
Berry-Esseen Bounds and Cramer-Type Large
Deviations for the Volume Distribution of Poisson
Cylinder Processes

Lothar Heinrich, Malte Spiess

Angaben zur Veröffentlichung / Publication details:

Heinrich, Lothar, and Malte Spiess. 2009. “Berry-Esseen Bounds and
Cramer-Type Large Deviations for the Volume Distribution of Poisson Cylinder
Processes.” Augsburg: Universität Augsburg.

Nutzungsbedingungen / Terms of use:

Dieses Dokument wird unter folgenden Bedingungen zur Verfügung gestellt: / This document is made available under these
conditions:
Deutsches Urheberrecht
Weitere Informationen finden Sie unter: / For more information see:
https://www.uni-augsburg.de/de/organisation/bibliothek/publizieren-zitieren-archivieren/publiz/

licgercopyright

https://www.uni-augsburg.de/de/organisation/bibliothek/publizieren-zitieren-archivieren/publiz/


U n i v e r s i t ä t    A u g s b u r g

Institut für
Mathematik

Lothar Heinrich, Malte Spiess

Berry-Esseen Bounds and Cramér-Type Large Deviations for the
Volume Distribution of Poisson Cylinder Processes

Preprint Nr. 26/2009 — 16. Oktober 2009
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Ξ (x1) p
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Ξ (x2) = p

(2)
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∣∣
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∣∣
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∫
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=

∫
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�
B(x2)
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∣∣
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∣∣
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dx
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∣∣
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∣∣∣
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} C �	
�� Ξ0(Y ) :=
⋃

y∈Y

(
Ξ0 − πd−k(O

T
0 y)

)
.M ��fol [

�:8:��
������X) C ���	

� Ξc
0(Y )

@E�!��
����9�%�!&_Y:�"��&'���<
u��@
Ξ0(Y )

�	�
R

d−k ����� Y:8:

Ξ0(∅) = ∅ , Ξc

0(∅) =

R
d−k , p(∅) = 1

)q�����
c(∅) = 0

f �R�!

��
�� ��

c({y}) = 1 − c

(1)
Ξ (y) = p({y}) = exp{−λM1 }@B�!������(

y ∈ R
d f �<�	���%� W ⊕ (−W ) ⊆ b(o, 2)

�!�Z�%�!���
�%{�8������%�Q��@
W ⊆ b(o, 1)

) �	
t@E�!�	�"� C �t@1�
�!& M ��f	h [
�� ��


∣∣∣Cumn+1(|Ξ ∩ %W )|d)
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p(U1) · · · p(Uj)
@B�!������(����:�	

�

Y ⊂ R
d ,

C �����
�R
������	�:�����t��8:& ��8:���t�X\$���A���	�=�:�%�%�!&_Yd�����	
��"�!���Z��@
Y
�	�<

�eY ���	� C �"���q�L�"�����!�	��
X)����!� V ��&_Y:
�(���8:;�����

�

U1, ..., Uj
f�st�:�"�R@B�!��&Q8:�T�S@B�!�	�"� C �a�L�	�
�%��
��	(H;<(��X���"��8:�T��
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���T��
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c(Y ) = p(Y ) −∑∅⊂X⊂Y c(X) p(Y \ X)
�!�

c({x} ∪ Yn) = p({x} ∪ Yn) −
∑

∅⊆Y ⊂Yn

c({x} ∪ Y ) p(Yn \ Y )
@E�!�

x ∈ R
d \ Yn
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�X���	�	( �����	Yu
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���;:�	�"������� ����Yu8:Y:Yd���6;d�!8:���:�Q��@t
����_�	��
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�� ���u
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���L8��%�'
����7&'�!�
�_�$�����������c@18:����
��"�!��� Xm × Yn 7→ c(Xm, Yn)
@B�!�a����;:�	
�������(

m ≥ 1�����
n ≥ 1 M C �	
�� Xm ∩ Yn = ∅ [ ;<(�8����	�:�_
����a�
�%��8:�
���	\$�a�
���T��
��"�!�

p(Xm ∪ Yn) =
∑

∅⊆Y ⊆Yn

c(Xm, Y ) p(Yn \ Y ) C �	
�� c(Xm, ∅) = p(Xm) .M ��f � [

� ;�\��"�!8����	($)
c(Xm, Yn)

