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 A B S T R A C T

Injection molding is a popular mass production process for short fiber reinforced components. One of the 
main production defects is warpage, unwanted deformation, resulting from the thermal history of the injected 
polymer and the geometry of the part. Ideally, this deformation should be predicted and compensated for before 
mass production to minimize defective parts. Conventional process simulation is able to predict warpage, 
but is too computationally expensive to be used in iterative optimization procedures. Hence, we propose 
a fast approximation method based on machine learning and a custom finite element solver to predict 
warpage in arbitrary 3D geometries with any injection location. It combines nodal geodesic values and spatial 
moments to capture local geometry on different scales. Neural networks then predict fiber orientation and 
initial strain fields for a subsequent warpage calculation in a differentiable finite element software. The latter 
enables training of the neural network through the solver with warpage based losses, enabling the training 
with observable deformation data. The approximation pipeline exhibits relative warpage errors of less than 
1% on typical injection molded geometries while being six times faster than the conventional simulation. 
Retraining through the solver with a warpage enhanced dataset to emulate real world data leads to significant 
improvements in the predictive accuracy.

1. Introduction

Thermoplastic injection molding is a widely adopted economic pro-
duction process for large quantities of complex, three dimensional 
parts. A common challenge in injection molding is the unintended 
deformation of the part after ejection, called warpage, which needs to 
be understood and dealt with to produce products that are accurate 
in size and shape. This warpage originates from local variations in 
shrinkage, due to uneven pressure or temperature distributions, as 
well as material anisotropy [1]. Material anisotropy often results from 
process-induced orientation of fibers made from glass or carbon to 
enhance the mechanical performance. Other origins may be polymer 
chain alignment or anisotropic crystallinity in semi-crystalline poly-
mers. Anisotropic behavior leads to accumulation of stresses while still 
constrained in the mold and concurrent deformation after ejection.

Expensive mold making and complex process design make a purely 
experimental approach to design and production in injection molding 
cumbersome. Therefore, ambitions to numerically predict the warpage 
behavior by calculating the thermally and pressure-induced residual 
stresses date back to the early 1980’s [2,3]. They can be classified 
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mainly according to their description of material behavior, using a
viscoelastic or a viscous-elastic model. The viscoelastic model describes 
the elastic moduli as a transient variable during the cooling process 
from liquid to solid [4]. This allows for an accurate prediction, but 
comes with higher complexity in material characterization [5] and 
higher computational cost. The viscous-elastic model simplifies this 
transient description into a sudden change at a set solidification tem-
perature [6,7]. Above this temperature, the material is modeled as fully 
liquid, unable to sustain any elastic stresses. Below this temperature, 
the behavior changes to that of an elastic solid. Although neglecting 
in-mold stress-relaxation effects, it is a reasonably good approximation 
for residual stresses [8] and drastically simplifies simulations, making 
it a popular choice in process simulations.

In order to receive optimal shape accuracy in the final product, it is 
possible to change the input geometry to account for warpage. Kastelic 
et al. [9] proposed an iterative approach of locally changing nodal posi-
tions until convergence at the desired output shape. Tillmann et al. [10] 
proposed optimizing the mold cavity using Bayesian Optimization with 
a Gaussian process surrogate model. Both methods optimize arbitrary 
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geometries but need a multitude of costly simulations in the process due 
to the non-linearity of warpage. Since these are the main computational 
bottleneck, they would greatly benefit from a fast approximation model 
that cuts the simulation time.

Numerous machine learning models have been published to predict 
warpage in injection molding to minimize overall deformation, e.g., by 
finding optimal process conditions. Several authors [11–13] employed 
neural networks trained on simulated or experimental datasets to pre-
dict the warping behavior of geometries for given processing param-
eters. Wenzel et al. [14] compared different hybrid machine learning 
approaches for the prediction of 1D part shrinkage on a single part, 
showing that the incorporation of feature learning drastically outper-
forms purely data-driven models. However, these methods focus on 
the optimization of process conditions for single parts, needing many 
simulations for each new part.

Fast surrogate models capable of generalizing across diverse ge-
ometries have not yet received significant attention in the academic 
literature. Kriging models have been used as warpage surrogate mod-
els [15], allowing the inclusion of parametric geometric changes into 
the design space [16]. While giving some variability in terms of geome-
try, this would still need a model retraining for different designs. Uglov 
et al. [17] computed the shortest paths from the injection point to nodes 
in different automotive dashboards and combined this information 
with a gradient boosting model to predict fill time and a subsequent 
convolutional neural network to predict warpage based on 2D images. 
While outperforming their naive estimator, the generalization to dif-
ferent geometries is limited by a downscaled pixelated representation 
of warpage. In previous work, we have proposed a fast approxima-
tion model that uses feature engineering such as encoding geodesic 
distances and the local geometric environment along with gradient 
boosted trees or feed-forward neural networks to predict nodal values 
such as fill time distribution, local fiber orientation, and cooling time 
in arbitrary 3D geometries [18]. This work generalizes well, predicting 
filling patterns on arbitrary unseen geometries with an average error of 
less than 5%.

