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Some New Results on Second-Order Chord
Power Integrals of Convex Quadrangles

LOTHAR HEINRICH

Dedicated to Univ.-Prof. Dr.phil. Dr.h.c.mult. Peter M. Gruber
on the occasion of his 70th birthday

Abstract

We study some geometric inequalities for second-order chord power integrals I5(K)
of convex quadrangles K with positive area A(K) and boundary length L(OK).
Based on different representations of I(K) for convex quadrangles K we derive
lower and upper bounds and give explicit formulas for I5(K) in case of parallelo-
grams and rhombs. Further, an elementary proof of the isoperimetric inequality
and a Carleman-type inequality for quadrangles is given. At the end of the paper
we state two conjectures on sharp upper and lower bounds of I5(K) for convex
polygons and their extensions to parallelotopes in higher dimensions.

Keywords : POISSON STRIP PROCESS, ISOPERIMETRIC INEQUALITY, CARLEMAN-
TYPE INEQUALITY, STEINER SYMMETRIZATION, KITE, PARALLELOGRAM, RHOMB,
PARALLELOTOPE

MSC 2000: PRIMARY 52A40 60G05 SECONDARY 52A07 52A22

1 CLT for Motion-Invariant Poisson Strip Processes and
Chord Power Integrals of Star-Shaped Discs

To motivate our study of chord power integrals (CPI’s) we state a central limit theorem
for the total area of the union of stationary and isotropic Poisson strips contained in
an expanding planar region ¢ K as ¢ T oo, where K has positive area A(K) and is
star-shaped w.r.t. the origin o. Let

9p.p) ={(z,y) ER* 2z cosp+ysinp=p} , pe0,7), peR,

be an unoriented line in a zy-coordinate system with normal unit vector ( cos ,sin ¢ )
directed in the upper half-plane and signed perpendicular

distance p € R from o. We define the Poisson strips as dilated Poisson lines and its
union set by
Exr = 9(P, ®:) @ By(Ry)
1E€EL
with By(r) = {x € R? : ||x|| < 7}, see Figure 1. Further, {P;,i € Z} forms a stationary
Poisson process on R with intensity A ,{®;,7 € Z} are independent equidistributed angles
in [0,7], and {R;,7 € Z} are independent radii with common distribution F' such that



Figure 2: Convex quadrangle

Figure 1: Isotropic Poisson strips

ER2 < . see e.g. [9],[5] for the definition of general stationary (Poisson) cylinder
processes.

As special case of a result proved in [5]| we get the convergence in distribution

AESEET ) B0 e) o

where p = 1 — exp{—2AIERy } and 72 = 4 \IER} exp{—4 AER }/m . Here, N(0,0?)
is a zero mean Gaussian random variable with variance o? > 0 and I5(K) denotes the
second-order CPI of K C R? defined by

Iz(K)ZO]T[!LQ(Kﬂg(p,@))dP d@z}[}[ Hix—dzu (2)

with length measure L(-), see [3] and [9] for more on CPI’s in convex and integral
geometry. From the view point of optimal ezxperimental design it is

an aim to minimize the ratio Io(K)/A?(K) in (1) given the perimeter L(OK) of K .
In convex geometry, see [1], [8], it is also of interest to maximize Io(K) when A(K) is
fixed, at least within certain families of convex discs.

In Section 2 and 4 we derive integral representations of Io(K) in case of general quad-
rangles K and evaluate them expclitly for parallelograms and rhombs. From these
expressions we deduce some inequalities between their second-order CPI’s. But before
doing this, we discuss the comparatively simple case of triangles A = A(a,b,c) with
sides a, b, ¢ and half-perimeter s = (a + b+ ¢)/2. In [4] we could show that

= () () e ()] @

whence together with Heron’s formula A(A) = /s(s —a)(s — b)(s — ¢) and by sub-
stituting © = (s —a)/s, y = (s — b)/s so that x +y = ¢/s, it follows that the ratio




I(A)/A%/2(A) is bounded from above by

; ou() u2) os(r)
- max | vVzy(l—z—y) + +
3 o0<zy<1 11—z 1—y r+y
z+y<1

log (1 log ( log (-

4 4 g(:v) g<a71> g(lfa
= — ) (1—

3((%%?[\/x(a x) ( a)( T +1—a+x+ o

4 4] a? 4log% longla 4
= gorgggll Z(l_a)<2—a + " ) =23 log3 ~ 2.8917,

where in the second line the maximum is attained at x = a/2 and in the third line at
a = 2/3. This estimate combined with the lower bound of Is(A)/A2(A) obtained in
[4] yields the inclusion
Ih(A V3
S < 2(2) < V3 with ¢z =12 log 3 (4)

L(OA) = A2(A) 7 6,/A(D)

and “=" holds on both sides iff a = b = ¢ (so that c¢3 = 16 [3(A(1,1,1))).

2 Second-Order CPI of Convex Quadrangles

We consider a convex quadrangle JABC' D embedded in the zy—coordinate system as in
Figure 2 with diagonal f = BD chosen parallel to the y—axis and bisected by the point
(u,0) on the z—axis with varying u € [0,v]. For the moment let f = ||[BD| and v > 0
be fixed whereas the vertices A = (0,s)) and C' = (v,t) may vary on and parallel to the
y—axis, respectively, as long as the convexity of [JABCD is not hurt. We shortly write
Oy (s,t,u) for this quadrangle which has area A(Oy,(s,t,u)) = 3 fv not depending
on s,t € R and u € (0,v]. Another parametrization arises from parallel shifts of both
diagonals f and e = AC (with length e = ||AC/||) which intersect in S at a fixed angle
a € [0,7/2], see Fig. 2. Put p = ||AS||/||AC| € [0,1] and q = ||BS||/||BD|| € [0,1]
and, for fixed e, f, o, let O f,o(p, q) denote the corresponding quadrangle JABCD. By
the obvious relations

v=esina, u=pesna, s:(q—§)f+pecosoz, t=s—ecosa

we get the area A(Oc .q(p,q)) = %ef sina for any 0 < p,q <1.

We introduce linear functions f;(-) and g;(-) which describe the lower line segments
AB,BC ( for i = 1) and the upper line segments AD, DC ( for i = 2). They are given
by

f

f1($):—<8+§>§+8 , f2($)2—<8—g>§+8, 0<z<u

91($):(t+£)x_v+t ) gg(x):<t—g>x_v+t,u§x§v.

