
ð
Brð0Þ

½hðx0Þ � z�2
�
2w0
� jzj

r

�
1
rjzj þ w00

� jzj
r

�
1
r2

�
dz

¼ �jhðx0Þj2
ð
Brð0Þ



hðx0Þ
jhðx0Þj � z

�2�
2w0
� jzj

r

�
1
rjzj þ w00

� jzj
r

�
1
r2

�
dz:

Applying an orthogonal transformation that maps hðx0Þ
jhðx0Þj to en, the n-th unit vector,

and using the symmetry of the expression with respect to the labeling of coordinates we
find

�
ð
Brðx0Þ

hðx0Þ � ðx � x0Þdiv hðx0Þw jx � x0j
r

� �
þ hðx0Þ jx� x0j

r
w0 jx � x0j

r

� �� �
dx

¼ �jhðx0Þj2
ð
Brð0Þ

z2n 2w0 jzj
r

� �
1
rjzj þ w00 jzj

r

� �
1
r2

!
dz:

¼ � jhðx0Þj2
n

ð
Brð0Þ

ðz21 þ :::þ z2nÞ 2w0 jzj
r

� �
1
rjzj þ w00 jzj

r

� �
1
r2

!
dz:

¼ � jhðx0Þj2
n

ð
Brð0Þ

2w0 jzj
r

� � jzj
r
þ w00 jzj

r

� � jzj2
r2

!
dz

¼ � jhðx0Þj2
n

ðr
0
xns

n�1 2w0 s
r

� �
s
r
þ w00 s

r

� �
s2

r2

!
ds

¼ � jhðx0Þj2xn

n

ðr
0
2w0 s

r

� �
sn

r
dsþ w0 s

r

� �
snþ1

r

" #s¼r

s¼0

�
ðr
0
ðnþ 1Þw0 s

r

� �
sn

r
ds

0
@

1
A

¼ � jhðx0Þj2xn

n

ðr
0
ð1� nÞw0 s

r

� �
sn

r
ds ¼ ðn� 1Þxn

n
jhðx0Þj2rn

ð1
0
w0ðuÞun du:

Note that by the choice of w one has

In :¼
ð1
0
w0ðuÞun du < 0:

This, (4.12), (4.11) together with (4.10) yield

ðn� 1ÞxnIn
n

jhðx0Þj2rn þ oð1Þrnjhðx0Þj ¼
ð
C\Brðx0Þ

Q/r dHn�1:

970         



Taking absolute values, we infer

ðn� 1ÞxnIn
n

jhðx0Þj2rn � oð1Þrnjðx0Þj þ jjQjjL1
ð
C\Brðx0Þ

j/rj dHn�1:

Since j/rðxÞj � jhðx0Þjr on Brðx0Þ one has

ðn� 1ÞxnIn
n

jhðx0Þj2rn � oð1Þrnjhðx0Þj þ jjQjjL1 jhðx0ÞjrHn�1ðC \ Brðx0ÞÞ

Now dividing by ðn�1ÞxnIn
n rnjhðx0Þj we obtain

jhðx0Þj � oð1Þ þ n
ðn� 1ÞIn jjQjj1

Hn�1ðC \ Brðx0ÞÞ
xnrn�1

:

We can now let r ! 0þ : Since C ¼ @X0 2 C1 we find that Hn�1ðC\Brðx0ÞÞ
xnrn�1 ! 1, ðr !

0Þ, (cf. [19, Theorem 5.14 and 5.15]). It follows that

jhðx0Þj � CðnÞjjQjjL1 ,
as claimed. w

Corollary 4.10. (A priori estimate) Suppose that C ¼ @X0 2 C1 and Q 2 W2, pðXÞ for
some p> n. Then the solution u of (2.1) lies in C0, 1ð�XÞ and satisfies

jjrujjL1ðXÞ � C1ðnÞjjQjjL1ðXÞ þ C2ðX, distðC, @XÞÞjjujjL1ðXÞ,

where C2 depends increasingly on distðC, @XÞ þ 1
distðC, @XÞ. Moreover,

jjrujjL1ðXÞ � CðX, distðC, @XÞ, C½ �0, 1ÞjjQjjL1ðXÞ,

where C depends increasingly on ½C�0, 1 and distðC, @XÞ þ 1
distðC, @XÞ

Proof. The first estimate is a direct consequence of Corollary 4.3, (4.7) and Lemma 4.9.
The second estimate follows from the first one, Lemma 3.6 and Lemma 3.5. w

4.4. Completion of the proof by approximation

Proof of Main Theorem 2.2. Let X,X0,C,Q be as in the statement and v be the unique
solution to (2.1).
Step 1: Assume additionally that C ¼ @X0 2 C1 and Q 2 W2, pðXÞ for some p > n.

Then the claim follows from Lemma 3.6 and Corollary 4.10.
Step 2: Assume additionally that C ¼ @X0 2 C1 and Q 2 CðCÞ: By Tietze’s extension

theorem we can find ~Q 2 CðRnÞ such that ~QjC ¼ Q: For fixed � 2 ð0, 1Þ let w� be the
standard mollifier and note that Q� :¼ ~Q 	 w�jX satisfies Q� 2 W2,1ðXÞ and Q� con-
verges to Q uniformly on C. Note also that for � < 1 one has jjQ�jjL1ðXÞ �
jj~QjjL1ðB1ðXÞÞ < 1, where B1ðXÞ :¼ fx 2 R

n : distðx,XÞ < 1g: Let v� 2 L1ðXÞ be the
unique solution of
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�Dv� ¼ Q�jC Hn�1 b C in X,
v� ¼ 0 on @X:

�

By Step 1 and Corollary 4.10 we have v� 2 C0, 1ð�XÞ and
jjrv�jjL1ðXÞ � CðX, distðC, @XÞ, C½ �0, 1ÞjjQ�jjL1ðCÞ � CðX, distðC, @XÞ, C½ �0, 1Þjj~QjjL1ðB1ðXÞÞ:

Recalling that v�j@X ¼ 0 we find that ðv�Þ�2ð0, 1Þ defines a bounded family in C0, 1ð�XÞ:
Using Proposition C.2 we obtain a sequence �n ! 0 and u 2 C0, 1ð�XÞ such that uj@X ¼ 0
and v�n ! u uniformly on �X: Moreover

jjrujjL1ðXÞ � liminf
n!1 jjrv�n jjL1ðXÞ � CðX, distðC, @XÞ, C½ �0, 1Þjj~QjjL1ðB1ðXÞÞ:

We claim next that u¼ v. From this follows the C0, 1-regularity of v by the previous
inequality. We show that u solves (2.1) with the same data as v. To this end fix / 2
C2ð�XÞ such that /j@X ¼ 0 and observeð

X
uD/ dx ¼ lim

n!1

ð
X
v�nD/ dx ¼ � lim

n!1

ð
C
Q�n/ dHn�1 ¼

ð
C
Q/ dHn�1,

where the last identity holds due to uniform convergence. By uniqueness of solutions of
(2.1), v¼ u and we obtain also

jjrvjjL1ðXÞ � CðX, distðC, @XÞ, C½ �0, 1Þjj~QjjL1ðB1ðXÞÞ: (4.13)

