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Preface

In Spring 1996 Yasha Eliashberg gave a Nachdiplomvorlesung (a one semester
graduate course) “Symplectic geometry of Stein manifolds” at ETH Zirich. Kai
Cieliebak, at the time a graduate student at ETH, was assigned the task to take
notes for this course, with the goal of having lecture notes ready for publication by
the end of the course. At the end of the semester we had some 70 pages of typed
up notes, but they were nowhere close to being publishable. So we buried the idea
of ever turning these notes into a book.

Seven years later Kai spent his first sabbatical at the Mathematical Sciences
Research Institute (MSRI) in Berkeley. By that time, through work of Donaldson
and others on approximately holomorphic sections on the one hand, and gluing
formulas for holomorphic curves on the other hand, Weinstein manifolds had been
recognized as fundamental objects in symplectic topology. Encouraged by the in-
creasing interest in the subject, we dug out the old lecture notes and began turning
them into a monograph on Stein and Weinstein manifolds.

Work on the book has continued on and off since then, with most progress hap-
pening during Kai’s numerous visits to Stanford University and another sabbatical
2009 that we both spent at MSRI. Over this period of almost 10 years, the con-
tent of the book has been repeatedly changed and its scope significantly extended.
Some of these changes and extensions were due to our improved understanding of
the subject (e.g. a quantitative version of J-convexity which is preserved under ap-
proximately holomorphic diffeomorphisms), others due to new developments such
as the construction of exotic Stein structures by Seidel-Smith, McLean and others
since 2005, and Murphy’s h-principle for loose Legendrian knots in 2011. In fact,
the present formulation of the main theorems in the book only became clear about
a year ago. As a result of this process, only a few lines of the original lecture notes
have survived in the final text (in Chapters 2-4).

The purpose of the book has also evolved over the past decade. Our original goal
was a complete and detailed exposition of the existence theorem for Stein structures
in [42]. While this remains an important goal, which we try to achieve in Chapters
2-8, the book has evolved around the following two broader themes. The first one,
as indicated by the title, is the correspondence between the complex analytic notion
of a Stein manifold and the symplectic notion of a Weinstein manifold. The second
one is the extent to which these structures are flexible, i.e.; satisfy an h-principle.
In fact, until recently we believed the border between flexibility and rigidity to
run between subcritical and critical structures, but Murphy’s h-principle extends
flexibility well into the critical range.

The book is roughly divided into “complex” and “symplectic” chapters. Thus
Chapters 2-5 and 8-10 can be read as an exposition of the theory of J-convex
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functions on Stein manifolds, while Chapters 6-7, 9 and 11-14 provide an intro-
duction to Weinstein manifolds and their deformations. However, our selection of
material on both the complex and symplectic side is by no means representative
for the respective fields. Thus on the complex side we focus only on topological as-
pects of Stein manifolds, ignoring most of the beautiful subject of several complex
variables. On the symplectic side, the most notable omission is the relationship
between Weinstein domains and Lefschetz fibrations over the disc.

Over the past 16 years we both gave many lecture courses, seminars, and talks
on the subject of this book not only at our home institutions, Ludwig-Maximilians-
Universitdt Miinchen and Stanford University, but also at various other places such
as the Forschungsinstitut fiir Mathematik at ETH Ziirich, University of Pennsyl-
vania in Philadelphia, Columbia University in New York, the Courant Institute of
Mathematical Sciences in New York, University of California in Berkeley, Wash-
ington University in St. Louis, the Mathematical Sciences Research Institute in
Berkeley, the Institute for Advanced Study in Princeton, and the Alfréd Rényi
Institute of Mathematics in Budapest. We thank all these institutions for their
support and hospitality.

Many mathematicians and students who attended our lectures and seminars
or read parts of preliminary versions of the book provided us with valuable com-
ments and critical remarks. We are very grateful to all of them, and in particular
to M. Abouzaid, S. Akbulut, J. Bowden, V. Braungardt, J. Daniel, T. Ekholm,
C. Epstein, J. Etnyre, C. Fefferman, F. Forstneri¢, U. Frauenfelder, A. Gersten-
berger, R. Gompf, A. Huckleberry, P. Landweber, J. Latschev, L. Lempert, R. Lip-
shitz, C. Llosa Isenrich, D. McDuff, M. McLean, K. Mohnke, J. Morgan, E. Mur-
phy, S. Nemirovski, L. Nirenberg, K. Nguyen, A. Oancea, N. @Qvrelid, P. Ozsvath,
L. Polterovich, P. Seidel, A. Stadelmaier, A. Stipsicz, D. Thurston, T. Vogel,
E. Volkov, J. Wehrheim, and C. Wendl.

We thank G. Herold, T. Miiller, and S. Priifer for creating the figures.

And most of all, we thank our spouses, Suny and Ada, for their continued
support.



Introduction

1.1. An overview

Stein manifolds. A Stein manifold is a properly embedded complex subma-
nifold of some CV. As we show in this book, Stein manifolds have built into them
symplectic geometry which is responsible for many phenomena in complex geometry
and analysis. The goal of this book is a systematic exploration of this symplectic
geometry (the “road from Stein to Weinstein”) and its applications in the complex
geometric world of Stein manifolds (the “road from Weinstein to Stein”).

Stein manifolds are necessarily noncompact, and properly embedded complex
submanifolds of Stein manifolds are again Stein. Stein manifolds arise, e.g., from
closed complex projective manifolds X ¢ CPYN: If H ¢ CP" is any hyperplane,
then the affine algebraic manifold X \ H is Stein. Using this construction, it is not
hard to see that every closed Riemann surface with at least one point removed is
Stein. In fact, as we will see below, any open Riemann surface is Stein. Already
this example shows that the class of Stein manifolds is much larger than the class
of affine algebraic manifolds.

Stein manifolds can also be described intrinsically. The characterization most
relevant for us is due to Grauert [77]. Let (V,J) be a complex manifold, where
J denotes the complex multiplication on tangent spaces. To a smooth real-valued
function ¢ : V — R we can associate the 1-form d®¢ := d¢ o J and the 2-form
Wy = —dd®¢. The function is called (strictly) plurisubharmonic or, as we prefer
to say, J-convez if gy(v,w) = wy(v, Jw) defines a Riemannian metric. Since gy
is symmetric, this is equivalent to saying that w, is a symplectic (i.e., closed and
nondegenerate) form compatible with J, i.e., Hy = g4 — iwy is a Hermitian metric.
A function ¢ : V' — R is called exhausting if it is proper (i.e., preimages of compact
sets are compact) and bounded from below.

Since the function ¢y (z) := |22 on C¥ is exhausting and i-convex with re-
spect to the standard complex structure i on CV, every Stein manifold admits an
exhausting J-convex function (namely the restriction of ¢g to V). A combination
of theorems of Grauert [77] and Bishop—Narasimhan [18, 144] asserts that the
converse is also true: A complex manifold which admits an exhausting J-convex
function is Stein.

Note that the space of exhausting J-convex functions on a given Stein manifold
(V,J) is convex, and hence contractible. It is also open in C?(V), so a generic J-
convex function is a Morse function (i.e., it has only nondegenerate critical points)
and a generic path of J-convex functions consists of Morse and generalized Morse
functions, i.e., functions with only non-degenerate and birth-death type critical
points.
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Weinstein manifolds. A Weinstein structure on a 2n-dimensional manifold
V is a triple (w, X, ¢), where w is a symplectic form, ¢ : V' — R is an exhausting
generalized Morse function, and X is a complete Liouville vector field which is
gradient-like for ¢. Here the Liouville condition means that the Lie derivative L xw
coincides with w. The quadruple (V,w, X, ¢) is called a Weinstein manifold. . We
will see that homotopic (for an appropriate definition of homotopy, see Section 11.6)
Weinstein manifolds are symplectomorphic. This structure was introduced in a
slightly different form by A. Weinstein in [187] and then formalized in [49]. It has
since then become a central object of study in symplectic topology, see e.g. [32,
169, 24].

As it was explained above, after fixing an exhausting J-convex generalized
Morse function ¢ : V' — R on a Stein manifold (V,.J) one can associate with the
triple (V. J, ¢) the symplectic form wg. It turns out that the gradient vector field
Xy = V,,0 of ¢, computed with respect to the metric g4 which it generates, is
Liouville with respect to the form wg. After composing ¢ with a suitable function
R — R we may further assume that the vector field X, is complete. Then the
assignment

(J,¢) = W(J, ¢) = (wg, X, D)
yields a canonical map from Stein to Weinstein structures. A different choice of
exhausting J-convex generalized Morse function leads to a homotopic, and hence
symplectomorphic, Weinstein manifold. Note that this map forgets the most rigid
datum, the integrable complex structure J. A major theme of this book is the
reconstruction of Stein structures from Weinstein structures (the “road from Wein-
stein to Stein”).

From Weinstein to Stein. We say that two functions ¢,¢’ : V. — R are
target equivalent if there exists an increasing diffeomorphism ¢ : R — R such that
¢’ = go¢. In the following theorem we always have to allow for target reparametriza-
tions, i.e., replacing functions by target equivalent ones, but we suppress this trivial
operation from the notation.

THEOREM 1.1. (a) Given a Weinstein structure 0 = (w, X, ¢) on V, there
exists a Stein structure (J,¢) on V' such that Q0(J, ¢) is Weinstein homotopic to
W with fixed function ¢.

(b) Given a Weinstein homotopy 20, = (wy, X¢, @), t € [0,1], on V' beginning
with Wo = W(J, p), there exists a Stein homotopy (Ji, d:) starting at (Jo, Po) =
(J, ) such that the paths W (J¢, 1) and W, are homotopic with fized functions ¢y
and fized at t = 0. Moreover, there exists a diffeotopy hy 'V — V with hy = 1d
such that hiJ, = J for all t € [0,1].

(¢) Given a Weinstein homotopy W, = (wi, X¢, ¢r), t € [0,1], on V' connect-
ing Wo = W(Jo, po) and Wy = W(Jy, 1) with ¢ = ¢1 fort € [%,1], there
exists a Stein homotopy (Ji, ¢1) connecting (Jo, ¢o) and (J1, 1) such that the paths
W (Jy, ¢1) and Wy are homotopic with fized functions ¢ and fixed at t =0, 1.

Theorem 1.1 fits in the following more global, partially conjectural picture.
To avoid discussing subtleties concerning the appropriate topologies on the spaces
of Stein and Weinstein structures, we restrict our attention here to the compact
case. Let W be a compact smooth manifold W with boundary. In the following
discussion we always assume that all considered functions on W have OW as their
regular level set. A Stein domain structure on W is a pair (J, ¢), where J is a
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complex structure and ¢ : W — R is a J-convex generalized Morse function. A
Weinstein domain structure on W is a triple (w, X, ¢) consisting of a symplectic
form on W, a generalized Morse function ¢ : W — R, and a Liouvile vector field
X which is gradient-like for ¢. Let us denote by Gtein and einstein the spaces of
Stein and Weinstein domain structures on W, respectively. Let 2totrse be the space
of generalized Morse functions on W.

We have the following commutative diagram

M . .
Weinstein

X %

MNorse

where 20(J, ¢) = (wy, Xy, ¢) as above, moy(w, X, ¢) := ¢ and 7s(J, @) := ¢. Con-
sider the fibers Gtein(¢) := 7' (4) and Weinstein(p) := my (¢) of the projections
T and oy over ¢ € Morse.

Gtein

THEOREM 1.2. The map Wy := Wstein(e) @ Otein(¢) — Weinstein(¢) is a
weak homotopy equivalence.

Note that (a compact version of) Theorem 1.1 (a) is equivalent to the fact that
the map 2y induces an epimorphism on 7y, while Theorem 1.1 (c) implies that
the induced homomorphism is injective on 7y and surjective on ;. Conversely, it
is easy to see that Theorem 1.1 (b) and injectivity of 2, on 7y imply Theorem 1.1
(c).

To put Theorem 1.1 (b) into a more global framework, let us denote by D
the identity component of the diffeomorphism group of W. Fix a Stein domain
structure (J, ¢g) on W (the function ¢y will play no role in what follows; the only
important fact is that it exists). For a function ¢ € Ptorse we introduce the spaces

Dj(¢p) :={h € D| ¢is h*J-convex},
Py(¢) :=={(h,7) | h € D;(¢), 7:[0,1] — Weinstein(¢), v(0) = W(h"J,¢)},
Pr= J Ps)

PEMorse
We denote by einstein; the connected component of R (J, ¢g) in Weinstein (for
any choice of ¢g; the component is independent of this choice).

CONJECTURE 1.3. The projection mp : Py — QWeinsteing, (h,v) — (1) is a
Serre fibration.

Note that (a compact version of) Theorem 1.1 (b) is just the homotopy lifting
property of mp for homotopies of points, so it is a special case of Conjecture 1.3.
We believe that this conjecture can be proven by further developing techniques
discussed in this book. By an easy topological argument (see Appendix A.1),
Conjecture 1.3 combined with Theorem 1.2 would imply

CONJECTURE 1.4. The map 20 : Gtein — Weinstein is a weak homotopy equiv-
alence.

Let us emphasize that we are interested in this book in the classification of
Stein structures up deformation, and not up to biholomorphism. The classification
of Stein complex structures up to biholomorphism is very subtle. For example,
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C>-small deformations of the round ball in C*, n > 2, give rise to uncountably
many pairwise non-biholomorphic Stein manifolds. See e.g. [116] for an exposition
of this beautiful subject.

Existence of Stein structures. Theorem 1.1 reduces complex-geometric
questions about Stein manifolds to symplecto-geometric questions about Weinstein
manifolds. Our next task is to develop techniques for answering those questions.

Let us first analyze necessary conditions for the existence of a Weinstein (or
Stein) structure on a given smooth manifold V' of real dimension 2n. Clearly,
one necessary condition is the existence of an almost complex structure J, i.e., an
endomorphism of the tangent bundle with J? = —Id. A second necessary condition
arises from the following property of Morse functions with gradient-like Liouville
fields (see Chapter 2): their Morse indices are < n. By Morse theory, this implies
that V has a handlebody decomposition with handles of index at most n. This
observation of Milnor [139] was the result of a long development, beginning with
Lefschetz [121] and followed by Serre [170] and Andreotti-Frankel [7].

It turns out that for dimg V' # 4 these two conditions are sufficient for the
existence of a Weinstein structure on V', so in combination with Theorem 1.1 (a)
we get the following existence theorem which was proved in [42]:

THEOREM 1.5 (existence of Stein structures). Let (V,J) be an almost complex
manifold of dimension 2n # 4 and ¢ : V. — R an exhausting Morse function without
critical points of index > n. Then there exists an integrable complex structure J
on V' homotopic to J for which the function ¢ is target equivalent to a J-convez
function. In particular, (V,J) is Stein.

We prove in this book several refinements and extensions of this result, some
of which are due to Gompf [71, 72, 73] and Forstneric-Slapar [63].

Theorem 1.5 settles the existence question for Stein structures in dimensions
# 4. In dimension 4 the situation is drastically different. For instance, Lisca and
Matic¢ proved in [125] that S? x R? does not admit any Stein complex structure. On
the other hand, Gompf proved the following topological analogue of Theorem 1.5:

THEOREM 1.6 (Gompf [70]). Let V be an oriented open topological 4-manifold
which admits a (possibly infinite) handlebody decomposition without handles of index
> 2. Then V is homeomorphic to a Stein surface (i.e., a Stein manifold of complex
dimension 2). Moreover, any homotopy class of almost complex structures on V is
induced by an orientation preserving homeomorphism from a Stein surface.

Let us point out that the Stein surfaces in Theorem 1.6 are usually not of finite
type, where a Stein manifold is said to be of finite type if it admits an exhausting
J-convex function with only finitely many critical points. Gompf’s result which
uses the technique of Casson handles, as well as Lisca-Mati¢’s theorem which uses
Seiberg-Witten theory, are beyond the scope of this book. See however Chapter 16
for some related discussion. For example, we prove that S? x R? is not homeomor-
phic to any Stein surface of finite type.

Deformations of Stein structures. It turns out that the Weinstein prob-
lems in parts (b) and (c¢) of Theorem 1.1 cannot be reduced, in general, to differential
topology even when dim V' > 4. On the contrary, they are tightly related to the
core problems of symplectic topology.
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It is easy to see that a Weinstein structure (w, X, ¢) on R?” for which ¢ has
no other critical points besides the minimum is symplectomorphic to the stan-
dard structure on R?". On the other hand, as we already pointed out, homotopic
Weinstein structures are symplectomorphic. Seidel-Smith [167], McLean [137] and
Abouzaid-Seidel [3] have recently constructed for each n > 3 infinitely many “ex-
otic” Weinstein sructures on R?" which are not symplectomorphic to the standard
one and which, moreover, are pairwise non-symplectomorphic. Then Theorem 1.1
(a) allows us to transform these Weinstein structures to Stein structures which are
not Stein homotopic among each other and to C™, in particular they do not admit
exhausting J-convex functions without critical points of positive index.

One can also reformulate this result as a failure of the following “J-convex h-
cobordism problem”: Let W be a smooth cobordism between manifolds d_W and
0+ W. A Stein structure on W is a complex structure J on W which admits a
J-convex function ¢ : W — R which has 9. W as its regular level sets. Then the
above results by Abouzaid, McLean, Seidel and Smith imply that for each n > 3
there exists a Stein cobordism (W, J) diffeomorphic to S?"~! x [0,1] for which the
corresponding J-convex function ¢ cannot be chosen without critical points.

By contrast, we prove the following uniqueness theorem in complex dimension
two (first sketched in [47]; for the diffeomorphism part see [83, 43, 133]).

THEOREM 1.7. Let (W, J) be a minimal compact complex surface with J-convex
boundary diffeomorphic to S®. Suppose that there exists a symplectic form w taming
J, i.e., such that w is positive on complex directions. Then W is diffeomorphic to
the 4-ball and admits a J-convex Morse function ¢ : W — R which is constant on
OW and has no other critical points besides the minimum.

Here a complex surface (i.e., a complex manifold of complex dimension 2) is
called minimal if it contains no embedded holomorphic spheres of self-intersection
—1. See Chapter 16 for a discussion of related uniqueness results due to McDuff,
Hind, Wendl and others.

It turns out that the Weinstein problems can be reduced to differential topology
in the subcritical case when the Morse functions have no middle-dimensional critical
points. Moreover, based on work of Murphy [143] who discovered that in contact
manifolds of dimension > 3 there is a class of Legendrian knots which obey an h-
principle, we define a larger class of flexible Weinstein manifolds for which problems
of symplectic topology can be reduced to differential topology. For example, we have

THEOREM 1.8. Let V' be a manifold of dimension 2n # 4,  a homotopy class of
non-degenerate (not necessarily closed) 2-forms on'V, and ¢ : V. — R an exhausting
Morse function without critical points of index > n. Then:

(a) There exists a flexible Weinstein structure (w, X, ¢) on V with w € Q, and
this structure is unique up to Weinstein homotopy.

(b) Every diffeomorphism of V preserving the homotopy class ) is diffeotopic
to a symplectomorphism of (V,w).

Another application of the flexible technique is the following

THEOREM 1.9. Let (V,J) be a contractible Stein manifold. Then V x C ad-
mits an exhausting J-conver Morse function with exactly one critical point, the
MINImum.
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For our final application, recall that the pseudo-isotopy problem in differentiable
topology concerns the topology of the space £(M) of functions on M x [0, 1] without
critical points that are constant on M x 0 and M x 1. Work of Cerf, Hatcher—
Wagoner, Igusa and Waldhausen has led to a description of mo&(M) for dim M > 7
in terms of algebraic K-theory.

Given a topologically trivial Stein cobordism (M x [0,1],.J) one can ask about
the topology of the space £(M x [0,1],J) of J-convex functions without critical
points that are constant on M x0 and M x 1 (provided that this space is non-empty).
Understanding of the topology of the inclusion map Z : E(M x [0,1],J) — E(M) is
the content of the J-convexr pseudo-isotopy problem. We prove the following result
in this direction.

THEOREM 1.10. If dim M > 3 and the Stein structure J is flexible, the homo-
morphism I, : mo&(M x [0,1],J) = mo&(M) is surjective.

We conjecture that Z, is an isomorphism.

1.2. Plan of the book

This book is organized as follows.

In Chapters 2 and 3 we explore basic properties and examples of J-convex func-
tions and hypersurfaces. In particular, we prove Richberg’s theorem on smoothing
of J-convex functions and derive several important corollaries.

In Chapter 4 we construct special hypersurfaces that play a crucial role in
extending J-convex functions over handles.

The next two chapters contain background material which is standard but
sometimes not easy to find in the literature. The necessary complex analytic back-
ground is discussed in Chapter 5, and the symplecto-geometric one in Chapter 6.

In Chapter 7 we review several h-principles which we use in this book. We
begin with a review of the Smale-Hirsch immersion theory and Whitney’s theory
of embeddings. We then discuss Gromov’s results about symplectic and contact
isotropic immersions and embeddings, Murphy’s h-principle for loose Legendrian
knots, and Gromov’s theory of directed embeddings and immersions with appli-
cations to totally real embeddings. We finish this chapter with an h-principle for
totally real discs with Legendrian boundaries, which we deduce from previously
discussed h-principles and which plays an important role in the proofs of the main
results of this book.

Theorem 1.5 is proved in Chapter 8. This chapter also contains several new
results concerning surrounding of subsets by J-convex hypersurfaces, with applica-
tions to holomorphic and polynomial convexity. We also prove here several refine-
ments of Theorem 1.5, some of which are due to Gompf and Forstneri¢—Slapar.

In Chapter 9 we review Morse-Smale theory and the h-cobordism theorem.
In particular, we discuss basic facts concerning gradient-like vector fields. We
also review the “two-index theorem” of Hatcher and Wagoner and basic notions
of pseudo-isotopy theory.

In Chapter 10 we develop a Morse-Smale type theory for J-convex functions.
In particular, we show how the Morse-theoretic operations which are used in the
proof of the h-cobordism theorem — reordering of critical points, handle-slides, and
cancellation of critical points — can be performed in the class of J-convex functions.

In Chapter 11 we introduce Weinstein structures and study their basic proper-
ties. We discuss Stein and Weinstein homotopies, and we introduce the classes of
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¢

subcritical and flexible manifolds which play an important role for the “road from
Morse to Weinstein”.

In Chapter 12 we discuss modifications of Weinstein structures near critical
points and stable manifolds and prove Weinstein analogues of the results proven in
Chapter 10 for J-convex functions.

In Chapter 13 we prove a more precise version of Theorem 1.5 by first con-
structing a Weinstein structure and then proving Theorem 1.1 (a).

Chapters 14 and 15 contain our main results about deformations of Weinstein
and Stein structures. In Chapter 14 we classify flexible Weinstein structures up
to homotopy and show that the problem of simplification of the Morse function
corresponding to a flexible Weinstein structure can be reduced to Morse-Smale
theory. In particular, we prove Theorem 1.8.

In Chapter 15 we show that every Weinstein homotopy can be transformed to
a Stein homotopy. In particular, we prove Theorem 1.1 (b) and (c¢) and deduce
various corollaries including Theorems 1.9 and 1.10.

Chapter 16 concerns the situation in complex dimension 2. In particular, we
discuss the method of filling by holomorphic discs and prove Theorem 1.7. We also
discuss the classification of Stein fillings of 3-dimensional contact manifolds and
review known results about Stein surfaces.

Finally, in Chapter 17 we sketch McLean’s construction of exotic Stein struc-
tures in higher dimension and explain how they are distinguished by symplectic
homology.

Notation. Throughout this book we use the following notation: For a subset
A C X of a topological space we denote by Int A and A its interior resp. closure,
and A € B means that A is a compact subset of Int B. For A closed we denote by
Op A a sufficiently small (but not specified) open neighborhood of A.

Manifolds are always assumed to be smooth and second countable.






Part 1

J-Convexity






J-Convex Functions and Hypersurfaces

In this chapter we introduce the notion of J-convexity for functions and hy-
persurfaces and discuss their relation. After considering some basic properties and
examples, we derive an explicit formula for the normalized Levi form on C".

2.1. Linear algebra

A complex vector space (V,J) is a real vector space V of dimension 2n with
an endomorphism J satisfying J2 = —Id. Scalar multiplication of v € V with
a + ib € C is then defined by (a + ib)v := av + bJv. A Hermitian form on (V,J) is
an R-bilinear map H : V xV — C which is C-linear in the first variable and satisfies

H(X,Y) = H(Y,X). If H is, moreover, positive definite it is called a Hermitian
metric. We can write a Hermitian form H uniquely as

H=9—1w,
where ¢ is a symmetric and w a skew-symmetric bilinear form on the real vector
space V. The forms g and w determine each other:
9(X,)Y) =w(X,JY), w(X,Y)=9(JX,Y)
for X,Y € V. Moreover, the forms w and ¢ are invariant under J, which can be
equivalently expressed by the equation
w(JJX,Y)+w(X,JY)=0.

Conversely, given a skew-symmetric J-invariant form w, we can uniquely reconstruct
the corresponding Hermitian form H:

(2.1) H(X,Y):=w(X,JY) —iw(X,Y).
For example, consider the complex vector space (C",4) with coordinates z; = x1 +
WY1y -y 2Zn = Ty + 1Yp. It carries the standard Hermitian metric

n
(v,w) = Zvju?j = (v, w) — iwst (v, w),
Jj=1

where (-, -) is the Euclidean metric and wg, = Z;’L:I dx; Ady; the standard symplectic
form on C".
For a symmetric bilinear form @ : V x V — R we denote the corresponding
quadratic form
Q:V =R, Qv) :=Q(v,v)
by the same letter. Recall that the symmetric bilinear form can be recovered from
the quadratic form by

Q) = L QW +w) Q) ~ Q(w) ).

13
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We can uniquely decompose a quadratic form on a complex vector space (V, J) into
its complex linear and antilinear parts,

Q) = Q%) +Q°(w),
Q%) = 3 (@) + QUv)) =
- ot -0}

The quadratic form Q is called J-convez if Q%(v) > 0 for all v # 0.

Q(C

—QC Jv).

ExaMPLE 2.1. For the quadratic form
n
(2.2) Q(2) =>_(Nad + )
j=1

on C" we have Q%(z) = %Z] (Aj + 15)]2j|% So Q is i-convex if and only if
(2.3) Aj+p; >0foralj=1,...,n

Note that geometric convexity implies i-convexity but not conversely, since ¢-con-
vexity only requires that the average of the coefficients over each complex line is
positive.

In fact, this example captures all i-convex quadratic forms:

LEMMA 2.2. Ewvery i-conver quadratic form @Q: C* — R can be put in the
form (2.2) by a complex linear change of coordinates, where the coefficients Aj, u;
satisfy (and are uniquely determined by) the conditions

(24) )‘j+/u‘j:2a )‘jZ/u'ja 1 < pe <o < .

PROOF. A general quadratic function can be uniquely decomposed into its
complex linear and antilinear parts as

Z) = E az-jzifj -+ Re E bijzizj 5 aij = djia bij = bjl

Under a complex linear coordinate change z; — ), cir2, the matrices A = (a;;)
and B = (b;;) transform as

A CTAC, Bw— C'BC

for C' = (¢;5) € GL(n,C). Using this, we can first transform the Hermitian matrix
A to a diagonal matrix with entries 0 or +1. Since A represents the complex linear
part Q, which is positive by hypothesis, we obtain A = Id. Now we can still
transform B according to B + C?BC for unitary matrices C' (thus preserving
A =1d). By a lemma of Schur (see e.g. [183]), using this we can transform B to a
diagonal matrix with nonnegative real entries v; and thus @ to
n
= Z (12> + v;Re (z?)) =

j=1 J

-

((1 + l/j).’L‘? +(1- yj)y?) .

1
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Of course, using rescalings z; — r,2; we can vary the form of @, e.g. to the
following one that will be useful:

k n
(2.5) Q) =Y (Nl —y)+ > (i +y)), A >0
j=1 j=k+1

2.2. J-convex functions

An almost complex structure on a smooth manifold V' of real dimension 2n is
an endomorphism J : TV — TV satisfying J2 = —Id on each fiber. The pair (V, J)
is called an almost complex manifold. 1t is called a complexr manifold if the almost
complex structure J is integrable, i.e., J is induced by complex coordinates on V.
By the theorem of Newlander and Nirenberg [149], a (sufficiently smooth) almost
complex structure J is integrable if and only if its Nijenhuis tensor

N(X,Y):=[JX,JY] - [X,Y] - J[X,JY] - JJX,Y], X, YeTV,

vanishes identically. An integrable almost complex structure is called a complex
structure.

In the following let (V, J) be an almost complex manifold. To a smooth function
¢ : V — R we associate the 2-form

¢ = —dd"¢,
where the differential operator d€ is defined by
d°¢(X) = dp(JX)

for X € TV. The form wy is in general not J-invariant. However, it is J-invariant
if J is integrable. To see this, consider the complex vector space (C™,¢). Given a
function ¢ : C* — R, define the complex valued (1, 1)-form

n 2
00 dzi NdZ
¢ Z 821'3% * %
i,j=1
Using the identities
deOi:’L'de, déjoi:—idzj

we compute

co- (3 dzjowsidz]oz)—z@fdzﬂ {55,15)

J
dd¢ = —2i Z

dzZ NdZ;.

Hence
(2.6) wg = 2i00¢

and the i-invariance of wy follows from the invariance of 99¢.
A function ¢ : V — R on an almost complex manifold is called J-convez ' if
we(X,JX) > 0 for all nonzero tangent vectors X. If wy is J-invariant it defines

1Throughoutz this book, by convexity and J-convexity we will always mean strict convexity
and J-convexity. Non-strict (J-)convexity will be referred to as weak (J-)convexity.
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by (2.1) a unique Hermitian form

Hy = gy —iwg, g = we(-, J)

and ¢ is J-convex if and only if the Hermitian form Hy is positive definite.

EXAMPLE 2.3. Let f : C® D U — C be holomorphic. Then |f|? is weakly i-
convex. Moreover, outside the zero set of f the function log | f| satisfies dd®(log|f])
= 0.

From (2.6) we can derive a simple expression for the form Hy associated to a

2
function ¢ : C* — R in terms of the Hermitian matrix a;; := 85 oz, . For v,w e C"

we have
W¢(U, w) =2 Z aijdzi A dij (’U, w) =2 Z Qij (UﬂDj — wiﬁj)
=21 Z(aijviu’)j — aijﬁiwj) = —4Im (Z aijviu’}j),
hence
2.7 =4 W .
(2.7) (v, w) ;1 32,132]” Wy

The Hermitian form Hy, is related to the (real) Hessian Hessy (given by the matrix
of real second derivatives) as follows:

¢ o P P
Hess¢(v,w) = Z(m’l}iwj + —F BE Z‘aij aZla, i+ mmwj)

2

0
= 2Re Z(&% ~VW; + 821(,;#;] Uﬂf)]),

and hence

Hessg (v, w) + Hessg (v, iw) = 4Re Z 920 ¢ Uzwj = go(v,w).

In particular, the corresponding quadratic forms Hy(v) = Hy(v,v) and Hessy(v) =
Hessg (v, v) satisfy

(2.8) Hy(v) = Hessg (v) + Hessg (iv),

i.e., Hy is twice the complex average of Hessg.

The (Morse) index of a critical point of ¢ is the maximal dimension of a
subspace on which the real Hessian Hess,, is negative definite. The normal form (2.5)
shows

COROLLARY 2.4. The Morse index of a critical point of an i-convex function
¢: C" = R is at most n.

This corollary is fundamental for the topology of Stein manifolds. We will give
an alternative proof in Section 2.8 and generalize it to almost complex manifolds
in Section 3.1.

The relation (2.8) generalizes to Kéhler manifolds, as we will explain now. We
refer to [12] for basic facts about Kéhler geometry. A Kdhler manifold is a complex
manifold (V, J) with a Hermitian metric H = g —iw satisfying the Kéhler condition
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dw = 0. Alternatively, the Kéhler condition can be expressed as VJ = 0, i.e., the
complex structure J is parallel with respect to the Levi-Civita connection V of the
metric g.

Using the metric ¢ = (, ) we associate to a smooth function ¢ : V' — R its
gradient vector field V¢ defined by d¢ = (V¢,-) and its (real) Hessian Hess, :
T,V x T,V — R defined by

Hess(X,Y) :=(VxV®,Y) =X -do(Y) — dp(VxY).

Torsion freeness of the Levi-Civita connection and d(d¢) = 0 yields the symmetry
Hess(X,Y) = Hess(Y,X). On a Kéhler manifold we use VJ = 0 to compute for
)\¢ = —dc¢2
dAg (X, JY) = X - A (JY) = (JY) - Ap(X) = A ([X, JYT])
=X X (JY) = (JY) - Ap(X) = A (JVXY — Vv X)
=X dp(Y) + (JY) - dp(JX) — dp(VxY) = dp(V sy JX)
= Hessy(X,Y) + Hessy (J X, JY).

So we have shown

PROPOSITION 2.5. For a smooth function ¢ : V. — R on a Kdhler manifold the
Hermitian form Hy is related to the real Hessian Hessy by

Hy(X) = Hessg(X) + Hessy (JX).

2.3. The Levi form of a hypersurface

Let 3 be a smooth (real) hypersurface in an almost complex manifold (V,.J).
Each tangent space 1,2 C T,,V, p € X, contains a unique maximal complex sub-
space &, C 1,2 which is given by

& =T, N JT,E.

These subspaces form a codimension one distribution £ C T3 which we will refer
to as the field of complex tangencies. Suppose that 3 is cooriented by a transverse
vector field v to X in V such that Jv is tangent to X. The hyperplane field £ can
be defined by a Pfaffian equation {« = 0}, where the sign of the 1-form « is fixed
by the condition a(Jv) > 0. The 2-form

wy 1= dae

is then defined uniquely up to multiplication by a positive function. As in the
previous section we may ask whether wy, is J-invariant. The following lemma gives
a necessary and sufficient condition in terms of the Nijenhuis tensor.

LEMMA 2.6. Let (V,J) be an almost complex manifold. The form ws is J-
invariant for a hypersurface ¥ C V if and only if N|ex¢ takes values in §. The form
wy s J-invariant for every hypersurface X C V if and only if for all XY € TV,
N(X,Y) lies in the complex plane spanned by X and Y. In particular, this is the
case if J is integrable or if V' has complex dimension 2.
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PRrROOF. Let ¥ C V be a hypersurface and a a defining 1-form for £. Extend
« to a neighborhood of ¥ such that a(r) = 0. For X, Y € £ we have [X,Y] € T
and therefore J[X,Y] = av + Z for some a € R and Z € £. This shows that

a(J[X,Y])=0
for all X,Y € £. Applying this to various combinations of X, Y, JX and JY we

obtain
a(N(X.Y)) = a([JX, JY]) - a([X,Y)),
a(JN(X, Y)) = a([X, JY]) + a([J X, Y]).
The form ws, is given by
ws(X,Y) = %(X ca(Y) — Y - alX) - a[X, Y}) - —%a([X7 Y)).
Inserting this in the formulae above yields
—%a(N(X, Y)) — s (JX,JY) — ws(X,Y),

1
—§a<JN(X, Y)) = ws (X, JY) +ws(JX,Y).
Hence the J-invariance of wy; is equivalent to
a(N(X7Y)) - a(JN(X, Y)) —0,

ie, N(X,Y) € ¢ for all X, Y € £ This proves the first statement and the ‘if’ in
the second statement. For the ‘only if’ it suffices to note that if N(X,Y") does not
lie in the complex plane spanned by X and Y for some X,Y € TV, then we find a
hypersurface ¥ such that X,Y € £ and N(X,Y) ¢ €. O

A hypersurface ¥ is called Levi-flat if wy, = 0. This is exactly the Frobenius
integrability condition for the field of complex tangencies £ on . Hence, on a
Levi-flat hypersurface, £ integrates to a real codimension 1 foliation.

The hypersurface X is called J-convez (resp. weakly J-convez) if ws(X, JX) >
0 (resp. > 0) for all nonzero X € &. If wy, is J-invariant it defines a Hermitian form
Ly, on & by the formula

Ly(X,Y) = ws(X,JY) — iwg(X,Y)

for X,Y € £. The Hermitian form Ly, is called the Levi form of the (cooriented) hy-
persurface ¥. We will also use the notation Ly (X) for the quadratic form Ly (X, X).
Note that ¥ is Levi-flat if and only if Ly = 0, and J-convex if and only if Ly is
positive definite. We will sometimes also refer to wy; as the Levi form. As pointed
out above, the Levi form is defined uniquely up to multiplication by a positive
function.

Given a J-convex hypersurface and a defining 1-form « for the field of complex
tangencies &, the 2-form da has rank dimg ¥ — 1. Hence there exists a unique vector
field R on X satisfying the conditions

a(R) =1, igpda = 0.

If the hypersurface X is given as a regular level set {¢ = 0} of a function ¢ : V' — R,
then we can choose a = —d®¢ as the 1-form defining ¢ (with the coorientation of
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Y given by d¢). Thus the Levi form is given by
ws(X,Y) = —dd“¢(X,Y) = wy(X,Y).

This shows that regular level sets of a J-convex function ¢ are J-convex (being
cooriented by d¢). It turns out that the converse is also almost true (similarly to
the situation for convex functions and hypersurfaces):

LEMMA 2.7. Let ¢ : V — R be a smooth function on an almost complexr ma-
nifold without critical points such that all its level sets are compact and J-convez.
Then one can find a convex increasing function f : R — R such that the composition
f oo is J-convex.

PRrROOF. For a function f: R — R we have
d°(fog) = f o0 d,
Wrop = —dd“(fod) = —f"0pdd Nd“G+ "0 ¢ ws.

By J-convexity of the level sets, there is a unique vector field R on V associated as
above to the defining 1-form —dC¢ for the fields of complex tangencies ¢ satisfying

dp(R) =0, —d“¢(R)=1,  igwyle =0.
Then TV =RR®RJR @ £ and for Y € £ we have
Wiop(R,Y) = Wiog (R, JY) =0,  wrog(Y, JY) = f 0 ¢ wy(Y,JY) > 0.
Let us pick a J-invariant metric on TV = RR®RJR @ ¢ satisfying |R| = |JR| =1
and wy(Y,JY) > |Y|? for Y € & Using —dp A d°¢(R, JR) = 1, we compute for
X=aR+bJR+Y €TV =RR®RJRG:
wrop(X, JX) = (a® + 0°)[f" + f'wy(R, JR)] + bf'wy(JR, JY)
+af'ws(Y, JR) + flwe (Y, JY),
where we have abbreviated [’ = f'o¢ and f” = f"” o¢$. By compactness of the level

sets there exists a smooth function h : R — [1, 00) satisfying h(y) > 2max {g—,y[we|-.
Abbreviating h = h o ¢ and using h? > h, we can estimate

Wros(X, JX) = (a® + V) [f" = B[] = hf'Va® + B2|Y | + f'|Y|?
1
> (@ + P)f — oW F) 4 5 PV
Now solve the linear differential equation f”(y) = 2h(y)?f'(y) with initial condition

f'(yo) > 0. The solution exists for all y € R and satisfies f’ > 0, so fo¢ is J-convex
in view of

Wrop(X, JX) > = f'[(a* + *)h? + Y] > 0.

| =

]

REMARK 2.8. The proof of the preceding lemma also shows: If ¢ : V — R
is J-convex, then f o ¢ is J-convex for any function f : R — R with f’ > 0 and
f// Z 0.

REMARK 2.9. Consider a hypersurface ¥ in an almost complex manifold (V, J)
and an almost complex submanifold W C V transverse to ¥. Then X N W is a
hypersurface in (W, J) with field of complex tangencies ¢ NTW and the Levi form
of XNW equals the restriction of Ly to ENTW. In particular, 3 is J-convex if and
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only if ¥ N W is J-convex for all almost complex submanifolds W C V transverse
to ¥ of complex dimension 2.

2.4. Completeness

A vector field is called complete if its flow exists for all forward and backward
times. For a J-convex function ¢, we define its gradient V ,¢ with respect to gy =
wg (-, J) by dp = g4(Veo,-). (Note that g, is nondegenerate but not necessarily
symmetric.) In general, V4¢ need not be complete:

ExAMPLE 2.10. The function ¢(z) := /1 + |z]|? on C satisfies

0%¢ _ 0 z B 1
020z 8z~/1+|z|2 1+|z|23’
50 gp = 4(1 + |2|2)73/2( | ), where (, ) is the standard metric. In particular, ¢ is
i-convex. Its gradient is determined from

dp — rdr +ydy 4

VIHEE TR
thus Vg¢ = %(z% + ya%). A gradient line y(¢) with |y(0)] = 1 is given by

~v(t) = h(t)y(0), where h(t) satisfies b’ = %h. This shows that (¢) tends to
infinity in finite time, hence the gradient field V4¢ is not complete.

<V¢¢, '>7

However, the gradient field V4¢ can always be made complete by composing
¢ with a sufficiently convex function. Recall that a function ¢ : V' — R is called
exhausting if it is proper and bounded from below.

PROPOSITION 2.11. Let ¢ : V — [a,00) be an exhausting J-convex function
on an almost complex manifold. Then for any diffeomorphism f : [a,00) — [b,00)
such that " > 0 and lim, .o f'(y) = oo, the function f o ¢ is J-conver and its
gradient vector field is complete.

PRrROOF. The function ¢ := f o ¢ satisfies
dd® = f"opdp Nd ¢+ f o ¢ dd"¢.
In particular, ¥ is J-convex if f’ > 0 and f” > 0. We have
9u(X,Y) = —dd“(X, JY)
= +f"0 ¢ [dp(X)dp(Y) + d°¢(X)d“d(Y)] + ' 0 ¢ g4(X,Y).
Let us compute the gradient V1. We will find it in the form
V) = AVgo

for a function A : V' — R. The gradient is determined by

96(Vy,Y) = dp(Y) = f' 0 ¢ dp(Y)

for any vector Y € TV. Using do(V48) = g4(Vsd, Vo) =: V4|2 and d°¢(V 40)
= 96(Ve0, JV4¢) = 0, we compute the left hand side as

gu(Vy),Y)
= MF" 06 [d6(V50)dd(Y) + d°6(Vd)d°6(Y)] + ' 6 95(V6,Y) }
= Mf" 0 [Voods(Y) + f' 0 6 dp(¥)}.
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Comparing with the right side, we find
A= Soo .
"o ¢ |Ved|* + o
Since ¢ is proper, we only need to check completeness of the gradient flow for

positive times. Consider an unbounded gradient trajectory v : [0,T) — V| ie., a
solution of

Bty = Voo(r(1)),  limo(r(1) = oc.

Here T can be finite or +co0. The function ¢ maps the image of v diffeomorphically

onto some interval [¢,00). It pushes forward the vector field V¢ (which is tangent
to the image of 7y) to the vector field

6:(Vo6) = h(y) o

* o) - Yy aya

where ¢ and y are the coordinates on [0,7T") and [c, 00), respectively, and

h(y) = [Veol* (67 (y)) > 0.
Similarly, ¢ pushes forward V1 = AV4¢ to the vector field

o fyhly) 9 _ o(y)
Ay f"(y)h(y) + f'(y) dy ’

Hence completeness of the vector field V1 on the trajectory v is equivalent to
the completeness of the vector field v on [¢,00). An integral curve of v satisfies

% = v(y), or equivalently,

G« (Vyt0) = A (o7 (y)) hly)

_ S"Wh(y) + ')
R
Thus completeness of the vector field v is equivalent to
_ [T+ ) [T )dy [T dy
s / Pk YT / f'y) +/c h(y)’

The first integral on the right hand side is equal to fcoo d (ln f! (y)), so it diverges if
and only if lim,_, . f'(y) = oc. O

We will call an exhausting J-convex function completely exhausting if its gra-
dient vector field V¢ is complete.

2.5. J-convexity and geometric convexity

Next we investigate the relation between i-convexity and geometric convexity.
Consider C"* = C"~! @ C with coordinates (21, ..., 2,_1,u + iv). Let ¥ C C" be
a hypersurface which is given as a graph {u = f(z,v)} for some smooth function
f:C" @R — R. Assume that £(0,0) = 0 and df(0,0) = 0. Every hypersurface
in a complex manifold can be locally written in this form.

The Taylor polynomial of second order of f around (0,0) can be written as

(2.9) Tof(z,v) = Zaijziij + 2Re Z bijzizi +vl(z,2) + cv?,

i,j 4,J
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where [ is some linear function of z and 2, and a;; = %(0,0). Let ¥ be
i0Zj

cooriented by the gradient of the function f(z,v) — u. Then the 2-form ws; at the
point 0 is given on X,Y € £ = C"~! by

ws(X,Y) = 2000f(X,Y) =2i Y _ aidz Adz;(X,Y)
,J
(2.10) =20 a(X,Y; — X;Y;) = 2Re (Qi 3 ainin>
i,5 ,J

= —4Im (AX,Y),

where A is the Hermitian (n — 1) x (n — 1) matrix with entries a;;. Hence the Levi
form at 0 is

Ly = 4(A-, ).

If the function f is (strictly) convex, then

TQf(Z, 0) + TQf(ZZ, 0) =2 Z aijziéj
ij
is positive for all z # 0, so the Levi form is positive definite. This shows that
geometric convexity of ¥ implies i-convexity. The converse is not true, see the first
example in Section 2.7 below. It is true, however, locally after a biholomorphic
change of coordinates.

PROPOSITION 2.12 (Narasimhan). A hypersurface ¥ C C™ is i-convex if and
only if it can be made geometrically convez in a neighborhood of each of its points
by a biholomorphic change of coordinates.

PRrROOF. The ‘if’ follows from the discussion above and the invariance of i-
convexity under biholomorphic maps. For the converse write ¥ in local coordinates
as a graph {u = f(z,v)} as above and consider its second Taylor polynomial (2.9).
Let w = u 4 iv and perform in a neighborhood of 0 the biholomorphic change of
coordinates w — U + 0 := w — 2, b;jzizj. Then v = v+ O(2) and

”(7 = Za,;jzizj —+ 5[(2’, Z) =+ C%Q =+ 0(3)

After another local change of coordinates w’ = v’ +iv’ := @ — Aw?, A € R, we have
v =0+ O(2) and

u =4 AV)?+0B) =Y aiyzz+01(z,2) + (c+ N (@) + O0(3).

For A sufficiently large the quadratic form on the right hand side is positive definite,
so the hypersurface ¥ is geometrically convex in the coordinates (z,w’). O

2.6. Normalized Levi form and mean normal curvature

In a general (almost) complex manifold (V,J) the Levi form Ly of a cooriented
hypersurface ¥ is invariantly defined only up to multiplication by a positive func-
tion. However, any Hermitian metric H = g — iw on (V,J) provides a canonical
choice of defining 1-form « = i,w, where v is the unit normal vector field along X
defining the coorientation. In this case, we will call the form

Ls(X) == d(iyw)(X, JX)
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the normalized Levi form of 3. Note that if ¥ = ¢~1(0) for a function ¢ : V — R
with |V¢(p)| = 1, then the 1-forms i,w and —d®¢ coincide at p and thus

(2.11) Ly(X) = —dd°¢(X,JX), X €T,%.

In certain situations the normalized Levi form can be expressed in terms of curva-
ture, as we will now explain.

Consider first a cooriented hypersurface ¥ in R™ with the Euclidean metric
(, ). Tts second fundamental form

Il :TY - R

can be defined as follows. For X € T, ¥ let v : (—¢,€) = X be a curve with 7(0) =
and 4(0) = X. Then

ITs(X) := =(3(0),v),
where v is the unit normal vector to ¥ in x defining the coorientation. The matrix
representing the second fundamental form equals the differential of the Gauss map
which associates to every point its unit normal vector. Our sign convention is
chosen in such a way that the unit sphere in R™ has positive principal curvatures

if it is cooriented by the outward pointing normal vector field. The mean normal
curvature along a k-dimensional subspace S C T, X is defined as

k
1
7 E IIE(Ui)
i=1

for some orthonormal basis vq,...,v; of S. If ¥ is given as a graph {z, =
f(x1,...,2p—1)} with f(0) = 0 and df(0) = 0, then for X € R""! we can choose
the curve

A1) = (X, /(X))
in ¥. Taking the second derivative we obtain

2
(2.12) IIs(X)=> ajafx -(0)X;X; =212 f(X),
ij Rt

where T f is the second order Taylor polynomial and ¥ is cooriented by the gradient
of the function f — x,. This leads to the following geometric characterization of
i-convexity.

PrOPOSITION 2.13. The normalized Levi form of a cooriented hypersurface
3 C C™ with respect to the standard complex structure i and the standard Hermitian
metric is given at a point z € ¥ by

(2.13) Ls(X) = IT(X) + I (iX)

for X € T,%. Thus X is i-convez if and only if at every point z € X the mean
normal curvature along any complex line in T, is positive.

PRrROOF. Write ¥ locally as a graph {u = f(z,v)} with f(0,0) = 0 and df (0,0) =
0, and such that the gradient of ¢ = f —u defines the coorientation of ¥. Consider
the second Taylor polynomial (2.9) of f in (0,0). In view of (2.12) and (2.10), twice
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the mean normal curvature along the complex line generated by X € C*~! is given
by

[T (X) + IT5(iX) = 2 (T2 FX)+ T f(z'X)) =4 a4y XX;

= —dd®f(X,iX) = —dd®¢(X,iX) = Ly (X).

Here the last equality follows from (2.11), since the gradient of the function ¢ = f—u
has norm 1 at the point (0,0,0). O

Proposition 2.13 generalizes to hypersurfaces in Kéahler manifolds as follows.
Consider a cooriented hypersurface ¥ in a K&hler manifold (V, J,w). Denote by v
the outward pointing unit normal vector field along ¥ and define the vector field
7 := Jv tangent to X. Then the field of complex tangencies £ on T is the kernel
of the 1-form

a:=g(r,) =iw.
Note that the Kéahler condition VJ = 0 implies V7 = JVv. Using this together
with the metric compatibility d(¢g(X,Y)) = g(VX,Y) + g(X,VY) and torsion-
freeness VxY — Vy X = [X,Y] of the Levi-Civita connection, we compute for
vector fields X, Y tangent to &:
do(X,)Y)=X-aY)-Y - -a(X) —a[X,Y])

=X g(T7Y) -Y- g(T7X) - g(T7 [va])

=9(Vx7,Y) = g(Vy7,X) + g(7,VxY - Vy X — [X,Y])

= g(VXT, Y) _g(VY’T,X)

= g(JVXl/ay) —g(JVyV7X)

=—9(Vxv, JY) + g(Vyv, JX)

=—IIx(X,JY)+ 1Ix(Y, JX),
where IIn(X,Y) = g(Vxv,Y) is the second fundamental form of 3. Inserting
Y = JX we obtain

PROPOSITION 2.14. Let ¥ be a cooriented hypersurface in a Kdahler manifold
(X, J,w) with second fundamental form IIs,. Then the normalized Levi form of ¥
is given by

(2.14) Ly(X)=1Ix(X)+ IIs(JX).
In particular, X is J-convex if and only if at every point x € X the mean normal
curvature along any complex line in T, is positive. (I

2.7. Examples of J-convex functions and hypersurfaces

An important class of hypersurfaces are boundaries of tubular neighborhoods of
submanifolds. In this section we examine their J-convexity for the cases of totally
real submanifolds and complex hypersurfaces.

Totally real submanifolds. A submanifold L of an almost complex manifold
(V, J) is called totally real if it has no complex tangent lines, i.e., J(TL)NTL = {0}
at every point. This condition implies dimg L < dim¢ V. For example, the linear
subspaces R¥ := {(x1,...,24,0,...,0) | 2, € R} C C" are totally real for all
k=0,...,n.
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If we are given a Hermitian metric on (V, J) we can define the distance function
distz : V — R,
disty (z) := inf{dist(z,y) | y € L}.