�"�*�
(<&_&'��
����"�Z�	�
x1, . . . , xm

�!� C ���	�=�!���	� y1, . . . , yn
)�;:8:
*
����

xi
���������_
����

yj
���

�X���:���!
*;d�Z�	�<

���
�
� ���:�$�%�Wf*��8:��
�������&'�!�
��) C �A� �X\$� c({x}, Yn) = c({x}∪Yn)
@B�!�

x /∈ Yn
�����

n ≥ 0
f

�R�����|�	&_&'�%�L�T��

�Q�%�!���
�%{<8������%�6��@ M ��f � [ 
����a�
�%��8:�
���	\$�6�
���T��
��"�!�

c(Xm, Yn) = p(Xm ∪ Yn) −
∑

∅⊆Y ⊂Yn

c(Xm, Y ) p(Yn \ Y )

�
��\$�X���"�?
�� ��

c(Xm, Yn)

�%�!�	�����"�:�%� C �	
��9
����
(n + 1)

��
 V �!�
�:���7&_��]:�%����8:&e8:�T����
'��@Z
����
0 − 1 V \����	8��%��������:�!& \������T��;:�"�%� ∏m

i=1

�
Ξc(xi)

����� �
Ξc(yj) , j = 1, . . . , n

)*
�� ��
_&'�X�����X)*@B�!��&S���	�	( C ���	
�

����
�� ��

c(Xm, Yn) = Cumn+1(

� {Ξ ∩ Xm = ∅}, � Ξc(y1), ...,
�

Ξc(yn))
f

st���a�
���T��
��"�!�

c(Xm, Yn) =
∑

∅⊆Y ⊆Yn

(−1)|Y | K(Xm, Y ) c(Xm−1 ∪ Y, Yn \ Y )
@B�!�

m + n ≥ 1 ,M ��f�
 [

C �����
� K(∅, Y ) = 0
@B�!�

Y 6= ∅ �����

K(Xm, Y ) =
∑

∅⊆V ⊆Y

(−1)|V | p(Xm ∪ V )

p(Xm−1 ∪ V )

@B�!�
m,n ≥ 1 , ∅ ⊆ Y ⊆ Yn

� �!�Z;d�%���H����� C �U�	�ug ��j�;�(��L�	�
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���
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�
��	�:�

p(V |U) :=
p(U ∪ V )

p(U)
= P( Ξ ∩ V = ∅ |Ξ ∩ U = ∅ ) ,

C �Q�X���U�
� C ���	

� M ��f�
 [ �	�|@B�!�	�"� C �	�:� C �%( �

c(Xm, Yn) =
p(Xm)

p(Xm−1)

∑

∅⊆Y ⊆Yn

(−1)|Y | S(Xm, Y ) c(Xm−1 ∪ Y, Yn \ Y ) ,M ��foi [

C �����
� S(∅, Y ) = 0
@E�!�

Y 6= ∅ �����

S(Xm, Y ) :=
∑

∅⊆V ⊆Y

(−1)|V | p(V |Xm )

p(V |Xm−1 )

@E�!� ∅ ⊆ Y ⊆ Yn
�����

m, n ≥ 1 .
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��
Z&'���:��� M h�f � [ C �6�$��
 C �	
�� M ��fol [ 
�� ��

p(Xm ∪ V )

p(Xm−1 ∪ V )
= exp

{
−λE

∣∣Ξ0

∣∣
d−k

+ λE
∣∣ ( Ξ0 − πd−k(O

T
0 xm)) ∩ Ξ0(V ∪ Xm−1)