Step 3. Assume now that C ¼ @X0 2 C0, 1 and Q 2 CðCÞ: By Tietze’s extension the-
orem we can again choose ~Q 2 CðRnÞ such that ~QjC ¼ Q: Next we can choose for U ¼
X0 approximating domains ðUkÞk2N as in Proposition B.2. By Proposition B.3 one has
that distðUk, @XÞ ! distðC, @XÞ > 0 and hence there exists d > 0 such that
distðUk, @XÞ > d: Moreover by the same proposition there exists L> 0 such that
½@Uk�0, 1 < L for all k. Next we let vk 2 L1ðXÞ be the unique weak solution of

�Dvk ¼ ~Qj@Uk
Hn�1 b @Uk inX,

vk ¼ 0 on @X:

�

We infer from Step 2 and (4.13) that vk 2 C0, 1ð�XÞ and
jjrvkjjL1ðXÞ � CðX, distð@Uk, @XÞ, @Uk½ �0, 1Þjj~QjjL1ðB1ðXÞÞ: (4.14)

Since distð@Uk, @XÞ > d and ½@Uk�0, 1 < L we infer that rvk is uniformly bounded in
L1ðXÞ: Further, since vkj@X ¼ 0, we find that vk is uniformly bounded in C0, 1ð�XÞ: By
Proposition C.2 we may assume that (up to a subsequence, which we do not relabel)
vk ! u uniformly on �X for some u 2 C0, 1ð�XÞ: We show next that u¼ v, i.e., u solves
(2.1). To this end we compute for / 2 C2ð�XÞ with /j@X ¼ 0 thatð

X
uD/ dx ¼ lim

k!1

ð
X
vkD/ dx ¼ lim

k!1

ð
@Uk

~Q/ dHn�1 ¼
ð
C

~Q/ dHn�1,

where we used Proposition B.3 in the last identity. By uniqueness we infer that v¼ u.
Using that ~QjC ¼ Q, we obtain the claim. Note that by (4.14) and the fact that
distð@Uk, @XÞ ! distðC, @XÞ and ½@Uk�0, 1 � L we obtain
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jjrvjjL1ðXÞ � CðX, distðC, @XÞ, LÞjj~QjjL1ðB1ðXÞÞ,

for some L> 0. We remark finally that we may choose an extension ~Q of Q such that
jj~QjjL1ðB1ðXÞÞ ¼ jjQjjL1ðCÞ: Indeed, if ~Q 2 CðRnÞ is an arbitary extension then

~~Q :¼ maxf�jjQjjL1ðCÞ, minf~Q, jjQjjL1ðCÞgg 2 CðRnÞ
does the job. We obtain that for some L > 0

jjrvjjL1ðXÞ � CðX, distðC, @XÞ, LÞjjQjjL1ðCÞ: (4.15)

Step 4. Now we show the claim under actual assumptions in the statement, i.e., C
has Lipschitz boundary and Q 2 L1ðCÞ is arbitrary. Let L be as in Step 3. By
Proposition C.1 there exists a sequence ðQkÞk2N � CðCÞ such that jjQkjjL1ðCÞ �
jjQjjL1ðCÞ and Qk ! Q in L1ðCÞ: Again let vk 2 L1ðXÞ be the weak solutions to

�Dvk ¼ Qk Hn�1 b C inX
vk ¼ 0 on @X

�

By (4.15) and vkj@X ¼ 0 we infer that ðvkÞk2N is uniformly bounded in C0, 1ð�XÞ and
jjrvkjjL1ðXÞ � CðX, distðC, @XÞ, LÞjjQkjjL1ðCÞ � CðX, distðC, @XÞ, LÞjjQjjL1ðCÞ:

By Proposition C.2 we infer that a subsequence (which we do not relabel) has a uni-
form limit u 2 C0, 1ð�XÞ satisfying

jjrujjL1ðXÞ � CðX, distðC, @XÞ, LÞjjQjjL1ðCÞ:

We show next that u¼ v by showing again that u solves ð2:1Þ: Indeed one has (since
Qk ! Q in L1ðCÞ) for each / 2 C2ð�XÞ such that /j@X ¼ 0ð

X
uD/ dx ¼ lim

k!1

ð
X
vkD/ dx ¼ lim

k!1
�
ð
C
Qk/ dHn�1 ¼ �

ð
C
Q/ dHn�1:

The claim follows. w

5. Proof of Main Theorem 2.3

We have now shown the Lipschitz regularity for closed Lipschitz manifolds. Next we
want to discuss the case of general compact Lipschitz manifolds—with or without
boundary. To this end we first look at Lipschitz graphs.

Theorem 5.1 (Lipschitz regularity for Lipschitz graphs). Suppose that X � R
n is a

bounded domain with smooth boundary. Let C ¼ fðy, f ðyÞÞ : y 2 Ug �� X be a graph of
a Lipschitz function f : U ! R, where U � R

n�1 is such that @U is a set of vanishing
n–1 dimensional Lebesgue measure. Further let Q 2 L1ðCÞ. Then the unique solution of
(2.1) lies in C0, 1ð�XÞ:
Proof. Let C,Q be as in the statement and v 2 L1ðXÞ be the unique solution of (2.1).
First note that f is uniformly continuous on U and hence extends uniquely to a
Lipschitz continuous function on �U : We divide the proof in two steps.
Step 1: We assume additionally that there exists � > 0 such that R :¼ U 


ð� infU f � �, supU f þ �Þ �� X: We define X0 :¼ fðx, yÞ : ðx, yÞ 2 R, y > f ðxÞg: Note
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that X0 �� X is a domain with Lipschitz boundary, cf. Proposition B.5. Moreover the
boundary is contained in C [ @R: Define ~Q : C [ @R ! R via

~QðxÞ :¼ QðxÞ x 2 C,
0 x 2 @R:

�

This is well-defined as @R \ C ¼ ; and we have ~Q 2 L1ðXÞ: Next let u 2 L1ðXÞ be
the unique weak solution of

�Du ¼ ~QHn�1 b @X0 inX,
u ¼ 0 on @X:

�

We infer from Main Theorem 2.2 that u 2 C0, 1ð�XÞ: Next we show that v¼ u. To this
end, we show that u solves (2.1). Indeed, let / 2 C2ð�XÞ be such that /j@X ¼ 0: Then by
the choice of ~Q we haveð

X
uD/ dx ¼

ð
@X0

~Q/ dHn�1 ¼
ð
C
Q/ dHn�1:

By uniqueness we infer that u¼ v and thus v 2 C0, 1ð�XÞ:
Step 2: Let C be as in the statement without any further assumption. We claim that

C can be written as union of finitely many disjoint Lipschitz graphs ðCiÞri¼1 all of which
satisfy the additional assumption of Step 1. To this end let p 2 �U be arbitrary. Then
distððp, f ðpÞÞ, @XÞ > 0: Define �ðpÞ :¼ 1

