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REAL FORMS OF HERMITIAN SYMMETRIC SPACES,
REVISITED

PETER QUAST

ABSTRACT. In 1984 Masaru Takeuchi showed that every real form
of a hermitian symmetric space of compact type is a symmetric R-
space. In this paper we present a geometric proof of Takeuchi’s
result.

1. INTRODUCTION

Symmetric R-spaces are compact Riemannian symmetric spaces that
are also R-spaces (generalized flag manifolds) in the sense of Takeuchi
[MEH], that is quotients of connected center-free semi-simple Lie groups
by parabolic subgroups. Symmetric R-spaces can be realized are s-
orbits of extrinsically symmetric elements (see [NGH, KofR, KTES, e,
KeT2, [E7Z4] and Section B). From this point of view they are the build-
ing blocks of extrinsically symmetric submanifolds in Euclidean space
(see [E72H, ERO, EHJY]). Indecomposable symmetric R-spaces split
into two types:

(i) irreducible hermitian symmetric spaces of compact type;
(i) indecomposable symmetric R-spaces of non-hermitian type.

The (local) classification of indecomposable symmetric R-spaces is due
to Kobayashi and Nagano [KNG4, KINGH| (see also [BCOO3, p. 310f]).

In this note we give a geometric proof of Takeuchi’s result:

Theorem 1 (Masaru Takeuchi [[C&d]). Every symmetric R-space can
be realized as a real form of a hermitian symmetric space of compact
type. Vice-versa every real form of a hermitian symmetric space of
compact type is a symmetric R-space.

Our main tool is the extension of isometries of hermitian symmetric
spaces of compact type presented in [EQTT]].
A classification of real forms of hermitian symmetric spaces can also

be found in [CeTd].
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2 PETER QUAST

2. PRELIMINARIES

2.1. Symmetric R-space as s-orbits. Every symmetric R-space arises
in the following way (see [NGH, Kaofy, KT6S, Ke, Ke7, E7Z4d] and
also [BCOO3, pp. 70-72)):

Let S be a symmetric space of compact type (we always assume
symmetric spaces to be connected) with a chosen base point o € 5,
and L the identity component of the isometry group of S. For the
classical facts about symmetric spaces mentioned below we refer to the
standard literature like Helgason’s famous monograph [HZS| or [fAZX4,
Part IV]. The geodesic symmetry s, of S at the base point o gives rise
to an involutive automorphism

oc:L—L, [+~ s,o0los,.

The differential o, of ¢ at the identity is therefore an involutive au-
tomorphism of the Lie algebra [ of L, called the Cartan involution of
(S, 0). We denote by b the fixed point set and by s the (—1)-eigenspace
of o,. The decomposition

[=hDs,
called Cartan decomposition of [ corresponding to (S, 0), is orthogonal

w.r.t. the Cartan-Killing form By of [. This decomposition satisfies the
Cartan relations, namely

[b,h] C b, [b,s] Csand[s,s] Ch.

The Lie subalgebra b is the Lie algebra of the identity component H
of the isotropy group of o in GG. Moreover, s can be identified with the
tangent space 71,5 by the restriction of the differential at the identity
of the principal bundle . — S, | — [.0. Here [.0 denotes the action of
the isometry [ of S on the point o € S. Using the above identification
s =2 T,S, the lineare isotropy action of H on T,S, also known as s-
representation, becomes the restriction of the adjoint action:

Hxs—s, (hX)— Adp(h)X.

A non-zero element & € s is called extrinsically symmetric (or mi-
nuscule coweight), if

adi(§)* = —adi(¢),

or equivalently, if the eigenvalue spectrum of ad(§) equals {—i,0,4}.
For a description of extrinsically symmetric elements in terms of roots
we refer to [MQTIZ, Lem. 2.1] and also to [KING4].

A symmetric R-space is an isotropy orbit (s-orbit)

M = Ady(H)E C s,

of S where £ € s is an extrinsically symmetric element.
If S is an irreducible symmetric space of compact type, we call M
indecomposable. If S is an irreducible symmetric space of compact
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type, but not a compact simple Lie group, M is an indecomposable
symmetric R-space of non-hermitian type (see e.g. [BCOO3, p. 310f.)).

2.2. Hermitian symmetric spaces of compact type as R-spaces.
If S is a compact connected semi-simple center-free Lie group G, then
L is isomorphic to G X G. (see [HZ8, Chap. IV, §6]). The linear isotropy
representation on the tangent space T.G is isomorphic to the adjoint
representation of G on g.

Let £ € g be extrinsically symmetric and assume that the projec-
tions of ¢ onto the simple factors of g never vanish. It is well-known
(see [CIB8, pp. 165 ff.] and [HI]) that P := Ad(G){ C g, endowed
with the Riemannian metric induced by the scalar product —B; on g,
is a hermitian symmetric space of compact type. Let X € P, then
Ad (exp (7/2- X)) and ad(X) coincide on Tx P C g and they define a
Kahler structure Jx of P at the point X, that is

(1) Jx = Ad(exp (7/2 - X)) |7y p = ad(X)|1yp,

which turns P into a hermitian symmetric space.