VvV—Uu



Making use of the triangles Ay = Aj(s,u) = AABD and Ay = Aq(t,w) = ABCD
(with w := v — u) we may write (J := Oy ,(s,t,u) = A; U Ay and, therefore, from (2)
it follows the representation

dx dy

Ix =yl

I2(‘:|) = I2(A1) + IQ(AQ) + 2]2(&1, AQ) with IQ(Al, AQ) = / /

VANIVAN))

By means of (3) and a?/d? = (% +5)2 +u?, b?/c? = (% + 5)%2 + w? we get closed-term
formulas for I5(A1) und I5(A3). Next, we rewrite the two-fold integration in Io(Aq, Ag)
over x = (z1,y1) € A1 and y = (x2,y2) € Ag leading to the four-fold integral

u f2(z1) v g2(z2)

dyadzady; d
/ / Y2 dxz dy1 ATy //Hx1,332,875 )daoday,
V(e —21)2 + (y2 — y1)?

0 fi(z1) v gi(z2)

where
f2(21) g2(x2)
dyo dy;

\/($2 —21)?+ (y2 — y1)?

H(I’l,l’g,s,t) =
Ji(z1) g1(z2)

To calculate H(z1,x2,s,t) (for ;1 < x2) we need the integral functions

= log(z+Vz2+1)=—F(—2)

_/ dy
O\/W

:/F(az)dx = zlog(z+ V22 +1)— V22 +1+1=G(—2)

defined for all z € R, where the odd function F'(-) is strictly increasing (convex for z > 0)
and the even function G(-) is strictly convex since G”(z) = F'(z) = (22 +1)"1/2 > 0.
From the inner integral of H(x1,x2, s,t)

g2(w2)

dys :F<y1—91(9€2)> _F(yl_QZ(xQ))
V(wa — 1)+ (y2 — y1)? T2 — T1 wy -1
g1(w2)
it follows after a short calculation that
2
H(xy,29,8,t) i1 fa(z1) — gi(x2) Ji(x1) — gi(z2)
Tro — T _Z( 1) (G< o — I ) G< Ty — I ))

i=1

In summary after some rearrangements we arrive at

11 1
I(Aq, Do) :uwo/o/(ux—i-wy ;[ <;5;;yy+(—l)l%)

_G(M N (_1)1'2]”(967—20)}@@

ur+wy



and, by setting ¢ = w = 0 resp. s = v = 0 and integrating over y resp. =z,
1

1
23
=2 [aX [e(2+

=0

S0 e - G

2
0
—/Z St G 0) -a( - S

(2

w

Now, we are ready to prove two inequalities concerning the behaviour of the CPI
I, (¢4 (s,t,u) when s and t are shifted.

Theorem 1. For any fixed f,v > 0and 0 < u < v,

L (Of (s, t,u)) < Io(0f4(0,0,u) < Ir(0f,(0,0,v/2) (5)
and, if s<0<tort<0<s,

L (O (s,t,u) < Ip(0fy(=s,t,u) = I(Of (s, —t,u). (6)

Corollary. For any s € R, Io({¢ (s, —s,v/2) < Iy(0¢4(s,s,v/2)) and Io(Aq(s,u)) <
L(A1(0,uw)), L(Ao(t,w)) < Ir(Ag(0,w)), where the latter inequality means that,
among all triangles with fixed altitude and base, the corresponding isosceles triangle
has the greatest second-order CPI.

Proof of Theorem 1. We only need to prove (5) and (6) for the mixed second-order CPI
IQ(Al(S,u), Ag(t,w)) since IQ(Al(S,u)) < Ig(Al(O,u)) and IQ(AQ(t,w)) < I2(A2(0,w))
follow by direct computation from (3). Without loss of generality let s < 0 < ¢. It
suffices to verify the inequalities H(x1,z9,s,t) < H(x1,x9,—s,t) < H(x1,x2,0,t) for
fixed 1 € [0,ul],z2 € (u,v]. For brevity, introduce a;(z) = (fi(x) — g1(z2))/(x2 — z1)
and b;(z) = (fi(x) — ga(x2))/(x2 —21) for i = 1,2. Write af(z), b?(x) resp. a; (z),b ()
if fi(x) is defined with s replaced by 0 resp. —s. By definition of f;(-), the relations
filzr) < fl@1) < fif(@) for i = 1,2 and fa(z1) — fi(z1) = fI(x1) = fR(a1) =
f3 (z1) — fi (x1) (being valid also for a; and b; instead of f;) hold and imply, by ex-
ploiting the convexity of the function G(-), that

fa(x1) = fi(21)

T2 — T

Glas(a)) — Glar (1)) = G
3 (@1) = fi7(z1)

T2 — X7

+ al(wl)) — G(ay(z1))

<q( +at(21)) - Glof (1)) = Glaf (1)) — Glaf (21))
since a1 (71) < af (v1), and, by fi(z1) — fi (z1) = f2(x1) — f5 (v1) <0, we get that

G@@M—G@@»:GUWM—HWO

T2 — X1

b7 (@)

_G<f2(9€1) — fy (21) " b;r(xl)> < G(bf (x1)) — G(bS (1))

T2 — T

Notice that the convexity of G(-) means that G(b) — G(a) < G(b+h) — G(a+ h) for any
h > 0 and a < b. By addition of the previous inequalities it follows H (z1,z2,s,t) <



H(xy,x9,—s,t) provmg (6). Likewise, together with G(—z) = G(z) for z € R, we find
that G(ay (1)) — G(af (21)) < G(a3(z1)) — G(af(x1)) and G(b] (21)) — G(b; (21)) <
G (x1)) — GBI (x1)) and , thus, H(x1,z2,—s,t) < H(z1,x2,0,t) proving the left part
of (5). Finally, we rotate the kite [(Jf,,(0,0,u) by a right angle and apply the last step
once more showing that the rhomb ¢ ,(0,0,v/2) has a greater (mixed) second-order

CPI. This completes the proof of Theorem 1. O

Remark. The transformation Of,(s,t,u) — Of,(0,0,u) coincides with the well-
known Steiner-symmetrization, see [3]. It turns out that (s,t) — I2(A1(s,u), Do (t, w))
is a strictly concave function. The mixed second-order CPI of the kite (¢ (0,0, pe) for
0 < p < 1 can be expressed in terms involving the area sinus hyberbolicus function F(+).

3 Isoperimetric Inequality for Quadrangles

We return to the quadrangle (. 7o (p, ¢) as defined in Sect.2 with fixed e, f, acute angle
LASD = « € [0,7/2] and varying p,q € [0,1]. By a little trigonometry we get the
following formula for the perimeter Lq(p, ¢) = L(0C,, f,0(p,q)) = P(p,q)+P(1—p,1—q),
where P(p,q) =a+d=

VP22 + 2 f2+2pgef cosa+Vpre2+(1—q)2f2—2p(1—q)ef cosa.

Lemma. Among all convex quadrangles [ ¢ (p, q) the parallelogram De,f@(%, %) has
the least perimeter, i.e.
La(p,q) > Z Ve + 12+ (-1)i2¢ f cosa (7)

for all p,q € [0,1] with “=" iff p=¢ = % _

Proof of Lemma. For fixed p,q € [0,1], the function [0,1] 3 s — Q(s) := P((1 — s)p+
s(1—=p), (1 —s)qg+ s(1 —q)) turns out to be (strictly) convex. To show this, define
a(s,p):==(1—s)p+s(l—p)e0,1]. Since 1 —a(s,q) = a(s,1 — q) we may write

— V@GP E T () T el ) als q)e f cona
+ Va2(s,p)e2 +a2(s,1 —q) f2 —2a(s,p)a(s,1 —q)e f cosa.