∣∣
d−k

}

= exp
{
−λE

∣∣ (Ξ0 − πd−k(O
T
0 xm)) ∩ Ξc

0(Xm−1)
∣∣
d−k

}
exp{E(Xm, V ) } ,

hXp



C �����
�

E(Xm, V ) := λE
∣∣ ( Ξ0 − πd−k(O

T
0 xm)) ∩ Ξc

0(Xm−1) ∩ Ξ0(V )
∣∣
d−k

@B�!� ∅ ⊂ V ⊆ Yn

�����
E(Xm, ∅) = 0

f
st�:�"�Z�"�X�!�:��

�

p(V |Xm )/p(V |Xm−1 ) = exp
{

E(Xm, V )
} �����|
���8��

S(Xm, Y ) =
∑

∅⊆V ⊆Y

(−1)|V | exp
{

E(Xm, V )
} @B�!�

Y ⊆ Yn

�����
S(Xm, ∅) = 1

���	���%�
E(Xm, ∅) = 0

f
�R���7���	&_Y:�"�6�%�!���
�%{<8������%�6��@ M ��foi [ ����� c(Xm, ∅) = p(Xm) ≤ p(Xm−1) ≤ 1 C �6�$��
Z
����a�	���%{<8 ���	�	
J(

∫

(b(o,2 %))n

| c(Xm, Yn) |dYn ≤
∫

(b(o,2 %))n

| c(Xm−1, Yn) |dYn +

∫

(b(o,2 %))n

|S(Xm, Yn) |dYnM ��f � [

+
∑

∅⊂Y ⊂Yn

∫

(b(o,2 %))|Y |

|S(Xm, Y ) |dY sup
Y

∫

(b(o,2 %))n−|Y |

| c(Xm−1 ∪ Y, Yn \ Y ) |d(Yn \ Y ) .

���!�q���<(
m ≥ 1 C �a� �%\$� c(Xm, {y}) = p(Xm ∪ {y}) − p(Xm) p({y}) ( ≥ 0 )

�����|
���8��X)�;�( M ��fol [ )

c(Xm, {y}) = exp{−λE |Ξ0(Xm ∪ {y})|d−k } − exp{−λE |Ξ0(Xm)|d−k − λE |Ξ0|d−k }

= exp{−λE |Ξ0(Xm ∪ {y})|d−k }
(

1 − exp{−λE |Ξ0(Xm) ∩ ( Ξ0 − πd−k(O
T
0 y)) |d−k }

)

≤ λ exp{−λE |Ξ0(Xm)|d−k }
m∑

i=1

E |(Ξ0 − πd−k(O
T
0 xi)) ∩ (Ξ0 − πd−k(O

T
0 y)) |d−k .

st�����
�^@B�!�
��)����	���%�
M1 = E |Ξ0|d−k ≤ E |Ξ0(Xm)|d−k

) C �a�$��


∫

b(o,2 %)

c(Xm, {y}) dy ≤ λ exp{−λM1 }
m∑

i=1

∫

b(o,2 %)

E |Ξ0 ∩ ( Ξ0 − πd−k(O
T
0 (y − xi))) |d−k dy .

st�����	��

���������"�q�!�|
����������Z�X���|;=�R;d�!8:���:�%��@E�
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xi
���Xf �H8:�	
��	Y:�"�e��Y:Y:�	�"�X��
��"�!�
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����%�!�
��& �%�!&Q;:�	���%� C �	
��H
����6���:��@E
 V �	��\������T�����%�6��@k
���� ����;=�%�
��8��a&'�X�!��8:�
�a�	� R
d−k (��"���"�:�

∫

b(o,2 %)

∣∣Ξ0 ∩ (Ξ0 − πd−k(O
T
0 (y − x)))

