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The Poisson equation involving surface measures

Marius Muller

Mathematisches Institut, Albert-Ludwigs-Unversitat Freiburg, Freiburg im Breisgau, Germany

ABSTRACT

We prove the (optimal) W' >-regularity of weak solutions to the
equation —Au=QH" ' in a domain QCR" with Dirichlet
boundary conditions, where I' CC Q is a compact (Lipschitz) mani-
fold and Q € L>(T"). We also discuss optimality and necessity of the
assumptions on Q and I'. Our findings can be applied to study the
regularity of solutions for several free boundary problems, in particu-
lar the biharmonic Alt-Caffarelli problem.

1. Introduction

In this article, we study the Poisson equation with measure-valued right hand side of
the form

(L.1)

—Av=QH" ' | T inQ,
vy=20 on 0Q,

for a (smooth) domain Q, a (suitably regular) surface ' CC Q, and Q € L'(I, H" ).
The interest in this equation comes from the study of free boundary problems. The
notion of (weak) solutions for problems of the form

—Av=pu inQ,
{ y=0 ondQ, (1.2)

for a (signed) measure p is established in the literature and goes back to [1]. Regularity
theory is well-established in various contexts (cf. [2-5]). This is closely tied to the study
of the equation —Au = div(F) via the duality method, cf. Section 3.3. The latter equa-
tion is subject to extensive research with wide applications, for example to the
Helmbholtz decomposition, see, e.g., [6] for details.

We are interested in the optimal regularity of (weak) solutions of (1.1).

It turns out that general regularity results are either not applicable or not optimal if
u has the special structure = QH" ' | I'. This is mainly due to the fact that the
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gradient fundamental solution of —A has a singularity of order n — 1, which means that
its integrability is exactly critical for the measure H" ' | T, cf. (1.3). While the stand-
ard duality method (cf. Section 3.3, [7, 8]) or the method of layer potentials (cf. Section
3.5, [9, Section 7.11], [10, Section 14]) can be used to establish the W"?-regularity for
all p € [1,00), both methods have limitations in the case of p = co. The question of
WL regularity has already been raised in [11, p.171], where it is stated as an
open problem.

In this article, we show W'*-regularity in the case that I' is a compact Lipschitz
manifold and Q € L*(I"). We also prove that the assumption Q € L*°(I") and the
Lipschitz regularity of I' are necessary and discuss in which sense W' *-regularity
is optimal.

The structure u= QH" ' | T is in many ways a critical limit case of the estab-
lished theory.

One way to see this is to look at the potential

U) i= [ Flx =) duy),

where F is the fundamental solution to the Laplace equation. It is well-known that
|V F(x —y)| = #, i.e., it has a singularity of polynomial order n —1 at y=x. If we
take = H""' | (B1(0) N {x, = 0}) then

[lwro-plaun =c.| e, (13)

{yi<1y ||

where y = (y1,...,¥s—1) and dy’ = dy;...dy,_,. This integral is infinite, but the order of
the singularity is just critical for this to hold true. Since we integrate only the absolute
value of |VF| in (1.3), we are not anymore able to take advantage of useful cancelation
properties. The idea of this cancelation is not new to mathematics and forms an integral
part of Calderon-Zygmund theory. In this theory however, the symmetries and the
structure of R” are heavily used. Because of lacking symmetry of I', those arguments do
not immediately carry over.

Those considerations are obviously related to potential theory, but our goal is to pre-
sent an approach that does not rely on potential theory, except for standard elliptic
regularity results.

A second argument why u = QH"™' | T is a critical limit case is because of its crit-
icality for the Wolff potential

Walx) ::J 1(Bi(x)) dt

0 tnfl t

It is well-known that Wu(x) < co for all x implies that solutions of (1.2) lie in
Whe, f. [2, 11]. The fact that (H"' | T)(B(x)) ~ t""! for suitably smooth I" and
all x € I' leads once again to a critical singularity in the definition of W.

Equations like (1.1) appear in applications. Oftentimes they describe solutions of free
boundary problems, for example the thin obstacle problem (cf. [12, Equation (3.8)]) and
the Alt-Caffarelli Problem (cf. [13, Equation (0.2)]) as well as its biharmonic relative (cf.
[14, Theorem 1.4]). We will explain possible applications in detail for the biharmonic
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Alt-Caffarelli problem, which has recently raised a lot of interest, cf. [14-16]. Some
methods, e.g., the blow-up techniques we use, are also inspired by applications from free
boundary problems [13, Section 4], but need to be refined in our analysis.

The article is organized as follows: In Section 2 we introduce the underlying concept
of weak solutions and state our main result. In Section 3 we recall what regularity has
been obtained in the existing literature and discuss in which sense W' *-regularity is
the best regularity one may expect for our problem. Section 4 and 5 are devoted to the
proofs of the main results. In Section 6 we apply our results to study regularity of the
biharmonic Alt-Caffarelli problem.

2. Main results

Suppose for the rest of the article that Q C R" is a bounded domain with smooth
boundary and I’ CC Q is such that H" (I') < co. Further let Q € L'(I'), which is
shorthand for LY(I, H"~! | ).

We next define a weak concept of solutions for

(2.1)

—Av=QH"'| T inQ,
y=20 on 0Q.

Definition 2.1 (cf. [17, Definition 3.1]). We say that v € L'(Q) is a weak solution of
(2.1) if for all ¢ € C*(Q) such that ¢ = 0 one has

—JQqub dx = L_Q ¢ dH".

If Qe LY(T,H" ") then Q H™ ' | T is a finite signed Radon measure and by [17,
Proposition 3.2, Proposition 3.5] there exists a unique solution v € L'(Q) of (2.1) in the
sense of the previous definition.

As mentioned above, we are interested in the optimal regularity of such solutions,
which we will identify as W">®(Q) (or equivalently C%!(Q), the space of
Lipschitz functions).

Let us first note that W*4-regularity is impossible for any solution of (2.1) and any
g € [1,00] unless Q=0. This is due to the fact that v € W>4 implies that —Av is abso-
lutely continuous with respect to the Lebesgue measure, whereas the right hand side
Q H" ' | T is not absolutely continuous.

This already yields that the best possible regularity in the sense of (integer) Sobolev
spaces is given by W >(Q).

In classical function spaces however, this Lipschitz regularity could theoretically be
improved, e.g., to C"*-regularity.

It however turns out that no improvement of the regularity can be achieved in the
classical function spaces—C'-regularity is impossible (cf. Section 3.4).

The main theorems of this article state that Lipschitz regularity can actually be
achieved under mild (and optimal) assumptions on Q and I', which we shall discuss.
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Main Theorem 2.2 (Lipschitz regularity for closed Lipschitz manifolds). Suppose that
Q C R" has smooth boundary and Q' CC Q is open with Lipschitz boundary = o).
Further suppose that Q € L*(T"). Then the unique solution to (2.1) lies in C*'(Q).

In this theorem, we have imposed additional restrictions on the set of admissible
right hand sides, mainly that I" enjoys Lipschitz regularity and Q € L>(T"). Also the fact
that we prescribe I' = 9, i.e., I is a closed Lipschitz manifold, is an additional restric-
tion of topological nature.

We will see that Q € L*(TI") is a necessary condition for Lipschitz regularity, which
justifies this additional restriction (cf. Lemma 3.2). The Lipschitz regularity of I" is
necessary in the sense that it is not enough to demand that T lies in C** for any « €
(0,1) (cf. Remark 3.3).

The topological requirement that I' = 9Q)' is used in our argumentation but by no
means a necessary restriction. Indeed, Main Theorem 2.2 can be improved to hold with
a weaker (and optimal) topological assumption.

Main Theorem 2.3 (Lipschitz regularity for compact Lipschitz manifolds). Suppose that
Q C R" is a bounded domain with smooth boundary. Let I" be a compact Lipschitz mani-

fold (with or without boundary). Then the unique solution of (2.1) lies in C*'(Q).

Here the new assumption is compactness of I" which is indeed necessary (cf. Remark
3.3). To clarify what we mean by “compact Lipschitz manifold (with or without
boundary)” we refer to Appendix B. From now on all compact manifolds are meant to
be manifolds with or without boundary, unless explicitly stated otherwise.

The whole next section will be devoted to clarify the background of the Main
Theorems, discussing existing literature, necessity of the assumptions and optimality.

3. Context and optimality
3.1. The general measure valued problem

In this section we recall some basic facts about the equation

—Av=pu inQ,
{ v=0 ondQ. (3.1)

where p is a signed finite Borel measure on Q. We define the finite Borel measure |u|
as in [18, pp. 137-139] and identify it with the (outer) Radon measure

Ea):=_inf |ul(U) (ACX). (3.2)

This way we can apply all results about outer measures also to |u|.
Lemma 3.1 (cf. [17, Proposition 5.1]). Let v be a weak solution of (3.1). Then v &
Wy 9(Q) for all g € [1, 1) and for all ¢ € C°(Q) one has

wa dx = J¢ du. (3.3)
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Moreover there exists C = C(q) such that
Wy < Clal(@).
and (3.3) holds also for ¢ € Wé’q’(Q), (q’ > n, %—i—%: 1).

3.2. Necessary criteria for Lipschitz continuity

In this article, our measure u in (3.1) is always of the form u= Q H" ' | T for some
Q € L*(T') and a hypersurface I'. The reason for that is not just that this case is most
relevant in the presented applications but also that this structure is in a way necessary
for the Lipschitz continuity. The arguments presented here go back to observations
in [11].

Lemma 3.2 (Necessity of the structure u=Q H" ' | T and Q € L®). Suppose that

u € C*1(Q) is a solution of (3.1) for a nonnegative measure p supported on some Borel
set T such that H" '(T') < oo. Then there exists Q € L>°(T) such that u=Q H"' | T.
Moreover

||Q||L°C(F) < 22n_10(n||u||c0)1(9—), (3-4)
where o, = |B1(0)| is the n-dimensional volume of a unit ball.

It is remarkable about the constant in (3.4) that it does not at all depend on I.

Proof of Lemma 3.2. Let u € C*>!'(Q) be as in the statement. Recall that p = |u| and
hence we can also identify u with an outer Radon measure on R”. For xp € I and r €
(0, dist(xo,0Q)) set ¢ : Q@ — R defined by

(]5<X> — 1— M X € B,(XO),

0 otherwise.

It is easy to check that then ¢ € Wé’q/(Q) for some ¢ >n and V¢(x) =
- ﬁ XB,(x) (X) a.e. We infer that

Jd)du— VuVe dx.
JQ

Since0 < ¢ <1and ¢ > % on Bg(xo) we conclude that

%M(Bg(xO)) < Jqﬁdﬂ‘ =

< ||w|mj

B, (xo

JVqu)dx
. (3.5)
[Vldx = [[Vull o~ [Br(xo)| < |lul|cuctnr™".