A rather lengthy calculation (for details see Appendix) shows that

¢ f?sin?a [(1 - 2p)a(s,q) — (1~ 2q) a(s,p)]”
[a®(s,p) € + a*(s,q) f* + 2a(s,p) als,q) e f cosa]?/?

¢ [* sin®a[(1—2p)a(s,1 —q) + (1 —2q) a(s,p) ]”
[a2(s,p)e? +a2%(s,1 —q) f2—2a(s,p)a(s,1 —q)e f cosa]3/?

Q"(s)

+ >0

for p,q # 1/2. Hence, applying Jensen’s inequality reveals that

Q)+ 5 Q(1) = 3 Plpa) + 3 P(L—p, 1~ q),

i
—
|
|
SN—
I
O
~—
J/
l\')l»—\



which coincides with (7). O

From (7) we can easily derive the isoperimetric inequality for quadrangles.

Theorem 2. For any quadrangle O, r,(p, ¢) with area A,(p,q) we have

) (e + f2)

1
72
—~ = > 16
2

) ef 7

with “=" iff e = f and a = 7/2.

4 Lower and Upper Bounds for Second-Order CPI of Par-
allelograms

We consider a parallelogram [y (a,b) = {A\ (b,0) + Ay (a cosa,h) : 0 < A, A < 1}
with altitude h = a sina and base b = ||AB|| (a = ||[AC||, a = Z(CAB) € (0,7/2],
A(Oq(a,b)) = bh = ab sin «) which yields

. b2h%d(M, Ao, pa s po)
Bt 1/}4 \/[()\1 — )b+ (A2 — p2)a cos a]? + [(A2 — p2) hJ?

1111
B / / / / a?b? sin® ad A\ d)o dpg dps
A V21 — )2 +2abcosa (A — 1) (A2 — p2) + a2(Ag — p2)?

.
[ui
Q
8
S
[
[\)
MH

<.
I
o

Il
W =
O O~ _ oY -

1

/ 1—x)(1—y)dxdy

) Vatx —1)i2ab cosaxy + b2 y?
(3—2)dz

Va2 + (—1)"2abz cos o + b2 22

—_

—_

(3—2)dz
Va222+ (=1)"2abz cos a + b

(8)

W[ =

=0

Theorem 3. For any parallelogram O, (a,b) with altitude h = a sin « and perimeter
L(O4(a,b)) =2 (a + b) the following inequalities are valid:

¢y IOz 2(a,b))  I(Oa(a,b)) _ I2(Orj2(h, b)) Ca
2a+0) = A0, p@d) = A20a@d) = 20,0) = ivaboma

with “=" left and right iff a = b, o = 7/2, where ¢y = 4 I5(0; 5(1,1)) and

11
(1—2)(1— y 4
O, /9(1,1)) = 4 — - Vdady = = |3log(1+v2) + 1 —v2|.



Proof of Theorem 3. We only sketch the essential steps. The above integral transfor-
mations are more or less straightforward and they are left to the reader. Next, using
the elementary inequality (z +¢)" Y2+ (z —¢)"/2 > 22712 for x >0, —z < c < z, it
follows that

1 1 2

+ >
Va2 —2abzcosa+b222 Va2 +2abzcosa+b222 Va2 + b2 22

(10)

and, by interchanging a and b and using (8) we get the first lower bound in Theorem
3. To verify the first upper bound it suffices to prove with ¢ := a cosa and h := a sin«
that

1 1 1
/ +/ 2/ (3 2) d (11)
) V( bz+c +h2 ) V(bz—c)? ) Vb2 z2+h2

and the corresponding inequality with (bz4c)?+h? and b2 22+ h? replaced by (b4c 2)?+
h? 2% and b? + h? 22, respectively. The analytic proof of (11) is somewhat lenghty. The
remaining bounds left and right are obtained by direct evaluation of the integrals and
determining their extreme values. For details we refer to the Sect.2 of the Appendix. O

The four integrals on the right-hand side of (8) can be taken from a usual table of
integrals. Putting H(z) = F(z) + 222 + 1 and
1
Jol(a,b) = (3b+(-1)a cosoz)H(b+(
=0

—1)la cosa

- >—2a cosaH(cota)
a sin o

~

we may write together with the diagonals e/f = v/a? + b2 £2ab cosa:

L(Oa(a,b))  2(a®+b%)—4(e —i—f?’)+ w(a,b)  Ja(b,a)

A2(04(a, b)) 3a2 b2 sin® a 32 3a2
In the special case of a rhomb [, (a,a) with diagonals e = a /2 (1 + cosa) = 2a cos §
we obtain together with sina = 2 sin § cos § that

(12)

and f =a+/2(1 —cosa) =2a sin§

4aIQ(Da(a,a)) 16 L(Og(a,a))  4V2
B ) 30 ™ e @a)E T 3

where

« «
T in — — 13
() 4/sin 5 cos 5 (13)

)+<1+cos )10g<1+ Oi_).

1
T(a) = 1—sing—cosg+ (1+sm >log(1+
11’12 2

2 2

It is easily verified that the left/right-hand ratio in (13) decreases/increases in a €
[0, 7/2] with minimum/maximum at o = 7/2. In summary, this result combined with
(5) proves

Theorem 4. Among all convex quadrangles JABCD with fixed A = A(OABCD) the
square [ /2(\/2, V/A) has the greatest second-order CPI, more precisely:
I,(DABCD,) < 4 <E)
(A(DABCD))3/2 — 3 \2

C4 16
= — ~ 297321 < ——= ~ 3.00901 .
4 3w
We remark that Carleman’s inequality, see [1], says that the ratio in Theorem 4 attains

its maximum (taken over all convex discs) for circles giving the right-hand value, see
also [8].



5 Conjectures for Convex Polygons and Parallelotopes in
Higher Dimensions

To conclude this paper we formulate two conjectures which have been proved only for
special cases so far.

Conjecture I. For any convex n-gon K, the inequality
Cn I (
L(0Kn ) \/ 4n tan (Z) A(K,)

holds with “=” on both sides iff K,, is a regular n-gon. Here, K, denotes the regular
n-gon with edges of length 1, see [4] for explicit values of ¢,.

with ¢, = 1—nG tan( )IQ(K*)

Let a; = (agl), ...,agd)) ,i=1,....,d, be linearly independent vectors in R? which define
a so-called d—parallelotope P(ay,...,aq) = {Z‘ij:l)\'ai 10 < Ap, . Ag < 1} Without
loss of generalty, we may assume that agl), ...,az(i*l) >0, (ZH) =..= agd) = 0 and
put a; = agi) > 0 for ¢ = 1,...,d. Further, let I4(K) denote the rigth-hand double
integral of (2) for some convex body K in R? with d—volume Vy(K) > 0 and mean

breadth by(K), see [3], [9].