PROPOSITION 2.15. Let L be a properly embedded totally real submanifold of
an almost complex manifold (V,J). Then the squared distance function distzL with
respect to any Hermitian metric on'V is J-convex in a neighborhood of L. Moreover,
L has arbitrarily small neighborhoods with smooth J-convex boundary, and each such
neighborhood admits an exhausting J-convez function.

Proor. Let @ : T,V — R be the Hessian quadratic form of dist% at a point
p € L. Its value Q(z) equals the squared distance of z € T,V from the linear
subspace T,L C T,,V. (This is most easily seen in geodesic normal coordinates on

the normal bundle of L). Choose an orthonormal basis ey, Je, ..., ey, Je, of T,V
such that ey, ..., ey is a basis of T,,L. In this basis,
(St wden) = 3 #4300,
i=1 Jj=k+1 i=1

which is J-convex by (2.3). So dist? is J-convex on L and therefore by continuity in
a neighborhood of L. If L is compact this concludes the proof because {dist;, < ¢}
is a tubular neighborhood of L with J-convex boundary for each sufficiently small
e > 0, and composition of ¢ with a convex diffeomorphism f : [0,e) — [0,00)
gives an exhausting J-convex function. For noncompact L we invoke the following
argument of Grauert in [77].

Pick a locally finite open covering of L by coordinate neighborhoods U; with
smooth local coordinates z = « + iy € C™ such that J =14 along LNU; = {v =0},
where we write u = (21,...,2%) and v = (Tg41,...,Tn,Y1,---,Yn}. Pick a closed
covering W; C Uj. For each point p € W; N L consider the function fp(u,v) =
2|v|? — |u — p|?. This function is i-convex and hence J-convex at the critical point
p. Pick a closed neighborhood W C | ;i Uj of L with smooth boundary such that
2v| < dist(W;, 0U;) for all z = (u,v) € U; N W. This condition ensures that the
boundary of the open cone K, := {z € U; N W | f,(2) > 0} in W is given by
{zeU;NnW | fp(z) =0} for all p € W, N L. To see this, suppose by contradiction
that there exists a point z = (u,v) € K, N0U;. Then 2Jv|? — ju — p|*> = f,(z) >0
and the choice of W yield the contradiction

dist(W;,0U;)? < |u—p|*> + |v|* < 3Jv|?* < dist(W;, 0U;)>.

Moreover, we can choose W so small that f, is J-convex on K, for allp € W; N W.

Let ¢, := g o f,, where g(t) = e™*/* for t > 0 and 0 for ¢ < 0. So the function
¢p is positive and J-convex on K, and can be extended by zero outside to a smooth
weakly J-convex function on W. As Upe 1 Kp = W\ L, there exists a discrete set
of points p1,ps,... such that OW C J;=; Kp,. Choose constants ¢; > 0 so large
that the function ¢ := >, ¢;¢p, satisfies {¢ < 1} C W. Hence for every regular
value € € (0,1) of ¢ the set W, := {¢ < €} is a neighborhood of L with smooth
J-convex boundary contained in W.

To find an exhausting J-convex function on W, pick an exhausting function p :
L — R and extend it to V. Let distZL be as above and note that for any function g :
V' — R, the product gdist% is still J-convex along L. By choosing g appropriately
we can thus ensure that ¢ := p+ gdisti is J-convex on a neighborhood U of L. Let
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¢ : We — [0,¢] be as constructed above with W, C U. Pick a convex diffeomorpism
h:[0,e) = [0,00). Since ¢ is weakly J-convex, the function x := hogp+¢ : W — R
(with ¢ from above) is J-convex and exhausting. O

Holomorphic line bundles. A complex line bundle 7 : £ — V over a
complex manifold V' is called a holomorphic line bundle if the total space F is a
complex manifold and the bundle possesses holomorphic local trivializations. For
a Hermitian metric on E — V consider the hypersurface

E::{ZGE’|Z|:1}CE.

Complex multiplication U(1) x ¥ — 3, (e%,2) — € - 2 provides ¥ with the
structure of a U(1) principal bundle over V. Let « be the 1-form on 3 defined by

a(dila‘oei‘g . z) =1, alg =0,
where £ is the field of complex tangencies on T'3. The imaginary valued 1-form i«
defines the unique connection on the U(1) principal bundle ¥ — V for which all
horizontal subspaces are J-invariant. Its curvature is the imaginary valued (1,1)-
form  on V satisfying 7*Q = d(i«). On the other hand, « is a defining 1-form
for the hyperplane distribution { C TS, so wy, = dale defines the Levi form of X.
Thus wy, and the curvature form €2 are related by the equation

(2.15) iws(X,Y) = Q(m, X, m.Y)

for X,Y € £. The complex line bundle E — V is called positive (resp. negative) if it
admits a Hermitian metric such that the corresponding curvature form €2 satisfies

QLQ(X, JX) >0 (resp. <0)
T
for all 0 # X € TV. Since 7 is holomorphic, equation (2.15) implies

PROPOSITION 2.16. Let E — V be a holomorphic line bundle over a complex
manifold. There exists a Hermitian metric on E — V such that the hypersurface

{z€FE ‘ |z| = 1} is J-convex if and only if E is a negative line bundle. O

If V is compact, then the closed 2-form ﬁﬂ represents the first Chern class
€1 (E)’ )
i
579 =eu®)
(see [113, Chapter 12]). Conversely, for every closed (1,1)-form 5= representing
c1(E), Q is the curvature of some Hermitian connection i as above [80, Chapter
1, Section 2]. So a line bundle over V is positive/negative if and only if its first
Chern class can be represented by a positive/negative (1,1)-form. If V has complex
dimension 1 we get a very simple criterion.

COROLLARY 2.17. Let V' be a compact Riemann surface and [V] € Hy(V,R)
its fundamental class. A holomorphic line bundle E — V admits a Hermitian
metric such that the hypersurface {z € E | |z| = 1} is J-convex if and only if
a(E)-[V]<o.

For example, the corollary applies to the tangent bundle of a Riemann surface
of genus > 2.
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PROOF. Since H?(V,R) is 1-dimensional, ¢1(E) - [V] < 0 if and only if ¢1(E)
can be represented by a negatively oriented area form. But any negatively oriented
area form on V is a negative (1,1)-form. O

REMARK 2.18. If E — V is just a complex line bundle (i.e., not holomorphic),
then the total space E does not carry a natural almost complex structure. Such
a structure can be obtained by choosing a Hermitian connection on £ — V and
taking the horizontal spaces as complex subspaces with the complex multiplication
induced from V' via the projection. If we fix an almost complex structure on the
total space E such that the projection 7 is J-holomorphic, then Proposition 2.16
remains valid.

REMARK 2.19. Proposition 2.16 has the following generalization to a holo-
morphic vector bundle £ — V: A Hermitian metric on E determines a unique
Hermitian connection with curvature form Q € QU!(End E). If the curvature is
negative in the sense that iQ(X, JX) is negative definite for all 0 # X € TV, then
the function ¢(z) = |z|? on E is J-convex outside the zero section (in particular its
level sets {|z| = const > 0} are J-convex).

2.8. Symplectic properties of J-convex functions

In this section we discuss some basic symplectic properties of J-convex func-
tions. The symplectic approach to Stein manifolds will be developed systematically
starting from Chapter 11. For more background on symplectic geometry see Chap-
ter 6.

A symplectic form on a manifold V is a 2-form which is closed (dw = 0) and
nondegenerate in the sense that v — i,w defines an isomorphism 7,V — TV for
each z € V. A 1-form A such that d\ = w is symplectic is called a Liouwville form.
The vector field X that is w-dual to A, i.e., such that ixw = X, is called the Liouwille
field. Note that the equation d\ = w is equivalent to L yw = w. If X integrates to a
flow Xt : V — V then (X')*w = e'w, i.e., the Liouville flow expands the symplectic
form. Note that

(2.16) ixA=0, ixd\ = A, Lx\ =),
so the flow of X also expands the Liouville form, (X%)*\ = e‘\.
The relevance of these notions comes from the following elementary observation.
LEMMA 2.20. For a J-convex function ¢ on a complex manifold (V,J) set
wy = —dd®¢, Ag i= —do, Xy = Vo
Then wg is a symplectic form with Liouville field X4 and Liouville form Ag.
PRroo¥r. By the definition of J-convexity, wg is a symplectic form. Since Xy =
V¢ is the gradient of ¢ with respect to the metric g4 := wy(-, J-), forany Y € TV
we have
d°G(Y) = g(Vp$, JY) = —wy(Vy$,Y) = —ix,ws(Y).
Hence ix,wg = Ay and Ly, wy = dAy = wy. O
This observation has several easy but important consequences. A zero p of a

vector field X is called hyperbolic if all eigenvalues of the linearization D,X have
nonzero real parts. In this case p has an injectively immersed stable manifold

- _ . t _
w, —{xEV|tli>I£10X(m)—p},
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see Section 9.2.

LEMMA 2.21. Let (V,w) be a symplectic manifold with Liowville field X and
Liouville form X\, and let p be a hyperbolic zero of X. Then

/\|W; =0.

PROOF. Let v € W, and v € T, W, . Let ¢ : V.= V be the flow of X.
All eigenvalues of the linearization of X at p have negative real part on T,W". It
follows that the differential Ty ¢y : T,V — Ty, () V satisfies limy o0 Tt (v) = 0.
Since ¢.(x) — p as t — oo, this implies

eNe(v) = (i) (v) = Ao (2) (Tt -v) =0

as t — oo and hence A\, (v) = 0. O

In particular, the lemma implies w|Wp_ = 0, i.e., the stable manifold W~ (p) is
isotropic for the symplectic form w = dA. Since an isotropic submanifold can have
at most half the dimension of V' (see Section 6.1), it follows that

1
dim Wpf < 3 dim V.

If X = X, is the Liouville field associated to a J-convex function ¢, then dim W~
equals the Morse index of ¢ at p and we recover Corollary 2.4 (at least for non-

degenerate critical points, but the proof easily extends to the degenerate case, see
Section 11.4).

Consider next a hypersurface ¥ C V transverse to the Liouville field X of a
Liouville form A and set o := A|g. Then a A da""! is a positive volume form on ¥
(where 2n = dim V' and ¥ is cooriented by X), so « is a contact form with contact
structure § = ker a, see Section 6.5. By Lemma 2.21 the stable manifold W, of a
hyperbolic zero satisfies 04|Wp_ Az = 0, so the intersection W, N ¥ is isotropic for
the contact structure &.

Recall from Section 2.3 that on a regular level set ¥ = ¢~!(c) of a J-convex
function ¢ the contact structure £ = ker o defined by the contact form a = (A\y)|s
is just the field of complex tangencies.

We conclude this section with a notion that will play an important role in Part
IT of this book.

DEFINITION 2.22. We say that a totally real submanifold L in an almost com-
plex manifold (V,J) is J-orthogonal to a hypersurface ¥ C V if, for each point
pe LNy, J(I,L) CT,X and T,L ¢ T, %.

The second condition just means that L is transverse to 3, so A:=LNXYis a
submanifold of ¥. The first condition implies that A is an integral submanifold for
the field of complex tangencies £ on . If ¥ is J-convex and dimg L = dim¢ V' = n,
then the second condition T,L ¢ T,% follows from the first one because integral
submanifolds of the contact structure ¢ have dimension at most n — 1 (see Sec-
tion 6.5).

REMARK 2.23. (a) If L is J-orthogonal to ¥ C V and dimg L = dim¢ V, then
T, =T,(N)@J(T,L) for p € A = LNX, so the bundle TX|, is uniquely determined
by the manifolds A C L.
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(b) A totally real submanifold L is J-orthogonal to all level sets of a J-convex
function ¢ (without critical points) if and only if d®¢|; = 0, which implies that L
is isotropic for wy and intersects each level set #~1(c) in an isotropic submanifold.
If L intersects each level set in an isotropic manifold and V4¢ is tangent to L then
L is J-orthogonal to all level sets of ¢, and the converse holds for dimg L = dim¢ V'
(for the last statement note that ws(Vgg,v) = dé(v) = 0 for all v € TL implies
Ve¢ € TL for L isotropic of half dimension, see Section 6.1). In particular, the
stable manifold W of a nondegenerate critical point of a J-convex function ¢ is
J-orthogonal to all regular level sets of ¢.

Combining the preceding discussion with Morse theory (see Chapter 9), we
see that every exhausting J-convex Morse function on a complex manifold (V,J)
provides a handlebody decomposition of V' whose cells W," N {¢ > c}, where p are
critical points of ¢, are attached J-orthogonally along isotropic spheres to regular
sublevel sets {¢ < c¢}. In the proof of the existence theorem in Chapter 8 we will
proceed in the reverse direction: Starting from a Morse function which is J-convex
on {¢ < c}, we will make its attaching spheres in {¢ = ¢} isotropic and the stable
manifolds J-orthogonal in order to extend the Stein structure over the next critical
level.

2.9. Computations in C"

In this section we derive some explicit formulas for the normalized Levi form
of hypersurfaces in C", which will be used in Chapters 4 and 10.

Suppose a hypersurface ¥ C C" is given by an implicit equation ¥(z) = 0 and
cooriented by the gradient vector field

ov ov
VU =2(—,..., 7— 0
(821’ ’an> 7
along Y. Recall from (2.7) and (2.8) that the real and complex Hessian forms
Hessy, Hy of ¥ at p € C" are related by

(2.17) Hy(X) = Hessy (X) + Hessy (iX) =4 ) 85‘;’2 (p)X:X;,
i=1_"t7"

where X = (Xq,...,X,) € C".

LEMMA 2.24. The second fundamental form and the normalized Levi form of
Y are given forp € ¥ and X € T,X resp. X € &, by

Hessg (X)
IIs(X) = ——+—=, Le(X) = ———.
IV (p)| IVY(p)|
PrROOF. We first prove the formula for the second fundamental form. Consider
a curve v : (—¢,e) — X with v(0) = p and 4(0) = X. The t-derivative of the
identity W(v(t)) = 0 yields d¥(v(t)) - §(t) = 0, and another derivative at ¢ = 0
gives

_ Hu(X)

0 = Hessy (X) + (V¥(p),5(0)) = Hess,(X) — |V (p)| IIs(X).
The formula for the normalized Levi form on X € &, immediately follows from this
in view of

Ly(X) = ITg(X) + IIs(iX),  Hg(X) = Hessg(X) + Hessy (iX).
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The case n = 2. When n = 2 we have dim¢€ = 1 and thus Ly (X) has
the same value for all unit vectors X € £&. The complex line ¢ is generated by the

2(3\1/@\1;

unit vector T := — %0 a—c). Here we denote the coordinates on C™ by ({, w)

VY|
instead of (21, 22). Hence equation (2.17) and Lemma 2.24 yield
16
(218)  Lo=Ls(T) = gy (\I/<5|\Ilw|2 — 2Re (Ve W, W) + \I/wﬁ,|\114|2).

Next let us write ( = s + it, w = u + iv and suppose that ¥ C C? is given as a
graph ¥ = {v = 9¥(s,t,u)}. Then we obtain

LEMMA 2.25. The normalized Levi form of the hypersurface ¥ = {v = (s, t,u)}
C C2, cooriented by the gradient of the function W(¢,w) = (s, t,u) — v, is given
by L(X) =Lo|X|?, X €&, where
LO — (wss + "/Jtt)(l + %3) + wuu(wg + "/1152) + 2wsu(¢t - ql)uws) B 2¢tu(¢s + "/}uwt)
(1+92 + 97 +¢3)2
In particular, the hypersurface 3 is i-convex if and only if
(¢ss + wtt)(l + 1/}73) + 1/)uu(¢§ + 1/}152) + 2¢su(¢t - iﬁu%) - 2wtu(ws + wud}t) > 0.
PROOF. The expression for Ly follows from (2.18) in view of
2‘1152%4-“%7 4‘1’@:%54-1#&7 4‘\IIC|2 :¢§+wt27
2¥,, :¢u+ia 4V 5 :wuuv 4|\Ilw|2:1+7/}12“
4\IJC1D = VYsu — Wru, 4\11111\1’5 = (¢u¢s - wt) + Z(ws + wuwt)v
16 Re (lIJCu’)\I/w\IIE) = ¢bu(wu¢s - 1bt) + ¢tu(¢s =+ wu¢t)

O

The case of general n. Now we return to the case of general n. Suppose
that ¥ C C" is given as a graph ¥ = {v = ¥(z, u)}, where we denote coordinates on
C" by (z,w) with z = (21,...,2,-1) € C" ! and w = u+iv € C. Then Lemma 2.25
generalizes in a weaker form to

LEMMA 2.26. Suppose that for each fized u the function (-, u) is i-convex and
denote by H{l,nin > 0 the minimum of its complex Hessian form on the unit sphere in
Cn~L. Then the normalized Levi form of the hypersurface ¥ = {v = (z,u)} C C,
cooriented by the gradient of the function ¥ (z,w) := ¥ (z,u) — v, is bounded below
by

. Hzr/];ﬂin (1 + wﬁ) - |wuu| |dzw‘2 - 2|dz'(/)u| Idzw‘ V 1+ ¢3
min | x - Lg(X) > 2 2\3/2 :
(L+93 + |d=v[?)
ProOF. Consider a unit vector X = (Z,W) € {..,) C C", where Z =
(Z1y.oyZpq1) €C"Land W € C. Set U, := (¥,,,..., ¥, )€ C" ' Then X
satisfies 1 = | X|? = |Z]? + [W|? and

n—1
\A'
0=(X,—-)= > 7. + W,
j=1

This implies
(2.19) W0y < [Z][W.],
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which via 1 — |Z]2 = |[W|? < | Z|?|V.|?/|V,,|? yields
W[ [Wo|®

2.20 AR = )
(2.20) 2= g e~ vep

‘We further have the relations

‘IIEJ = wija z Z; wzlzjy 4|\I]Z|2 = |dzl/}|27
2V, =ty + 14, AV 5 = Yy, 4|\ij|2 = 1+17Z)12u
n—1 n—1
Veiw = Vsiu = Wijus Z |4\IlzuD|2 = Z(w.iu + wiu) = ‘dzwu‘Qv

1=1 =1

n—1 _

(2.21) [4Re > W0 ZiW| < |datu| | Z] [W].
i=1

Combining all these relations we estimate

4 n—1 n—1
Lo(X) = gy | 22 Wan i +2Re 3 WeroZiW + Wl W
7,9 =1
1 mll’l
> gy (HE 12 =20l 1Z11W] = il W)
|Z‘2 min 2 2
- W (Hw “Ilw| - 2|dz¢u| |\I/z| |\I’w‘ - ‘wuu‘ |\IJZ| )
1 min
> g (F™ () = 20l Il VT 07— [l ).

Here in the first line we have used equation (2.17) and Lemma 2.24, in the second
line (2.17) and (2.21), in the third line (2.19), and in the last line (2.20) and (2.21).
Since |[V¥|? = 1 + 42 + |d,9|?, this concludes the proof. O






Smoothing

In this chapter we develop some techniques for constructing J-convex functions.
We begin with the well-known fact that the maximum of two J-convex functions
can be uniformly approximated by J-convex functions. For this, we extend the
notion of J-convexity to continuous functions such that it is preserved under the
maximum construction, and show that any continuous J-convex function can be
smoothed (Richberg’s theorem).

In Section 3.3 we derive a condition under which the maximum and smoothing
constructions do not lead to new critical points. In Section 3.4 we show how to
deform a family of (possible intersecting) J-convex hypersurfaces into level sets of
a J-convex function, and in Section 3.5 we modify J-convex functions near totally
real submanifolds.

3.1. J-convexity and plurisubharmonicity

A C2-function ¢ : U — R on an open domain U C C is i-convex if and only if
it is subharmonic !, i.e.,

82 2

7(;5 + @ =4 8¢_
ox? = 0y? 020z
A continuous function ¢ : U — R is called subharmonic if it satisfies

Ap>m

A¢p = > 0.

for a positive continuous function m : U — R, where the Laplacian and the in-
equality are understood in the distributional sense, i.e.,

(3.1) /¢A5dmdy2/m5dxdy
U U

for any nonnegative smooth function § : U — R with compact support. The
function

mg := sup{m | inequality (3.1) holds}

is called the modulus of subharmonicity of the function ¢. Note that to find m(2)
at a point z € U we only need to test (3.1) for functions ¢ supported near z. If ¢ is a
C?-function satisfying (3.1), then choosing a sequence of functions &,, converging to
the Dirac measure of a point z € U and integrating by parts shows A¢(z) > m(z),
so for a C?-function the two definitions agree and m, = Ad.

1By “subharmonic” we will always mean “strictly subharmonic”. Non-strict subharmonicity
will be referred to as “weak subharmonicity”. The same applies to plurisubharmonicity discussed
below.

33
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If 2z = z+41iy — w = u+1iv is a biholomorphic change of coordinates on U, then

%5
(3.2) ALd de ANdy = 2i———dz Ndz = —dd®5 = A6 du A do,
020z
so inequality (3.1) transforms into
dz |2
/gf) YA (w dudv>/m )—’ du dv.
dw

This shows that subharmonicity is invariant under biholomorphic coordinate chan-
ges and therefore can be defined for continuous functions on Riemann surfaces.
Note, however, that the modulus of subharmonicity is not invariant under biholo-
morphic coordinate changes; it depends on the additional choice of a Riemannian
metric.

The following lemma gives a useful criterion for subharmonicity of continuous
functions.

LEMMA 3.1. A continuous function ¢ : U — R on a domain U C C satisfies
A¢ > m for a positive continuous function m : U — R if and only if
m(z)r? 1 [ ,
(3.3) P(2) + 2) <— | ¢(z+re?)do
4 271— 0

for all z € U and sufficiently small v > 0 (depending on z).

PrOOF. Fix a point z € U and consider the function

Y(w) = d(w) — () — =

For r > 0 sufficiently small, (3.3) is equivalent to

2 2 27
W(e)=0(x) < o | bzt re?)dd - m(z)r % Wz +rei®)do
and thus to o
P(z) < % ; V(2 4 ret?)ds.

By a standard result (see e.g. [103, Section 1.6]), this inequality is equivalent to
Av(z) > 0 in the distributional sense, and therefore to Ad(z) > tm(2)A,|w—=z[* =
m(z).

Now let (V,J) be an almost complex manifold. A complex curve in V is a 1-
dimensional complex submanifold of (V,.J). Note that the restriction of the almost
complex structure J to a complex curve is always integrable.

LEMMA 3.2. A C2%-function ¢ on an almost complex manifold (V,J) is J-convex
if and only if its restriction to every complex curve is subharmonic.

PROOF. By definition, ¢ is J-convex if and only if —dd®#(X, JX) > 0 for all
0# X eT,V,xz e V. Now for every such X # 0 there exists a complex curve
C C V passing through = with T,C = spang{X, JX} (see [152]). By formula (3.2)
above, —dd®¢(X, JX) > 0 precisely if ¢|c is subharmonic in . O

REMARK 3.3. In the proof we have used the fact that the differential operator
dd® commutes with restrictions to complex submanifolds. This is true because the
exterior derivative and the composition with J both commute with restrictions to
complex submanifolds.
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As a consequence, we obtain the following generalization of Corollary 2.4 to
the almost complex case.

COROLLARY 3.4. The Morse index (i.e., the mazimal dimension of a subspace
on which the real Hessian is negative definite) of a critical point of a J-conver
function on a 2n-dimensional almost complex manifold is at most n.

PROOF. Let p be a critical point of a J-convex function ¢ : V' — R and suppose
that its Morse index is > n. Then there exists a subspace W C T,V of dimension
> n on which the Hessian of ¢ is negative definite. Since W N JW # {0}, W
contains a complex line L. Let C be a complex curve through p tangent to L. Then
¢|c attains a local maximum at p. But this contradicts the maximum principle
because ¢|¢c is subharmonic by Lemma 3.2. (]

In view of Lemma 3.2, we can speak about continuous J-convex functions on
almost complex manifolds as functions whose restrictions to all complex curves
are subharmonic. Such functions are also called (strictly) plurisubharmonic. For
functions on C", Lemma 3.1 and the proof of Lemma 3.2 show

LEMMA 3.5. A continuous function ¢ : C* D U — R is i-convex if and only if
its restriction to every complex line is subharmonic. This means that there exists a
positive continuous function m : U — R such that
27

(3.4) o(z) + %m(z)\w|2 < % ; o(z 4+ we')do

for all z € U and sufficiently small w € C™ (depending on z).

As in the 1-dimensional case, we call the supremum of all functions m satisfying
(3.4) the modulus of i-convezity of the function ¢ : C" D U — R and denote it by
mey. Thus ¢ is i-convex if and only if my > 0. If ¢ is of class C? then Lemma 3.1
and the discussion following inequality (3.1) shows

mg(x) = min {—dd®¢(v,iv) | v € C", |v| = 1}.

More generally, for a continuous function ¢ on a complex manifold (V, J) equipped
with a Hermitian metric, we define the modulus of J-convezity my via formula (3.4)
in holomorphic coordinates for which the Hermitian metric is standard at the point
z. Note that mg depends only on J, ¢ and the Hermitian metric.

REMARK 3.6. We will need the modulus of convexity only for integrable J.
In the case of an almost complex manifold (V,J) we can define the modulus of J-
convexity as follows. We fix a Hermitian metric and a locally finite covering of V' by
coordinate neighborhoods U;. According to [152], there exists for each p € U; and
unit vector v € T,V a holomorphic disc f; p, : C D D — V with f;,,(0) =0 and
dfi p.s(1) = v. Moreover, f; ,. can be chosen to depend continuously on (p,v) in
the C%-topology. Now we define m(p) := max ; ,Mgof, , , (0), where the maximum
is taken over all unit vectors v and all 7 such that p € U;. Remark 3.3 shows that
for a C?-function ¢ : V' — R, the modulus of J-convexity is given by

(3.5) mg(r) = min {—dd®¢(X,JX) | X € T,)V, |X|=1}.
We do not know whether the definition of the modulus of J-convexity on an al-
most complex manifold depends on the chosen holomorphic discs f; p . According

to Corollary 3.16 below, in the integrable case the definition coincides with the
previous one and hence does not depend on the f; ..
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The following lemma follows from equation (3.1) via integration by parts.

LEMMA 3.7. If ¢ is a J-convex function on an almost complex manifold (V,J),
then ¢ + ) is J-convex for every sufficiently C?-small C?-function v : V — R.

Our interest in continuous J-convex functions is motivated by the following

PRrROPOSITION 3.8. If ¢ and i are continuous J-convex functions on an almost
complex manifold (V,J), then max (¢p,) is again J-conver.

More generally, let (¢x)rea be a continuous family of continuous J-convex func-
tions, parametrized by a compact space A. Then ¢ := max caPx S a continuous
function whose modulus of J-convexity satisfies

me Z min AEATLp, -

PRrROOF. Continuity of ¢ = max ycp¢) is an easy exercise. For J-convexity we
use the criterion from Lemma 3.1. Let U C V be a complex disc and choose a local
coordinate z on U. By hypothesis, condition (3.3) holds for all ¢, with functions
mx = Mg, . Set m(z) := min xeamy. At any point z € U we have ¢ = ¢, for some
A € A (depending on z). Now the lemma follows from

< — ¢ .
< 27T/¢(z+re )do
O

REMARK 3.9. If the family my, > 0 is continuous in A, then min ymg, > 0 and
thus max ¢ is J-convex. For example, by equation (3.5), this is the case if all the
J-convex functions ¢y are C? and their first two derivatives depend continuously
on \.

3.2. Smoothing of J-convex functions

For integrable J, continuous J-convex functions can be approximated by smooth
ones. The following proposition was proved by Richberg [161]. We give below a
proof following [59].

PRrOPOSITION 3.10 (Richberg [161]). Let ¢ be a continuous J-convex function
on a complex manifold (V,J). Then for every positive function h : V — R, there
exists a smooth J-convez function ¢ : V. — R such that |¢(x) — ¢(x)| < h(x) for
all x € V. If ¢ is already smooth on a neighborhood of a compact subset K, then
we can achieve Y = ¢ on K.

REMARK 3.11. (i) A continuous weakly J-convex function (i.e., one whose
restriction to each complex curve is weakly subharmonic) cannot in general be
approximated by smooth weakly J-convex functions, see [59] for a counterexample.

(ii) We do not know whether Proposition 3.10 remains true for almost complex
manifolds.

The proof is based on an explicit smoothing procedure for functions on R™.
Pick a smooth nonnegative function p : R™ — R with support in the unit ball and
Jgm p=1. For § > 0 set ps(x) := 6" p(x/d). Let U C R™ be an open subset and
set

Us:={x € U| Bs(z) CU}.
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For a continuous function ¢ : R™ D U — R define the mollified function ¢s: Us —
R,

(3.6) ¢s(x) = - oz —y)ps(y)d™y = - d(y)ps(x —y)d™y.

The last expression shows that the functions ¢s are smooth for every § > 0. The
first expression shows that if ¢ is of class C* for some k > 0, then ¢5 — ¢ as 6 — 0
in C* uniformly on compact subsets of U.

Proposition 3.10 is an immediate consequence of the following lemma, via in-
duction over a countable coordinate covering.

LEMMA 3.12. Let ¢ be a continuous J-convex function on a complexr manifold
(V,J). Let A,B C V be compact subsets such that ¢ is smooth on a neighborhood
of A and B is contained in a holomorphic coordinate neighborhood. Then for every
e > 0 and every neighborhood W of AU B there exists a continuous J-convex
function 1 : V. — R with the following properties.

e 1 is smooth on a neighborhood of AU B;
o [Y(x) — o) <e forallzeV;
e ¢ =¢ on A and outside W.

PROOF. The proof follows [59]. First suppose that ¢ is i-convex on an open
set U C C". By Lemma 3.5, there exists a positive continuous function m : U — R
such that (3.4) holds for all z € Uys and w € C™ with |w| < §. Hence the mollified
function ¢4 satisfies

s(@) + gms(aol? = [ (6o = 9)+ Thia = plol)osto)y
2T
< / ¢ —y +we')dbps(y)d™"y
n 0
2

= bs(x +we')do,
0
SO ¢s is t-convex on Uss.

Now let ¢ : V. — R be as in the proposition. Pick a holomorphic coordinate
neighborhood U and compact neighborhoods A’ C W of A and B' C B" c WNU
of B with A C int A’ € A’ C W, such that ¢ is smooth on A’. By the preceding
discussion, there exists a smooth J-convex function ¢5 : B” — R with |¢s(z) —
¢(x)| < /2 for all © € B”. Pick smooth cutoff functions g,h : V' — [0,1] such
that g = 1 on A, g = 0 outside A, h = 1 on B’, and h = 0 outside B”. Define a
continuous function ¢ : V' — R,

¢ =0+ (1—g)h(gs — ).
The function ¢ is smooth on 4’ U B', |(z) — ¢(x)| < £/2 for all z € V, ¢ = ¢ on
B\ A’) and ¢ = ¢ on A and outside B”. Since ¢ is C2 on A’ N B, the function
(1 — g)h(ds — @) becomes arbitrarily C?-small on this set for § small. Hence by
Lemma 3.7, 5 is J-convex on A’ N B” for § sufficiently small. So we can make 5
J-convex on A’ U B'. However, ¢ need not be J-convex on B” \ (A’ U B').

Pick a compact neighborhood W/ € W of A’ U B”. Without loss of generality
we may assume that € was arbitrarily small. Then by Lemma 3.7 there exists
a continuous J-convex function 7:/; : V. — R (which differs from ¢ by a C%-small
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function) satisfying v=¢—con AU B’ﬁzf ¢+eon W\ (A UDB), and v=2¢
outside W. Now the function ¢ := max (¢, 1) has the desired properties. ([

REMARK 3.13. The proof of Lemma 3.12 shows the following additional prop-
erties in Proposition 3.10:

(1) If ¢, is a continuous family of J-convex functions parametrized by a compact
space A, then the family ¢, can be uniformly approximated by a continuous family
of smooth J-convex functions vy.

(2) If ¢9 < ¢; then the smoothed functions also satisfy 19 < ;. This holds
because the proof only uses mollification ¢ — ¢g, interpolation and taking the
maximum of two functions, all of which are monotone operations.

REMARK 3.14. For a Stein manifold (V, J), Proposition 3.10 can alternatively
be proved as follows. Embed V as a proper submanifold in some CV. By Corol-
lary 5.27 below, there exists a neighborhood U of V in CN with a holomorphic
submersion 7 : U — V fixed on V. After shrinking U, we may assume that the
squared Euclidean distance function dist}, from V is smooth on U. Given a con-
tinuous J-convex function ¢ : V' — R, the function ® := ¢po 7w + dist%, :U —-Ris
i-convex and agrees with ¢ on V.

For a compact subset W C V, pick § > 0 such that the d-ball around each
point of W is contained in U and define the smooth i-convex function ®s5 on a
neighborhood of W by convolution in CV. The restriction ¢5 of ®5 to W is smooth,
J-convex and close to ¢ in CO(W). If ¢ was already smooth near some compact
subset K C Int W, then ¢ is close to ¢ in C?(K) and we can interpolate by a
cutoff function to achieve ¢5 = ¢ on K.

To approximate ¢ on the whole manifold V', pick an exhaustion Wy C W7 C - --
of V' by compact subsets with Wy C Int Wiy, and UkeN Wi = V. Using the
previous paragraph, we inductively find smoothings ¢ of ¢ on Wy, with ¢, = ¢p_1
on Wy_o. Thus the construction stabilizes and yields a smoothing of ¢ on V.

Proposition 3.8, Remark 3.9 and Proposition 3.10 imply

COROLLARY 3.15. The mazimum of two smooth J-convex functions ¢, 1 on a
complex manifold (V,J) can be C°-approzimated by smooth J-convex functions. If
max (¢, 1)) is smooth on a neighborhood of a compact subset K, then we can choose
the smoothings to be equal to max (¢,v) on K.

More generally, let (¢a)ren be a continuous family of J-convex C?-functions
whose first two derivatives depend continuously on a parameter \ varying in a
compact metric space A. Then max ycpdn can be C°-approzimated by smooth J-
convex functions. If max xea¢x is smooth on a neighborhood of a compact subset
K, then we can choose the smoothings to be equal to max ycap on K. (I

We will denote the smoothing of a continuous function ¢ : V.— R by
smooth(¢).
In particular, the smoothing of the maximum of ¢ and 1 will be written as
smooth max(¢, ).

This is a slight abuse of notation because the smoothing of a function depends on
various choices. However, the notation is justified by the fact (Remark 3.13) that
the smoothing can be done continuously in families.
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Using Proposition 3.10, we can now justify the earlier Remark 3.6 that our
definitions of the modulus of J-convexity coincide in the integrable case:

COROLLARY 3.16. Consider two holomorpic discs f,g: C D D — V in a com-
plex manifold (V, J) with f(0) = g(0) and df (0) = dg(0). Then for any continuous
J-convex function ¢ : V — R the compositions ¢po f and ¢pog have the same modulus
of i-convexity at the origin.

PRrROOF. Note first that by Remark 3.3 the statement holds if ¢ is C2. In the
continuous case, let m = m(0) > 0 be a constant such that (3.3) holds for ¢ o f
at z = 0 for all r € [0,1]. For given £ > 0 we pick a J-convex smoothing ¢ of ¢
such that |¢ — 9| < €/4 on the images of f and g. Then (3.3) holds for ¢ o f, and
hence also for 9 o g, with the same constant m and up to an error £/2. Thus (3.3)
holds for ¢ o g with the constant m up to an error €. Letting € — 0 this shows that
Mgog(0) > Mmeor(0) and the converse inequality follows similarly. O

3.3. Critical points of J-convex functions

We wish to control the creation of new critical points under the construction
of taking the maximum of two J-convex functions and then smoothing. This is
based on the following trivial observation: A smooth function ¢ : M — R on a
manifold has no critical points if and only if there exist a vector field X and a
positive function h with X - ¢ > h. Multiplying by a nonnegative volume form 2
on M with compact support, we obtain

/M(X ) > /M hQd.

Using (X - ¢)Q + ¢LxQ = Lx (¢02) = d(¢ix ) and Stokes’ theorem (assuming M
is orientable over supp 2), we can rewrite the left hand side as

/M(X L) = — /M SLx .

So we have shown: A smooth function ¢ : M — R on a manifold has no critical
points if and only if there exist a vector field X and a positive function h such that

- ¢LX92/ hQ
M M

for all nonnegative volume forms 2 on M with sufficiently small compact support.
This criterion obviously still makes sense if ¢ is merely continuous. However, for
technical reasons we will slightly modify it as follows.

We say that a continuous function ¢ : M — R satisfies X - ¢ > h (in the
distributional sense) if around each p € M there exists a coordinate chart U C R™
on which X corresponds to a constant vector field such that

—/U(bLXﬂzh(p)/UQ

for all nonnegative volume forms € with support in U. Writing 2 = g(z)d™z for a
nonnegative function g, this is equivalent to

(3.7) - /U H(2)(X - g)(2)d™z > h(p) /U g(z)d"z.

This condition ensures that smoothing does not create new critical points:
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LEMMA 3.17. If a continuous function ¢ : R™ D U — R satisfies (3.7) for a
constant vector field X and a constant h = h(p) > 0, then each mollified function
¢s defined by equation (3.6) also satisfies (3.7) with the same X, h.

PROOF. Let g be a nonnegative test function with support in U and 0 <
0 < dist(suppg,dU). Let y € R™ with |y| < §. Applying (3.7) to the function
x — g(x + y) and using translation invariance of X, h and the Lebesgue measure
dx = d™z, we find

/m— X - g(a) /<z> )X - g(o + y)da
Zh/Ug(x—Fy)dx:h/Ug(x)dx.

Multiplying by the nonnegative function ps and integrating yields

/¢a DX - ga /Bg‘“ Wps()X - gla)dy da
>h//Bé 2)ps(y dydx—h/

The next proposition shows that the condition X - ¢ > h is preserved under
taking the maximum of functions.

(]

PRrROPOSITION 3.18. Suppose the continuous functions ¢, : M — R satisfy
X-¢>h, X -1p>h with the same X, h. Then X - max (¢,1) > h.

More generally, suppose (¢x)aea is a continuous family of functions ¢y : M —
R, parametrized by a compact metric space A, such that all ¢y satisfy X - ¢ > h
with the same X, h. Then X - max ycp¢y > h.

Proor. Let U C R™ be a coordinate chart and X, h := h( ) be as in (3.7).
After a rotation and rescaling, we may assume that X = . Suppose first that
¢, are smooth and 0 is a regular value of ¢ — . Then 19 = max (¢,9) is a
continuous function which is smooth outside the smooth hypersurface ¥ := {z €

U | ¢(x) = ¢(x)}. Define the function % as 220) ¢(z) > ¢(x) and ag—x)

Oxq

otherwise. We claim that (%91 is the weak xi-derivative of 9. Indeed, for any test
function g supported in U we have (orienting ¥ as the boundary of {¢ > ¢})

[Pz | Byppar [ 2o,
v 011 {60} 011 {o<u} 071
> (o0} OT1

—/wgdxz)..-dxm—/ 99 g,
{o<vy O

99 m
/19axld

since ¢ = 1 on X. This proves the claim. By hypothesis we have % > h, so the
conclusion of the lemma follows via

/ﬁag d™x = @gdmeh/gdmm
9 U

31‘1 Xr1
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Next let ¢,1 : U — R be continuous functions satisfying (3.7). By Lemma 3.17,
there exist sequences ¢, 1, of smooth functions, converging locally uniformly to
¢,1, such that X - ¢ > h and X - ¢ > h for all k. Perturb the ¢, to smooth
functions qSk such that 0 is a regular value of qbk — g, qSk — ¢ locally uniformly,
and X - qﬁk > h—1/k for all k. By the smooth case above, the function max ((bk, Ur)
satisfies

—/ max(ggk,wk)X'gdmmz (h—l/k)/ gd™x
U U

for any nonnegative test function g supported in U. Since max (51€7 Yr) — max (¢, 1)
locally uniformly, the limit k¥ — oo yields the conclusion of the lemma for the case
of two functions ¢, .

Finally, let (¢x)xea be a continuous family as in the lemma. Pick a dense
sequence A1, Ag,... in A. Set ¢y, := max {¢x,,..., ¢} and ¢ := max xcagr. By
the lemma for two functions and induction, the functions vy, satisfy (3.7) with the
same X, h for all k. Thus the lemma follows in the limit & — oo if we can show
locally uniform convergence 5, — .

We first prove pointwise convergence 1, — 1. So let x € U. Then ¢(x) =
¢a(z) for some A € A. Pick a sequence k; such that A\, — X\ as £ — oco. Then
P, () = da(x) = P(z) as £ — oo. Since ¢y, (z) < Yy, (x) < (z), this implies
Y, () — YP(z) as £ — oo. Now the convergence ¢y (x) — (z) follows from
monotonicity of the sequence ¥y (z).

So we have an increasing sequence of continuous functions v that converges
pointwise to a continuous limit function . By a simple argument this implies
locally uniform convergence 9, — : Let € > 0 and « € U be given. By pointwise
convergence there exists k such that ¢y (x) > ¢ (z) — . By continuity of ¢ and 1,
there exists 6 > 0 such that |5 (y) — ¥r(x)| < € and | (y) — ¥(z)] < € for all y
with |y — 2| < §. This implies ¥ (y) > ¥(y) — 3¢ for all y with |y — z| < 4. In view
of monotonicity, this establishes locally uniform convergence ¥, — 1 and hence
concludes the proof of the proposition. O

Finally, we show that J-convex functions can be smoothed without creating
critical points.

PRrROPOSITION 3.19. Let ¢ : V. — R be a continuous J-convex function on a
complex manifold satisfying X - ¢ > h for a vector field X and a positive function
h:V — R. Then the J-convexr smoothing ¢ : V. — R in Proposition 3.10 can be
constructed so that it satisfies X - > h for any given function h<h.

PRrROOF. The function 1 is constructed from ¢ in Lemma 3.12 by repeated
application of the following 3 constructions:

(1) Mollification ¢ — ¢s. This operation preserves the condition X - ¢ > h by
Lemma 3.17.

(2) Taking the maximum of two functions. This operation preserves the con-
dition X - ¢ > h by Proposition 3.18.

(3) Adding a C?-small function f to ¢. Let k : V — R be a small positive
function such that supy (X - f)(x) > —k(p) for each coordinate chart U around p
as in condition (3.7) (for this it suffices that f is sufficiently C'-small). Then we
find

- [ f@X 9@ = [ (X pagta)is > k) [ st

U
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so the function ¢ + f satisfies X - (¢ + f) > h — k. In the proof of Lemma 3.12,
this operation is applied finitely many times on each compact subset of V, so by
choosing the function k sufficiently small we can achieve that X - ¢ > h. (|

Propositions 3.18 and 3.19 together imply

COROLLARY 3.20. If two smooth J-convex functions ¢, on a complex manifold
V satisfy X - ¢ > 0 and X - > 0 for a vector field X, then the smoothing ¥ of
max (¢, 1) can also be arranged to satisfy X -9 > 0. O

REMARK 3.21. (a) Clearly, Proposition 3.19 and Corollary 3.20 also hold with-
out the J-convexity condition, for functions and vector fields on a smooth manifold.

(b) Inspection of the proofs shows that Propositions 3.18 and 3.19 remain valid
if all inequalities are replaced by the reverse inequalities.

COROLLARY 3.22. If two smooth J-convex functions ¢, on a complexr manifold
V' are Cl-close, then the smoothing of max (¢,1) is Cl-close to ¢.

PROOF. Let X be a vector field and h4 : V — R functions such that h_ <
X - ¢, X -9 < hy. By the preceding remark, the smoothing ¢ of max (¢,) can
be constructed such that h_ < X -9 < ﬁ+ for any given functions h_ < h_ and
E+ > h,. Since X, h_, hy were arbitrary, this proves C'-closeness of 9 to ¢. [l

Finally, we apply the preceding result to smoothing of J-convex hypersurfaces.

COROLLARY 3.23. Let (M x R,J) be a compact complez manifold and ¢, :
M — R two functions whose graphs are J-convex cooriented by 0., where T is
the coordinate on R. Then there ezists a smooth function ¥ : M — R with J-
convex graph which is C°-close to min (¢,v) and coincides with min (¢, 1)) outside

a neighborhood of the set {¢p = ¥}.

ProoF. For a convex increasing function f : R — R with f(0) = 0 consider
the functions

O(x,r) = f(r — ¢(:C)), U(x,r):= f(r — w(ac))
For f sufficiently convex, ® and ¥ are J-convex and satisfy 0,® > 0,0, ¥ > 0 near
their zero level sets. Thus by Propositions 3.18 and 3.19 the function max (®, ¥) can
be smoothed, keeping it fixed outside a neighborhood U of the set {max (®, ¥) = 0},
to a function © which is J-convex and satisfies 9,,© > 0 near its zero level set. The
last condition implies that the smooth J-convex hypersurface ©~1(0) is the graph
of a smooth function ¥ : M — R. Now note that the zero level set {max (®, ¥) = 0}
is the graph of the function min (¢, ). This implies that 1 is C°-close to min (¢, 1)
and coincides with min (¢, ) outside U. O

REMARK 3.24. Note that convex functions on C" are also J-convex. On the
other hand for any two convex functions ¢, ¢ the function smooth max(¢, 1) is also
convex, and therefore has a unique critical point, the minimum.

3.4. From families of hypersurfaces to J-convex functions

The following result shows that a continuous family of J-convex hypersurfaces
transverse to the same vector field gives rise to a smooth function with regular
J-convex level sets. This will be extremely useful for the construction of J-convex
functions with prescribed critical points.
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PROPOSITION 3.25. Let (M x[0,1],J) be a compact complex manifold such that
M x {0} and M x {1} are J-convex cooriented by O, where r is the coordinate on
[0,1]. Suppose there exists a smooth family (Xx)xejo,1) of J-convex hypersurfaces
transverse to 0, with g = M x {0} and 31 = M x {1}. Then there exists a smooth
foliation (ix)xe[o,l] of M x [0,1] by J-convex hypersurfaces transverse to O, with

S =M x {\} for X near 0 or 1.

PROOF. The proof has two steps. In the first step we use the maximum con-
struction to make the family of hypersurfaces weakly monotone in the parameter A,
and in the second step we perturb it to make it strictly monotone and thus obtain
a foliation.

Step 1. Let € > 0 be so small that the hypersurfaces M x {\} are J-convex
for A < eand A > 1 —e. We first modify the family such that ¥y = M x {\}
for A < g and A > 1 —e. After a C?-small perturbation and decreasing &, we
may further assume that ¥y C M x (¢,1 —¢) for all A € (¢,1 — ¢). Pick a smooth
family of surjective J-convex functions ¢y : Op £ — [—1, 1] % with regular level sets
¢5(0) = X5, and extend ¢, by the values +1 to a continuous function M x [0, 1] —
[—1,1] (which is not J-convex outside Op X)). After composing each ¢, with a
suitable convex function R — R, shrinking the neighborhoods Op 3, and extending
as before by £1, we may assume that ¢, > ¢, for all A < p with either A < ¢ or
u>1—ce.

By Proposition 3.8, the continuous functions

77&)\ ‘= max VZAQ/)IJ

are J-convex on Uy := w;l([f%, %]) By construction, they satisfy

(3.8) x>y, for X < p,

and ¥ = ¢, for A < e and A > 1—¢. By Proposition 3.18, the 1, satisfy 0,-1¥\ > h
(in the distributional sense) on U, for a positive function h: M x [0,1] — R.

Next use Prop051t10n 3.10 to approximate the i, by smooth functions 1/1A that
are J-convex on Uy := 1/1>\ ([—%, 1]). By Remark 3.13, the resulting family ¥y is
continuous in A and still satisfies (3.8). By Proposition 3.19, the smoothed functions
satisfy 9, - 1y > h/2 >0 on U, hence the level sets 3 := 12;1(0) are regular and
transverse to 0,.. We can modify the smoothing construction to achieve 1% = ¢
near A = 0 and 1, still satisfying J-convexity, transversality of the zero level to 0,
and (3.8). Note that as a result of the smoothing construction the functions @A,
and hence their level sets & A, depend continuously on the parameter A with respect
to the C%-topology.

Step 2. Since 3, is transverse to d,, we can write it as the graph {r = fx(z)}
of a smooth function fy : M — [0,1]. By construction, the functions f) depend
continuously on A with respect to the C2-topology, f < f, for A < u, and fy(z) = A
for A < eand A > 1 — ¢, with some € > 0 (possibly smaller than the one above).
Note that f,(z) — fa(z) > p—Afor A< p<eand1—e <A< p. Pick a function
g :10,1] — [0,1] satisfying g(A\) =0 for A <e/2and A >1—¢/2, ¢/(\) > -1+~
fore/2<A<ecand1—e<A<1-—¢/2 and ¢g'(\) > v fore < A < 1—¢g, with
some v > 0, see Figure 3.1. For g sufficiently small, the graphs of the functions

2Recall that for a closed subset A C X of a topological space, Op A denotes a sufficiently
small but not specified open neighborhood of A.
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f)\(x) = fu(z) + g(A) are still J-convex, J/”:\(x) =Afor A <e/2and A > 1—¢/2,
and

ful@) = (@) 2 y(p = A)
for all A < p. Now mollify the functions fy(x) in the parameter A to

= / Frep(@)ps(p)dp,
R

with a cutoff function p : R — R as in equation (3.6). Since the functions fy_, are

C?-close to fy for pu € supp ps and § small, the graph of ]?)\ is C?-close to the graph
of fx and hence J-convex. Moreover, for A’ > X the f still satisfy

Fula /f» 2)ps(u du>/fu D)) dp+ AN —X) = Fa(@) +7(N ).

Modify the f\ such that fa(z) = A for A < £/2 and A > 1 — /2, and so that
their graphs are still J-convex and f;(m) — fa(z) > y(u—A) for all A < p. The
last inequality implies that the map (z, \) — (x, N (z)) is an embedding, thus the
graphs of JF‘; form the desired foliation Xy. O

3.5. J-convex functions near totally real submanifolds

In this section we discuss modifications of J-convex functions near totally real
submanifolds. The following is the main result.

PROPOSITION 3.26. Let L be a totally real submanifold of a complex manifold
(V,J) and K C L a compact subset. Suppose that two smooth J-convex functions ¢,
Y coincide along L together with their differentials, i.e., ¢(x) = ¥(x) and dé(z) =
dip(z) for all x € L. Then, given any neighborhood U of K in V, there exists a
J-convex function 9 with the following properties.

(a) ¥ coincides with ¢ outside U and with ¢ in a smaller neighborhood U' C U
of K.

(b) ¥ and ¢ coincide along L together with their differentials.

(c) U can be chosen arbitrarily C'-close to ¢, with modulus of J-convexity
uniformly bounded from below.

(d) Assume in addition that ¢, are Morse and at each critical point p on K
the stable and unstable spaces for Vy¢ and Vyip satisfy E; (¢) = E,; (¢) C T,L
and E;((;S) = E;(w), and T,L is isotropic with respect to the symplectic form
we = —dd®¢. Then there exists a vector field X on V which is gradient-like for
both ¢ and .
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(e) Assume in addition that on some neighborhood N of K in L we have V yp =
AV 4o for a positive function A : N — Ry. Then Vg = uVyo on L for a positive
function p: L — R4

(f) Assume in addition that rd.¢ > ur? and rd.xp > pr?, wherer is the distance
from L with respect to some Hermitian metric and p > 0 a constant. Then we can
arrange that 10,9 > ur?/2.

REMARK 3.27. (i) In the notation of Proposition 3.26, ¢ and ¢ can be connected
by the family of J-convex functions ¢; := (1—t)¢+td, t € [0, 1], satisfying properties
(b-f).

(ii) If L is Lagrangian and V,¢ and V9 are tangent to L, then so is V.
This follows from the observation that tangency of V4¢ to L for L Lagrangian is
equivalent to vanishing of d¢oJ on L, which is preserved under convex combinations.

The proof of Proposition 3.26 is based on 3 lemmas.