2
ffiffi
5

p distððp, f ðpÞÞ, @XÞ and choose dðpÞ 2 ð0, �ðpÞÞ
such that for all q 2 �U \ BdðpÞðpÞ one has jf ðpÞ � f ðqÞj < �ðpÞ: We claim that RðpÞ :¼
ðU \ BdðpÞðpÞÞ 
 ðinfBdðpÞðpÞ f � �ðpÞ, supBdðpÞðpÞ f þ �ðpÞÞ �� X: Indeed, if z ¼ ðz0, znÞ 2
RðpÞ we can find q 2 BdðpÞðpÞ such that jzn � f ðqÞj < �ðpÞ: Now
jz � ðp, f ðpÞÞj2 � dðpÞ2 þ jzn � f ðpÞj2 < �ðpÞ2 þ ðjzn � f ðqÞj þ jf ðqÞ � f ðpÞjÞ2 � 5�ðpÞ2:

The choice of �ðpÞ implies that jz � ðp, f ðpÞÞj < 1
2 distððp, f ðpÞÞ, @XÞ for all z 2 RðpÞ

and hence we infer that RðpÞ �� X: Note that �U � [p2�U BdðpÞðpÞ and hence we may
select a finite family ðpiÞri¼1 such that �U ¼ [r

i¼1ð�U \ BdðpiÞðpiÞÞ: For i ¼ 1, :::, r define

Ci :¼ ðx, f ðxÞÞ : x 2 U \ BdðpiÞðpiÞn [
i�1

j¼1
ðU \ BdðpjÞðpjÞÞ

� �
,

Ri :¼ U \ BdðpiÞðpiÞn [
i�1

j¼1
ðU \ BdðpjÞðpjÞÞ

� �


�

inf
BdðpiÞðpiÞ

f � �ðpiÞ þ sup
BdðpiÞðpiÞ

f þ �ðpiÞ
�
:

We infer that C \ Ri ¼ Ci and C is up to a set of Hn�1-measure zero the disjoint
union of ðCiÞri¼1: Indeed, each z 2 Cn [r

i¼1 Ci must be given by z ¼ ðy, f ðyÞÞ for some
y 2 [r

j¼1@ðU \ BdðpjÞðpjÞÞ: Now observe that by the area formula (cf. [19, Section 3.3.2])

Hn�1 ðy, f ðyÞÞ : y 2 @ðU \ BdðpjÞðpjÞÞ
� �
 � ¼ 0 8j 2 N:

Here we needed that @U is an n� 1 dimensional null set since then @ðU \
BdðpjÞðpjÞÞ � @U [ @BdðpjÞðpjÞ is also an n� 1 dimensional null set. Due to the fact that
Ci � Ri �� X we conclude that Ci satisfies the assumptions of Step 1. Since

Hn�1 b C ¼
Xr
i¼1

Hn�1 b Ci
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we conclude by the superposition principle and the uniqueness of the solution that

v ¼
Xr
i¼1

vi,

where vi 2 L1ðXÞ is the unique solution of

�Dvi ¼ QHn�1 b Ci in X,
vi ¼ 0 on @X:

�

By Step 1 vi 2 C0, 1ð�XÞ for all i and hence we conclude that v 2 C0, 1ð�XÞ: w

Remark 5.2. In the statement of the previous theorem we needed to require the domain
of definition U of f satisfies that @U is a set of n–1 dimensional Lebesgue measure zero.
This in particular implies (cf. [19, Section 3.3.2])

Hn�1ðfðy, f ðyÞÞ : y 2 @UgÞ ¼ 0,

which in turn yields that the set C coincides Hn�1 a.e. with the (compact) Lipschitz
manifold fðy, f ðyÞÞ : y 2 �Ug: Hence the previous theorem can already be seen as a
result about compact Lipschitz manifolds.

Remark 5.3. Instead of the decomposition of C in Step 2 of the proof of Theorem 5.1
we could as well argue with a partition of unity on C. Such partition of unity exists
since C can be understood as a smooth (!) manifold with a smooth structure generated
by the chart w : C ! R

n�1, wðx, f ðxÞÞ :¼ x, ðx 2 UÞ: We decided here for the decom-
position approach since it is more elementary.
Having shown the regularity for Lipschitz graphs it is easy to obtain the desired result

for compact Lipschitz manifolds—they can simply be covered by finitely many
Lipschitz graphs.

Proof of Main Theorem 2.3. Let v 2 L1ðXÞ be the unique solution of (2.1) and C,Q be
as in the statement. Since C is a compact Lipschitz manifold we can find N 2
N, U1, :::,UN � R

n�1 open or half-open rectangles (cf. Appendix B), V1, :::,VN � R

open and bounded, R1, :::,RN 2 OðnÞ and fi : Ui ! Vi Lipschitz functions such that

C \ RiðUi 
 ViÞ ¼ Rifðx, fiðxÞÞ : x 2 Uig:
Note that all those Lipschitz functions fi : Ui ! Vi also have a Lipschitz extension to

the closure �U i, which we will also call fi. By possibly shrinking the sets Ui we can also
achieve that

C \ RiðUi 
 ViÞ ¼ Rifðx, fiðxÞÞ : x 2 Uig 8i ¼ 1, :::,N: (5.1)

We define Ci :¼ C \ RiðUi 
 ViÞn [i�1
j¼1 C \ RjðUj 
 VjÞ: We claim that up to a set of

Hn�1- measure zero C is the disjoint union of ðCiÞNi¼1: That ðCiÞNi¼1 is a pairwise disjoint
family is clear from the construction. To see that the union of ðCiÞNi¼1 coincides up to a
set of Hausdorff measure zero with C it suffices to show that

Hn�1 C \ RiðUi 
 ViÞnðC \ RiðUi 
 ViÞ
� �

¼ 0 8i ¼ 1, :::,N:
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This becomes obvious when observing by rotational invariance of the Hausdorff
measure and the area formula

Hn�1 C \ RiðUi 
 ViÞnðC \ RiðUi 
 ViÞ
� �

� Hn�1ðC \ Rið�U inUi 
 RÞÞ

� Hn�1ðRifðx, fiðxÞÞ : x 2 �U inUigÞ ¼ 0:

By uniqueness and linearity, we conclude that

v ¼
XN
i¼1

vi, (5.2)

where vi 2 L1ðXÞ is the unique solution to

�Dvi ¼ QHn�1 b Ci in X,
vi ¼ 0 on @X:

ði ¼ 1, :::,NÞ
�

We show next that vi 2 C0, 1ð�XÞ for all i. This and (5.2) will then imply the claim. To
show the desired Lipschitz regularity we apply Theorem 5.1. To this end define for all
i ¼ 1, :::,N the set Ki :¼ R�1

i ð[i�1
j¼1C \ RjðUj 
 VjÞÞ: Observe that Ki � C is compact and

Ci :¼ fx0 2 Ui : 9z 2 Vi s:t: ðx0, zÞ 2 R�1
i ðCÞ \ Kig is also compact. We rewrite

Ci ¼ C \ RiðUi 
 ViÞnRiKi ¼ Rifðx, fiðxÞÞ : x 2 UignRiKi

¼ Ri fðx, fiðxÞÞ : x 2 UignKi

 � ¼ Ri fðx, fiðxÞÞ : x 2 UinCig


 �
:

(5.3)

This representation brings us closer to applicability of Theorem 5.1—we only need to
discuss the rotation Ri and the domain of definition UinCi: One needs to show that
@ðUinCiÞ has vanishing n� 1 dimensional Lebesgue measure. To this end observe that
Ui ¼ ðid, fiÞ�1ðR�1

i ðCÞ \ ðUi 
 ViÞÞ and by (5.1) one has Ci ¼ ðid, fiÞ�1ðR�1
i ðCÞ \ Ki \

ð�U i 
 �V iÞÞ: This yields

ðid, fiÞðUinCiÞ ¼ R�1
i ðC \ RiðUi 
 ViÞÞnKi ¼ R�1

i C \ ðUi 
 ViÞn [i�1

j¼1
C \ RjðUj 
 VjÞ

� �
:

Now if P : Rn ! R
n�1 denotes the projection on the first n� 1 coordinates one has

UinCi ¼ P R�1
i C \ RiðUi 
 ViÞn [

i�1

j¼1
C \ RjðUj 
 VjÞ

� �� �
,

UinCi ¼ P R�1
i C \ RiðUi 
 ViÞn [

i�1

j¼1
C \ RjðUj 
 VjÞ

� �� �
:

This yields immediately that

j@ðUinCiÞj ¼ jUinCinðUinCiÞj �
Xi
j¼1

Hn�1ðC \ RjðUj 
 VjÞnC \ RjðUj 
 VjÞÞ ¼ 0:

We next get rid of the rotation Ri by using the rotation invariance of the Laplacian.
To this end claim that wi :¼ viðRið�ÞÞ solves

976         



�Dwi ¼ ðQ 
 RiÞHn�1 b fðx, fiðxÞÞ : x 2 Ui n Cig in R�1
i X,

wi ¼ 0 on @ðR�1
i XÞ:

(
(5.4)

Once this is shown it follows from Theorem 5.1 and Remark 5.2 that wi 2 C0, 1ðRiXÞ
which in turn implies that vi ¼ wiðR�1

i ð�ÞÞ lies in C0, 1ð�XÞ: It only remains to show
(5.4). To this end let / 2 C2ðR�1

iXÞ be such that /j
@ðR�1

i
XÞ
¼ 0: Using that jdetðRiÞj ¼ 1,

the rotational invariance of D and of Hn�1 and (5.3) we obtainð
R�1
i X

wiðxÞD/ðxÞ dx ¼
ð
R�1
i X

viðRixÞD/ðxÞ dx ¼
ð
X
viðyÞD/ðRiyÞ dy

¼
ð
X
viðyÞDð/ 
 RiÞðyÞ dy ¼

ð
Ci

QðzÞ/ðRiðzÞÞ dHn�1ðzÞ

¼
ð
Ri fðx, fiðxÞÞ:x2UinCigð Þ

QðzÞ/ðRiðzÞÞ dHn�1ðzÞ

¼
ð

fðx, fiðxÞÞ:x2UinCigð Þ
ðQ 
 RiÞðsÞ/ðsÞ dHn�1ðzÞ:

This shows (5.4) and the claim follows then as discussed above from Theorem 5.1,
Remark 5.2 and (5.2). w

6. Application: Regularity for the biharmonic Alt–Caffarelli problem

6.1. Description of the problem

In this section we apply our findings to the biharmonic Alt–Caffarelli Problem in two
dimensions, which we will introduce now. Suppose that X � R

2 is a smooth domain
and u0 2 C1ð�XÞ, u0 > 0: We define

Aðu0Þ :¼ fu 2 W2, 2ðXÞ : u� u0 2 W1, 2
0 ðXÞg

and the energy functional E : Aðu0Þ ! R given by

EðuÞ :¼
ð
X
ðDuÞ2 dxþ jfu > 0gj ðu 2 Aðu0ÞÞ,

where j � j denotes the Lebesgue measure. The energy balances out two conflicting inter-
ests: Minimizers must be nonpositive on a large set but at the same time have a small
bending energy, for details see [14]. Minimizing E in Aðu0Þ and the study of properties
of minimizers has recently raised a lot of interest, cf. [14–16].
By [16, Lemma 2.1] there exists w 2 Aðu0Þ such that

EðwÞ ¼ inf
u2Aðu0Þ

EðuÞ: (6.1)

In [14, Theorem 1.4] it has been shown that w 2 C2ðXÞ, X0 :¼ fw < 0g �� X has
C2-boundary, given by C :¼ fw ¼ 0g, and rw 6¼ 0 on C. Moreover v :¼ �Dw solves
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ð
vD/ dx ¼ �

ð
C

/
2jrwj dH

1 8/ 2 C2ð�XÞ : /j@X ¼ 0:

In our language, v is a weak solution of

�Dv ¼ QH1 bC inX,
v ¼ 0 on @X,

�
(6.2)

where QðxÞ :¼ 1
2jrwðxÞj for all x 2 C:

6.2. Optimal regularity

Proposition 6.1. (Optimal regularity for v ¼ Dw) Suppose that w 2 Aðu0Þ is a solution
of (6.1). Then v ¼ Dw lies in C0, 1ð�XÞ and rv 2 BVðXÞ
Proof. Let w, v be as in the statement and let Q,X0,C be defined as in the beginning of
this section. Since by [14, Theorem 1.4] rw 2 C1ðXÞ and rw 6¼ 0 on C �� X we have
that Q ¼ 1

2jrwj 2 L1ðCÞ: By (6.2) and Theorem 2.2 we obtain that v 2 C0, 1ð�XÞ: Hence
also rv 2 L1ðXÞ: In order to obtain that rv 2 BVðXÞ we intend to use Corollary 4.3.
To this end we have to show that Q ¼ 1

2jrwj extends to a function in W2, pðXÞ for some
p> 2. Since rw 2 C1 and rw 6¼ 0 on C there exists an open neighborhood U �� X of
C and d > 0 that jrwj > d on U. Next we choose g 2 C1

0 ðUÞ such that g � 1 on C
and define

~QðxÞ :¼
1

jrwðxÞj gðxÞ x 2 U,

0 x 2 XnU:

8<
:

Obviously, ~Q is an extension of Q. We show next that ~Q 2 W2, pðXÞ for some p> 2.
Since U �� X it is sufficient to show by the chain rule that @iw 2 W2, p

loc ðXÞ for all i ¼
1, :::, n: To this end we compute for all / 2 C1

0 ðXÞð
X
r@iwr/ dx ¼

ð
X
w@iD/ dx ¼

ð
X
wD@i/ dx ¼

ð
X
Dw@i/ dx ¼ �

ð
X
@iv/ dx:

This makes @iw a weak solution of Dð@iwÞ ¼ @iv 2 L1ðXÞ: Standard regularity theory
implies that @iw 2 W2, p

loc ðXÞ for all p 2 ð1,1Þ: Choosing any p 2 ð2,1Þ we obtain the
claim and the desired BV-regularity follows immediately by Corollary 4.3. w