Conjecture II. For any positive ay,...,aq € R the inequality

dIa([0.1")  _ L(P(ay,..a0) _ _1a((0,1]7)
lasll+- -+ llagl = (a1---aq)*  ~ (a1---aq)/d
holds with “=” on each side iff a; = ||a1|| =+ = aq = ||a4|| -

Note that the lower bound could be verified by the author, see Sect. 5 in the Appendix.
Further, one can show that Vy(P(ay,...,aq)) = a1---aq, ba(P(ay,...,aq))dkq/2Kkq—1
= |lay]| +--- + |lag]| (where kg = d—volume of the unit ball in R%) and

14([0,1]%) 2d/1 jﬁ 1—wz ix) V2 gy,
0 0

=1

.
[y
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6 Appendix

1. Supplements to the proofs in Section 3

At first we calculate in detail the second derivative of the function Q(-) defined in the
proof of the Lemma. The second derivative G”(s) is equal to

9 ( (1 —2p)a(s,p)e* + (1 —2q)a(s, q) f* + [(1 - 2p) a(s, q) + (1 — 2q) a(s, p)] e f cosa

ds [a2(s,p) e + a%(s,q) f2 +2a(s,p)a(s,q) e f cosa]l/?

L (L=2p)als,p) e —(1—2q)a(s,1—q) f* — [(1 —2p)a(s,1 —q) — (1 —2q)a(s,p)] e f cosa
[a2(s,p) €2 + a2(s,1 —q) f2 —2a(s,p)a(s,1 —q)e f cosa]/?
[(1—2p)*e* + (1 —2¢)* f>+2 (1 —2p)(1—2g)ef cosa
[a?(s,p) 2 +a?(s,q) f> + 2a(s,p) a(s,q) e f cosa]'/?
[a®(s,p) €® +a*(s,q) f> + 2a(s,p) a(s,q) e f cosal
a?(s,p)e? +a?(s,q) 2+ 2a(s,p)a(s,q)e f cosa
[ —2p)a(s,p)e* + (1 —2g) a(s,q) f* + (1 — 2p) a(s,q) + (1 — 29) a(s, p)) e f cosa]?
[a?(s,p) €2 4+ a?(s,q) f> +2a(s,p) a(s,q) e f cosa |3/
L 10 -2p)?e+(1-29)* 242 (1-2p) (L= 2g)e f cosql
[a2(s,p)e2 + a2(s,1 —q) f2 —2a(s,p)a(s,1 —q)e f cosa]/?
" a’(s,p)e* +a*(s,1—q) f> —2a(s,p)a(s,1 —q)e f cosa
a?(s,p)e? +a?(s,1 —q) f2 —2a(s,p)a(s,1 —q)e f cosa
B [(1 = 2p)a(s,p) e* — (1 = 29) a(s,1 — q) f*
[a2(s,p) e + a2(s,1 —q) f2 —2a(s,p)a(s,1 —q)e f cosa]3/2
n —((1 —2p)a(s,1 —q) — (1 —2q) a(s,p)) e f cosa]?

[2(s,p) & + a2(5,1 —q) /* — 2a(s,p) als, 1 — q) e ] cosa]’)?

10



e? f2 sin’ o [ (1 —2p) a(s, q) — (1 —2q) a(s,p) ?
[a2(s,p) €2 + a?(s,q) f2 +2a(s,p)a(s,q) e f cosa]3/?

e? f2sin” o [(1=2p)a(s,q) — (1 —2q) a(s,p) (p — q) ]

T TaG.p) 2+ a2(5, 1= q) f2 — 2a(s,p) a(s, 1 — q) e f cosa /2
B e? f? sinQOz(q—p)2
~ [a2(s,p) €2 +a2(s,q) f2 +2a(s,p)a(s,q) e f cosa]?/?
2 2 2 N2
n cfsnall=p—d) >0 fiir p,q#1/2.

[2(s,p) & + a*(5,1 —q) ° — 2a(s,p) als, | — q) e ] cosa]*/?

In the last step we have used the relations

(1=2p)a(s,q)—(1-2q)a(s,p) = q—p and (1-2p)a(s,1—q)+(1-2q)a(s,p) =1-p—q

which completes the proof of the Lemma. O

Proof of Theorem 2. By applying the Lemma we obtain the following chain of inequal-
ities:

2
L2(|:|e’f7a(p’q)) S <\/62—|—f2_2€f COSa+\/62+f2+2€fCOSOé)

A falpq)  — efsina/2
_ 4(e2+ f2)+4/(e2+ f2)2—4e? f2 cos?
- ef sina
_ 4(€2+f2)+4\/(6—f)2+4e2f2sin2a
B e f sina
4(e’+ %) (e—f)?
efsna * e? f2 sin? o +
2 2
1 G o e T
ef
8(e—f)?
= ——+16
ef +
> 16 with “=7" iff e=f. O

In view of a verification of the lower bounds in Theorem 3 for any convex quadrangle
(instead of parallelograms) which is equivalent to the lower bound in Conjecture I for
n = 4, the following inequality would be the crucial step:

Conjecture III. For all p,q € [0,1] it holds that

L(OUe,£,0(p,9)) 12(Ue,f,0(P,q)) = L0, ,0(1/2,1/2)) To(De,1,a(1/2,1/2)) . (14)

Remark. There are counter-examples showing that the second-order CPI of a paral-
lelogramm [, f,(1/2,1/2) does not always maximize I5(Ce ¢ (p,q)). So far, it is even
unproved whether (14) holds for a = 7/2.

11



2. Supplements to the proof of Theorem 3 in Section 4

Since the function z — f(x) = z~ %2 turns out (strictly) convex for z > 0, it is clear

that

1 1 1 1
>

Vite Ve Ve o Vr—c

We apply this inequality with ¢ = 2abz cosa and = = a® + b 2% (resp. = = a? 22 4+ b?)
leading immediately to (10). In order to prove (11) and corresponding inequality

for >0,0<c¢c<z and —z<c<0.