While this previous work established a foundation for learning 
local geometric features, it remains insufficient for predicting final part 
warpage. Warpage is inherently non-local as localized shrinkage at 
one point can induce disproportionate deformations across the entire 
geometry through a structural leveraging effect. To address this, we 
move beyond local feature learning and introduce a differentiable finite 
element integration. This architectural shift is a key contribution of 
this study: it enables backpropagation of warpage errors through the 
entire prediction pipeline. It allows the model to further improve with 
real-world, observable warpage data for fine tuning and is not strictly 
limited to simulations for training.

2. Training data generation

Training and validation of fast approximation models requires a 
ground truth. In this case, we generate the ground truth by running 
state-of-the-art injection molding simulations on randomly sampled 
geometries from the ABC dataset [19], which is a large collection of 
Computer Aided Design geometries for geometric deep learning. We 
mesh the sample surfaces with triangles using the open-source software
GMSH and choose a single random node on the surface as an injection 
location. Subsequently, we perform an automated Autodesk Moldflow 
2023 analysis for each geometry to simulate the injection molding 
process and subsequent warpage.

The material for all simulations is polypropylene with 30 wt% 
glass fiber reinforcement (Celanese Factor PP GF 30) taken from the
Autodesk Moldflow 2023 material database. The mold filling simula-
tions are conducted as described in [18] with a packing pressure set 
to 80% of the filling pressure. The fiber orientation state is described 
via a second order fiber orientation tensor [20] and computed via 
the ARD-RSC model [21] using velocity gradients without two-way 

coupling. Residual stresses are predicted using the anisotropic thermo-
viscous-elastic residual stress model for 3D models assuming no in-mold 
shrinkage and no thermal expansion of the mold. Then, the warpage 
is calculated using small deflection analysis without mesh aggregation 
and upgrading all tetrahedral elements to second order to prevent 
warpage errors due to shear lock [22]. Further settings for the injection 
molding simulations can be found in Appendix  D. As our machine 
learning pipeline operates on nodes, resulting stresses and strains must 
be mapped from integration points to nodes. Hence, elemental strain 
tensors are calculated from the process induced elemental stress tensors 
�ij and the fourth order elasticity tensors Cijkl via "ij = C−1

ijkl
�kl. Then, 

the nodal strain tensors "nod
ij

 are retrieved by solving 

"nod
ij

= argmin
"nod
ij

‖A"nod
ij

− "elem
ij

‖2F (1)

with "elem
ij

 being the known elemental strain values and A ∈ Rnelem×nnod

a connectivity matrix defining which nodes are part of which elements. 
Here, ‖ ∙ ‖2

F
 denotes the Frobenius norm, nelem and nnod are the total 

number of elements and nodes in the mesh, respectively. Eq.  (1) can 
be understood as the inverse operation of averaging the strains of all 
nodes in one element to the strain tensor for this element. In this 
work, two datasets are used, both originating from random geometries 
from the ABC dataset. The first comprises more than 600 models and 
a total of 18 million nodes, split into different pairs of training and 
test sets, each containing nine million data points. It contains per-
node information on fiber orientation, warpage vectors, and additional 
process-related quantities. The second dataset contains approximately 
200 geometries (distinct from those in Dataset 1) and is constructed 
in a similar manner, with one key difference: the packing process is 
simulated without any applied pressure. This modification increases 
the warpage compared to Dataset 1. The purpose of this variation 
is to introduce a controlled deviation from the idealized simulation 
conditions, thereby emulating a mismatch typically observed between 
simulations and real-world data. This synthetic deviation serves as a 
proxy for real 3D-scan data, which are currently unavailable in the 
required quantity or remain subject to industrial confidentiality. Both 
datasets are publicly available.1

3. Approximation pipeline

The proposed approximation pipeline is built by modifying a previ-
ously developed method [18] and interfacing to our custom differen-
tiable FE program torch-fem.2 This chapter first briefly introduces the 
pre-existing model, before stating the required modifications and lastly 
explaining the FE modeling for deformation calculation. Fig.  1 shows 
an overview of the method as explained in the next sections.

3.1. Base model

First, distance features are calculated by solving the eikonal equa-
tion for different initial and boundary conditions, resulting in three 
different geodesic distances per node: The distance to the closest wall 
Dw, the shortest distance to the inlet node Di and the flow distance 
Df, which encapsulates the differing flow speeds of polymer melt in 
channels of different width by calculating the geodesic inlet distance 
with the wall distance Dw as approximation of travel speed. The 
distances are normalized to D∗

w, D∗
i
, V ∗

f
 and their normalized gradients 

∇∗(∙)∗. To describe the local material arrangement around a node, 
the spatial moment S is included. This symmetric second order tensor 
describes the local directionality of the material distribution around 
a node on a characteristic length scale R. The distance features and 

