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Homogenized elasticity solvers
for biomorphic microcellular ceramics

R. H. W. Hoppe, S. I. Petrova

Summary. Processing of ceramic composites from biologically derived materials has re-
cently attained particular interest. Biomorphic microcellular silicon carbide ceramics from
wood with anisotropic porous microstructures pseudomorphous to wood have been produced
in the last few years. The mathematical microstructural model related to the inelastic behav-
ior of the new composite materials is formulated. The development and implementation of
optimal strategies for the mechanical performance of the ceramic composites are based on a
homogenized macrostructural model. The latter is obtained by assuming a periodical distribu-
tion of the microstructure treated as an infinitesimal square periodicity cell. The homogenized
elasticity coefficients are computed numerically by using a finite element discretization of
the cell. Efficient solution techniques for the stationary homogenized equation in the whole
domain are proposed in the case of linear elasticity.

1 Introduction

Biotemplating is a new concept for preparation of ceramic composite materials with
biomorphic microstructures which has attracted a great deal of interest recently. In
contrast to engineering materials, biological structures exhibit a hierarchically built
anatomy, developed and optimized in a long-term genetic process. Their inherent
cellular, open porous morphology can be used for liquid or gaseous infiltrations and
subsequently for high temperature reaction processes. For instance, wood is a natural
composite which exhibits an anisotropic, porous morphology with excellent strength
at low density, high stiffness, elasticity, and damage tolerance. A typical feature of
wood structure is its system of tracheidal cells which provide the transportation path
for water and minerals within the living tree. This open porous system is accessible
for infiltration of various metals.

Among the large variety of ceramic composites, new biomorphic cellular silicon
carbide (SiC) ceramics from wood were recently produced and investigated (cf., e.g.,
[6, 7]). The preparation of SiC ceramic materials includes two processing steps (see
Fig. 1). Biological porous carbon preforms (also called C g-templates) can be derived
from different wood structures by drying and high-temperature pyrolysis at temper-
atures between 800 and 1800°C and used as templates for infiltrations by gaseous
or liquid silicon (Si) to form SiC and SiSiC-ceramics, respectively. During high-
temperature processing, the microstructural properties of the bio-organic preforms
were retained, so that a one-to-one reproduction of the original wood structure was
obtained. The resulting cellular composites show low density, high specific strength,
and excellent high temperature stability.

The paper is organized as follows. Section 2 describes the constitutive microstruc-
tural model for the inelastic behavior of biomorphic cellular silicon carbide ceramics.
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where o.(x) = E.(x)e(u.) is the stress tensor, u, is the displacement field, and
e(us) = DT u, is the linearized strain tensor, where

89 9
_ 0
D= 0 0 et
dy dx
The elasticity tensor E.(x) := E(x/¢) = E(y) is piecewise constantly defined
on the periodicity cell Y. The elasticity coefficients E;ju (y), i, j, k,I = 1,2, are

assumed to be Y-periodic functions (i.e., take equal values on opposite sides of Y).
The displacement field #, can be expanded as

u(0) =uOx, ) +euPVx, y) +E2u®@, )+, 6)

where u/) (x, y) are Y -periodic in y. Under assumptions of symmetry and ellipticity
of the elasticity coefficients E; jx;(y) it was shown (cf., e.g., [4]) that the sequence {u}
of solutions of (5) tends weakly in H, as ¢ — 0, to the vector function u®x)eH,
independent of y, which is the solution of the following problem defined in € with
a constant elasticity tensor:

—dive(x) = f(x) in 2. @)

Here, 0(x) = EHe,(u©) is the so-called homogenized stress tensor, E H is the
homogenized elasticity tensor with constant components Egkl (called homogenized

or effective coefficients), and u© (x) is the homogenized displacement vector. The
homogenized elasticity tensor has the form

H H
Efin Efip O
H H
E” = Ezhén Eypy O : ®
o o0 EE,

Using the convention of summation on repeated indices, we can write the homoge-
nized coefficients in (8) as (see, e.g., [2, 3,9, 10])

H 1 o&!
Eiju = m/y Eijki(y) — Eiqu()’)m dy, )

where £ = £ (yy, y2) € [H'(Y)]? is a Y-periodic function which is considered
as a microscopic displacement field for the following elasticity cell problem given
in a weak formulation:

Eijpg) =2 | —d =/E-~ —d Vo € Vy. 10)
,/Y( ijpg(y) 8}’q) 8y; y y Ukl(y)ayj y ¢ Y (

Here, Vy is the set of all admissible Y -periodic virtual displacement fields.
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Explicit formulas for the homogenized elasticity coefficients (9) can be found
only in the case of layered materials and checkerboard structures (cf., e.g., [2, 3,
10]). For most geometries, however, this computation has to be done numerically.
Due to the equal solutions £'> = £2! one has to solve three problems (10) in the
period Y with a left-hand side corresponding to the bilinear form

a(g*, ¢) = fy Eijpg(y) epg ) e1;() dY = fy 01 (E)ei; (§) dY.

Problem (10) is subjected to periodic boundary conditions on Y and continuity
conditions [£¥'] = 0 and [o - #] = 0 on the interfaces V-SiC and SiC-C. The symbol
[ ] denotes the jump of the function across the corresponding interface with normal
vector n (cf., e.g., [2]).