1
<2 ) 15
/\/b2+cz 2 4+ h2 22 /\/ —i—h222_ 0/\/b2+h222 (15)
where ¢ = a cosaw and h = a sina, we put b=1, p =cosa and ¢ = sina = /1 — p?
for notational ease and rewrite all the integrals once more as follows:
1 a~l+p
/ (33— B (3—az)dx B / Btap—ax)de
) \/zic +h2 \/xicosa + sin? o a2+ ¢?
(1xap)/aq
dx
= (3tap) ————+a—+va2+2ap+1
2 +1
+p/q
and, likewise,
1 atp
/ ) dz B (3a—z) dx 1 Batp—x)de
) \/1:|:cz + h? 22 \/:U:tcosoz +sin a a21 V2 + ¢?
P
(axp)/q
(3a+tp) dz 1—+va*+2ap+1
= T2 s T 5 :
a 2+ 1 a
+p/q

Using the function F(z) = [, (2 + 1 )712dz = log(z + V22 + 1) = —F(—2) and

1

‘I3 1
9 /M = 6F(—)+2(ag—V1+a2g?),
Va2 +q¢? aq

0
a
2 /(3@—1‘) de 6F(aq)+2(1—\/1+a2q2)
a? Ny a a? ¢? ’
, +q°x q q

the inequalities (11) and (15) can be equivalently expressed as follows:

12



F(1+ap)+F(1—ap)+@ <F(1+ap) _F(l—ap) —2F(£))

aq aq 3 aq aq q
+ é(?a—\/a2+2ap+1—\/a2—2ap+l) §2F(aiq)+§(aq—\/1+a2q2)
and
1 a+p a—p P a-+p a— p
E(F(q)+F(q)>+aﬁ<ﬂ )P _ngw
/ 2
+ 1 (2—\/a2+2ap+1—\/a2—2ap+1) 2Faq L+atg
3a2 aq 3a?q?

respectively. Both inequalities could be confirmed by direct evaluation for 0 < a <
1,0 < p <1 with Maple 8. The remaining left bound of (9) was already obtained in
[4], see Theorem 2. An alternative proof is given in Sect. 5 of this Appendix. The
right-hand bound of (9) results from fact that

mmqhaypmﬁn:mb>oﬂb:1}:b¢LpuJ»:4Fuy+§u—yﬁy

which is seen by showing that the function

2a
3

(@ = Va1 1) + = (a2 — /11 a?)

1 2 _
IQ(DW/2(G/7E)):EF(G/2)+2G/F(G 2)+ 3a

is strictly decreasing for ¢ > 1 and attains its maximum at a = 1.

3. Second-order CPI for parallelograms

A parallelogram O, (a, b) having the vertices A = (0,0), B = (b,0), C = (b+a cosa, h)
and D = (a cosa, h) (with altitude h = a sina and base length b) can be described
as point set {A1(b,0) + Ay (a cosa,h) : 0 < A, A2 < 1}, where each pair z,y €
Oa(a,b) admits unique representations as linear combinations = = (x1,z2) = (A b+
Aoa cosa, Adgh) and y = (y1,y2) = (u1 b+ pea cosa, g h) with 0 < Ay, Aoy pig, o < 1.
Therefore, by [z —y||* = (1 — y1)* + (22 — 12)?,

le =yl = V(On—p)b+ (o —p)acosa)®+ (o — ) h)°

= VO — )22 +2ab cosa (M — p1) Az — p2) + (Ay — p12)2 a2

and together with the Jacobians

8(3:1,3:2) _ a(xl,xg) _
O(A1,A2)  O(A1, A\2)

b 0
acosa h

‘:bh:A@JQM)

and the abbreviation f(A1,A2) = ()\2 b2 +2abcosad A+ Na ) 172 e arrive at
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1

1—po

1
/ / F(A1, A2) dAa dpo dAy g
0 —pe

1—

1

=

1

p1 1—p2 H1 p2

/ / f )‘la)‘Q +//f )\1, d)\Q d)\l d/,LQ d,ul
0 0 0 0
n

—p1 p2 p1 I—po

O/O/f)\l, )+

1-X11—Xo 1 1
(f()\la)\2) / / (=1, — / / dpg dpy dAg dX
0 0 A1 A2
-\ 1 1 1-X
(f()\l,—)\g) / /+f AL A // gt dyiy g dAg
0

0 Ao A1

—

o

/ f( )\17)\2 d>\2 dAy dpe dpy
0

+
O O O O~ O~
O O —_ o\_l O\H

1 1
= 20/0/ 1—)\1 1—)\2)(]0()\1,)\2)—{—]0()\1, )\2))d)\2d)\1

The latter double integral we denote by J, (a, b). Using the transformation rules f(r,r A2)
=7r~Lf(1,A2) for 7 > 0 and f(A1, —A2) = f(—A1,A2), we can rewrite J,(a,b) as single
integral in the following way :

1 A\
Ja(a, b) = // (1 — )\1) (1 — )\2) (f()\l, )\2) + f()\l, —)\2)) dAg d\;
01 0)\2
+ //(1 — A1) (1= A9) (f()\l,)\z) + (A, —)\2)) dA; dXg
01 01
= //(1—)\1) (1—)\1 )\2) (f(l,)\g)—i-f(l,—)\g))d)\g dM;
01 01
+ (1—)\1 )\2) (1—)\2) (f()\l,l)—i-f()\l,—l))d)\l dMs
/1
1 1
— 5 [G-2 (0 + 1) et g [ 32 (T D) + FOn,-1) d,
0 0

whence it follows the above formula (8)

12 Iy(0a(a,b)
A2(O,(a, b))

C.ol»—l

1
/ FOL) 4 FOu—1) + F(LA) + F(—1,A)) dA.
0

14



Further, we are able to calculate each of the four integrals. It suffices to consider the
—-1/2

integral over f(X\, 1) = (A?b? +2ab cosa X +a?) . We find that
1 b b d
1 3b—
/(3—)\)f(>\,il)d)\:—2 Bb-z)de
) b V2 +2a cosax + a2
b
1 (3b—x)dz _ .
= = - , Substitution: x =a y sina F a cosa
b ) V/(z £ a cosa)? + (a sina)?
b;ta'cosa
1 (3btacosa—yasina)dy
b2 /y2+1
+cota
bta cos bta cosa
3btacosa [ d asina [
- Hooma Leme [ aiEe)
+cota +cota

3b+a cos b+ a cosa Va2 +2abcosa+ b2 —a
_ oo bEacomay ) g |

a sin o

Summarizing the above calculations and using the formulae e/ f = v/a2 + b2 + 2ab cos
for the diagonals of the parallelogram Is(0d,(a,b)) we get the final formula

13(0a(a, b)) 2(a®+6%) — (a® +b?) (e + f)
A2(0,(a,b)) 3a?b? ’

where, by using the the area sinus hyperbolicus function F(z) =log(z + V22 + 1),

— Ra(a’ b) + Ra(b’ a) + (16)

1 .
3b+(=1)acosa /b+(—1)'acosa 2a cos
a(a:b) :Z 3b2 F( ) -

352 F(cota).

a sin o
Z

This latter formula coincides with the expression given in (12). For a rectangle having
edge lengths a and b we obtain the comparatively simple expression, see [4],

L(0, 5(a, b)) = 2a2bF(2> +2ab2F<%> +§ <a3 + 1 — (Va? +b2)3) .