1 Dataset 1: https://doi.org/10.5281/zenodo.10027027, Dataset 2: https:
//doi.org/10.5281/zenodo.17831586

2 https://github.com/meyer-nils/torch-fem
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Fig. 1. Pipeline for the proposed fast approximation of warpage in the injection molding process.

spatial moments are combined to a nodal fingerprint vector X for each 
node in a tetrahedrally meshed geometry. Subsequently, these are fed 
into a regression model that is trained to return a tuple containing 
the corresponding normalized nodal values for fill time t∗

fill
, cooling 

time t∗
cool

, volumetric shrinkage S∗
vol

 and fiber orientation A. This work 
does not address the prediction of fill time, cooling time, or volumetric 
shrinkage, nor the corresponding denormalization steps required to 
obtain their final approximations; these details are provided in [18]. 
The model presented in the following section retains the capability to 
predict these variables, although they are not explicitly discussed here 
for the sake of clarity.

3.2. Required modifications to existing model

Due to differentiability requirements, feed-forward neural networks 
(FNNs) are used as trainable regression models in this work. In addi-
tion, several modifications have to be introduced to the base model in 
order to generate output suitable for subsequent warpage predictions.

Directly predicting the six independent components of A, as in the 
previous model, does not strictly enforce the mathematical properties 
of A. This may cause subsequent homogenization steps to yield non-
physical mechanical properties. Therefore, a spectral decomposition 
is applied to split A into its eigenvalues �i and eigenvectors ai. The 
eigenvectors, which span an orthonormal coordinate system, describe 
a rotation matrix RA that transforms a right-handed orthonormal co-
ordinate system into the standard basis of R3. As the third vector is 
implicitly defined by orthogonality, RA is encoded in a 6-D orthonormal 
way as described in [23]: 

RA =

⎡
⎢⎢⎣

| | |
a1 a2 a3

| | |

⎤
⎥⎥⎦

R
o6D
A =

⎡
⎢⎢⎣

| |
a1 a2

| |

⎤
⎥⎥⎦

(2)

According to definition [24], the eigenvalues satisfy 
�1 ≥ �2 ≥ �3 and �1 + �2 + �3 = 1. (3)

If �1 and �2 are predicted via the FNN and projected to their admissible 
space via 
1

3
≤ �1 ≤ 1 and

1

2
(1 − �1) ≤ �2 ≤ min(�1, 1 − �1), (4)

the third eigenvalue can be calculated as �3 = 1 − �1 − �2 [25]. This 
changes the output of the fiber orientation prediction from (A11, A22,

A33, A12, A13, A23) to Ao6D = (a11 , a12 , a13 , a21 , a22 , a23 , �1, �2), ensuring 
that resulting fiber orientation tensors always satisfy the mathematical 
properties.

The output of the surrogate model is extended by a nodal initial 
strain vector defined as "0 = ("11, "22, "33, 
12, 
23, 
13), with 
ij = 2"ij . 
Along with the prediction of the fiber orientation, this is the main input 
for the warpage calculation (see Section 3.3).

The previous model used only one scale per model to encode 
the geometric neighborhood in the spatial moment. Now, informa-
tion on the geometric neighborhood on different scales is included 

Table 1
Estimated material parameters.
 Parameter Value  
 Matrix modulus Em 1400MPa  
 Matrix Poisson ratio �m 0.45  
 Fiber modulus Ef 72 000MPa 
 Fiber Poisson ratio �f 0.20  
 Fiber aspect ratio a 120.0  
 Fiber volume fraction Vf 0.1326  

in the input fingerprint by calculating the spatial moment S with 
three different radii Ri. Fig.  2 illustrates the difference that can be 
captured by this change: On a larger scale, the general orientation of 
the part is dominant, whereas on a smaller scale, the orientation of 
smaller individual ribs is taken into account. Spatial moment tensors 
are included in both a symmetric tensor description as components 
(S11, S22, S33, S12, S13, S23), as well as in their spectral decomposition 
into eigenvalues and eigenvectors So6D

Ri
.

The normalized features are computed for each geometry in the 
dataset. For each node, the full normalized input vector is defined as 
X

∗ =
(
V ∗
f ,∇

∗V ∗
f , D

∗
i ,∇

∗D∗
i , Dw, D

∗
w,∇

∗D∗
w,SR1

,SR2
,SR3

,So6D
R1

,So6D
R2

,So6D
R3

)
(5)

Ideally, this fingerprint allows one to infer approximate information 
about the normalized injection molding result at the corresponding 
node, represented by the tuple 
Y
∗ =

(
A
o6D, "0

)
. (6)

The relation between the input features X∗ and the outputs Y∗ is 
modeled using a feed-forward neural network (FNN).