LEMMA 3.28. Let ¢, : V. — R be smooth J-conver functions on an almost
complex manifold (V,J) and set ¥ := (1 — 8)d+ By for a smooth function 5:V —
[0,1].

(a) Suppose that

16(2) — (@) |ddSB] + 20duB] 1da (6 — )] < min (mg(z), my ()
for all x € V' (with respect to some Hermitian metric). Then ¥ is J-convex.

(b) Suppose that at some point x € V. we have ¢(x) = ¢(z), dp(x) = dy(x),
and Vyeo(x) = AVy(x) for some X > 0. Then Vyd(z) = uVeo(z) for some
w> 0.

PrOOF. (a) Adding up

dd®(By) = Bddy + dB A dCp + dip A d°B + o dd°p
and the corresponding equation for (1 — 8)¢ at any point = € V, we find
—dd®9 = —(1 — B)dd®p — Bdd“y + dB A d°(¢ — )
+d(g — ) AdB+ (¢ — )dd°B
> min (mg, my) — 28| |d(é — )| — ¢ — | |dd°B|
> 0.

(b) At the point z the terms ¢ — ¢ and d¢ — dip vanish, so the computation in (a)
shows —dd®Y = —(1—f3) dd®¢—Bdd+). Hence at the point x we have d = d¢ = dy
and the associated metrics satisfy
g9 = (1= B)ge + Bgy-
Now at x we make the ansatz Vgt = uVg¢ = pAVyy and compute
g9 (Vo?,-) = (1 = B)uge(Ve, ) + Budgy(Vyb, )
= (1= B)udo + Burdy = p(1 — B+ BA)d,

which yields the correct equation if u = (1 — 38+ 8\)~L. O

LEMMA 3.29. For any constants a > 0 and 0 < & < € there exists a smooth
function f:[0,e] — Rxq with the following properties (see Figure 3.2):

(i) f(z) = ax near 0 and f(x) =0 near €;
(ii) =6 < f'(z) < a and xf"(x) > =6 for all x € [0,¢].
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PROOF. We need to find a function g (= f’) satisfying

(i) g(x) = a near 0 and g(z) = 0 near ¢;

(ii) =6 < g(z) < a and zg'(z) > —¢ for all z € [0, ¢;

(i) [y g(x)dz =0 and [ g(x)dx > 0 for all y € [0,¢].
For a constant ¢ € (0,e) (which will be determined later) consider the function
h(z) :== —d01n(x/c) — §. It satisfies zh'(z) = —d and h(c) = —d. Let b € (0,¢) be
determined by h(b) = a. Let & : [0,e] — R be the continuous function which agrees
with h on [b, ], equals a on [0,b] and —d on [c,g]. See Figure 3.2. We estimate its
integral by

/06 k(x)dx = /OC k(x)dx + /: k(z)de < ac—d(e—¢) <0

for ¢ sufficiently small. Now the function g is obtained by smoothing k, connecting
it to 0 near ¢, and increasing its integral to make it zero. O

Next we prove Proposition 3.26 in the special case that ¥ = ¢ +a dist%, where
a > 0 and disty, is the distance from L with respect to some Hermitian metric.
Note that according to Proposition 2.15, this function is J-convex near L.

LEMMA 3.30. Let L be a totally real submanifold of a complex manifold (V,J)
and K C L a compact subset. Let ¢ be a smooth J-convezr function and U a
neighborhood of K in V. Then there exists a Hermitian metric on V' such that for
any constant a > 0 there exist a J-convex function ¢ with the following properties.

(a) ¢ coincides with ¢ outside U and with ¢+ a dist? in a smaller neighborhood
U cCcU oK.

(b) ¢ and ¢ coincide along L together with their differentials.
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(c) ¢ can be chosen arbitrarily C'-close to ¢, with modulus of J-convexity
uniformly bounded from below.

(d) Assume in addition that ¢ is Morse and at each critical point p on K the
stable space E,; for V¢ satisfies E; C T,L, and T,L is isotropic with respect to
the symplectic form wg = —dd®¢. Then there exists a vector field X on V which is
gradient-like for both ¢ and .

(e) Assume in addition that rd.¢ > ur?, where r is the distance from L with
respect to the Hermitian metric and p > 0 a constant. Then we can arrange that
rO¢ > pr? /2.

PROOF. Fix a compact neighborhood W of K in V on which dist? is J-convex.
Set

Gimb+ i), pi=disth,
where f : [0,e] — R is the function from Lemma 3.29, with constants 0 < § < ¢ to

be determined later. Then (E coincides with ¢ on {p > €} and with ¢ + ap near L.
Let us show that ¢ is J-convex on W. Indeed,

dd®¢ = dd“¢ + f"(p)dp A d®p+ f'(p)dd p.
By Proposition 2.15, there exist constants my, My, such that
mp|v|* < —dd®p(v, Jv) < Mp|v|?

for v € T,W, x € W. Moreover, on W we have |dp| < C,/p, where the constant
C', depends only on the geometry of LNW. Thus for v € T,W, z € W, |v| =1 we
have

~dd®§(v, Jv) = ~dd°g(v, Jv) + ["(p) (dp(v)? + dp(J0)?) ~ f'(p)dd® p(v, Ju)

> my — max {0, — f"(p)}Cp — max {0, — f'(p) } ML,
> mqg*CL(S*ML(SZ ,u/2

for § sufficiently small, where p := min yym.

Note that <Z is arbitrarily C'-close to ¢ for € small. Fix a cutoff function 8 with
support in W and equal to 1 on a neighborhood W/ C W of K. The function

¢ :=(1- B+ B

satisfies ¢ = ¢ outside W and ¢ = ¢ + ap near K. Moreover, since the estimates
mg > p and mg = w/2 are independent of & and ¢ (provided ¢ is sufficiently

small), Lemma 3.28 implies that ¢ is J-convex if € and § are sufficiently small. By
construction, ¢ has properties (a-c).

Suppose now that ¢ satisfies the assumptions of (d). Consider a critical point
p € K of index ¢ < k = dim L. We first construct nice coordinates near p. Con-
sider the Hermitian vector space (T,V,J,wy). Since by assumption E, CT,L
are isotropic subspaces of T,V, we find a unitary isomorphism ® : (C",4,ws) —
(T,V, J,ws) mapping R to E, and R* to T,L. Let F : R* 5 Op(0) — L be a
smooth embedding with doF = ®|gr. If k& < n extend F to a smooth embedding
R™ D Op (0) = L with doF = ®|g~. Using Proposition 5.55, we can extend F to
a smooth embedding F' : C™ D Op (0) — V such that F*.J agrees with ¢ to second
order along R™. In particular, it satisfies dgF = ®. We pull back all data under F'
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and denote them by the same letters. Consider the standard complex coordinates
zj = x; +1y; on C™ and write z = (u, v, w) with

wi=(21,...,20), V=(Tog1,---,Tk), W= (ThttyryTrsYls---,Yn)-

By construction, u are coordinates on E, and (u,v) are coordinates on L. More-
over, the metric g4 coincides with the standard metric on C" in these coordinates at
the point p = 0, and thus (v, w) are coordinates on E;‘ . We choose the Hermitian
metric near p = 0 so that it coincides with the standard metric on C" to second
order along R¥ (this is possible because J and i agree to second order along R¥),
and thus p(z) = |w|? + O(|w|?). We define the vector field

X(u,v,w) := (—u,v,w)

near p = 0. Since the splitting T,V = E,; @ EZ‘)|r is orthogonal with respect to the
Hessian H,¢, and the Hessian is positive resp. negative definite on E;‘ resp. E,
we have

d¢ - X (z) = Hy(z, X (2)) + O(|z]°)
== P¢(u707 0) + HP¢(Oﬂ v, w) + O(|Z‘3) > 7|Z|2

for some constant 4 > 0. On the other hand, dp - X (2) = 2|w|? + O(|w|®) implies
|w|? < dp- X(z) < 3|w|* and hence

do - X(2) 2 y|2* = 3max {0, = f'(p) Heol* = 7 (Jul* + [o]*) + (v = 38) |w]” = %|z|2

provided that & < /6. This shows that X is gradient-like for ¢ and gg (and hence
for ¢) near p = 0. Outside a neighborhood of the critical points of ¢, its gradient
vector field V4¢ is also gradient-like for ¢ if the functions are sufficiently C'-close
(which can be arranged by making ¢, § small). The gradient-like vector field for ¢
and ¢ is now obtained by interpolation between X near the critical points and Vo
outside. B

Finally, we prove (e). Using f/ > —§ we estimate for ¢ = ¢ + f(p):

7”57«(;: r0p¢ + 2f (p)r? > (p — 26)r* > %”2

for 4 sufficiently small. Next, using |¢ — $| < Br? for some constant B, we estimate

for ¢ = (1 - 8)¢ + ¢
10,6 = (1= )rdud + Brod + (6 — 00,5 2 Jur® — Brlrd, 8] = 2,

provided we can make |rd,0| arbitrarily small. For this, we write 8 as a product
B1082. Here 81 = how for the projection 7 : V' — L along 70, and h a cutoff function
on L, so 10,1 = 0. The second function is of the form f; = g(r) for a function
g : [0,e] — [0,1] which equals 1 near 0 and 0 near 1. The proof of Lemma 3.29
shows that we can find such a function g with |8,81| = |r¢’(r)| < § for arbitrarily
small 4. O

PROOF OF PROPOSITION 3.26. Fix a compact neighborhood K CLNUof K
in L containing no critical points outside K. Take a Hermitian metric on (V,J)
as in Lemma 3.30 and consider the function p := dist%, square of the distance to
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FIGURE 3.4. Construction of the function 9.

L, defined on a tubular neighborhood of L. According to Proposition 2.15, this
function is J-convex near L. Hence, after shrinking U,

ba =@+ ap

is J-convex on U for any a > 0.
For small € > 0 denote by 7. : D.(L) := {p < e} — L the projection onto the
nearest point. For a subset A C L set

D.(A) :=7(A), S.(A) := D.(A)NoD.(L),

see Figure 3.3.
Since ¢ and 1 agree up to first order along L, there exists an ¢ > 0 and € > 0
such that

¢a > on D.(K)\ L.

By Lemma 3.30 we find a J-convex function ¢ : D.(K) — R which agrees with ¢
near S-(K) and with ¢, on Ds(K) for some & € (0,¢), so ¢ > v on Ds(K) \ L.
Next pick a cutoff function a(p) which equals 0 for p > ¢ and 1 for p < §/2. The
function

¢ = — pa
is J-convex for p > 0 sufficiently small. Moreover, it satisfies
¢ <1 on Dv(f(), ¢ > 1 near S5(K), ¢ = ¢ near S.(K)
for some «y € (0,9), see Figure 3.4. So the function

5. smoothmax(w,a) on Ds(K),
e on D.(K) \ D5(K)
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coincides with ¢ on D., (K ) and with ¢> near S¢ (K ) Moreover, since qZAJ is C'-close
to ¢ by construction and Lemma 3.30, 3 is Cl-close to ¢ by Corollary 3.22.

It remains to interpolate between ¥ and ¢ near D, (6[? ). For this, we fix a
cutoff function 8 : L — R which equals 1 near K and 0 on L\ K and extend it to
D.(K) via the projection 7. By Lemma 3.28, the function

9= (1-B)d+ B9

is J-convex if we choose 9 sufficiently C''-close to ¢. Since 1) agrees with ¢ together
with their differentials along L, the same holds for ¢ and ¢. So ¥ has properties
(a-c).

For property (d), let X be the gradient-like vector field for ¢ and ¢ from
Lemma 3.30. The * assumptions on 1 ensure that X is also gradient-like for i near
K. The function d) is C''-close to ¢ and dlffers from ¢ only by a constant near the
critical points, so X is gradient-like for ¢ Since the function 9 is obtained by the
maximum construction and smoothing and agrees with 1 near the critical points,
X is gradient-like for 9 by Corollary 3.20. Finally, X is gradient-like for ¢ because
¥ is C'-close to ¥ and equals ¥ near the critical points.

Property (e) follows from Lemma 3.28, assuming that Vy¢ = AV, at the
points of L where df # 0. Property (f) follows from Lemma 3.28 and the fact
that this property is preserved under the maximum construction (which is obvious)
and under the interpolation ¢ := (1 — 8)¢ + 55 (which was shown in the proof of
Lemma 3.28). This concludes the proof of Proposition 3.26. a

The corresponding result for J-convex hypersurfaces is

COROLLARY 3.31. Let X,/ be J-convex hypersurfaces in a complex manifold
(V,J) that are tangent to each other along a totally real submanifold L. Then
for any compact subset K C L and neighborhood U of K, there exists a J-convex
hypersurface X" that agrees with ¥ outside U and with ¥’ near K. Moreover, X"
can be chosen C'-close to X and tangent to ¥ along L.

PROOF. Pick smooth functions ¢, with regular level sets ¥ = ¢~1(0) and

" = 1~0) such that d¢ = dip along L. By Lemma 2.7, after composing ¢
and ¢ with the same convex function, we may assume that ¢,y are J-convex
on a neighborhood W C U of K. Let ¢ : W — R be the J-convex function from
Proposition 3.26 which coincides with ¢ near K and with ¢ outside a compact subset
W' C W. Since 9 is C'-close to ¢, it has 0 as a regular value and % := 9~1(0) is
the desired J-convex hypersurface. O

3.6. Functions with J-convex level sets

According to Lemma 2.7, a function ¢ with compact regular J-convex level
sets can be made J-convex by composing it with a sufficiently convex function
f : R — R. Motivated by this, we now introduce a class of functions from which
we can recover J-convex functions, but which gives us greater flexibility. This class
of functions will be used throughout the remainder of this book.

Let (V,J) be a complex manifold. We call a continuous function ¢ : V. — R
a function with J-convex level sets, or J-lc function (where “I¢” stands for “level-
convex”) if g o ¢ is J-convex for some smooth function g : R — R with ¢’ > 0 and
g// > 0.
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The following proposition shows that the main properties of J-convex functions
carry over to J-lc functions.

PROPOSITION 3.32. Let (V,J) be a complex manifold.

(a) If ¢ : V — R is J-lc then so is h o ¢ for every smooth function h : R — R
with b/ > 0.

(b) A proper C%-function ¢ : V — R is J-lc if and only if it is J-convex near
its critical points and its level sets are J-convex outside the critical points.

(c) Let ¢y : V — R, A € A be a compact continuous family of J-lc functions
such that gy o ¢y are J-convex for a continuous family of convex functions gy : R —
R. Then max xcapx s J-lc.

(d) Every continuous J-lc function can be C°-approxvimated by smooth J-lc
functions.

(e) Let ¢ : V — R be a smooth J-lc function and g1, gs : R — R be weakly convex
functions such that ; = g; o ¢ are J-convex for i =1,2. Then Vy, 1 = hVy, 19
for a positive function h : V. — R.

Here we call a function f : R — R convex (resp. weakly convex) if f is an
increasing diffeomorphism and f” > 0 (resp. f” > 0).

REMARK 3.33. For a J-Ic function ¢ we will write V¢ for the gradient V1) of
some J-convex function i) = go¢. In view of Proposition 3.32 (e), this is well-defined
up to multiplication by a positive function. In particular, we can unambiguously
speak of the stable manifold of a critical point of a J-lc function.

The proof of Proposition 3.32 uses the following lemma.

LEMMA 3.34. For every increasing diffeomorphism g : R — R there exists a
smooth convex function f : R — R such that f o g is convex. More generally, for
every compact smooth family of increasing diffeomorphisms gy : R — R, A € A,
there exists a smooth family of convexr functions fy : R — R, X € A, such that the
functions fx o gx, A € A, are all equal and convez.

ProOOF. We have
(fog) =fog-g, (fog)'=f"og-g%+fog-g"
So f o g is convex if and only if

1" -1
F/(0) > h)F W), hly) = max {0, —“g(%} .
(9 097(y)

This inequality can obviously be solved by making A slightly larger and integrating
f'(y) := ed @)z to obtain f.

In the case of a family gy : R —» R, A € A, fix some Ag € A. We need to find
a convex function f), such that fy := fy, 0 g, © g;l is convex for all A. By the
computation above, with f := fy, and gy := gy, © g;l this is equivalent to

F/(0) > ) F' (). hly) = ma {OTXM} ,
A ° 9

which again has a smooth solution f. O

PROOF OF PROPOSITION 3.32. (a) Let ¢ be J-Ic and g : R — R be a convex
function such that g o ¢ is J-convex. Then fogo¢ = (fogoh ) o (ho¢) is
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J-convex for every convex function f : R — R. By Lemma 3.34, we find f such
that f o goh™!is convex, which shows that h o ¢ is J-lc.

(b) Assume first that ¢ is J-convex near its critical points and its level sets
are J-convex outside the critical points. Note that the same properties then hold
for g o ¢ for any smooth function g : R — R with ¢’ > 0: J-convexity of the level
sets is clearly preserved, and at a critical point we have dd®(go ¢) = f’ o ¢ - dd¢,
which shows J-convexity of g o ¢ near critical points. Now by Lemma 2.7 (applied
outside a neighborhood of the critical points), we find g such that ¢’ > 0 and go ¢
is J-convex.

Conversely, let ¢ be J-Ic and g : R — R be a convex function such that g o ¢
is J-convex. Then by the preceding observation, ¢ = g~! o (g o ¢) is J-convex near
its critical points and its level sets are J-convex outside the critical points.

(c) Let ¢ : V — R and g : R — R be as in the proposition such that gy o ¢y
are J-convex. By Lemma 3.34, there exists a smooth family of convex functions
fn : R = R such that the functions f) o g, are all equal to the same convex function
g. Thus go ¢ = fr o gxo ¢y is J-convex for all A, and by Proposition 3.8 so is
max yg o ¢x. Then (a) implies that g=! o max yg o ¢ = max ¢, is J-lc.

(d) Let ¢ be J-Ic and ¢g : R — R be a smooth convex function such that g o ¢
is J-convex. Let smooth(g o ¢) be a J-convex smoothing as in Section 3.2. Then
by (a) a smooth J-lc function approximating ¢ is given by g~ 'smooth(g o ¢).

(e) follows from the proof of Proposition 2.11, writing ¢ = (¢, 0951) oy, O

3.7. Normalized modulus of J-convexity

Consider a Kéhler manifold (V, J,w). In this subsection we will derive condi-
tions on the modulus of J-convexity (of a function or a hypersurface) that ensure
K-convexity for complex structures K that are C2-close to .J.

Given a quadratic form ) and a metric on a vector space we define

M(Q) = max [Q(T),  m(Q):= min Q(T),
where we will consider the second quantity only if @ is positive definite.

We begin with the case of a smooth J-convex function ¢ : V' — R. Recall from
Proposition 2.5 that the Hermitian form H, = —dd®¢ is related to the real Hessian
Hessg by

(3.9) Hy(X) = Hessg(X) + Hessy (JX).
Recall also that m(Hy) : V' — Ry is the modulus of J-convexity. We define the
normalized modulus of J-convezity by

_ m(Hy)
(3.10) (@) == max { M (Hess, ), |Vo|}

Next we consider a J-convex hypersurface ¥ in a Kéahler manifold. Recall that
its normalized Levi form is related to the second fundamental form by Lx(X) =
II5(X) + IIx(JX). We call the ratio

m(Lz)
3.11 )=
(3:11) W) = M (). 13
the normalized modulus of J-convexity of the hypersurface 3.

In the following we will sometimes write M (¢), M(X), m(¢) and m(X) instead
of M(Hessy), M(I1Is), m(H,) and m(Ly), respectively.

:V—>R+.

ZE%R+
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The main motivation for these definitions is the fact that a lower bound on p(¢)
ensures J-convexity of ¢ o f for diffeomorphisms f : V — V sufficiently C?-close to
the identity:

LEMMA 3.35. (a) Let ¢ be a function on a Kdhler manifold (V,J,w) with
w(@) > e > 0. Then m(¢o f) > m(¢)/2 (in particular, ¢ o f is J-convex) for
any diffeomorphism f :V — V with || f —1d||c2(vy < €/20.

(b) Let ¥ be a cooriented hypersurface in a Kdahler manifold (V,J,w) with
wE) > e > 0. Then m(f(X)) > m(X)/2 (in particular, f(X) is J-convez) for
any diffeomorphism f:V — V with || f — Id[|c2(v) < €/20.

PRrROOF. (a) By the chain rule, the Hessian Hess, of the function ¢ changes
under composition with f by

Hessgos — Hessy = Df - Hessy, - Df' + D*f - V¢ — Hess,
= Df -Hessy - (Df —1d)" + (Df —1d) - Hessy, + D f - V.
For ¢ := ||f —Id||c= < 1/2 this implies the estimate
|[Hessgor — Hessg|| < 56 max {M (Hessy), |Vo|}.
For | X| =1 and § < pu(¢)/20 we obtain using (3.9):
Hyor(X) > Hyp(X) — 106 max { M (Hessy), V| }

106 1
Z m(H¢) (1 — ‘LL(QS)) > *m<H¢>.

(b) Let us first compute how the second fundamental form at a point p on
a hypersurface ¥ in R™ (with respect to the standard Euclidean metric) changes
under a diffeomorphism f : R™ — R™. After applying a rigid motion we may
assume that p = 0 and ¥ is the graph y = g(x) of a function g : R™~! — R with
g(0) = 0 and dg(0) = 0. After composing f with a rigid motion, we may assume
that ¥ = f(¥) is again the graph § = §(¥) of a function g : R™~! — R with
9(0) = 0 and dg(0) = 0. Writing z = (Z,y) = f(z,y) = f(z), the last condition is
equivalent to ;(0) = y(0) = %(O) = 0. So the Taylor expansion of f at the origin
is

~ 1

T = Bz + g—;y + O(|z|2)7

0% ; oy oy
B = J = — = .
(8331-) ’ b oy’ ¢ (axif)xj)

The equation y = g(z) = 3(z, Az) + O(|z|?) for ¥ is thus equivalent to

where

~ 1 1
= b, Av) + 5, C) + O(yl2] + faf?)

1 1
= 5b<B*1§, AB™'%) + 5<B*15, CB™'z) + Oz + |7|*),

and therefore the equation for ¥ = f(X) is § = §(Z) = 1z, AZ) + O(|7]3) with
A=b(B Y)AB~ '+ (B Y)'CB .
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Since A, A are the matrices of the second fundamental forms of DI Y at the origin,
this yields as in (a) the estimate

| 15y — Ihsl| = | A~ All < 5 max {M(IT), 1}.

The estimate m(f(2)) > m(X)/2 if ||f — Id||c2(v) < u(2)/20 follows from this as
in (a). O

The preceding lemma implies persistence of J-convexity under perturbations
of the complex structure in view of the following result.

LEMMA 3.36. There exist constants C,, depending only on n € N with the
following property. If J, K are two integrable complex structures on the unit ball B C
C™, then there exists a biholomorphism h : (U, J) — (V, K) between neighborhoods
of 0 fixing 0 and satisfying

A =1d[|c2y < CullJ — Kllc2(B)-

PrOOF. Suppose ||J — K||c2(gy = 6. There exist linear isomorphisms S, T
with || — T|| < C,4, for a constant C,, depending only on n, such that S*J =
T*K =i at 0. The proof of the Newlander-Nirenberg Theorem 5.7.4 in [103] yields
a biholomorphism f : (U,S*J) — (U’,i) between neighborhoods of 0, fixing 0,
with a bound | f — Id”C?(U) < C|J - Kch(B). Let g : (V,T*K) — (V',i) be
the corresponding map for T*K. Then h := T o g~ o f o S~! (between suitable
neighborhoods) has the desired properties. (I

COROLLARY 3.37. Let ¢ be a function on an n-dimensional Kdahler manifold
(V,J,w) with u(¢) > e > 0. Then the moduli of convexity (measured with respect
to the same reference metric) satisfy m(¢, K) > m(¢p,J)/4 > 0 (in particular ¢ is
K -convex) for any complex structure K on V with ||J — K||c2¢v) < where
C,, is the constant from Lemma 3.36.

_£€
20C, 7

Proor. Let 0 := ||J — K||c2(vy. By Lemma 3.36, in a neighborhood of any
point p € ¥ there exists a biholomorphism h : (Opp,J) — (Op p, K) fixing p with
[lh—1Id||cz < Cpé. Then m(p, K) = m(¢oh, J) if measured with respect to metrics
g and h*g, and m(¢, K) > %m(qﬁ o h,J) if both are measured with respect to the
same reference metric and 0 is sufficiently small. On the other hand, by Lemma 3.35
we have m(¢oh, J) > tm(e,J) if |h—1d| < C,8 < /20, from which the corollary
follows. O

The following result relates the moduli of convexity of functions and hypersur-
faces.

PROPOSITION 3.38. Let ¥ C C™ be a compact J-convex hypersurface (possibly
with boundary). Then there exists a J-convex function ¥ : Op ¥ — R such that
Y C {v =0} and at every point of ¥ we have

m(s) 6M (%)

|v¢| =1, m(¢) > 5 M(Q/}) < Wa M(w) >

The proof is based on the following linear algebra lemma. Consider C* 2
C" ' @R ® iR with coordinates (z,u+iv). For a quadratic form Q : C* "' xR — R
define Q€ : C"~! = R, Q(2) = Q(z) + Q(iz), and for A > 0 define

Qr:C" =R, (z,u +iv) = Q(z,u) + M.

u(x)?
12
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LEMMA 3.39. Suppose Q€ is positive definite. Then there exists X\ > 0 such
that

m@),  M@QY) < M@

m(QX) = (0%

1
2
PROOF. Set M := M(Q) and m := m(Q®). Then

|Qx(z,u+ )| < |Q(z,u)| + A2 < max{M,)\}(|z|2 + u? —|—v2)

and hence M(Q,) < max{M,\}. To estimate Q5 we write Q(z,u) = P(z) +
{(2)u+ au? for a linear form £ : C"~! — R and a € R. By definition of M we have
la| < M and ¢(z)u] < 2M|z| |u|. Thus

Q(E(z,u +iv) = Qx(z,u + ) + Qa(iz, —v + iu)
= P(2) + P(iz) + (a + \)(u* + v*) + £(2)u — £(iz)v
> m|z]2 + (A — M) (u? +0?%) — 2M|z|(Ju| + |v]).

The last line is > 2:(|z|*> 4+ u? 4 v?) if and only if
S+ (= M = ) +0%) = 2M]2|(Jul + o) > 0,

which is easily seen to be the case for A = 6M?/m. As noted above, for this choice
of X\ we have M (Q,) < 6M?/m (recall that m < M by definition). O

PROOF OF PROPOSITION 3.38. Consider the metric decomposition U = X x
[—&, €] of a tubular neighborhood U D 3, so that the coordinate t corresponding
to the second factor is the Euclidean distance from a point to ¥ = {t = 0}. We
assume that X is cooriented by —0;. We will find the desired function 1 of the form

Pz, t) = —t + %)\(z)tz

for a suitable function A : ¥ — R,. Then clearly |[V¢| = 1 along ¥. Let us compute
explicitly the function . Take a point p € ¥ and choose unitary coordinates
(x1 4129, ...,Tan—3 + iTon_o, Lan_1 + iy) centered at p such that the hypersurface
¥ is given by an equation y = f(z), = (z1,...,%2,-1), and df(0) = 0. Because
the computation involves only the 2-jet of f we can assume that f is a quadratic
form. Let us introduce new coordinates u = (uy, ..., u2,—1),t, where t is the signed
distance to ¥ (assuming that ¥ is cooriented by 8%) and wu is the z-coordinate of
the projection of the point to 3. The coordinates are related by the formula

t
(z,y) = (u, f(u)) + W(*Vf(u), 1)

(see Figure 3.5), i.e.,

t t
mzu——Vf(’Uz), y=f(U)+—
L+ |Vf(u)l? V1+ Vi)

The implicit function formulas for the first and second derivatives of ¢ with
respect to x and y involve only first and second derivatives of the right-hand side
with respect to (x,y,u,t), and hence to compute the derivatives at the origin we
can ignore all the terms of higher degree than 2 with respect to these variables. We
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4L

r u

FIGURE 3.5. The coordinate change from (x,y) to (u,1).

will continue the computation systematically dropping terms of higher order than
2. Thus, writing f(u) = 3 (u, Au) we have

(u, Au) + t.

DN =

r=u—tVf(u) =u—tAu, y=f(u)+t=

~—

Solving for ¢ and u (and again ignoring higher order terms) we get v = (1 + tA)x

and t =y — f(x), hence

U(wy) =~y + @) + AP

Note that Q = 2f is the second fundamental form of ¥ and Q(z) + A(p)y? the
Hessian of ¢ at p. So the estimates for m(y) and M (¢)) follow from the preceding
lemma, and they easily imply the estimate for u(¢) (distinguish the cases M > 1
and M < 1). This proves Proposition 3.38. O

For a Kéhler manifold (V,J,w) and a continuous function ¢ : V. — R we
introduce the quantity

m(g;e) = inf  m(gpo f).

Il f=1dll g2 <e

LEMMA 3.40. (a) For a continuous family ¢x, X € A, over a compact parameter
space A we have

m(max xeA@n; €) > min xeam(gy;e).

(b) If m(¢;e) > 0 the function ¢ can be smoothed to a function ;5 satisfying

m(g;e/2) > m(g;e)/2.

PrOOF. (a) By Proposition 3.8 we have m(max x¢x) > min ym(¢y). Using
this and (max x¢y) o f = max x(¢px o f) we deduce

m(max xpx;€) = ir}fm(maxA(qSA of)) > ir}f min ym(¢y o f) = min xm(¢x;e).

(b) Consider first the smoothing ¢s of a function ¢ : C* — R defined by the
convolution formula (3.6). For a diffeomorphism f with ||f —Id|| <e¢/2 and y € C”
with |y| < 0 < /2 the function f,(z) := f(z) — y satisfies ||f, —Id|| < ¢ and we
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obtain
1 2 . 1 27 .
3 | oo teruwenan= [ [ oo g weipsty

> [ [o0 1)+ misse) @] ps(w)ay

= 65 0 f(2) + m(¢;)(2)w]*,
This shows that m(¢s;¢/2) > m(¢;¢e) for § < e/2, from which the result for the
smoothing ¢ easily follows. (|

Now we can prove the main result of this section.

PROPOSITION 3.41. There exist constants ¢, depending only on the dimension
n with the following property. Let M be a compact manifold (possibly with boundary)
of dimension 2n—1 and (J,w) a Kdhler structure on V.= M xR. Let g : M — R,
X € A, be a C%-family of functions, parametrized over a compact manifold (possibly
with boundary) A. Denote by ¥ the graph of gy, cooriented from below. Suppose
that the normalized moduli of convexity with respect to (J,w) satisfy p(Xy) > >0
for all X € A. Then there exists a smoothing g of the function min xcpxgn whose
graph ¥ is K-convex for every complex structure K on V with |K — J||c2 < cne2.

PRrROOF. In the proof, all moduli of convexity are with respect to J.

By Proposition 3.38 there exists a smooth family of J-convex functions ¥y :
OpXy — R such that X5 = {¢» = 0} and along X, we have |Vi¢,| = 1 and
() > 2/12.

By Lemma 3.35, we have m(ty;2/240) > &2 /24 for all \. By Lemma 3.40, the
function max y1) can be smoothed to a function 1 satisfying m(1; e/480) > £2/48.
Thus it follows from Lemma 3.36 and the definition of m(t);e) that ¢ is K-convex

for every complex structure K with [|[K — J||c2 < ﬁ.

By Propositions 3.18 and 3.19, we have 9, - ¢ > 0. Hence ¥ = ¢~1(0) is the
graph of a smooth function g : M — R, and it is K-convex for every complex
structure K with ||[K — J||¢2 < cpe?, where ¢, = m and C, is the constant

from Lemma 3.36. d






Shapes for i-Convex Hypersurfaces

4.1. Main models

A crucial ingredient in the proof of the Existence Theorem 1.5 is the bending
of a J-convex hypersurface such that it “surrounds” the core disc of a handle as
shown in Figure 8.1. The main goal of this chapter is the proof of the following two
theorems which assert the existence of the necessary models in C”.

Let us fix integers 1 < k < n. Viewing C™ as a real vector space with coordi-
nates (Z1,...,Tn,Y1,---,Yn), let us define

k n n
SN D o
j=1 j=1

j=k+1

R :=

THEOREM 4.1. For any a > 1 and v € (0,1) there exists an i-convex hypersur-
face ¥ C C™ with the following properties (see Figure 4.1):
(i) X is given by an equation ¥(r,R) = —1, and cooriented by V¥, for a
function U (r, R) satisfying % >0 and g—g <0y
(i) in the domain {r > ~} the hypersurface ¥ coincides with {ar® — R? =
—1};
(iii) in the domain {R < 1} the hypersurface ¥ coincides with {r = d§} for
some § € (0,7);
(iv) X is J-convex for any complex structure J which satisfies the estimate

(4.1) 1T = illca < e(a,n)y™,

where c¢(a,n) is a positive constant depending only on a and the dimension
n.

The hypersurface ¥ divides C" into two domains:
Ccr = Qext U Qint Qext ) Qint -y

where Q" is the domain which contains the subspace {r = 0} which will later
correspond to the core disc of a handle. The second theorem provides an i-lc
function ¥ on the exterior domain Q°* which agrees with the standard function
Uy (r, R) = ar? — R? for 7 > v and has ¥ as a level set. Taking the maximum of
a given i-lc function with ¥ and extending it by W for » > v will later allow us
to implant given functions near {r = 0} into a complex manifold and thus deform
J-lc functions near totally real discs. A first example of this construction appears
in the proof of Corollary 4.4 below.

THEOREM 4.2. For any a > 1 and v € (0,1) there exists an i-lc function
U Q= 5 R with the following properties (see Figure 4.1):

(i) ¥ is of the form ¥(r, R) with %—E’ >0 and g—g <0;

59
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{T=-1-0}

0 0l r
FIGURE 4.1. The hypersurface % and the function V.

(i) ¥(r,R) = ar? — R in Q=N {r > v};

(iii) ¥ = -1 on X;

(iv) U is J-lc for any complex structure J which satisfies estimate (4.1) from
Theorem 4.1.

The proof of these two theorems will occupy the remainder of this chapter.
Properties (i-iii) of Theorem 4.1 will be proved at the end of Section 4.5, properties
(i-iii) of Theorem 4.2 at the end of Section 4.6, and property (iv) for both theorems
at the end of Section 4.7.

Let us formulate two corollaries of Theorem 4.2 that will be useful in later
chapters.

COROLLARY 4.3. For a > 1, v € (0,1) and J as in Theorem 4.1 and any
sufficiently small o > 0 there exists an open subset 0 C C™ and a J-lc function
U:Q — (=1 —0,00) with the following properties (see Figure 4.1):

(1) ¥ is of the form ¥ (r, R) with %—‘f >0 and g—g <0;



4.2. SHAPES FOR -CONVEX HYPERSURFACES 61

(i) ¥(r,R) =ar* — R? on QN {r >~};
(iii) there exists a diffeomorphism f : (=1 — o,—1] — (0,6] such that f o
U(r,R) =7 on the set {r <4, R <1}.

PROOF. Let usfixa > 1and~ € (0,1). We apply Theorem 4.1 with parameters
a and tv, t € (0,1]. The corresponding hypersurfaces ¥; can be chosen to depend
smoothly on ¢ so that on {R < 1} they coincide with {r = p(¢)} for a diffeomorphism
p: (0,1] — (0,9]. We perturb the ¥; such that on {r > ~} they coincide with
{ar? — R? = —1 — (1 —t)o}. Using Proposition 3.25, we can then modify the ¥; on
the set {r <+, R > 1} to a foliation. Now define ¥|y, := —1 — (1 —t)o and extend
it over the domain Q°* bounded by ¥ = ¥; by the function in Theorem 4.2. [

COROLLARY 4.4. Fora>1,~ € (0,1) and J as in Theorem 4.1 there exists a
smooth family of J-lc functions ¥y : C* — R, t € [0, 1], with the following properties
(see Figure 4.2):

(i) U, is of the form Wy (r, R) with 2 >0 and S5 < 0;
ii) \Ifo(r R) =ar?—R?, and \Ilt(r R) =ar —R2 on {r>~}U{R>1+~};
) U, is target equivalent to ar? — R? near {r = 0};
) V1 =—1o0n¥ from Theorem 4.1.

(
(iii

(iv

.

PROOF. Let ¥ : C* D Q — (—1 — 0,00) be the function from Corollary 4.3.
After repeating the construction for smaller v, we may assume that QN {r <~} C
{R < 1+~}. In particular, we then have 1+0 < (1+7)2. Set Uy (r, R) := ar? — R?
and note that max ;<. r<1441 Vst = a7? and min <y p<ity3 ¥t = —(1 + )%
Pick numbers —1 — 0 < b < ¢ < —1 and smooth increasing functions g,h : R — R
with the following properties:

e g(z) <x, g(z) =z for x < cand g(ay?) < —1;

o h(z) <z, h(z) =z for x >band h(-1—0) < —(1+7)%
Then the function ¥; := smoothmax(g o Uy, h o ¥) has the desired properties
for t = 1. Now the homotopy smooth max(ar? — R?,¥; + t) connects ar? — R?
for very negative t to smoothmax(ar? — R?,¥;) at t = 0, and the homotopy
smooth max(ar? — R? — ¢, ¥) connects the latter to ¥, for large t. O

4.2. Shapes for i-convex hypersurfaces

We now derive the conditions under which a “shape function” R = ¢(r) defines
an i-convex hypersurface in C™. In this and the following section we first consider
the critical case k = n. In Section 4.4 we will see that the same shapes also work
for the subcritical case k < n.

Consider the map

m:C" = R%, 2w (r,R) = |zl [y])
for z = x + iy, =,y € R™. The image of the map = is the quadrant
Q:={(r,R)|r,R>0} C R

A curve C' C Q defines a hypersurface ¥ := 7= 1(C) in C*. We call C the shape
of ¥. Our goal in this section is to determine conditions on C' which guarantee
i-convexity of X.
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{\Ill :—1—0'}

1+~

1) ¥ r
FIGURE 4.2. The function ¥,.

As a preliminary, let us compute the second fundamental form of a surface of
revolution. Consider R¥ @ R! with coordinates (x,y) and R* @& R with coordinates
(z, R = |y|). To a function ® : R*¥ ® R — R we associate the surface of revolution

Yo = {(z,y) € R* &R | &(x,|y]) = 0}.
We coorient ¥¢ by the gradient V& of ® (with respect to all variables). Denote by
P = % the partial derivative.
LEMMA 4.5. At every z = (z,y) € X the splitting
T.5 = (.6 N (R* & Ry)) & (1.5 N (R* & Ry)* )

s orthogonal with respect to the second fundamental form I1. The second subspace
is an eigenspace of II with eigenvalue ®r/|VO|R.

PRrROOF. The unit normal vector to X¢ at z = (z,y) is

1 P
I/(Z) = W(VCEQ, fRy),
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where V,® denotes the gradient with respect to the z-variables. For Y Ly we get
1 &g
D -(0,Y) = —(0, =Y
U2)- (0.Y) = g (0. 5Y) + v
for some p € R. From (v(z), Dv(2)-(0,Y)) = 0 we deduce p = 0, so T.X¢ N (R* @
Ry)~L is an eigenspace of I with eigenvalue ®/|V®|R. From this it follows that
17((0,Y), (X, Ap)) = (Dv - (0,Y), (X, \y)) = 0
for (X, \y) € T.%s N (RF @ Ry). O

Reduction to the case n = 2. Now let C C Q be a curve. At a point
z=x+iy € ¥ =n !(C) consider the subspace A, C R" generated by the vectors
x,y € R™ and its complexification

AS, = Ngy +ilgy.

Let Ay be the orthogonal complement of Az, in R™ and A(JC_ its complexification
(which is the orthogonal complement of Agy in C"). Note that A is contained
in T, and thus in the maximal complex subspace £,. So the maximal complex
subspace splits into the orthogonal sum (with respect to the metric)

(4.2) & =AaAS =AaA, ®id,
where A = ¢, N A(gy.

LEMMA 4.6. The splitting (4.2) is orthogonal with respect to the second funda-

mental form II, and Ay and i\, are eigenspaces with eigenvalues A, = ®,./|V®|r
and Agp = ®r/|VO|R, respectively.

PRrOOF. Note that ¥ can be viewed as a surface of revolution in two ways,
either rotating in the z- or the y-variables. So by Lemma 4.5, the splittings

(fz N (Rz @ z‘R”)) ® (& N (Rz & iRn)L)?
(fz nR"® iRy)) ® (& NR" @ iRy)L)

are both orthogonal with respect to IT and the right-hand spaces are eigenspaces.
In particular, A | =&, N (Rz @ iR™) and iA; = &, N (R™ @ iRy)* are eigenspaces
orthogonal to each other with eigenvalues @, /|[V®|r and ®p/|V®|R. Since AS, is
the orthogonal complement of A; @& 4A; in C", the lemma follows. O

It follows that the restriction of I7 to AE = A, ® 1A has matrix

A 0
0 Mg
and by Proposition 2.13 the restriction of the normalized Levi form Lyx to AS is
given by
Lx(X) = (A + Ar) | X[
Now suppose that C'is given near the point 7(z) by the equation R = ¢(r), and
the curve is cooriented by the gradient of the function ®(r, R) = ¢(r) — R. Since
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|V®| = /@2 + &% = \/1+ ¢/(r)?, the eigenvalues A, on A| and Ag on iA | equal

Ao B )

r — |V®‘T—TW7
dp 1

AR

VIR ()T
Hence the preceding discussions shows

LEMMA 4.7. Let ¥ = 7 }(C) be the hypersurface given by the curve C =
{é(r) — R = 0}, cooriented by the gradient of ¢(r) — R. Then the restriction of the
normalized Levi form Ly, to AS is given by

1 ) 1N
LE(X)_\/W(T W))IXI-

This restriction is positive definite if and only if

AN

o)

In particular, if ¢'(r) <0 the restriction is always negative definite.

L (9) =

Lemma 4.7 reduces the question about i-convexity of ¥ to positivity of £*(¢)
and the corresponding question about the intersection EﬂASy. When dim¢ Agy =1,
this intersection is a curve which is trivially i-convex, hence X is i-convex if and
only if £+(¢) > 0. The remaining case dimg A5, = 2 just means that we have
reduced the original question to the case n = 2, which we will now consider.

The case n = 2. We denote complex coordinates in C2 by z = (¢,w) with
¢ = s +it, w = u+ iv. The hypersurface ¥ C C? is given by the equation

VE 102 =R = ¢(r) = 6(v/52 + u2).

We want to express the coefficient g of the normalized Levi form Ly (X) = Lo| X |?
at a point z € ¥ in terms of ¢. Suppose that r, R > 0 at the point z. After a
unitary transformation

¢+ (cosa+ wsina, w+— —(sina + wcos

which leaves ¥ invariant we may assume t = 0 and v > 0. Then near z we can solve
the equation R = ¢(r) for v,

v = \/QS(\/ s2 +u?)2 — 12 =: (s, t,u).

According to Lemma 2.25, the coefficient of the normalized Levi form of the hyper-
surface ¥ = {v = ¥(s,t,u)} is given by

1
o o ) (L4 02) + (02 4
0= T ot v or rund (Vs T ) (L) a4 47)

+ 27/)su (wt - T/Ju'l/%) - 2wtu (ws + wu'lpt))
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Note that at the point z we have t = 0 and (s, 0,u) = ¢(r) = ¢(vVu? + s2). Using
this, we compute the derivatives at z:

w B ﬁ w B ¢/152 (]5”(1,2 ,(/J B @ w B ¢//u2 ¢/82
s T I 8s T 2 3 u ’ uw T 2 3
r r r T T T
@"su  ¢'su 1
’(/JSU = r2 - 3 ) ql)t = 07 ¢tt = _gg ¢tu =0.

Inserting this in the above expression for L, we obtain

(2o, = (L2 4 8 _ 1y (1, 22

r2 3 P
¢Hu2 ¢I82 ¢/282 QS”SU ¢/S'LL ¢/2S’LL
+<7‘2 +7‘3> r2 _2( r2 7‘3> 72
//82 /,,2 13 1 12,2
SR O 0 1 gy
72 r3 r 10) 72

We say that the curve C'is cooriented from above if it is cooriented by the gradient of
the function ¢(r) — R. Equivalently (since ¢t = 0 at 2), the hypersurface ¥ = 7=1(C)

2
is cooriented by the gradient of \/gb(\/sQ + u?) — t2 —wv, which is the coorientation
we have chosen above. The opposite coorientation will be called coorientation from
below. The preceding discussion leads to

PRrROPOSITION 4.8. Let Ly, be the normalized Levi form of the hypersurface
Y ={R = ¢(r)}, cooriented from above, and suppose r > 0.
(a) The restriction of Ly to AS is given by

1 '(r 1
Ly(X) = (AL ke
N IO A N AR L)
(b) The coefficient Lo of the restriction of Ly to A(gy s given in suitable unitary
coordinates ( = s + it,w = u + iv with r? = s2 +u? and R? = 1> +v? by
1 //52 /u2 /3 1 /2u2
Lo = A +¢——7(1+¢ )
AP\ 2 "7 T T gu T e

(¢) The mazimal absolute value M (IT) := max {|II(X)|; X € T, |X| = 1} of the
normal curvature of ¥ equals

" |¢'] 1
M(II) = .
( ) max ((1+¢/2)ga T\/1+¢)/27¢\/1+¢/2>

If ¥ is J-convez, then ¢’ > 0 and

_ 4" ¢’
M(IT) = max ((14—@5’2)377"\/@) .

PrOOF. Parts (a) and (b) follow from Lemma 4.7 and the preceding discussion.

For (c), we write X as the zero set of the function ®(r, R) = ¢(r) — R. Assume
first that x,y are linearly independent. Recall from Lemma 4.6 that the splitting
at z = (x,y) € %,

T.S = (T.SNAS,) ® AL ®iAL,
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¢(r)

FIGURE 4.3. The normal curvature of the circle of radius 7.

is orthogonal with respect to I7 and A, iA, are eigenspaces with eigenvalues
D, @' (r) A dr 1

= = s R = = — .

VO[r /14 ¢/(r)? IVRIR  ¢(r)\/1+¢/(r)?
It remains to compute the eigenvalues on the 3-dimensional space 7,% N Agy. De-
note by 21, y* the unit vectors in A, orthogonal to z,y such that (z/r,z+) and
(y/R,yt) are orthonormal bases defining the same orientation as (z,y). Note that
the circle actions by rotation of the x resp. y coordinates leave ¥ invariant and

are generated by x resp. y*. So by Lemma 4.5, these circle actions lead to a
II-orthogonal splitting

T.SNAS, =Rat & T.E N (Rz & iRy) & iRy™*.

Ar

The eigenvalue on T,X N (Rz @ iRy) equals the curvature of the curve y(r) =
(r, ¢(r)), which is given (with the correct sign) by
2|2 (A A2 1 12\ A2 A2 H12 /!
v VPP =07 V4 7)97 — 629 6

|’Y'|3 - (1+¢/2)3/2 - (1 +¢/2)3/2'

The eigenvalue on Rz+ equals the normal curvature of the circle of radius  in the
(x,y)-plane. This circle has curvature 1/r and normal projection amounts to multi-
plication by the factor ¢'/4/1 + ¢'2 (see Figure 4.3), so the normal curvature equals
@' /r/1+ @2 = \,.. Similarly, the eigenvalue on iRy" equals —1/¢+/1 4+ ¢'2 = \g
and the formula for M (IT) follows.

If z,y are linearly dependent, then 7,3 N Agy = T.% N (Rz @ iRy) is 1-
dimensional with eigenvalue A and we obtain the same formula for M (IT).

If ¥ is i-convex when cooriented from above, then the positivity of the expres-
sion in (a) implies that %, > é > 0, so the third term in the formula for M (II) is
dominated by the second term. [

REMARK 4.9. The discussion in the preceding proof leads to an alternative
derivation of the normalized Levi form by computing the mean normal curvature.
The field of complex tangencies £, C T,X N Agy is spanned by the vectors

Fat +ayt, i@t +iyt) = —yt +iglat
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The space T, XN (Rz @ iRy) is spanned by the vector v := x/r+i¢’(r)y/R. Denote
by 7 the oriented angle from x to y in Ag,. Then

—yt +i¢'at = —cosTat +i¢ cos Tyt + sin T,
and since o, iy*, v are eigenvectors of IT and |[v|?> = 1 + ¢> we obtain
H(¢'z* +iyt) + H(~y* +id'z")
= ¢? A\ + Ag + cos? TN, + ¢ cos? TAg + sin® (1 + ¢'*)A
== i = <¢/3 cos® ¢’ _ l(1 + ¢'? cos® 1) + ¢ sin® T) .

N r + r 0]

Dividing by |¢'z+ + iyt |? = 1 + ¢'% and setting s = sin 77, u = cos 77, this yields
the coefficient Ly in Proposition 4.8 (b) for the normalized Levi form Ly (X) =
TI(X) + 11(iX) on AT,

4.3. Properties of i-convex shapes

The precise expressions for the normalized Levi form Ly in Proposition 4.8
will become important in Section 4.7. For now, we will only be interested in the
conditions for positivity Ly which we restate in the following proposition.

PROPOSITION 4.10. The hypersurface ¥ = {R = ¢(r)} is i-convex cooriented
from above at r > 0 if and only if ¢ satisfies the following two conditions:

1 L gb’(r) . 1
(4.3) L(¢) := . o >0,
- (]5”82 ¢/u2 ¢I3 1 ¢/2u2
(44 £0)="+"5 +7_E<1+ ) >0

for all (s,u) with s*> + u? = r2. It is i-convex cooriented from below if and only if
the reverse inequalities hold.

The following corollary gives some useful sufficient conditions for i-convexity.

COROLLARY 4.11. (a) If ¢ >0, ¢ >0, ¢" <0 and

/3
1
(4.5) ¢+ — - —(1+¢?) >0,
ro¢
then X is i-convex cooriented from above.
(b) If >0, ¢ <0, ¢" >0 and
¢/3 1
———-x<0
r ¢ =

then X is i-convex cooriented from below.

¢/l +

PRrROOF. (a) If ¢/ > 0 and ¢” < 0 we get
/3

£20)2 " + S = 21+ 67,

So positivity of the right hand side implies condition (4.4). Condition (4.3) is also
a consequence of ¢ + 4’7/3 — %(1 +¢2) > 0.
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<

FIGURE 4.4. A quarter circle is an i-convex shape cooriented from below.

(b) If ¢’ <0 and ¢” > 0 we get

/3
1
L (¢)<¢“+¢ -
¢
So negativity of the right hand side implies the reverse inequality (4.4). The reverse
inequality (4.3) is automatically satisfied. O

As a first application of Corollary 4.11 we have
LEMMA 4.12. For any 0 < <e < V26 the quarter circle
d(r) ==e— 02— (e — )2, r € e —9,¢]
defines an i-convex hypersurface { R = ¢(r)} cooriented from below (see Figure 4.4).

PROOF. Fix 0 < § < e < /20. Forr € [e—d,¢] set s := /62 — (¢ — )2 € [0, d].
We have
/ _ _6 - T i _ ﬁ
¢ (T) - s 9 ¢ (T) - 837
31 1/, (e—1)3 53
/!
L R _
ot r ¢ 3 r e—s
Set t := & — r. Then we need to prove that
t3 3

(4.6) F(t) = T

e—t e—s
for all t € [0,4], where s = v/02 — t2. We have
-2 -2
F(t) =t t(3e —2t)  s(3c —2s)
(e—1t) (e—s)?
( t(3e—2t) .

A short computation shows that the function G(t) := = is strictly increasing
F'(t)

on [0,6]. Tt follows that the function

t=s,ie., t= %, is negative on [0, %) and positive on (%, d]. Hence the function

F(t) attains its minimum at the point %. We compute F(%) = %,
condition e < /28 implies F( f) > ¢2 and hence inequality (4.6). O

= G(t) — G(s) has a unique zero when

so the
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For the remainder of this chapter we will only be interested in hypersurfaces
{R = ¢(r)} that are i-convex cooriented from above. We will call the corresponding
function ¢ satisfying the conditions of Proposition 4.10 an i-convex shape. The
following lemma lists some elementary properties of i-convex shapes.