We infer that there exists ¢ = c(n, ||u||q,1) = 2"an||t||, such that for all r <
1dist(I’, 0Q) and x € T one has u(B,(x)) < " '. If x ¢ T then

if 3x€B,(x)NT

< 2?171 nfl.
otherwise = o)

w(B,(x)) = u(B,(x)NT) < {g(BZr(XO))
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We conclude that u(B,(x)) < (2" 'c)r"™! for all x € R". Now [17, Proposition 5.3]
implies that for all & € (0, Jdist(xo,I")) and all Borel sets A C R" one has p(A) <
2”_16Hg71(A), where Hg‘*l denotes the d-Hausdorff capacity, cf. [17, Definition B.1].
Letting 6 — 0 we infer that p(A) < 2" '¢H" '(A) for each Borel set A C R". Since
w(A) = u(ANT) we infer that u(A) < (2" 1c)(H" ' | T)(A) for all Borel sets A. Using
(3.2) and the fact that H"! | T is a Radon measure we infer that u(A) <
2" Ye(H"™! | T)(A) for all A C R". Hence u is absolutely continuous with respect to
H"' | T and we infer from [19, Section 1.6.2] that

1(A) :J (Dt L rit) dH"' | T, VA C R"Borel
A

where H"™! | T a.e. one can estimate

. ,U(Br(x)) 1
Q(x) := (Dyn x) < limsu — <2" "¢
( ) ( H L l—lu)( ) r*)()+pHn 1 L F(Br(x))
Hence, u = QH"' | T for some Q € L>(T). To finally prove the estimate (3.4) we
conclude

1Qll~ry < 2" e = 2% ]l o

|

Remark 3.3 (Necessity of Lipschitz regularity of I'). In this remark, we intend to look
at the effect of the regularity of I' on the solution. To eliminate other influential factors
we assume Q=1.

The main observation of this remark is as follows: requiring that I' is a C**-graph
for some o € (0,1) is not enough to obtain the regularity. This becomes visible when
looking at [20, Remark 2.7] or (3.5) of the present article. Indeed, a suitably rescaled

version of (3.5) reveals that whenever there exists a Lipschitz solution u € C*>!(Q) of
(3.1) with a nonnegative measure y, then there exists C >0 such that

w(B,(x)) <Cr"t Yr>0 VxeQ. (3.6)

Hence (3.6) forms a necessary criterion for Lipschitz regularity. Next we give an
example of a C%*-graph T" that does not satisfy (3.6). To this end we assume n=2,
Q = B,(0) and fix o € [0,1). Choose o' € (,1) and define

1 v 1
.= {(x, —/xlﬂ sin —) cx €0, 1}}
14+« X

Itis easy to show that f(x) := 11 x " sin 1, (x € [0,1]), liesin W"?(0,1) forall p < {1,
1

which embeds into C**([0, 1]) if we choose p < L suitably large. One readily checks that

1—of

HY(T) = Jl 1+ f(x)*dx < oc.

0

Using that [f(x)| < |x| for all x € [0,1] and the mean value theorem we find
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u(B,(0)) = H' (T N B,(0)) = j

Y1+ f(x)dx

{xelo, 1]:x2+f(x)z<r2}

. 2

V2 1 1 1
> J 1+ (x‘“’ sin — — x*~lcos ~ | dx

0 x 1+ X

. 2 2

el 1 1 1 v 1
> J 1-— (x“’sin —> +-(——x""lcos =] dx

0 X 2\1+do x

% 1 ! 1 2nk—L 1
ZJ — x* Yecos —|dx > Z Tl cosf‘dx
0 V2(1+d) V2(1+ al)k>ﬁ(ﬁ+§) e x

1 3 T g
2(1 + O(,) 1
k> (Lyg) "G
11 3 1 1
2(1+o) o 2k — E)* 2km + 1)
U (g (=D Gt
i k
1 5 T +1 1
L v > ) D [
T2(1+o 2 mF T 41+ of J 2 )@ +1
( )k%(%)( kn +7%) ( )k%(%) ko (2km+E)

> 1 2 -
Z L/J a1 42 = . / (£+E> :
41+ o) L(£41) (2nz + ) 8(1+a)\r 2

Now if we assume that u(B,(0)) < Cr for all >0 we would obtain

1 2 -
o1 (2

“8(l+a)\r 2

Dividing by r* and then letting r — 0 we obtain 0 > -1~ V2 ", a contradiction.

8(1+a)

As another conclusion from this example we can state that compactness of I" is neces-

sary. This is so since

1 / 1
r() = {(X, mler“ sin ;) 1X € (0, 1)}

is indeed a (noncompact) Lipschitz manifold, as graph of a function that is locally
Lipschitz. Since I’y coincides H" ' a.e. with the counterexample above we infer that sol-

utions to (2.1) with Q=1 and I' = Iy are not C>!(Q)-regular.

3.3. Holder regularity via duality method

In this section, we report on existing regularity statements briefly and discuss why they
are of limited use when it comes to the optimal Lipschitz regularity. The famous duality

method can be used to show
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Proposition 3.4 (C**-regularity). Let Q C R" and T be a compact Lipschitz manifold.
Let v € L'(Q) be a weak solution of (2.1). Then v € W"P(Q) for all p € [1,00) and v €
C**(Q) for all o« € [0,1). Furthermore, Vv € BMO(Q).

To prove this we convert (2.1) into an equation of the form —Au = div(F) for some
F e L*(Q,R"). For p € (1,00) it is classical (cf. [7]) that F € LF(Q,R") implies that
there exists a solution u € Wé’P (Q). This result does not generalize to p = 0o, as we
shall see at the end of this section.

Lemma 3.5. Let I' be a compact Lipschitz manifold. Distributionally one has
QH"' | T = div(F) for some F € L™(Q;R"). Moreover QH"* | T € Wy'(Q)" and

||F||L°c(9) = ||QH’1_l L r||w;’1(Q)* < C(Q)[F]O,IHQ”LDO(F)’ (3.7)
where [I'], | is defined in Appendix B.
Proof. We first show that QH"™' | T € (Wy'(Q))", ie., for all ¢ € C*(Q) one has

Jr'¢"Q' aH* < DI 1QlL IVl (3.8)

for some D = D(Q). By [17, Proposition 17.17] it suffices to show that for all Borel sets
A CR",

LIQIdH”l | T< B Cloyl1QH (A),

where Hgl is the oo-Hausdorff capacity (cf. [17, Definition B.1]) and D= D(Q).
Using [17, Proposition B.3] we find that it suffices to show that for all y € R” and r>0
one has

| jare < DIl
B, (y)nI'

To this end cover I' with open sets R;(U; X V1),..., Ry (Uy X V,y) C R” such that
U; CR"! open and V; C R open and R; € O(n) such that for f; € C*'(T;) one has
I'NRi(U; x V;) = R{(X,fi(x")) : x' € V;}. Then we can estimate

J@@ym“NdT”_ISINNMWTﬂ_WBAy)WIWfSIKﬂhx§:7ﬁ’%BAy)ﬂTVWRKU%X‘G»

i=1

\/ 1+ |Vfi(x)] dx'.

Now note that (x,fi(x)) € B,(R;'(y)) implies that x' € B,(y), where y :=
RAP)WY, LR ()T € R*!. Thus

m

= ||Q||LXZ

i=1 J{x’e U,-:(x’,f,-(x’))EBr(Rfl (}’))}
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j Q™ < [1Qll S /1 + ||sz~||im<vf)j a
B,(y)ﬂl— i=1 Br(yi)
< 11Ql ( Ji+ ||Vﬁ||ix(vi>>anlr"-l.
i—=1

We infer from this and (B.1) that
J |QldH"™ < Q[ [F]O,lan—lrnil-
Ar

T

Equation (3.8) and hence the second estimate in (3.7) follows by [17, Proposition
B.3] and [17, Proposition 17.17]. The existence of F € L>(€;R") follows directly from
[21, Lemma 6.6]. O

Lemma 3.6. Let I' be a compact Lipschitz manifold and let v be a weak solution of (2.1).
Then v € Wy*(Q) N L=(Q). Furthermore there exists a constant D = D(Q) > 0 such that

IVl < DEONQH"™ | Tllyriq)-

Proof. We first show that v € Wr?(Q). Recall that v e W, 4(Q) for some g>1 by
Lemma 3.1. Now fix ¢ € C°(Q). We obtain by Lemma 3.5 for C;:=

[[QH™ | [l and G := /]Q|C; that

< GVl < GlIVElz@ = Cll¢llwiq)-

JQVVV(}') dx’ = U dQAH"!

Since Wy*(Q) is a Hilbert space and C°(Q) is dense in Wy?(Q) there exists w €
Wy 2(Q) such that

J VW dx = JVWV(ﬁdx Vo € C°(Q).
Q

We infer that u := v —w € W, 9(Q) is a weak solution of

—Au=0 inQ,
u=0 onoQ.

By uniqueness of such solution in Wé’q (cf. [22, Section 2.5.2]) we infer that v =w €
Wy *(Q). It remains to show the L*-regularity and the desired estimate. By Lemma 3.5
we infer that v € Wy?(Q) is a weak solution of —Av = div(F) for some F € L®(Q;R").
The claim follows then immediately from [17, Lemma 5.2]. O

Note that the previous regularity is definitely not true for solutions of (3.1) with arbi-
trary measures u. Indeed, if u =9, for some xy € Q then the solution of (3.1) is
Green’s function Gg(xo, ), which does not lie in L*(Q), cf. [22, Section 4].

Proof of Proposition 3.4. We infer from the previous lemma and Lemma 3.5 that each
solution v of (2.1) lies in Wy *(Q) and is a weak solution of —Av = div(F) for some
F € L*(Q). In particular F € BMO(Q). Applying [7, Theorem 2.9] with p=2 and w =
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1 we infer that Vv € BMO(Q). Since BMO(Q) C LF(Q) for all p> 1, we infer that v €
WP(Q) for all p € (1,00). By Sobolev embedding v € C**(Q) for all « € [0,1). O

Remark 3.7 (Limitations of the duality method). Finally, we discuss limitations of the
duality method in the case p = co. To this end we construct F € L*(€;R") such that
—Au = div(F) has no distributional solution in W">(Q).

The argument we present is a slight variation of arguments in [23, Section 2].
Suppose that Q € R? is a smooth domain and Q > [0,1]*. By [23, Proof of Proposition
2, Section 2] there exists a sequence (lp)j‘il C C3°(Q) such that

19 Wil + 105, ¥ill@ <1 ViEN, 100, ¥llne >j VieN

Now define
T L2(Q) = R, Ti(g) == J xllepj dx.

One readily checks that |[|Tj|[;~q) = || xlleijLl(Q) — 00 as j— o0o. By the
Banach-Steinhaus theorem there exists G € L>(Q) such that (along a subsequence)

T/(G)| =

Define now F(x) := (0,G(x))" for almost every x € Q. Clearly F € L™(Q;R?). We
claim that —Au = div(F) has no distributional solution u € W">°(Q). For a contradic-
tion we assume the opposite. Then there exists u € W->(Q) such that for all ¢ €
C¥ () one has

J Gafmnpj dx

— 00 (j— 00). (3.9)

J Vu~Vq’)dx:J F-V¢dx.
Q Q
Plugging in ¢ = 0, Y; and integrating by parts we find
[, GOty = | (@002 00 ) = | 0+ 02 .
Q
Taking absolute values and using the estimates above we find

] [ 6%, < onul <l

Letting j — oo we obtain a contradiction to (3.9).

3.4. The Hopf-Oleinik-Lemma and C’-regularity

In this section we explain why one cannot hope for more than C*!-regularity in clas-
sical function spaces. More precisely we show

Proposition 3.8 (Impossibility of C'-regularity). Suppose that Q C R" is a smooth
domain and let T = 0Q' for some domain Q' CC Q with CF-boundary for some
B € (0,1). Let v € L'(Q) be a weak solution of (2.1). Then v & C'(Q) unless Q= 0.
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The main ingredient used in the proof is the famous Hopf-Oleinik boundary point
lemma stated here (in a nonoptimal version).

Lemma 3.9 (Hopf-Oleinik-Lemma, cf. [24, Theorem 4.1]). Suppose that D C R” is a set
with C"P-boundary for some > 0. Let v € C*(D) N C(D) be a harmonic function in D.
If xo € OD is such that v(xo) = maxycopv(x) then one has

liminf v(xo + trix)) = v(xo) >

0,
t—0— t

where v(xg) denotes the outer unit normal at xo. If xo € OD is such that v(xy) =
min,eppv(x) then one has

limsup v(xo + tv(xg)) — v(xo)

t—0— t

< 0.