3.3. Warpage calculation via FEM

We compute warpage assuming a linear small-strain elasticity prob-
lem without body forces, i.e. solving the momentum balance 
)�ij

)xj
= 0 (7)

with the material model 
�ij = Cijkl("kl − "0

kl
), (8)

where Cijkl is the stiffness tensor, "kl the infinitesimal strain tensor, and 
"0
kl
 is the initial strain tensor resulting from the molding process.
To solve this problem, the effective stiffness tensor C is obtained 

from the predicted fiber orientation tensor and material parameters 
using mean-field homogenization [26] as well as the invariant-based 
optimal fitting (IBOF) closure [27]. The material parameters are se-
lected as physically reasonable estimates (listed in Table  1) for PP 
GF30.

The initial strain tensor is obtained directly from the network 
prediction "0

ij
. For each finite element, the fiber orientation and initial 
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Fig. 2. Exemplary visualization for capturing differently sized detail by spatial moment with different radius.

strain tensors are computed as the average of the corresponding nodal 
values. Before solving, the mesh is converted to second-order tetra-
hedral elements. The homogenized material model and the predicted 
initial strain tensors are then supplied to torch-fem, which employs the 
direct Pardiso method to solve for the displacement field. Rigid-body 
rotations are suppressed by applying six constraints to three anchor 
points according to the 3-2-1 rule. To ensure that the part is well 
constrained and that the anchor points are spatially distributed, these 
points are systematically selected for each geometry (see Appendix  A 
for details). For comparison with reference displacements, a rigid-body 
rotation that minimizes the overall error is determined via a singular 
value decomposition. This postprocessing step ensures that the error 
evaluation reflects only the actual deformation and not contributions 
from rigid-body motion.

To verify the accuracy of the warpage calculation, Table  2 lists the 
mean and maximum errors for displacements of an exemplary geometry 
against the reference solution obtained with Autodesk Moldflow 2023. 
An additional Ansys calculation was performed based on an export via 
the mpi2ans macro. It is apparent that using the same initial strains and 
material parameters, both errors for Ansys and torch-fem are negligible. 
The slightly larger error in the right column originates mainly from the 
material homogenization with approximated parameters and a different 
closure.

Table 2
Mean and maximum nodal displacement errors over all 11641 nodes of an 
example geometry of Ansys and torch-fem in comparison to the Autodesk 
Moldflow 2023 reference result. The reference geometry (gray) and its warped 
shape (amplified x10, blue) is shown on top left inset.
 Ansys

(exported 
material)

torch-fem

(exported 
material)

torch-fem

(homogenized 
material)

 

 Mean Error 0.0025% 0.0025% 0.0181%  
 Maximum 
Error

0.0038% 0.0044% 0.0265%  

4. Training procedures and results

The overall training procedure is divided into two stages: In the first 
stage, a neural network is trained by minimizing the prediction error 
on pairs (X∗,Y∗) and warpage is computed subsequently employing 
the FE solver. In the second stage, we exploit the differentiability of 
the FE solver to retrain the model on a different dataset through the 
complete simulation pipeline, using the resulting warpage to compute 
the loss. This setup emulates retraining with experimental data, in 
which strain fields are typically unavailable, whereas warpage vectors 
can be obtained more easily via 3D scanning.

4.1. Stage 1: Training with process data and subsequent warpage computa-
tion

4.1.1. Training procedure
In the first training phase, the mean squared error (MSE) between 

the network predictions Y∗ and the simulation ground truth is mini-
mized on a training dataset containing more than nine million node 
pairs. Training is performed using the Adam optimizer implemented in
PyTorch with a learning rate of 10−4, a batch size of 2048 node pairs, 
and for a total of 10 epochs. Three different combinations of training set 
and test set are used to train FNNs consisting of five layers containing 
500 neurons in each hidden layer.

To ensure generalization and prevent bias towards particular part 
orientations, each model, its nodes, and its properties are randomly 
rotated before training. This strategy mitigates the risk of the network 
learning spurious orientation-dependent patterns and enforces focus on 
the intrinsic correlations between input and output quantities. During 
the second half of the training, the fiber orientation is projected to the 
admissible space determined by Eq.  (4) as described in Section 3.2. 
Enforcing projection too early leads to convergence towards isotropic 
predictions of A, whereas the later application preserves meaningful 
anisotropic behavior. The mean squared error (MSE) is computed after 
the prediction is rotated back into the initial coordinate system, and the 
predicted fiber orientation is transformed to its tensor representation.

4.1.2. Evaluation on ABC test sets
This section evaluates the performance of the warpage approxi-

mation pipeline after training. We introduce the root mean squared 
error (RMSE) of the nodal warpage vectors, normalized by the largest 
dimension L of the respective part, as a suitable error metric. It is 
defined as 

Relative Warpage Error(ui, ûi) =
√√√√ 1

I

I∑
i=1

‖‖‖‖
ui

L
−

ûi

L

‖‖‖‖
2

2

, ui, ûi ∈ R
3 (9)

with ui and ûi being the approximated and reference nodal warpage 
vectors for a given geometry. Normalization by size L is required for 
an error metric that is invariant to the scaling of a part. This is crucial 
as our dataset contains a large variety of part sizes.