∣∣
d−k

dy =

∫

b(o,2 %)

∣∣Ξ0 ∩ (Ξ0 − πd−k(y) + πd−k(O
T
0 x))

∣∣
d−k

dy

≤
∫

[−2 % , 2 % ]k

∫

Rd−k

∣∣Ξ0 ∩ ( Ξ0 − z1 + πd−k(O
T
0 x))

∣∣
d−k

dz1 dz2 = (4%)k |Ξ0 |2d−k .

h�h



	R�����%��)

sup
x∈Rd

∫

b(o,2 %)

E
∣∣(Ξ0 − πd−k(O

T
0 x)) ∩ (Ξ0 − πd−k(O

T
0 y))

∣∣
d−k

dy ≤ (4 %)k
E
∣∣Ξ0

∣∣2
d−k

M ��f�� [

�
�7
�� ��
 C �Q�������	\$�Q��
A
�����8:�:��@B�!��& �%��
��	&S��

�

sup
Xm

∫

b(o,2 %)

c(Xm, {y}) dy ≤ Cm,1 %k C �	
�� Cm,1 = 4k mλe−λ M1 M2 .M ��f�� [

����
A8��A�	��
��
���L8��%�e�e@E8:��
������A���!� V ��������
��	\$�a@E8:����
��"�!� T (yn;Xm, Y )
;<(

T (yn;Xm, Y ) :=
∑

∅⊆V ⊆Y

(−1)|V | exp{−E(yn;Xm, V )} @E�!�
Y ⊆ Yn−1 , n ≥ 2 ,

C �����
��)L@B�!� ∅ ⊆ V ⊆ Yn−1
)

E(yn;Xm, V ) := λE
∣∣ (Ξ0 − πd−k(O

T
0 xm)) ∩ Ξc

0(Xm−1) ∩ (Ξ0 − πd−k(O
T
0 yn)) ∩ Ξ0(V )

∣∣
d−k

.
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����?���^]L
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��Y ��@v�!8:�6�%��
��	&S��
��"�!� Y:�
���%�%�L8:�
� C �_�:��

����&_�	���_�%�!����
����<

� An
�����

Bn
�!�:�	(��:��Yd����� V�	�:�6�!�

n , λ
)������7
��������
��


n+1
&'�!&'����

�

M1, ...,Mn+1
��@ |Ξ0 |d−k

��8����'
�� ��
�
����t8:�:��@E�!��& �%�

��	&S��

�%�

∫

(b(o,2 %))n

∣∣S(Xm, Yn)
∣∣ dYn ≤ An %k n ����� ∫

(b(o,2 %))n

T (yn;Xm, Yn−1) dYn ≤ Bn %k nM ��f	hXp [

���!�"�Wfvst����@E�!�	�"� C �	�:�#�
���T��
��"�!����;=��
 C �%��� S V ����� T V @E8:����
��"�!�����X����;=�a�
��� C �H�	��{�8:�	

�Q��� ���"�!��(|

�'
����
Y:�
����@n��@c�7�%�!���
�%��Yd�!���L�	�:������&_&S� �_�	�ug ��j

�

;?@ � � L 	S< � F!5QK�0�, m, n ≥ 1 � 4 ��K �!4

S(Xm, Yn) = S(Xm, Yn−1)
(

1 − exp
{

E(Xm, {yn})
} )

− exp
{

E(Xm, {yn})
}

×
∑

∅⊂Y ⊆Yn−1

T (yn;Xm, Y ) exp
{

E(Xm, Y )
}

S(Xm ∪ Y, Yn−1 \ Y ) .