Proof of Proposition 3.8. Assume that I, are as in the statement and let Q €
L>(I')\{0}. Moreover let v € L'(Q) be as in the statement. Assume now that v €
C'(Q). Since v is harmonic in a neighborhood of Q and attains homogeneous bound-

ary values on OQ one infers by Schauder theory that v € C'(Q). In particular
max, o v(x), min, qv(x) are attained. Let xo,x; € Q be such that v(x) = max,.qv(x)
and v(x;) = min,qv(x). We claim next that either x, or x; can be chosen to lie on T.
Indeed, one has by harmonicity of v on Q'

max _5v(x) = maxyerv(x) (3.10)
and by harmonicity of v on Q" := Q\Q'
max _7v(x) = maX,cpov(X) = maXeruso = max{0, maxcerv(x)}, (3.11)
as v=0 on 0Q. If now max,.qv(x) > 0 then (3.10) and (3.11) leave the conclusion that
max _ov(x) = max _57v(x) = maxyerv(x).
Since Q' UQ” = Q we obtain that x, can be chosen to lie on I'. On contrary if

max, o Vv(x) <0 then min, gv(x) < 0 unless v =0 (which is not allowed as Q = 0 was
excluded). Now we can argue the same way as in (3.10), (3.11) to find

min__&v(x) = mineerv(x),
min__7v(x) = min,cyov(x) = min{0, mincerv(x)}.

Since now min, g v(x) < 0 we infer that
min _v(x) = min__57v(x) = minerv(x)

and since Q' U Q" = Q we once more infer that x, can be chosen to lie on I'. Without
loss of generality we can assume that x, lies on I', otherwise we may consider—v. Now
we apply Lemma 3.9 with D := Q. Since max,cpv(x) is attained at x, and v € C}(D)
we obtain that
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0 < litm(i)lgf v(xo + trg (txo)) — v(x0)

= Vv(xo) - vy (x0)- (3.12)

Analogously we can also consider D = Q" (or one connected component of Q" whose
boundary contains x,) and apply Lemma 3.9. Since max,cpv(x) is also attained at x, we
obtain

VA —
0< litm(i)nf vixo+ trg (txo)) v(x) = Vv(xo) - vy (x0)- (3.13)
But now v (xy) = —vg(x) as xo € I' and Q' and Q" lie on two different sides of I'.

This means however that (3.12) and (3.13) cannot hold at the same time. A contradiction.

3.5. Remarks on potential theory

As already announced our approach will not use potential theory, except for standard regu-
larity results. Nevertheless we comment briefly on potential theoretic results about (2.1), since
one can indeed give a partial positive answer to our question of C*! regularity.

As in the introduction we consider for Q € L'(T') the single-layer potential

SQ(x) == er Q) dH (),

where F is the fundamental solution of —A in R". We intend to understand the behav-
ior of SQ and its partial derivatives on I'. Note first that SQ is smooth and harmonic
on R™\I'. Further one can show that SQ € Wllo’cq(R”) for some g € [1, -%5) and in the
sense of weak derivatives one has

V(5Q)(x) = JFVF(x — QW) dH™ ae.x e R".

A first remarkable theorem discusses a control of the normal derivatives of SQ on I
under certain assumptions on I, Q.

Proposition 3.10 (Normal derivative of single-layer potential, [10, Theorem 14.IV]).
Suppose that T = T CC R" for some C“*-domain T C R", A >0 with unit normal
field v. If Q € LY(T') then the inner and outer normal derivatives 0 SQ and 0, SQ exist
in the sense of

0,8Q = tlir(g VSQ(xo + tv(xg)) - v(xy) exists for H" 'a.e.xo € T (3.14)
and

9, (8SQ)(x0) = * %Q(xo) + JraVF(xO —9)Q()dH" ' (y) H" 'ae.xy €T.

If Q€ LX(T) for some p > "L then the map T'Sxo— [-0,F(xo — y)Q(y) dH" ' (y) lies in
COH(T) for any pu < A — ”le In particular 9,;8Q € L*(T') if Q € L*(I"). If Q € C*(T')

then the above equations hold everywhere and not just H" ™' a.e.

This shows that Q € L*°(I") implies bounded normal derivatives on I' in the sense
of (3.14).
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If Q is somewhat more regular, we can also bound non-normal derivatives on I" and
hence the whole gradient. Indeed, one can show.

Proposition 3.11 ([10, Theorem 14.VII]). If TCC Q is a Ch*-domain and Qe Cco4
then VSQ € C**(T) N C**(Q\T). In particular VSQ € L®(Q), i.e., SQ € C*(Q).

While this is a positive result on our original question it is difficult to weaken the
assumptions with potential theoretic methods. The reason for that is that layer poten-
tials do not necessarily behave well with approximations and less regular domains.
Another reason is that the sense of (3.14) is a very weak sense of assuming boundary
values and not compatible with modern notions of (BV/Sobolev)-traces.

There are potential theoretic methods that allow for better control of boundary val-
ues, a common notion being the nontangential maximal function. Using these methods
one can indeed study the behavior of SQ on Lipschitz domains via approximation (cf,,
e.g., [25]). The price one usually pays for this approximation is however the restriction
to Wb? for p € (1,00). The reason for that is that crucial a priori estimates like [25,
Lemma 1.3] have no trivial generalization to p = oo.

An observation which is highly relevant for the article is the normal jump of size Q
on the boundary I' = 0T, ie.,

IF8Q—-0,8Q=-Q onT. (3.15)

We will obtain this jump later independently with modern techniques from PDE and
geometric measure theory.

4, Proof of Main Theorem 2.2

This section is devoted to the proof of our first main theorem. We will first obtain the
desired Lipschitz regularity for smooth data I' and Q by constructing almost-solutions
with the aid of the comparison function x—dist(x, I'). Once Lipschitz regularity of solu-
tions with smooth data is shown, we can obtain a priori estimates of the Lipschitz norm
in terms of I' and Q. To find sharp a priori estimates we perform blow-up procedures
and study the behavior of solutions around points in I'. Finally, we can argue by
approximation to show the claim also for less regular data.

4.1. Regularity for smooth initial data

First we show the result for surfaces of the form I' = 9, where Q' CC Q is an open,
bounded set with C*>-boundary. The advantage of this additional smoothness is that one
can work with the signed distance function dg, see Appendix A for the precise defin-
ition and basic properties. We will observe that the absolute value of the signed distance
function |dy| already solves a similar problem to the one we intend to solve.
Thankfully |dy| € C*!, which is an important step toward our desired regularity.

For less regular domains we will argue by an approximation argument for Lipschitz
domains presented in [26]—but in order to do so we will need a priori estimates.

If we write in the sequel I' = 9Q' € C* we mean that Q' CC Q is a domain with C*-
smooth boundary I'. The notation Q € W*?(Q) shall indicate that Q € L'(T") can be
extended to a W>P-function on Q.
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Lemma 4.1. Suppose that Q € W*P(Q),n<p <oc and I = 9Q € C% Let ¢ >0 be
such that T, = {x € Q:dist(x,I') < €} is a C°-domain and d = dy € C*(T',). Then
|d| € WY2(T,) and for all ¢ € C3°(T',) one has

1 _ 1 g
JRV <§ Q|d|> Ve dx = Jr¢QdH n Jrf (A : d) 7 dx, (4.1)

where y = 1o — 1g\-

Proof. That |d| € Wh*(T,) follows from d € W"2(T',) and [19, Theorem 4.4]. Next we

divide I'. =T'F U, UT, where I'7 :=T.NQ\Q and I'. :=T.NQ". Note that d>0
on I'f and d<0 on I'_ and thus for ¢ € C°(I',) one has

1 1 1
JFGV(EQdOV(j)dx = Ljv(z Qd) Ve dx — Lv(E Qd> Ve dx
_ 1 Vs n—1 _ g )
= Lrjw <2 Qd) r+ dH JrjA<2 d|¢dx

1 n—1 9
_ er(pv <5Qd> v dH 4 JrEA<2 d)d)dx

_ Jrqbv G Qd) (v —vr ) dH™ JRA (g d) 7 dx.

Notice that on I" one has v+ = —vr- = —v and hence

J v<3Q|d|)v¢dx: —J ¢V (Qd)vy dH"! +J A<9d>x<f>dx~
r. \2 r r. \2

Now on I' one has d = dy = 0 and thus by Lemma A.2 V(Qd) = (VQ)d + QVd =

Qug . Here we have used that Q € C'(Q) by Sobolev embedding. We infer

Liv GQIdI) Vb dx — —quo . JRA(g d) /6 dx.

|

Corollary 4.2. Suppose that Q € W*P(Q), n < p < oo and I' = 9Q € C* Let € > 0 be
such that for all € <e the set To:={x€ Q:dist(x,T) <€} is a C’-domain and
d = dg € C¥(T,). Then the solution v of (2.1) satisfies v € C*1(Q).

Proof. We first show that v € C*!(T" ;). To this end we look at w := v +1Q|d| which
lies in W"2(T",) by Proposition 3.4 and satisfies for each ¢ € C°(T';) by (4.1)

v (9

Now note that A %d))( =£(dAQ +2VQVd + QAd), which lies in LP(I'.). We infer
that w € W, (T) for some p € (n,00) and hence w € C'(T'.). Now v = w — 1 Q|d| lies
in C*! since |d(x)| = dist(x, Q") + dist(x,¥'C) is Lipschitz continuous as sum of
Lipschitz continuous functions and Q,w € C'(I'.) C C>!(T',/,). The claimed Lipschitz
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continuity on T/z is shown. Since v is harmonic on the C*-domain Q\I';/4 and
vlp@yr,) is smooth we infer by elliptic regularity that ve W2M(O\T, ) C
C'(Q\I'/4). We conclude that v e C*'(Q\I'.4). Together with the fact that v e
C*!(T',/,) we obtain that v € C*!(Q). O

With our additional smoothness requirements, we can also achieve BV-regularity.
Corollary 4.3 (BV(Q)-regularity). Suppose that T = 0Q' € C? and Q € W>*(Q), p > n.
Then the solution v of (2.1) satisfies Vv € BV(Q;R").

Proof. Let € > 0 be as in the previous corollary. We have seen in the proof of the previ-
ous corollary that v+ 2|d| lies in leo’f(re) and hence V<v+§|d|) € Wllo’f(l“e) C

BV(I'.2). To show that Vv € BV(I'.,) it is hence sufficient to prove that V(%? |d|) €

BV(I'.j2). As in Lemma 4.1 we decompose I'' =T UTUTI_ and compute for i €
{1,...,n} and arbitrary ¢ € Cj(I'¢; R") such that ||¢||., <1

J ) <9 |d|> div(e) dx — J ) (9 d) div(e) dx — J ) (9 d) div(e) dx
r, \2 rr \2 r. \2
= ZJ 0; (Q d) pdH" — | VO, (Q d) ¢dx + J Vo (Q d) ¢ dx.
r \2 r+ 2 r- 2
By the product rule one has %d € W>P(T,) and hence Sobolev embedding yields that
< C for some C>0. Moreover

‘ 0i(%d) - vo;(%d)

We infer that

< D for some D > 0.
Lr(T.)