This formula also yields the closed-term expression of the second-order CPI I5(0,(a, a))
stated at the end of Section 4. In addition, using (17), we can compare the functions

_[2(‘:‘(:.!(;,1)) _ F<1+'cosa>+F<1—.cosa>+cosa<F<1+'cosoz>
2 sin” « sin «v sin «v 3 sin «v
1-— 2 2
3 F( ‘00504)_2F<C?Sa>>+_(1_Sjng—cosg):—T(a)
sin o sin a 3 2 2 3
and

(O )2(1,sina))  F(sina) n F( 1 ) 1 +sin®a — (V1 +sin? a)?
2 sin?  sina sin av 3 sin? « '

By numerical evaluation it turns out that the ratio r(a) = I2(0a(1,1))/12(0; /2(1, sin o))
is strictly increasing over the interval (0, 7/2] with lim,_,o7(a) =2/3 and r(7/2) =1.

15



4. Chord power integrals of parallelotopes in R

Let a; = (agl), ...,agd)) ,i=1,....,d, be linearly independent vectors in R? which define
the d—parallelotope Py(ay,...,aq) = {Z?Zl Aia; 1 0 < A, ..., g < 1}. For brevity we
write Py instead of Py(ay,...,a4) (if no confusion is possible). It is well-known from
analytic geometry that the d—volume Vy(Py;(ay,...,aq)) of our d—parallelotope equals

the absolute value of the determinant
1 1) (1)

a; ay ad
(2) (2) (2)

. a a a

det ((a{){;_1) = L :
d d d

o® g) o g

Further, let I;(K) denote the right-hand double integral of (2) for a convex body K in
R? with positive d—volume which can be regarded - up to some multiplicative constant
- as dth-order chord power integral (with resect to g—random lines in R?, see [2], [9],
[4]). In the special case d = 3 the integral I3(K) coincides with Newton’s self-potential
of the body K C R?, see e.g. [3].

Since any two distinct points x = (21, ...,24),y = (Y1, ...,Y4) € Py can be expressed as
linear combination x = A\ja; + -+ + A\gag resp. y = pra; + - - + pgag with unique
ALy 1y oy Ady ig € [0,1], we may apply the integral transformation formula with the
Jacobian determinants

det ( (gi;>jj1> = det ( <§z;)j]1) = det (( gl))m:ﬂ = Va(Py),

which do not depend on the A;’s and p;’s. Together with the function

d

11075 (21,00, 20) = llzrar + -+ zgagl = | D22 a2 +2 > zizi(aiay),
i—1 1<i<j<d

where (a;,a;) denotes the scalar product of a; and a;, we arrive at

1

1 // dxdy /
7 (Pa) Ix =yl

P, Py 0

dAg d,ud ~dAr dpg
| (A —p)ar + -+ (Mg — pa) aq ||

T O\H

1-pq
/ dA\gdpg---dAdu

[Arar+---+ Agaq ||

p1

O\H O\H

|
=
=

=
=
=

d

dAgdpg - --dAr dpg

20 ,l/dE{O 1} H (_1) tArag 4+ (_1) CDVE: ¥ H

dpgdAg---dpy dAy

\H O\
— . O —

Il
e

(=)t Ayag + -+ (=1)" A\gaq ||

Y Ag Vi ,VdG{O 1}

I
O\H S O o T

/1 S ILEEY B E EI VI oY
0

V1,eeg€{0,1} [(=1)" Arag + -+ (=1)" Agaq |
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We next derive a lower bound for the d—fold integral in the last line. We again employ
the elementary inequality

1 1 2
>— for >0 , —ax<c<x

\/x+c+\/x—c_ NS

for z = | 2 (—1)% N a2+ A2 [Jag])? and ¢ = 2 (\gag, 971 (=1)¥ A;a; ) and obtain
that

1
2 (=1 Arag + -+ (=1)" Agag ||

l/dE{O,l}
_ 1
vaetoy IS (1) Ayl |2+ A3 gl 42 (<) Ag SN (1) A (aaa)
2
>
VISE C0moal? + 3 fadl?
In the same way we find that
1
ey 1D Man 4+ (<1 a2 42 aka [P+ + A2 aq]?
2
mz 1% Ayl |2+ A2 a2 + -+ A3 Jaal?

for k=d—1,...,2. Summing up all these inequalities yields

> 1 2
oy TEDP A+ (CD% Agag ] A P+ 22 g

whence it follows the inequality

1 1
Ii( <&y [0, |ag]]]) :2d/ /H (1= A dh o Ta(Pa(ay, .. aa)) (18)
0 0

HalH2 e HadH2 z L )\2 ||al||2 o VdQ(Pd(al, ...,ad))

comparing the dth-order CPIs of d—dimensional hyper-rectangles and d—parallelotopes
with edge lengths [|ai]],...,||aq||. In the next Section 5 we give a lower bound of the
dth-order CPI of d—dimensional hyper-rectangles in terms of their mean widths and
the dth-order CPI of the unit cube [0, 1]¢.

It should be mentioned the remarkable fact that the mean width by(P(ay,...,a4)) of
the d—parallelotope P(ay,...,a4) only depends on the edge lengths [|ai]|, ..., [|[aq||, but
not on the angles between the edges. More precisely, we have

2I£d 1
d kg

ba( Pla,...,aq)) = ([larll+ -+ llaall ) = ba( [0, larfl] x -~ < [0, [[aq]l] ) ,
where k4 denotes the d—volume of the unit ball in R%.
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5. Schur-convexity and the lower bound in Conjecture II

In connection with the calculation and estimation of the dth-order CPI of an d—dimensional
hyper-rectangle with edge lengths ay, ...,aq > 0 we are faced with the parameter integral

1 1
(1— (1=
Id aj,...,q / / 7)o Td) dzg -+ dzy . (19)
0o 0 al af + -+ ajad

Theorem 5. The mapping (ay, ..., aq) — I4(as, ..., aq) is Schur-convex for ay, ...,aqg > 0,
i.e., for any doubly stochastic d x d-matriz P and each column vector a = (aq,...,aq)
the inequality I;(aP) < Iz(a) holds, see [7] or [10].

Corollary. The parameter integral (19) obeys the inequality

Lar, ag) > —  1(1,..1).
a(ar,...,aq) PR d( )

Proof of the Corollary. Clearly, we have

Id(pla ""pd)

ith ;= a; =1,....d
a1+...+ad wi pi al/(a1+ +ad)7 ? g ey Wy

Id(al, ceey ad) =

and together with I;(p) > I4(pPy) = Id(é,..., é) = dlI,(1,...,1) for p = (p1,...,04)
and matrix P4 having identical entries equal to é .