For analyzing the performance of the approximation model, we 
calculate the warpage errors on test sets for three different training 
runs with different, randomly drawn combinations of training and test 
sets sampled from our dataset. The errors are then sorted in ascending 
order such that parts with small errors are shown on the left in 
Fig.  3. Exemplary warped geometries are added as insets to visualize 
geometries and their shape deviation corresponding to their error. The 
majority of parts have a relative warpage prediction error of less than 
1% by the definition given in Eq.  (9).

Insets (a) to (c) show typical injection molded geometries, with 
maximum warpage errors of 0.1mm for a part with 30mm width (a), 
0.2mm for another part with 30mm width (b), and 0.43mm for a part 
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Fig. 3. Sorted distribution of warpage prediction errors on three different, randomly sampled training and test set combinations, along with exemplary geometries 
representing the error values at the respective point of the curves. The insets feature the original geometry (gray), the result of the approximation pipeline (blue) 
and the reference result (red). Red arrows indicate absolute errors in parts with significant prediction errors.

with 85mm width (c). Geometries with the largest errors are usually 
either long with a lever as structures as in (d) and (e) or very thin 
structures as in (d) and (f). Large, thin walled geometries suffer from 
two problems: Small prediction differences on both sides such as on 
top and bottom of example (f) lead to unrealistic distortion of the 
parts. Furthermore, due to computational constraints, these parts may 
be insufficiently meshed in the thickness direction, amplifying the error 
both in the strain prediction as well as in the FE calculation. For such 
thin parts, shell-based meshes would be much more appropriate to 
capture through-thickness bending behavior accurately and should be 
investigated in the future.

In general, prediction of geometries that contain very long, lever-
like areas (like long bars or springs) suffers from the fact that warpage 
errors are accumulated and amplified, leading to larger errors at the 
ends of the part. However, these parts are unlikely to be produced 
using injection molding due to unfavorable aspect ratios, and other 

techniques, such as extrusion or compression molding, might be pref-
erential in those cases. Since the trend is still captured correctly by the 
FNN, these models are kept in the dataset in the pursuit of building an 
approximation model that generalizes to other geometries as much as 
possible.

4.2. Stage 2: Training with observable warpage through FE solver

4.2.1. Training procedure
The second training phase aims to simulate the retraining of the 

neural network using information on warpage and fiber orientation, 
as would be the case with real-world measurements where nodal ini-
tial strain values cannot be directly observed. This retraining step, 
using experimentally observable data, can be interpreted as fine-tuning 
an FNN that was previously trained on synthetically generated data. 
Training the network exclusively on measured data would eliminate its 
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Fig. 4. Schematic of the FE pipeline: Red arrows indicate gradient flow during the backward pass, propagating from the total loss through all components to the 
weights and biases. The gradient flow through the Solver operation is detailed in B.

ability to predict non-observable process variables, such as flow-front 
evolution and cooling time. Moreover, such an approach would require 
substantially higher computational effort and a significantly larger 
dataset. The dataset consists of new geometries, which are simulated 
without packing pressure to enhance warpage effects (as discussed in 
Section 2). Both training set and test set comprise 75 mutually exclusive 
geometries randomly drawn from this dataset, each of which contains 
on average 23000 nodes. Three different combinations of training set 
and test set are used to train neural networks. As explained in the pre-
vious section, all coordinates and input features are randomly rotated 
for each model, while predictions are rotated back prior to warpage 
computation. The warpage training loss warp is calculated from the 
predicted warpage values as the squared relative warpage error in Eq. 
(9), being its MSE equivalent. The final loss function combines warp

computed through the approximation pipeline with the loss for fiber 
orientation ori. Including fiber orientation ensures that the network 
learns the appropriate initial strain fields necessary to reproduce the 
warpage rather than compensating for incorrect strains through more 
inaccurate fiber orientation predictions or material behavior. The two 
loss terms are balanced through dynamic weighting, updated at the end 
of each epoch according to the average loss values. The initial weights 
are set to wori = 10−2 and wwarp = 1, and their updates follow the rules 

wcurrent
ori

=
warp + ori

warp

wnew
ori

= 0.9wold
ori

+ 0.1wcurrent
ori

wcurrent
warp

=
warp + ori

ori

wnew
warp

= 0.9wold
warp

+ 0.1wcurrent
warp

(10)

which gradually stabilizes the relative importance of both terms during 
training. warp and ori are the averaged loss values for warpage and 
fiber orientation, respectively, over the epoch passed. Fig.  4 illustrates 
the connection of the neural network and the components of the FE 
pipeline along with the gradient flow from the combined loss back to 
the parameters of the neural network. Loss gradients are evaluated and 
used for optimization steps in batches of five models. This is necessary 
due to the wide variety of different geometries and the random rotation 
strategy leading to changing error magnitudes and noisy training if 
steps are taken after every model (see C for further information on 
training loss over the epochs). The network is trained for 100 epochs, 
with the learning rate starting at 5 ⋅ 10−5 for the first 30 epochs and 
halved every ten epochs thereafter to improve convergence in the later 
training stages.