J ) (§|d|>div(¢) dx < 2CH" (T +D(|rj|$ + |r;|%),
I

where g € (1, ;%) is chosen such that l—l;—i-é: 1. We have shown that V(§|d|) €

> n—1

BV(I'.) and thus also Vv € BV(I'./;). Since v is harmonic on Q\I'./; and "|a(9\r§) is

smooth we have that v € W>2(Q\I',;) and hence Vv € BV(Q\I'./4). We infer that
Vv € BV(Q) by the gluing property, cf. [27, Remark 2.14]. O

4.2. Blow-up arguments

We have now obtained Lipschitz-regularity for smooth domains and sufficiently smooth
data Q. To pass to less regular settings we argue by approximation. To this end we dis-
cuss a priori estimates that can be obtained by looking at the precise behavior of
Lipschitz solutions on I.

Lemma 4.4 (A Taylor expansion). Suppose that T = 0Q' € C!, x, € T, Q € C°(T") and

u € C*1(Q) is a solution of (2.1). Then there exists a vector 0(xy) € R" such that in a
neighborhood of x, one has
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u(x) = u(xo) + 0(xo) - (x = x0) — %Q(xo)l(x — X0, v(x0))| + 0(|x = xo])- (4.2)

Proof. Define u, : R" — R to be
u(xo + rx) — u(xo)

Xo+rx € Q,

up(x) == —u(x)

r

otherwise.

Note that u, € C*'(R") and ||Viu||xn < ||Vul|px(q)- Moreover u,(0) =0, so
lur(2)| < ||Vul|;~|z| for all z € R” and r > 0. We conclude by Proposition C.2 that there
exists a subsequence r; — 0 and some u € C;;!(R") with Vi € L*(R") such that Uy, —
u weakly in W"2(Bg(0)) and uniformly on Bg(0) for all R>0. Next let ¢ € C3°(R") be
fixed. Let Ry > 0 be such that supp(¢) € Bg,(0) and j, € N be such that 1 (Q —Xxp) D
Bg,(0) for all j > j,. Next we derive a PDE for . We compute

J VBVd)dx:J VaVede = lim J Vu, Vb dx
R" By, (0)

By (0) Jo0nj o

= lim J Vu(xo +1%)Vep(x)dx = lim Jl Vu(xo + 1j%) Ve (x) dx
j—005j=jo Bgy (0 =095 j>jo ,(Q — Xo)

j

—lim L mew( - )dy—hm]—jvw b “;"”))ow

jmoort?
1 - 1 _

= lim —— 1J Q(Z)fﬁ(u)d?-l"’l(z) = lim — IJ Q(z)q_‘)(z xo)dH"fl(z).
j—oo r] r T j—oo r] IMB, 5, () 7

Now we can find an orthogonal matrix R € O(n) and ¢>0 such that I' N Bz, (x0) C
xo +R{(¥.f(x))" : ¥ € B,(0)} for sufficiently large j. Here f € C'(B,(0)) satisfies
f(0) = 0 and Vf(0) = 0. We can also achieve that Re, = vy (xo). Hence

], Qo+ RESE @R f(])> Lt V()P

o

J VuV¢gdx = hm
! j

= 1imj Q%0 + R(rjs.f (1)) ") (¢ o R) <S» l'f(fjs)> 1+ |Vf ()] ds.
B:(0) Tj

J—00
j

Since ’R( f(r] s)) ‘> |s| we find that |s| > R, implies R(s (] s & supp().

)
Using the dorinated convergence theorem, the fact that Vf(0) =0, and supp(¢) C
Bg,(0) we find

J nVﬁV(]de = ]linoac JB (O)Q(xo + R(rjs,f(rjs))T)(qS o R) <s, %f(q-s)) \/1+ |Vf(rj5)|2 ds

= Q(XO)J

Br, (0)

(¢ o R)(s, Vf(0) - s)ds = Q(xo)J (¢ o R)(s,0)ds

Rn—l

Summarizing our findings we have that u satisfies # € C*!, Vi € L*(R"), #(0) =0
and for all ¢ € C°(R") one has
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J VuVedx = Q(xo)J (¢p o R)(s,0)ds. (4.3)
R" Rn—l

Next we define & : R" — R by u(x) := —1|elRTx| = —1|(x, v (x0))|. We will next
understand the relation between # and #. Set H ;= {z € R":elz >0}, H :={z €
R" : efz < 0}. One readily checks that & € C};!, Vi € L(R"), #(0) = 0 and for ¢ €
C(R") one computes

—ZJ VuVedx = (Rey) "V dx — J (Re,) "V dx

JRH™ RH~-

= (Ren)" (V) (Rx) dx — J (Rex)" (V) (Rx) dx

=| (Re,)"RV(¢ o R)dx—J (Re,)"RV(¢ o R)dx

JH

= 8n(¢oR)dx—J

JH*

Ou(¢p o R)dx = —ZJ (¢ o R)(s,0)ds,

Rn—l

where we used Fubini’s theorem in the last step and performed the x,-integration first.
We infer from this and (4.3) that & — Q(xo)ut lies in Cp'(R"),V(ii — Q(x)it) €

L>*(R"), (4 — Q(x0)u)(0) = 0 and for all ¢ € C°(R") one has
| v@-awmvs o

Hence # — Q(xp)&t is a harmonic function on R”. This implies that also V(z —
Q(xo)#) is harmonic on R”. Since also V(i — Q(xo)#%t) € L>(R") we infer by Liouville’s
Theorem that V(u# — Q(xo)&t) = const =: 0(xp) € R". We infer that u(x)=
Q(xo)ut(x) + O(xo)x + b for some b€ R, but since #(0) =u(0) =0 we find b=0.
Hence (x) = —1Q(xo)|(x, vy (x0))| + 0(x0)x. Recalling the definition of & we obtain
for all x € B;(0)

lim u(xg + rx) — u(xg)
r—0 r

= (x) = 0(xa)x = 3 Qo) (3. vy (k)
We could as well write
o+ 75) = (o) + 0(x0) (%) = 3 Qo) (3 vy ()] + (),

which implies (4.2). O

Lemma 4.5. Let T =0Q € C' and u € C*'(Q) be a solution of (2.1). Further let
0:T — R", x0—0(x0), where 0(xo) is as in the previous Proposition. Then one has for all
zel

0(z) = lim Vudx. (4.4)

r—0 B.(2)

In particular, 0 is measurable and lies in L*(T'), satisfying ||0]| ) < [Vl |1 (q)-

Proof. To show the measurability of 0 and the L™-estimate it suffices to prove (4.4). To
this end we compute for all z € I' and r > 0 small enough
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1 xX—z —
= o ) @) T
— ] 00 -2 - St - a v + o - ) dr ).
%n?" JOB,(z)
(4.5)

Now note that

o(r)w, "1

Ol 1"

1

o, "

—0, (r—0),

j oljx — 2) X Z dnr i w)| <
0B, (2)

and

I e )

since the integrand is antisymmetric and 0B, (z) is a symmetric set. Again using such
reflection and symmetry arguments we obtain for i € {1,...,n}

1
0(z) (x—z
Oy 1" JE)B,(Z) () ( )

1 n X —
= E 0i(2)(x; — z)) =
0y t" JBB,(Z) (@)%~ %) r

X;

YA g (x)

Z AN ()

-] amEE =5 g1y
n" JoB,(z) r

1 7 .

! e~ " 0D = 0i(2),

_ n—1
-— j%y(@e,(z) L gt =

no,r* r

since w,, = no,. The claim follows passing to the limit in (4.5). O

4.3. An a priori estimate

Next we obtain an a priori estimate for ||Vu||;.q) via the maximum principle on €'
and Q" := Q\Q We shall use the notation for Q" 1n the entire rest of this section.

The regularity that we have proved so far is however not sufficient to apply the max-
imum principle to Vu—neither for the classical nor for the weak (Sobolev) maximum
principle. Hence we need the following generalization.

Lemma 4.6 (A maximum principle for BV-solutions, Proof in Appendix D). Let U C
R" be open and bounded with C>*-smooth boundary and w € BV (U) be such that

J wAG =0 Yo e CZ(U). (4.6)
U

Then ||w| <) < [lttu(W)|| (o), where try(w) denotes the BV(U)-trace of w.
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To the best of our knowledge this result is not known for BV-solutions but only for
W' solutions. This is why we give a proof in the appendix. Next we compute the
BV (QY)-trace of Vu.

Lemma 4.7. Let T = 0Q € C!, Q" := Q\Q, and u € C*(Q) be a solution of (2.1) with
Q € C*(T) such that Vu € BV(Q). Then one has H" ' a.e. on T

trg (Vu) =0 +§VQ/
trgr(Vu) = 6 — %VQ/,
where 0 is as in (4.2) and (4.4).

Proof. We only show the first equality, the other one is completely analogous. We know
by Lemma D.1 that H" ' a.e. one has

troy (Oju)(z) = lim Oiu(x) dx.

r—0 B,(2) noY

We compute using (4.2) and the fact that by Proposition B.4 B,(z) N Q' is a Lipschitz
domain for r small enough.

troy (Oiu) (2 )*Hf(}mjw( o) u(y)v'(y) dH" ' (y)
1 n—1 Vi n—1
= lim IB,( z)ﬂQ’( o) (u(y) — u(2))V'(y) dH ()’)+“(Z)L(By(z)m/) (y)dH ()’))
=lim——— < o) (u(y) — u(2)V'(v) dHWl(Y)'*‘“@)L( m,af(l)dy>

0)- /= 2) 5 QE)0y — 20|+ olly — )W) a1 ).

1
r—0|B,(z) N Q"
— i ! J

= 1l1m —-————7

0 |Br(2) N Q'] Joz,2) mg)
Note that

< timsapolt) T

1
lim—J o(ly — z|) dH™!
—0|B,(2) N Q| | Ja,(2)ne) (=) v)
Now, we obtain by [19, Theorem 5.14(iii) and Theorem 5.15] that HH(0Q' N
B,(z)) < (2" ' 4+ 0(1))ot,_ "', Moreover H" Q' NOB,(z)) < w,"! = no, "L,
Therefore

rH" 1 (9(B,(z) N Q) r(H" Y (B,(z) N OQ) + H" (Y N OB, (z))
I 1 < i
msupo(l) =5 gy = msupo(l) B.(2) N QY
_ Mn+2" +o(1)oy (n+2""1+o0(1)) oy
imsup o) Zyna] imsup o(1)

B.(0) N (Q/ ~ Z)

where we used that by [19, Theorem 5.13]
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! 1
Bi(0)n (%) S B nHC

where H- = {y € R" : v(z) - y < 0}. For later use we also define H" := {y e R" :
v(z) -y > 0}. Now using once more the divergence theorem we obtain

1 i n—1 _ ; ‘ _ o
WL(& e[ E) O OHT0) = (e Lr@m/e, (2) = 0,(2),

for all > 0. Hence we obtain that " '-a.e. one has

trQ’(aiU)(Z) = 9,'(2) -1 % |(y -z V(Z))|Vi(y) dH"_l(y).

im—-
=0 |B,(z) N QY| L(B,(z)mg’) 2

lim

r—0

(0, 0),

. 1 Q(Z)J i -1
=0i(z) - lim—————= —z, ()| (y) dH" .
(2) —lim Bong] 2 é]<Br(zm,)|(y @)V (v) )
Therefore,
. 1 Q9 J
tro (Oiu)(z) = 0;(z) — lim———————~ 0,,|(y —zv(z))|d
0(00)(2) = 00 ~limppe o= | iy - av@)l
/ + / -
— 0i(2) — Q(2) lim|Br(z) NQ NHT| |Br£z) NQ NH|
2 =0 |B.(z) N Y|
/ _ / _
l. B(0) N =2 Ht| — By (o) n 2 ZOH‘
B Q(2)V'(2) .. r
= 0,(z) — lim ;
2 r—0 Q —z
B1(0)N p
i - + - i
i) — Q(z)v'(z) |B1(0)NH- NHT| |_BI(O) NH| — 0(2) + Q(z)v (z)
2 |B1(0) NH| 2
where we used [19, Theorem 5.13] in the last step. O

We can hence look at Vu € BV(Q') as a solution of the following Dirichlet problem
A(Vu) =0 in Q'
1
Vu = 9+5QV on 9,

where the last line however holds only in the sense of BV-traces (which makes the
notion of solution somewhat nonstandard). In the same manner Vu € BV (Q") solves

A(Vu) =0 in Q'
1
Vu= Q—EQV ondQ" N oY

Notice that in the sense of BV-traces Vu makes a normal jump on I =0Q =
OQ" N oY, This can be seen as a new version of the potential theoretic statement
(3.15), which characterizes the normal jump of the single-layer potential.