�v�!&Q;:�	�:�	�:�_
����q�	���%{<8 ���	�	
J(
E(Xm, Y ) ≤ λE

∣∣ (Ξ0 −πd−k(O
T
0 xm))∩Ξ0(Y )

∣∣
d−k

≤ λM1
����� M ��f�� [�"�X�!�:�A

�

∫

b(o,2 %)

∣∣S(Xm, {y})
∣∣ dy =

∫

b(o,2 %)

(
exp

{
E(Xm, {y})

}
− 1

)
dy ≤ 4k λ eλ M1 M2 %k .M ��f	h�h [

hXl



st��8��r)L@1�
�!& ����&_&S�'l_�����
S(Xm, ∅) = 1

):�	
t@B�!�	�"� C �q�m@E

�����!;<\<�"�!8������������:�$��&'���<

�R
�� ��

∫

(b(o,2 %))n

|S(Xm, Yn) |dYn ≤ 4k λ eλ M1 M2 %k

∫

(b(o,2 %))n−1

|S(Xm, Yn−1) |dYn−1M ��f	hXl [

+ e2 λ M1

n−2∑

j=1

(
n − 1

j

) ∫

(b(o,2 %))j+1

T (yj+1;Xm, Yj) dYj+1

× sup
Yi

∫

(b(o,2 %))n−j−1

|S(Xm ∪ Yj, Yn−1 \ Yj) |d(Yn−1 \ Yj) + e2 λ M1

∫

(b(o,2 %))n

T (yn;Xm, Yn−1) dYn .

s �A&S���$��
�����Y:�
��\��"�!8����%��
��	&S��

�c�^]LY:�	�"���	
 C �c���%�%�a8:Y:Y=��� ;=�!8:���:�d@B�!�W
������	�<

���������"� �X\$��� T (yn;Xm, Yn−1)C f �Xf 
Xf:
����a\������T��;:�"�%� Yn = {y1, ..., yn−1, yn}
@B�!�A�X�!�
�

n ≥ 2
f

;?@ � � L �Ê< � F!5 � ��4�2 n ≥ 2
K�G�G�� �S47D��LK�D

Mn+1 < ∞ � � �:4^0 
 ��F!5_K!0�, m ≥ 1

Rb�F�D��u4zG^DE.
�'K�DJ4zG?.y0

M ��f	hXp [ ��F!-	2 � .ED��

Bn = 4k n (n − 1)!
n−1∑

j=1

λj

j!

∑>

n1+···+nj=n−1

Mn1+2

n1!

j∏

i=2

Mni+1

ni!
M ��f	h�� [
�����

An = An−1 A1 + e 2λ M1

n−2∑

j=0

(
n − 1

j

)
Aj Bn−j , A0 = 1 , A1 = 4k λ eλ M1 M2 .M ��f	h � [

�4E � ��� ���
;?@�� � L �Ì<�����
R
����a���:�	

�6Yd�!�	��
��
��

� Xm
)

Y ⊆ Yn−1 = {y1, ..., yn−1}
�����

yn ∈ R
d ;d�

�:]:�%�Wf��R���	�:�U
����S�	���:��Y=�����:���<
��	(�&S�����$�%�9�`�!�"�
���!�9Y:�
���%�%�
�
Πλ,Q

C �	
��9
J(�Y:�"�X���*&S�����
(O0,Ξ0) ∼ QC �Q�	��
��
���L8��%��)��	���!�%�%�!�
�������%� C �	
�� M h�f�� [ ����� M h�f � [ )3�7��� C �

���
��"�!� ����(�~R}�~������U
����6�%�!���
�%��Yd�!���L�	�:�

��
���
��"�!� ����(��������:�!& 8:�:�"�!�H����

Ξ(yn;Xm, Y ) C �	
��U
�(<Y:�"�X���k��(<�	�	���:���A; �!���

Ξ0(yn;Xm, Y ) = (Ξ0 − πd−k(O
T
0 xm)) ∩ Ξc

0(Xm−1) ∩ (Ξ0 − πd−k(O
T
0 yn)) ∩ Ξ0(Y )

�!�t@E�!�	�"� C � �

Ξ(yn;Xm, Y ) =
⋃

i≥1

Oi

( (
Ξi(yn;Xm, Y ) + Pi

)
× R

k
)