LEMMA 4.13 (Properties of i-convex shapes). (a) If ¢ is an i-conver shape
then so is ¢ + ¢ for any constant ¢ > 0 (i-convexity from above is preserved under
upwards shifting).

(b) If ¢ is an i-convex shape at v > 0, then the function ¢x(r) := Ap(r/N) is
an i-convex shape at Ar for each A > 0.

(c¢) If ¢, are i-convex shapes for r < rg resp. r > 1o such that ¢(rqo) = ¥ (ro)
and @' (ro) = ' (rg), then the function

I = {¢(T) forr < rg,

w(r) forr >y

can be C*-perturbed to a smooth i-convex shape which agrees with ¥ outside a neigh-
borhood of rq.
(d) If ¢,¢ are i-convex shapes, then the function

0 := max (¢, )

can be CO-perturbed to a smooth i-convex shape which agrees with ¥ outside a neigh-

borhood of the set {¢p = }.

PROOF. (a) If ¢ satisfies one of the inequalities (4.3), (4.4) and (4.5), then ¢+c¢
satisfies the same inequality for any constant ¢ > 0.

(b) can be seen by applying the biholomorphism z — Az on C", or from
Proposition 4.10 as follows: The function ¢, has derivatives ¢ (Ar) = Ao(r),
Ah(Ar) = ¢'(r), §5(Ar) = ¢”(r)/A, and the replacement r +— Ar, ¢ — AP, ¢' — ¢/,
¢@" — @" /X leaves both conditions in Proposition 4.10 unchanged.

(c) follows from the fact that for given r, ¢, ¢’ the set of ¢” such that condi-
tion (4.4) holds is convex.

(d) After C2-perturbing ¢ we may assume that the graphs of ¢ and 1) intersect
transversely. Consider an intersection point ro such that ¢(rg) = ¥(rg) and ¢'(rg) <
¥’ (rg), so near rg we have

P(r) forr > '

() = {(b(r) for r < ry,

We claim that for any §, M > 0 there exist r_ < rg < ry with [ry —r_| < and a
quadratic function x : [r—,r;+] — R with the following properties:
o ' =m > M;
o X(r-)=o(r-), xX'(r-) = ¢'(r-);
o X(re) =v(ry), X' (r4) = ¢¥'(r4).
To see this, take for every sufficiently close r_ < r( a linear function a + br tangent
to ¢ at r_ and add a quadratic term m(r —r_)?/2 to make it tangent to ¢ at some
r+ > 19, and note that v, — ro and m — co as r— — ry.
We make y smooth by decreasing x” from m to ¢”(r_) near r_ and from m
to " (ry) near r.
It remains to show i-convexity of y. Condition (4.3) holds for y because it
holds for ¢,% and up to an error of order ¢ for r € [r_,r;] we have r = ro,
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x(r) = ¢(ro) = ¥(ro) and x'(r) € [¢'(r0), ¢’ (ro)]. Next note that condition (4.4)

for s = 0 becomes
1
(X - ) (1+x?) >0,
r X

which is satisfied in view of condition (4.3). Since x”(r) is uniformly bounded from
below independently of §, there exists a constant o > 0 independent of § such that
x satisfies condition (4.4) for all |s| < o. Moreover, near r_ resp. r4 condition (4.4)
holds for x because it holds for ¢, and x” is larger than ¢’ resp. ¢”. So it
remains to consider the region where x” = m in the case |s| > o. In this region
7,X,X  are bounded independently of m. On the other hand, the term x”s?/r?
becomes arbitrarily large as m — o0, so condition (4.4) holds for m sufficiently
large. O

4.4. Shapes in the subcritical case

The following lemma extends i-convex shapes to the subcritical case. For k£ < n
we set

7“I=\/$§+~--+x%+y,%+1+-~-+y%, R:=\/y} + - +ui.

LEMMA 4.14. Let ¢(r) be an i-convexr shape with ¢’ > 0. Then:

(a) £ :={R = ¢(r)} is an i-convex hypersurface cooriented from above.

(b) X intersects the subspace iR™ i-orthogonally in the sense that i(iR™) =
R" C T3 X for any iy € iR" N X.

(¢) X is transverse to the vector field

b d " ) d
4. X = IR
(47) Z(a:z . yzayl)+ 5 ( o ayj)

j=k+1
PROOF. (a) Set 7 := /a7 +---+ 22 and R := \/y?+---+y2. By assump-
tion, the hypersurface ¥ := {R = ¢(7)} is i-convex cooriented from above. By

Lemma 2.7 there exists a convex increasing function f : R — R with f(0) = 0 such
that the function

P:C" =R, YP(z):= f((b(f) — R)
is i-convex on the neighborhood U := ¢)~! ((71, 1)) of X.

Let us write z = (2/,2"”) € C* = C* ® C"* with 2/ := (21,...,2;) and 2" :=
(Zk+1y---52n). The unltary group U(n — k) acts on C™ by rotation in the second
factor, gz = (2, g2") for g € U(n — k). Note that the functions t4(z) := ¢(gz) are
i-convex on the sets Uy := ¢ '((-1,1)) = g7*(U). Define

P:C" =R, ¢(z):= maxgeU(n_k)ilj(gz).
Since ¢ is increasing, the function
9= &(VIRez'[2 +[Re(g2")[2) — v/[Im 2'[2 + [Im (g2")[2
for fixed (2’, 2") attains its maximum for Im (gz”) = 0, so Re (¢2”) = 2" and

¥(2) = £(o(VIReZP +[2"P) = [m'|) = £(6(r) = R).

In particular, v is smooth with regular level set 1»~1(0) = X.
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We claim that v is i-convex near . To see this, consider a point z € ¥. By
definition we have ¢4(z) < 0 for all g € U(n — k). Set

A={geUn—k)|v4(z) > —1/2}.
Since A and U(n — k) \ A are compact, there exists a neighborhood B of z on
which 14 > —1 for all g € A and ¢, < —1/4 for all g € U(n — k) \ A. Thus
B’ .= BN w’l((—l/él, 1/4)) is a neighborhood of z on which ¥ = max 4eaty €
(—1/4,1/4) and ¢4 € (—1,1/4) for all g € A. Since 1), is i-convex on B’ C U, for
all g € A, Proposition 3.8 implies i-convexity of ¢ on B’. This shows that ¢ is
i-convex near Y, hence its level set X is also i-convex.
(b) is clear from the definition of ¥, and (c) follows from the computation

, - or " or k OR ,
X (6(r) ~ R) = ¢'(r) (;xi%“‘i;ﬂyi%) +;yj37j =¢'(r)r+R>0.

?

(]

4.5. Construction of special shapes

We will now construct special i-convex shapes satisfying the differential in-
equality in Corollary 4.11 (a). One such solution with the desired properties has
been constructed in [42]. The following simplified construction was pointed out to
us by M. Struwe. We will find the function ¢ as a solution of Struwe’s differential
equation

1/ ¢13
4.8 — =0
(4.8) ¢+ 5
with ¢ > 0 and hence ¢” < 0. Then the inequality in Corollary 4.11 (a) reduces to
¢/3 1 2
4.9 — ——(1 > 0.
(4.9 L+

LEMMA 4.15. For any d, K,d, A > 0 satisfying K > eV and AK§ < (In K)—3/2
there exists a solution ¢ : [AJ, KA6] — R of (4.8) with the following properties (see
Figure 4.5):

(a) &' (N0) = +00 and A+ dAJ < $(Nd) < A+ dK NS

(b) S(KAS) = A+ dK N6 and ¢'(KNS) < d;

(c) ¢ satisfies (4.9) and hence is the shape of an i-convex hypersurface coori-
ented from above.

ProoF. First note that if ¢ satisfies equation (4.8) and inequality (4.9), then
so does the rescaled function A¢(r/A). Thus it suffices to consider the case A = 1.
The differential equation (4.8) is equivalent to

1y 20" 1
N
thus 1/¢"? = In(r/d) for some constant § > 0, or equivalently, ¢'(r) = 1/+/In(r/6).
By integration, this yields a solution ¢ for r > § which is strictly increasing and
concave and satisfies ¢'(§) = +oo. Note that f(;m ¢'(r)dr = 6K, with

K
du
K = < 00.
' /1 vinu
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FIGURE 4.5. A solution of Struwe’s differential equation.

Fix the remaining free constant in ¢ by setting ¢(Kd) := 1 + dK 6, thus
6(6) = 1+ dK6 — K10.

Estimating the logarithm on [1, K] from below by the linear function with the same
values at the endpoints,

In K
> _
Inu > % 1(u 1),

we obtain an upper estimate for Kj:

(410) K< /\/”{i ,/ln‘l/“‘“;— \/ln;l)

By hypothesis we have vIn K > 2/d, hence K; < d(K — 1). This implies
@(0) >1+dK§—d(K —1)0 =1+ dd.

Concavity of ¢ implies ¢(r) > 1+dr for all r € [§, K], and in particular ¢/ (K ) < d.
Clearly ¢(d) < 14 dK¢§ because ¢ is increasing. So it only remains to check
inequality (4.9). Denoting by ~ equality up to a positive factor, we compute

¢/3 1 ¢/3

Y -1 /2 >
2r (b( +07%) = 2r 1+dr

(4.11) Nﬁ(1+dr)_2 207

(1+9¢7)

~1+df2muwfﬂf2m@mfﬂ.
.
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The function on the right hand side is decreasing in r. So its minimum is achieved
for r = K§ and has the value

1 1
— —2(InK)*? - 2(In K)*/? — —4(InK)*? >
s (InK) (InK) +d>K(5 (InK)*>= >0
by hypothesis. Here we have used the inequality 2(In K)'/? < d+2(In K)3/2, which
follows for all d > 0 from the hypothesis K > e*/ d* (arguing separately for the
cases d <2 and d > 2). O

REMARK 4.16. The proof of Lemma 4.15 shows that for given §, K > 0 and
¢ € R the differential equation (4.8) has a unique solution ¢ satisfying ¢'(§) = oo
and ¢(KJ) = ¢, and this solution depends smoothly on ¢, K, ¢. Indeed, the solution
¢ is given by

" 1
(15(7’) = C+\/I'<(S st

To obtain a shape for a hypersurface as in Theorem 4.1, we need to interpolate
between the function ¢(r) in Lemma 4.15 (for A = 1) near r = § and the standard
function S(r) = v/1+ ar? near r = =, for some given a > 1 and v € (0,1). This
interpolation will occupy the remainder of this section. Since it is rather involved,
let us take a moment to explain why it needs to be so complicated.

The straightforward approach would be the following. Given a,~ let us try to
find d, K, > 0 as in Lemma 4.15 such that K§ < 7 and the corresponding function
¢ satisfies ¢(K9) < S(K¢). Then the graphs of ¢ and S would intersect at a point
between § and K¢ and a smoothing of max (¢, S) would yield the desired shape.

Now the condition ¢(Kd) =1+ dKd < S(Kd) = /1 + a(K6)? implies aK§ >
2d + d2K§ > 2d and thus 2d/a < K§ < . This shows that d needs to be small
for fixed a > 1 and small v > 0. On the other hand, the conditions K > e*/ 4 and
4K6 < (In K)~3/2 in Lemma 4.15 yield

2d 1 1 d?

e = Ko< 4(In K)3/2 = 4(4/d2)3/2 32
and thus d? > 64/a, which contradicts the inequality 2d/a < « for small v. Hence
this approach fails.

Geometrically, the preceding computation shows that for small « the graph of
¢ will intersect that of the linear function L(r) = 1 + dr before it meets the graph
of S. The next attempt would be to follow ¢ from § to the intersection with L,
then L up to the intersection with .S, and then S up to . The problem with this
is that L is only i-convex for small r and the part of L used in the interpolation
fails to be i-convex. This forces us to introduce a further shape, the quadratic
function () defined below. The desired i-convex shape will then be constructed by
interpolating from ¢ to L to @ to S.

For numbers A, a,b, c,d > 0 consider the following functions:

e Sy\(r) = VA2 + ar? (standard function),
e Qx(r) = A+ br + cr?/2)\ (quadratic function),
e Ly(r) = A+ dr (linear function).

Let us first determine in which ranges they satisfy the inequalities (4.3) and (4.4).

LEMMA 4.17. (a) The function Sx(r) is the shape of an i-conver hypersurface
for A>0,a>1andr > 0.
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(b) The function Qx(r) is the shape of an i-convex hypersurface for A > 0,
b>0,c>1andr>0.

(¢) The function Qx(r) is the shape of an i-convex hypersurface for A > 0,
b=4—c,0<c<4and0<r <2\

(d) The function Ly(r) is the shape of an i-convex hypersurface for A > 0,
d>1andr >0.

(e) The function Ly(r) is the shape of an i-convex hypersurface for A > 0,
d>0, and 0 < r < Ad>.

ProoF. First note that by Lemma 4.13 (b) we only need to prove the state-
ments for A = 1. Set S := 51, Q := Q1, L := L;. We denote by ~ equality up to
multiplication by a positive factor.

(a) This holds because R = S(r) describes a level set of the i-convex function
é(r,R) = ar? — R? for a > 1.

(b) Condition (4.3) follows from

Q/(T)Q(T)fr:(b+cr)(1+br+§)*T2b+07”*7’:b+(0*1)7">0a

and condition (4.4) from

r2—u?)  (b+cer)u?  (b+oer)? (b + cr)?u?
+ S
r2 r3 r r2
~er(r? —u?) 4+ (b er)u? +r2(b+er)® — 13 —r(b + cr)*u?
= (c— )3 +bu + 1%+ cr)® — ru®(b + cr)?
> (c—Dr* +r2(b+cr)® —r3(b+cr)?
=(c=1)r* +r?(b+cr)?(b+ (c— 1r) > 0.

£Q(Q) Z C(

(¢) Condition (4.3) follows as in (b) from
QMQ(r)y—r>b+cer—r=4—c(l—r)—r>4—-4(1—7r)=4r —r > 0.
For condition (4.4) it suffices, by (b), to show that
A=(c=Dr+ b+ cr)2(b + (e— 1)7“)
=(c—1r+ (476(171"))2(470(171")*7’) > 0.

For ¢ > 1 this follows from (b). For ¢ < 1 we have 4—c(1—r) > 3 and 4—c(1—r)—r >
3 —r, hence
A>—1r+93B3—-r)=27-10r >0

for r < 2.
(d) Condition (4.3) follows from

L'(rL(r)—r=d(1+dr)—r=d+ (d* - 1)r >0,

and condition (4.4) from

L3(L) =

i &1 ( +d2u2)
r3 r 1+dr r2

~ (1 +dr)du® + d®*r?*(1 + dr) — r® — d*ru®
=du® + d** + (d* — 1)r® > 0.
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(e) We will only use the weaker assumption 7(1 —d*) < Ad® instead of r < \d®.
Condition (4.3) follows from r(1 — d?) < d®/(1 + d?) via
d3 d

li _ — 2_ > - = =
L'(r)L(r)—r=d+(d*-1)r>d Tr & 1—|—d2>

0,

and condition (4.4) as in (d) from
L2(L) = du® + d®r® + (d* — 1)r® > r?(d® + (d* — 1)r) > 0.
O

LEMMA 4.18. (a) For \,c > 0 and d > b > 0 the functions Qx(r) and Lx(r)
intersect at a unique point Argr > 0, where rqr = 2(d — b)/c.

(b) For X > 0 and a > d? > 0 the functions Lx(r) and Sx\(r) intersect at a
unique point A\rgr, > 0, where rgg, = 2d/(a — d?).

(¢c) For \,b >0, a>c>0 and 2b*(a + ¢)*> < (a — ¢)? the functions Sx(r) and
Qx(r) intersect at precisely two points A\rsq, )\rgQ satisfying 0 < rsg < 4b/(a—c) <
rng. Moreover, the points rsg and rgQ depend smoothly on a,b, c.

See Figure 4.6.

PRrROOF. (a) and (b) are simple computations, so we only prove (¢). Again, by
rescaling it suffices to consider the case A = 1. First observe that forz > 0and g < 1
we have /1 + x > 1+ px/2 provided that 1+ > 1+ pz + p?x? /4, or equivalently,
x < 4(1—p)/p?. Applying this to x = ar?, we find that S(r) > 1+ par?/2 provided
that
(4.12) r? < 4(172“).

af

Hence if ) )
ar cr
1+M2 =Q<T)=1+b’r+7
for some r > 0 and p < 1 satisfying (4.12), then S(r) > Q(r). Assuming ua > ¢,
we solve the last equation for r = 2b/(ua — ¢). Inequality (4.12) becomes
oAb 4(1 — )
rT = < s
(a0 = o

or equivalently,
(4.13) ab’u? < (1 — p)(pa — c)*.

Now pick p := (a+c)/2a. The hypothesis a > ¢ implies ¢ < 1 and pa = (a+c)/2 >
c. With pa —c=(a —¢)/2 and 1 — p = (a — ¢)/2a, inequality (4.13) becomes

2 2
a+c a—c fa—c
b2
a(2a)<2a(2>’
20%(a +¢)? < (a —c)®.
Assume this inequality holds, so S(ry) > Q(r) at the point
% 4
Cpa—c a-—c

Now f(r) := Q(r)*> — S(r)? is a polynomial of degree 4 satisfying f(0) = 0 and
f(r) = +oo as r — too. Since b > 0, we have f(r) > 0 for r > 0 close to zero

or equivalently,

T+
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FIGURE 4.6. Intersections of the standard, linear and quadratic shapes.

and f(r) < 0 for r < 0 close to zero, so f(r—) = 0 for some r_ < 0. By the
preceding discussion we have f(r;) > 0, so f has two more zeroes rsq, sy With
0<rgg <ry < 7"'SQ. Since the 4 zeroes of f are distinct they are all nondegenerate,
which implies smooth dependence on the parameters a, b, c. (I

Now we combine Lemma 4.17 and Lemma 4.18 to show

LEMMA 4.19. For every a > 1 and v > 0 there ezists d € (0,1) and an in-
creasing i-convex shape (r) which agrees with S(r) = 1+ ar? forr > v and with
L(r) =1+dr forr close to 0.

PROOF. Pick any ¢ € (1,a). Pick b € (0,1) such that 2b?(a+c¢)? < (a—c)? and
4b < y(a—c). By Lemma 4.18 (c), the i-convex shapes S(r) and Q(r) = 1+br+cr?/2
intersect at a point 0 < rgq < 4b/(a —¢) < . Now pick d € (b,1) such that
ror = 2(d — b)/c satisfies rgr, < rsg and rgr < d*. By Lemma 4.18 (a), the
functions Q(r) and L(r) intersect at the point rqgr, so we are in the situation of
Figure 4.6 (a). By Lemma 4.17 (e) the function L(r) is ¢-convex for r < rgr. Now
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FIGURE 4.7. The i-convex shape x cooriented from above.

the desired function is a smoothing of the function which equals L(r) for r < rqp,
Q(r) for ror, <r <rgg and S(r) for r > rgq. ]

REMARK 4.20. The proof of Lemma 4.19 uses only the criteria for i-convexity
of the functions Sy, @ and Ly given in Lemma 4.17 (a), (b) and (e). Given
constants @ > 1 and v > 0, the constants ¢ := (1+a)/2 and b := y(a —1)/16 satisfy
the conditions in the proof of Lemma 4.19 for v sufficiently small (which we may
assume without loss of generality). With this choice, the constant d in Lemma 4.19
satisfies y(a — 1)/16 < d < 1.

Now we are ready to prove the main result of this section.

PROPOSITION 4.21. For every a > 1 and v > 0 there exists 6 € (0,7) and an
i-convex shape x(r) cooriented from above which agrees with S(r) = /1 + ar? for
r > v and satisfies X' (0) = +o00 and 1 < x(8) < 1+ (see Figure 4.7).

ProOOF. By Lemma 4.19, there exists an increasing i-convex shape ¥ (r) which
agrees with S(r) = V1 + ar? for r > v and with L(r) = 1 + dr for r < 3, for some
d € (0,1) and 3 € (0,7). Let ¢ : [0, K§] — R, be the i-convex shape provided by
Lemma 4.15, where K, > 0 satisfy the conditions in Lemma 4.15 (with A = 1 and
our given d) and in addition K < 5. Now the desired shape x is a smoothing of
the function which equals ¢ for » < K¢ and ¢ for r > K. Note that property (a)
in Lemma 4.15 yields

1<x(0) <1+dK§<1+n.
O

REMARK 4.22. The proofs of Lemmas 4.15 and 4.19 show that the i-convex
shape x in Proposition 4.21 can be chosen to depend smoothly on the parameters
a > 1, v > 0 and the sufficiently small § € (0, ). Let us choose a smooth function
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FIGURE 4.8. Another solution of Struwe’s differential equation.

(a,7v) — d(a,7), decreasing in ~, such that dé(a,vy) € (0,7) is sufficiently small in
the sense of Proposition 4.21 (in particular §(a,y) — 0 as v — 0 for any a). Then
we obtain a smooth family of increasing i-convex shapes xq. : [0(a,7),00) = R,
a > 1, v > 0 with the properties in Proposition 4.21.

PROOF OF THEOREM 4.1 (1-111). With the shape x(r) in Proposition 4.21, the
desired i-convex hypersurface 3 is given by {x(r)—R =0}U{r =0, R < x(6)}. O

4.6. Families of special shapes

In this section we construct a family of i-convex shapes interpolating between
the function in Proposition 4.21 and the standard functions .S).
We begin by constructing another family of solutions to Struwe’s differential
equation (4.8).
LEMMA 4.23. For any § > 0 and d > 4 there exists a solution ¢ : [5,20] — R
of (4.8) with the following properties (see Figure 4.8):
(a) ¢'(8) = +oo and ¢(0) > dé;
(b) ¢(20) = 2dd and ¢'(20) < d;

(¢) ¢ satisfies (4.9) and hence is an i-convex shape.

PROOF. The proof is similar to the proof of Lemma 4.15. By rescaling, it
suffices to consider the case § = 1. Define the solution ¢ by ¢'(r) := 1/vInr and

#(2) := 2d, thus
2 du
#1) = 2d - /1 Vinu

Estimating the integral as in (4.10) and using d > 4, we find

2 2
VIn2 VIn2
since vIn2 > 1/2. Concavity of ¢ implies ¢(r) > dr for all r € [1,2], and in
particular ¢'(2) < d. So it only remains to check inequality (4.9). Denoting by ~

P(1) > 2d —
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equality up to a positive factor, we compute

¢/3 1 12 ¢I3 1 /2
5o~ o1+ )25—5(1‘“25 )

2r ¢
Nd¢/3_2_2¢12
~d—2(Inr)3? = 2(Inr)/2.

The function on the right hand side is decreasing in r. So its minimum is achieved
for r = 2 and has the value

d—2(n2)*? —2(n2)"/2>4-2-2=0,
since d > 4 and vIn2 < 1. O

REMARK 4.24. For ¢ as in Lemma 4.23 and any constant ¢ < 0, the part of
the function ¢ + ¢ that lies above the linear function dr is i-convex, see Figure 4.8.
Indeed, the last part of the proof applied to ¢+ ¢ estimates the quantity in inequal-
ity (4.9) by d —2(Inr)3/2 —2(Inr)/2, where 7 is the larger intersection point of
¢ + c and dr. Since r; < 2, this is positive.

Extend the standard function to A < 0 and a > 1 by

Sx(r) == Var? = A2, r > |\|/Va.

Note that Sy is the shape of an i-convex hypersurface because its graph is a level
set of the i-convex function ¢(r, R) = ar? — R?.

We say that a family of i-convex shapes ¢y : [d, 8] — Ry with ¢4 () = oo
is (piecewise) smooth if their graphs {R = ¢x(r)}, extended by the vertical line
below (57 gb)\(é)), form a (piecewise) smooth family of smooth curves in the positive
quadrant Q C R2.

LEMMA 4.25. Let Ly(r) = A+ dyr, 0 <r < 8,0 < X <1, be an increasing
smooth family of i-convexr shapes, where A — dy is decreasing with dy = 8 and
0 < dy < 1. Then for any sufficiently small § € (0,5/4) there exists a piecewise
smooth family of increasing i-convex shapes ¢y : [0, 8] = R, =85 < X\ < 1, with the
following properties (see Figure 4.9):

(a) d_ss(r) = V6412 — 6452 for all v > 6;
(b ¢>\(7") = mfor -8 < A<0andr> 5/2;

)
(¢) dx(r)=La(r) for0<A<1andr > p/2;
(d) ¢4(0) = oo for all A;
(e) 1< éi(d) <1+p.

PROOF. Step 1. For each A € (0,1], set Ky := e*/93. Pick a smooth family
of constants d, > 0 such that Ad, increases with A and

4K 0, < (InKy) 732, K \\ox < /2.
By Lemma 4.15, there exist i-convex solutions ¢y : [Adx, KxAdy] — R of (4.8)
satisfying

e ¢\ (M) = +oo and Pr(Adx) > A+ drAdy;
° (Z5)\(K)\)\5)\) = )\+d)\K)\>\5)\ and (ZS/A(K)\)\(s)\) S d)\.
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FIGURE 4.9. Bending down linear shapes.

Step 2. From dp = 8 and d; < 1 we conclude Ko = 91/16 < 2and Ky >
e* > 2. Hence there exists a 0 < A < 1 with K5 = 2. Set § := Ad5 < /4. By
Lemma 4.23 (with d = 8), there exists an i-convex solution ¢ : [§,20] — R of (4.8)
satisfying
e ¢/(6) = +oo and ¢(6) > 85;
e ¢(20) =160 and ¢'(26) < 8.
By Lemma 4.13 (a), the functions

O = O(r) + La(26) — Lo(20) > (1)
are i-convex for 0 < A < X and § < r < 2§. Note that the functions ¢5 and q@;\ have
the same value at r = 2§ and derivative co at 7 = §. Since they both solve the second
order differential equation (4.8), according to Remark 4.16 they coincide on [4, 24].
Thus the families constructed above fit together to a continuous family ((;ASA) A€[0,1]
with ¢y = éx 1 [Aox, KaAda] — Ry for A > X, and ¢ = ¢y : [5,20] — Ry for
A < A Set &y := Ay for A > X and &y := § for A < X and define %\ [0, B] = Ry
by
5}\(7") :: {i)\(r) for r < K0y,
A(r)  for r > K)d».

After smoothing, the family %\ is i-convex and agrees with Ly for r > /2.

Step 3. For —85 < 7 < 0 consider the functions ¢, := ¢ + 7 : [§,26] — R,.
By Remark 4.24, the portion of ¢, above the linear function Lg is i-convex. Thus
for 0 < § < /2 sufficiently small, the portion of ¢, above the function S_gs is
i-convex. Here S)(r) = V6472 — A2 is the standard function defined above with
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a =64 and A € [—86,0]. For —85 < A < 0 define ¢y : [0, 8] — R by

~ | (r)+5x(28) — So(26) for r < 26,
oalr) = Sx(r) for r > 20.

Since Sy (r)— So(r) is increasing in r for A > 0, the condition ¢(J) > 86 ensures that
oy lies above Sy. Thus after smoothing, the family ¢, is i-convex for —8§ < A <1
and agrees with Ly (if A > 0) resp. Sy (if A < 0) for r > 3/2. Now define
d))\ : [67B] —>R+ by

~ S sy forr< o,
oalr) = {(75(7") for r > 6y.

After smoothing, the family zz » is i-convex for —89 < X\ < 1 and satisfies conditions
(b-d).

Step 4. To arrange condition (a), note that @Z_gg = max (S_gs, ¢7) for some
7 < 0. By the discussion above, the functions max (S_gs,¢,) are i-convex for
—85 < 7 < 0. For § sufficiently small, we have max (S_gs,¢_g5) = S_gs. After
rescaling in the parameter ), this yields a family ¢, satisfying conditions (a-d).

Step 5. To arrange condition (e), set §; := (2 —¢)61 + (t — 1)d for t € [1,2]
and let ¢y : [§;, K10;] — R be the i-convex shape from Lemma 4.15 with A = 1 and
d replaced by ;. For A € [1,2] define 1},\ : [0, 8] = R4 by

S_gs(r) forr <y,
oA(r) =< Pa(r)  for 6y <7 <4y,
Li(r) for r > ;.

For A =1 this matches the previous family {p}, so rescaling in A yields the desired
family ¢y. O

The following result is a family version of Lemma 4.19.

LEMMA 4.26. For any v > 0 there exists a constant 0 < < v and a smooth
family of increasing i-convex shapes ¥y : Ry — Ry, A € [0,1], with the following
properties (see Figure 4.10):

(a) o(r) = 8r for all r;

(b) ¥A(r) = A+ dxr for r < B and all \, where A — dy is decreasing with
do=8 and 0 < d; <1;

(€) ¥a(r) = V6412 + X2 for r >~ and all \.

PROOF. Set a := 64 and ¢ := 2. With this choice and A € (0,1] we consider
the functions

Sx(r) = VA2 +ar?, QbA(r):)\qurJrcrz/Z/\, Lax(r)=A+dr

as above. Here the constants b,d will vary in the course of the proof but always
satisfy the condition

(4.14) 0<b<d<b+b*<8.

Then the numerical condition in Lemma 4.18 (c), 2b?(64+2)? < (64—2)3, holds be-
cause b < 4. Hence all the numerical conditions in Lemma 4.18 are satisfied, so the
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FIGURE 4.10. Interpolation between standard and linear shapes.

functions Sx, Qs 1, Lq x intersect at points Argpr (b, d), Arsr(d), Arsg(b) satisfying

2(d—b 2d 4b
TQL(b,d): %7 TSL(d):m, O<7‘SQ(b) <

a—c
By condition (4.14) we have
ror(b,d) < b < d®,

so the numerical condition in Lemma 4.17 (e) is satisfied for r < Argr(b,d). It
follows that the shape functions Sy (r) and @y A(r) are i-convex for all r, and Lg x(r)
is i-convex for r < Argr (b, d). For each triple (b,d, ) we consider the function

Py, x = max (Sx, Qv x, La,x) = Apa,1(-/A).

This function will be i-convex provided that the region where it coincides with
L4 (r) is contained in the interval [0, Argr (b, d)]. We say that v q 5 is of type

(a) if ru (b,d) < rsr (d) < rsq(b)
(b) if rsq(b) < rsr(d) < rqr(bd);
(c) if TSQ(b) < T'QL(b, d) <rsp(d);
see Figure 4.6 (where we have dropped the parameters b, d, A). Thus the function
Pp,a,x 1s i-convex for types (a) and (b), but not necessarily for type (c).
After these preparations, we now construct the family ¥ in 4 steps.
Step 1. Consider A = 1. Pick a pair (b1, d;) satisfying (4.14) and such that

2(dy — by)
C

4b
rqL(bi,d1) = <rsq(br) < ai_lc <.

Then the shape function ¢, 4, x is of type (a) and therefore i-convex for all A > 0,
and it agrees with Sy for r > . Note that in particular we have rgr,(dy) < 7.
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Step 2. Fix a parameter 0 < \* < /8. This condition ensures that for any
pair (b,d) satisfying (4.14) we have Argr(b,d), \'rsq(b) < 7. We may assume
that by in Step 1 is chosen so small that b3 < ¢/(a — b?) for all b € [0,b;]. Then for
any b € [0,b1] such that (b, d;) satisfies (4.14) we have

_ 3
2(dy — b) < 20° - 2b - 2d,

ror(b,dy) = =———= < —
c c a—-v a-d3

= TS’L(dl) <.

Let b7 € (0,b1] be the solution of b + (b7)® = dy. We claim that for all b € [b], b]
the function ¥y 4, 1~ is of type (a) and therefore i-convex. Indeed, by Step 1 this
holds for b = b;. Since r5¢(b) depends smoothly on b, if i, 4, A+ changes its type
there must exist a b € [bf, b;1] for which rsg(b) = rsr(d1). But this implies also
ror(b,di) = rsr(dr), contradicting the preceding inequality.

Step 3. For b > 0 consider the function

B e ror(b,d) ~(d—b)(a—d?) B b?(a — (b+b)?)
J(b) = rsp(d) la=p+os cd ‘d:b+b37 c(1 4+ b2)

A short computation shows that f(0) =0, f(1) > 1 and f'(b) > 0 for all b € (0,1).
Thus there exists a unique b3 € (0,1) with f(b3) =1, i.e., roL(b,b+b®) = rsr(b+b?)
precisely for b = b3. Since b < b3, the function vy, ;143 x+ is of type (a) and therefore
i-convex for all b € [bj,b3]. For b € [b3,1] we have rqr (b, b+ b®) > rgp(b+ b%),
so the function )y 443 x- is of type (b) and therefore also i-convex. Combining
this, we see that the function vy 5443 x+ is i-convex for all b € [b],1]. Moreover,
Nrgp(b+b3) <~ for all b € [b3, 1], 50 Wy pyps 2 (r) = S5(r) for r > 7.

Step 4. The previous step leads for b = 1 and d = b + b3 = 2 to the function
1,22+ For d € [2,8] define bg, A¢ by the conditions

bd + b3 = d7 )\drSL(d) =7,

SO
v(a—d?)

2d
Note that by = 1, A2 > A*, and )1 52 is i-convex for all A € [A\*, o] and agrees
with Sy for r > 7. The same holds for the functions ¢, 4., for all d € [2,8]. In
the limit d — 8 we find Ag = 0 and thus the linear function

1/)58 ,8,0 (’I") = 8r.

Now we combine the homotopies of i-convex functions 1y g 5 in Steps 1-4: Start-
ing from (by,dq,1) we first decrease A to (b1,d1, A*) (Step 1), then decrease b to
(b3, d1, A*) (Step 2), next increase (b,d) simultaneously do (1,2, A*) (Step 3), and
finally increase (b,d) and decrease A simultaneously to (bs,8,0). By construction,
each function v 4. during this homotopy coincides with the corresponding stan-
dard function Sy for r > v and with the linear function Ly for r < 3 for some small
B > 0. Moreover, during the homotopy A is non-increasing and d is non-decreasing.
Smooth the functions v 4 » and perturb the homotopy such that A is strictly de-
creasing from 1 to 0 and d is strictly increasing from dy < 1 to 8. The resulting
homotopy, parametrized by A € [0, 1], is the desired family . O

Ad =

Now we are ready to prove the main result of this section. Recall that

S3() = V642 —22: M\ <0,
MUV F a2 A >0,
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FIGURE 4.11. The family x, of i-convex shapes cooriented from above.

PROPOSITION 4.27. For every v > 0 and any sufficiently small § € (0,7) there
exists a piecewise smooth family of increasing i-convex shapes x : [0,00) — R,
-8 < A < 1, with the following properties (see Figure 4.11):

(a) x—gs(r) = V/64r2 — 6402 for all v > §;

(b) xx(r) = Sx(r) forr >~ and all X;

(c) X\(0) = oo for all \;

(d) 1 < x1(6) <147.

PROOF. Let (x)aepo,1] be the family of i-convex shapes from Lemma 4.26

which agree with the standard functions Sy(r) = V6472 — A2 for r > ~ and with
the linear functions A + dyr for r < 3, for some § € (0,7) and some decreasing
family A — dy with dy = 8 and 0 < d; < 1. On the other hand, Lemma 4.25
provides us with a family (¢x)xe[—ss,1] Which agrees with A 4 dxr for r > /2 and
A € [0,1], and with Sy(r) = vV64r2 — A2 for r > §/2 and X € [—86,0], for the given
B, dx and sufficiently small 6 € (0,5/4). Since to(r) = 8 = Sp(r), we can define
the required family x : [6,00) = R, =86 < A < 1, by

(]5)\(7’) ore [575/2]7)‘6 [_8571]7
xa(r) = qa(r): r>pB/2,A€[0,1],
Sx(r): r>p/2,\ € [-84,0].
O
REMARK 4.28. The proofs of Lemmas 4.25 and 4.26 show that the family x

in Proposition 4.27 can be chosen to depend smoothly on the parameters v > 0
and the sufficiently small 6 € (0,7). Let us choose a smooth decreasing function
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v+ §() such that §(y) € (0,~) is sufficiently small in the sense of Proposition 4.27
(in particular 6(7) — 0 as v — 0). Then we obtain a smooth family of increasing
i-convex shapes X : [0(7),00) = R, =83(y) < A < 1, v > 0 with the properties
in Proposition 4.27.

According to Proposition 3.41, the family of i-convex hypersurfaces {R =
x(r)} in Proposition 4.27 can be turned into a foliation. The following refine-
ment of Proposition 3.41 shows that this can be done within the class of shapes.

COROLLARY 4.29. If the hypersurfaces ¥y in Proposition 3.41 are all given by
shapes R = ¢x(r) in C™, then so is X.

Proor. Note that a hypersurface is given by a shape if and only if it is in-
variant under the group of rotations G = O(k) x O(2n — k) and transverse to
the vector field ROr. The latter property is clearly preserved during the proof of
Proposition 3.41. For the first property, note that the function 1 constructed in
Proposition 3.38 depends only on M (X) and the Euclidean distance from X, both
of which are G-invariant if ¥ is. Clearly G-invariance is preserved under taking the
maximum. According to Remark 3.14, the smoothing on C™ can be done by convo-
lution followed by interpolation. Convolution preserves G-invariance if we choose
the smoothing kernel G-invariant, and the interpolation can be done in the class of
G-invariant functions. O

PROOF OF THEOREM 4.2 (i-iii). We first apply Proposition 3.26 to the i-con-
vex functions ¢(r) = ar? — R? and ¢(r, R) = 64r? — R? which coincide to first order
along the totally real submanifold {r = 0} and have a nondegenerate critical point
at the origin. So we find an ¢-convex function ¢ : C* — R with a unique critical
point at the origin which coincides with ar? — R? on {r > v} and with 64r? — R?
on {r < '}, for some 4" € (0,7). Thus the level sets ¥ = ¢ > —1 coincide along
{r =~'} with the shapes x» from Proposition 4.27 (extended by Sy for A < —84).
By Proposition 3.25 we can modify the hypersurfaces ¥y = {R = xx(r)}, keeping
them fixed near r = 4" and near A\ = 1, to a foliation of the region {r < 4/,R <
x1(r)} by i-convex hypersurfaces ) »- By Corollary 4.29 we can arrange that the
¥ A are again given by shapes. The function ¢ on {7' <r < 7} extends canonically
to a function ¥ on {r < ~, R < x1(r)} with regular i-convex level sets 3y. O

4.7. Convexity estimates

The i-convex hypersurfaces on C™ constructed in the previous sections can
be transplanted to complex manifolds by holomorphic embeddings, providing J-
convex surroundings for real analytic totally real submanifolds. In this section we
derive quantitative estimates on the normalized modulus of i-convexity of these
hypersurfaces which ensure that they remain J-convex under “approximately holo-
morphic” embeddings. This provides J-convex surroundings for smooth totally real
submanifolds, and simplifies many subsequent arguments by avoiding real analytic
approximations.

We will only consider i-convex shapes ¢(r) for 0 < r < 1 and with 0 < ¢ < 2.
By Proposition 4.8 this implies ¢’ > r/¢ > r/2 and

1

¢ 1/2 /2 1

ML) 2 3 2 Tt~ isiji~ 3
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Thus the normalized modulus of i-convexity u(3) (see Section 3.7) satisfies

3m(L2) > 3m(Lz) - m(LE)

3u(X) = max {M(II5),1} = max{3M(IIx),1}  M(IIx)

=: a(%).

Therefore, in the following it will suffice to estimate (%) from below. One advan-
tage of i over p is that the former is invariant under rescaling (r, R) — (Ar, AR).
We will also refer to iz as the normalized modulus of convexity.

Our point of departure is the following consequence of Proposition 4.8.

PRrROPOSITION 4.30. Suppose a hypersurface & C C™ is given by the shape R =
¢(r), cooriented from above, and that r > 0, ¢' > 0. Then the inequality i(3) >
€ > 0 for the normalized modulus of i-convexity of ¥ is equivalent to the following
system of inequalities, stronger than (4.3) and (4.4):

TR - BN ¢
(4.15) L1(p) = 81 Y + r ¢ >0,
F o
(4.16) Lhie)=(1-9% - 2 >0,
2 L 52(15/, 11 ¢/u2 ¢/3 1 (;5/211,2
(4.17) £2,(0) = T el + 25 +7—5<1+ = ) >0,

(4.18) £§7Q(¢) _ ¢//52 ¢/u2 ¢/3 1 (1 N ¢12u2) gf/

-
72 73 r r2

¢
for all (s,u) with s> +u? =712 If ¢ >0,¢"” <0 and 0 < & < 1 then the following
inequality implies p(X) > e:

1-— |
(4.19) ¢" + A=) _ —(1+¢7) -
r ¢
In particular, if ¢’ > o > 0,¢” <0 and 0 < € < min(%, %2), then the following
inequality is sufficient for a(X) > e:
303 1

2
" _5(1+¢ ) > 0.

PRrROOF. By Proposition 4.8, the condition (%) > ¢ is equivalent to

/
< 0.
.

(4.20) "+

min ¥(ﬂ/ — 1) Lo | > emax "] d
Jiror\r o) Q+eD it
where Ly is given by
_ 1 ¢,/S2 ¢/u2 ¢13 1 ¢/2U2
ILO_(l—|—gb’2)3/2 < 2 +7_$<1+ 2 ))

Expanding this condition yields the four inequalities (4.15) to (4.18).
If ¢’ < 0 inequality (4.19) clearly implies (4.18) for all e. To see that it
implies (4.17), we divide (4.19) by 1 — € and drop the last term to obtain
" /3
1
¢, &

/2
Tt —7(1_€)¢(1+¢ ) > 0.
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Since 1/(1 — &) > 1 + € this implies (4.17). For (4.16) note that

" (lfs)d)lg 1 2 5(;5/ /2 (1*5)(15/ 1
0<¢ +T_$(1+¢ )_T<¢ (7”_¢),

and hence L3, = (1%‘% - % > 0. Furthermore, we have
o1 o1
(14 ™) L1 =" + (1+67) (i - ) > ¢ + ¢ (“i - >

" 12 (b/ 1
>+ ¢ (7‘_>

(1-¢e)¢” 1 ¢/

> ¢ + . ¢(1+¢’2)—7>0,

and hence (4.19) implies (4.15).

Finally, the derivative bound ¢’ > o implies that s%’/ < %f for e < %2, and
hence (4.20) implies (4.19) for ¢ < min (%, %2) . 0

The following is a quantitative version of Lemma 4.15.

LEMMA 4.31. For anyd, K,5,\ > 0 satisfying K = e*/*" and 8K§ < (In K)~3/2
there exists a solution ¢ : [Ad, KAJ] — R of (4.8) which satisfies properties (a) and
(b) from Lemma 4.15. In addition, ¢ satisfies (4.20) for r € (A0, KAJ), and hence

the corresponding hypersurface ¥ satisfies i(X) > min (é, g—;)

PrROOF. By rescaling we need only consider the case A = 1. We define ¢ as in
the proof of Lemma 4.15, so it satisfies (a) and (b). Moreover, K = e/? implies
¢'(Kd) = 1/v/In K = d/2. Since ¢ is concave, this shows that ¢'(r) > d/2 for all
r € [§, K§]. Hence according to Proposition 4.30 (iv) with o = d/2, inequality (4.20)
is sufficient for /i(¥) > & = min (3, g—;) Using that ¢ is a solution of (4.8), this
reduces to the inequality

¢® 1 ”

— — —(1 > 0.

L+
Arguing as in (4.11) we conclude that the bound 8KJ < (In K)~3/2 yields this
inequality. ([l

The next lemma is a quantitative version of Lemma 4.17.

LEMMA 4.32. (a) The function Sx(r) for A € R, a > 1 and r > max {0, —\//a}
satisfies i = (a — 1) /a.

(b) The function Qx(r) for A > 0, b > 0, ¢ > 1 and r > 0 satisfies i >
min {1 —1/¢,b?/(1 — b?)}.

(c) The function Qx(r) for A >0,b=4—¢c, 0 < ¢ <1 and 0 < r <2\ satisfies
p>1/5.

(d) The function Ly(r) for A >0, d > 1 and r > 0 satisfies i > %.

(e) The function Ly(r) for A > 0, d > 0 and 0 < r < A\d® satisfies i >
min (d®,1) /4.

ProOOF. (a) The Hessian and the complex Hessian of the function ¥(r, R) =
(ar? — R?) defining ¥ are

Hessy = diag(a,...,a,—1,...,—1), Hy =diagla—1,...,a—1).
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Thus m(Hy) =a — 1, M (Hessg) = 1, and Lemma 2.24 yields

m(Hy) a71.

Ax) = M(Hessy)  a

For properties (b-e) note that rescaling (r, R) — (A\r, AR) preserves fi(X) =
m(X)/M(X), hence we can in the following assume that A = 1.
(b) We have £, (Q) > QT — é >0 and

b+cr B L
r Q(r)

if ¢ <1—1/c. Note that since Q" > 0 the inequality £2,(Q) > 0 is weaker than
£2(Q) > 0 and hence satisfied according to Lemma 4.17. Arguing as in Lemma 4.17
we get

L5(Q) = (1-¢) >(1—-¢€)e—1>0

7’3/:?,2(69)

=(c—1)r* +bu +r2(b+cr)® —ru(b+cr)? —er?(b+cr) (1 + (b + er)?)
>(c—1Dr* + (1 —e)r?(b+cr)® =2+ cr)? —er?(b+cr)
=(c—1—ce)r* +r2(b+cr)?[(1 — )b+ (c — 1 — ce)r] — ebr? =: A.

The assumption € < 1 — 1/¢ ensures that ¢ — 1 — ce > 0 and dropping the corre-
sponding terms we get

A> 72031 —e)b—ebr? = br?[(1 —e)b* —¢] > 0

if e < b2/(1+b2).
(¢) The inequalities Cél(Q) > 0 and £2; > 0 follow exactly as in (b). The
inequality £15(Q) > 0 follows from r <2, b=4—cand ¢ < 1 via

rﬁiQ(Q) >{A—e)bter)—r=(1-e)b+(c—1—ce)r
>(1-e)d—c)—2(c—1—ce)=(1—-¢e)(d—c—2c)+2
>1

—e+2>0.

To show that £2, > 0 we first note that b+ cr = 4 —¢(1 —r) > 3 due to our
assumptions. Using this and r < 2, we estimate the term A from (b) by

A>(c—1—ce)r* +9r?3(1 —¢) — 7] — (4 — o)r?
>3 4 27(1 —&)r? —9r® —4er? ~ 27— 31e — 10r > 7 —31e > 0
if e <1/5 < 7/31.

(d) Since L' = 0 inequalities (4.15) and (4.17) are the same as (4.3) and (4.4),
and are verified in Lemma 4.17. For condition (4.16) we compute

rL(r)EéQ(L) =1 —¢e)l'(r)L(r)—r=1—¢e)d(1+dr)—r
=(1-¢e)d+[1—-e)d*—1)]r=(1—¢)d+ Br
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with B := (1 — €)d? — 1, which is positive if ¢ < 1 — J;. For condition (4.18) we
compute

2 3 2,2
Leall) = %JF (1_8);1 —- 1+1dr< drg )
~ (1 +drydu® + d®(1 —e)r?(1 + dr) — edr? — ed*r® — 13 — d*ru?
=du?® +[d*(1 —¢) —ed]r® + [d*(1 —¢) — 1 — ed?]r®
> [d*(1 —¢) —ed)r® + [d*(1 —¢) — 1 — ed?]r®
~ 31 =) —ed + [d*(1 —¢) — 1 —ed?]r
=:Cr+D.

Now D > 0 if and only if ¢ < 1 — d%, which holds by assumption, and C' > 0 if
and only if ¢ < d?/(1 + d?), which also follows from the assumption on € because
d?/(1+d*) <1—1/d? for all d > 1.

(e) Inequalities (4.15) and (4.17) hold as in (d). For condition (4.18) it suffices
to show Cr+ D > 0, where C, D are the expressions defined in (d). We distinguish
two cases.

Case 1: D > 0. This implies d > 1 and € < 1 — 1/d? and thus C' > 0 as in (d).
Case 2: D < 0. Then using r < d® we estimate

Cr+D>[d*(1—¢)—ed +[d*(1—¢)—1—ed?|d®
=d —e(d+d®+d>+d)>0

for £ < min (d,1)/4.

For condition (4.16) we need to show (1 —¢)d+ Br > 0, where B = (1—¢)d*>—1
is the expression defined in (d). Again we distinguish two cases.
Case 1: B > 0. This implies d > 1 and e <1 —1/d? < 1 and thus (1 —¢€)d > 0 as
well.
Case 2: B < 0. Then using r < d® and € < 1/2 we estimate

(l—g)d+Br>(1-g)d+[(1-¢)d*>—1)]d
~(1—e)(1+d") —d*> (1+d")/2 - d?
~(1-d*)?*>0.
This concludes the proof of Lemma 4.32. O

The following result is a quantitative version of Proposition 4.21.

PROPOSITION 4.33. For every a > 1 and v > 0 there exists 6 € (0,7) and
an i-convex shape x(r) which agrees with S(r) = /1 + ar? for r > v and satisfies
X' (8) = 400 and 1 < x(8) < 1+ (see Figure 4.7). Moreover, the corresponding
hypersurface is J-convex for every complex structure J on C™ with ||J — i|cz <
c(a,n)y'?, where c(a,n) is a constant depending only on a and the dimension n.

PROOF. Let us recall that the required shape x(r) in Proposition 4.21 is con-
structed by smoothing the maximum of four functions: S(r) = V1 + ar?, Q(r) =
a+br+cr?/2, L(r) = 1+ dr and a solution ¢ of Struwe’s equation (4.8). By
construction the function ¢ satisfies ¢’ > d, and according to Remark 4.20 we can
choose ¢ = (a+1)/2 and b =7(a —1)/16 < d < 1. Then Lemma 4.31 ensures that
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the modulus of convexity of the ¢-part of the hypersurface satisfies

& 5 (a—1)2
> >

Now note that the hypotheses in Lemma 4.32 (a), (b) and (e) are identical with

those in Lemma 4.17 (a), (b) and (e). Hence in view of Remark 4.20, the S- , Q-,

and L-parts in the construction satisfy the bounds on the moduli of convexity given

by Lemma 4.32 (a), (b) and (e):
p=(a—1)/a,
1 b a—1 (a—1)%42
> min {1— -, —— \ > mi
“—mm{ c’l—b2}_mln{a+1’162—(a—1)272}’
__ min{dS 1} ¢(a—1)8
> 2

Thus for all parts we have u > ji/3 > c,7%, where ¢, is a constant depending only
on a. Now we apply Corollary 4.29 to smooth the maximum of the four functions.
By Proposition 3.41, the resulting shape hypersurface is then J-convex for every
complex structure J on C" with ||J — il|c2 < cn(cay®)?. O

Similarly, one proves the following quantitative version of Proposition 4.27.

PROPOSITION 4.34. Let xx, A € [—84, 1], be the family constructed in Proposi-
tion 4.27. Then all the level sets of these functions are J-convex for every complex
structure J on C™ with ||J —il|c2 < c(a,n)y'2, where c(a,n) is a constant depending
only on a and the dimension n.

PROOF OF THEOREMS 4.1 (iv) AND 4.2 (iv). This follows from the estimates
in Propositions 4.33 and 4.34. (]



Some Complex Analysis

In this chapter we collect some definitions and results from the theory of
functions of several complex variables. Mostly, we have restricted ourselves to
those facts that are directly relevant for this book, so this chapter presents by no
means an adequate exposition of the rich and beautiful subject of several com-
plex variables. For such expositions consult one of the many excellent books such
as [89, 103, 78, 116, 93, 160, 36, 60].

In particular, we review the notion of holomorphic convexity and its relation
with J-convexity (the Levi problem and its generalizations), Grauert’s Oka prin-
ciple and its applications, and the holomorphic filling problem for J-convex CR
manifolds. The one subject discussed in greater detail is real analytic approxima-
tion because it is important for the purposes of this book.