Having this characterization of Vu at hand we can apply the (BV-)maximum prin-
ciple to estimate |[Vul|;«(q)-
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Corollary 4.8. Let T =09Q € C* and u € C*'(Q) be a solution of (2.1) with Q€
C%(T') such that Vu € BV(Q). Then one has

1011y < [Vtrllpeio) < WOl iy + ||Q||L°° + C(Q, dist(I, 9Q)) |ul[ . (4.7)
The constant C(Q, D) can always be chosen to be increasing in D + .

Proof. Let u be as in the statement. The first inequality has already been shown in
Lemma 4.5. For the second inequality observe that Vu is harmonic in Q' and in Q"
and hence by Lemma 4.6

IVl o) < max{|[ Vil g, [Vl o)} < max{][trg (V)| e aas [ltrar (Vi) [ 00 }

= max{][trg/(Vtr) | (rs [[trer (Vi) || (ruaey -
(4.8)

On I one has by Lemma 4.7 that
1
|[tro (Vi) ||y |[trer (Vi) |y < 110111 +3 QI (- (4.9)

It only remains to estimate ||trg/(Vu)||j~pq- To this end let =
min{do, ;dist(I’, 0Q)}, where Jo > 0 is such that for all € <25y one has that Q° :=
{x € Q: dist(x,0Q) < ¢} is a C>’- domain. Since u is harmonic on Q° and takes
smooth values on 9Q° we infer by Schauder theory (cf. [22, Theorem 2.19]) that u €
C27(Q°) and by [28, Theorem 8.33] we have that

[ll o, gy < Co@) ]

(@) =
where the constant Co(Q°) depends only on the measure of Q° (or better on |Q°| + |Qa|)
and the boundary parametrizations of Q°. One should notice now that this constant
does not depend on I but only on Q and . Using the choice of 6 we find

VUl 1 (90) < C(Q dist(I, 9Q))||ul|

where C(Q, D) depends increasingly on D 4 . This, (4.9) and (4.8) imply the claim. [

Lemma 4.9 (An a priori estimate for [|6]|,«)). Let T = 9Q" € C*, u € C*'(Q) be as
in the previous corollary. Then there exists C = C( ) > 0 such that

O]l () < C[1Q[ ey

Proof. Let xo € T'. Let y € C3°([0,1)) be such that ww =1, IMEJ] =0,0<y <1and

W' < 0. We test (2.1) with ¢, (x) := 0(xp) - (x — xo)lp("“—r"“‘) for r € (0, 1 dist(T, 0Q)).
We have to perform some integrations by parts, even more than one would guess, since
the Taylor expansion (4.2) is only of first order. We conclude
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s ) S
L le< <—>—<—>>

o2 ().

+f, Sl u(xo>>|div(0<xo)w("‘*—r"°') +e(x0>@¢f(le_rm))dx

Xo) 2

_ JB'(XO)O(\X - xd)div(O(x@l/l(M) +0(x0) "“_—r’“"l// ("C_—rx‘")) dx.

Now note that

i (00 (E2L) - g 20l (Bl )
- (a () el (=)

< 10C) @I e + 11 1)

r

Hence

er)oqx — xo|)div (9@@;&(@) 00 B _er| % ('x _rx°|>)

= o)1, () 1MW i W) _ o3y, ) 20+ 1197112)
= o(1)r"|0(x0)|.

(4.11)

Moreover integrating by parts once more (using that ¢, € C°(B,(xo)) and
V|(x,z)| = sgn(x,z)z in the sense of weak derivatives) we find

J, 300G st (ot (=50 g =00y (=) ) g

Xo) 2

= 3ot (e (852) o By ()

)2 (2

= 7187(0)%Q(xo)sgn((y,l/(xo))V(Xo) : (H(xo)lk<
(4.12)

since the integrand is antisymmetric with respect to the transformation y — — y, though
the set B,(0) is symmetric with respect to this transformation. Furthermore, we infer
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-, o) e xondiv(e(x())w('x*_r"o') oty (1= 01) )
R SN
=, 0 (a (5 e (B ) &
"t RRER

] g o))

Applying an orthogonal transformation that maps ‘622)' to e, the n-th unit vector,
and using the symmetry of the expression with respect to the labeling of coordinates we

find

[ ot s (oo (L) oy Bl ()
B, (x0) r r r
— 00 IZ\> (@) 1
[, 22w (H) o (B) 1)
:—M (Z+...+22) 29/ <|Z|> +¢”<M>% dz.
n JB(0) rlz] r)r
e, (|z|> 2l w”('z') |z|2> .
h B,(0) r?
10(xo0)* (7 el (s s 2[5\ §
LR s () ()2
noJo r)r r)r
- |t9(x0)|2wn S s (s Sn+1 =T r (s s
-t [ ()5 [ )2

_ 6P, J;(l e (;) T s @ 10(x0) " Jl W/ ()" du

n 0

Note that by the choice of { one has
1

I, := J W (u)u" du < 0.
0

This, (4.12), (4.11) together with (4.10) yield
(n—1)w,l,
n

10(x0) 27" + 0(1)[0(x0)| = j Qp, dH" .

rmBr (XO )
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Taking absolute values, we infer

(0l ) P < o)) + QUL | g anr

n 'NB, (xo)

Since |¢,(x)| < |0(xo)|r on B,(xo) one has

= Db )07 < 0107100 + 1011 100e) rH~ (T B ()

(n— lruyl

Now dividing by “—1"|0(x,)| we obtain

anl (F N Br(XO))

0(x0)| < 0(1) + =

1Qll

n
(}’l - I)In

We can now let ¥ — 0+ . Since I’ = 9Q' € C* we find that
0), (cf. [19, Theorem 5.14 and 5.15]). It follows that

10(x0)| < C(m)[|Ql|

as claimed. 0

H"(T'NB,(x0))

] Tl U

Corollary 4.10. (A priori estimate) Suppose that T = 0Q' € C* and Q € W»P(Q) for
some p > n. Then the solution u of (2.1) lies in C*'(Q) and satisfies

VUl (0) < CL|Qllx (o) + C2( dist(T, 0Q)) |ul| 1~ (q)

where C, depends increasingly on dist(I', 0Q) + m. Moreover,
IVl (o) < C(Q dist(T, 09), [Ty,1)[|Qll<(q)

where C depends increasingly on [I']; | and dist(T’, 0Q) + dlst(r )

Proof. The first estimate is a direct consequence of Corollary 4.3, (4.7) and Lemma 4.9.
The second estimate follows from the first one, Lemma 3.6 and Lemma 3.5. O

4.4. Completion of the proof by approximation

Proof of Main Theorem 2.2. Let Q,Q',T,Q be as in the statement and v be the unique
solution to (2.1).

Step 1: Assume additionally that I' = 9Q' € C* and Q € W*?(Q) for some p > n.
Then the claim follows from Lemma 3.6 and Corollary 4.10.

Step 2: Assume additionally that I’ = 9Q' € C* and Q € C(T'). By Tietze’s extension
theorem we can find Q € C(R") such that Q|- = Q. For fixed € € (0,1) let ¥, be the
standard mollifier and note that Q, := Q x V.| satisfies Q. € W»*(Q) and Q. con-
verges to Q uniformly on I'. Note also that for € <1 one has [[Q|jx@) <

||Q||Loc ) < oo, where Bi(Q):={xeR":dist(x,Q) < 1}. Let v € L'(Q) be the
unique solutlon of
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~Ave=QrH"" | T inQ
ve=20 on 0Q.

By Step 1 and Corollary 4.10 we have v, € C*!(Q) and
||VV5||LX < C(Q dlSt(r 39) [ ]0 1)||Qf||L°‘( C(Q,dlst(r, 09), [F]O,I)HQ”L’O(Bl(Q))

Recalling that v[yo = 0 we find that (ve) ¢
Using Proposition C.2 we obtain a sequence ¢, — 0 and u € C*1(Q) such that ul,
and v., — u uniformly on Q. Moreover

[Vull ) < liminf [ Ve, || (o) < C(Q, dist(T, ), [T, 1) Ql (5, (@)

defines a bounded family in C*!'(Q).
=0

We claim next that u=v. From this follows the C%!-regularity of v by the previous
ineq_uality. We show that u solves (2.1) with the same data as v. To this end fix ¢ €
C*(Q) such that ¢|,, = 0 and observe

J uA¢ dx = lim J ve, A dx = — lim J Q. ¢ dH"! :J Qp dH" !,
Q Q n—=00 Jr r

n—o0

where the last identity holds due to uniform convergence. By uniqueness of solutions of
(2.1), v=u and we obtain also

V9| () < C(Q, dist(T, 9Q), [Tlo, )| Q| (8, - (4.13)

Step 3. Assume now that I' = 9Q € C*! and Q € C(I'). By Tietze’s extension the-
orem we can again choose Q € C(R") such that Q| = Q. Next we can choose for U =
Q' approximating domains (Ug),.y as in Proposition B.2. By Proposition B.3 one has
that  dist(U, 0Q) — dist(I',0Q) > 0 and hence there exists 0 >0 such that
dist(Uy, 0Q) > 0. Moreover by the same proposition there exists L>0 such that
[0Uklo,; < L for all k. Next we let v € L'(Q) be the unique weak solution of

—Av, = é|0Uan71 L&Uk inQ,
=0 on 0Q.

We infer from Step 2 and (4.13) that v, € C*!(Q) and
IVl () < C(Q, dist(OUL, 0Q), [0UK], 1)||Q||Loc (B,(@ (4.14)

Since dist(OUy, 0Q) > ¢ and [0Uy), ; < L we infer that Vvy is uniformly bounded in
L*>(Q). Further, since vk|,o = 0, we find that v; is uniformly bounded in C*!(Q). By
Proposition C.2 we may assume that (up to a subsequence, which we do not relabel)
vk — u uniformly on Q for some u € C*!(Q). We show next that u=v, i.e., u solves
(2.1). To this end we compute for ¢ € C*(Q) with ¢|,, = 0 that

J qubdx:klimJ viAgp dx = hmJ
Q —

OUy

Qd) dHn—l — J Q¢ dHn_l,
r

where we used Proposition B.3 in the last identity. By uniqueness we infer that v=u.
Using that Q| = Q, we obtain the claim. Note that by (4.14) and the fact that
dist(OUy, 0Q) — dist(I', 0Q) and [0Ux], ; < L we obtain
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V¥l () < C(Q dist(T, 0Q), L) Q| 5, ()

for some L >0. We remark finally that we may choose an extension Q of Q such that
Q[ (8, (@) = ||Qllr=(r)- Indeed, if Q € C(R") is an arbitary extension then

Q= max{—llQHLm(r)amin{Qa 1Qllz~r) 1 € CRY)
does the job. We obtain that for some L > 0
V][ 1) < C(Q, dist(T, 0Q), L) Q|| () (4.15)

Step 4. Now we show the claim under actual assumptions in the statement, ie., I’
has Lipschitz boundary and Q € L>°(I") is arbitrary. Let L be as in Step 3. By
Proposition C.1 there exists a sequence (Qi)iey C C(I') such that ||Ql[px(r) <
1Ql[(r) and Qx — Q in L(T'). Again let v € L'(Q) be the weak solutions to

—AVkZQk'Hn71 L I' inQ
{ =20 on 0Q

By (4.15) and vk|,q = 0 we infer that (vy),.y is uniformly bounded in C*!(Q) and
||Vvk||po < C(Q, dist(T", 0Q), )||Qk||pc < C(Q, dist(T", 0Q), )||Q||Lx(1-)

By Proposition C.2 we infer that a subsequence (which we do not relabel) has a uni-
form limit u € C*!(Q) satisfying

1Vl @) < CLQ dist(T, 0Q), L[l

We show next that u=v by showing again that u solves (2.1). Indeed one has (since
Qr — Qin L(I")) for each ¢ € C*(Q) such that ¢|yq =0

J uA¢p dx = lim J viA¢p dx = lim —J QepdH ! = —J Qp dH" .
Q k—oo Jo k—00 r r

The claim follows. O

5. Proof of Main Theorem 2.3

We have now shown the Lipschitz regularity for closed Lipschitz manifolds. Next we
want to discuss the case of general compact Lipschitz manifolds—with or without
boundary. To this end we first look at Lipschitz graphs.