=
⋃

y∈Y

Ξ(yn;Xm, {y}) ,M ��f	h 
 [

C �����
� Ξi(yn;Xm, Y ) = (Ξi − πd−k(O
T
i xm)) ∩ Ξc

i(Xm−1) ∩ (Ξi − πd−k(O
T
i yn)) ∩ Ξi(Y ) , i ≥ 1

)
���
�a�Of �Of��Wf:�������:�!& �%�!&_Y �!��
q�
��

�t�	�

R
d−k C �	
�� Ξi(Y ) =

⋃
y∈Y (Ξi − πd−k(O

T
i y))

)����%�6���"�
� M ��fol [ f
�u�_���
�

e����� C 
�� ��


T (yn;Xm, Yn−1)
���	\$�%�
� 8���
6
����SY:�
�!; ��;:�	�	�	
J(u
�� ��
?
����S�!���	���	�

o
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����q8:�:�"�!������

Ξ(yn;Xm, {yj}) , j = 1, ..., n− 1

f ���	
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�<�L8��%�%�����!
���
��"�!���	
v�"�v����Y:�"�L�	(
�
�%���|
�� ��


P(o /∈ Ξ(yn;Xm, Y ) ) = exp
{
− λE |Ξ0(yn;Xm, Y ) |d−k

}
= exp

{
− E(yn;Xm, Y )

}
.

h��
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�#�!�%�%�!8:��
q
����a�
���T��
��"�!��� ∑
∅⊆Y ⊆Yn−1

(−1)|Y | = 0
�����

Ξ(yn;Xm, ∅) = ∅ �%�!&e;:�	���%� C �	
��
����6�
�%�%�!����Y ����
q��@ M ��f	h 
 [ C �a������;<(|��Y:Y:�	(��	�:�'
����a�	�����	8��
�"�!� V �^]L���	8����"�!��Y:���	�����	Y:�"�a
�� ��


T (yn;Xm, Yn−1) =
∑

∅⊆Y ⊆Yn−1

(−1)|Y |
P(o /∈ Ξ(yn;Xm, Y ) )

=
∑

∅⊂Y ⊆Yn−1

(−1)|Y |−1
P(
⋃

y∈Y

{
o ∈ Ξ(yn;Xm, {y})

}
)

= P




n−1⋂

j=1

{
o ∈ Ξ(yn;Xm, {yj})

}

 = E

( n−1∏

j=1

�
Ξ(yn;Xm,{yj})(o)

)
,

C �������%��) �������	��;�(��:8:;:�	�:�O���A
����%�!�
��&U) �	
t@E�!�	�"� C �A
�� ��


∫

(b(o,2 %))n−1

T (yn;Xm, Yn−1) dYn−1 = E

( ∫

b(o,2 %)

�
Ξ(yn;Xm,{y})(o) dy

)n−1
.
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J(_��@d
������q�	���!�A&'�X�!��8:�
� �
(·)(o)

�%�!&Q;:�	���%� C �	
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����t�	�����	8����"�!�'�
���T��
��"�!�
Ξi(yn;Xm, {y}) ⊆ ( Ξi − πd−k(O

T
i xm) ) ∩ ( Ξi − πd−k(O

T
i yn) ) ∩ ( Ξi − πd−k(O

T
i y) )

����� C �Z
�� ��


∫
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∑
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∑
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∑
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=
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T
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∣∣
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T (yn;Xm, Yn−1) dYn ≤ ( 4 % )k(n−1)
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n−1∑
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∫

(b(o,2 %))n
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(
n

j

)
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∣∣∣Cumn( |Ξ ∩ %W )|d )

∣∣∣ ≤ |W |d C1,n−1 %d+k (n−1) ,M ��f	h�� [
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(ni + 1)

ani
.
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=
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%√
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