5.1. Holomorphic convexity

To a subset K C V of a complex manifold we associate its holomorphic hull in
V.

Ky = {reV f |f(z)| < max g|f| for all holomorphic functions f: V — C}.

Note that this notion depends on the manifold V. If U C V is an open subset
containing K then we have K v C KV In the case V. = C" we can equivalently
replace holomorphic functions by polynomials in the definition and Kcn is also
called the polynomial hull. A subset with I?Cn = K is called polynomially convex.

EXAMPLE 5.1. (a) Let K C C" be a compact convex set. Then Ken = K.
Indeed, for any point z ¢ K there exists a complex linear function ! : C* — C such
that Re (I(z)) > max Re (I(w)). Hence, |¢!(*)| > max ‘el(w)| .

(b) Given holomorphic functions f,..., fx : V — Ctheset P = P(f1,...,fn)
=A{lf1l < 1,...,|fn| < 1} C V is called an analytic polyhedron if it is compact.
Clearly, for any analytic polyhedron P we have ﬁv =P.

(¢) If C C V is a compact complex curve with boundary 9C, then C' C 8/5‘/.
Indeed, for any holomorphic function f : V' — C the maximum principle yields
max ¢|f] < max gc|f]-

A complex manifold V is called holomorphically conver if IA(V is compact for
all compact subsets K C V.

EXAMPLE 5.2. (a) Any open convex subset 2 C C" is holomorphically convex.
Indeed, Q can be exhausted by compact convex sets K* C Int K*t!, i = 1,2,...
and we have K’ C K}, C Ki., = K".

91
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(b) The interior of any analytic polyhedron is holomorphically convex. Indeed
Int P(f1,...,fn) can be exhausted by analytic polyhedra P((l +e)f,...,(1+
e)fn), e>0.

(c) If V is holomorphically convex and W C V is a properly embedded complex
submanifold, then W is also holomorphically convex.

Let us call a compact set K C V holomorphically convex if it can be presented
as an intersection of holomorphically convex open domains in V. In other words,
K is holomorphically convex if it has arbitrarily small holomorphically convex open
neighborhoods. !

Note that if a compact set K C V satisfies IA(V = K then it is holomorphically
convex. Indeed, for any neighborhood U of K a simple compactness argument
provides an analytic polyhedron P(fi,..., fy) which contains K and is contained
in U. The converse statement is not true, see Corollary 5.14 below.

ExXAMPLE 5.3. Suppose that a compact subset K C V admits a continuous
family of compact complex curves Cs C V with 9Cs; C K for all s € [0,1], Cy C
K, and C; ¢ K. Then K is not holomorphically convex. Indeed, otherwise K
would have a holomorphically convex open neighborhood U C V with C; ¢ U.
Set o := sup{s € [0,1] | Cs C U} € (0,1). Then by Example 5.2 (c) we have
Use[o,o) O, C Ky and hence K is not compact.

Polynomially convex sets can be characterized by an approximation property
(see e.g. [160]):

THEOREM 5.4 (Oka—Weil). A holomorphically convex compact subset K C C™
is polynomially convez if and only if every holomorphic function on Op K can be
approximated uniformly on K by polynomials.

5.2. Relation to J-convexity

The notion of holomorphic convexity is intimately related to that of J-convexity.
We remind the reader that in this book “J-convezity” without further specification
always means “strict J-convezity”.

The following remark will be used repeatedly in the sequel to replace continuous
weakly J-convex functions by smooth strict ones.

REMARK 5.5. Suppose V admits a (not necessarily exhausting) J-convex func-
tion (this holds e.g. for open subsets of C™, or more generally of a Stein manifold).
Then any exhausting continuous weakly J-convex function ¢ : V' — R can be
turned into an exhausting smooth (strictly) J-convex function. Indeed, we can first
add a J-convex function to ¢ to make it (strictly) J-convex and then smooth it
using Proposition 3.10, keeping it exhausting. On general complex manifolds such
smooth approximations need not exist [59].

The relation between holomorphic convexity and J-convexity is given in the
following theorem.

THEOREM 5.6. For an open set U C C" the following are equivalent:
(a) U is holomorphically convex;

1Warning: There are other definitions of holomorphic convexity for compact sets in the
literature, e.g. in [179].
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(b) the continuous function —logdistay is weakly i-convex in U;
(c) U admits an exhausting i-convex function.

For the proof of Theorem 5.6 see e.g. [103]. Note that the implication (b) =
(¢) follows directly from Remark 5.5. The implication (¢) = (a) (and also (b) =
(a)) was known as the Levi problem. It was solved by Oka in the case of C2, and
independently by Oka, Bremermann and Norguet for general C". Grauert proved
in [77] a generalization to complex manifolds (see Theorem 5.17 below), which can
be stated in slightly stronger form as follows [103, Theorem 5.2.10]:

THEOREM b5.7. Suppose the complex manifold (V,J) admits an exhausting J-
convez function ¢ : V. — R. Then all sublevel sets of ¢ satisfy

{p < C}V ={¢ <c}.
In particular, (V,J) is holomorphically convez.

The following two lemmas allow us to construct exhausting J-convex functions
on bounded domains. The first one is elementary:

LEMMA 5.8. Let V be a complex manifold which possesses a J-convex function,
and let W C V' be a compact domain with smooth J-convex boundary. Then there
exists a J-convex function ¢ : W — R which is constant on OW. In particular,
Int W admits an exhausting J-convez function.

ProoOF. Take a J-convex function % : V' — R and choose a J-convex function
p defined on a neighborhood U D 0W which is constant on OW. Let us assume that
dlow =cand U’ := {c—e < ¢ < ¢} C U. There exists a function 0 : [c—e,c] = R
such that o o p is J-convex on U’, o(c —¢) < min @|y—.—c} and o(c) > max @law .
Then the function ¢ := smooth max(cop, 1) on W has the required properties. O

For the proof of the following lemma see [93, Theorem 1.5.14].

LEMMA 5.9. Let ¥ be a locally closed weakly i-conver smooth hypersurface in
C™. Let U C C™ be an open tubular neighborhood of ¥ such that U\ X = U, UU_,
where U_UY. has X as its weakly i-convex boundary. Then, for U sufficiently small,
the function — logdisty; is weakly i-convexr on U_.

COROLLARY 5.10. Any compact domain W C C™ with smooth weakly i-convez
boundary admits an ezhausting i-convex function on its interior.

PROOF. By Lemma 5.9 there exists a collar neighborhood [—&,0] x W of
0 x OW = OW such that the function ¢ := —logdistgy is weakly i-convex on
[—£,0) x OW. Pick any i-convex function ¢ : C* — R. Then ¢ =G+ is i-
convex on [—¢,0) x OW. Pick ¢ € R such that ¢ + ¢ > ¢ on {—e} x W. Then
smooth max((g, 1 + ¢) defines an exhausting i-convex function on Int W. O

REMARK 5.11. Lemma 5.9 also has the following global version (see e.g. [103]):
Let W C C™ be a compact domain with smooth weakly i-convex boundary OW.
Then the continuous function — logdistsy, is weakly i-convex on Int W.

Plurisubharmonic hull. In analogy with the holomorphic hull, one can
define the plurisubharmonic hull of a compact set K C V in a complex manifold as
I/(\"p/Sh = {2 € V| ¢(z) < max ¢ for all continuous

weakly J-convex functions ¢ : V — R}.
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FI1GURE 5.1. Construction of the function 1.

PROPOSITION 5.12. Suppose V' admits an ezhausting J-convex function. Then
KPSh = Ky for every compact subset K C V.

PROOF. The inclusion K v h e K v is trivial because |f|? is weakly J-convex for
every holomorphic function f. To show Ky C Ky KPS take z ¢ Ky KP. By definition,
there exists a continuous weakly J-convex functlon ¢p: V=R Wlth ¢( ) > max g¢.
After adding a small multiple of an exhausting J-convex function and smoothing we
may assume that ¢ is exhausting, smooth and (strictly) J-convex. Pick a regular
value ¢ of ¢ with max x¢ < ¢ < ¢(x). By Theorem 5.7, Ky C {¢/§\C}V ={¢p <<}
does not contain z. (]

The following proposition provides weakly J-convex defining functions for sets
with KD = K.

PROPOSITION 5.13. Suppose (V,J) admits an exhausting J-convex function.
Then a compact subset K C V satisfies I?‘I}Sh = K if and only if there exists an
ezhausting smooth weakly J-convex function ¢ : V — Rsq such that ~1(0) = K
and ¢ is (strictly) J-convex outside K.

Proor. Existence of ¢ clearly implies IA(‘I;Sh = K. Conversely, suppose that
IA(‘I}Sh = K. First note that for every open set U and compact set W with K C
U C W there exists an exhausting J-convex function ¢ : V' — R with ¢|x < 0 and
élw\u > 0. Indeed, by definition we find for every x € W C U a weakly .J-convex
function ¢, : V' — R with ¢|x < 0 and ¢(x) > 0. After adding a small exhausting
J-convex function we may assume that ¢, is exhausting and (strictly) J-convex.
Since ¢, > 0 on a neighborhood N, of x and finite many such neighborhoods N,
cover W\ U, a smoothing of max ;{¢,,} gives the desired function.

Using this, we inductively construct a sequence of relatively compact open
subsets V 2 Uy 2 Uy Uy 3 --- with (), Ux = K, and a sequence of exhausting
J-convex functions ¢y, : V — R, k > 1, satisfying

¢k|0k+1 < 07 ¢k‘0k71\Uk > 0'

Pick a decreasing sequence of positive numbers €, — 0 such that the ¥ := erop
satisfy max gy, Y¥r+1 < min gy, Vi, see Figure 5.1.
Pick 0 <& < min gy, ¢1 and set

0 on K,

= < max {¢r, Yp+1} on U \ Uy,
max {¢1,e} on V\Uj.
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Note that v is smooth along OUy because max {wy, Yt1} = ¥ = max {¢g, Ygp_1}
there. Moreover, ¢ > 0 and ¢~1(0) = K. By choosing the sequence ¢; to decrease
sufficiently fast we can achieve that 1 (x) < e~ 1/d@.K) where d is the distance with
respect to some Riemannian metric, which implies smoothness of ¢ at K. So a
smoothing of the max constructions yields the desired function. (Il

The following corollary illustrates the difference between holomorphic and poly-
nomial convexity.

COROLLARY 5.14. For a closed totally real submanifold L C C™ the following
hold.

(a) L is holomorphically convex.

(b) If dim L = n it is not polynomially convez.

PROOF. (a) By Proposition 2.15, the squared distance function dist? is i-
convex on some neighborhood U of L, so by Theorem 5.7 EU = L and L is holo-
morphically convex.

(b) is a special case of a theorem by Andreotti and Narasimham [8], according
to which polynomal convexity of L would imply the contradiction H, (L;Zs) = 0.
Alternatively, this can be proved using symplectic geometry as follows. Suppose L is
polynomially convex. Let ¢ : C* — Rxq be the exhausting function with ~1(0) =
L provided by Proposition 5.13. After replacing v near L by smooth max(1, & dist%)
for small € > 0 we may assume that v is (strictly) i-convex. Moreover, we can use
Proposition 2.11 to make 1 completely exhausting. Then by Proposition 11.22
below the symplectic form —dd® is diffeomorphic to the standard form on C".
Now L is exact Lagrangian for —dd®, i.e., —d®¢|, = 0. But this contradicts
Gromov’s theorem in [83] that there are no closed exact Lagrangian submanifolds
for the standard symplectic form on C". O

5.3. Definitions of Stein manifolds

There exist a number of equivalent definitions of a Stein manifold. We have
already encountered two of them.
Affine definition. A complex manifold V is Stein if it admits a proper holo-
morphic embedding into some CN.
J-convex definition. A complex manifold V' is Stein if it admits an exhaust-
ing J-convex function f:V — R.
The classical definition rests on the concept of holomorphic convexity.
Classical definition. A complex manifold V is Stein if it has the following 3
properties:
(i) V is holomorphically convex;
(ii) for every x € V there exist holomorphic functions fi,...,f, : V — C
which form a holomorphic coordinate system at x;
(iii) for any x # y € V there exists a holomorphic function f : V — C with

flx) # f(y)?

Clearly, the affine definition implies the other two (holomorphic convexity was
shown in Example 5.2). The classical definition immediately implies that every
compact subset K C V can be holomorphically embedded into some CV. The
implication “classical = affine” is the content of

2In fact, properties (i) and (ii) imply (iii), and (i) and (iii) imply (ii), see [88, Section M].
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THEOREM 5.15 (Bishop [18], Narasimhan [144]). A Stein manifold V in the

classical sense of complex dimension n admits a proper holomorphic embedding into
C2n+1,

REMARK 5.16. A lot of research has gone into finding the smallest N such that
every n-dimensional Stein manifold embeds into CV. After intermediate work of
Forster, the optimal integer N = [3n/2] 4+ 1 was finally established by Eliashberg-
Gromov [50] and Schiirmann [166].

The implication “J-convex = classical” was proved by Grauert in 1958:

THEOREM 5.17 (Grauert [77]). A complex manifold which admits an exhausting
J-convex function is Stein in the classical sense.

It is clear from any of the definitions that properly embedded complex subma-
nifolds of Stein manifolds are Stein. We will refer to them as Stein submanifolds.

Many results from C™ generalize to Stein manifolds. For example, the Oka—Weil
Theorem 5.4 generalizes to (see [103])

THEOREM 5.18. A holomorphically convex compact subset K of a Stein mani-
fold V' satisfies Ky = K if and only if every holomorphic function on Op K can be
approximated uniformly on K by holomorphic functions on V.

REMARK 5.19. Corollary 5.29 below allows us to generalize Theorem 5.18 to
sections of any holomorphic vector bundle over a Stein manifold V.

5.4. Hartogs phenomena

An important new phenomenon in complex dimension n > 1 is the existence
of open sets 2 C C™ with the property that all holomorphic functions on  extend
to some larger set. The first such example was described by Hartogs.

EXAMPLE 5.20 (Hartogs). The domain  := Int B4(1) \ B*(1/2) C C? has the
holomorphic hull = Int B*(1) (in particular, © is not holomorphically convex).
To see this, let f:  — C be a holomorphic function. For fixed z € C, |z| < 1, the
function w — f(z,w) on the annulus (or disc) A, :={w € C | 1/4 — |2]* < |w|* <
1 — |z|?} has a Laurent expansion

fz,w) = Z ap(z)w”.
k=—o0
The coefficients ag(z) are given by

" 2mi Jg R

for any r > 0 with 1/4 — |2]> < r? < 1 — |z|>. In particular, a(z) depends
holomorphically on z with |z| < 1. Since A, is a disc for |z| > 1/2, we have
ar(z) = 0 for k < 0 and |z| > 1/2, hence by unique continuation for all z with
|z| < 1. Thus the Laurent expansion defines a holomorphic extension of f to the
ball Int B*(1).

Generalizing this example, we have (see [103] for a simple proof)
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FIGURE 5.2. Holomorphic functions defined near ¥ extend holo-
morphically to the region U between 3 and the hyperplane H.

THEOREM 5.21 (Hartogs). Let § be an open subset of C*, n > 1, and K C ) be
compact with Q\ K connected. Then every holomorphic function on Q\ K extends
uniquely to a holomorphic function on 2.

REMARK 5.22. An open subset U C C"™ is called a domain of holomorphy if
there is no larger unramified domain over C™ containing U to which all holomorphic
functions from U extend holomorphically. It turns out (see e.g. [103]) that U is a
domain of holomorphy if and only if it is holomorphically convex.

As preparation for a further generalization of Example 5.20, let us consider the
following model situation in C™ with coordinates z = (z1,...,2,-1) and w = z,.
Let ¥ C {y1 > 0} C C™ be a geometrically convex hypersurface with boundary
0¥ C H := {y1 = 0}, see Figure 5.2.

Denote by U the region between H and ¥ and by U’ its projection to C*~! =
{w = 0}. Then for each z € U’ the set D, := {w € C | (z,w) € U} is biholomorphic
to the unit disc, 9D, C ¥, and D, C Op (X) for z near the point in U’ where y; is
maximal. So the same reasoning as in Example 5.20 shows:

Every holomorphic function defined on Op ¥ extends holomorphically to U.

From this we easily derive the following classical extension result (see e.g. [89,
Section VII D, Corollary 5]).

THEOREM 5.23. Let (V,J) be a Stein domain of complex dimension n > 2 with
J-convex boundary OV. Then every holomorphic function Op (0V) — C extends
uniquely to a holomorphic function V. — C.

PROOF. Pick a J-convex Morse function ¢ with regular level set 9V = ¢~ 1(c).
Let f be a holomorphic function defined on a neighborhood U of V. Consider a
level set ¥ = ¢~ 1(b) C U, b < c.



98 5. SOME COMPLEX ANALYSIS

By Proposition 2.12, each point p € ¥ has a neighborhood V,, C U such that
> NV, is biholomorphic to a geometrically convex hypersurface ¥, in C". By the
preceding discussion, f can be extended to any region U, bounded by ¥, and a
hyperplane. Moreover, the proof of Proposition 2.12 shows that the curvature of
>, and hence the size of the region U, can be uniformly bounded below in terms of
an upper bound on the second derivatives of ¢ and a lower bound on its gradient
and its modulus of J-convexity.

Performing this for all points on ¢~1(b), we holomorphically extend f to {¢ >
a} for some a < b, where b — a is bounded below in terms of an upper bound on
the second derivatives of ¢ and a lower bound on its gradient and its modulus of
J-convexity on ¢~1(b). Continuing this way, we can thus holomorphically extend
f to {¢ > a}, where a is the highest critical value of ¢. Now we perturb ¢ to
a J-convex function ¢ = ¢ o h , where h is a small diffeomorphism which equals
the identity on {¢ > b} and maps all critical points of ¢ on level a to ¢~ '(a’)
for some a’ > a. So all critical points of ¢ on level a lie on the regular level set
1~ 1(a’). By the preceding argument applied to 1) we holomorphically extend f to
the set {1 > a} containing all critical points of ¢. Then we switch back to ¢ and
holomorphically extend f to the next lower critical level of ¢, and so on until we
have extended f to all of V. (]

REMARK 5.24. Kohn and Rossi [114] prove the following generalization of
Theorem 5.23 (under the same assumptions on V): Every function f : 9V —
C satisfying the tangential Cauchy-Riemann equations extends to a holomorphic
function on V. Moreover, instead of J-convexity they only assume that the Levi
form has at least one positive eigenvalue at each point of V. On the other hand,
some convexity assumption is clearly necessary: For any closed complex manifold
X,V =D x X is a compact complex manifold with Levi-flat boundary and the
function f(z,w) = 1/z defined near OV has no holomorphic extension to V.

COROLLARY 5.25. Let V' be a Stein domain of complex dimension n > 2.

(a) Every holomorphic map f : Op (0V) — W to a Stein manifold W extends
uniquely to a holomorphic map F : V — W.

(b) Every biholomorphism f : Op (OV) — Op (W), where W is a Stein do-
main, extends uniquely to a biholomorphism F :V — W.

PrOOF. For (a) pick a proper holomorphic embedding W C C¥. By Theo-
rem 5.23, f extends uniquely to a holomorphic map F : V — CV. Since F(Op (0V))
C W and every connected component of V' meets V', unique continuation yields
F(V) C W. For (b) simply apply (a) to f~1 : Op (OW) — Op (dV) to find an
inverse of F. O

5.5. Grauert’s Oka principle

We discuss in this section some consequences of Grauert’s Oka principle:

THEOREM 5.26 (Grauert [76]). Let G be a complex Lie group and H C G a
closed complex analytic subgroup. Let P — V be a holomorphic fibration over a
Stein manifold V' with structure group G and fiber G/H. Then any continuous
section s : V. — P is homotopic to a holomorphic one.
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COROLLARY 5.27 (Docquier-Grauert [38]). Let V' be a Stein submanifold of a
Stein manifold W. Then there exists a neighborhood U of V' in W and a holomor-
phic submersion U — V fized on V.

PrROOF. One can view W as a submanifold of C". The restriction to W of a
submersion defined on Op V' C C"™ is automatically a submersion on the intersection
of this neighborhood with W if the neighborhood is chosen small enough. Hence,
it is sufficient to consider the case W = C™. Consider the holomorphic vector
bundles A =TW|, =V xC", B=TV and C = A/B over V, the holomorphic
GL(n,C)-principal bundle F = Iso(B @ C, A) and its subbundle F' — V consisting
of isomorphisms which restrict to the identity on B. The bundle F' is also principal:
If dim V = k then the structure group of F' is the subgroup of GL,(C) preserving
Ck c €™ The bundle F admits a smooth section s : F — E. By Grauert’s
Theorem 5.26 the section s is homotopic to a holomorphic section, which can be
interpreted as a holomorphic fiberwise injective bundle homomorphism ® : C — A
transverse to the subbundle TV C A. This yields a holomorphic map ® from the
total space of the bundle C' (which we will still denote by C') to C™ which sends a
vector X in the fiber C), over a point p € V to p + ®(X) € C". The differential
of ® is an isomorphism along the zero section V C C, so by the implicit function
theorem @ is a biholomorphism between neighborhoods of the zero section in C
and of V in C". The bundle projection 7 : C' — V carried by this biholomorphism
to Op V' C C™ has the required properties. O

REMARK 5.28. Note that the previous argument shows, in particular, that
if V.C W is a Stein submanifold of a Stein manifold W then the holomorphic
bundle N = TW |y /TV admits a holomorphic homomorphism N — TW |y which
is transverse to the subbundle TV C TW |y .

Another useful consequence is the following

COROLLARY 5.29. Fvery holomorphic vector bundle E — V over a Stein ma-
nifold V' is holomorphically isomorphic to a subbundle, as well as to a quotient
bundle, of the trivial vector bundle V- x CN, for sufficiently large N .

PRrROOF. Consider the holomorphic fibration P — V of injective complex bundle
maps E — C¥. Its fiber is the complex Stiefel manifold GL(N;C)/GL(N —k,C) of
k-frames in CV, where k is the rank of F, and its structure group is GL(N, C). For
large IV the bundle P has a continuous section, which by Grauert’s Theorem 5.26
is homotopic to a holomorphic section. The resulting injective holomorphic bundle
homomorphism E — V x CV maps E onto a subundle of V x CV. Similarly,
Grauert’s Theorem yields a surjective holomorphic bundle homomorphism V' x
CY — E, which exhibits E as a quotient bundle of V x C¥. ]

ProrosiTION 5.30. Let K C V be a compact subset with smooth J-convex
boundary in a Stein manifold V. Then for every holomorphic vector bundle m :
E — V there exists a compact domain W C E, contained in an arbitrarily small
neighborhood of K in E, with smooth J-convex boundary such that WNV = m(W) =
K (where we identify V' with the zero section in E ).

PrROOF. We use Corollary 5.29 to holomorphically embed E as a subbundle in
V x CN. Pick a J-convex function ¢ : K — R with K = {¢ < 0} and regular
level set OK = {¢ = 0}. For each C' > 0 the compact domain W’ := {(z,z) €
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K xCN | ¢(x)+C|z]? <0} € V xCY has smooth J-convex boundary and satisfies
W'NV =m(W') = K, where m; : V x CV — V is the projection onto the first
factor. Moreover, W' is arbitrarily close to K for large C. Hence W := ENW' is
the desired domain in E. (]

Corollary 5.27 together with Proposition 5.30 implies

COROLLARY 5.31. For any Stein submanifold V. C CN, any compact domain
K C V with smooth J-convex boundary and any neighborhood U of K in CV there
exists an arbitrarily small compact domain W C U C CN with smooth J-convex
boundary such that WNV = 7(W) = K. Here 7 is a holomorphic submersion from
a neighborhood of V in CN onto V as constructed in Corollary 5.27.

In particular, K admits arbitrarily small neighborhoods in CN with smooth J-
convex boundary.

We also get as a corollary the following analogue of Corollary 5.10 for domains
with weakly J-convex boundary in an arbitrary Stein manifold.

COROLLARY 5.32. Let V' be a Stein manifold. Then any compact domain W C
V' with smooth weakly J-convex boundary admits an exhausting J-convex function
on its interior.

PROOF. Let us view V as a submanifold of CV. Hence TV is a holomorphic
subbundle of the trivial bundle V x C¥ = T(C¥)|y. Denote by N the quotient
bundle T(CY)|y/TV. According to Remark 5.28, the bundle N can be realized as
a holomorphic subbundle of the trivial bundle V x C¥ transverse to T'V.

Arguing as in the proof of Corollary 5.27, we construct a biholomorphism &
of a neighborhood € of V in N onto a neighborhood € of V in CV. Denote by
Y the total space of the bundle N|gy,. Note that ¥ is a weakly pseudo-convex
hypersurface in N. Then ¥ := ®(X N ) is a weakly i-convex hypersurface in
Q. Hence, by Lemma 5.9 the function ¢ := —log dists; is weakly i-convex on the
convex side U_ of a sufficiently small tubular neighborhood U of ¥ in Q. Then
the restriction ¢|wny_ is weakly J-convex and tends to infinity near OW. As in
the proof of Corollary 5.10 we now combine this function with an i-convex function
V' — R to obtain an exhausting i-convex function on Int . O

REMARK 5.33. Remark 2.19 provides an alternative proof of Proposition 5.30.
It uses some basic facts about curvatures of holomorphic vector bundles, see e.g. [80].
Pick an exhausting J-convex function ¢ : V — R. Then e?( , )s defines a Her-
mitian metric on the trivial line bundle V x C with negative curvature form —0d¢.
The product metric on the trivial vector bundle ¥V x C¥ then also has negative
curvature, and so does every subbundle of V x CV. Thus, by Corollary 5.29, the
bundle 7 : E — V carries a Hermitian metric | | of negative curvature. According
to Remark 2.19, the function s(e) = |e|? on E is J-convex outside the zero section.
Now let ¢ : K — R be a J-convex function such that K = {¢) < 0} and dy # 0
along K. Then the function ® := Cs+om : 7 1(K) — R is J-convex and
W :={® < 0} C E is the desired domain for large C' > 0.

Let us remark that Grauert’s Oka principle was significantly generalized by
M. Gromov in [85] and then further extended by F. Forstneri¢, F. Larusson and
others, see [61] for a survey of the subject.
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5.6. Coherent analytic sheaves on Stein manifolds

Two fundamental results about Stein manifolds are Cartan’s Theorems A and
B. They are formulated in the language of sheaves, see [27, 36] for the relevant defi-
nitions and properties. Let V be a complex manifold and O the sheaf of holomorphic
functions on V. For a nonnegative integer p, let OP be the sheaf of holomorphic
maps to CP. An analytic sheaf is a sheaf of O-modules. A sheaf homomorphism
[+ F — G between analytic sheaves is called analytic if it is an O-module homomor-
phism. An analytic sheaf F is called coherent if every z € V' has a neighborhood U
such that F; equals the cokernel of an analytic sheaf homomorphism f : OF, — OF,
for some nonnegative integers p, q.

Oka’s coherence theorem [154] states that a subsheaf F of OP is coherent if
and only if it is locally finitely generated, i.e., for every point x € V there exists a
neighborhood U of x and finitely many sections f; of Fyy that generate F, as an
Oy-module for every y € U.

EXAMPLE 5.34. (1) Let W C V be a properly embedded complex submanifold
of a complex manifold V and d > 0 an integer. For an open subset U C V, let
Ty be the ideal of holomorphic functions on U whose d-jet vanishes at all points of
U NW. This defines an analytic sheaf Z on V. We claim that Z is coherent. To
see this, let x € V. If z ¢ W we find a neighborhood U of z with UNW = @&
(since W C V is closed), hence Zyy = Op. If 2 € W we find a small open polydisc
U = Int (B%(1) x --- x B%(1)) C V around z with complex coordinates (z1, ..., zy)
in which WNU = {2, = --- = 2 = 0}. Then the ideal Zy is generated as an
Op-module by the monomials of degree (d+1) in 21, ..., zx, so by Oka’s Coherence
Theorem [154], Z is coherent.

(2) In the situation of (1), fix in addition an integer e > d and a properly embed-
ded complex submanifold Z € W. For U C V let Jy be the ideal of holomorphic
functions on U whose d-jet vanishes at all points of UNW and whose e-jet vanishes at
points of UNZ. In complex coordinates as above in which Z = {z; = -+ = zp = 0},
¢ > k, the ideal Jy is generated as an Oy-module by the monomials of degree (e+1)
in z1,...,2¢ which have degree at least (d + 1) in 21,...,2k. So again, by Oka’s
theorem, this defines a coherent analytic sheaf J on V.

REMARK 5.35. The coherence of the sheaves 7 and 7 in the preceding example
can also be proved without Oka’s theorem as follows. As above, let (z1,...,2,) be
complex coordinates on a polydisc U in which WNU = {z; =--- =z, = 0}. We
claim that every f € Zy has a unique representation

F2) =) fr(2)",

where the summation is over all I = (i1,...,7) with i1 + -+ + i, = d + 1 and
2l = 2" ... 2", and the coefficient f; is a holomorphic function of z, ..., z,, where

1 < /¢ < k is the largest integer with i, # 0.
We first prove the claim for d = 0 by induction over k. The case k = 1 is

clear, so let k > 1. The function (zg,...,2,) — f(0,...,0,2k,...,2,) vanishes at
z, = 0, thus (as in the case k = 1) it can be uniquely written as zx fx(2k, ..., 2n)
with a holomorphic function fy. Since the function (z1,...,2,) — f(21,...,2n) —
2k fi(Zk,s - - -, 2n) vanishes at z; = -+ = 21 = 0, by induction hypothesis it can be

uniquely written as z1 f1(21,. .., 2n)+* -+ 2k—1fk—1(2k=1, - - -, zn) With holomorphic



102 5. SOME COMPLEX ANALYSIS

functions fi, ..., fx—1. This proves the case d = 0. The general case d > 0 follows by
induction over d: Using the case d = 0, we write f(z) uniquely as z1 f1(21,...,2,)+
oo+ 2k fe(2ky - ., 2n). Now note that the functions fi,..., fr must vanish to order
d—1at z; =--- = 2z = 0 and use the induction hypothesis. This proves the claim.

By the claim, Zy; is the direct sum of copies of the rings Ff; of holomorphic
functions of zy, ..., z, for 1 < /¢ < k. Since .7-",‘} is isomorphic to the cokernel of the
homomorphism O[efl — Ou, (f1,--, fe—1) = z1f1 + - + ze—1fe—1, this proves
coherence of Z. For coherence of 7, note that f € Jy has a representation as above
with coefficients f7(z) vanishing to order e along {z; = --- = 2y = 0} and apply
the same argument to represent f; as a sum over monomials.

Now we can state Cartan’s Theorems A and B. Denote by H?(V,F) the co-
homology with coefficients in the sheaf 7. In particular, H°(V, F) is the space of
sections in F. Every subsheaf G C F induces a long exact sequence

v = HY(V,G) > HY(V,F) —» HY(V,F/G) — HT (V,G) — -+ .

THEOREM 5.36 (Cartan’s Theorems A and B [27]). Let V be a Stein manifold
and F a coherent analytic sheaf on V. Then

(A) for every x € V., HY(V, F) generates F, as an Op-module;

(B) H1(V,F) = {0} for all ¢ > 0.

In Section 5.8 we will use the following two consequences of Cartan’s Theorem
B.

COROLLARY 5.37. Let Z C W C V be Stein submanifolds of a Stein manifold
V' and let d be a nonnegative integer. Then for every holomorphic function f :
W UOp(Z) — C there exists a holomorphic function F : V — C with Flw = f
whose d-jet coincides with that of f at points of Z.

PROOF. Let Z be the analytic sheaf of holomorphic functions on V' that vanish
on W and whose d-jet vanishes at points of Z. By Example 5.34, 7 is coherent.
Thus by Cartan’s Theorem B, H'(V,Z) = 0, so by the long exact sequence the
homomorphism H°(V,0) — H°(V,0/I) is surjective. Now O,/Z, = {0} for = ¢
W, and for x € W \ Z elements of O,/Z, are germs of holomorphic functions on
W and for z € Z elements of O, /Z, are d-jets of germs of holomorphic functions
along Z. So f defines a section in O/Z and we conclude that f is the restriction of
a section F' in O. O

COROLLARY 5.38. Ewvery Stein submanifold W of a Stein manifold V is the
common zero set of a finite number (at most (dimcV + 1)(codimcW + 1)) of
holomorphic functions f; : V. — C such that for all © € W the differentials
dyfi : T,V — C satisfy (), kerd, fi = T,W.

PROOF. The argument is given in [28]. It uses some basic properties of analytic
subvarieties, see e.g. [80, 36]. An analytic subvariety of a complex manifold V is
a closed subset Z C V that is locally the zero set of finitely many holomorphic
functions. Z is a stratified space Z = Zg U --- U Zj, where Z; is a (non-closed)
complex submanifold of dimension i. Define the (complex) dimension of Z as the
dimension k of the top stratum. If Z/ C Z are analytic subvarieties of the same
dimension, then Z’ contains a connected component of the top stratum Z, of Z.
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Now let W C V be a Stein submanifold of a Stein manifold V. Pick a set
S; C V containing one point on each connected component of V' \ W. Since S;
is discrete, W U S is a Stein submanifold of V. By Corollary 5.37, there exists a
holomorphic function f; : V' — C which equals 0 on W and 1 on S;. The zero set
W1 := {f1 = 0} is an analytic subvariety of V, containing W, such that Wy \ W
has dimension < n — 1, where n = dim¢ V. Pick a set So C W7 \ W containing one
point on each connected component of the top stratum of Wj that is not contained
in W. Since each compact set meets only finitely many components of W7, the set
S is discrete, so W U.Ss is a Stein submanifold of V. By Corollary 5.37, there exists
a holomorphic function f; : V' — C which equals 0 on W and 1 on S5. The zero
set Wa := {f1 = fo = 0} is an analytic subvariety of V, containing W, such that
Wo \ W has dimension < n—2. Continuing this way, we find holomorphic functions
fiseo s fnr1: V= Csuchthat W C Wiy :={f1 =+ = foy1 =0} and W, 1 \W
has dimension < —1. Thus W,, 1 \W =g and W ={fy =--- = f,11 =0}.

Finally, we will add more functions to arrange the condition (), kerd,f; =
T, W for all x € W. Pick a (discrete) set S; C V containing one point on each
connected component of W. By Corollary 5.37 we find holomorphic functions on V'
which vanish on W with prescribed complex derivatives at points of S;. Choosing
these derivatives to be linearly independent, we thus find holomorphic functions
g1,...,9k : V — C which vanish on W such that (), ker d,g; = T, W for all z € S;.
Now Wi = {x € W | ), kerd, f; # T, W} is an analytic subvariety of W and we
continue inductively as above until the dimension becomes negative. ]

5.7. Real analytic manifolds

In order to holomorphically attach handles, we need to approximate smooth
objects by real analytic ones. In this section we collect the relevant results.

A function f : U — R™ on an open domain U C R" is called real analytic if it is
locally near each point given by a convergent power series. A real analytic manifold
is a manifold with an atlas such that all transition functions are real analytic. A
submanifold is called real analytic if it is locally the transverse zero set of a real
analytic function. Real analytic bundles and sections are defined in the obvious
way.

REMARK 5.39. As a special case of the Cauchy-Kovalevskaya theorem (see
e.g. [58]), the solution of an ordinary differential equation with real analytic coef-
ficients depends real analytically on all parameters.

Complexification. There is a natural functor, called complezification, from
the real analytic to the holomorphic category. First note that any real analytic
function f : U — C™, defined on an open domain U C R™, can be uniquely
extended to a holomorphic function f©: U® — C™ on some open domain U® ¢ C”
with U® NR™ = U. More generally, we have

LEMMA 5.40. Let V., W be complex manifolds and M C V' a real analytic totally
real submanifold with dimg M = dim¢ V. Then any real analytic map f: M — W
extends uniquely to a holomorphic map f€ : Op M — W on a sufficiently small
neighborhood of M in V.

Ifdime V = dime W and f is a real analytic diffeomorphism of M onto a totally
real submanifold N C W, then the extension fC is a biholomorphism between Op M
and Op N.
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PRrROOF. Consider a point p € M. Pick a real analytic coordinate chart ¢ :
R™ D U; — M and a holomorphic coordinate chart ¢ : C* D Uy — V, both
mapping 0 to p. Complexify 1)~! o ¢ to a biholomorphic map d:C" > UL — Cn.
Then ® = o d:C"O>U—Visa holomorphic coordinate chart mapping U NR"
to M.

Pick a holomorphic coordinate chart ¥ : C™ > U’ — W near f(p) and com-
plexify ¥~'o fo® : UNR" — C™ to a holomorphic map F:U— C™ So
F = Vo Fod!is a holomorphic extension of f to a neighborhood of p in V.
By uniqueness of holomorphic extensions, this extension does not depend on the
chosen coordinate charts on V and W, and extensions around different points of
M fit together to the desired holomorphic extension of f.

The final statement follows from the implicit function theorem and the observa-
tion that the complexification of a real isomorphism is a complex isomorphism. [J

The following is the fundamental result on complexifications of real analytic
manifolds.

THEOREM 5.41 (Bruhat-Whitney [25]). Any real analytic manifold M has a
complexification, i.e., a complez manifold M with dime M© = dimg M which con-
tains M as a real analytic totally real submanifold. The germ of a complexification
MC is unique in the following sense: If V,W are complex manifolds, containing M
as real analytic and totally real submanifolds, with dim¢V = dim¢ W = dimg M,
then some neighborhoods of M in V and W are biholomorphic.

Here is a sketch of the proof, see [25] for details. Pick a locally finite covering
of M by countably many real analytic coordinate charts ¢; : R™ D U; — M, so the
transition functions

Gij = ¢5 Lo ¢y Uy = ¢;1(¢1’(Ui) N ¢j(Uj)> — Uji

are real analytic diffeomorphisms. Now construct open subsets US C C" with
UFNR" = U; and US- C UF with UZS NR" = U;; such that the ¢;; extend to
biholomorphic maps qﬁg : Uz% - U ﬁ satisfying the following cocycle conditions:

(i) ¢% = (¢%) ! and ¢% = 1d on U = UF;

? ?
(ii) % @UagsJng - Ug; N U, biholomorphically onto UT, and ¢5, o ¢f; =
ik - Uiz = Uiy
Define MC as the quotient of the disjoint union L1 UéC by the equivalence relation
zj ~ z; if and only if z; € Ug and z; = qb(zcj(zl) € Uﬁ. (This is an equivalence
relation because of the cocycle conditions). The inclusions UL < [] ;U J(-C induce
coordinate charts U — MC with biholomorphic transition functions. A careful
choice of the open sets U;C and Ul% ensures that MC is Hausdorff. Finally, the

uniqueness statement in Theorem 5.41 follows from Lemma 5.40.

Note that as a real manifold, a (sufficiently small) complexification M€ is dif-
feomorphic to the tangent bundle T'M.

Complexification has the obvious functorial properties. For example, if N C M
is a real analytic submanifold of a real analytic manifold M, then the (sufficiently
small) complexification N is a complex submanifold of MC.

The crucial observation, due to Grauert [77], is that complexifications of real
analytic manifolds are in fact Stein.
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PROPOSITION 5.42. Let MC be a complezification of a real analytic manifold
M. Then M possesses arbitrarily small neighborhoods in M which are Stein.

PRrOOF. By Proposition 2.15, M possesses arbitrary small neighborhoods with
exhausting J-convex functions. By Grauert’s Theorem 5.17, these neighborhoods
are Stein. 0

A complexification M which is Stein is called a Grauert tube of M. Now
the basic results about real analytic manifolds follow via complexification from
corresponding results about Stein manifolds.

COROLLARY 5.43. Ewvery real analytic manifold admits a proper real analytic
embedding into some RV .

PRrROOF. By Theorem 5.15, a Grauert tube M® of M embeds properly holo-
morphically into some C¥. Then restrict this embedding to M. 0

COROLLARY 5.44. Let P C N C M be properly embedded real analytic subma-
nifolds of a real analytic manifold M and let d be a nonnegative integer. Then for
every real analytic function f: NUOp (P) — R there exists a real analytic function
F: M — R with F|y = f whose d-jet coincides with that of f at points of P.

PRrROOF. Let MC be a Grauert tube of M. After possibly shrinking N and
MC, we may assume that a complexifications are properly embedded complex sub-
manifold P® ¢ N® ¢ MC®, and f complexifies to a holomorphic function fC :
NC®UOp (P®) — C. Corollary 5.37 provides a holomorphic function G : M® — C
with G€|yc = f€ and whose d-jet agrees with that of fC at points of PC. Then
the restriction of the real part of G to M is the desired function F'. O

COROLLARY 5.45. FEwvery properly embedded real analytic submanifold N of
a real analytic manifold M is the common zero set of a finite number (at most
2(dimg M + 1)(codimg N + 1)) of real analytic functions f; : M — R such that for
all x € N the differentials dy f; : ToM — C satisfy (), kerd, f; = T, N.

ProOOF. Complexify N to a properly embedded submanifold N¢ ¢ MC of a
Grauert tube MC. By Corollary 5.38, NC is the zero set of at most (dimg M +
1)(codimg N + 1) holomorphic functions F; : M® — C satisfying the differential
condition. The restrictions of Re F; and Im F; to M yield the desired functions
i O

REMARK 5.46. H. Cartan [28] takes a slightly different route to prove Corol-
laries 5.44 and 5.45: Define coherent analytic sheaves on real analytic manifolds
analogously to the complex analytic case. Cartan proves that for every coherent
analytic sheaf F on M, there exists a coherent analytic sheaf 7€ on a complexifica-
tion M such that €|, = F®C. From this he deduces the analogues of theorems
A and B in the real analytic category, which imply the corollaries as in the complex
analytic case.

We conclude this section with the following extension of Lemma 5.40 to the
non-totally real case that will be needed in Chapter 16.

COROLLARY 5.47. Let U, V, W be complex manifolds and M C V a real analytic
totally real submanifold with dimg M = dimc V. Then any real analytic map f :
U x M — W whose restriction to U x m is holomorphic for all m € M extends
uniquely to a holomorphic map f€:U xV 2 Op (U x M) — W.
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PROOF. Arguing as in the proof of Lemma 5.40, it suffices to consider the case
of the open unit balls U ¢ C*, V ¢ C*, W € C" and M = VNRE. Then U is foliated
by the totally real balls U; = UN{Imu = t}, t € UNRF. For each t, the restriction
of f to the totally real subspace Uy x M C (RF+it) x R* C CF x C* extends uniquely
to a holomorphic map f£ : Z; — W on a neighborhood Z; of Uy x M in U x V.
For m € M consider the two holomorphic maps f, f* : Z; N (U x m) — W. Since
they agree on the half-dimensional totally real subspace U, x m C Z; N (U x m),
unique continuation yields f = f£ on Z; N (U x m) for all m, and thus f = f<
on Z;. Again by unique continuation, the extensions f< : Z; — W fit together for
different ¢ to the desired extension fC. (I

5.8. Real analytic approximations

Corollary 5.43 combined with a theorem of Whitney implies that every C*-
function on a real analytic manifold M can be C*-approximated by real analytic
functions. To state the result, equip M with a metric and connection so that we
can speak of k-th (covariant) derivatives of functions on M and their norms. We
denote by D* f the vector of derivatives up to order k of a function f: M — R.

PROPOSITION 5.48. Let f: M — R be a C*-function on a real analytic mani-
fold. Then for every positive continuous function h : M — R, there exists a real
analytic function g : M — R such that |D¥g(x) — D* f(x)| < h(zx) for all z € M.

PRrROOF. Embed M real analytically into some RY. Extend f to a C*-function
F :RY — R and h to a continuous function H : RN — R,. By a theorem of
Whitney [189, Lemma 6], there exists a real analytic function G : RY — R such
that |D*G(x) — D*F(z)| < H(x) for all # € RY. Let g be the restriction of G to
M. O

Proposition 5.48 clearly generalizes to sections in real analytic fiber bundles
E — M. For this, view the total space of the bundle as a real analytic manifold
and note that the image of a map M — E that is sufficiently C'-close to a section
is again the graph of a section. Thus we have

COROLLARY 5.49. Let f : M — E be a C*-section of a real analytic fiber bundle
E — M over a real analytic manifold M. Then for every positive continuous

function h : M — R, there exists a real analytic section g : M — E such that
|DFg(x) — D¥ f(x)| < h(x) for all z € M.

ExAMPLE 5.50. By Corollary 5.49, every Riemannian metric on a real analytic
manifold can be C*-approximated by a real analytic metric. By Remark 5.39, the
exponential map of a real analytic metric is real analytic. Now the standard proof
yields real analytic tubular resp. collar neighborhoods of compact real analytic
submanifolds resp. boundaries. In particular, this allows us to extend any compact
real analytic manifold with boundary to a slightly larger open real analytic manifold.

Corollary 5.49 provides a rather general approximation result. On the other
hand, Corollary 5.44 shows that every real analytic function on a properly embedded
real analytic submanifold IV of a real analytic manifold M can be extended to a real
analytic function on M, with prescribed d-jet along a real analytic submanifold P.
It is the goal of this section to combine the approximation and extension results.

We begin by introducing some notation. Consider a real vector bundle £ — N
and fix an integer d > 0. The d-jet bundle of E is the bundle JYE — N whose
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fiber at x € N consists of all polynomials of degree d on E,. Thus a C*-section of
JE is a C*-function F : E — R whose restriction to each fiber E, is polynomial
of degree d. Note that J°E = N and J'E = E*. By taking the Taylor polynomials
of degree d on the fibers, every C**?-function f : E — R induces a C*-section J%f
of JE which we call the fiberwise d-jet of f. Note that for d < e we have a natural
projection J°E — J?E. Note also that if the bundle E is real analytic then so is
JIE.

LEMMA 5.51. Consider a real analytic vector bundle E — N, integers k > d >
0, and a continuous function h : E — R4. Let f : E — R be a smooth function
whose fiberwise d-jet Jf is real analytic. Then there exists a smooth function
g : E — R and arbitrarily small open neighborhoods U C V of N in E with the
following properties:

(i) jg = j%f along N;

(ii) |D¥g(z) — D* f(x)| < h(x) for all x € E;

(iii) g is real analytic on U and g = [ outside V.

PrOOF. Consider the real analytic bundle J*¢E — N whose fiber at z € N
consists of all sums of monomials on E, of degrees between d + 1 and k. Let
Jhdf = Jkf = Jif be the section of J*E defined by f. By Corollary 5.49 there
exists a real analytic section F of J®9E with |DFF(x) — DFJ®4 f(z)| < h(z) for all
z€N.SoG:=J +F:E—Ris areal analytic function with J¢G = J?f and
|DFG(z) — D* f(x)| < h(z) for all x € N. Since the estimate continues to hold on a
neighborhood of N in E, we can interpolate G to f outside a smaller neighborhood
to obtain the desired function g. [

Next consider a properly embedded real analytic submanifold N of a real ana-
lytic manifold M. Pick a real analytic Riemannian metric on M. Its exponential
map yields a real analytic diffeomorphism ® between a neighborhood of the zero
section in the normal bundle £ — N and a neighborhood of N in M. We define
the normal d-jet J%f along N of a function f : M — R as the fiberwise d-jet of
f o ®. Replacing real-valued functions by sections in a bundle, Lemma 5.51 thus
yields

COROLLARY 5.52. Consider a real analytic fiber bundle E — M, a properly
embedded real analytic submanifold N C M, integers k > d > 0, and a continuous
function h : M — Ry. Let f : M — E be a smooth section whose normal d-jet
Jf along N is real analytic. Then there exists a smooth section g : M — E
and arbitrarily small open neighborhoods U C V' of N in M with the following
properties:

(i) jg = jf along N;

(ii) |D*g(z) — D* f(x)| < h(z) for all x € M;

(iii) g is real analytic on U and g = f outside V.

THEOREM 5.53. Consider a real analytic fiber bundle E — M, a properly
embedded real analytic submanifold N C M, integers k > d > 0, and a continuous
function h: M — R_.. Let f : M — E be a smooth section whose normal d-jet Jf
along N is real analytic. Then there exists a real analytic section F' : M — E with
the following properties:

(i) j9F = j1f along N;

(i) |D*F(x) — D¥ f(z)| < h(z) for all z € M.
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ProOOF. Step 1. As before, it suffices to consider the case of a real valued
function f : M — R. After C*-approximating f by a smooth function, fixing its
normal d-jet along N, we may assume that f is smooth. After applying Corol-
lary 5.52, we may assume that f is real analytic in a neighborhood of N.

Pick any ¢ > k > d. By Corollary 5.44 there exists a real analytic function
H : M — R whose /-jet coincides with that of f at points of N. Then g := f — H
vanishes to order £ along N. Suppose that we find a real analytic section G : M — R
that vanishes to order d along N and satisfies |D*G(z) — D¥g(z)| < h(z) for all
x € M. Then the real analytic function F := G+ H : M — R is the desired
approximation f: Its normal d-jet along N satisfies J*F = J?H = J¢f, and
|D*F — D¥f| = |D*G + D*H — D*f| = |D*G — D¥g| < h on M.

Step 2. By Step 1 it suffices to prove the theorem under the additional
hypothesis that f : M — R vanishes to order ¢ := 2d + k + 1 along N. By
Corollary 5.45, there exist real analytic functions fi,..., f; : M — R such that
N ={¢1 = -+ = ¢, = 0} and (), kerd,f; = T,N for all z € N. Then ¢ :=
@2 + -+ @2, - M — R is real analytic and N = ¢~1(0). Moreover, the Hessian of
¢ at x € N is positive definite in directions transverse to N, so ¢ > dist?v for the
distance from N with respect to some Riemannian metric on M. Now note that in
a neighborhood of each point p € N we have an estimate |f(z)| < C,dist(M,z)*
and hence |f(x)||¢(x)|~% < Cpdist(M, z)¢~2¢ = Cpdist(M, 2)k*1. This shows that
g := f ¢~ defines a C*-function on M. By Proposition 5.48 there exists a real
analytic function G : M — R such that |[D*G — D¥g| < h/(1 + ¢%) on M. Then
the real analytic function F := G ¢? : M — R satisfies |D¥F — D*f| < ho?/(1 +
#?) < h on M and vanishes to order d along N, so F is the desired real analytic
approximation. O

Theorem 5.53 also has a version with parameters.

COROLLARY 5.54. Consider a real analytic fiber bundle E — M, a real analytic
manifold T with real analytic boundary, and a continuous family of functions hy :
M =R, teT. Let fi : M — E, t € T, be a C*-family of C*-sections. Suppose
that the f: are real analytic for t € OT and depend real analytically on t € OT.
Then there exists a family of real analytic sections Fy : M — E, depending real
analytically on t € T, with the following properties:

(Z) Ft = ft fOT’t € aT,

(ii) |D¥Fy(x) — D* fi(2)| < he(z) for all (t,z) € T x M.

Proor. By Example 5.50, we can include 7" in a larger open real analytic
manifold 7. Extend f: to a CF-family j~’t over T and view ft as a C*-section in
the bundle E — T x M. Now apply Theorem 5.53 to this section, the function
(t,x) — h¢(z), and the properly embedded real analytic submanifold 0T x M. O

5.9. Approximately holomorphic extension of maps from totally real
submanifolds

Any real homomorphism ¢ : Fy — FE, between two complex vector bundles
(E;, J;) can be canonically presented as a sum ® = & + ®_, where & is complex
linear, i.e., ®;0J; = Joo®, and ®_ is complex antilinear, i.e., ®_oJ; = —Jo0d_.
Indeed, we have @4 = 1(® — Joo®o.J;), ®_ = 2(®+Jy0P0J;). Given a smooth

map (V,J) — (17, j) between two complex manifolds we set df := (df)_. Of course,
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when the complex manifolds coincide with C® and C™, then Of is the C™-valued

(0,1)-form df = E Hdz;.
The following proposition is a C*-version of Lemma 5.40.