Theorem 5.1 (Lipschitz regularity for Lipschitz graphs). Suppose that Q C R" is a
bounded domain with smooth boundary. Let T = {(y,f(y)) : y € U} CC Q be a graph of
a Lipschitz function f : U — R, where U C R"™' is such that QU is a set of vanishing
n-1 dimensional Lebesgue measure. Further let Q € L>°(I"). Then the unique solution of
(2.1) lies in C*'(Q).

Proof. Let T',Q be as in the statement and v € L'(Q) be the unique solution of (2.1).
First note that f is uniformly continuous on U and hence extends uniquely to a
Lipschitz continuous function on U. We divide the proof in two steps.

Step 1: We assume additionally that there exists € >0 such that R:=U X
(—infyf — € supy f +€) CC Q. We define Q' :={(x,y): (x,y) € R,y > f(x)}. Note
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that Q' CC Q is a domain with Lipschitz boundary, cf. Proposition B.5. Moreover the
boundary is contained in I' U JR. Define Q : ' UOR — R via

-~ JQx) xeT,
Qlx) = {0 x € OR.
This is well-defined as RN T = () and we have Q € L™(Q). Next let u € L'(Q) be
the unique weak solution of
—Au= QH"! | 0Q inQ,
u=20 on 0Q.

We infer from Main Theorem 2.2 that u € C*'(Q). Next we show that v=u. To this

end, we show that u solves (2.1). Indeed, let ¢ € C*(Q) be such that ¢|,, = 0. Then by
the choice of Q we have

J uA¢p dx = J QpdH" ! = J Qp dH™ .
Q oY I

By uniqueness we infer that u=v and thus v € C*!(Q).

Step 2: Let I be as in the statement without any further assumption. We claim that
I" can be written as union of finitely many disjoint Lipschitz graphs (I';)!_; all of which
satisfy the additional assumption of Step 1. To this end let p € U be arbitrary. Then
dist((p.f(p)), 9Q) > 0. Define €(p) := ﬁgdist((p,f(p)),é‘(l) and choose o(p) € (0,¢(p))
such that for all g € U N B, (p) one has [f(p) —f(q)| < e(p). We claim that R(p) :=

(U N Bsp)(p)) x (infp,, ) f — €(p)s supg, (S + e(p)) CC Q. Indeed, if z=(2,z,) €
R(p) we can find g € Bs(,)(p) such that |z, — f(g)| < €(p). Now

|z = (S P)I < 0(p)* + |2n = f(P) < e(p)” + (|20 = f(@)] + | (@) —F(P)])* < 5e(p)”.

The choice of e(p) implies that |z — (p,f(p))| < 3dist((p,f(p)), Q) for all z € R(p)
and hence we infer that R(p) CC Q. Note that U C U,cg Bs(p)(p) and hence we may
select a finite family (p;);_; such that U = U_,(U N By, (pi)). For i = 1,...,r define

I, = {(x,f(x)) % € U By (p0\ U (TN B () }

R = (UﬁB,;(pi)(pi)\;Ui(Lm&;WO x ( in

B(s(,,,.>(fpi)f —€(pi)+ sup f+ e(pi)>.

Bipy) (pi)

We infer that TNR; =T and T is up to a set of H" '-measure zero the disjoint
union of (I7;);_,. Indeed, each z € I'\ U/_; T'; must be given by z = (y,f(y)) for some
y € U_,0(U N By, (pj))- Now observe that by the area formula (cf. [19, Section 3.3.2])

H' 7 ({0nf () 1y € DU N By (pj)}) =0 WjeN.

Here we needed that OU is an n—1 dimensional null set since then O(UN
Bs(y,)(pj)) C OU U OBs(p)(pj) is also an n—1 dimensional null set. Due to the fact that
I'; C Ry CC Q we conclude that I'; satisfies the assumptions of Step 1. Since

Hn—l |_ r= ZHn—l L ri
i=1
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we conclude by the superposition principle and the uniqueness of the solution that

r
V= E Vis
i=1

where v; € L!(Q) is the unique solution of

—AVi = QH”71 I_ F,’ in Q,
v;=20 on 0Q.

By Step 1 v; € C*1(Q) for all i and hence we conclude that v € C*!(Q). O

Remark 5.2. In the statement of the previous theorem we needed to require the domain
of definition U of f satisfies that QU is a set of n-1 dimensional Lebesgue measure zero.
This in particular implies (cf. [19, Section 3.3.2])

H ({00 f () 1y € 0U}) =0,

which in turn yields that the set I' coincides H" ' a.e. with the (compact) Lipschitz
manifold {(y,f(y)) : y € U}. Hence the previous theorem can already be seen as a
result about compact Lipschitz manifolds.

Remark 5.3. Instead of the decomposition of I' in Step 2 of the proof of Theorem 5.1
we could as well argue with a partition of unity on I'. Such partition of unity exists
since I" can be understood as a smooth (!) manifold with a smooth structure generated
by the chart ¥ : T — R" !, y(x,f(x)) := x, (x € U). We decided here for the decom-
position approach since it is more elementary.

Having shown the regularity for Lipschitz graphs it is easy to obtain the desired result
for compact Lipschitz manifolds—they can simply be covered by finitely many
Lipschitz graphs.

Proof of Main Theorem 2.3. Let v € L'(Q) be the unique solution of (2.1) and I',Q be
as in the statement. Since I" is a compact Lipschitz manifold we can find N €
N, Uy,..., Uy c R"! open or half-open rectangles (cf. Appendix B), Vi,..,Vy CR
open and bounded, R, ...,Ry € O(n) and f; : U; — V; Lipschitz functions such that

FﬁR,(U, X Vl) = R,-{(x,f,-(x)) X E U,}
Note that all those Lipschitz functions f; : U; — V; also have a Lipschitz extension to

the closure U;, which we will also call f;. By possibly shrinking the sets U; we can also
achieve that

IFNR(U; x V;) = R{(x.fi(x)) : x € U;} Vi=1,..,N. (5.1)

We define I'; :== I' N R;(U; x V;)\ Uj;i ' N R;(Uj x V;). We claim that up to a set of

H" - measure zero I is the disjoint union of (Fi)il. That (1",»)511 is a pairwise disjoint

family is clear from the construction. To see that the union of (l"i)fil coincides up to a
set of Hausdorff measure zero with I" it suffices to show that

1 (FAR(T, x VO NR(U x V) =0 Vi=1,..,N.
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This becomes obvious when observing by rotational invariance of the Hausdorff
measure and the area formula

11 (TAR(U X VO\T ARV, x V) < M (CAR(TAU; x R))

< H VR (x,fi(x)) - x € UN\UY) = 0.

By uniqueness and linearity, we conclude that

N
v = Z Vi, (5.2)
i=1

where v; € L'(Q) is the unique solution to

—Av;=QH"!' | T; inQ (i
v; =0 on 0Q.

We show next that v; € C*'(Q) for all i. This and (5.2) will then imply the claim. To
show the desired Lipschitz regularity we apply Theorem 5.1. To this end define for all
i=1,..,N the set K; := R '(UZ]T NR;(Uj x V})). Observe that K; C T is compact and
Ci:={x €U, :3z€ V;st.(x,z) € R (') NK;} is also compact. We rewrite

Fi =InN Ri(Ui X V,)\R,K, = R,‘{(X,ﬁ(X)) X € U,}\R,KI (5 3)
= R,»({(x,fi(x)) ix € Ui}\Ki) = Ri({(x,ﬁ(x)) ix € U,r\C,r}). :

This representation brings us closer to applicability of Theorem 5.1—we only need to

discuss the rotation R; and the domain of definition U;\C;. One needs to show that
O(U;\C;) has vanishing n— 1 dimensional Lebesgue measure. To this end observe that

U; = (id )" (R"Y(T) N (U; x V;)) and by (5.1) one has C; = (id.f) ' (R;Y(T) NK; N
(U, X V,)) This ylelds

P —
(id,£,)(U\C)) = R7Y(TC NR(U; x Vi))\K; = R <F N (U; x V,»)\jg1 I NR;(U; x Vj)>.
Now if IT: R" — R""! denotes the projection on the first # — 1 coordinates one has
S P
UNG: = H(R,.—l <r N R(Us x V)\UT ARG % vj)> )
yam

U\Ci = H<R;1 (FﬂRi(Ui X Vz‘)\idrﬂRJ’(Uj X Vj)>>'
j=1

This yields immediately that
O(UAC)| = [UNG\(UAG)| < Y H"™ (T NR(U; x V)\I' NR(Uj x V;)) = 0.
=1

We next get rid of the rotation R; by using the rotation invariance of the Laplacian.
To this end claim that w; := v;(R;(+)) solves
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{_Am:<Qo&w#1L {(xfi(x) : x € U\ G} in R'Q, (5.4)

w; =0 on J(R'Q).

Once this is shown it follows from Theorem 5.1 and Remark 5.2 that w; € C*!(R,Q)
which in turn implies that v; = w;(R;!(-)) lies in C*!(Q). It only remains to show
(5.4). To this end let ¢ € C*(RIQ) be such that q’)| o =0 Using that |det(R;)| = 1,
the rotational invariance of A and of H"! and (5. 3) we obtam

| a0 dx= | wRaAG() dr = | w0)AG(RS) dy
RIQ RIQ o

= ngi(y)Aﬁb o Ri)(y)dy = J Q2)p(Ri(2)) dH"(2)
= Q2)p(Ri(z)) dH" ()
Ri({(x.fi(x):x€U\Ci})

= J (Q o Ri)(s)op(s) dH"(2).
({(efi(x):x€UNCY)

This shows (5.4) and the claim follows then as discussed above from Theorem 5.1,
Remark 5.2 and (5.2). O

6. Application: Regularity for the biharmonic Alt-Caffarelli problem
6.1. Description of the problem

In this section we apply our findings to the biharmonic Alt-Caffarelli Problem in two
dimensions, which we will introduce now. Suppose that Q C R? is a smooth domain
and uy € C*(Q),uy > 0. We define

Aug) == {u € W»2(Q) 1 u—up € W3 (Q)}
and the energy functional £ : A(uy) — R given by

&@:LWN&+W>MIWGAWL

where | - | denotes the Lebesgue measure. The energy balances out two conflicting inter-
ests: Minimizers must be nonpositive on a large set but at the same time have a small
bending energy, for details see [14]. Minimizing £ in A(ug) and the study of properties
of minimizers has recently raised a lot of interest, cf. [14-16].