4.2.2. Evaluation on ABC test set
Fig.  5 presents the sorted error distributions for warpage, fiber 

orientation, and initial strain prediction in three independent train/test 
combinations sampled from the dataset. The Relative Warpage Error 
as defined in Eq.  (9) and the RMSE for fiber orientation and initial 
strain are chosen as error metrics. The errors are evaluated before and 
after model retraining through the FE solver with warpage data. Some 
representative geometries taken from one combination (indicated with 
thick lines) are visualized together with the warpage fields both pre- 
and post-training to illustrate the qualitative improvement.

A substantial reduction in the warpage prediction error on the 
test sets is observed consistently across all runs. This outcome aligns 
with the primary objective of the retraining strategy, which explicitly 
minimizes the warpage deviation. The improvement is particularly 
visible for components that feature lever-like geometries, where large 
initial discrepancies are significantly reduced (see Fig.  5). It is noted 
that a small subset of parts experiences slight increases in error during 
the retraining process; however, this behavior is limited and does not 
affect the overall improvement trend.

The fiber orientation error decreases only marginally with retrain-
ing. This behavior is expected, as the fiber orientation loss is ex-
plicitly incorporated and dynamically balanced against the warpage 
loss. The limited improvement suggests that the current input finger-
print may no longer provide sufficient descriptive capacity for further 
enhancement of orientation prediction. Consequently, achieving addi-
tional progress would likely require incorporating supplementary or 
alternative process- or geometry-based descriptors.

In contrast, the initial strain prediction error increases notably with 
retraining. This trend is also anticipated, as the initial strains constitute 
the only freely adjustable internal variables available to the model 
to improve the accuracy of warpage prediction. Given that the fiber 
orientation prediction remains imperfect, the model compensates by 
deviating from the reference initial-strain fields. This effect is reinforced 
by the fact that initial strain accuracy is not explicitly included in the 
loss formulation.

Fig.  6 demonstrates another benefit of training through the auto-
matically differentiable FE solver by visualizing the sensitivities of the 
warpage loss with respect to the components of nodal initial strain, 
defined as 

gnod
ij

=
)warp

)"nod
ij

. (11)

The images highlight that different regions of the component, as well 
as different strain components, contribute disproportionately to the 
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Fig. 5. Sorted distribution of warpage errors, along with exemplary geometries representing the error values at the respective point of the curves. The images 
feature the original geometry (gray), the result of the approximation pipeline before retraining (blue), the result of the approximation pipeline after retraining 
(green) and the reference result (red). Warpage is amplified with respective factor for better visibility. Two other random combinations of training set and test 
set are plotted with lower opacity for reference.

warpage response. Areas exhibiting higher absolute values of gnod
ij

indicate locations where deviations in initial strain have a greater 
influence on the resulting deformation. By backpropagation of these 
losses through the FE model, the optimization process is therefore 
naturally directed to adjust strain values predominantly in the most 
influential regions. This behavior contrasts with the training procedure 
described in Section 4.1, in which all components of the nodal strain are 
uniformly weighted. Although such an approach offers faster training 
due to the missing FE computation, it lacks the spatial selectivity 
enabled by gradient-aware optimization.

5. Computational performance

Training and evaluation were performed on a workstation equipped 
with an Intel Core Ultra 9 285K CPU, an NVIDIA RTX5090 GPU, and 

64 GB of RAM. The initial training of the neural network takes ap-
proximately 29 min. The retraining process through the differentiable 
FE solver is strongly influenced by the mesh size of the geometries in 
the respective randomly sampled training set, since the FE computation 
time scales with the number of nodes. A representative retraining run 
requires roughly 110 h, including approximately 7500 FE forward and 
backward evaluations. Although computationally expensive, this step is 
performed only once, after which inference is significantly faster than 
conventional simulation workflows.

Inference performance of the full approximation pipeline was
benchmarked using an arbitrary part on a workstation with an AMD 
Ryzen Threadripper PRO 5995WX CPU (64 cores), an NVIDIA RTX4090 
GPU, and 512 GB of RAM. Table  3 lists the corresponding run times 
for different mesh densities. The neural network inference time is 
negligible compared to geometric preprocessing and FE evaluation. 
The meshing time is excluded, as both the reference and surrogate 
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Fig. 6. Sensitivity of warpage loss with respect to nodal strain values "11 and "22, showing the relative importance of different areas in the strain prediction.

Table 3
Table of run times for the different steps in the approximation for varying mesh densities on an arbitrary 
part from the ABC dataset.
 # Nodes # Elements Approximation Simulation

 Geodesics Spatial moments torch-fem Fill Warp 
 20203 110965 7.1 s 5.7 s 18.7 s 185 s 24 s  
 66932 364366 14.7 s 12.3 s 76.3 s 615 s 82 s  
 102045 559748 18.9 s 31.5 s 141.3 s 1136 s 128 s 

approaches use identical meshes. It can be seen that the approximation 
without FE calculation is around 20 times faster than the full filling 
simulation. The custom FE solver is about as fast as the commercial tool 
for the investigated part but exhibits a higher RAM usage due to the 
chosen Pardiso solver. However, it comes with the benefit of being fully 
differentiable, allowing gradient-based optimization procedures which 
would not be possible with most other commercial software.