Proof of Theorem 5. We shall apply a famous criterion going back to I. Schur , see
[7],[10], which for the symmetric function I4(aq,...,aq) reads as follows:

oI, 0I, . -
— —— — | > .
(a1 — ag) < 90, Day > >0 fiir beliebige a1,as,...,a, >0

¢ 8Id al,

This means, for a; > as > 0 and any fixed as, ..., ag > 0 we have to show tha >

After differentiation and partial integration we arrive at

11 1

ol 1—2) (1 =) - (1—

o _//.../a(l (2 ac21)(2 72) - xd)dxd---dxzdm
00

day / 222+ adad 4+ aka?)3?
. 11 1 d
- a_l// /xlnl_x)dml((alxl—i_a@lé‘i‘ +a3$3)_1/2)dxd...dx2
0 0 0 i=1
11 1
1 2z1—1)(1 — (1=
- _///( n- Ll xd)dmd---dmgdxl
“ 00 0 af x4+ a3 a3 4 4 ajaf
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and, likewise,

11 1
0 0 0 \/1 2+ a3 a3+ o tajTy
11 1
= i//‘”/(2$1—1)(1—$2)"'(1—$d)dxd‘”dedxl
o0 b \/a2$1+a1x%+"'+a%x§

Let us introduce the abbreviations Q := a}/a3 > 1 and P := ay? (a3 23 + -+ + a2 12
with fixed z3, ..., 24 € (0,1]. Now, we prove that

11 11
(2xz1 — 1) (2x1—1)
=// o dxg day 2// i )dxzdm:I(Q_l,PQ_l)-
50 VQ%“‘%"‘P AR x1+x2+Q

For this purpose it suffices to show that the function I(Q, P) is non-decreasing in @ as

well as in P. This means we have to show that % >0 and %Q’P) >0.

1
oI(Q, P) B / 2z — 1) (1 — z2) iy day
0

1
aP 2

(Qa? + 3 +P)3/2

o _

Il
]
o _

1
(1- 1-
/[ 1’2) 3/2— ( 1’2) 3/2 dmgdsz
) %1—901 )2+ a3+ P) (% +21)2+a}+P)

On the other hand, we have

(221 — 1 1
_|_/ / 1 .%'1 1’2) d$2 d:l?l
(Qa? + 23+ P)3/2

o1(Q, P)
9Q

1
= E (221 — 1)z (1 —29)d, ((Q%"‘CUQ“’P) 1/2)d3:2
0
N [ [ Az —1)(1
_ /_—@dm—//( 71— _xQ)d.%'le'l
2Q ) VQ+a3+P ) V/Qui+az+ P
) -1 ) 1 1 1
) — I9
= —dx +// dxodx
QQ_O/ Q+a2+P 2 ) Qz?+ 23+ P 2
1
0/

1
1-—
/ $22 d.%'gd.%'l
0 Q‘Tl + 272 + P
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[ P 1
> = / — d 2—// — d:cgdxl
Q_O Q+az3+P ) VQx + 12+ P
[ 1T
= — dz ——/ 1—=x + 224+ P— /22 +P)dx
Q_O/ CEEEY RN D(VQrat P fap)ar
-1 1
1 / 1— 29 da / 1— a9 da
g —_— — 2 — 2
Q_O Q+azi+P ) VQ+a23+ P+ /22 + P

Therefore, in view of @ > 1, we get the inequality

1(@Q.P)>1(Q,P) > 1(Q”

which reveals that Schur’s criterion (20) is satisfied. O

17PQ_1) )

In the particular case d = 2 the foregoing proof becomes much simpler since P = 0 can

be assumed. This allows the following rearrangements:

(221 —1) (1 — xy)
(Q% +$2)1/2

dCCQ dxl

(Qai +a3)1/2

(221 = 1) (1 —z1y2) 11
(Quaf+aiy3

I
O O~ O—_
S O s O

1

(Qa? + 23)1/2

1
(2$1_1)(1_x2)dx2dx1+// @o1—D1=22) 40 d,
0 0

(Q$2y1 —|—x )1/2

1 1
92 yy — 1) (1 —
dys dzy + (2291 — 1) ”)”dyld@
)72
0 0

1
! 1 3 -2y
-3/ @ v 6/(Qy2+1)1/2dy'
0

0
Hence, for Q > 0,

1

1
aIQo 1 Q
5/ Q+y 3/2dy+go/(

0

providing that I(Q,0) > I(Q~1,0) for @ > 1.
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6. An explicit formula for the third-order CPI of a cuboid in R3

To begin with we make an expansion of the parameter integral (19) for any d > 2, which

d
is based on the simple formula (1—27) --- (1—24) = 14+ > (=1)F > Tiy - T,

k=1 1<in<-<ip<d
leading to
1 1 d
dxy k (d)
lifars i) = [+ / — >0 Y D eneal)
s 5 alxl tagzy o k=1 1<ip <--<ip<d

with the d—fold integrals
11 1
Iz‘(ld). (a1, // / Ty - Ty, deg - - degday
0 0 0 \/a1x1+a2x%+---—|—a?l:c?l

for1 <i; <---<ip<dand k=1,....,d — 1. The first integral in this expansion can
be expressed as sum

1 z
/ / // / dxg - -+ dzoday
\/ax + oo+ ada? (1)x1+a()x%+---+ai(d)x§

where the sum ) runs over all d! permutations of the d—tuples (1,2,...,d). This
expansion is justified by the total symmetry of the left-hand integral in aq, ..., ag and the
fact that the unit cube Cy = [0,1]¢ can be decomposed into d! simplices {(21, ..., 74) €
Cq:Tr1) < -+ < Zr(g)} each of them having the volume (d!)*1

Fixing a permutation w4 = ((1),...,m(d)) and setting b; = ar) for i = 1,2,....d we
can simplify the integrals in the following way:

1 Td—2 Td—1

/1/ / / dag - - droday
0 \/bzxz—i-bsz—i- +bd71$d71+b§$3
_ /1/1/1/1 dyqya—1dya—1 -~ d_zdyny_ldw
0 0 0 0 \/b%y1+b2y1y2—|— +bdy1yz 2

“Yq
111 yi-?
1 / // dya ya—1dya—1 - dys
d—1 ’
0 00 \/b2 +b3ys + o+ 053

I(d)(bly cey bd)

In what follows we calculate all the above integrals for d = 3 starting with

11
dys y2 dyo 1 dys dz
I3 (b1, by, bg) = // :
VT +b5y5 + b33 y3 40 4 VT + b5 2+ b3 213
b2+b2y 1
B l/ 1 dzdy 1 b2—|—b2+b3y —
4 b2 + b2 42 b2 2 b2+b
g 2 3Y 4 Vo] + 2 4 2 3Y

1

:/
2 J bt b3 + b3 + b3 12
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Substituting y = z \/b? + b3 /b3 and setting 0 < a = by < b= +/b? + b3, c = b3 /b yield

1) (by, by, b) = — / = ; / w/—dz 35 / dzv
1,02,b3 a+b\/H_—ZQ cho 1+ 22 2bc / (a4+b2)vV22 -1

The first integral has been regarded in Sect. 2 and is equal to F'(c) = log(c+ vc% + 1).
In the second integral we substitute a + bz = 1/t giving

V1+c? (a+b)~ 1

/ dz B / dt
(a+bz)vVz2 -1 V1-2at — (b2 — a?)t2
1 (a+bV14c?)~1

(a+b)~
bs—a Vb2 —a? dt
Put t = FCEEY) : - -
b* —a b Vb2t ) +a)?
(aer\/ +c2)—

1 ds
Vb2 —q? / V1—s2

b+a\/1+c2
a+b\/1+c2
1 (77 . <b+a\/1+02)>
= —— | — —arcsin (| ——————
b2 — a2 \ 2 a+bv1+ c?