PROPOSITION 5.55. Let (V,J) and (V,J) be two complex manifolds of complex
dimensions n and m, respectively. Suppose that (17, j) is Stein. Let L C 'V be
a totally real n-dimensional submanifold (not necessarily real analytic) and let f :
L — V be a smooth map. Then for any integer k > 0 there exists a smooth map
F:0pL— V such that F|p = f and OF vanishes along L together with its k-jet.

If m =n and f is a diffeomorphism of L onto a totally real submanifold LCcV
then F is a diffeomorphism between Op L and Op L and the complex structures J
and F,J coincide along L together with their k-jets.

PROOF. Step 1. Let us first consider the case when (Vi,J;) and (Va, J3)
coincide with the standard C” resp. C™ and L = R™ C C". We define an extension
F of f to C™ by the formula

, I T
(5.1) F(x+iy) = Z FW(JC)% Yl
[ <k4+1""
where I = (i1,...,4,) is a multi-index, [I| = 41 + -+ + iy, I! = i1!...4,], and
y! =y ...yin. Note that
or = lw(m)i\l\yl
Ox; I' 0z10x; ’
[7]<k+1
6i _ Z l8\1|+1f {E)Z"IH_I I
. | I . )
Oy fz, 11 0x! Oz
IO RO iyt = o+
dz;  Oyj 1! 0z 0z ’

[I|=k+1

and hence OF vanishes along R” together with its k-jet.

Step 2. Consider now the case of general complex manifolds (V,J) and
(‘77 J ). Consider on L a real analytic structure compatible with its smooth struc-
ture. By Corollary 5.43, there exists a proper real analytic embedding L — R™. By
Lemma 5.40, this embedding extends to a holomorphic embedding LE < CV of a
complexification of L into C¥. We identify L, L® with the corresponding subset in
RY resp. CV. Since Vis Stein, by Theorem 5.15 we can view it as a proper complex
submanifold of some CM. Extend f to a smooth map f RY — V C CM and then
extend f by formula (5.1) to a smooth map F : CN — CM. Note that the image
of F need not be contained in V. However, by Corollary 5.27 there exists a neigh-
borhood U of V in CM which admits a holomorphic projection 7:U — V. After
shrinking L® we may assume that F (LC) C U. Then the composition G := 7o F
is an extension of f to a smooth map G : L¢ — V such that G vanishes along L
together with its k-jet.

Step 3. If L C V is already real analytic, then LC is biholomorphic to a
neighborhood of L in V and G from Step 2 is the desired extension. For general
smooth L, it remains to find an appropriate diffeomorphism H : L€ — Op L C V.
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By Proposition 2.15, the totally real submanifold L has a Stein neighborhood in
V and hence we can assume that (V,J) is Stein. Now we apply the construction
of Step 2 to the inclusion h : L < V. This yields an extension of h to a smooth
diffeomorphism H : L® — Op L C V such that OH vanishes along L together with
its k-jet. Then Go H=! : Op L — V is the desired extension of f.

The final statement of the proposition follows from the implicit function theo-
rem. a

5.10. CR structures

We define a CR structure on an odd-dimensional manifold M?"~! as a germ of a
complex structure J on Op (0x M) C Rx M. The maximal J-invariant distribution
on 0 x M defines a hyperplane distribution ¢ on M with complex structure .J = J| ¢
and the integrability of J implies

(5.2) XY €& = [JX,JY] - [X,Y] = J(JX,Y]+[X,JY]) € ¢

(see e.g. [108]). We call the CR structure J-convez if 0 x M is a J-convex hyper-
surface. In this case, £ is a contact structure, the function ¢(r,z) = r is J-convex
on Op (0 x M), and a := —d®@|ox ar is a defining contact form for ¢ such that J|¢
is compatible with dae.

REMARK 5.56. (1) Usually (see e.g. [108]) a CR structure is defined as a hyper-
plane distribution £ on M with a complex structure .J on £ satisfying equation (5.2).
If (M,¢&,J) are real analytic and satisfy equation (5.2), then J extends to an in-
tegrable complex structure on Op (0 x M) C R x M (see [108]). Note that for
dim M = 3 the condition (5.2) is vacuous. This implies, in particular, that if M is
a real analytic hypersurface in a 4-dimensional almost complex manifold (V, J) with
real analytic J, then J can be made integrable in a neighborhood of M without
changing the induced CR structure.

(2) In general, a smooth J satisfying (5.2) need not extend to a complex struc-
ture J on Op (0 x M) C R x M. For example, for n = 2 there exist smooth convex
J which do not even extend to a neighborhood of a point in R x M ([153, 108]).
For smooth convex J and n > 4 extension to a neighborhood of a point in R x M
is always possible ([118, 5]), while for smooth convex J and n = 3 this ques-
tion remains open. In order to avoid these subtleties, we require extendibility to
Op (0 x M) C R x M in our definition of CR structure.

(3) In the literature “CR structure” often refers to the more general case of a
distribution £ of arbitrary codimension; in this book by “CR structure” we always
mean the codimension one case.

Next we discuss the question of fillability of CR structures. A holomorphic
filling of a closed CR manifold (M, J) is a compact complex manifold (W,.J) such
that OW = M and J = J on Op (0W). Tt is called a Stein filling resp. Kdhler

filling if (W, J) is Stein resp. Kéhler.

REMARK 5.57. We define a compact complex manifold (W, J) with boundary
as a germ of a slightly larger complex H}vanifold (W, J) containing W as a smooth
submanifold with boundary such that J|y = J. Such an extension exists when-

ever (W, J) is an almost complex manifold with J-convex boundary and vanishing
Nijenhuis tensor [29], but its germ need not be unique [94].
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First we recall the following result (see [89] for the relevant definitions).

THEOREM 5.58 (Rossi). Given a compact complex manifold (W,J) with J-
convex boundary OW , there exists a compact Stein space (W' J") with J'-convex
boundary and finitely many normal singularities py,...,pr € Int W’ and a holo-
morphic map f: W — W' such that fly\s-1(py — W'\ P is a biholomorphism.
Here we denote by P the set {p1,...,pr} of singular points of W’'.

PROOF. Theorem 4 in Section IX C of [89] provides a Stein space (W', J')
having all the desired properties except possibly normality. Now (W', J') has a
normalization (W J) such that the map f : W — W’ factors through a holomorphic
map f : W — W [79, Chapter 8], and (W,J) is again Stein by a theorem of
Narasimhan [145]. O

Combining this result with Hironaka’s theorem on resolution of singularities
one obtains

THEOREM 5.59. For any closed convex CR manifold the notions of holomorphic
fillability and Kdhler fillability coincide.

PrOOF. Clearly, any Kéhler filling is a holomorphic filling. Conversely, ac-
cording to Theorem 5.58, a holomorphic filling of a convex CR manifold M can be
turned into a compact Stein space W with J-convex boundary and finitely many
normal singularities in its interior. By a theorem of Lempert [122], such a Stein
space W can be biholomorphically embedded into an affine algebraic variety X. By
Hironaka’s theorem [96], the singularities of X can be resolved. Hence we get a
realization of M as a J-convex hypersurface in a smooth projective algebraic vari-
ety X — X which bounds the preimage W of W in X so W is the desired Kéhler
filling. O

In complex dimension n > 2 we have the following existence theorem for holo-
morphic fillings.

THEOREM 5.60 (Rossi [163]). For n > 2, any closed convex CR manifold
(M?"=1.J) is holomorphically (and thus Kdhler) fillable.

On the other hand, in general, for n > 2 a (holomorphically fillable) CR struc-
ture need not be Stein fillable. Indeed, there are easy homological obstructions to
Stein fillability arising e.g. from the following argument which was explained to the
second author by M. Freedman.

LEMMA 5.61. Let M be a closed manifold of dimension 2n — 1. Suppose that
for some coefficient ring R there are cohomology classes a; € H%(M; R) such that

arU---Uag #0, di <n-—1, di 4+ -+ di >n.
Then M is not the boundary of a Stein domain.

PRrROOF. Suppose M = 9W for a Stein domain W. Since W has a cell de-
composition without cells of index > n, it satisfies H;(W) = H (W) = 0 for
i > n (all (co)homology is with coefficients in R). Now d; < n — 1 implies
H%*Y(W,0W) = Ha,_gq,_1(W) = 0, so by the long exact sequence of the pair
(W, 0W) the pullback map j* : H% (W) — H®%(dW) is surjective. Thus there exist
classes a; € H% (W) with j*a; = a; and j* (0 U---Uag) = a3 U---Uag # 0. But
on the other hand a; U - - U ay, vanishes because H4++dk (1) = 0, so we have a
contradiction. g
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EXAMPLE 5.62. For n > 2 the real projective space RP?"~! admits no Stein
fillable CR structures (although it inherits a CR structure from $?"~1!). This follows
from Lemma 5.61 because the cup product of 2n — 1 classes of degree 1 (with Zs
coefficients) is nonzero. Similarly, for n > 2 the torus T?"~! does not admit any
Stein fillable CR structure. In fact, it would be interesting to know whether 7271,
n > 2, admits a CR structure at all.

The situation for n = 2 is drastically different. First of all, a 3-dimensional CR
structure need not be holomorphically fillable:

ExXAMPLE 5.63 (Rossi [163]). Note that for any € € [0,1) the intersection of
the quadric Q. = {22 + 2% + 25 = ¢} C C3 with the boundary 9B of the unit ball
BS c C? is diffeomorphic to RP3. Let us denote by .J. the convex CR structure on
RP? induced by this diffeomorphism.

Hence (RP3,.Jy) is filled by the singular Stein space Wy = Qo N B®, while
(RP3,J.) for € € (0,1) is filled by the smooth Stein domain W, = Q. N B®. The
pullbacks of .J. under the quotient map S — RP3 yield CR structures J. on S3
depending smoothly on ¢ € [0,1). We claim that J. is not Stein fillable for ¢ > 0.

To see this, suppose that W is a Stein filling of (53, J.). The quotient map S —
RP? then induces a holomorphic map Op (OW) — Op (OW.). By Corollary 5.25,
this map extends to a holomorphic map F' : W — W.. Since F is a submersion
on Op (OW), the set Z C W where the complex determinant of DF' vanishes is
a compact codimension one analytic subvariety of W. Since the only compact
analytic subvarieties of a Stein manifold are zero dimensional (see e.g. Theorem 5.9
in Chapter II of [36]), it follows that Z is empty and hence F' is a submersion. As
it is a 2-1 covering near W, we see that F' : W — W, is a 2-1 covering. But W,
is diffeomorphic to the unit disc cotangent bundle of S2, hence simply connected,
so it does not possess any connected 2-1 covering. Since the Stein manifold W is
connected, this gives a contradiction.

By contrast, Jy is isomorphic to the standard CR-structure on the boundary
of a ball in C? and hence Stein fillable. To see this, consider the holomorphic map
F : C? — C? given by the formula

F(uy,ug) = (u% + u%,z(u% — 1&%),2uluz>7 (u1,uz) € C2.

Then F(C?) = Q¢ and F(B*) = Wy = Qo N B, where B* C C? denotes the ball of
radius 1/v/2. The preimage of the origin under F is the origin, while the preimage
of any other point in @)y is a pair of points +(u1,us). Thus F' induces a branched

holomorphic 2-1 covering B* — W, and hence a holomorphic filling of (S2,.Jy) by
the ball B4, O

On the other hand, unlike the situation in complex dimension n > 2, the
following theorem shows that any holomorphically fillable 3-dimensional convex CR,
structure can be C*°-perturbed to a Stein fillable one. Recall that a 2-dimensional
complex manifold is called minimal if it does not contain embedded holomorphic
spheres with self-intersection number —1. Any complex manifold can be made
minimal by blowing down all such spheres.

THEOREM 5.64 (Bogomolov, de Oliveira [20]). Let (W, J) be a minimal complex
manifold of complex dimension 2 with J-convex boundary. Then there exists a
deformation J; of the complex structure Jy = J such that (W, Jy) is a Stein domain
for all sufficiently small t > 0.
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Symplectic and Contact Preliminaries

In this chapter we collect some relevant facts from symplectic and contact
geometry. For more details see [136, 65].

6.1. Symplectic vector spaces

A symplectic vector space (V,w) is a real vector space V' with a nondegenerate
skew-symmetric bilinear form w. Here nondegenerate means that v — w(v, -) defines
an isomorphism V' — V*. It follows that V has even dimension 2n. A linear map
U (Vi,w1) = (Va,ws) between symplectic vector spaces is called symplectic if
U*wo = wo(U-, ¥) = wy.

For any vector space U the space U @ U* carries the standard symplectic struc-
ture

Wst ((u, u*), (v, v*)) =v*(u) — u*(v).
In coordinates ¢; on U and dual coordinates p; on U*, the standard symplectic form
is given by
wee =y _ dg; Adp;.
Define the w-orthogonal complement of a linear subspace W C V' by
W :={veV |w(w)=0foral weW}
Note that dim W + dim W = 2n, but W N W need not be {0}. W is called
symplectic if W N W<« ={0};
isotropic if W C W¥;
coisotropic if W« C W;
Lagrangian if W« =W.

Note that dimW is even for W symplectic, dimW < n for W isotropic,
dimW > n for W coisotropic, and dimW = n for W Lagrangian. Note also
that (W)~ =W, and (W/(W NW¥),w) is a symplectic vector space.

Consider a subspace W of a symplectic vector space (V,w) and set N := W N
W¢. Choose subspaces Vi C W, Vo € W¥ and an isotropic subspace V3 C (V; @&
V32)% such that

W=VieN, WY=NaV, VieWh)“=Nal;.

Then the decomposition

V=VieNoV,d Vs

induces a symplectic isomorphism
(V’w) - (W/va) @ (Ww/Nv(")) D (NEB N*’wst)v

(6.1) v1 +n+ vy + vz > (vl,vg, (n, fiv3w)>.
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Every symplectic vector space (V,w) of dimension 2n possesses a symplectic
basis ey, f1,...,€n, fn, i.6., a basis satisfying

w(ei,ej) = w(fi, fj) =0, w(ei, fj) = dij-
Moreover, given a subspace W C V', the basis can be chosen such that

o W= Span{eh' . 'aek+l7f1a .. 7fk}7

o W¥ = Span{ek_;,_l, <oy Eny fk-‘rl-‘rla ) fn}7

e WNW« = span{ekH, ey ek_H}.
In particular, we get the following normal forms:

o W =span{ey, f1,..., ek, fr} if W is symplectic;

o W =span{ey,..., e} if W is isotropic;

o W =span{ey,...,en, f1,..., fr} if W is coisotropic;

o W =span{ey,...,e,} if W is Lagrangian.
This reduces the study of symplectic vector spaces to the standard symplectic space
(R*™, wy = > dg; A dpy).

A pair (w, J) consisting of a symplectic form w and a complex structure J on

a vector space V is called compatible if

gy i=w(-,J")
is an inner product (i.e., symmetric and positive definite). This is equivalent to
saying that
H(v,w) :=w(v, Jw) —iw(v,w)
defines a Hermitian metric. Therefore, we will also call a compatible pair (w, J) a
Hermitian structure and (V,w, J) a Hermitian vector space.

LEMMA 6.1. (a) The space of symplectic forms compatible with a given complex
structure is nonempty and contractible.

(b) The space of complex structures compatible with a given symplectic form is
nonempty and contractible.

PrROOF. (a) immediately follows from the fact that the Hermitian metrics for
a given complex structure form a convex space.

(b) is a direct consequence of the following fact (see [136]): For a symplectic
vector space (V,w) there exists a continuous map from the space of inner products to
the space of compatible complex structures which maps each induced inner product
gy to J.

To see this fact, note that an inner product g defines an isomorphism A : V — V
via w(-,+) = g(A-,-). Skew-symmetry of w implies AT = —A. Recall that each
positive definite operator P possesses a unique positive definite square root /P,
and v/P commutes with every operator with which P commutes. So we can define

Jy = (AAT) 2 A

It follows that J2 = —Id and w(-, J-) = g(VVAAT",-) is an inner product. Continuity
of the mapping g — J,; follows from continuity of the square root. Finally, if g = g
for some J then A = J = J,. d

Let us call a real subspace W C V of a complex vector space (V, J)

o totally real it W N JW = {0},
o totally coreal it W + JW =V,
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e mazimally real if WNJW = {0} and W+ JW =V,
o complex if JW =W.

Note that dim W < n if W is totally real, dim W > n if W is totally coreal, and
dim W = n if W is maximally real.

For a subspace W C V of a Hermitian vector space (V,w, J) we denote by W+
the orthogonal complement with respect to the metric g; = w(-, J-). The following

lemma relates the symplectic and complex notions on a Hermitian vector space. It
follows easily from the relation W« = (JW)+ = J(W+).

LEMMA 6.2. Let (V,J,w) be a Hermitian vector space and W C V a real sub-
space. Then

(a) W isotropic <= JW C W+ = W totally real;

(b) W coisotropic <= W+ C JW = W totally coreal;

(a) W Lagrangian <= JW = W+ = W mazimally real;

(c) W compler = W symplectic.

6.2. Symplectic vector bundles

The discussion of the previous section immediately carries over to vector bun-
dles. For this, let E — M be a real vector bundle of rank 2n over a manifold. A
symplectic structure on E is a smooth section w in the bundle A2E* — M such
that each w, € A2E? is a linear symplectic form. A pair (w, J) of a symplectic and
a complex structure on E is called compatible, or a Hermitian structure, if w(-, J-)
defines an inner product on E. Lemma 6.1 immediately yields the following facts,
where the spaces of sections are equipped with any reasonable topology, e.g. the
Cre. topology:

(a) The space of compatible symplectic structures on a complex vector bundle
(E, J) is nonempty and contractible.

(b) The space of compatible complex structures on a symplectic vector bundle
(E,w) is nonempty and contractible.

This shows that the homotopy theories of symplectic, complex and Hermitian
vector bundles are the same. In particular, obstructions to trivialization of a sym-
plectic vector bundle (E,w) are measured by the Chern classes c,(E,w) = cx(E, J)
for any compatible complex structure J.

REMARK 6.3. The homotopy equivalence between symplectic, complex and
Hermitian vector bundles can also be seen in terms of their structure groups: The
symplectic group *

Sp(2n) == {¥ € GL(2n,R) | V*'w = w} = {¥ € GL(2n,R) | YT J¥ = J}

and the complex general linear group GL(n,C) both deformation retract onto the
unitary group

U(n) = Sp(2n) NO(2n) = O(2n) N GL(n,C) = GL(n,C) N Sp(2n).
We end this section with a normal form for subbundles of symplectic vector

bundles.

LSp(2n) is not the “symplectic group” Sp(n) considered in Lie group theory. E.g., the latter
is compact, while our symplectic group is not.
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PROPOSITION 6.4. Let (E,w) be a rank 2n symplectic vector bundle and W C E
a rank 2k + 1 subbundle such that N := W N W% has constant rank l. Then

(B,w) = (W/N,w) & (W*/N,w)® (N & N* ws).
PROOF. Pick a compatible complex structure J on (E,w). Then
Vi=WnJW, Vo:=WNnJWY, Vs:=JN

are smooth subbundles of E. Now the isomorphism (6.1) of the previous section
yields the desired decomposition. O

6.3. Symplectic manifolds

A symplectic manifold (V,w) is a manifold V' with a closed nondegenerate 2-form
w. Amap f: (V1,w1) = (Va,ws) between symplectic manifolds is called symplec-
tic if f*wy = wi, and a symplectic diffeomorphism is called symplectomorphism.
The following basic result states that every symplectic manifold of dimension 2n
is locally symplectomorphic to (R?",wg). In other words, every symplectic ma-
nifold possesses a symplectic atlas, i.e., an atlas all of whose transition maps are
symplectic.

PROPOSITION 6.5 (symplectic Darboux theorem). Let (V,w) be a symplectic
manifold of dimension 2n. Then every x € V possesses a coordinate neighborhood
U and a coordinate map ¢ : U — U’ C R?*™ such that ¢*ws = w.

The symplectic Darboux theorem is a special case of the symplectic neighbor-
hood theorem which will be proved in the next section. Now let us discuss some
examples of symplectic manifolds.

Cotangent bundles. Let T*Q = Q be the cotangent bundle of a manifold Q.
The 1-form Y p;dg; is independent of coordinates ¢; on @ and dual coordinates p;
on T;Q and thus defines the Liouville 1-form As; on T*Q. Intrinsically,

(Ast)(q,p) U= <p7 T(q7p)71' . ’U> for v € T(qm)T*Q,

where ( , ) is the pairing between Ty@Q and T7,Q. The 2-form wy = d)s is
clearly closed, and the coordinate expression wg; = Y . dg; A dp; shows that it is also
nondegenerate. So wy defines the standard symplectic form on T*(Q. The standard
form on R?" is a particular case of this construction.

Ezact symplectic manifolds. Recall that a Liouville form on an even-dimen-
sional manifold V is a 1-form A such that dX is symplectic. The pair (V, ) is then
called an exact symplectic manifold. For example, the form pdq is the standard
Liouville form on the cotangent bundle 7% L. An immersion or embedding ¢ : L —
V into an exact symplectic manifold (V, \) is called ezact Lagrangian if ¢* X is exact.
The vector field X dual to A with respect to dJ, i.e., such that ixd\ = A, is called
the Liouville field. See Section 11.1 below for detailed discussion of these notions.

Almost complex submanifolds. A pair (w,J) consisting of a symplectic form
and an almost complex structure on a manifold V' is called compatible if w(:,J-)
defines a Riemannian metric. It follows that w induces a symplectic form on every
almost complex submanifold W C V' (which is compatible with J]|y ).

J-convex functions. If (V,J) is an almost complex manifold and ¢ : V. — R
a J-convex function, then the 2-form wy = —dd®¢ is symplectic. Moreover, wg is
compatible with J if J is integrable (see Section 2.2). In particular, every J-convex
function on a Stein manifold induces a symplectic form compatible with J.
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Kahler manifolds. A Kéhler manifold is a complex manifold (V,J) with a
Kahler metric, i.e., a Hermitian metric H = g — iw on T'V such that the 2-form w
is closed. Thus the Kdhler form w is a symplectic form compatible with J. Note
that every complex submanifold of a Kahler manifold is again Kahler.

The two basic examples of Kahler manifolds are C" with the standard complex
structure and Hermitian metric, and the complex projective space CP™ = (C"*1\
0)/(C\ 0) with the induced complex structure and Hermitian metric (the latter is
defined by restricting the Hermitian metric of C™*! to the unit sphere and dividing
out the standard circle action). Passing to complex submanifolds of C", we see
again that Stein manifolds are Kdhler. Passing to complex submanifolds of CP™,
we see that smooth projective varieties are Kahler. This gives us a rich source of
examples of closed symplectic manifolds.

REMARK 6.6. While cotangent bundles and Kéhler manifolds provide obvious
examples of symplectic manifolds, it is not obvious how to go beyond them. The
first example of a closed symplectic manifold that is not Kéhler was constructed by
Thurston [184] in 1976. In 1995 Gompf [69] proved that every finitely presented
group is the fundamental group of a closed symplectic 4-manifold, in stark contrast
to the many restrictions on the fundamental groups of closed Kéhler surfaces.

REMARK 6.7. A Riemannian metric g on a manifold ) induces a natural almost
complex structure J, on T*(Q, compatible with ws;, which interchanges the horizon-
tal and vertical subspaces defined by the Levi-Civita connection. M. Grueneberg
(unpublished) has shown that J; is integrable if and only if the metric g is flat.

6.4. Moser’s trick and symplectic normal forms

An (embedded or immersed) submanifold W of a symplectic manifold (V,w) is
called symplectic (isotropic, coisotropic, Lagrangian) if T,W C T,V is symplectic
(isotropic, coisotropic, Lagrangian) for every « € W in the sense of Section 6.1. In
this section we derive normal forms for neighborhoods of such submanifolds.

All the normal forms can be proved by the same technique which we will refer
to as Moser’s trick. It is based on Cartan’s formula Lxa = ixda + dixa for a
vector field X and a k-form a. Suppose we are given k-forms aq, o1 on a manifold
M, and we are looking for a diffeomorphism ¢ : M — M such that ¢*a; = «p.
Moser’s trick is to construct ¢ as the time-1 map of a time-dependent vector field
X;. For this, let ay be a smooth family of k-forms connecting ay and a1, and look
for a vector field X; whose flow ¢; satisfies

(6.2) dr o = ap.

Then the time-1 map ¢ = ¢; solves our problem. Now equation (6.2) follows by
integration (provided the flow of X exists, e.g. if X; has compact support) once its
linearized version

d .
0= %(ﬁat = ¢;(&y + Lx, o)

holds for every t. Inserting Cartan’s formula, this reduces the problem to the
algebraic problem of finding a vector field X; that satisfies

(63) dt + dZ.XtCYt + Z.Xtdat =0.
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Here is a first application of this method. Here, as well as throughout the
book, by diffeotopy we denote a smooth family of diffeomorphisms ¢, t € [0, 1],
with ¢g = Id.

THEOREM 6.8 (Moser’s stability theorem). Let V' be a manifold (without bound-
ary but not necessarily compact). Let wy, t € [0,1], be a smooth family of symplectic
forms on 'V which coincide outside a compact set and such that the cohomology class
with compact support [wy —wo] € H2(V;R) is independent of t. Then there exists a
diffeotopy ¢+ with ¢ = Id outside a compact set such that ¢fw; = wy.

In particular, this applies if wy = d\¢ for a smooth family of 1-forms A\ which
coincide outside a compact set, and in this case there exists a smooth family of
functions f; : V. — R with compact support such that

Gih — No = dfs.

PROOF. For every t the closed 2-form w; is trivial in cohomology with compact
support H2(V;R), so there exists a 1-form (; with compact support such that
dB: = wi. The forms f; are not unique, but by an argument of Banyaga [13] they
can be chosen to depend smoothly on t and to be supported in a fixed compact
subset. Now we can solve equation (6.3),

O = O.Jt =+ diXtWt =+ iXtdwt = d(ﬁt + iXtOJt)

by solving B;+ix,w; = 0, which has a unique solution X; due to the nondegeneracy
of w;. Since X; vanishes outside a compact subset, its flow ¢; exists and gives the
desired family of diffeomorphisms.

In the case w; = d\; we pick 5, := )'\t. Then the defining equation for X
becomes }\t +ix,d\ = 0 and we find

d * * 707
@Qf’t/\t = ¢yd(ix, \t),

t
¢Z)\t - AO = d (/ iXSASdS) .
0

COROLLARY 6.9. Let W be a compact manifold with (possibly empty) bound-
ary OW. Let wy, t € [0,1], be a smooth family of symplectic forms such that the
restrictions wi|aw and the relative cohomology classes [w; — wo] € H*(W,0W;R)
are independent of t. Then there exists a diffeotopy ¢y with ¢¢low = Id such that

Prwy = wo.

which integrates to

O

ProoF. If OW = @ this is a special case of Theorem 6.8. In the case M =
OW # @ we argue as follows. Consider the inclusion ¢t : M — R x M, z —
(0,z), and the projection m : R x M — M. Recall from [87] that there exists a
continuous linear map P : Q?(Rx M) — Q! (Rx M) satisfying the homotopy formula
dP + Pd = Id — «*¢*. Applying this to the forms w; on a tubular neighborhood
[0,1) x M of M in W we find a smooth family of 1-forms a; := Pw; vanishing along
OM (this follows from the explicit formula for P in [87]) such that day = w; on
[0,1) x M. Pick a cutoff function f : W — [0,1] which equals 1 near OW and 0
outside [0,1) x M and extend fay by zero over the rest of W. The closed 2-forms
wy = d(foy) have compact support in Int W and are trivial in cohomology with
compact support H?(Int W;R), so by [13] there exists a smooth family of 1-forms
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¢ with fixed compact support in Int W such that dy; = w; — d(fay). Now we
proceed as in the proof of Theorem 6.8 with the 1-forms £; := v, + fay. Since the
resulting vector field X; vanishes on OW, its flow ¢, exists and gives the desired
family of diffeomorphisms. O

Our second application of Moser’s trick is the following lemma, which is the
basis of all the normal form theorems below.

LEMMA 6.10. Let W be a compact submanifold of a manifold V', and let wg,w
be symplectic forms on V which agree at all points of W. Then there exist tubular
neighborhoods Uy, Uy of W and a diffeomorphism ¢ : Uy — Uy such that ¢lw = 1d

and ¢*wi = wp.

PROOF. Set w; := (1 — t)wp + wy. Since w; = wp along W, w; are symplectic
forms on some tubular neighborhood U of W. By a homotopy formula similar to
the one used in the previous proof, since w; = wy — wy is closed and vanishes along
W, there exists a 1-form 8 on U such that 8 = 0 along W and d8 = w; on U. As
in the proof of Theorem 6.8, we solve equation (6.3) by setting 8 + ix,w: = 0.

To apply Moser’s trick, a little care is needed because U is noncompact, so the
flow of X; may not exist until time 1. However, since § = 0 along W, X, vanishes
along W. Thus there exists a tubular neighborhood Uy of W such that the flow
¢1(z) of X, exists for all x € Uy and ¢t € [0,1], and ¢,(Up) C U for all ¢ € [0,1].
Now ¢ : Uy — Uy := ¢1(Up) is the desired diffeomorphism with ¢iw; = wo. |

Now we are ready for the main result of this section.

PROPOSITION 6.11 (symplectic normal forms). Let wg,w; be symplectic forms
on a manifold V. and W C V a compact submanifold such that wolw = wi|w.
Suppose that N := ker(wg|lw) = ker(wi|w) has constant rank, and the bundles
(TW«o /N, wp) and (TW“' /N,wi) over W are isomorphic as symplectic vector bun-
dles. Then there exist tubular neighborhoods Uy, Uy of W and a diffeomorphism
¢ : Uy = Uy such that ¢|lw =1d and ¢*wi = wy.

Proor. By Proposition 6.4,
(TV|w,wo) = (TW/N,wo) @ (TW*° /N,wo) @ (N & N*,wy),

and similarly for w;. By the hypotheses, the terms on the right-hand side are
isomorphic for wy and w;. More precisely, there exists an isomorphism

U (TV|w,wo) = (TV|w,w1)

with U|py = Id. Extend ¥ to a diffeomorphism v : Uy — U; of tubular neighbor-
hoods such that ¢|w = Id and ¥*w; = wp along W, and apply Lemma 6.10. (I

The following normal forms, due to Weinstein, are easy corollaries of this result.

COROLLARY 6.12 (symplectic neighborhood theorem). Let wg,w; be symplectic
forms on a manifold V and W C V a compact submanifold such that wolw =
wi|w is symplectic, and the symplectic normal bundles (TW“° wy), (TW*“, wy)
over W are isomorphic (as symplectic vector bundles). Then there exist tubular
neighborhoods Uy, Uy of W and a diffeomorphism ¢ : Uy — Uy such that ¢lw = Id
and ¢*wi = wp.
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COROLLARY 6.13 (isotropic neighborhood theorem). Let wp,w; be symplectic
forms on a manifold V and W C V a compact submanifold such that wolw =
wilw = 0, and the symplectic normal bundles (TW° /TW,wy), (TW /TW, w)
are isomorphic (as symplectic vector bundles). Then there exist tubular neighbor-
hoods Uy, Uy of W and a diffeomorphism ¢ : Uy — Uy such that ¢|lw = Id and
O w1 = wp-

COROLLARY 6.14 (coisotropic neighborhood theorem). Let wg,wy be symplectic
forms on a manifold V-and W C V' a compact submanifold such that wolw = wi|w
and W is coisotropic for wy and wy. Then there exist tubular neighborhoods Uy, Uy
of W and a diffeomorphism ¢ : Uy — Uy such that ¢|w = 1Id and ¢*wi = wp.

COROLLARY 6.15 (Weinstein’s Lagrangian neighborhood theorem [186]). Let
W C (V,w) be a compact Lagrangian submanifold of a symplectic manifold. Then
there exist tubular neighborhoods U of the zero section in T*W and U’ of W in V
and a diffeomorphism ¢ : U — U’ such that ¢|w is the inclusion and ¢*w = wg.

PROOF. Since W is Lagrangian, the map v + i,w defines an isomorphism
from the normal bundle TV/TW|w to T*W. Extend the inclusion W C V to a
diffeomorphism ) : U — U’ of tubular neighborhoods of the zero section in T*W
and of W in V. Now apply the coisotropic neighborhood theorem to the zero section
in T*W and the symplectic forms wg; and ¥*w. ([

6.5. Contact manifolds and their Legendrian submanifolds

A contact structure & on a manifold M is a completely non-integrable tangent
hyperplane field. According to the Frobenius condition, this means that for every
nonzero local vector field X € £ there exists a local vector field Y € £ such that
their Lie bracket satisfies [X,Y] ¢ &. If « is any 1-form locally defining &, i.e.,
¢ = ker «, this means

do(X,Y) = —%a([X, Y1) 0.

So the restriction of the 2-form da to £ is nondegenerate, i.e., (£, da¢) is a symplec-
tic vector bundle. This implies in particular that dim ¢ is even and dim M = 2n+1
is odd. In terms of a local defining 1-form «, the contact condition can also be
expressed as a A (da)™ # 0.

A diffeomorphism f : (M;,&1) — (Ma, &) between contact manifolds is called
a contactomorphism if f.&1 = &o.

REMARK 6.16. If dim M = 4k + 3 the sign of the volume form a A (da)?F+!
is independent of the sign of the defining local 1-form «, so a contact structure
defines an orientation of the manifold. In particular, in these dimensions contact
structures can exist only on orientable manifolds. On the other hand, a contact
structure £ on a manifold of dimension 4k + 1 is itself orientable.

Contact structures £ in this book will always be cooriented, i.e., they are glob-
ally defined by a 1-form «. In this case the symplectic structure on each of the
hyperplanes £ is defined uniquely up to a positive conformal factor. Moreover,
associated to each defining 1-form « is its Reeb vector field R, defined by

ip,da =0, a(Ry) = 1.
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Given a J-convex hypersurface M (which is by definition cooriented) in an almost
complex manifold (V, J), the field £ of complex tangencies defines a contact struc-
ture on M which is cooriented by Jv, where v is a vector field transverse to M
defining the coorientation. Conversely, any cooriented contact structure £ arises as
a field of complex tangencies on a J-convex hypersurface in an almost complex ma-
nifold: Just choose a complex multiplication J on ¢ compatible with the symplectic
form do in the sense that da(-, J-) is a (positive definite) inner product on & and
extend J arbitrarily to an almost complex structure on V := M x (—¢,€).

REMARK 6.17. If dim M = 3 then J can always be chosen integrable. However,
in dimensions > 5 this is not always the case, see Remark 6.28 below.

Let (M, £ = ker «) be a contact manifold of dimension 2n + 1. An immersion
¢ : A — M is called isotropic if it is tangent to £&. Then at each point x € A we
have dp(T,A) C Epezy and dolgpr,a) = d(alg))(x) = 0. Hence do(T,L) is an
isotropic subspace in the symplectic vector space (£;,da). In particular,

dim A < %dimf =n.

Isotropic immersions of the maximal dimension n are called Legendrian.

1-jet spaces. Let L be a manifold of dimension n. The space J'L of 1-jets
of functions on L can be canonically identified with T*L x R, where T*L is the
cotangent bundle of L. A point in JL is a triple (¢, p, 2) where ¢ is a point in L,
p is a linear form on T,L, and z € R is a real number. Let pdg = " p;dg; be the
standard Liouville form on T* L (see Section 6.3). Then the 1-form dz —p dq defines
the standard contact structure

&t := ker(dz — pdq)

on J'L. A function f: L — R defines a section
ar ' f(a) = (a.df(a). (@)

of the bundle J'L — L. Since f*(dz — pdq) = df — df = 0, this section is a
Legendrian embedding in the contact manifold (J'L,&. ). Consider the following
diagram, where all arrows represent the obvious projections:

JUL

N

L xR ™ T*L

NIV

L

We call Pp.s the Lagrangian projection and Ppone the front projection. Given a
Legendrian submanifold A C J'L, consider its images

Prag(A) CT*L, Pront(A) C L x R.

The map Prag : A = T L is a Lagrangian immersion with respect to the standard
symplectic structure dp A dg = d(pdq) on T*L. Indeed, the contact hyperplanes
of &can are transverse to the z-direction which is the kernel of the projection Ppag.
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Hence A is transverse to the z-direction as well and Ppag|a is an immersion. It is
Lagrangian because

Prg(dp ANdg) = d(pdg|s) = d(dz|a) = 0.

Conversely, any ezact Lagrangian immersion ¢ : A — T*L, i.e., an immersion for
which the form ¢*(pdq) is exact, lifts to a Legendrian immersion (E: A= JL. Tt
is given by the formula q/b\ := (¢, H), where H is a primitive of the exact 1-form
¢*(pdq) so that q@*(dz —pdq) = dH — ¢*pdg = 0. The lift & is unique up to a
translation along the z-axis.

Let us now turn to the front projection. The image Pront(A) is called the
front of the Legendrian submanifold A C J!L. If the projection 7|y : A — L
is nonsingular and injective, then A is a graph {(q,a(q),f(q)) | ¢ € m(A)} over
m(A) C L. The Legendre condition implies that the 1-form « is given by a = df.
So

A={(g.df (@), f(q) | ¢ € (M)}

is the graph of the 1-jet j!f of a function f : 7(A) — R. In this case the front
Preont(A) is just the graph of the function f.

In general, the front of a Legendrian submanifold A C J'L can be viewed as
the graph of a multivalued function. Note that since the contact hyperplanes are
transverse to the z-direction, the singular points of the projection 7|5 coincide with
the singular points of the projection Pgont|sa. Hence near each of its nonsingular
points the front is indeed the graph of a function.

In general, the front can have quite complicated singularities. But when the
projection 7|p : A — L has only “fold type” singularities, then the front itself
has only “cuspidal” singularities along its singular locus as shown in Figure 6.1.
Let us discuss this picture in more detail. Consider first the 1-dimensional case

FIGURE 6.1. A Legendrian arc in R? whose front projection (onto
the shaded region) has a cusp.

when I = R. Then J'L = R?® with coordinates (g, p,z) and contact structure
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ker(dz — pdgq). Consider the curve in R? given by the equations

” () ()

This curve is Legendrian because dz = gdep = pdgq. Its front is given by (6.4)
viewed as parametric equations for a curve in the (g, z)-plane. This is the semicubic
parabola z2 = ¢ shown in Figure 6.1.

Generically, any singular point of a Legendrian curve in R? looks like this. This
means that, after a C*>°-small perturbation of the given curve to another Legendrian
curve, there exists a contactomorphism of a neighborhood of the singularity which
transforms the curve to the curve described by (6.4) (see [11, Chapter 1 §4]). If
we want to construct just C! Legendrian curves (and any C! Legendrian curve
can be further C'-approximated by C™ or even real analytic Legendrian curves,
see Corollary 6.25), then the following characterization of the front near its cusp
points will be convenient. Suppose that the two branches of the front which form
the cusp are given locally by the equations z = f(¢) and z = g¢(¢), where the
functions £, g : [0,¢) — R satisfy f < g, see Figure 6.1. Then the front lifts to a C'!
Legendrian curve if and only if

f(0) =g(0),  f'(0) =g'(0),

" (q) = —occ as ¢ — 0, g"(q) = +oc as ¢ — 0.

In higher dimensions, suppose that a Legendrian submanifold A C J'L projects to L
with only “fold type” singularities. Then along its singular locus the front consists of
the graphs of two functions f < g defined on an immersed strip S x [0, ¢). Denoting
coordinates on S x [0,€) by (s,t), the front lifts to a C* Legendrian submanifold if
and only if

of _ 9y

f(s,0) = g(s,0), a(svo) = E(S’O%
2 2
%(s,t)—)—oo ast — 0, %(s,t)—)—i—oo ast — 0.

However, in higher dimensions not all singularities are generically of fold type.

EXAMPLE 6.18. Given a contact manifold (M,{ = kera) and an exact sym-
plectic manifold (V, ), their product M x V is a contact manifold with the contact
form o @ X. For example, if M = J'N and V = T*W with the canonical contact
and Liouville forms, then M x V = JY(N x W) with the canonical contact form.
A product A x L of a Legendrian submanifold A C M and an exact Lagrangian
submanifold L C V is a Legendrian submanifold of M x V. In particular, the prod-
uct of a Legendrian submanifold A C J'N and an exact Lagrangian submanifold
L C T*W is a Legendrian submanifold in J*(N x W).

6.6. Contact normal forms

Let (M?"+1 ¢ = kera) be a contact manifold and A¥ € M, 0 < k < n, be an
isotropic submanifold. The following result is due to Darboux in the case that A is
a point (see e.g. Appendix 4 of [10]); the extension to general A is straightforward
and left to the reader.
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PROPOSITION 6.19 (contact Darboux theorem). Near each point on A there
exist coordinates (qi,...,qn, D1, - Pn,2) € RZTL in which o = dz — > pydg; and
A =RF x {0}.

To formulate a more global result, recall that the form w = da defines a nat-
ural (i.e., independent of «) conformal symplectic structure on £. Denote the w-
orthogonal on ¢ by a superscript w. Since A is isotropic, TA C (T'A)¥. So the
normal bundle of A in M is given by

TM/TA=TM/¢ ®¢/(TA)® @ (TA)Y/TA =R&T*A®CSN(A).

Here TM /¢ is trivialized by the Reeb vector field R, the bundle £/(T'A)¥ is canon-
ically isomorphic to T*A via v — i,w, and CSN(A) := (TA)*“/TA denotes the
conformal symplectic normal bundle which carries a natural conformal symplectic
structure induced by w. Thus C'SN(A) has structure group Sp(2n — 2k), which can
be reduced to U(n — k) by choosing a compatible complex structure.

Let (M, &) and (N, En) be two contact manifolds. A map f : M — N is called
isocontact if f*¢n = &y, where f*¢n := {v € TM | df - v € {x}. Equivalently,
f maps any defining 1-form ay for {x to a defining 1-form f*aps for £y,. In
particular, f must be an immersion and thus dim M < dim N. Moreover, df :
En — En is conformally symplectic, i.e., symplectic up to a scaling factor. We call
a monomorphism F' : TM — TN isocontact if F*{x = &y and F @ &y — En 18
conformally symplectic.

PROPOSITION 6.20 (contact isotropic neighborhood theorem [187]). Let (M,
&), (N,En) be contact manifolds with dim M < dim N and A C M an isotropic
submanifold. Let f : A — N be an isotropic immersion covered by an isocontact
monomorphism F : TM — TN. Then there exists an isocontact immersion g :
U — N of a neighborhood U C M of A with g|n = f and dg = F along A.

REMARK 6.21. (a) If f is an embedding then g is also an embedding on a
sufficiently small neighborhood. It follows that a neighborhood of a Legendrian
submanifold A is contactomorphic to a neighborhood of the zero section in the
1-jet space J'A (with its canonical contact structure).

(b) A Legendrian immersion f : A — (M, £) extends to an isocontact immersion
of a neighborhood of the zero section in J'A.

(c) Suppose that the conformal symplectic normal bundle of an isotropic sub-
manifold A is the complexification of a real bundle W — A (i.e., the structure
group of C'SN(A) reduces from U(n — k) to O(n — k)). Then a neighborhood of A
is contactomorphic to a neighborhood of the zero section in J*A @ (W @& W*) (with
its canonical contact structure, see Example 6.18). In this case (and only in this
case) the isotropic submanifold A extends to a Legendrian submanifold (the total
space of the bundle W).

We will also need the following refinement of the isotropic neighborhood the-
orem. Following Weinstein [187], let us denote by isotropic setup a quintuple
(V,w, X, %, A), where

e (V. ) is a symplectic manifold with Liouville field X and w = dA;
e Y C V is a codimension one hypersurface transverse to X;
e A C ¥ is a closed isotropic submanifold for the contact structure ker(A|s).

Let (TA)¥/TA C € be the symplectic normal bundle over A.
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PROPOSITION 6.22 (Weinstein [187]). Let (Vi,w;, X3, 2:,A;), ¢ = 0,1 be two
isotropic setups. Given a diffeomorphism f: Ag — A1 covered by an isomorphism
D of symplectic normal bundles, there exists an isomorphism of isotropic setups

F 2 (Uo, wo, Xo, X0 NUo, Ag) = (Ur, w1, X1,31 N UL, Ay)
between neighborhoods U; of A; in V; inducing f and ®.

All the properties discussed in this section also hold for families of isotropic sub-
manifolds. Moreover, any isotropic submanifold with boundary can be extended
beyond the boundary to a slightly bigger isotropic submanifold of the same dimen-
sion.

A similar homotopy argument proves Gray’s stability theorem, which states
that on a closed manifold all deformations of a contact structure are diffeomorphic
to the original one.

THEOREM 6.23 (Gray’s stability theorem [75]). Let (&)ic[0,1] be a smooth ho-
motopy of contact structures on a closed manifold M. Then there exists a diffeotopy
o1 : M — M with ¢g = 1Id and ¢;& = & for all t € [0,1].

More generally, let (x)xepr be a smooth family of contact structures on a
closed manifold M, parametrized by the closed k-dimensional disc D*. Then there
exists a smooth family of diffeomorphisms ¢y : M — M with ¢g = Id and ¢3&x = &o
for all X € D,

Finally, let us mention the following contact version of the isotopy extension
theorem (see e.g. [65, Theorem 2.6.2]):

PROPOSITION 6.24 (contact isotopy extension theorem). Let A, ¢t € [0,1], be
an isotopy of compact isotropic submanifolds, possibly with boundary, in a contact

manifold (M, £). Then there exists a smooth family of contactomorphisms fy : M —
M with fo =1d such that fi(Ag) = A;.

6.7. Real analytic approximations of isotropic submanifolds

Using the results from Chapter 5, we now derive a result on real analytic
approximations of isotropic submanifolds that will be needed later.

COROLLARY 6.25. Let A be a closed isotropic C*-submanifold (k > 1) in a
real analytic closed contact manifold (M, ) (i.e., the manifold M and the 1-form
a are both real analytic). Then there exists a real analytic isotropic submanifold
AN C (M, ) arbitrarily C*-close to A.

Similarly, let (At)iepo,1) be a CF-isotopy of closed isotropic C*-submanifolds in
(M, @) such that Ay and Ay are real analytic. Then there exists a real analytic
isotopy of real analytic isotropic submanifolds A, arbitrarily C*-close to Ay, with
Ay =Ao and A} = Ay

PROOF. Let A C M be a real analytic submanifold C*-close to A, but not
necessarily isotropic. Then A = (b(K) for a C*-diffeomorphism ¢ : M — M that
is C*-close to the identity. The contact form ¢*a vanishes on A but need not be
real analytic. Thus ¢*a induces a C*-section in the real analytic vector bundle
T*M|z — A which vanishes on the real analytic subbundle TA C T*M |5 Let
v — A be the normal bundle to TA in T* M |5 with respect to a real analytic metric
and denote by (¢*a)” the induced C*-section in v. Let 8" be a real analytic section
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of v that is C*-close to (¢*@)” and extend it to a real analytic section 8 of T* M|
that vanishes on TK, and hence is C*-close to ¢*a along A. Extend B to a CF
one-form on M (still denoted by ) that is C*-close to ¢*a. By construction, 3 is
real analytic along A and Blx = 0.

By Theorem 5.53 (with d = 0), there exists a real analytic 1-form & that is C*-
close to 8 and coincides with 3 along A. In particular, a|;z = 0. By construction,
@ is C*-close to . Hence ay := (1 — t)a + ta is a real analytic homotopy of real
analytic contact forms. By Gray’s Stability Theorem 6.23, there exists a diffeotopy
¢t : M — M and positive functions f; with ¢;ja = f,a. Now in Moser’s proof
of Gray’s stability theorem (see e.g. [26]), the ¢; are constructed as solutions of
an ODE whose coefficients are real analytic and C*-small in this case. Hence by
Remark 5.39 the ¢; are real analytic, Ck—glose to the identity, and depend real
analytically on t. It follows that A’ := ¢;(A) is real analytic, C*-close to A, and
Oz|A/ =0.

The statement about homotopies follows in a similar way using Corollary 5.54.

O

REMARK 6.26. (1) Corollary 6.25 remains valid (with essentially the same
proof) if the submanifold A is not closed, providing a real analytic approximation
on a compact subset K C A.

(2) If A is Legendrian, then A’ is Legendrian isotopic to A: By the Legendrian
neighborhood theorem (Proposition 6.20), A’ is the graph of the 1-jet of a function
fin J'A, and the functions tf provide the isotopy.

6.8. Relations between symplectic and contact manifolds

Symplectic and contact geometries are deeply linked with each other. We de-
scribe in this section some basic relations.

Let (M,€£) be a contact manifold with a cooriented contact structure. Let
N¢ C T*M be the 1-dimensional conormal bundle of &, i.e., the space of 1-forms
annihilating £, and NE'Ir its RT-subbundle consisting of forms defining the given
coorientation of £. The non-integrability condition for £ then can be re-interpreted
as the condition that the form we = d(pdq)| Ny is nondegenerate. The symplectic

manifold Symp(M, &) = (Ng’ ,we) is called the symplectization of the contact ma-
nifold . Note that the form \¢ = pdg| NF is a Liouville form, and the vector field

Xe = pa% is the corresponding Liouville field. A choice of a contact form « provides
a symplectomorphism of Symp(M, §) with (RT x M, d(ra)) and identifies A\¢ with
the 1-form ra. Sometimes it is convenient to change the variable r = e®,s € R
and thus identify the symplectization with (R X M, d(esa)). In this presentation
A¢ = €’a and the corresponding Liouville field is X = %. The contact geometry
of (M,£) can be reinterpreted as the symplectic geometry of Symp(M, &) equivari-
ant with respect to the R-action generated by the flow of the Liouville field Xk,
or equivalently the geometry of the Liouville manifold (NgJr , A¢). For example, the
diffeomorphisms of Ng‘ preserving the Liouville form A¢ are precisely the lifts of
contactomorphisms of (M, §).

Conversely, suppose we are given a symplectic manifold (V,w). A cooriented
hypersurface M C V is called locally (resp. globally) w-convez (see [49]) if there
exists a Liouville field X on a neighborhood of M (resp. on all of V) which is
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positively transverse to M. ? In both cases the restriction a = A|5s of the Liouville
form A = ixw is a contact form on M. If the Liouville field is complete we get a
Liouville embedding of the symplectization (R x M, e*a)) < (V, \) by matching the
corresponding trajectories of the Liouville fields % on Rx M and X on V.

If dimV = 4 we call M (locally resp. globally) weakly w-convez if it admits
a contact form « defining the induced orientation such that w|¢ = da|e, where
¢ = kera. This notion is indeed weaker than w-convexity, e.g. w|y need not
be exact for weakly w-convex M. It was observed in [133, Lemma 2.1] that for
dimV > 6 the corresponding notion of “weak w-convexity” would be equivalent
to w-convexity and hence not useful. Massot, Niederkriiger and Wendl [130] have
recently proposed a different notion of weak w-convexity in higher dimensions which
differs from w-convexity.

An important special case of the above discussion occurs when M = 9V and
M is cooriented by an outward normal vector field to V. If 9V is globally (weakly)
w-convex and V' is compact the contact structure on M is called (weakly) symplec-
tically fillable. In all dimensions there exist many examples of contact manifolds
that are not weakly symplectically fillable (see e.g. [130]). On the other hand, there
exist contact structures on the 3-torus that are weakly but not strongly symplecti-
cally fillable [46]. With the notion by Massot—Niederkriiger—Wend]l, there also exist
contact 5-manifolds that are weakly but not strongly symplectically fillable [130],
while this question is currently open in dimensions > 7.

A contact manifold (M,¢) is called holomorphically fillable if there exists a
compact complex manifold (V,J) with J-convex boundary M = 9V such that &
equals the field of complex tangencies on M. In the terminology of Section 5.10,
this means that £ carries a holomorphically fillable CR structure. So Theorem 5.59
implies

COROLLARY 6.27. Holomorphically fillable contact structures are symplectically
fillable.