The geodesic symmetry sx of P at the point X extends to the reflec-
tion py of g along the normal space NxP = {Y € g: ad(X)Y = 0}
given by the involutive automorphism

2) px = Ad(exp(n X))

of g. Finally, G can be identified with the identity component of the
isometry group of P.

Conversely every hermitian symmetric space P of compact type can
be realized as such an orbit ([[id8, pp. 165 ff.] and [HIZ]) in the Lie
algebra of its infinitesimal isometries. If we endow this Lie algebra
with a scalar product that coincides on each irreducible factor with the
Cartan-Killing form up to a suitable negative constant, this embed-
ding is isometric. We call this the standard embedding of a hermitian
symmetric space of compact type.

2.3. Real forms of hermitian symmetric spaces. Following Take-
uchi [MT&], a real form of a hermitian symmetric space P is a con-
nected component of the fixed point set of some involutive and anti-
holomorphic isometry f of P. Therefore real forms are in particular
totally geodesic real submanifolds of P.

3. THE PROOF

In this section we present a geometric proof of Takeuchi’s result, The-
orem [ (see [MX]). As a major tool we use in Paragraph B3 the results
of Eschenburg, Tanaka and the author on the extension of isometries
of hermitian symmetric spaces published in [EQTT]].
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3.1. The proof of the first implication. The arguments presented
in this paragraph are classical and straight forward. They may also be
adapted to more general situations.

Let S be a symmetric space of compact type, o € S a base point,
o, the corresponding Cartan involution and | = § & s the induced
Cartan decomposition of the semi-simple Lie algebra [ of infinitesimal
isometries of S. Let £ € s be an extrinsic symmetric element and M :=
Ady(H)E a symmetric R-space. We may assume that no projection of
& onto a simple factor of [ vanishes.

The inclusion H — L of the identity component H of the isotropy
group of o into the identity component L of the full isometry group of
S provides a natural inclusion

of the symmetric R-space M into the hermitian symmetric space P.
The linear endomorphism F' := —o, of [ preserves the scalar product
on [ and maps adjoint orbits onto adjoint orbits. Since £ lies in s,
the (—1)-eigenspace of o,, £ is a fixed point of F. Thus F' leaves P
invariant and f := F'|p is an involutive isometry of P. Let f, denote the
differential of f at the fixed point £. To show that f is anti-holomorphic,
it is sufficient to verify that f.(JeX) = —Jefo(X) for all X € T¢P,
because the complex structure J of P is parallel. Equation O implies

f*(‘]§X) = F[S,X] = _U*KaX] = _[0—*570_*X]
= [g,U*X] = _[57 FX] = _‘]ﬁf*(X)

Recall that T¢P is the orthogonal complement in [ of {X € [ :
(X, &) = 0} and T¢M is the orthogonal complement in s of {X € s :
(X, &) = 0} (see e.g. [BCOM, p. 71)). Thus TeM = TP Ns and M is
a connected component of the fixed point set of f. This shows that M
is a real form of P.

3.2. The proof of the converse implication. We now show the
converse, namely that every real form of a hermitian symmetric space
P of compact type is a symmetric R-space.

Since P is simply connected (see e.g. [HZ8, Ch. VIII, Thm. 4.6]), P
is a product of its irreducible de Rham factors

P=P x..x Py,

where each factor is an irreducible hermitian symmetric space of com-
pact type (see [BVEA, Cor. 8.7.11]). An involutive anti-holomorphic
isometry f either respects a de Rham factor or permutes isometric
de Rham factors pairwise. Thus it is sufficient to only consider the
following two cases:

(I) P is the Riemannian product of two equal irreducible hermitian
symmetric spaces () of compact type, that is P = @ x ), and f
interchanges both factors.
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(II) P is irreducible.

We start by investigating the first case. Let ¢ denote the isometry of
P =@ x @ that just interchanges both factors, that is ¢(z,y) = (y, )
for all z,y € Q. Then f has the form f = (fi1 x f2) o 7 where fi2
are isometries of . Since f is involutive we get f, = f;', that is
f=(f1 x fi!) o 7. The fixed point set of f,

{(z,y) € P: f(x,y) = (z,9)} = {(z, [ '(x)) : = €Q},
is isomorphic to ) and hence a symmetric R-space.

To treat the second case we actually prove the following sharpened
formulation of Theorem [

Proposition 2. Every real form of an irreducible hermitian symmetric
space P of compact type is an indecomposable symmetric R-space of
non-hermitian type.