We now present computational results for solving (10) by using the finite element
method with linear basis functions. Suppose that Y = [0, 1] x [0, 1] with a number
of grid nodes on the coordinate axes Ox and Oy denoted by n, and ny, respectively.
The computations were carried out over a regular triangular mesh with discretization
parameters hy = 1/n, and hy = 1/ny. We fix the void region by [i3hy, ish,] x
[j3hy, jahy] for integers 1 < i3,i4 < ny, 1 < j3, ja < ny with i3 < i4 and
J3 < Ja. To define the SiC region we use integers 1 < i1 < i3, ig < ip < hy
and 1 < ji < j3, ja < ja < ny (see Fig. 3). Homogeneous periodic boundary
conditions are imposed on dY . Plane stresses, usually applicable for sufficiently thin
bodies, are assumed, so that the elasticity tensor becomes

Eun Enn 0 E 1v 0
E=|ExnEnn 0 |= T2l 0 , )
0 0 Epnp VY\00(1-v)/2

where E and v are the Young modulus and Poisson’s ratio of the corresponding
phase (V, SiC, C). To avoid singularity of the stiffness matrix during computations,
the void has to be represented by a weak material. Both mechanical characteristics
of our three materials are given in Table 1.

The preconditioned conjugate gradient (PCG) method with a block incomplete
factorization matrix exploiting block-size reduction (see [5]) as a preconditioner M
is applied to solve (10). We choose zero initial guess and a stopping criterion

(r, M7r) < 107%(ro, M~ 'ry), (12)

Table 1. Young’s modulus E and Poisson’s ratio v

material E(GPa) v

weak material 0.1 0.45
silicon carbide 410 0.14
carbon 10 0.22
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Table 2. Homogenized elasticity coefficients

nx ny | iy iy i3 g |in in in| ER, EH,. EH . EH,
10 102 8 4 6 |7 7 7 (27349 33949 27349 9.49+9
20 20 |4 16 8 12|11 11 11 |233+9 338+9 23349 8.18+9
40 40 |8 32 16 24 |19 19 19 22049 338+9 22049 7.74+9
80 80 |16 64 32 48 |36 36 35|215+9 338+9 21.5+9 7.56+9
100 100 |20 80 40 60 |45 44 45 |21.3+9 338+9 21349 7.52+9
120 120 |24 96 48 72 |54 54 5421349 33749 21349 7.50+9
160 160 |32 128 64 96 |74 73 74 |21.249 33749 21249 7.48+9
200 200 (40 160 80 120 (91 90 90 |21.1+9 3.37+9 21149 7.46+9

where r is the current residual and r is the initial residual when solving (10). The
number of iterations for solving our three problems (to find §“, & 22 and & 12y are
denoted, respectively, by it1, it2, and it3. After finding the solutions §kl, k,1=1,2,
the coefficients Egkl (see (9)) are computed by using the composite trapezoidal
quadrature rule.

The numerical results for the homogenized elasticity coefficients (8) for various
number of nodes ny, ny and jx = ix, k = 1,...,4 (cf. Fig. 3) are presented in
Table 2. Note that the sizes of the three phases (V, SiC, C) in the microstructure shown
on Fig. 3 are fixed in the chosen test (see the values of iy, i3, i3, i4 when varying ny
and ny). The aim of this experiment is to obtain more precise effective coefficients
when refining the mesh.

4 The homogenized equation. Numerical experiments

In this section, we present some computational results for solving the homogenized
elasticity equation (7). Suppose that the structure in €2 is subjected to a macroscopic
body force and a macroscopic surface traction. The finite element discretization
results in the following system of linear equations to be solved numerically:

Au=f, (13)

where u is the vector of unknown displacements in x- and y-coordinates and f is the
discrete right-hand side of (7). The matrix A is symmetric and positive definite but
not an M-matrix. Denote the corresponding displacement components by u,(cx), u,(cy ).
Two different orderings are often used in practice, namely,

(u(lx), ugy), uéx), ugy)’ e u,(/tx)’ u;y)) , (14)
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referred to as a pointwise displacements ordering, and

(uix), ugx), ,u,(lx),uiy), ugy), ,uﬁ,y)) , 15)
referred to as a separate displacements ordering. In the first case, the resulting stiff-
ness matrix A = A®°") can be seen as a discretization matrix, consisting of elements
which are small 2 x 2 blocks. In the second case, A = A®°%K) admits the 2 x 2
block structure

A]1 A12
A= . 16
[A21 Azz] (16)

The PCG method is applied to solve the system (13). We propose two approaches
to construct a preconditioner for A:

(1) construct a preconditioner for A point),
(2) construct a preconditioner for A®1°K) of the type

[ Mu O
M-|: 0 M22:|' an

Note that the diagonal blocks A;;, i = 1,2, in (16) are discrete analogs of the
anisotropic Laplacian operators
2 32 82 82
A11—a£ +b£, A22—ba +05,

where a = E/(1 — v?) and b = 0.5E/(1 + v). This anisotropy requires special
care when constructing an efficient preconditioner for the iterative solution method.
Based on Korn’s inequality, it can be shown that A and its block diagonal part are
spectrally equivalent. The condition number of the preconditioned system depends
on the Poisson ratio of the materials and the constant in Korn’s inequality. The latter
is related only to the shape of the domain and the boundary conditions, so that the
constant of spectral equivalence is independent of the number of unknowns in the
algebraic system.

We have two possibilities for constructing M in case (2).

(2a) Construct some approximations to the diagonal blocks of M (we have chosen
incomplete Cholesky factorization) and use M as a preconditioner for A = A ®lock)
within the PCG method. For each iteration we solve problems with the approximated
blocks only once.

(2b) Set M;; = A;i, i = 1,2, and use an inner-outer type solution method.
During each outer iteration we solve systems with A;; using another (inner) iterative
procedure where A;; are preconditioned by other matrices. The inner solver can be
considered as a variable-step preconditioner since its action depends on the inner
stopping criteria used and, hence, it changes from one outer iteration to another.

The domain € is chosen to be a circle which corresponds naturally to a cross
section of our original wood structure (see Fig. 4). We use MATLAB to generate
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