REMARK 6.28. Niederkriiger and van Koert [151] have shown that every closed
contact manifold M carries also a contact structure £ which is not symplectically
fillable. It follows from the preceding corollary and Theorem 5.60 that if dim M > 5,
then £ cannot be defined by an (integrable) CR structure.

2An alternative terminology is contact type for locally symplectically convex, and restricted
contact type for globally symplectically convex, see [100].






The h-Principles

The h-principle for a partial differential equation or inequality asserts, roughly
speaking, that a formal solution can be deformed to a genuine solution. This notion
first appeared in [81] and [86]. General references for h-principles are Gromov’s
book [84] and the more recent [52].

In this chapter we discuss various h-principles that we need in this book. In
the first three sections we collect some relevant h-principles that are available in
the literature (mostly [84, 52]).

The following three sections are concerned with Legendrian embeddings: In
Section 7.5 we show that a formal Legendrian embedding in a contact manifold
of dimension > 5 can be deformed to a genuine Legendrian embedding in the
same formal class. In Section 7.6 we use the classification of overtwisted contact
structures to derive an h-principle for Legendrian knots in such manifolds. In
Section 7.7 we describe an h-principle for a remarkable class of “loose” Legendrian
knots in dimension > 5 recently found by Murphy.

In the last two sections we combine h-principles for totally real embeddings
with those for isotropic contact embeddings to obtain h-principles for totally real
discs attached to J-convex boundaries. The resulting Theorems 7.34 and 7.36 are
essential ingredients for the existence and deformation of Stein structures discussed
in later chapters.

Throughout this chapter, a knot denotes a (parametrized) embedding of a con-
nected manifold.

7.1. Immersions and embeddings

We begin by reviewing some facts about smooth immersions and embeddings.

The h-principle for immersions. Let M, N be manifolds. A monomor-
phism F : TM — TN is a fiberwise injective bundle homomorphism covering a
continuous map M — N. Any immersion f : M — N gives rise to a monomor-
phism df : TM — T'N. We denote by Mon(T' M, TN) the space of monomorphisms,
and by Imm (M, N) the space of immersions. Given a (possibly empty) closed sub-
set A C M and an immersion h : Op A — N, we denote by Imm(M, N; A, h) the
subspace of Imm(M, N) which consists of immersions equal to h on Op A. Simi-
larly, the notation Mon(T'M,TN; A, dh) stands for the subspace of Mon(T'M,TN)
of monomorphisms which coincide with dh on Op A. Extending Smale’s theory of
immersions of spheres [171, 172], Hirsch [97] proved the following h-principle (see
also [84, 52]):

THEOREM 7.1 (Smale-Hirsch immersion theorem). For dim M < dim N and
any immersion h : Op A — N, the map f — df defines a homotopy equivalence

131
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between the spaces Imm(M, N; A, h) and Mon(TM,TN; A,dh). In particular, we
have the following special cases:

(a) Any monomorphism F € Mon(TM,TN; A, dh) is homotopic to the differ-
ential df of an immersion f: M — N which coincides with h on Op A.

(b) Given a homotopy F; € Mon(TM,TN; A,dh), t € [0,1], between the dif-
ferentials Fy = dfy and Fy = dfy of two immersions fo, fi € Imm(M, N; A, h), one
can find a regular homotopy fi € Imm(M,N; A, h), t € [0,1], such that the paths
F; and dfy, t € [0,1], are homotopic with fized ends.

For example, if a k-dimensional manifold M is parallelizable, i.e., TM = M x
RF, the inclusion R* — R**! gives rise to a monomorphism TM = M x R¥ —
T(RF1) = REFL x REFL (2,0) + (0,v). Thus Theorem 7.1 implies that every
parallelizable manifold M* can be immersed into R**T.

Immersions of half dimension. Next we describe results of Whitney [191]
on immersions of half dimension. Fix a closed connected manifold M™ of dimension
n > 2 and an oriented manifold N2 of double dimension. Let f : M — N be an
immersion whose only self-intersections are transverse double points. Then if M is
orientable and n is even we assign to every double point z = f(p) = f(¢) an integer
If(z) as follows. Pick an orientation of M. Set I;(z) := %1 according to whether
the orientations of df (T, M) and df (T, M) together determine the orientation of N
or not. Note that this definition depends neither on the order of p and ¢ (because
n is even), nor on the orientation of M. Define the self-intersection index

Ip =Y I(2) €Z

as the sum over all self-intersection points z. If n is odd or M is non-orientable
define Iy € Zo as the number of self-intersection points modulo 2.

THEOREM 7.2 (Whitney [191]). For a closed connected manifold M™ and an
oriented manifold N?™, n > 2, the following holds.

(a) The self-intersection index is invariant under reqular homotopies.

(b) The self-intersection index of an immersion f: M — N can be changed to
any giwen value by a local modification (which is of course not a regular homotopy).

(¢c) If n > 3 and N is simply connected, then any immersion f : M — N s
reqularly homotopic to an immersion with precisely |I| transverse double points
(where |Ir| means 0 resp. 1 for Iy € Zs).

REMARK 7.3. (i) Whitney states his theorem only for N = R?" but the proof
works without changes for general N (see e.g. [140]).

(ii) The theorem continues to hold if M has boundary, provided that for immer-
sions and during regular homotopies no self-intersections occur on the boundary.

(iii) For n = 1 Whitney [191] defines a self-intersection index Iy € Z. With
this definition, all the preceding results continue to hold for n = 1.

Since every immersion of half dimension is regularly homotopic to an immersion
with transverse self-intersections ([190], see also [98]), part (a) allows us to define
the self-intersection index for every immersion f : M — N. Since every n-manifold
immerses into R?", parts (b) and (c) imply (the cases n = 1,2 are treated by hand)

COROLLARY 7.4 (Whitney embedding theorem [191]). Every closed n-manifold
M™, n>1, can be embedded in R?™.
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As we will use a similar argument below, let us sketch the proof of Theorem 7.2
(c). For details see [191, 140]. The claim is well known for n = 1,2 so we will
assume that n > 3. Take an immersion f : M — R2" which exists due to general
position arguments. Consider two transverse double points y; = f(z;) = f(z;),
i =0,1. If M is orientable and n is even we assume that Ir(yo) = —I;(y1). Since
n > 3, we find two disjoint embedded paths 4* in M from a:(jf to xli not meeting
any other preimages of double points. Their images C* = f(y%) fit together to
an embedded loop C = C* U C~ in R?"*! (with corners at yo and ;). Denote
by M* C f(M) the images under f of tubular neighborhoods of ¥* in M. Orient
M arbitrarily. We arrange that the intersection numbers of M at yo and y; have
opposite signs as follows: For M orientable and n even this holds by assumption; for
M orientable and n odd it can be achieved by interchanging xf and z7 if necessary;
and for M non-orientable we can arrange this by concatenating, if necessary, v
with an orientation reversing loop in M.

Using simply-connectedness of the target we find an embedded half-disc A C
R?" with 0. A = C*. Here the half-disc A is diffeomorphic to the lower half-disc
D_ = {(z1,22) € R? | 22 + 23 < 1, x5 < 0}, see Figure 9.4 below. Using n > 3, we
can arrange that A is transverse to f(M) along the boundary and does not meet
f(M) in its interior. Such a half-disc A is called a Whitney disc. The condition
that the intersection numbers of M* at yo and y; have opposite signs allows us to
find a diffeomorphism from a neighborhood of A into R? x R*~! x R*~! mapping
AtoD_CR?x0x0, MT to 9;D_ x R*""! x 0, and M~ to d_D_ x 0 x R*7L.
In this model we can now write down an explicit isotopy pulling M+ away from
M~ across A, thus obtaining a regular homotopy of f removing the two double
points yo,y;. Proceeding in this way we cancel all pairs of double points (with
opposite indices if M is orientable and n even) until their number equals |I¢|. The
elimination procedure just described is sometimes called the Whitney trick. Its
failure for n = 2 is the source of many exotic phenomena in smooth topology that
occur in dimension 4 but not in higher dimensions.

Isotopies. Finally, we discuss isotopies, i.e., homotopies through embeddings.
Consider a closed connected k-manifold M* and an oriented (2k + 1)-manifold
N2k+1 Let f, : M — N be a regular homotopy between embeddings fo, fi : M —
N. We define the self-intersection index I,y of the regular homotopy f; as the
self-intersection index Iy of the immersion ' : M x I — N x I given by the formula
(w,t) = fe(w),z € M,t € I=]0,1]. The self-intersection index I,y is an invariant
of f; in the class of regular homotopies with fixed endpoints fo, f1. Recall that Iy,
takes values in Z if M is orientable and k is odd, and in Zsy otherwise. In the former
case Iy} remains unchanged when the orientation is switched to the opposite one.

REMARK 7.5. Let us stress the point that in choosing the orientation of N x I
we wrote the interval I as the second factor. Choosing the opposite ordering would
result (when k is odd) in switching the sign of I,y .

The following result is an analogue of Whitney’s Theorem 7.2 for isotopies.

THEOREM 7.6. For k > 1 consider a closed connected k-manifold M* and a
simply connected oriented (2k + 1)-manifold N?**1. Let f; : M — N be a regular
homotopy between embeddings fo, f1 : M — N. Then fi can be deformed through
regular homotopies with fized endpoints to an isotopy if and only if Iyy, = 0.
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In particular, this implies the following result which was proved by Wu [194]
and later greatly generalized by Haefliger [90].

COROLLARY 7.7. For k > 1 consider a closed connected k-manifold M* and
a simply connected oriented (2k + 1)-manifold N***1. Then any two homotopic
embeddings fo, f1 : M — N are isotopic.

PROOF. Pick a homotopy connecting fy and f; and deform it to a regular
homotopy f;. By adding new self-intersection points to this homotopy we can
arbitrarily change its self-intersection index (see [191]). In particular, we can make
I{4,y = 0 and then apply Theorem 7.6 to find the desired isotopy. ([

The proof of Theorem 7.6 uses the following standard transversality result
which is a special case of Thom’s multi-jet transversality theorem, see e.g. [98].
The case A = [0, 1] is due to Whitney [190].

LEMMA 7.8. Let M, N, A be manifolds and F : A x M — N a smooth map. If
dimA 4+ 2dim M < dim N, then F' can be C*°-approzimated by a map F such that
ﬁ(/\, -) is an embedding for all X € A. Moreover, if F is already an embedding near
a compact subset K C A x M we can choose F=F near K. O

PRrROOF OF THEOREM 7.6. The argument is an adjustment of the Whitney
trick [191] explained above. Take two self-intersection points Yy = (yo,t0), Y1 =
(y1,t1) € N x (0,1) of the immersion F : M* x [0,1] — N2¥*1 x [0,1] defined
above. If M is orientable and k is odd we assume that the intersection indices of
these points have opposite signs. Each of the double points yg, y; is the image of two
distinct points :coi,xli € M, i.e., we have f, (x(jf) = yp and ftl(xli) =y. Ask > 1,
we find two embedded paths y* : [tg, ;] — M such that yF(tg) = ac(jf, yE(t) = mli,
and T (t) # v~ (¢) for all t € [to, t1]. As explained above, we can choose the paths
y* such that the (arbitrarily oriented) local branches of F(M x [0,1]) along the
images of 4 in N x [0, 1] have opposite intersection numbers at Yy and Y;. We
claim that there exists a smooth family of paths d; : [-1,1] — N, t € [to, 1], such
that

e 5(£1) = fi(vE(t)) for all t € [to, t1];

® :,(S) = yo, 0t,(s) = y1 for all s € [-1,1];

e 0, is an embedding for all ¢t € (to, 7).
Indeed, a family with the first two properties exists because N is simply connected.
Moreover, we can arrange that J; is an embedding for t # tg, ¢1 close to tg,t1. Now
we can achieve the third property by Lemma 7.8 because 2-1+1 < 2k + 1. Define

At tg, t1] x [-1,1] = N x [0,1], (t,s) = (0¢(s),t).

Then A is an embedding on (tg,%;) x [—1,1] and A(tg x [-1,1]) = Yy, A(t1 x
[-1,1]) = Y7. Thus A serves as a Whitney disc for the elimination of the double
points Yy, Y7 of the immersion F. Due to the special form of A, Whitney’s elim-
ination construction described above (see [191, 140]) can be performed in such a
way that the modified immersion F has the form F(z,t) := (ﬁ (z),t) for a regular
homotopy f; : M — N such that the paths f, f, € Imm(M, N), t € [0,1], are
homotopic. Hence the repeated elimination of pairs of intersection points (of oppo-
site indices if M is orientable and k odd) of the immersion F results in the desired
isotopy between fo and fy if I,y = 0. (]
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7.2. The h-principle for isotropic immersions

The following h-principle was proved by Gromov in 1986 ([84], see also [52]).

Let (M,¢) be a contact manifold of dimension 2n + 1, A a manifold of di-
mension k < n, and A C A a closed subset. Let h : Op A — M be an isotropic
immersion. We denote by Immigot, (A, M; A, h) the space of isotropic immersions
A — M which coincide with A on Op A, and by Mon;se, (TA, &; A, dh) the space
of isotropic monomorphisms TA — £ which coincide with dh on Op A. In the case
k = n isotropic monomorphisms will also be called Legendrian monomorphisms and
denoted by Monreg (T'A, &; A, dh).

Note that if we equip £ with a compatible complex structure, then the space
Monisotr (TA, €5 A, dh) is a subspace of the space Mon,ea (T'A, &; A, dh) of totally real
monomorphisms T'A — £ which coincide with dh on Op A, and the inclusion

Monisotr (TAa 5; Aa dh) — Monreal (TAa 5; Aa dh)
is a homotopy equivalence.

THEOREM 7.9 (Gromov’s h-principle for contact isotropic immersions [84, 52]).
The map d : Tmmijgor, (A, M; A, h) < Monsotr (TA, E; A, dR) is a homotopy equiva-
lence. In particular, we have the following special cases:

(a) Given F € Monigsot, (TA,&; A, dh) one finds f € ITmmygor, (A, M; A, h) such
that df and F are homotopic in Monisot, (TA, &; A, dh). Moreover, f can be chosen
C-close to the map A — M covered by the homomorphism F.

(b) Given two isotropic immersions fo, f1 € Immygetr (A, M; A, h) and a homo-
topy Fi € Monysot, (TA, & A,dh), t € [0,1], connecting dfy and dfy one finds an
isotropic reqular homotopy f; € Immygot, (A, M; A, h) connecting dfy and dfy such
that the paths Fy and dfy, t € [0,1], are homotopic in Moniset,(TA, &; A, dh) with
fized ends. Moreover, the f; can be chosen C°-close to the family of maps A — M
covered by the homotopy Fy.

Combining the preceding theorem with the Smale—Hirsch Immersion Theo-
rem 7.1 yields

COROLLARY 7.10. Let A, M, A, h be as in Theorem 7.9. Suppose that fo: A —
M is an immersion which coincides with the isotropic immersion h on Op A and F}
is a family of monomorphisms TA — TM such that Fy = dfy, F; = dh on Op A for
allt € 0,1], and Fy € Monysote (TA,&; A, dh). Then there exists a regular homotopy
fe: A — M such that
(i) f1 € Immisotr (A, M5 A R);
(ii) fr=h on Op A for allt € [0,1];
(iii) there exists a homotopy Fy, s € [0,1], of paths in Mon(TA, TM; A, dh)
such that FY = df, and F} = F; for all t € [0,1], and F§ = dfy and
F? € Monsote (TA, &5 A, dh) for all s € ]0,1].

Proor. We first use Theorem 7.9 to construct an isotropic immersion gy €
Immisor (A, €5 A, ) and a homotopy Fy € Monisor(TA, TM; A,dh), t € [1,2],
such that Fb = dgo. Next we apply Theorem 7.1 to get a regular homotopy
gt € Imm(A, M; A, R), t €[0,2], such that go = fo and the paths dg:, Fy, t € [0, 2],
are homotopic with fixed ends. Let

G :[0,2] x [0,1] = Mon(TA,TM; A,dh), (t,s) — G}
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s
F, Monjsotr (TA, &; A, dh)
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dfo G dgs
d.;]ﬁ 2 ¢
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dfo Ey Monisotr (TA, & A, dR)
dfy 1 t

FIGURE 7.1. The families of monomorphisms G and F' = G o ®.

be this homotopy, i.e., GY = dg;, G} = F, for all t € [0,2], and G§ = dfy, G5 = dga
for all s € [0,1]. The required paths are now defined by f; := got, t € [0,1], and

F:=Go®:[0,1] x [0,1] = Mon(TA,TM; A,dh), (t,s) — F/,

where @ : [0,1]x[0,1] — [0, 2] x [0, 1] is any homeomorphism mapping the boundary
as follows (see Figure 7.1):

[0,1] x 0 — [0,2] x 0, [0,1] x 1 —[0,1] x 1,
0x[0,1] »0x[0,1], 1x[0,1] = (2x[0,1])U([1,2] x 1).

7.3. The h-principle for subcritical isotropic embeddings

In this and the next two sections we upgrade, under suitable conditions, the
results of the previous section from isotropic immersions to embeddings. We begin
with the subcritical case.

Consider a contact manifold (M2"*!, ¢) and a manifold A* of dimension k& < n.
A formal isotropic embedding of A into (M, &) is a pair (f, F'®), where f: A — M
is a smooth embedding and F'* : TA — T'M is a homotopy of monomorphisms over
f starting at F© = df and ending at an isotropic monomorphism F' : TA — ¢
covering f. In the case k = n we also call this a formal Legendrian embedding.

Any genuine isotropic embedding can be viewed as a formal isotropic embed-
ding (f, F* = df). We will not distinguish between an isotropic embedding and
its canonical lift to the space of formal isotropic embeddings, and we will consider
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formal isotropic isotopies between genuine isotropic embeddings: two isotropic em-
beddings fo, f1 : A — (M,§) are called formally isotropically isotopic if they are
isotopic as formal isotropic embeddings.

We will also consider relative isotropic embeddings and their isotopies, which
are required to coincide with a fixed genuine isotropic embedding on a neighborhood
of a closed subset A C A. The space of isotropic embeddings which coincide with a
given isotropic embedding h on Op A will be denoted by Embiset, (A, M; A, h), and
the corresponding space of formal isotropic embeddings by Monfsfgé’r(TA, & A, dh).
With these notations, we have the following h-principle.

THEOREM 7.11 (h-principle for subcritical isotropic embeddings [84, 52]).

Consider a contact manifold (M, ) of dimension 2n + 1, a manifold A of di-
mension k < n, and a closed subset A C A. Then the inclusion

Mon{™t (A, M; A, h) < Embiger, (T'A, &; A, dh)

isotr

is a weak homotopy equivalence. In particular, suppose that two isotropic embed-
dings fo, f1 € Embisot, (A, M; A, h) are connected by a formal isotropic isotopy
(ft, Ff), s,t € [0,1] rel Op A. Then there exists a genuine isotropic isotopy gy
rel Op A connecting go = fo and g1 = f1 which is homotopic to the formal isotropic
isotopy (ft, FY) through formal isotropic isotopies fized on Op A.

7.4. Stabilization of Legendrian submanifolds

The goal of this section is the proof of the following proposition which will play
a crucial role in the proof of the Existence Theorem 7.16 for Legendrian embeddings
in the next section. Recall from Section 7.1 the definition of the self-intersection
index of a smooth immersion.

PROPOSITION 7.12. For n > 2 let Ag C (M*" "1 ¢ = kera) be a closed ori-
entable Legendrian submanifold and k an integer. Then there exists a Legendrian
submanifold Ay C M and a Legendrian regular homotopy A, t € [0,1], such that
the self-intersection index of the immersion L := J,go 1) Ae x {t} C M x [0,1]
equals k (mod 2 if n is even).

REMARK 7.13. By Corollary 7.7, A; is smoothly isotopic to Ag. We will not
use this fact, see however Section 7.7 for an elementary proof in the case k = 0.

A local construction. The proof of Proposition 7.12 for n > 1 is based on
a stabilization procedure which we will now describe, see Figure 7.2.

Consider the front projection of a (not necessarily closed) orientable Legendrian
submanifold Ag C R?"*1. Suppose that Pront(Ag) intersects B™ x [—1,2] in the
two oppositely oriented branches {z = 0} and {z = 1}. Let f: B" — (—1,2) be a
function which equals zero near 9B™ and has no critical points on level 1. Replacing
the branch {z = 0} over B" by {z = tf(¢)} we obtain a family of Legendrian
immersions A, C R?"*1 ¢ € [0,1]. Note that the set {g € B" | f(q) > 1} is a
smooth n-manifold with boundary. Denote by x({f > 1}) its Euler characteristic.

LEMMA 7.14. The self-intersection index of the immersion L := Ute[O,l] Ay %
{t} € M x [0,1] equals

Iy = (=1)"" D ({f > 1))

(mod 2 if n is even).
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FIGURE 7.2. Stabilization of a Legendrian submanifold.

PROOF. Perturb f such that all critical points above level 1 are nondegenerate
and lie on distinct levels. Self-intersections of L occur precisely when tof has a
critical point gg on level 1 for some ty € (0,1). By the Morse Lemma, we find
coordinates near qg in which go = 0 and f has the form

k n
1 2 1 2
f(Q):ao*QzE:l%Jrg E 4,

i=k+1

where ag = f(qo) = 1/to and k is the Morse index of go. The p-coordinates on the
branch {z = tf(q)} of A; near ¢y are given by

Pi= 0 T \rtg, iz kL

Thus the tangent spaces in T(R?"*! x [0,1]) = R?"*2 of the two intersecting
branches of L corresponding to {z = 1} and {z = tof(q)} are given by
Tl :{pl ::pn:OaZZO}v
Ty = {p; = —tog; for i < k,p; = +toq; for i > k+ 1,z = apt}.
Without loss of generality (because the self-intersection index does not depend on
the orientation of L) suppose that the basis (Jy,,...,0q,,0:) represents the orien-

tation of T7. Since the two branches of Ay are oppositely oriented, the orientation
of Ty is then represented by the basis

(aql — toapl, cey aqn + toap —((’)t + aoaz)).
Hence the orientation of (77, 75) is represented by
(Ogrs+++0q,>00,=0p1 5oy =Opys Opyys v vy O,y —02),

n )

which equals (—1)F*7+7(»=1)/2 times the complex orientation
(8Q178p17~ .. 76%781%782’60
of R?"*2 = C™*!. So the local intersection index of L at a critical point ¢ equals

I (q) _ (_1)indf(q)+n+n(n—l)/2

mod 2 if n is even), where ind ¢(q) is the Morse index of q.
f
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On the other hand, for a vector field v on a compact manifold NV with boundary
which is outward pointing along the boundary and has only nondegenerate zeroes
the Poincaré-Hopf index theorem holds: The sum of the indices of v at all its zeroes
equals the Euler characteristic of M (see [87]). Note that if v is the gradient vector
field of a Morse function f, then the index of v at a critical point ¢ of f equals
(—1)"ds(@) - Applying the Poincaré-Hopf index theorem to the gradient of the Morse
function —f on the manifold {f > 1} = {—f < —1} (which is outward pointing
along the boundary because f has no critical point on level 1), we obtain

x({f =1} = Zindv(,f)(q) = Z(_l)indff(q) — Z(_l)n—indf(q)

q q q
_ (_l)n(n—l)/Q ZIL(Q) _ (—l)n(n_l)/QIL.
q

O

PROOF OF PROPOSITION 7.12. Since all Legendrian submanifolds are locally
isomorphic, a neighborhood in M of a point on A is contactomorphic to a neigh-
borhood in R?"*! of a point on a standard cusp z? = ¢}. Thus the front consists of

two branches {z = :i:qlg } joined along the singular locus {z = ¢; = 0}. Deform the
branches to {z = +e} over a small ball disjoint from the singular locus, thus (after
rescaling) creating two parallel branches over a ball as in Lemma 7.14. Now deform
Ap to A; as in Lemma 7.14, for some function f : B™ — (—1,2). Hence Proposi-
tion 7.12 follows from Lemma 7.14, provided that we can arrange x({f > 1}) = k
for a given integer k if n > 1.

So it only remains to find for n > 1 an n-dimensional submanifold-with-
boundary N C R™ of prescribed Euler characteristic x(N) = k (then write N =
{f > 1} for a function f : N — [1,2) without critical points on the boundary). Let
N be a ball in R”, thus x(N;) = +1. Let N_ be a smooth tubular neighborhood
in R” of a figure eight in R2, thus y(N_) = —1 (here we use n > 2!). So we can
arrange x(N) to be any integer by taking disjoint unions of copies of Ni. This
concludes the proof of Proposition 7.12. O

REMARK 7.15. The preceding proof fails for n = 1 because a 1-dimensional
manifold with boundary always has Euler characteristic x > 0. Therefore for n =1
the local construction in Lemma 7.14 allows us only to realize positive values of the
self-intersection index I;. In Section 7.6 we will see that for overtwisted contact
structures one can get around this problem.

7.5. The existence theorem for Legendrian embeddings

The parametric h-principle of the previous section fails for Legendrian embed-
dings: For any n > 1 there are pairs of Legendrian knots in R?"*! which are
formally but not genuinely Legendrian isotopic [31, 40]. However, it turns out
that if n > 1 then, using the stabilization trick from Section 7.4 and Theorem 7.6,
the existence part (i.e., surjectivity on mg) continues to hold in the Legendrian case
k =n. For n = 1 the analogous claim is false in general, but true in the overtwisted
case, see Theorem 7.19 below.

THEOREM 7.16 (existence theorem for Legendrian embeddings for n > 1).

For n > 2 consider a contact manifold (M,&) of dimension 2n + 1, a simply
connected manifold A of dimension n, and a closed subset A C A. Let (fo, F{) be
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a formal Legendrian embedding of A into (M, &) which is genuine on Op A. Then
there exists a Legendrian embedding f1 : A — M which coincides with fo on Op A
and can be connected with (fo, F3) by a formal Legendrian isotopy fixed on Op A.

In the proof we use the following notation. Given two continuous paths ~;,7s :
[0,1] — X into a topological space X with v1(0) = v2(1) we define their concate-
nation to be the path

v1(2t), te]|

3)
(2t —1), teli1

]

We will also use the following general position observation.

1 xY2(t) = {

N p

)

)

LEMMA 7.17. Let (M,€) be a contact manifold of dimension 2n+ 1 and A a
manifold of dimension n. Then any Legendrian immersion fo: A — (M,£) can be
included into a family of Legendrian immersions fi : A — (M,£) C*®-close to fo
such that f1 is an embedding.

ProoF. Consider a Legendrian immersion f : A — M. By Proposition 6.20 we
can extend f to an isocontact immersion F': U — M of a neighborhood of the zero
section in the 1-jet space J'A. Then nearby Legendrian immersions correspond
to graphs of 1-jets of functions on A, hence the claim follows from Thom’s jet
transversality theorem, see e.g. [98]. O

PROOF OF THEOREM 7.16. In what follows we assume that all constructions
are done relative to A and do not state this explicitly anymore. By applying
Corollary 7.10 we can satisfy all the conditions of the theorem, except that f;
will be a regular homotopy rather than an isotopy. By Lemma 7.17, after a C°°-
small isotropic regular homotopy, we may assume that f; is a Legendrian em-
bedding. Thus, starting from a formal Legendrian embedding (fo, F;) we have
constructed a regular homotopy f; : A — M, t € [0,1], and a 2-parameter family of
monomorphisms F? : TA — TM extending the family Fj§ such that F = df; and
F} € Mongot, (T M, &; A, dh) for all t, and F} = df; for all s.

We will deform the regular homotopy f; to an isotopy, keeping the end fy fixed
and changing f; via a Legendrian regular homotopy. According to Theorem 7.6, in
order to deform the path f; to an isotopy keeping both ends fixed we need the equal-
ity Its,y = 0. (Here the simple connectedness hypothesis in Theorem 7.6 is satisfied
because we can perform the whole construction in a tubular neighborhood of fy(A)
which is simply connected). On the other hand, according to Proposition 7.12,
for any Legendrian embedding go there exists a Legendrian regular homotopy g;
to a Legendrian embedding ¢g; with any prescribed value of the self-intersection
index I;4,3. Hence by concatenating f;, ¢t € [0, 1], with an appropriate Legendrian
regular homotopy f;, t € [1,2], we obtain a regular homotopy f, ¢t € [0,2], with
Lt} ic0 = 0- We extend Fy for t € [1,2] by df; and rescale the interval [0, 2] back
to [0,1]. After this, we may hence assume that I{y,y, , , = 0.

Now Theorem 7.6 provides a 2-parameter family of immersions g7 : A — M,
s,t € [0,1], such that g§ = fo and g5 = f; for all 5, g} = f, and ¢ is an embedding
for all ¢ € [0,1]. For each t € [0,1] let G}, s € [0,1], be the path of monomorphisms
TA — TM obtained by concatenating the paths dg; and Ff. Then (¢, Gj) is a
formal Legendrian isotopy connecting ( fo, F{j) with the Legendrian knot fj. [
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7.6. Legendrian knots in overtwisted contact manifolds

In dimension 3 there is a dichotomy between tight and overtwisted contact
structures, which was introduced in [41]. A contact structure £ on a 3-dimensional
manifold M is called overtwisted if there exists an embedded disc D C M which is
tangent to £ along its boundary 0D. Equivalently, one can require the existence of
an embedded disc with Legendrian boundary 0D which is transverse to £ along dD.
A disc with such properties is called overtwisted disc. Note that any overtwisted
disc has a neighborhood foliated by overtwisted discs. Indeed the contact structure
in a neighborhood of an overtwisted disc can be given by the normal form cos rdz +
rsinrdg, where r, ¢, z are cylindrical coordinates in R® and the overtwisted disc is
given in these coordinates as {z = 0,7 < 7}. One then observes that the vector
field a% is contact and hence all parallel discs {z = ¢,r < 7} are overtwisted.

Non-overtwisted contact structures are called tight. Bennequin proved in [16]
that the standard contact structure on R? (or S?) is tight. More generally, (weakly)
symplectically fillable contact structures are always tight [84, 43]. The sphere S°
admits a unique tight positive contact structure, the standard one [44].

Overtwisted contact structures exhibit remarkable flexibility: their classifica-
tion up to isotopy coincides with their homotopical classification as plane fields.
More precisely, overtwisted contact structures satisfy the following h-principle.

THEOREM 7.18 (classification of overtwisted contact structures [41]).

(a) Any oriented plane field on a closed oriented 3-manifold M is homotopic
to a positive contact structure. This contact structure is unique up to isotopy.

(b) Let & be an overtwisted contact structure on a closed connected 3-manifold
M and D C (M,&) be an overtwisted disc. Let Contet(M;&y) and Distr(M;&p)
denote the spaces of overtwisted contact structures resp. tangent plane fields equal
to & on Op D. Then the inclusion

Contot (M;&y) — Distr(M; &)

is a weak homotopy equivalence.
Parts (a) and (b) also hold in relative form for contact structures prescribed
near a compact set A C M\ D.

The existence statement in part (a) of the theorem was proved by Lutz [126]
and Martinet [128]. Theorem 7.18 implies the following h-principle for Legendrian
knots in overtwisted contact manifolds.

THEOREM 7.19 (Dymara [39], Eliashberg—Fraser [48]). Let (M, &) be a closed
connected overtwisted contact 3-manifold, and D C M an overtwisted disc.

(a) Any formal Legendrian knot (f, F*®) in M is formally Legendrian isotopic
to a genuine Legendrian embedding f: Sl M\ D.

(b) Let (fi, Ff), s,t € [0,1], be a formal Legendrian isotopy in M connecting
two genuine Legendrian embeddings fo, fi : S' < M \ D. Then there exists a
Legendrian isotopy ]?t : St < M\ D connecting f~’0 = fo and fl = f1 which is
homotopic to (fi, F¥) through formal Legendrian isotopies with fized endpoints.

PROOF. (a) After a smooth isotopy we may assume that L := f(S*) C M\ D.
The homotopy F'~¢ t € [0,1], can be extended to a homotopy &, t € [0,1], of
plane fields along L connecting {, = |, with a plane field &; tangent to L. This
homotopy can be extended to a homotopy of contact structures on Op L. Applying
the relative form of Theorem 7.18 (a) it can be further extended to a homotopy of
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contact structures ¢; on the whole manifold M with &, = £ and £o, p = £. Hence,
by Gray’s Stability Theorem 6.23 there exists a diffeotopy hy : M — M, t € [0, 1],
with ho = Id and h¢opp = Id such that (hy)*¢ = &. Then the Legendrian
embedding hy o f : A — (M,§) is connected to (f, F'®) by the formal Legendrian
isotopy (f; = hyo f, Ff = dhyo F*(:=9)in M \ D.

Part (b) can be proven similarly, using Theorem 7.18 (b). Again, after a smooth
isotopy with fixed endpoints we may assume that f;(S') C M\ D for all t € [0,1].
Arguing as in (a), we can construct a 2-parameter family of contact structures
&iu, tyu € [0,1], such that &0 = §ou = 1,0 = & Gray’s Theorem 6.23 yields
a 2-parameter family of diffeomorphisms h;, such that hy g = ho = h1,. = 1d,
and hy,& = &4 for all t,u € [0,1]. Then the Legendrian isotopy ﬁ =hipo fr:
A < (M, €) connects fo and f1 and is homotopic to the formal Legendrian isotopy
(ft, F¥) via the path of formal Legendrian isotopies (fi.u = htu o fi, FY, = dhyy o

Fts(lfu))- 0

REMARK 7.20. Let us point out that, in contrast to most other h-principles
in this chapter, the Legendrian embeddings in Theorem 7.19 cannot in general be
chosen C%-close to the original smooth embeddings. The reason is that the proof
uses an overtwisted disc in an essential way and the original knots may be far from
such a disc.

7.7. Murphy’s h-principle for loose Legendrian embeddings

While in general the existence of a formal Legendrian isotopy between Legen-
drian embeddings is far from being sufficient for the existence of a genuine Legen-
drian isotopy (see e.g. [31, 40]), it turns out that there are classes of Legendrian
embeddings for which one has an h-principle: the formal condition is sufficient for
the existence of a Legendrian isotopy.

We have already encountered this phenomenon in Section 7.6 for Legendrian
knots in overtwisted contact 3-manifolds. It turns out that in any contact mani-
fold of dimension > 5 there exists a class of Legendrian knots, called loose, which
satisfy the h-principle: any Legendrian knot A can be CY-approximated by a loose
Legendrian knot A’ in the same formal Legendrian isotopy class, and any two loose
Legendrian knots which are formally Legendrian isotopic can be connected by a
genuine Legendrian isotopy. This phenomenon was discovered by Emmy Murphy
in [143].

REMARK 7.21. In [48] a Legendrian knot in a 3-dimensional contact manifold
is called loose if its complement is overtwisted. As we will see below, the higher
dimensional loose knots considered in this section exhibit a lot of similarity with
loose knots in dimension 3. However, to avoid any confusion, in this book we will
apply the term “loose” only in the sense defined in this section.

In order to define loose Legendrian knots we need to describe a local model.
Throughout this section we assume n > 2.

Consider first a Legendrian arc )\ in the standard contact space (R3, dz—pidq;)
with front projection as shown in Figure 7.3, for some a > 0. Suppose that the
slopes at the self-intersection point are +1 and the slope is everywhere in the interval
[—1,1], so the Legendrian arc )¢ is contained in the box

Qa = {|q1|7 |p1| <1, |Z‘ < a}
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FIGURE 7.3. Front of the Legendrian arc Ag.

<

FI1GURE 7.4. Front of the Legendrian solid cylinder Ag.

and O\g C 0Q,. Consider now the standard contact space (R*" !, dz—>"" | p;dg;),
which we view as the product of the contact space (R?, dz—pjdg;) and the Liouville

space (R?"~2 — zn:pidqi). We set ¢ := (q2,...,qn} and p’ := (pa,...,pn). For
b,c> 0 we deﬁneZ:2
Py :=A{l¢'| <0, [p'| < c} CR*,
Rape := Qa X Poc = {la1l, Ip1] < 1, |2| < a, |¢| < b, |p'| < e}

Let the Legendrian solid cylinder Ag C (R?"*!,dz — 3" | p;dg;) be the product of
Ao C R? with the Lagrangian disc {p’ = 0, |¢’| < b} € R?"~2. Note that Ag C Rape
and OAg C ORgpe- The front of Ag is obtained by translating the front of Ay in
the ¢’-directions, see Figure 7.4. The pair (Rape, Ao) is called a standard loose
Legendrian chart if

a < be.

Given any contact manifold (M?"+1 ¢), a Legendrian submanifold A C M with
connected components Aq,...,Ag is called loose if there exist Darboux charts
Ur,..., Uy C M such that A, NU; = @ for ¢ # j and each pair (U;, A; N U;),
i=1,...,k, is isomorphic to a standard loose Legendrian chart (R, Ao).

Given a closed subset A C M, we say that a Legendrian submanifold A C M is
loose relative to A if A\ A isloose in M \ A. A Legendrian embedding f: A — M
is called loose if its image is a loose Legendrian submanifold.

REMARK 7.22. (1) Let us stress the point that a link consisting of loose Leg-
endrian knots is not necessarily a loose Legendrian link.
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FIGURE 7.5. Shrinking a standard loose Legendrian chart (picture
is courtesy of E. Murphy).

(2) By the contact isotopy extension theorem (Proposition 6.24), looseness is
preserved under Legendrian isotopies within a fixed contact manifold. (Note, how-
ever, that if Ay C (M,&), t € [0,1], is a family of Legendrian knots for varying
contact structures and M is not closed, then looseness of Ay need not imply loose-
ness of Aj). Since the model Ag above can be extended to a Legendrian disc in
standard R?"~! and any two Legendrian discs are isotopic (shrink the first one to a
neighborhood of a point, isotope it to a neighborhood of a point in the second one,
and expand again), it follows that any Legendrian disc is loose. More precisely, for
any closed Legendrian n-disc D C (M?"+1 ¢), n > 2, its interior D\ 9D is loose in
(M\ 0D, ¢).

(3) By rescaling ¢’ and p’ with inverse factors one can always achieve ¢ = 1 in
the definition of a standard loose Legendrian chart. However, the inequality a < bc
is absolutely crucial in the definition. Indeed, it easily follows from Gromov’s
isocontact embedding theorem [83, 52| that around any point in any Legendrian
submanifold A one can find a Darboux neighborhood U such that the pair (U, ANU)
is isomorphic to (Ryp1, Ag) for some sufficiently small b > 0.

(4) Figure 7.5 taken from [143] shows that the definition of looseness does
not depend on the exact choice of the standard loose Legendrian chart (Rgape, Ao):
Given a standard loose Legendrian chart with ¢ = 1, the condition a < b allows us
to shrink its front in the ¢’-directions, keeping it fixed near the boundary and with
all partial derivatives in [—1,1] (so the deformation remains in the Darboux chart
Rap1), to another standard loose Legendrian chart (Rypr1, Ay) with & > (b —a)/2
and arbitrarily small a’ > 0. Moreover, we can arbitrarily prescribe the shape of
the cross section Aj of Af in this process. So if a Legendrian submanifold is loose
for some model (Rgpe, Ag), then it is also loose for any other model. In particular,
fixing b,c¢ we can make a arbitrarily small, and we can create arbitrarily many
disjoint standard loose Legendrian charts.

PROPOSITION 7.23 ([143]). The stabilization construction in Proposition 7.12
with k = 0 makes any Legendrian embedding in dimension > 5 loose without chang-
ing its formal Legendrian isotopy class.

PRrROOF. Let us recall the construction in Proposition 7.12. Given a Leg-
endrian embedding fy : A — M we choose a Darboux chart with coordinates
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F1GURE 7.6. A standard loose Legendrian chart appears in the
stabilization procedure.

(q1y--+,Gn;P1,---,Pn,2) in which the front of fo(A) consists of two branches {z =
:I:qf/Z} joined along the singular locus {z = ¢; = 0}, see Figure 7.6. Deform the
lower branch to the graph of a function ¢(g) which is bigger than qf/ % over a do-
main N C R™ of Euler characteristic 0 (e.g. diffeomorphic to an annulus D" ! x S1)
disjoint from the singular locus. Performing this construction sufficiently close to
the singular locus, we can keep the values and the differential of the function ¢
arbitrarily small. Then the deformation is localized within the chosen Darboux
neighborhood, and Figure 7.6 shows that the stablilized Legendrian embedding
f1: A — M is loose.

To show that the stabilized Legendrian embedding f; is formally Legendrian
isotopic to the original fy we reproduce the argument from [143]: Since x(N) =0

3

there exists a nowhere vanishing vector field v on N which agrees with V(¢ — ¢?)
near ON. Linearly interpolating the p-coordinate of f; from V¢(q) to v(q) = v(q) +
Vqlg (keeping the (g, z)-coordinates fixed), then pushing the z-coordinate down
to —q:f/ 2 (keeping (q,p) fixed), and finally linearly interpolating v(q) to —Vq:f/ 2
(keeping (q, z) fixed) defines a smooth isotopy f; between f; and fy. On the other
hand, the graphs of the functions t¢ define a Legendrian regular homotopy from
fo to f1, so their differentials give a path of Legendrian monomorphisms F; from
Fy = dfy to F1 = df;. Now note that over the region N all the df; and F; project
as the identity onto the g-plane, so linearly connecting df; and F; yields a path of
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monomorphisms F?, s € [0,1], and hence the desired formal Legendrian isotopy
(ft, FY) from fo to fi. O

REMARK 7.24. Let us stress the point that in dimension 3 any domain N C R
has positive Euler characteristic, and hence the above stabilization construction
never preserves the formal isotopy class of the Legendrian embedding

Now we can state the main result from [143]. Note that part (a) directly follows
from Proposition 7.23 and Theorem 7.16.

THEOREM 7.25 (Murphy’s h-principle for loose embeddings [143]).

Let (M,€) be a contact manifold of dimension 2n +1 > 5 and A an n-
dimensional manifold.

(a) Any formal Legendrian embedding (f : A — M, F* : TA — TM) can be
C-approzimated by a loose Legendrian embedding f: A — M formally Legendrian
isotopic to (f, F*®).

(b) Any smooth isotopy f; : A — M, t € [0,1], which begins with a loose
Legendrian embedding fy can be CY-approzimated by a Legendrian isotopy starting
at fo.

(c) Let (fi, Ff), s,t € [0,1], be a formal Legendrian isotopy connecting two loose
Legendrian knots fo and fi. Then there exists a Legendrian isotopy ﬁ connecting
fo = fo and f1 = f1 which is CY-close to f, and is homotopic to the formal isotopy
(ft, Ff) through formal isotopies with fixed endpoints.

Theorem 7.25 also holds in relative form. In particular, if in case (c) the formal
Legendrian isotopy is genuine on a neighborhood of a closed subset A C A and
the Legendrian knots fy and f; are loose relative to A, then the isotopy f; can be
chosen equal to f; over Op A.

7.8. Directed immersions and embeddings

In this section we formulate Gromov’s h-principle for directed immersions and
embeddings and discuss its applications, see [84, Section 2.4] and [52, Chapter
19]. Given an m-dimensional real vector space V and an integer k < m we denote
by Gi(V) the Grassmannian of its k-dimensional linear subspaces. A subset A C
Gi(V) is called ample if for any L € A and any S € Gy_1(L) the convex hull of
each component of the set

{veV | span(S,v) € A}

coincides with the whole space V.

More globally, given an m-dimensional manifold M we denote by Gy (M) the
bundle (J, ¢, Ge(T: M) of tangent k-subspaces. A subset A C Gx(M) is called
ample if it is ample fiberwise.

EXAMPLE 7.26. (a) Let RF = R*(C") C Gx(C"), k < n, be the subset of
totally real subspaces. Then RF is ample.

(b) Let V = C" xR and REg = RER(V) C Gi(V), k < n, be the subset which
consists of k-dimensional subspaces which project non-singularly onto totally real
subspaces of C". Then Ry is ample.

(¢) Let V' be a symplectic vector space. Then the set of Lagrangian subspaces
is not ample, and neither is the (open) set of symplectic subspaces of some given
dimension.
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One can also consider global versions of the above examples. Namely, if M is
an almost complex manifold, then one can consider the subbundle

RE(M) = | R¥(T.M) C Gp(M).
xeM
Next consider an almost CR manifold (M, &, J), i.e., an odd-dimensional manifold
equipped with a hyperplane distribution ¢ and a complex structure on £. Suppose

that M is also equipped with a Riemannian metric. Then we obtain an orthogonal
splitting TM = £ x R and thus a subbundle

REr(M) = | J REr(TeM) C Gi(M).
zeM

Given A C G(M) and a k-dimensional manifold P, an immersion or embedding
f: P — M is called A-directed if for each p € P we have df (T,,P) € A. A monomor-
phism F : TP — TM is called A-directed if for each p € P we have F'(T,P) € A.
For instance, if M is an almost complex manifold then totally real immersions
P — M of a k-dimensional manifold P are exactly the R¥(M)-directed immer-
sions. Given a Riemannian CR manifold M we call REy (M)-directed immersions
CR totally real (and similarly for embeddings).

Given a subset A C Gj(M) x [0,1] we set A, := AN (G(M) x {t}), t € [0,1].
We call A C Gx(M) x [0,1] ample if A; is ample for each t € [0, 1].

THEOREM 7.27 (h-principle for directed immersions [52, Theorem 18.4.1]).
Let A C Gi(M) be an open ample set. Then the inclusion

ImmA,dir(P, M) — MOHA,dir(TP, TM)

of A-directed immersions into A-directed monomorphisms is a weak homotopy equiv-
alence. In particular, we have:

(a) Given any continuous map f: P — M covered by an A-directed monomor-
phism F : TP — TM, there exists a C°-small homotopy f; : P — M covered by a
homotopy of A-directed monomorphisms Fy : TP — T M such that fo = f, Fy = F,
f1 is an A-directed immersion, and df, = F1.

(b) If the differentials of two A-directed immersions fq, f1 : P — M are homo-
topic as A-directed monomorphisms, then there exists an A-directed regular homo-
topy CV-close to the given homotopy connecting fo and fi.

The statement also holds in relative form fixed on a neighborhood Op B of a
closed subset B C P.

As a special case, we obtain the following h-principle for totally real immersions.
In this book it will only be used, via Theorem 7.38 in the next section, in the proof of
Theorem 8.11 which is a special case of the Gromov—-Landweber theorem [82, 120).

COROLLARY 7.28 (h-principle for totally real immersions [84, 52]).

Let (V,J) be an almost complex manifold of dimension 2n, and L a manifold
of dimension k < mn. Then the inclusion

Immyear (L, V') < Monyea (TL, TV)

of totally real immersions into totally real monomorphisms is a weak homotopy
equivalence. In particular, any continuous map f: L — V covered by a totally real
monomorphism F : TL — TV is homotopic to a C°-close totally real immersion
g: L —V such that dg and F' are homotopic through totally real monomorphisms
TL — TV. If f is already a totally real immersion on a neighborhood Op B of a
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closed subset B C L and F' = df on T'Lo, B, then the homotopy fi can be chosen
fixed on Op B.

Directed embeddings. Remarkably, directed embeddings in the case of
an open ample set A also satisfy an h-principle. To formulate this, we introduce
the following terminology analogous to that in Section 7.3. A formal A-directed
embedding of P into M is a pair (f, F'®), where f : P < M is a smooth embedding
and F*: TP — TM is a homotopy of monomorphisms over f starting at F° = df
and ending at an A-directed monomorphism F! : TP — TM covering f. Then
every A-directed embedding f gives rise to a formal A-directed embedding (f, F'® =

df).

THEOREM 7.29 (h-principle for directed embeddings [52, Theorem 19.4.1]).
Let A C G(M) be an open ample set. Then the inclusion

Embya_gi: (P, M) < Mon§™>, (TP, TM)

of A-directed embeddings into formal A-directed embeddings is a weak homotopy
equivalence. In particular, we have:

(a) Any formal A-directed embedding (fo, F5) of P into M is connected to a
genuine A-directed embedding f1 : P — M by a path of formal A-directed embed-
dings (fi, F¥) such that the f; are C°-close to fo.

(b) Let A C Gi(M) x [0,1] be an open ample set. Let fo, fr : P — M be an
Ag-directed and an Ay -directed embedding connected by a path of formal A;-directed
embeddings (fr, F). Then there exists an isotopy ff of A-directed embeddings C°-
close to fi, connecting fo and f1, which is homotopic to (fi, F¥) as paths of formal
Ay-directed embeddings with fized endpoints.

The statement also holds in relative form fized on a neighborhood Op B of a
closed subset B C P.

In particular, we have the following special cases of this h-principle.

COROLLARY 7.30 (h-principle for totally real embeddings [84, 52]).

Let (V,J) be an almost complex manifold of dimension 2n, and L be a manifold
of dimension k < mn. Then the inclusion

Emby,eal(L, V) < Mon®2X (T L, TV)

real

of totally real embeddings into formal totally real embeddings is a weak homotopy
equivalence. In particular, we have:

(a) Any formal totally real embedding (fo, F3) of L into V is connected to a gen-
wine totally real embedding f1 : L — V by a path of formal totally real embeddings
(fi, F?) such that the f; are C°-close to fo.

(b) Let J; be a family of almost complex structures on V. Let fo,f1: L — V
be a Jo-resp. Ji-totally real embedding connected by a path of formal Jy-totally real
embeddings (fi, FyY). Then there exists an isotopy f: of Je-totally real embeddings
C%-close to f;, connecting fo and fi, which is homotopic to (fi, F¥) as paths of
formal Jy-totally real embeddings with fixed endpoints.

The statement also holds in relative form fixed on a neighborhood Op B of a
closed subset B C L.

COROLLARY 7.31. Let (V,J) be an almost complex manifold and f : L —V a
totally real embedding. Let Jy, t € [0,1], be a homotopy of almost complex: structures
on V with Jo = J. Then there exists an isotopy of embeddings f; : L — V such that
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fo = f and f; is Ji-totally real. If the isotopy f: is already given on a neighborhood
Op B of closed subset B C L such that fi|op B ts Ji-totally real, then f; can be
extended from Op B to L.

PrOOF. There is a family of Js-totally real monomorphisms F* : TL — TV
covering f with FY = df. Hence, we can first apply Corollary 7.30 (a) (with the
almost complex structure J;) to find a path of formal J;-totally real embeddings
(ft, Ff¥) connecting (f = fo, F®) to a Ji-totally real embedding (fi,df1). After
reparametrizing F? in (s,t) we can view this as a path of formal J;-totally real
embeddings connecting the Jy-totally real embedding fy to the Ji-totally real em-
bedding f1. So we can apply Corollary 7.30 (b) to find the desired isotopy of
Ji-totally real embeddings. O

COROLLARY 7.32 (h-principle for CR totally real embeddings). Let (M,&,J)
be a (2n + 1)-dimensional almost CR manifold, and A be a manifold of dimension
k < n. Then the inclusion

Ember reat (A, M) < Mon&R> . (TA, TM)

of CR totally real embeddings into formal CR totally real embeddings is a weak
homotopy equivalence. In particular, any formal CR totally real embedding (fo, F§)
of A into M is connected to a genuine CR totally real embedding f1 : A — M by a
path of formal CR totally real embeddings (fi, F¥) such that the f; are CY-close to
fo-

The statement also holds in relative form fixed on a neighborhood Op B of a
closed subset B C A.

We finish this section with an analogue of Corollary 7.28 for so-called totally
real submersions (also called complex submersions of real manifolds, see [120]).
This result will only be needed for one of the cases of Theorem 8.45.

A linear map A : L — V between a real vector space L and a complex vector
space V is called a totally real epimorphism if its complexification A®: L ®C — V
is surjective. Similarly, a smooth map f : L — V of a real manifold L to an
almost complex manifold (V,J) is called a totally real submersion if its differential
TL — TV is a fiberwise totally real epimorphism. A word of caution: a totally
real submersion need neither be a submersion, nor does its image have to be totally
real.