6. Conclusion

We presented a fast approximation pipeline capable of predict-
ing warpage in injection-molded 3D geometries by combining nodal 
encoding, machine-learning-based field prediction, and a custom dif-
ferentiable FE solver. The prediction accuracy was evaluated using the 
RMSE of size-normalized nodal warpage vectors. For typical injection-
molded components, the method achieves a mean relative warpage 
prediction error of less than 1%. Reduced accuracy is observed pri-
marily for very thin or lever-shaped geometries. The latter may be 
addressed in future work by employing an approximation model based 
on shell elements, which would further improve both accuracy and 
computational speed. Training through the differentiable FEM solver 
on a warpage based loss with a warpage-enhanced dataset lead to 
significant improvement in the prediction. This serves as an example 
of the potential to train the neural network on a dataset of real world 
3D scans, where initial strains, which serve as the basis for our warpage 
calculation, are not available. Furthermore, the differentiability makes 
the training process automatically focus on the most relevant sections 
of geometries for the resulting warpage due to higher loss gradients in 
these areas.

The proposed approach provides a substantial reduction in com-
putation time compared to conventional simulation workflows. This 
enables efficient integration into automated design and optimization 
procedures in which the objective function must be evaluated repeat-
edly. For example, both the part geometry and injection locations 

could be optimized with respect to the final shape using the surrogate, 
requiring only a single final high-fidelity simulation for validation.
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Table A.1
Equations to find constrained points and which coordinate to constrain.
 Anchor Node Mathematical Description Constrained directions 
 P1 argmax

x

(|x|) 1, 2, 3  
 P2 argmin

x

(|x|) 2, 3  
 P3 argmax

x

1

2
‖(P2 − P1) × (x − P1)‖ 3  

Appendix A. Constraining rigid body motions

To ensure that the part is well constrained and that the anchor 
points are spatially distributed, the anchor points are systematically 
selected from all 3D node coordinates x. The node P1 with the maxi-
mum distance from the origin, the node P2 with the minimum distance 
from the origin, and the one P3 that maximizes the area of the tri-
angle spanned by all three anchors. Table  A.1 lists the mathematical 
descriptions and set constraints for all three nodes.

All nodes, strain tensors, and stiffness tensors are rotated into a 
local right-handed coordinate system (u, v,w), which is defined by
u = P2 − P1, w = P3 − P1, v = w × u.

After assembly of the global stiffness matrix, the resulting linear sys-
tem of equations is solved in the rotated configuration and subsequently 
transformed back into the global coordinate system.

Appendix B. Automatic differentiation of the solve operation

To train the model with warpage, gradients must be able to flow 
backwards through the entire Finite Element pipeline illustrated in Fig. 
4. In particular, this includes the Solver operation of the assembled 
linear system 
Ku = f , (B.1)

where K denotes the global stiffness matrix, u the unknown global 
displacement vector, and f the global force vector. As K is sparse, 
symmetric, and positive definite, the system is solved most efficiently 
with dedicated solvers, which naturally do not allow backpropagation 
via automatic differentiation. To enable automatic differentiation, the
Solver is wrapped in a custom torch function which computes
u = SOLVE(K, f ) (B.2)

on the forward path, where SOLVE denotes applying a non-
differentiable solver (in this case Pardiso, but the backend also enables 
other direct and iterative solvers). During the backward pass, the wrap-
per has to compute the gradients of this operation with respect to its 
inputs to keep the gradient flowing. Some straightforward calculations 
in index notation yield 
)

)b
= K

−⊤ )

)u
= SOLVE(K⊤,

)

)u
) (B.3)

and 
)

)K
= −

)

)f
u
⊤ (B.4)

with the incoming gradient on the backward pass )

)u
. This adjoint 

approach enables the use of arbitrary non-differentiable backends for 
solving the linear system efficiently without potentially tracking gra-
dients through the entire iterative solver. Furthermore, since K = K⊤, 
any factorization or preconditioner generated during the forward pass 
can be reused to compute the adjoint variables in the backward pass, 
significantly reducing computational cost.

Appendix C. Training loss

Fig.  C.7 shows an exemplary training loss over the training epochs, 
corresponding to the thick plotted test error curves in Fig.  5 over the 
training epochs. The shown losses are the pure prediction losses during 
the training which are then dynamically weighted to compute the total 
loss.