By [16, Lemma 2.1] there exists w € A(uy) such that

Ew) = ueijll&,)g(u)' (6.1)

In [14, Theorem 1.4] it has been shown that w € C*(Q), Q' := {w < 0} CC Q has
C*>-boundary, given by " := {w = 0}, and Vw # 0 on I'. Moreover v := —Aw solves
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Jqude— J 2|$ |dH1 Vo € CHQ) ¢ ¢lyg = 0.

In our language, v is a weak solution of

~Av=QH' [T inQ,
{ v=20 on 0Q, (6.2)

where Q(x) := forall x e T

Z\VW X

6.2. Optimal regularity

Proposition 6.1. (Optimal regularity for v = Aw) Suppose that w € A(uo) is a solution
of (6.1). Then v = Aw lies in C>'(Q) and Vv € BV(Q)

Proof. Let w, v be as in the statement and let Q, <, T be defined as in the beginning of
this section. Since by [14, Theorem 1.4] Vw € C'(Q) and Vw # 0 on ' CC Q we have
that Q = 2VW| € L>(T). By (6.2) and Theorem 2.2 we obtain that v € C*!(Q). Hence
also Vv € L*(Q). In order to obtain that Vv € BV(Q) we intend to use Corollary 4.3.
To this end we have to show that Q = wal extends to a function in W>?(Q) for some
p>2. Since Vw € C! and Vw # 0 on I there exists an open neighborhood U CC Q of
I' and ¢ > 0 that |[Vw| > 6 on U. Next we choose 1 € C;°(U) such that =1 on I
and define

~ # ( )
Qx) = { [Vw(x)| ™
0 x e Q\U.

xe U,

Obviously, Q is an extension of Q. We show next that Q € W>#(Q) for some p > 2.
Since U CC Q it is sufficient to show by the chain rule that dw € leocp (Q) for all i =
1,...,n. To this end we compute for all ¢ € C;°(Q)

J VowVe¢dx = J wOAp dx = j wAO;¢p dx = J Aw0;¢p dx = —J Oiv¢ dx.
Q Q Q Q Q

This makes J;w a weak solution of A(9;w) = O;v € L*°(Q). Standard regularity theory
implies that 9w € WIZO’CP(Q) for all p € (1,00). Choosing any p € (2,00) we obtain the
claim and the desired BV-regularity follows immediately by Corollary 4.3. O

This implies that w € C*(Q) is a (classical) solution of

—Aw=—veW">(Q) inQ
w=1uy € C°(Q) on 0Q

By elliptic regularity of the Laplacian (cf. [28, Theorem 8.13]) one infers that w €
W3P(Q) for all p € [1,00). Note that for p = oo it is not possible to conclude anything
with this elliptic regularity argument. The question whether w € W>>(Q) is still
unanswered. However at least v = Aw lies in W°(Q) which is optimal. Whether fur-
ther (variational or potential theoretic) arguments for the W> > -regularity can be found
will be subject to future research.
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Appendix A. The (signed) distance function

In this section we will define the signed distance function and discuss some of its basic proper-
ties. For a set A C R" we define the e-parallel set A. := {x € R" : dist(x, A) < €}.

Definition A.1. For U C R" open and bounded we define
] dist(x, U) x € US,
dylx) = { —dist(x, UY) x€U.

Lemma A.2. (cf. [28, Appendix 14.6]). Let U C R” be bounded with Ck-boundary, k>2 and
S := QU. Then there exists €g > 0 such that for all € € (0, €)

o dU € Ck(i),

o  For each x € S there exists a unique T(x) € S such that |x — n(x)| = dy(x),

e  Forall x € S¢ one has Vdy(x) = v(n(x)) where v(z) denotes the outer unit normal of U at z.

e For each xe&S8. there exists an  orthogonal matrix  S(x) such  that
S(x)"D*dy (x)S(x) = diag( 17;{,‘[&;;{32}@ N lil;ffag)(;%m ), where K1 (2), ...,Ky_1(2) denote

the principal curvatures of S at z. In particular Ady(x) = S0} %JCM all x € Se.
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Observe also that |dy(x)| = dist(x, 0U) is Lipschitz continuous, which is often used through-
out the article.

Appendix B. Lipschitz manifolds and Lipchitz domains

In this section we recall properties of Lipschitz domains that are useful for our purposes. Recall
that a bounded domain D C R" is a Lipschitz domain if for all x € D there exists U C R"™
open and V C R open as well as a rotation matrix R € O(n) and a Lipschitz function f €
C%1(W) such that x € R(U x V) and

DNR(UXV)=R{(X,y) :x€ U,y <f(x)}.

One may as well assume that R is a rigid Euclidean motion instead of just a rotation matrix.
Since U is not required to be connected one may require that V = (—a,00) for some a>0. In
any case 0D is a Lipschitz manifold (without boundary), i.e., represented locally by the graph of
Lipschitz functions.

For a compact Lipschitz manifold I' (without boundary) we can look at the Lipschitz constant
of I' given by

N
[T,y ==inf{> " \/1+IVAilllxw, : NENUy,... Uy CR™ Vi, V, C R open,

Ry,..,Ry € O(n) and f; : Uy — Vy,....fy : Uy — Vy Lipschitz s.t. (B.1)
I' C UIILIR,'(UI' X Vl) and (FOR,(U, X V,)) = R,-{(x,f,-(x)) X E Ul}}

The Lipschitz constant will appear at several occasions in this discussion, which is why we
have a notation for it.

Remark B.1. A shorter way to express [I'], ; is

[r]o,l = sup J qﬁd’}—("*l‘
L (D), ||l p=1T

We will not need this formula in this article which is why we do not give a proof. It may how-
ever be useful in several discussions.

We say that I' CC R”" is a compact Lipschitz manifold with boundary if T is (up to rotation)
given by a union of finitely many graphs of Lipschitz functions f : U — R that are either defined
on an open rectangle U C R"! or on a set of the form U= (a1, b1) X -+ X (an—2,
bn72) X (anfb bn71]~

One can define [I'], | accordingly also for manifolds with boundary.

Next we will discuss properties of Lipschitz manifolds that we use throughout the article.

Another very important property for us is the approximation of Lipschitz domains with
smooth domains.

Proposition B.2 (Domain perturbation, cf. [29, Theorem 8.3.1] and [26, Theorem 4.1 and
5.1]). Let U CR" be a bounded Lipschitz domain. Then there exists a sequence (Ui)pcy of
domains with C>*-boundary such that

o UCUforallkeN
limy_o0 |Uk\U| =0,

e for all x € OU there exists a Euclidean motion Ry, an open nei%hborhood B, C R", a param-
eter a, > 0 and a Lipschitz function Y™ : B, — R such that ™) (0) = 0 that satisfies

U N Ry(By X (—,00)) = Re{ (Y, yn) € By X (—a5,00) : yu < Y ()}
and for all k € N there exists l//,(cx) € C*(By)) such that I,DIEX) >y and
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Up N Ry(By X (—ay, 0)) = Rx{()/:}’n) € By X (—ay,00) 1 yn < l//I(cx) (}/)},

For all x € 0U one has \|/ *) Y uniformly in B,,

There exists M > 0 such thatfor all x € 0U one has HV\]/(X)HLX ) < M forall k €N,
For all x € 0U and all p € [1,00) one has V\IJ ), Vi = in LP( )

For each finite number m € N and x,, ..., x, € OU such that

OU C U Ry (By; X (—ax,00)) one has 0Ux C U, Ry (By, X (—asx, 00)) for all k > ko.

Proposition B.3. Let U, (Uy),y be as in the previous proposition and U C Q for a domain Q. Then
dist(OUy, QF) — dist(AU, Q) (k — o0).

In particular, there exists ko € N such that for all k > ko one fms Uk C Q. Furthermore there
exists L > 0 such that [0Uy], | <L for all k € N and for all f € C(Q) one has

limJ fdH™! :J far (B.2)
0 ou

k—oo )¢ Ue

Proof. We use the notation from Proposition B.2. We choose x;, ..., x,, € OU such that (for k > ko)

m m
ou ch:Jl Ry (By X (—ay,00)), OUg ngl Ry (By x (—ay,00)) VkeN.

Now we can compute

dist(0U,, Q%) = inf  |x —z| =minj_; _,, inf inf lx — 2|
2€QC, x€QUx 2€QC xEQUNRy, (By, X (—ay; 5 00))
= minj_y, ., m 1nfcy’1£Bf Ry, (¥, l// (y)) — |

s (%) _ p-1
= MiNj=1, ., m lnf }}ng [CA7at)s R 7|

< in. f f l) () (NI _ R71 . X (%) .
< m1n171,4.4,m21€rzwlg&j |6y 0) = R 2l + maximy,wl [ — ¥,

= dist(0U, QC) + man:L“,,m||l//§f) - lﬁ(x»HLm

where the derivation of the last identity follows the lines of the first few steps in the computation,
just backwards. Analogously one can show

dist(dUj, Q°) > dist(AU, Q) — maxi_y, | [YL7 — ]| ...

We infer dist(OU, Q°) — dist(OU, Q°). Next we show that [0U],, <L for all k€ N for
some L independent of k. Indeed, by (B.1) and the properties in Proposition B.2 we obtain

aUk01<Z\/l+||W/ Leg,) S mV1+ M.

The claim follows when taking L :=my/1+ M?2. It remains to show that for all f € C(Q)
(B.2) holds. To this end observe for f € C(Q) that

o A = 30| SR O 1+ 99 8,

i=1 Xj

foof € = 32| PR )1+ VU

i=1 Xj
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Next observe that for all i = 1, ..., m one has

FRG U () = f(Ry (¥ () uniformly on By, (k — o0). (B.3)

since f is uniformly continuous and lﬁ;{ — ) uniformly. Also observe that

’\/1+|Vl//,f")|2 - \/1+|W/(‘ 2

since for all z, w € R” one has

‘\/1+z| \/1+\

< |Vl — vy (B.4)

ll2l* — [w]’ _ (2 £ wDllz] — [wl]

1+ |2)* + /1 + |w]? 1+ |zP + /1 + |w)
- Vet v

<l|z—wl.

< [lz] = |wll

Using (B.3) and (B.4) and the properties in Proposition B.2 we find

Uk

'M§

I
—

J FR IO NINL+ VWP — (R (/0 ()1 + [V P dy

X,

1 i

<

R W N = F R (V™ () 1+ [V dy

I'Ms

=]

i=1 Xj

j FR (= G 1+ VU P = 1+ 9y dy

1By

VI M[f (R (7 (D)) = F R (A (D,

+

NgE

i

NgE

<

\\Mg .

|[f||Lx(Q>J T T 0 (ko)
Where we used in the last step the uniform continuity of f and the fact that by Proposition B.2
Vlﬁ V™) in L'(B,,) for all i = 1,...,m. The claim follows. =]

In the sequel we will also often localize and use Lipschitz domains that arise from the follow-
ing procedures:

Proposition B.4 (cf. [30, Proposition 2.5.4]). Let U C R" be a C'-domain and z € OU. Then
there exists rg > 0 such that for r < ry U N B,(z) is a Lipschitz domain.

Proposition B.5 (Lipschitz subgraphs). Let U C R""! be open and bounded and T = {(y,f(y) :
y € U} C R" be a Lipschitz graph of a Lipschitz function f : U — R. Moreover let 6 > 0 and B :=
U X (=lfllc = O |lflloo +0). Then D :={(x,y) € B:y > f(x)} is a Lipschitz domain.