This implies that w 2 C2ðXÞ is a (classical) solution of

�Dw ¼ �v 2 W1,1ðXÞ in X
w ¼ u0 2 C1ð�XÞ on @X

�

By elliptic regularity of the Laplacian (cf. [28, Theorem 8.13]) one infers that w 2
W3, pðXÞ for all p 2 ½1,1Þ: Note that for p ¼ 1 it is not possible to conclude anything
with this elliptic regularity argument. The question whether w 2 W3,1ðXÞ is still
unanswered. However at least v ¼ Dw lies in W1,1ðXÞ which is optimal. Whether fur-
ther (variational or potential theoretic) arguments for the W3,1-regularity can be found
will be subject to future research.
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Appendix A. The (signed) distance function

In this section we will define the signed distance function and discuss some of its basic proper-
ties. For a set A � R

n we define the �-parallel set A� :¼ fx 2 R
n : distðx,AÞ < �g:

Definition A.1. For U � R
n open and bounded we define

dUðxÞ :¼ distðx,UÞ x 2 UC,
�distðx,UCÞ x 2 U:

�

Lemma A.2. (cf. [28, Appendix 14.6]). Let U � R
n be bounded with Ck-boundary, k � 2 and

S :¼ @U. Then there exists �0 > 0 such that for all � 2 ð0, �0Þ

� dU 2 CkðSeÞ,
� For each x 2 Se there exists a unique pðxÞ 2 S such that jx� pðxÞj ¼ dUðxÞ,
� For all x 2 Se one has rdUðxÞ ¼ mðpðxÞÞ where mðzÞ denotes the outer unit normal of U at z.
� For each x 2 Se there exists an orthogonal matrix S(x) such that

SðxÞTD2dUðxÞSðxÞ ¼ diag
�

�j1ðpðxÞÞ
1�j1ðpðxÞÞdU ðxÞ , . . .

�jn�1ðpðxÞÞ
1�jn�1ðpðxÞÞdUðxÞ

�
, where j1ðzÞ, . . . , jn�1ðzÞ denote

the principal curvatures of S at z. In particular DdUðxÞ ¼
Pn�1

i¼1
�jiðpðxÞÞ

1�jiðpðxÞÞdUðxÞ for all x 2 Se:
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Observe also that jdUðxÞj ¼ distðx, @UÞ is Lipschitz continuous, which is often used through-
out the article.

Appendix B. Lipschitz manifolds and Lipchitz domains

In this section we recall properties of Lipschitz domains that are useful for our purposes. Recall
that a bounded domain D � R

n is a Lipschitz domain if for all x 2 @D there exists U � R
n�1

open and V � R open as well as a rotation matrix R 2 OðnÞ and a Lipschitz function f 2
C0, 1ðWÞ such that x 2 RðU 
 VÞ and

D \ RðU 
 VÞ ¼ Rfð~x, yÞ : x 2 U, y < f ð~xÞg:
One may as well assume that R is a rigid Euclidean motion instead of just a rotation matrix.

Since U is not required to be connected one may require that V ¼ ð�a,1Þ for some a> 0. In
any case @D is a Lipschitz manifold (without boundary), i.e., represented locally by the graph of
Lipschitz functions.

For a compact Lipschitz manifold C (without boundary) we can look at the Lipschitz constant
of C given by

½C�0, 1 :¼ inff
XN

i¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ jjrfijj2L1ðUiÞ

q
: N 2 N,U1, :::,UN � R

n�1 V1, :::,Vn � R open,

R1, :::,RN 2 OðnÞ and f1 : U1 ! V1, ::::fN : UN ! VN Lipschitz s:t:

C � [N
i¼1RiðUi 
 ViÞ and ðC \ RiðUi 
 ViÞÞ ¼ Rifðx, fiðxÞÞ : x 2 Uigg:

(B.1)

The Lipschitz constant will appear at several occasions in this discussion, which is why we
have a notation for it.

Remark B.1. A shorter way to express ½C�0, 1 is

C½ �0, 1 ¼ sup
/2L1ðCÞ, jj/jjL1¼1

ð
C
/ dHn�1:

We will not need this formula in this article which is why we do not give a proof. It may how-
ever be useful in several discussions.

We say that C �� R
n is a compact Lipschitz manifold with boundary if C is (up to rotation)

given by a union of finitely many graphs of Lipschitz functions f : U ! R that are either defined
on an open rectangle U � R

n�1 or on a set of the form U ¼ ða1, b1Þ 
 � � � 
 ðan�2,
bn�2Þ 
ðan�1, bn�1�:

One can define ½C�0, 1 accordingly also for manifolds with boundary.
Next we will discuss properties of Lipschitz manifolds that we use throughout the article.
Another very important property for us is the approximation of Lipschitz domains with

smooth domains.

Proposition B.2 (Domain perturbation, cf. [29, Theorem 8.3.1] and [26, Theorem 4.1 and
5.1]). Let U � R

n be a bounded Lipschitz domain. Then there exists a sequence ðUkÞk2N of
domains with C1-boundary such that

� U � Uk for all k 2 N

� limk!1 jUknUj ¼ 0,
� for all x 2 oU there exists a Euclidean motion Rx, an open neighborhood Bx � R

n, a param-
eter ax > 0 and a Lipschitz function wðxÞ : Bx ! R such that wðxÞð0Þ ¼ 0 that satisfies

U \ RxðBx 
 ð�ax,1ÞÞ ¼ Rxfðy0, ynÞ 2 Bx 
 ð�ax,1Þ : yn < wðxÞðy0Þg
and for all k 2 N there exists wðxÞ

k 2 C1ðBxÞÞ such that wðxÞ
k � wðxÞ and
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Uk \ RxðBx 
 ð�ax,1ÞÞ ¼ Rxfðy0, ynÞ 2 Bx 
 ð�ax,1Þ : yn < wðxÞ
k ðy0Þg,

� For all x 2 oU one has wðxÞ
k ! wðxÞ uniformly in Bx,

� There exists M > 0 such that for all x 2 oU one has jjrwðxÞ
k jjL1ðBxÞ � M for all k 2 N,

� For all x 2 oU and all p 2 ½1,1Þ one has rwðxÞ
k ! rwðxÞ in LpðBxÞ,

� For each finite number m 2 N and x1, . . . , xm 2 oU such that
oU � [m

j¼1RxjðBxj 
 ð�axj ,1ÞÞ one has oUk � [m
j¼1RxjðBxj 
 ð�axj ,1ÞÞ for all k � k0:

Proposition B.3. Let U, ðUkÞk2N be as in the previous proposition and �U � X for a domain X. Then

distð@Uk,X
CÞ ! distð@U,XCÞ ðk ! 1Þ:

In particular, there exists k0 2 N such that for all k � k0 one has Uk � X. Furthermore there
exists L> 0 such that ½@Uk�0, 1 < L for all k 2 N and for all f 2 Cð�XÞ one has

lim
k!1

ð
@Uk

f dHn�1 ¼
ð
@U
f dHn�1: (B.2)

Proof. We use the notation from Proposition B.2. We choose x1, :::, xm 2 @U such that (for k � k0)

@U � [m
j¼1

RxjðBxj 
 ð�axj ,1ÞÞ, @Uk � [m
j¼1

RxjðBxj 
 ð�axj ,1ÞÞ 8k 2 N:

Now we can compute

distð@Uk,X
CÞ ¼ inf

z2XC, x2@Uk

jx� zj ¼ minj¼1, :::,m inf
z2XC

inf
x2@Uk\Rxj ðBxj
ð�axj ,1ÞÞ

jx� zj

¼ minj¼1, :::,m inf
z2XC

inf
y02Bxj

jRxjðy0 ,wðxjÞ
k ðy0ÞÞT � zj

¼ minj¼1, :::,m inf
z2XC

inf
y02Bxj

jðy0 ,wðxjÞ
k ðy0ÞÞT � R�1

xj zj

� minj¼1, :::,m inf
z2XC

inf
y02Bxj

jðy0 ,wðxjÞðy0ÞÞT � R�1
xj zj þmaxj¼1, :::,mjjwxj

k � wðxjÞjjL1

¼ distð@U,XCÞ þmaxj¼1, :::,mjjwðxjÞ
k � wðxjÞjjL1 ,

where the derivation of the last identity follows the lines of the first few steps in the computation,
just backwards. Analogously one can show

distð@Uk,X
CÞ � distð@U,XCÞ �maxj¼1, :::,mjjwðxjÞ

k � wðxjÞjjL1 :
We infer distð@Uk,X

CÞ ! distð@U,XCÞ: Next we show that ½@Uk�0, 1 < L for all k 2 N for
some L independent of k. Indeed, by (B.1) and the properties in Proposition B.2 we obtain

@Uk½ �0, 1 �
Xm
i¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ jjrwðxiÞ

k jj2L1ðBxi Þ
q

� m
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þM2

p
:

The claim follows when taking L :¼ m
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þM2

p
: It remains to show that for all f 2 Cð�XÞ

(B.2) holds. To this end observe for f 2 Cð�XÞ that
Ð
@Uk

f dHn�1 ¼
Xm
i¼1

ð
Bxi

f ðRxiðy0 ,wðxiÞ
k ðy0ÞÞTÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ jrwðxiÞ

k j2
q

dy0,

Ð
@U f dHn�1 ¼

Xm
i¼1

ð
Bxi

f ðRxiðy0 ,wðxiÞðy0ÞÞTÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ jrwðxiÞj2

q
dy0,
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Next observe that for all i ¼ 1, :::,m one has

f ðRxið�,wðxiÞ
k ð�ÞÞ ! f ðRxið�,wðxiÞð�ÞÞÞ uniformly on Bxi , ðk ! 1Þ: (B.3)

since f is uniformly continuous and wðxiÞ
k ! wðxiÞ uniformly. Also observe thatffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jrwðxiÞ
k j2

q
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ jrwðxiÞj2

q����
���� � jrwðxiÞ

k �rwðxiÞj (B.4)

since for all z,w 2 R
n one hasffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jzj2
q

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ jwj2

q����
���� ¼ jjzj2 � jwj2jffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jzj2
q

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ jwj2

q ¼ ðjzj þ jwjÞjjzj � jwjjffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ jzj2

q
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ jwj2

q � jjzj � jwjj

� jz � wj:
Using (B.3) and (B.4) and the properties in Proposition B.2 we find����
ð
@Uk

f dHn�1 �
ð
@U
f dHn�1

����
¼
����Xm
i¼1

ð
Bxi

f ðRxiðy0 ,wðxiÞ
k ðy0ÞÞTÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ jrwðxiÞ

k j2
q

� f ðRxiðy0 ,wðxiÞðy0ÞÞTÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ jrwðxiÞj2

q
dy0
����

�
Xm
i¼1

ð
Bxi

jf ðRxiðy0 ,wðxiÞ
k ðy0ÞÞTÞ � f ðRxiðy0,wðxiÞðy0ÞÞj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ jrwðxiÞ

k j2
q

dy0

þ
Xm
i¼1

ð
Bxi

jf ðRxiðy0 ,wðxiÞðy0ÞÞTÞjj
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ jrwðxiÞ

k j2
q

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ jrwðxiÞj2

q
j dy0

�
Xm
i¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þM2

p
jjf ðRxið�,wðxiÞ

k ð�ÞÞTÞ � f ðRxið�,wðxiÞð�ÞÞjjL1ðBxi Þ

þ
Xm
i¼1

jjf jjL1ð�XÞ

ð
Bxi

jrwðxiÞ
k �rwðxiÞj dy0 ! 0 ðk ! 1Þ,

where we used in the last step the uniform continuity of f and the fact that by Proposition B.2
rwðxiÞ

k ! rwðxiÞ in L1ðBxiÞ for all i ¼ 1, :::,m: The claim follows. w

In the sequel we will also often localize and use Lipschitz domains that arise from the follow-
ing procedures:

Proposition B.4 (cf. [30, Proposition 2.5.4]). Let U � R
n be a C1-domain and z 2 @U. Then

there exists r0 > 0 such that for r < r0 U \ BrðzÞ is a Lipschitz domain.

Proposition B.5 (Lipschitz subgraphs). Let U � R
n�1 be open and bounded and C ¼ fðy, f ðyÞ :

y 2 Ug � R
n be a Lipschitz graph of a Lipschitz function f : U ! R. Moreover let d > 0 and B :¼

U 
 ð�jjf jj1 � d, jjf jj1 þ dÞ: Then D :¼ fðx, yÞ 2 B : y > f ðxÞg is a Lipschitz domain.

Proof. The proof follows the lines of [30, Proposition 2.5.4]. w

Appendix C. Approximation and compactness results

Proposition C.1 (Approximation in L1ðCÞ). Let C ¼ @X0 be a boundary of a Lipschitz domain
and Q 2 L1ðCÞ. Then there exists a sequence ðQkÞk2N � CðCÞ such that Qk ! Q in L1ðCÞ
and jjQkjjL1ðCÞ � jjQjjL1ðCÞ:
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Proof. First assume that C ¼ fðy, f ðyÞÞ : y 2 �Ug is a Lipschitz graph of a function f : U ! R which
is Lipschitz on an open rectangle U. Now we can define ~QðxÞ :¼ Qðx, f ðxÞÞ for all x 2 U and observe
that ~Q 2 L1ðUÞ: It is now possible to approximate ~Q in L1ðUÞ by functions ð~QkÞk2N � Cð�UÞ by
multiplying ~Q with cutoff functions and mollifying the result. Since cutting off and mollifying does
not increase the L1ðUÞ-norm we can achieve jj~QkjjL1ðUÞ � jj~QjjL1ðUÞ: Next define Qk : C ! R via

Qkðx, f ðxÞÞ :¼ ~QkðxÞ ðx 2 CÞ:
One readily checks that Qk 2 CðCÞ: Moreover

jjQk � QjjL1ðCÞ ¼
ð
U
jQkðx, f ðxÞÞ � Qðx, f ðxÞÞj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ jrf ðxÞj2

q
dx

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ jjrf jj2L1ðUÞ

q
jj~Qk � ~QjjL1ðUÞ ! 0 ðk ! 1Þ:

Our construction also reveals that if Q has compact support in fðy, f ðyÞÞ : y 2 Ug then also
ðQkÞk2N can be chosen to have compact support in the same set. This at hand, a standard argu-
ment involving a partition of unity implies the claim (cf. also Remark 5.3). w

Proposition C.2 (A compactness result in C0, 1ð�XÞ). Let X � R
n be a smooth domain and

ðvkÞk2N � C0, 1ð�XÞ such that jjvkjjC0, 1ð�XÞ is bounded. Then there exists a subsequence ðvlkÞk2N and
v 2 C0, 1ð�XÞ such that vlk ! v uniformly on �X and

jjrvjjL1ðXÞ � liminf
k!1

jjrvlk jjL1ðXÞ:

Proof. Existence of the uniformly convergent subsequence ðvlkÞk2N is a direct consequence of
the Arzela–Ascoli theorem. Let v 2 C0ð�XÞ be the limit. The fact that v 2 C0, 1ð�XÞ follows from

jvlkðxÞ � vlkðyÞj � jjvlk jjC0, 1ð�XÞjx� yj,
where we used that for all u 2 C0, 1ð�XÞ

jjujjC0, 1ð�XÞ :¼ jjujjC0ð�XÞ þ sup
x, y2�X, x6¼y

juðxÞ � uðyÞj
jx� yj :

The lower semicontinuity of u7!jjrujjL1 with respect to uniform convergence can be seen in
many ways. One possibility is the following computation.

jjrujjL1ðXÞ ¼ sup
/2L1ðX;RnÞ, jj/jjL1�1

ð
X
ru � / dx

¼ sup
/2C1

0 ðX;RnÞ, jj/jjL1�1

ð
X
ru � / dx ¼ sup

/2C1
0 ðX;RnÞ, jj/jjL1�1

ð
X
u � divð/Þ dx:

w

Appendix D. A maximum principle for BV-solutions

In this section we discuss a generalized maximum principle, which allows us to estimate the L1

norm of a harmonic function in terms of its BV-trace, whose definition and properties will also
be recalled in this section.

Lemma D.1 (Traces of BV-Functions, cf. [27, Theorem 2.10]). Suppose that U � R
n has

Lipschitz boundary and f 2 BVðUÞ. Then there exists some g 2 L1ð@U,Hn�1Þ such that for Hn�1

a.e. x 2 @U one has
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lim
r!0

ð

6

BrðxÞ\U
f ðyÞ dy ¼ gðxÞ, lim

r!0

ð

6

BrðxÞ\U
jf ðyÞ � gðxÞj dy ¼ 0:

Further, for all / 2 C1
c ðRn;RnÞ one hasð
U
f divð/Þ dx ¼ �

ð
U
/ d Df½ � þ

ð
@U
g / � � dHn�1:

The function g is called BV-trace of f.
This at hand we can finally prove the desired maximum principle.

Proof of Lemma 4.6. Let U,w be as in the statement. For the rest of the proof let ðw�Þ�>0 be
the standard mollifier.

Step 1: W1, 1-regularity of w. First of all note that w 2 C1ðUÞ: This can for example be shown
by inferring from (4.6) that w 	 w� is harmonic (in the classical sense) in U� :¼ fx 2 U :
distðx,UCÞ > �g: This implies also that w 	 w� has the mean-value property, i.e.,

w 	 w�ðxÞ ¼
ð

6

BrðxÞ
ðw 	 w�ÞðyÞ dy 8x 2 U�, r < distðx, ðU�ÞCÞÞ:

Thereupon one can pass to the limit as � ! 0 and infer that w must have the mean value
property in the whole of U. This implies by standard computations w 2 C1ðUÞ and w 	 w� ¼ w:
We infer that w 2 C1ðUÞ \ BVðUÞ: We claim next that w 2 W1, 1ðUÞ: Indeed: For all / 2
C1
0 ðUÞ one has since w 2 C1ðUÞ ð

U
w@i/ dx ¼ �

ð
U
ð@iwÞ/ dx,

but on the other hand ð
U
w@i/ dx ¼ �

ð
U
/ d Dw½ �i:

Hence ½Dw�i ¼ ð@iwÞLn, where Ln denotes the n-dimensional Lebesgue measure. Since
j½Dw�jðUÞ < 1 we conclude

1 > j Dw½ �ijðUÞ ¼
ð
U
j@iwj dx:

The W1, 1-regularity follows. Note however that the maximum principle is also not clear
for W1, 1-solutions.

Step 2: We find an equation that characterizes w uniquely. To this end let / 2 C2ð�UÞ be such
that /j@U ¼ 0: Our aim is to show thatð

U
wD/ dx ¼

ð
@U
trðwÞ@�/ dHn�1:

To this end we extend / to a C2
c ðRnÞ-function which is possible due to the boundary regular-

ity. Let �/ 2 C2
c ðRnÞ be this extension. Then by Lemma D.1 one hasð

U
wD/ dx ¼

ð
U
wD�/ dx ¼

ð
U
w divðr�/Þ dx

¼
ð
@U
trðwÞr/ � � dHn�1 �

ð
U
r/ d½Dw�

¼
ð
@U
trðwÞr/ � � dHn�1 �

ð
U
r/rw dx:

(D.1)

Next we intend to approximate / by a sequence of functions ð/nÞn2N � C1
0 ðUÞ to get rid of the

second summand. This approximation is nonstandard because of the fact that one only has rw 2 L1:
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We claim that there exist ð/nÞn2N � C1
0 ðUÞ such that /n ! / in W1, 2

0 ðUÞ and jjr/njjL1 �
jjr/jjL1 : To this end notice that (since /j@X ¼ 0) for all n 2 N the functions ð/� 1

nÞþ and ð/þ 1
nÞ�

have compact support in U and lie in W1, 2
0 ðUÞ: This implies that for � < �0 appropriately small

ð/� 1
nÞþ 	 w� 2 C1

0 ðUÞ and ð/� 1
nÞþ 	 w� ! ð/� 1

nÞþ in W1, 2
0 ðUÞ as � ! 0: We infer that for all

n 2 N there exists �n > 0 such that ð/� 1
nÞþ 	 w�n

2 C1
0 ðUÞ and jjð/� 1

nÞþ 	 w�n
�

ð/� 1
nÞþjjW1, 2

0
< 1

n : Similarly we can find ~�n > 0 such that ð/� 1
nÞ� 	 w~�n 2 C1

0 ðUÞ and jjð/� 1
nÞ� 	

w~�n � ð/� 1
nÞ�jjW1, 2

0
< 1

n : By possibly shrinking �n or ~�n we may assume that �n ¼ ~�n : Now define

/n :¼ /� 1
n

� �þ
	 w�n þ /þ 1

n

� ��
	 w�n

It is then straightforward to show that ð/nÞn2N � C1
0 ðUÞ and /n ! / in W1, 2

0 ðUÞ: It remains
to show that jjr/njjL1 � jjr/jjL1 : To this end notice that

r /� 1
n

� �þ
	 w�n

" #
ðxÞ ¼

ð
U

/� 1
n

� �þ
ðyÞrxw�n

ðx� yÞ dy

¼ �
ð
U

/� 1
n

� �þ
ðyÞryw�nðx� yÞ dy

¼
ð
U
r /� 1

n

� �þ
ðyÞw�n

ðx� yÞ dy

¼
ð
U\f/>1

ng
ðr/Þw�nðx� yÞ dy:

Similarly

r /� 1
n

� ��
	 w�n


 �
ðxÞ ¼

ð
U\f/<�1

ng
ðr/Þw�n

ðx� yÞ dy:

We obtain by Young’s inequality that

jr/nðxÞj ¼
ð
U\fj/j>1

ng
ðr/Þw�nðx� yÞ dy

�����
����� � jjr/jjL1ðUÞjjw�n jjL1ðRnÞ ¼ jjr/jjL1ðUÞ:

It follows that jjr/njjL1 � jjr/jjL1 : Note that we may assume after the choice of an appro-
priate subsequence that r/n ! r/ pointwise almost everywhere. Since jjr/njjL1 � jjr/jjL1
and jrwj jjr/jjL1 2 L1 we infer by the dominated convergence theorem thatð

U
rwr/ dx ¼ lim

n!1

ð
U
rwr/n dx ¼ lim

n!1

ð
U
wD/n ¼ 0,

where we used (4.6) in the last step. We infer from (D.1) that for each / 2 C2ð�UÞ such that
/j@U ¼ 0 one has ð

U
wD/ dx ¼

ð
@U
trðwÞ@�/ dHn�1: (D.2)

With this equation we will be able to show that jjwjjL1ðUÞ � jjtrðwÞjjL1ð@UÞ:
Step 3: Show the claim under the additional assumption that trðwÞ has a C1-extension on �U ,

say �w 2 C1ð�UÞ is such that �wj@U ¼ trðwÞ: Then one has for all / 2 C2ð�UÞ such that /j@U ¼ 0
by the divergence theorem
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ð
U
wD/ dx ¼

ð
@U
trðwÞ@�/ dHn�1 ¼

ð
@U

�w@�/ dHn�1

¼
ð
U
r�wr/ dxþ

ð
U
�wD/ dx

¼ �
ð
U
D�w/ dxþ

ð
U
�wD/ dx

Hence for all / 2 C2ð�UÞ such that /j@U ¼ 0 one hasð
U
ðw� �wÞD/ dx ¼ �

ð
U
D�w/ dx:

By Lemma 3.1 we conclude that w� �w 2 W1, q
0 ðUÞ for some q> 1 and solves Dðw� �wÞ ¼

�D�w in the weak W1, q
0 -sense. By elliptic regularity this implies that w� �w 2 C1ð�UÞ: We infer

that w 2 C1ð�UÞ, Dw ¼ 0 classically, and wj@U ¼ �wj@U ¼ trðwÞ: By the (classical) maximum prin-
ciple we have jjwjjL1ðUÞ � jjtrðwÞjjL1ð@UÞ: We have shown the claim under the additional assump-
tion of Step 3.

Step 4: We show the claim under the (weaker) additional assumption that trðwÞ 2 C0ð@UÞ: If
trðwÞ 2 C0ð@UÞ, then by Tietze’s extension theorem we can find v 2 C0

0ðRnÞ such that v ¼ w on
@U: Now v can be locally uniformly approximated by ðvnÞn2N � C1

0 ðRnÞ which means that w
can be uniformly approximated on @U by vnj@U—i.e., by functions that possess a C1 extension
to �U : Now let ðwnÞn2N � C1ð�UÞ be the solutions of

�Dwn ¼ 0 inU,
wn ¼ vn on @U:

�

Note that then jjwn � wmjjL1ðUÞ � jjvn � vmjjL1ð@UÞ and hence wn converges in L1ðUÞ to some
~w 2 L1ðUÞ: Using the Gauss divergence theorem and (D.2) we find for each / 2 C2ð�UÞ such
that /j@U ¼ 0 that ð

U
~wD/ dx ¼ lim

n!1

ð
U
wnD/ dx ¼ lim

n!1

ð
@U
vn@�/ dHn�1

¼
ð
@U
trðwÞ@�/ dHn�1 ¼

ð
U
wD/ dx:

Hence we infer that for all / 2 C2ð�UÞ such that /j@U ¼ 0 one hasð
U
ð~w � wÞD/ dx ¼ 0:

By Lemma 3.1 we infer that ~w � w lies in W1, q
0 ðXÞ for some q> 1 and is a weak solution of

Dð~w � wÞ ¼ 0: By uniqueness of weak solutions of the Dirichlet problem in W1, q
0 we find ~w ¼

w: Hence

jjwjjL1ðUÞ ¼ jj~wjjL1ðUÞ ¼ lim
n!1 jjwnjjL1ðUÞ � liminf

n!1 jjvnjjL1ð@UÞ ¼ jjtrðwÞjjL1ð@UÞ:

We have now shown the claim under the additional assumption of Step 4.
Step 5: Next we assume nothing except trðwÞ 2 L1ð@UÞ: We know that then by Proposition

C.1 there exist ðvnÞn2N � C0ð@UÞ such that vn ! trðwÞ in L1ð@UÞ and jjvnjjL1ð@UÞ � jjwjjL1ð@UÞ:
Now let ðwnÞn2N � C1ð�UÞ be the weak W1, 2

0 -solutions to

�Dwn ¼ 0 inU,
wn ¼ vn on @U:

�

Then by [31, p.467] one has for each x 2 U

wnðxÞ ¼
ð
@U
KUðx, yÞvnðyÞ dy,
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where KU 2 C1ðU 
 @UÞ is the Poisson kernel for U. Since by [31, Theorem 4]

jKUðx, yÞj � CU
distðx, @UÞ
jx� yjn�1 ,

the dominated convergence theorem yields for all x 2 U

lim
n!1wnðxÞ ¼

ð
@U
KUðx, yÞtrðwÞðyÞ dy ¼: w	ðxÞ, ðx 2 UÞ:

Hence ðwnÞn2N converges pointwise on U to some measurable function w	 : U ! R: Since
jjwnjjL1ðUÞ � jjvnjjL1ð@UÞ � jjtrðwÞjjL1ð@UÞ we infer that w	 2 L1 and

jjw	jjL1 � liminf
n!1 jjwnjjL1 � jjtrðwÞjjL1ð@UÞ:

By the dominated convergence theorem, the Gauss divergence theorem and (D.2) we infer for
all / 2 C2ð�UÞ such that /j@U ¼ 0ð

U
w	D/ dx ¼ lim

n!1

ð
U
wnD/ dx ¼ lim

n!1

ð
@U
vn@�/ dHn�1

¼
ð
@U
trðwÞ@�/ dHn�1 ¼

ð
U
wD/ dx:

It follows again that ð
U
ðw	 � wÞD/ dx ¼ 0 8/ 2 C2ð�UÞ : /j@U ¼ 0:

and hence by 3.1 we obtain that w	 � w 2 W1, q
0 ðUÞ for some q> 1 and by uniqueness of solu-

tions to the Dirichlet problem in W1, q
0 ðUÞ we infer once again w ¼ w	 which gives

jjwjjL1ðUÞ � jjw	jjL1ðUÞ � jjtrðwÞjjL1ð@UÞ: w
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