In summary we have

1(3)(1)1,132,1)3):L [log<A+b3>+b—1 (2 arcsin(( AT b+ Aby )—W)},

4b3 A — b3 ba A+by) /A2 — b2
where we have used the abbreviation A = \/b% + b% +b2 = \/a% + a% + a% )

We next treat the other integrals. It is easily checked that I %)73((11, az,as) equals

al a2 G’S al a2

/// _dysdyadyr / (V1 +y2 + a3 — Vyi T y2) dys dyy
8a1a2a3 VYLt Y2 +ys3 4af a3 a3

1

1
= s [ (W)’ = (el = (Jn )’ +4) am
0

203

leading to the formula

A (V@) (V@) (VA ) +al ad o]
15a%a§a§

I{%) 41, az, a3) =
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Similarly, we see that

111
NP § § et RNy TV
, e 2 4a2alas 2
T a? z3 + a3 x5 + a3 2} 1243 S VYL Y2 Ty
3 3 3
(Vai+a3+43)" — (Val+43)" — (Va3 +43) +43

as
3
= dys .
0/ 3a?a3ag

By using the integral function

g

a

1r5a 3 3a3 b4 VaZz +b%+a
2 2)3 _ | 2= 2 2)° 27 /g2 24 7
0/(\/35 +b)dx—4[2(\/a +07)° - Va4 2+ T o < a2+62_a”,

which is the result of two-fold partial integration, we obtain the formula

3 1 5 A—|—a3
1{72)(a1,a2,a3) = W[<§G3A3 5 3A+ (A —a3) log (A—a3>+a§)

_ <ga3( A2_a%)3_ga§\/,42_a% Zallog<\/7viz2jzz>)

- Gty =Gt/ Gt (=)
(3)

The integrals 175 (a1, a2, a3) and 12(3?2 (a1, a2, as) follow from the latter formula by shifting
the indices cyclically. Next, we calculate the remaining type of integrals

2
1 ay

1 1 1 1
1(3)(a1 as a3) _ /// r1dzsdzs day _ // dy; dxo das
o 00 0 \/a1m1+a2x2+a3x3 2a 00 V1 + a3 ad + aj a3

11
1
= — a1+a2x2+a3x3— a3 23 + a} 23 ) dwy dus,
1
0 0

a

where the first of the two double integrals can be written as

T3 1 zo

1
//\/a%—i-a%m%—i-a%x%dmgdxg—l-//\/a%—i-a%x%—i-a%m%dxgdm




Making use of the identity

3 3

vt —Uu 2

V2 4+ uv+ u? U
2 2 +
V4 —u u—+v u—+v

with u = a1, v = \/a} + a3 y3 + a3 resp. v =\/a? + a3 + a3 y3 and using (20) we can

show that

11 1 1
1 1
//\/a%—i-a%m%—i-a%x%dmgdxg = g/\/a%—i-a%y%—l—a%dyg—i-g/\/al—i-az—i-agy dys
00 0 0
o2
+ Tl(1(3)(a1,a3,a2)+I(3)(a1,a2,a3)).

The latter relation combined with

1

2 2 2
/mdx:L 0L

2 2a
0

leads to

153)(611,@2,@3) == (I®(a1,a3,a2) + I®(a1,as,a3) ) + ffg)(al,amas),

wilno

2(3)

where the term I, (a1, ag,as) takes on the form

A% — a3 az )+A2—Q§F( as
A% — a3 2a3

2 2
Az 2 M g2y Y2 93 ]
A al QGQF(G;J,) 2a3F(a2) '

The corresponding integrals 12(3) (a1, az2,a3) and I?(,?’)(al,ag,ag) can be easily obtained
by cyclic shifting of the indices at a1, a2, a3 .

Finally, after collecting the above integrals we obtain the third-order CPI of x?_,[0, a;]:
I3(a1,a2,a3) = ZI Ar(1)5 A (2), On(3)) — (a1, as,a3) — ItV (a1, az, a3) — I (ay, az, as)
+ If 2)(0’1’ az, a3) + ‘[5?32 (a’la az, a3) + Ié?g (al’ az, a3) - I§?2),3(a1, az, (13)

Hence, in the particular case of the unit cube in R3, we have

L(1,1,1) = 2191, 1,1) — 317(1,1,1) + 3L09(1,1,1) — I19,(1,1,1)  (21)

24



with explicit values on the right-hand side given by

1 1443

1,11 = < log (2 + v/3) + 2 arcsin ( ;\/\;) = ﬂ) ~ 0.19833978
1

) = g <\f — V2 +1log (2+v3) —log (1 + V?2) ) ~ 0.251140518
1

I(1,1,1) = 3 (6\/§— TV2+1+3log(2+V3) -3 log (1 +\/§)) ~ 0.233296903
1

1,011 = < (3V3—4v2+1) ~0.107859634.

For the sake of completeness, we give once more the connections between these expres-
sion and the above-defined integrals :

11

dzsdxo d
[ it
50 :U1+:U2—i—x3

o _

3 1++3
= 5(1og(2+\/§)+2a1rcs,in( 2+\/\g_)—7r)z1.19003868
1 1 1
dzsdasd 4 1 1
MEBCRE 11,11 = 2 1®(1,1,1) + IP(1,1,1) = = ( 2 arcsin 143
/2 2 2 1 1
5 x1+x2+x3 3 3 2\/§

_ 7T+\/__\/§+2]og(2+\/§)—10g(1+\/§))%0.515593558

and

11 1 A das d 111 I
- [t - ] ] eumten
000 TI TS 00 0 x% 4 x5 + 3

According to the relation (21) we arrive at our final formula

1 1 1
I5(1,1,1) = (=) 1_x2)(1_x3)dx dzo dz
3 b - \/m 3 2 1
000 1 2 3

1+\/§) m log((2+V3)(1++v2)) 1+v2-2V3
22 3t 4 + 20

= arcsin (

~ 0.235289081
and for the third-order CPI of a cube [0, a]® with edge-length a > 0 it follows together
with (2) and (18) that

dxd
12([0,a]3):/ /ﬁ:8a5lg(l,1,l)%1.88231265@5.
[0.a]? [0.0]3
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