Proof. The proof follows the lines of [30, Proposition 2.5.4]. O

Appendix C. Approximation and compactness results

Proposition C.1 (Approximation in L>(T)). Let T = 9Q' be a boundary of a Lipschitz domain
and Q € L(T'). Then there exists a sequence (Qi)iey C C(I') such that Q. — Q in L'(T)
and || Qx| (ry < 11Qll1(r)-
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Proof. First assume that I' = {(y,f(y)) : y € U} is a Lipschitz graph of a function f : U — R which
is Lipschitz on an open rectangle U. Now we can define Q(x) := Q(x,f(x)) for all x € U and observe
that Q € L*(U). It is now possible to approximate Q in L'(U) by functions (Q).y C C(U) by
multiplying Q with cutoff functions and mollifying the result. Since cutting off and mollifying does
not increase the L°°(U)-norm we can achieve || Q| () < [|Q||;(y)- Next define Q¢ : I — R via

Qu(xf(x) = Qilx) (xeT).
One readily checks that Qx € C(I"). Moreover

Q= Qlluir) = JU|Qk(x,f(X)) — Q. f(0))ly/ 1+ [Vf(x)] dx

Sy L+ vaHi"C(U)”Qk - OHLI(U) — 0 (k— o0).

Our construction also reveals that if Q has compact support in {(y,f(y)) : y € U} then also
(Qk)gen can be chosen to have compact support in the same set. This at hand, a standard argu-
ment involving a partition of unity implies the claim (cf. also Remark 5.3). O

Proposition C.2 (A compactness result in C*(Q)). Let Q C R" be a smooth domain and
(Vidken € C*1(Q) such that [Vil|co1(q) is bounded. Then there exists a subsequence (vi)cy and
v € C*1(Q) such that v, — v uniformly on Q and

V¥l < liminf ||V, ||« q)-

Proof. Existence of the uniformly convergent subsequence (v}, ).y is a direct consequence of
the Arzela-Ascoli theorem. Let v € C°(Q) be the limit. The fact that v € C*!(Q) follows from
v (%) = vie D) < il oy e = 1

where we used that for all u € C*!(Q)
|u(x) — u(y)|
ulloora) = llullo@) +  sup  —2———.
X5 yEQ, xF£y |’x y|
The lower semicontinuity of u—||Vul|,. with respect to uniform convergence can be seen in

many ways. One possibility is the following computation.

1Vl = swp | Vuegs
Pl (QAR"), ||p]|1 <1/ Q

= sup JQVM cpdx = sup JQu - div(¢) dx.

PECTE (R, (|4l <1 HECE (QUR"), [l <1

Appendix D. A maximum principle for BV-solutions

In this section we discuss a generalized maximum principle, which allows us to estimate the L™
norm of a harmonic function in terms of its BV-trace, whose definition and properties will also
be recalled in this section.

Lemma D.1 (Traces of BV-Functions, cf. [27, Theorem 2.10]). Suppose that U C R" has
Lipschitz boundary and f € BV(U). Then there exists some g € L'(OU, H"™") such that for H"™*
a.e. x € OU one has
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lim fr)dy =g(x), lim If(y) — g(x)[dy =o0.

=0 Jp, (x)nU =0 Jp,(x)nU

Further, for all ¢ € C}(R";R") one has

[ pavioras=-] sapn+ | govane

The function g is called BV-trace of f.
This at hand we can finally prove the desired maximum principle.

Proof of Lemma 4.6. Let U,w be as in the statement. For the rest of the proof let ()., be
the standard mollifier.

Step 1: W' !-regularity of w. First of all note that w € C*°(U). This can for example be shown
by inferring from (4.6) that w«, is harmonic (in the classical sense) in Uf:={xe U:

dist(x, U) > €}. This implies also that w * . has the mean-value property, i.e.,

wx i (x) = ]i( )(w* V) dy VxeUSr< dist(x, (U))).

>0

Thereupon one can pass to the limit as € — 0 and infer that w must have the mean value
property in the whole of U. This implies by standard computations w € C*(U) and w * i, = w.
We infer that w € C°(U)NBV(U). We claim next that w € W-!(U). Indeed: For all ¢ €
C3°(U) one has since w € C*(U)

J wo;¢p dx = —J (Oiw) ¢ dx.
U U
but on the other hand
[ WO dx = fJ ¢ d[Dwl]'.
Ju U

Hence [Dw]' = (9w)L", where L" denotes the n-dimensional Lebesgue measure. Since
|[Dw]|(U) < oo we conclude

s0 > |[Dw|(U) = JU|8,vw|d.x.

The W' !-regularity follows. Note however that the maximum principle is also not clear
for Wh!-solutions.

Step 2: We find an equation that characterizes w uniquely. To this end let ¢ € C*(U) be such
that ¢|,, = 0. Our aim is to show that

JUWAd) dx = L}Utr(w)&,gb dH" 1.

To this end we extend ¢ to a C2(R")-function which is possible due to the boundary regular-
ity. Let ¢ € C2(R") be this extension. Then by Lemma D.1 one has

j qubdx:J WA(;de:J wdiv(V¢) dx
U U
:J r(w)Ve - vdH" " — Vd)dDw (D.1)
au

= J tr(w)Ve - vdH" ' — J VoVwdx.
au U

Next we intend to approximate ¢ by a sequence of functions (¢,,),.n C C3°(U) to get rid of the
second summand. This approximation is nonstandard because of the fact that one only has Vw € L!.
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We claim that there exist (¢,),cy C C(U) such that ¢, — ¢ in Wy*(U) and [|V,||;~ <
IV, To this end notice that (since ¢|, = 0) for all n € N the functions (¢ — 1) and (¢ +1)~
have compact support in U and lie in Wy'?(U). This implies that for ¢ < ) appropriately small
(¢ —HT %y, € CC(U) and (¢ — 1" x . — (¢ — 1) in Wy?(U) as € — 0. We infer that for all
n€N there exists ¢, >0 such that (¢—1)"xy, €CP(U) and [[(p—1)" xy, —
(¢ — %)+||w;’2 < 1. Similarly we can find €, > 0 such that (¢ —1)” x vy, € C°(U) and ||(¢ — 1) *
Ve, — (=17 PSR 1. By possibly shrinking €, or €, we may assume that €, = €,. Now define

¢, = <¢_rlz>+*l//‘"+ (¢+%)_*¢en

It is then straightforward to show that (¢,),.y C C°(U) and ¢, — ¢ in Wy(U). It remains
to show that ||V¢,||;~ < ||V¢||.~. To this end notice that

v Kb K q =] (6-2) o na

(0= e
J,(+-3)

~[v(s ——) O (v — ) dy

J W, (x —y)dy.
Un{p>L }

Similarly

\Y K¢> - %) . wgn} (x) = t[m{q}q}(vdﬁ Ve, (x—y)dy.

We obtain by Young’s inequality that

IV, (x)| = (Vo) b, (x = y) dy| <[IVOIl= ) l¥e, Il ey = IVl

JUﬁ~{<i>|>,'1}

It follows that ||Vé,||;~ < ||V¢||;~. Note that we may assume after the choice of an appro-
priate subsequence that V¢, — V¢ pointwise almost everywhere. Since ||V, ||~ < ||V||;~
and |[Vw|||[V®||;~ € L' we infer by the dominated convergence theorem that

J VwV¢dx = lim J VwVe,dx = lim J wAg, =0,
U n—oo |y U

n—oo

where we used (4.6) in the last step. We infer from (D.1) that for each ¢ € C*(U) such that
¢|yy = 0 one has

J wA¢p dx = J tr(w)d, ¢ dH" . (D.2)
ou

With this equation we will be able to show that [|w|[;« ) < |[tr(w)||1ov)-

Step 3: Show the claim under the additional assumpt1on that tr(w) has a C*-extension on U,
say w € C*(U) is such that w|y, = tr(w). Then one has for all ¢ € C*(U) such that ¢|,, =0
by the divergence theorem
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J A= Jautr(w)a"‘/’ dH ! = J.(?Uwayqs !
:J vwv¢dx+J wAG dx
v U

= —JUAWqﬁ dx + JUWAQS dx

Hence for all ¢ € C*(U) such that ¢|,, = 0 one has

JU(W —w)Addx = —J Awd dx.

By Lemma 3.1 we conclude that w — w € Wy 4(U) for some q>1 and solves A(w — w) =
—Aw in the weak W0 -sense. By elliptic regularlty this implies that w — w € C*(U). We infer
that w € C*(U), Aw = 0 classically, and w|,,; = w|,, = tr(w). By the (classical) maximum prin-
ciple we have |[W/|p« ) < [[tr(w)][1~(yv)- We have shown the claim under the additional assump-
tion of Step 3.

Step 4: We show the claim under the (weaker) additional assumption that tr(w) € C°(9U). If
tr(w) € C°(9U), then by Tietze’s extension theorem we can find v € CJ(R") such that v=w on
OU. Now v can be locally uniformly approximated by (v4),.y C C3°(R") which means that w
can be uniformly approximated on QU by v,|s,—i.e., by functions that possess a C* extension
to U. Now let (w,),.y C C(U) be the solutions of

—Aw, =0 inU,
w, =v, ondU.

Note that then |[W, — Wyl () < [|[va — Vill1~(9v) and hence w, converges in L°(U) to some
w € L*(U). Using the Gauss divergence theorem and (D.2) we find for each ¢ € C*3(U) such
that ¢|,, = 0 that

J wAP dx = limJ wyA¢ dx = limJ Vu0,p dH"!
U U B

n—oo n—oo |« U

= Lutr(w)&,d) dH" ! = JUquﬁ dx.

Hence we infer that for all ¢ € C*(U) such that ¢|,;, = 0 one has

L(fv — w)Apdx = 0.

By Lemma 3.1 we infer that w — w lies in Wo 1(Q) for some g>1 and is a weak solution of
A(w — w) = 0. By uniqueness of weak solutions of the Dirichlet problem in WO we find w =
w. Hence

Wl oy = Wl vy = i ([wal|pe gy < Timinf {[va][ < o0) = [[tr(W)]]zx ov)-
We have now shown the claim under the additional assumption of Step 4.
Step 5: Next we assume nothing except tr(w) € L*°(9U). We know that then by Proposition

C.1 there exist (v,),en C C°(QU) such that v, — tr(w) in L'(9U) and ||val[; o) < |Wl|1<(o0)-
Now let (wy),cy C C*(U) be the weak Wy *-solutions to

—Aw, =0 inU,
w, =v, ondU.

Then by [31, p.467] one has for each x € U

wa(x) = LUKU (5 y)va(y) dy,
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where Ky € C*°(U x 9U) is the Poisson kernel for U. Since by [31, Theorem 4]
dist(x, 9U)
ey

the dominated convergence theorem vyields for all x € U

lim w,(x) = LUKU(x,y)tr(w) (y)dy = w*(x), (x€U).

|Ku(x,y)| < Cu

n—oo

Hence (wy),cy converges pointwise on U to some measurable function w*: U — R. Since
[Wallewy < Valli< o) < [lte(w)l[px(ov) we infer that w* € L> and

[l < Timinf || < [J6r00)] g -

By the dominated convergence theorem, the Gauss divergence theorem and (D.2) we infer for
all ¢ € C*(U) such that ¢|y; =0

J w*A¢ dx = lim J w,A¢ dx = lim J Va0, p dH!
U U ou

= J tr(w)9,p dH" ' = J wA¢ dx.
au U
It follows again that
J (W —w)Apdx =0 Ve C(T): blyy = 0.
U

and hence by 3.1 we obtain that w* —w ¢ Wé’q(U) for some g>1 and by uniqueness of solu-
tions to the Dirichlet problem in Wé’q(U) we infer once again w=w" which gives

Wl ) < W ) < lte(W)] = ou)- O
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