If P=Ad(G)¢ C gis a standardly embedded irreducible hermitian
symmetric space of compact type, then the Lie algebra g of its infin-
itesimal isometries is simple. We consider g endowed with the scalar
product that coincides with By up to a negative factor. The Cartan
involution corresponding to (P,§) is pe given in Equation B. The in-
duced Cartan decomposition is g = €@ p, where £ is the fixed point set
of Pe-

Let f be an involutive anti-holomorphic isometry of P and assume
that f fixes £ € P. We denote by M the connected component of the
fixed point set of f that contains £&. Then M is a real form of P and
we must only show that M is an indecomposable symmetric R-space
of non-hermitian type.

The differential f, of f at ¢ is an involutive linear automorphism of
p = T P. The fixed point set m of f, is canonically identified with the
tangent space T¢ M.

Following the reasoning in [EQTT3, Sect. 3] we consider the Lie group
automorphism

¢:G—=G, g— fogof
of the identity component G of the full isometry group of P. Since ¢
leaves the stabilizer K of € in GG invariant, its differential ¢, at the iden-
tity induces an automorphism of €. We conclude (see [EQTT3, Lemma

3.1]) that
$«(§) € {££}
Lemma 3. ¢.(§) = —¢.

Proof. Assume that ¢, (§) = £. Then the derivative of the one-parameter
family

R G, s (exp(s- €)) = foexp(s - €) o f
at s = 01is ¢.(§) = £ Hence

exp(s-&) = foexp(s-&)of forallseR.
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The geodesic v in M that starts at £ € M in direction X € m\ {0}
is given by v(t) = Ad(exp(tX))¢§ = exp(tX).§. Taking s = J we get
m

exp (g : £> () = (f o exp (5 : £> o f) ()
= (foexn (5-€)) 2.

The derivative at ¢t = 0 yields

(1-o0(on (5-9),) ¥ =1 (20 o0 5-6)) )

= fi(JX)=d (eXp (g -§>>5X = Ad (exp <g §)> X =JX

(see Equation M). The equation fi(JeX) = JX = Jefi(X) for a
nonzero X € m = T, M contradicts the fact that f is anti-holomorphic.
g

The proof of Lemma 3.1 in [EQTT3] shows that
Fi=—6.0pcig—g

extends the isometry f of P C g to a linear isometry of the ambient
space g.

Lemma 4. 7 := —F = ¢, 0 p¢ is an involutive automorphism of g that
commutes with pe.

Proof. As a composition of two automorphisms, 7 is obviously an auto-
morphism of g. Recall that ¢, preserves £ and therefore also p. Notice
further that pe = Ad(exp(n§)) is the identity on € and —Id on p. This
implies

P« 0 pe = pg © Ps.
Hence 7% = ¢ 0 pf = Id and 70 p¢ = ¢ = pe o 7. O

Thus (g, 7) is an orthogonal involutive Lie algebra (see e.g. [BAZR4,
Ch. 8]). Let b be the fixed point set of 7 and s the fixed point set of
F. Then the orthogonal decomposition

g=hds

is the Cartan decomposition of some irreducible pointed symmetric
space S of compact type (see e.g. [MAR4, Sect. 8.3]), which is not a
compact Lie group (see e.g. [HIR, p. 379]).

Moreover, since 7 and pe commute, we get a common eigenspace
decomposition

g=t. ot_dp_Dp,,

where 6 =¢, Gt_, p=p_Dpy, h=¢t, ®&p, and s =*t_ D p_. Notice
that ¢ €t Csand that m=pnNs=p_.

We observe that M is the connected component of PNs that contains
¢. Let H be the identity component of the closed subgroup of G formed
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by all elements g € G enjoying the property Adg(g)s = s. Since the
decomposition g = h @ s is orthogonal, we get Adg(h)h = b for all
h € H. One easily checks that § is the Lie algebra of H.

Since the representation Adg(H)|s is isomorphic to the s-representation
of some irreducible symmetric space of compact type, which is not a
compact Lie group, the following Lemma implies Theorem :

Lemma 5. M = Adg(H)E.

Proof. The inclusion Adg(H)¢ C M is evident. Since both M and
Adg(H)E are compact submanifolds of P without boundary, it now
suffices to show that the dimensions of M and Adg(H)E coincide.

The Lie algebra of the stabilizer of { in Hist, = {X € bh: ad(X){ =
0} and therefore dim(Adg(H)E) = dim(p.). On the other hand we have
dim(M) = dim(m) = dim(p_). The automorphism Ad(exp(7/2-&)) of
g, which coincides on p with J¢ (see Equation 0), identifies p_ with p_.
Indeed for X € py we get:

- (Ad (exp (g : g)) X) — Ad (exp (g : r(g))> 7(X)

— +Ad (exp (-- - 5)) X
= +Ad (exp (5 -€) ) (Ad(exp(— - £))X)
= +Ad (exp (5 €) ) (Ad(exp(r - €)X)
— FAd (exp (g €)X,

In the last equality used Equation B. O
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