Table D.2
Solver Setup.
 Parameter Value  
 Solver Coupled 3D 
 Solution type Stokes  
 Simulate inertia effect No  
 Simulate gravity effect No  
 Simulate wall slip No  

Table D.3
Material Metadata and Key Properties.
 Field Value  
 Manufacturer Celanese  
 Trade name Factor PP GF 30  
 pvT model 2-domain modified Tait 
 Viscosity model Cross-WLF  
 Filler properties Confidential  

Table D.4
Viscosity Model Coefficients.
 Coefficient Value  
 n 0.3251  
 �∗ (Pa) 2.0200 ⋅ 104  
 D1 (Pa s) 5.8200 ⋅ 1011 
 D2 (K) 263.1500  
 D3 (K/Pa) 0.0000  
 A1 26.1370  
 A2T  (K) 51.6000  

Table D.5
PvT Model Coefficients.
 Coefficient Liquid phase Solid phase  
 b5 (K) 408.1500
 b6 (K/Pa) 2.3100 ⋅ 10−7

 b1 (m3/kg) 0.0010 0.0009  
 b2 (m3/kg-K) 5.5220 ⋅ 10−7 2.9510 ⋅ 10−7 
 b3 (Pa) 1.2036 ⋅ 108 2.6346 ⋅ 108  
 b4 (1/K) 0.0038 0.0058  
 b7 (m3/kg) 7.8230 ⋅ 10−5 
 b8 (1/K) 0.1351  
 b9 (1/Pa) 3.3700 ⋅ 10−8 

Table D.6
Filling and Packing Parameters.
 Parameter Value  
 Maximum % volume per time step (Filling) 1.0%  
 Flow front scheme Level set 
 Maximum iterations per time step 50  
 Maximum time step (Packing) 2.0 s  

Appendix D. Moldflow settings

Tables  D.2–D.13 list the Moldflow simulation parameters used for 
creating the datasets.
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Fig. C.7. Training loss over the training epochs for exemplary training run.

Table D.7
Specific Heat.
 T  (K) Cp (J/kg-K) 
 293.150 1540.000  
 373.150 2280.000  
 403.150 2820.000  
 413.150 3210.000  
 423.150 4090.000  
 433.150 6300.000  
 443.150 3940.000  
 453.150 2770.000  
 473.150 2880.000  
 503.150 3060.000  
 523.150 3190.000  
 543.150 3350.000  

Table D.8
Thermal Conductivity.
 T  (K) k (W/m-K) 
 320.150 0.200  
 330.150 0.205  
 371.150 0.247  
 392.150 0.237  
 413.150 0.227  
 432.150 0.214  
 452.150 0.223  
 471.150 0.228  
 481.150 0.233  
 501.150 0.240  
 521.150 0.244  

Table D.9
Mechanical Properties and 
Thermal Expansion.
 Parameter Value  
 E1 (Pa) 7.1461 ⋅ 109 
 E2 (Pa) 3.3514 ⋅ 109 
 �12 0.4459  
 �23 0.4895  
 G12 (Pa) 1.5830 ⋅ 109 
 CTE �1 (1/K) 0.0000182 
 CTE �2 (1/K) 0.0000509 
 Matrix E (Pa) 1.3400 ⋅ 109 
 Matrix � 0.3920  
 Matrix �1 (1/K) 0.0000905 

Table D.10
Fiber Ori. Calculation Parameters.
 Parameter Value  
 Fiber orientation model ARD-RSC  
 Red. Strain Clos. factor 0.1000  
 ARD parameter b1 0.000192  
 ARD parameter b2 0.005839  
 ARD parameter b3 0.040000  
 ARD parameter b4 0.000012  
 ARD parameter b5 0.000000  
 Fiber inlet condition Aligned at skin,

random at core
 

 Micro-mechanics model Tandon-Weng  
 Thermal expansion coeff. Rosen-Hashin  
 Closure approximation Orthotropic 3  

Table D.11
Machine and Process Parameters.
 Parameter Value  
 Max. injection pressure (Pa) 1.800 ⋅ 108  
 Max. machine clamp force (N) 6.867 ⋅ 107  
 Max. machine injection rate (m3/s) 5.0 ⋅ 10−3  
 Machine hydr. resp. time (s) 1.0 ⋅ 10−2  
 Melt temperature (K) 543.15  
 Mold temperature (K) 318.15  
 Atmospheric temperature (K) 298.15  
 Mold-Melt Heat Trans. Fill. (W/m2K) 5000.0  
 Mold-Melt Heat Trans. Pack. (W/m2K) 2500.0  
 Mold-Melt Heat Trans. Detach. (W/m2K) 1250.0  
 Filling control type Automatic 
 Stroke volume det. Automatic 
 V/P switchover Control type Automatic 

Table D.12
Pack/Holding Pressure Profile.
 Duration (s) % Filling pressure 
 0.00 80.00  
 10.00 80.00  

Table D.13
Warp Analysis Settings.
 Parameter Value  
 Stress calculation model Residual stress model 
 Matrix solver AMG  

Composites Part A 204 (2026) 109653 

10 



J. Greif and N. Meyer

Data availability

Data will be made available on request.
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