COROLLARY 7.33 (h-principle for totally real submersions).

Let (V,J) be an almost complex manifold of dimension 2n, and L a manifold
of dimension m > n. Then the inclusion

Subreal(L, V) < Epi,y(TL, TV)

of totally real submersions into totally real epimorphisms is a weak homotopy equiv-
alence. In particular, any continuous map f : L — V covered by a totally real
epimorphism F : TL — TV is homotopic to a totally real submersion g : L — V
such that dg and F are homotopic through totally real epimorphisms TL — TV.
If f is already a totally real submersion on a neighborhood Op B of a closed subset
B C L and F =df onTL|op B, then the homotopy f: can be chosen fixed on Op B.

real

Proor. It is sufficient to prove an extension statement from a neighborhood
of the boundary of a disc to the disc itself. This can be reduced to Corollary 7.28
by suspending the map f to amap f: D — V x C™™™ and suspending the totally
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real epimorphism F' to a totally real isomorphism F:TD — TV x C™~ ", and then
projecting the constructed totally real immersion to V' x C™~" back to V. (]

7.9. Discs attached to J-convex boundaries

Theorem 7.34 below, which is a combination of h-principles discussed earlier in
this chapter, will play an important role in proving the main results of this book.

Let (V,J) be an almost complex manifold and W C V' a domain with smooth
boundary 0W. Let L be a (possibly non-compact) manifold with boundary. Let
f:L <= V\IntW be an embedding with f(0L) D oW, f(L) N oW = f(0L),
and which is transverse to OW along OL. We say in this case that f transversely
attaches L to W along L. We recall that f attaches L to W J-orthogonally if,
in addition, Jdf(T'L|sr) C T(OW). Note that this implies that df(OL) is tangent
to the distribution & = T'(OW) N JT(OW). In particular, if W is J-convex then
f(OL) is an isotropic submanifold for the contact structure &.

THEOREM 7.34. Suppose that (V,J) is an almost complex manifold of real
dimension 2n, and W C V is a domain with smooth J-convex boundary. Suppose
that an embedding f : D* — V, k < n, transversely attaches D* to W along
ODF. If k = n = 2 we assume, in addition, that the induced contact structure on
OW is overtwisted. Then there exists an isotopy f; : D¥ < V., t € [0,1], through
embeddings transversely attaching D¥ to W, such that fo = f and fi is totally real
and J-orthogonal to OW. Moreover, in the case k = n > 2 we can arrange that
the Legendrian embedding fi|gpx : OD* < OW s loose, while for n = 2 we can
arrange that the complement OW \ f,(0D?) is overtwisted for all t € [0,1].

The proof uses the following homotopical lemma.

LEMMA 7.35. Consider f : D¥ < V as in Theorem 7.34. Then there exists
a homotopy of monomorphisms Fy : TD* — TV, t € [0,1], covering f such that
Fy =df, Fy is totally real and, in addition,

(a) Fy(TODF) C ¢,
(b) E,(TOD*) Cc TOW for all t € [0,1].

PRrROOF. We write D = D*. Let us fix an outward normal vector field r to
0D in D and an inward pointing vector field n along O0W such that Jn € TOW.
After an isotopy of f we may assume that df(r) = n along dD. Consider the
bundle Mon(TD, f*TV) — D and its subbundle Mon,e, (T D, f*TV) of totally
real monomorphisms. Similarly, over the boundary dD we have the bundles

Monyea1(TOD, f*€) C Mon(TOD, f*TOW).

Sending r to n defines natural inclusions

Mon(TOD, f*TOW) C Mon(TD,TV)|sp and

Monreal(TaDv f*g) - Monreal(TD’ TV) ‘3D'
Note that df defines a section in Mon(T'D,TV) which restricts to a section in
Mon(TOD, f*TOW) over 0D.

After picking a metric and orthogonalization, we may assume that the fiber of

the bundle Mon(7'D,TV) is the Stiefel manifold V,, , of orthogonal k-frames in

R2" (see Appendix A.2) and its structure group is O(2n). Similarly, we may assume
that the fiber of the bundle Mon,ea (7D, TV) is the Stiefel manifold ka of unitary
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k-frames in C™ and its structure group is U(n), and similarly for the bundles over
oD.

The U(n — 1)-bundle Mon,e. (70D, f*¢) — S*~! is obtained by gluing two
trivial bundles via a map g : S¥72 — U(n — 1). Since the bundle extends over D
as the U(n)-bundle Mon, e, (T'D,TV), g lies in the kernel of the map 7;_2U(n —
1) — mr—2U(n), which is trivial by Corollary A.10. Thus we obtain compatible
trivializations of all the bundles

Moot (T'D, f*TV) 2 D x V.S, € Mon(T D, f*TV) = D x Vo,
Mon,ear (TOD, f*€) 2 0D x Vyi_q ;3 C Mon(TOD, f*TOW) = 9D X Vap_1 1.

With these trivializations, df defines a map (D*, dD¥) — (Vay, 1, Van—1.4—1) which
we want to deform to a map (D* dDF) — (Vﬁk,Vf_Lk_l). This is possible by
Corollary A.8 (a) which asserts 7, (Vap i, Von—1,6—1) = 0 for k < 2n — 2, ie., in
particular for £ <n and n > 2. O

PROOF OF THEOREM 7.34. We write D = D¥. Let F, be the homotopy from
Lemma 7.35. The isotopy f; is constructed in two steps.

Step 1. The restriction Ft|T(a D) gives us a homotopy of monomorphisms
F, : T(8D) — T(dW) covering f|op such that Fy = df|7op and Fy : T(OD) — &
is totally real. Hence, we can apply Theorem 7.16 if n > 2, and Theorem 7.19 if
n = 2, to find an isotopy g; : 0D < OW such that

(@) go = flop,
(8) ¢1 is isotropic, and
(7) the path of monomorphisms dg; : T(0D) — T(OW), ¢ € [0, 1], is homo-
topic to F} in the class of paths of monomorphisms beginning at dgy and
ending at a totally real monomorphism T(0D) — &.
When n > 2 Theorem 7.16 allows us to make the isotopy g; C°-small and using
Theorem 7.25 we can arrange g1 (0D) to be loose, while when n = 2 the complement
OW \ ¢:(0D) can be made overtwisted by Theorem 7.19.

We extend the isotopy ¢; to an isotopy f; : D — V \ Int W of smooth em-
beddings transversely attached to W such that f, = f. Note that any subspace
of T,V, p € OW, which is transverse to dW and intersects £, C T,0W along a
totally real subspace is totally real itself. Hence, we can further deform the disc
f1(D) near f1(0D) through totally real discs, keeping the boundary fixed, to make
it J-orthogonally attached to OW.

Step 2.  We claim that there exists a homotopy of monomorphisms G; :
TD — TV, t e |0,1] such that

a) Go = df1 :TD — T‘/v7
b) G, is totally real, and
C) G = df; on TD|3D for all t € [O, 1]

Indeed, consider first the homotopy CN}’t :TD—-TV,

& dfy—a, te0,3];
t =
FQt_l, te ( ,1]

N|—

The homotopy G, satisfies the above conditions a) and b), but not c). However,
in view of property () the path G¢|rgp is homotopic through paths with fixed
ends to a path of totally real monomorphisms, and hence the homotopy G; can
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FIGURE 7.7. Construction of the family of monomorphisms I'j.

be modified to a homotopy G satisfying condition c¢) as well. More explicitly, ()
allows us to pick a continuous family of monomorphisms I'} : T(0D) — T(0W),
S,t S [0,1], such that F? = ét|T6D7 F% = F(SJ = dfl‘T@D, and Ff : T(@D) — § is
totally real for all s € [0, 1], see Figure 7.7.

We extend I'{ from T'(0D) to TDyp sending the outward normal r along 0D
to the inward normal n along W, so that it satisfies 'Y = C~¥t, I} =T¢ =df:, and
I'{ is J-orthogonal and totally real along 0D. After rescaling in the unit disc D
we may assume that Gy(z) is independent of the radius for z € D with |z| > 1/2.
Then the desired homotopy G; : TD — TV can be defined by

_[Giu2x),  Jzleo.3];
Gi(z) == {F?Iacll(ac)7 | € (%’ 1.

It remains to apply Gromov’s h-principle for totally real embeddings, Corollary 7.30
(a). It provides an isotopy of embeddings f; : D — V\Int W, ¢ € [1, 2], fixed along
0D together with its differential, such that fo : D — V' \ Int W is totally real and
J-orthogonal to OW. Finally, note that the isotopy provided by Corollary 7.30 (a)
can also be chosen C%small. This concludes the proof of Theorem 7.34. O

In Section 14.3 we will need the following 1-parametric version of Theorem 7.34
in the flexible situation.

THEOREM 7.36. Let Ji, t € [0, 1], be a family of almost complex structures on a
2n-dimensional manifold V.. Let W C V be a domain with smooth boundary which
is Jy-convex for all t € [0,1]. Suppose that k < n. Let f; : D¥ — V \ Int W,

€ [0,1], be an isotopy of embeddings transversely attached to OW along ODF.
Suppose that for i = 0,1 the embedding f; is J;-totally real and J;-orthogonally
attached to OW along OD*. Suppose that either k < n or k = n > 2 and the
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Legendrian embeddings filop, i = 0,1 are loose. Then there exists a 2-parameter
family of embeddings f : D* < V \ W with the following properties:
o f7 is transversely attached to W along dD* and C°-close to f; for all
t,s €10,1];
o f0=f forallt €0,1] and f§ = fo, f{ = f1 for all s € [0,1];
o fl is Ji-totally real and Ji-orthogonally attached to OW along OD* for
all t €10,1].

The proof uses the following homotopical lemma.

LEMMA 7.37. Consider f; : D¥ < V\Int W as in Theorem 7.36, where we allow
the critical case k < n. Then there exists a 2-parameter family of monomorphisms
Ff:TD — TV, t,s € [0,1], covering f; such that FY = dfy, F§ = dfo, F§ = dfy,
F} is totally real and, in addition,

(a) FH(TOD) C ¢, and
(b) Ff(TOD) C TOW.

PROOF. As shown in the proof of Lemma 7.35, we can trivialize the relevant
bundles of monomorphisms over D := D* and 9D. So F; := df, defines a homotopy
of maps

Ft : (D’aD) — (‘/Qn,ka%n—l,k—l)7 t G [O, 1]
with endpoints
Fo, Fy : (D,0D) = (Vi Vie_y 1)

which we want to deform into (Vﬁk,Vf_Lk_l) with fixed ends at ¢t = 0,1. By
Corollary A.8 (a) we have my(V,o, V,= 1, 1) = 0 for k < n and n > 2. After
contracting Fy, F it thus suffices to consider the case that Fy = Fy =v € V,,_q -1
is constant. After a further deformation we may assume that F;(0) = v for the
origin 0 € D and all ¢ € [0,1], and collapsing {0,1} x D U[0,1] x {0} C [0,1] x D
to a point p we obtain a map

F : (Dk+1a8Dk+17p) — (‘/2717]@7‘/271—1,]9—171})

which we need to contract to the point v. This is possible by Corollary A.8 (a)
because 7Tk+1(V;§:7k, Vf_Lk_l) = 0 provided that k + 1 < 2n — 2. This condition is
satisfied if k <n and n > 2, or if kK <n and n = 2.

It remains to treat the case k = n = 2. Note that in the first step of the
preceding argument we have chosen a contraction of Fj in WQ(VQ%, V1(,:1) =0. Two
such contractions differ by an element in 7r3(V2C’2, Vﬁ). So by varying the contrac-
tions we can change the resulting class [F] € m3(Vaz2,Vs,1) by adding classes in
71'3(‘/2(?2, Vfl). Since by Corollary A.8 (b) the map 71'3(‘/2(?27 Vfl) — m3(Vao, Va1) is

an isomorphism, we can arrange [F] = 0 and thus conclude the proof. O

PrROOF OF THEOREM 7.36. With Lemma 7.37, the rest of the proof of The-
orem 7.36 is parallel to the proof of Theorem 7.34: First we apply either the h-
principle for subcritical isotropic embeddings, Theorem 7.11, if £ < n or Murphy’s
h-principle for loose Legendrian embeddings, Theorem 7.25, if k = n > 2 in order
to make fi|gp an isotropic isotopy. Then we deform f;, as in the proof of 7.34,
to make it Ji-orthogonal to OW along 0D. Finally, we apply the h-principle for
totally real embeddings, Corollary 7.30 (b), to make f; totally real. O
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Finally, in Section 8.3 we will need the following version of Theorem 7.34 in
which we remove the condition of J-convexity of the boundary, but obtain instead
of J-orthogonality the following weaker notion of “J-transversality”. Let us assume
that W is endowed with a Riemannian metric for which J acts as an orthogonal
operator and denote by n the unit outward normal vector to the boundary of W.
Then we say that f attaches L to W J-transversely if n € df (T'L|or,) and df (T L|ar)
is totally real. Note that this implies that f(0L) is a CR totally real submanifold
of OW in the sense of Section 7.8 above.

THEOREM 7.38. Suppose that (V,J) is an almost complex manifold of dimen-
sion 2n and W C V' a domain with smooth boundary (not necessarily J-convez).
Suppose that an embedding f : D¥ — V, k < n, transversely attaches D* to W
along OD* in V. Then there exists an isotopy f; : D¥ < V, t € [0,1], through
embeddings C°-close to f and transversely attaching D* to W, such that fo = f
and f1 is totally real and J-transverse to OW .

PROOF. The proof repeats the proof of Theorem 7.34, using Corollary 7.32
instead of Theorem 7.16. a



The Existence Theorem

In this chapter we prove Theorem 1.5 from the introduction on the existence
of Stein structures in complex dimension # 2. The proof combines the techniques
developed in earlier chapters: in Section 8.2 we use the ¢-convex model functions
from Chapter 4 to extend J-convex functions over discs, and in Section 8.3 we
use the h-principles from Chapter 7 to extend complex structures over discs. The
Existence Theorem 1.5, as well as an ambient version due to Gompf, is then proved
in Section 8.4.

Sections 8.5 to 8.7 contain various refinements of results in the previous sections
that will not be used in the remainder of the book. In Sections 8.2 and 8.6 we
refine the J-convex surroundings from Section 8.2 and discuss some applications to
holomorphic convexity. In Section 8.7 we derive some holomorphic approximation
results due to Forstneri¢c and Slapar. Finally, in Section 8.8 we prove a variant of
Kallin’s lemma which will be needed in Section 16.2.

8.1. Some notions from Morse theory

In this chapter we use the following notions from Morse theory; for more details
see Chapter 9.

Recall that a function ¢ : V — R is called Morse if all its critical points
are nondegenerate, and the (Morse) index of a critical point of ¢ is the maximal
dimension of a subspace on which the Hessian is negative definite. A vector field
X is called gradient-like for ¢ if it satisfies

X ¢ > 8(X[" +[dol)

for some ¢ > 0, where | X| is the norm with respect to some Riemannian metric on
V and |d¢| is the dual norm. The stable manifold W, (with respect to X) of a
critical point p of ¢ is the set of all points converging to p under the forward flow of
X. The skeleton of a Morse function (with respect to X) is the union of all stable
manifolds.

By the Morse Lemma (see [139]), near a nondegenerate critical point p of ¢ of
index k there exist coordinates u; in which ¢ has the form

60 = 00) = = =} + oy

We will use the following easy consequence, as well as a refinement given in Lemma
9.29 below.

COROLLARY 8.1. Let ¢ : V — R, ¢’ : V' — R be Morse functions with gradient-
like vector fields X, X' and critical points p,p’ of the same index and value with
stable manifolds W;,Wp_,. Then there exists a diffeomorphism f : Op W, —

OpW,, such that ¢’ = ¢ o f.



156 8. THE EXISTENCE THEOREM

PROOF. By the Morse lemma there exists a diffeomorphism f : Opp — Opp’
such that ¢’ = ¢ o f. It extends uniquely to a diffeomorphism Op W, — Op W,
with ¢’ = ¢ o f and mapping trajectories of X to trajectories of X'. O

A cobordism is a compact oriented manifold W with oriented boundary oW =
0+ W ILO_W, where the orientation agrees with the boundary orientation for 04 W
and is opposite to it for d_W. We allow one or both of 01W to be empty. A
Morse cobordism (W, ¢) is a cobordism W with a Morse function ¢ : W — R
having 9. W = ¢~ !(cy) as regular level sets. We call a Morse cobordism (W, ¢)
elementary if ¢ admits a gradient-like vector field X such that no two critical points
of ¢ are connected by an X-trajectory. In that case each stable manifold W™ is an
embedded disc which we will refer to as the stable disc of p.

8.2. Surrounding stable discs

In this section we prove our two main results about J-convex surroundings. The
first one, Theorem 8.4, states that a J-orthogonally attached totally real disc can be
surrounded by J-convex hypersurfaces. It is a crucial ingredient in the proof of the
existence of Stein structures in Section 8.4. The second one, Theorem 8.5, states
that a stable disc of a J-convex Morse function can be surrounded by deforming the
level sets of the given function. It is the basis for the holomorphic approximations
in Section 8.7 and for the deformations of J-convex functions studies in Chapter 10.

Let (V,J) be a complex manifold, possibly with boundary.

DEFINITION 8.2. Given a subset A C V and a neighborhood U C V of A, we
say that a J-convex hypersurface . C U surrounds A in U if it is the J-convex
boundary of a domain in U containing A. We say that A can be surrounded by
J-convex hypersurfaces if J-convex surrounding hypersurfaces exist in arbitrarily
small neighborhoods of A.

EXAMPLE 8.3. In Section 2.7 we saw that the following sets can be surrounded
by J-convex hypersurfaces:

(i) totally real submanifolds;

(ii) the zero section of a negative holomorphic line bundle, and hence any
properly embedded complex codimension one submanifold with negative
normal bundle.

Theorem 4.1 provides a solution of the surrounding problem for a more subtle
case: the set A = {ar? — R? < —1}U{r =0} C C" can be surrounded by i-convex
hypersurfaces, where a > 1 and

ro= x§+-~+x%+yﬁ+1+m+y%, R;:,/y%Jr...erz

for some fixed k < n and complex coordinates x1 + iy1,...,x, + iy, in C™.

The following two main results of this section generalize this model case to
a solution of the surrounding problem for totally real discs suitably attached to
J-convex domains.

THEOREM 8.4. Let (W, J) be a complex manifold with compact J-concave bound-
ary O_W. Let A C W be a totally real disc J-orthogonally attached to O_-W. Then
O_W UA can be surrounded by J-convex hypersurfaces. Moreover, if we are given
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FIGURE 8.1. Surrounding a J-orthogonally attached totally real disc.

a totally real submanifold L O A of dimension dim L > dim A which is also J-
orhogonally attached to O_W, then the surrounding hypersurface can be chosen
J-orthogonal to L, see Figure 8.1.

THEOREM 8.5. Let (W, J) be a complex manifold with compact J-concave bound-

ary O_W. Let ¢ : W — R be a J-convex Morse function which is constant on O_W
and has no critical points on O_W. Let p be a critical point of ¢ such that all
trajectories of V¢ reach O_W in backward time and denote by A C W the stable
disc of p. Then for any neighborhood U D 0_-W U A there exists a J-lc function
P W — R with the following properties (see Figure 8.2):

(a) v is equal to ¢ near O_W and outside a neighborhood N C U of A, and

target equivalent to ¢ near A;
(b) ¥|n has the unique critical point p with stable disc A;
(c) some level set {¢b = ¢} surrounds O-W UA in U.

Moreover, there exists a homotopy ¥y, t € [0,1], of J-convex functions with prop-
erties (a) and (b) connecting g = ¢ and 1 = . If we are given a totally real
manifold L O A of dimension dim L > dim A which is J-orthogonal to all reqular
level sets of ¢, then the same property can be arranged for the functions ;.

REMARK 8.6. We will see in Section 10.2 that the J-orthogonality condition in
Theorem 8.4 can be replaced by the weaker condition that A C d_W is isotropic
(i.e., tangent to the field of complex tangencies). The same remark applies to
Theorem 8.23 and Corollary 8.26 below.

Theorem 8.5 will be proved below using Corollary 4.4. Theorem 8.4 can be
proved following the same scheme using the (easier) Theorem 4.1. We have chosen
a different approach, formally deducing Theorem 8.4 from Theorem 8.5. For this,
we need to construct a J-convex function ¢ which has the given disc A as stable
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FIGURE 8.2. Surrounding a stable disc of a J-convex function.

disc of some critical point. In particular, the gradient of ¢ needs to be tangent to
A and its regular level sets J-orthogonal to A (see Remark 2.23). The construction
is based on the following lemma which is also of independent interest.

LEMMA 8.7. Let (V,J) be a complex manifold, L C V a compact totally real
submanifold (possibly with boundary), ¢ : V. — R a smooth function, and X a
nowhere vanishing vector field which is tangent to L and gradient-like for ¢. Let
K C L be a compact subset such that on Op K C V the function ¢ is J-conver,
Vep =X, and LN Op K is J-orthogonal to the level sets of ¢. Then there exists
a J-convexr function (;5 on Op L which agrees with ¢ on LU Op K such that L is
J-orthogonal to the level sets of ¢, and V¢qb X along L.

PRrROOF. After extending L, we may assume without loss of generality that
dimg L = dim¢ V' =: n. After pulling back by an approximately holomorphic map
along L provided by Proposition 5.55, it suffices to consider the case L = iR™ C C"
and J = i. By hypothesis, L is i-orthogonal to the level sets of ¢ on Op K. We can
deform ¢, keeping it fixed on LU Op K, to make all its level sets i-orthogonal to L,
i.e., tangent to R™. Then the Taylor expansion of ¢ at (0,y) € L has the form

$(a,y) = I(y) + Qy(x) + o(|z[*),

where ¥(y) = ¢(0, y) and Q,(z) is a quadratic form in = with coefficients depending
on y. Let H,Y denote the Hessian quadratic form of ¥ at a point y. Then the
Hessian H (g ,)¢ and the complex Hessian H ECO y)qb are given by

Hy$(x,y") = Qy(x) + Hyd(y'),
Hécoyy)d)(x,y/) = Qy(z) + Hyﬁ(y/) + Qy(y/) + Hyd(z) = Sy(z) + Sy(yl)a

where Sy (y') = Qy(y')+H,9(y') is the restriction of Héco,y)gé to iR™. By assumption,
Sy is positive definite on a neighborhood of K in L and X is the gradient of |,
with respect to the metric Sy on this neighborhood. Elsewhere on L, the vector
field X is gradient like for ¢. Let us extend the metric S, from the neighborhood

of K to a metric S on L in such a way that X is the gradient of ¢|; with respect

to the metric S We view this metric again as a family of quadratic forms S on
R™ and define

a(xvy) = ¢(z7y) + gy(l‘) - Sy(x)a (iL’,y) € Cn

This function coincides with ¢ on L U Op K. Since it agrees to first order with ¢
along L, its level sets are still i-orthogonal to L. Its complex Hessian at (0,y) € L
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is given by
Hé%’y)a(x, y') = Sy(x) + Sy(yl) + §y(33) + gy(y/) — Sy(x) — Sy(y/) = g@/(x) + §y(y/)

Hence (E is i-convex near L and its gradient with respect to the metric g, 3 coincides
with X along L. O

REMARK 8.8. A similar argument can be used to prove a parametric version
of Lemma 8.7.

COROLLARY 8.9. Let (V,J) be a complex manifold, L C V a compact totally
real submanifold (possibly with boundary), and ¢ : V — R a Morse function whose
restriction to L is Morse with the same indices. Let K C L be a compact subset
such that on Op K C V the function ¢ is J-convez, V4¢ is tangent to LN Op (K),
and L 0 Op K is J-orthogonal to all reqular level sets of ¢. Then there exists a
J-convex Morse function ¢ on Op L which agrees with ¢ on LU Op K such that L
is J-orthogonal to all reqular level sets of 55 and vg&? is tangent to L.

PRroOOF. Consider a critical point p € L\ K of index k < £ = dim L. Pick an
embedding f : R* D Op0 < L such that
1
[ro@n, o) = =l = oo —ap 4 5 (@0 + oo+ 7)),
Use Proposition 5.55 to extend f to an embedding F': C™ D Op0 < V such that
F*J agrees with i to second order along R’. Note that the gradient vector field
Vi of the function

1
V(1) = =2t = — 2+ 2yt )+ (el [l

with respect to the complex structure 7 is tangent to R¥, and hence the same holds
for the gradient V- ;% with respect to the complex structure F*.J. Moreover,
R* is i-orthogonal, and hence F*.J-orthogonal, to all regular level sets of ¢. Thus
F.1 provides an extension of ¢|; to a J-convex function on Op p whose gradient
(with respect to J) is tangent to L, and such that L is J-orthogonal to its regular
level sets. We choose such extensions near all critical points in L\ K, extend the
gradient of Fi to any gradient-like vector field X for ¢ tangent to L, and then
apply Lemma 8.7. ]

PROOF OF THEOREM 8.4 (ASSUMING THEOREM 8.5). Pick a J-convex func-
tion ¢ without critical points in a tubular neighborhood of 0_W having 0_W as a
level set such that A is J-orthogonal to its level sets and tangent to V4¢. Using
Corollary 8.9 we can extend ¢ to a J-convex Morse function on a tubular neighbor-
hood W’ of 9_W U A with a unique critical point p € A of index dim A and such
that V4¢ is tangent to A. It follows that A is the stable manifold of p, so we are
in the position to apply Theorem 8.5 to the manifold W’. O

So it remains to prove Theorem 8.5. For this, let us introduce some notation
that will be used throughout the rest of this chapter. For t > 0 we denote by
D, :={R<t,r=0}C RF the k-disc of radius ¢, and we abbreviate D = D;. For
€ > 0 we also introduce the k-handle

H.:={R<1l+er<ecC"

and its imaginary part HY := H, N{R™. Note that for k = n we have HY = D,..
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FI1GURE 8.3. Implanting a model function near a stable disc.

PrROOF OF THEOREM 8.5. The strategy of the proof is to deform the J-convex
function ¢ to a standard quadratic function near the disc A and then implant
the family of J-convex functions from Corollary 4.4, see Figure 8.3. We split the
construction into 5 steps. Step 5 is the main step, while Steps 1-4 are preparatory.

Step 1. Recall from Lemma 2.21 that the stable disc A is wg-isotropic. If
k < n we extend A to an n-dimensional wg-Lagrangian submanifold AcCWwW. If
we were given a totally real extension L of A which is J-orthogonal to the regular
level sets of ¢, and hence wy-isotropic, then we can choose A such that it contains
a neighborhood of A in L. Note that tangency of V4¢ to A and the Lagrangian
condition on A imply —d¢(Jv) = we(Vge,v) =0 for all v € Tzﬁ, x € A, so A is
J-orthogonal to the level sets of ¢ along A.

Step 2. Take a slightly bigger regular value ¢ > b := ¢|g_w such that there
are no critical values in [b, ¢] and W= {¢ <c} CU. Set AN :=An{p > c}.
Without loss of generality we may assume that ¢(p) =0 and ¢ = —1. Fixany a > 1
and consider the i-convex quadratic function Q(r, R) = ar? — R? on the k-handle
H. cCm

The Morse function ¢|x has a unique critical point of index k and value 0 and
equals b < —1 on AN &_W. Hence by Corollary 8.1, for a sufficiently small € > 0
there exists an embedding f : HY — A such that f(D)=A"and ¢o f =Q.

Step 3. Using Proposition 5.55, we can extend the embedding f to an
embedding F' : H. < U such that the 14-jet of the pull-back complex structure
J = F*J coincides with the standard complex structure ¢ along HY. (The choice
of the order 14 will become clear in Step 5 below.) Hence, we have an estimate

(8.1) [ —i]|c2 < Cr'3.

This estimate implies that, after possibly shrinking e, we may assume that both
functions ¢ o F and @ are i-convex as well as J-convex on H. .

Now the crucial observation is that the 1-jets of the functions F*¢ and @
coincide along D;i.. To see this, consider a tangent vector v € T, HY = iR" at
z € Diq.. Since F*¢ = Q on HY we have d,(F*¢)(v) = d,Q(v). On the other
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hand,

d,(F*$)(iv) = dé o d, F(iv) = qu(Jd F(v)) —0,
where the second equality holds because dF' is complex linear along Dy 4., and the
last equality follows from d,F(v) € T A and J-orthogonality of A to the level sets
of ¢ along A.

Step 4. In view of the last observation, we can 1 apply Proposition 3.26 to the
functions ¢ o F' and @ with the complex structure J and the totally real manifold
HY. It provides a J-convex function ¢ on H. which coincides with ¢ o F' near 0H.
and with @ on H, for some v < e. Moreover, dd) = d(¢ o F) along HY, which

£
ensures j—orthogonality of HY to the levels sets of 9.

Step 5. Consider now the family of functions ¥, : H, — R constructed in
Corollary 4.4. For ~ sufficiently small, estimate (8.1) implies inequality (4.1) for
the complex structure j so the functions ¥, are J-lc. Since ¥, = Q = ¢ o F near
OH.,, we can extend ¥; o F~! by ¢ outside F(H,) to a family of J-lc functions
’(/Jt W — R.

Since the level sets of the shape functions W; are i-orthogonal, and hence
J—orthogonal to HY, the level sets of ¢, are J-orthogonal to A and hence to
L. By constructlon, the functions 1, agree to first order along A with target
reparametrizations of ¢. So we can modify the 1; once more using Proposition 3.26
to make them target equivalent to ¢ near on a neighborhood of A. Then the family
1 and the function ¥ = 1, have the desired properties in Theorem 8.5. a

REMARK 8.10. The same proofs also yield parametric versions of Theorems 8.4
and 8.5.

8.3. Existence of complex structures

In this section we prove the following result on approximation of almost complex
structure by integrable ones, which is a special case of a theorem of Gromov and
Landweber.

THEOREM 8.11 (Gromov [82], Landweber [120]).

(a) Let (W, J) be a 2n-dimensional almost complex manifold which admits an
ezhausting Morse function ¢ without critical points of index > n. Let L be the
skeleton of ¢ (with respect to some gradient-like vector field). Then J can be C°-
approximated by an the almost complex structure which coincides with J outside a
neighborhood of L and is integrable on Op L. In particular, J is homotopic to an
integrable complex structure.

(b) Let (W, J,¢) be a 2n-dimensional almost complex Morse cobordism, where
the function ¢ has no critical points of index > n. Suppose that J is integrable near
O_W. Let L be the skeleton of ¢ (with respect to some gradient-like vector field).
Then J can be CY-approzimated by an almost complex structure which coincides
with J on Op (0_W) and outside a neighborhood of L and is integrable on Op (LU
O_W). In particular, J is homotopic to an integrable complex structure via a

homotopy fixed on Op O_W.
The proof is based on the following proposition.

PROPOSITION 8.12. Let (W, J) be an almost complex manifold of dimension 2n
with compact boundary O_-W near which J is integrable. Let A C W be an embedded
totally real k-disc, k < n, transversely attached to O_W along OA C O_W. Then
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FI1GURE 8.4. Holomorphically attaching a standard handle.

there exists a C°-small perturbation J of J which is integrable on Op (O-W U A),
coincides with J on Op (0-W) and outside a neighborhood of A, and such that A

is totally real for J.

PROOF. We use the notation introduced in Section 8.2. Namely, D stands for
the unit k-disc {R < 1,7 = 0} C C™ and we denote by D; . the disc {R < 1+¢,r =
0} D D. We denote by H, the k-handle H. = {R < 1+¢,r <e} C C", and by HY
its imaginary part H, N4¢R™. When k = n we have HY = D ..

Pick a tubular neighborhood W/ C W of O_W with real analytic interior
boundary 0;W’ such that J is integrable near W’ and the smaller disc A’ :=
A\ Int W’ is transversely attached to W’. Pick a diffeomorphism f : D;1. — A
such that f(D) = A’. Extend f to a totally real embedding HY — W. Using
Theorem 5.53, we can find an embedding f: HY — W which is C*°-close to f,
maps 0D to ;. W', and is real analytic on Op (0D) C HY. In particular, £ still
transversely attaches D to W’.

By Lemma 5.40 (after shrinking £) we can extend fto an embedding f: H, —
W which is biholomorphic on U, := {r < ¢,1—¢ < R < 1+¢} and whose differential
is complex linear along HY, see Figure 8.4.

Thus, for & small enough, the complex structure f,i is C%-close to J on f(H.)

o~

and coincides with J on f(U.), where ¢ denotes the standard complex structure on
H, c C". So we can define an integrable complex structure on W' U f(Hs) by J
on W’ and by f,i on f(H.). We extend this complex structure from W' U f(H.)
to an almost complex structure J on the whole manifold W which is C%close to
J and coincides with .J outside a neighborhood of W’ U f(HE) By construction, J
is integrable on a neighborhood of W' U f(D) and agrees with J on W’. Finally,
pick a diffeomorphism g : W — W which is C*°-close to the identity, maps f(D)
to f(D) = A’, and equals the identity near _W and outside a neighborhood of

w'uJ f(D) Then J := g*j is the desired almost complex structure. |
REMARK 8.13. A similar proof yields a parametric version of Proposition 8.12.
Combining Proposition 8.12 and Theorem 7.38, we obtain

COROLLARY 8.14. Let (V,J) be an almost complex manifold of dimension 2n
with compact boundary 0_W near which J is integrable. Let A C V be an embedded
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k-disc, k < n, transversely attached to O_W along OA C O_W. Then J can be C°-
approzimated by an almost complex: structure J which is integrable on Op (W UA),
coincides with J on Op (0_W) and outside a neighborhood of A, and for which A

is totally real.

ProOOF. Fix a neighborhood U of A. We first use Theorem 7.38 to find a C°-
small isotopy of A in U through embedded discs transversely attached to 0_W to a
totally real disc A’. Then we apply Proposition 8.12 to find a C%-small perturbation
J" of J which is integrable on Op (W’ U A’) and coincides with J on Op W’ and
outside U, for some slightly larger domain W/ C W. Finally, we obtain J by
pushing forward J’ under a diffeomorphism which is isotopic to the identity, equals
the identity near 0_W and outside U, and maps A’ \ W’ onto A\ W’. O

PROOF OF THEOREM 8.11. (a) After a C*°-small perturbation of ¢ (keeping
the gradient-like vector field and thus the skeleton fixed) we may assume that no
two critical points have the same value. We order the critical points pg,p1,... by
increasing value and set L; := |J;<; W,,,. Then each L; is compact, L;\L;—1 = W
is the stable manifold of p;, and the skeleton is L = jLj. We deform J to make it
integrable near the minimum Lo = {po}. Proceeding inductively, suppose that for
some j > 1 we already made J integrable on Op L;_;. Choose a compact domain
2 with smooth boundary such that L;_; C Int Q2 and J is already integrable on (2,
and such that L; \Int Q2 is a disc transversely attached to Q. (Such a domain can be
obtained by picking a regular level ¢; between ¢(p;j—1) and ¢(p;) and moving the
set {¢ < ¢;} under the backward flow of the gradient-like vector field for sufficiently
long time). Hence we can apply Corollary 8.14 to make J integrable on Op L.

For part (b) we move down the value ¢|s_w (without changing the skeleton)
until it is the minimum. Then we set Lo := d_-W and L; := Lo UJ]_, W, for the
critical points p1,pa,... and proceed inductively as in part (a), starting with the
hypothesis that J is already integrable near 0_W. O

8.4. Existence of Stein structures in complex dimension # 2

In this section we prove two of the main theorems in this book. The first one
is equivalent to the Existence Theorem 1.5 from the introduction and was proved
in [42].

THEOREM 8.15. Let V™ be an open smooth manifold of dimension 2n # 4
with an almost complex structure J and an exhausting Morse function ¢ without
critical points of index > n. Then V admits a Stein structure. More precisely, J is
homotopic through almost complex structures to an integrable complex structure J
such that ¢ is J-le.

The second theorem concerns the realization of Stein manifolds of given topol-
ogy within a given ambient complex manifold.

THEOREM 8.16 (Gompf [72, 73]). Let V2" be an open smooth manifold of
dimension 2n # 4 with an (integrable) complex structure J and an erhausting
Morse function ¢ without critical points of index > n. Then J is homotopic through
(integrable) complex structures to a complex structure J which is Stein.

More precisely, there exists an isotopy hy : 'V — V with hyg = Id such that
¢ o hit is J-lc on hy(V). In particular, hy(V) C V is Stein with the induced
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F1cURE 8.5. Constructing a Stein manifold within a given ambient
complex manifold.

complex structure J and J; = hyJ is a homotopy of complex structures on V' such
that Jy = J and ¢ is Jy-lc. See Figure 8.5.

The statements of both theorems are false for n = 2, see Chapter 16 for further
discussion. We will prove later in this chapter (Theorem 8.46) a stronger version of
Theorem 8.16 which allows us to prescribe the Stein homotopy class of the complex
manifold A1 (V') within the given almost complex homotopy class.

Theorems 8.15 and 8.16 have the following versions for cobordisms. Here a
Stein cobordism (W, J,¢) is a Morse cobordism (W, ¢) with a complex structure
J for which ¢ is J-convex. We stress the point that in the cobordism versions we
allow also the case n = 2. However, the price we have to pay here is the assumption
that the induced contact structure on 0_W is overtwisted.

THEOREM 8.17. Let (W?",$) be a Morse cobordism of dimension 2n with an
almost complex structure J. Suppose that ¢ has no critical points of index > n, and
near O_W the structure J is integrable and ¢ is J-lc. If n = 2 suppose, in addition,
that the contact structure induced by J on O_W is overtwisted. Then W admits a
Stein cobordism structure. More precisely, J is homotopic through almost complex
structures which agree with J near O_W to an integrable complex structure J such
that ¢ is J-lc.

In the case n = 2 the above theorem implies the following version without any
assumption about 0_W.

COROLLARY 8.18. Let (W, ) be a 4-dimensional Morse cobordism such that
the function ¢ has no critical points of index > 2. Let J be an almost complex
structure on W. Suppose that O_-W # @. Then J is homotopic to an integrable
complex structure J for which the function ¢ is J-convez.

PrOOF. There exists an overtwisted contact structure £ on 0_W in the same
homotopy class of plane fields as the field of complex tangencies induced by the
almost complex structure J, see Section 7.6. According to Remark 5.56, we can
deform J to make it integrable near 0_W and to induce the contact structure & on
0_W. Then we apply Theorem 8.17. (I

Finally, we state the ambient version of Theorem 8.17.

THEOREM 8.19. Let (W?",¢) be a Morse cobordism of dimension 2n with an
(integrable) complex structure J and such that ¢ has no critical points of index > n
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and ¢ is J-lc near O_W. If n = 2 suppose, in addition, that the contact structure
induced by J on O_W is overtwisted. Then J is homotopic through (integrable)
complex structures fized near O_W to a complex structure J which is Stein.

More precisely, there exists an isotopy hy : W — W fized near 0_-W with
ho = Id such that ¢ o hy* is J-lc on hy(W). In particular, hy(W) C W is Stein
with the induced complex structure J and J, = hiJ is a homotopy of complex
structures on W such that Jy = J and ¢ is Ji-lc.

We now turn to the proofs of these theorems. First note that Theorem 8.11
reduces Theorems 8.15 and 8.17 to Theorems 8.16 and 8.19, respectively. Hence,
we only need to prove the latter two theorems.

The following lemma will serve as the main inductive step for the proofs of
Theorems 8.16 and 8.19. Recall that a Morse cobordism (W, ¢) is called elementary
if ¢ admits a gradient-like vector field X such that no two critical points of ¢ are
connected by an X-trajectory.

LEMMA 8.20. Let (W, ®) be an elementary Morse cobordism of dimension 2n
without critical points of index > n. If n = 2 we suppose, in addition, that the
contact structure induced by J on O_W is overtwisted. Let J be an integrable
complex structure on W such that ¢ is J-lc near O_W . Then there exists an isotopy
hi : W — W with hg = 1d and hy = Id near O_-W for all t € [0,1] such that the
function ¢ is hiJ-lc. If n = 2 then one can additionally arrange that the contact
structure induced on 0+ W by the complex structure hiJ is overtwisted.

PRrROOF. Let X be a gradient-like vector field for ¢ such that no two critical
points of ¢ are connected by an X-trajectory. Then the stable disc A of each
critical point p meets no other critical points, and therefore meets the J-convex
hypersurface _ W transversely along a sphere A. By assumption we have dim A <
n. The hypothesis that 0_W is overtwisted in the case n = 2 allows us to apply
Theorem 7.34 to construct an isotopy of embedded discs A; transversely attached
to O_W with Ag = A and such that A; is totally real and J-orthogonal to 0_W.
If n = 2 one can arrange that the contact structure on 0_W is overtwisted in
the complement of dA;. Since the stable discs of different critical points do not
intersect, we can do the above modification independently for all stable discs. To
simplify the notation, we will assume that the cobordism contains just one critical
point p. The proof in the general case follows exactly the same scheme.

We find a diffeotopy hy : W — W with hy = Id and h¢|o, o_w) = Id and a
family of gradient-like vector fields X; for ¢ o ¢, ! starting with Xo = X for which
A, is the stable disc of the critical point p; = ¢¢(p). After renaming ¢1,p1, Aq
back to ¢, p, A we may hence assume that the stable disc A of p is totally real and
J-orthogonal to 0_W. After a further modification of A near 9_W we may assume
in addition that A is tangent to V¢ and J-orthogonal to the level sets of ¢ near
o_W.

According to Corollary 8.9, the function ¢|o, o_w) can be extended to a J-

convex function 5 on a neighborhood Wof o_WUA having p as its unique critical

point with stable disc A (with respect to V{;gzﬁ). Then we apply Theorem 8.5 to
deform ;5 to a J-lc function ¢’ on a neighborhood W’ of O_ U A such that

* ¢ =¢on Op(9-W);
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FIGURE 8.6. Inductive construction of the shrinking isotopy h;.

e ¢ has p as its unique critical point with stable disc A (with respect to
Vg ¢', cf. Remark 3.33);
o ¢'|o, w is constant of value ¢’ (0L W') = ¢(0;W).

(In fact, this conclusion does not really require Theorem 8.5: it can also be de-
rived from the easier Theorem 8.4 by applying the maximum construction to the
function ¢ and a suitable J-convex function having as level sets the surrounding
hypersurfaces provided by Theorem 8.4).

According to Lemma 9.29 below, there exists an isotopy h; : W — W with
ho = 1d, hy = Id near O_W, hy(W) = W', and ¢’ o hy = ¢. Let us also note
that in the case n = 2 the induced contact structure on 9L W’ is overtwisted.
Indeed (see Lemma 11.4 below), the gradient flow of the function ¢’ defines a
contactomorphism between 0_W \ A and 0, W'\ OA’, where A’ is the unstable
disc of p. By construction 0_W \ 9A is overtwisted, and hence so is 9, W'. ([

PRrROOF OF THEOREM 8.16. According to Lemma 9.28 below, there exists an
increasing sequence of regular values ¢, — 0o of ¢ with ¢y < inf ¢ such that

(Wk = ¢ Y[ew_1, k), ¢|Wk>

is an elementary Morse cobordism for all £ = 1,.... We will inductively extend the
required isotopy h; over the elementary cobordisms Wy, k=1,....

First we apply Lemma 8.20 to construct an isotopy h; : Wq — Wy, t € [0,1],
such that the function ¢ o hy' is J-lc on W] = hy(W;). We extend the isotopy h;
(keeping the same notation) to all of V' such that h¢|y\w, is the identity. Set

WY = elw, : Wo = Wa,  ¢1 = go (W) 1 W = R, Wi = WaU (W \ W),

see Figure 8.6.

Next we apply Lemma 8.20 to the elementary Morse cobordism (W3, ¢1) and
find an isotopy h} : W3 — W3, fixed on 0_W, = 04W], such that the function
¢2 == ¢10(h})~lis J-le. We extend h} (keeping the same notation) by the identity
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over W{. Then the isotopy
h§2) = hgl) o (hgl))_1 ohjo h(ll) : Wy — W,
€ [0, 1], has the following properties:

o h{? =1d;

. h§2) = hgl) on Wri;

o 1\ =1 ohlY and hence ¢y o (h{P)~1 = ¢y,
We extend the isotopy h§2) (keeping the same notation) to all of V such that
h,(52)|v\W3 is the identity. Note that ¢ = ¢ o (hgm)*1 is J-Ic on th)(Wg).

Continuing this process, we inductively construct isotopies hgk) V=V,

t€[0,1], k =1,... with the following properties:

o b =1d and ™ =1d on V \ W1

. hikﬂ) = hgk) on Wy;

e gpo (hgk))_l is J-Ic on hgk)(Wk).
In view of the second property, the sequence hgk) stabilizes and hence converges as

k — oo to an isotopy h; : V' — V. By the other two properties, hy = Id and the
function o hy ' : V — R is J-convex. O

PRrROOF OF THEOREM 8.19. The proof is analogous to the preceding one but
simpler, decomposing (W, ¢) into finitely many elementary Morse cobordisms. O

8.5. J-convex surrounding functions

In this and the following section we put the results of Section 8.2 in a more
global context and discuss some applications to holomorphic convexity. These two
sections also serve as preparation for the holomorphic approximation results in
Section 8.7.

DEFINITION 8.21. Let A C V be a compact subset. A weakly J-convex ex-
hausting function ¢ : V' — [0, 00) is called a J-convex surrounding function for A
in V if

[ (b‘A = O;

e ¢ is (strictly) J-convex in V' \ A;

e ¢ has no critical points in U \ A for some neighborhood U C V of A.
We say that A admits a local J-convex surrounding function if it admits a J-convex
surrounding function on a neighborhood U C V of A.

The following result, which follows directly from Theorem 5.7, relates these
notions to notions of holomorphic convexity in Chapter 5.

PRrROPOSITION 8.22. If a compact set A C V admits a J-convex surrounding
function then its holomorphic hull in V satisfies EV = A (so A is polynomially
conver in the case V.= C"). In particular, if A admits a local J-convexr sur-
rounding function then it is holomorphically convex. If V is Stein and A admits a
local J-conver surrounding function then A admits a fundamental system of Stein
neighborhoods.

In Section 2.7 we saw that the sets in Example 8.3 admit local .J-convex sur-
rounding functions whenever they are compact.
We have the following improvement of Theorems 8.4 and 8.5.
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THEOREM 8.23. (a) Under the assumptions of Theorem 8.4, the set _-W U A
admits a local J-convexr surrounding function.

(b) Under the assumptions of Theorem 8.5, the set O_W UA admits a (global)
J-convex surrounding function.

PrOOF. (a) Let A := 0_W U A. By Corollary 8.9 there exists a J-convex
function ¥ on a neighborhood U of A which has a unique critical point p € A
with stable disc A. Moreover, we can arrange v > 0 and ¥|s_w = 0. Pick any
neighborhood U; € U of A. By Theorem 8.5 we find a J-lc function ¢, : U — R
which equals 1 near 0_W and outside Uy, has unique critical point p, and such that
A C {1 < e} C U for some ¢ > 0. Pick a smaller neighborhood Us € {t)1 < ¢1}
of A. Again by Theorem 8.5, we find a J-Ic function 5 : U — R which equals
near 0_W and outside Uz, has unique critical point p, and such that A C {¢y <
ca} C Us for some 0 < co < ¢1.

We continue this process for a sequence of neighborhoods U; Uy 3 --- of
A with (;cyUs = A and a sequence of values ¢; > ¢y > --- converging to 0. In
the limit we obtain a smooth J-lc function U \ A — [0, c0) without critical points
which extends to a continuous function ¢ : U — [0,00) with ¢|4 = 0. According
to Proposition 8.29 below, we can make the function ¢ smooth on U and J-convex
on U \ A by a suitable target reparametrization.

(b) follows from the same construction, starting with the given J-convex func-
tion ¢ : V — R. (]

The proof of Theorem 8.23 (b) also shows

COROLLARY 8.24. Let (W, J) be a complex manifold with compact J-concave
boundary O-W. Let ¢ : W — [0,00) be an exhausting J-convex Morse function
with regular level set ¢~1(0) = O_W and finitely many critical points py,. .., k.
Suppose that no critical points are connected by a gradient trajectory and denote
by A1, ..., Ay their stable discs. Then O_-W U Ay U --- U Ag admits a J-convex
surrounding function ¥ : W — [0, 00) without critical points outside O-W U Ay U
-« U Ay which agrees with ¢ outside a neighborhood of A1 U --- U Ay.

Next, we generalize Theorem 8.23 (a) to totally real submanifolds other than
discs.

COROLLARY 8.25. Let (W, J) be a complex manifold with compact J-concave
boundary O_-W, and L C W be a compact totally real submanifold attached J-
orthogonally to O_W along OL. Then O_W UL admits a local J-convex surrounding
function.

PROOF. Pick a Morse function ¢ : L — R with regular level set L = ¢~1(0)
and critical points p; of values 0 < ¢(p1) < -+ < &(pm) and Morse indices k;.
According to Corollary 8.9, the function ¢ can be extended to a J-convex Morse
function ¢ on a neighborhood U D 0_W U L with ¢|s_w = 0 and such that L
is the union of the stable manifolds of the critical points p; of 1 for the gradient
vector field V.

Pick any neighborhood Uy € U of 0_W U L. Inductively applying Theorem 8.5
to the pair (U, ) and the stable discs of the critical points p; we construct a J-
convex function ¥ : U — R which equals 1 near d_W and outside U7, has the
same critical points as 1, and such that one of its level sets surrounds 0_W U L
in U;. The important fact which allows us to proceed inductively is that in each
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application of Theorem 8.5 the manifold L remains J-orthogonal to the level sets of
the new function. Now the construction of the local J-convex surrounding function
can be completed as in the proof of Theorem 8.23. (]

The preceding corollary extends to totally real immersions. We say that two to-
tally real submanifolds L, Lo of the same dimension in an almost complex manifold
(V, J) intersect J-orthogonally at p if JT,L1 = T, Lo.

COROLLARY 8.26. Let (W, J) be a complex manifold with compact J-concave
boundary O_W. Let f: L — W be a totally real immersion of a compact manifold
L, with finitely many J-orthogonal interior self-intersection points and J-orthogonal
to O_W along OL. Then O_-W U f(L) admits a local J-conver surrounding function.

PRrROOF. Pick any open neighborhood U C W of 0_-W U f(L). Let Ly, Ly be
the two local branches of f(L) at a self-intersection point p. By J-orthogonality
of the intersection, there exists a local holomorphic coordinate map g : B — U
from the unit ball B in C™ mapping 0 to p, R¥* to TpL1, and iR*2 to T,Ls, where
k; is the dimension of L; near p. After precomposing g with the map z — 0z
for sufficiently small 6, we may assume that the preimages of the T,L; are C?-
close to R¥ resp iRF2. Since R*' and iR*? are i-orthogonal to 9B, we can find a
domain B’ C C™ whose boundary is C?-close to OB, hence i-convex, and intersects
each g~ 1(L;) i-orthogonally. Its image B(p) := g(B’) is contained in U, and the
boundary 9B(p) is J-convex and intersects Ly and Lo J-orthogonally. Construct
such balls around all self-intersection points pi,...,pm, disjoint from each other
and from 0_W. Then W' := W \ (B(p1) U--- U B(py,)) has compact J-concave
boundary d_W’ to which the totally real submanifold f(L) N W’ is attached J-
orthogonally. Hence Corollary 8.25 provides a local J-convex surrounding function
for 0_-W U f(L)UJ,; B(p;) in U. Now we proceed inductively as in the proof of
Theorem 8.23, making the neighborhood U and the balls B(p;) smaller at each
step, to find the desired local J-convex surrounding function for _W U f(L). O

In particular, for 0_W = & we obtain

COROLLARY 8.27. Let (V, J) be a complex manifold and f : L — V a totally real
immersion of a closed manifold L with finitely many J-orthogonal self-intersections.
Then f(L) admits a local J-convex surrounding function.

REMARK 8.28. In the case that L is real analytic near its double points, an
alternative proof of the last corollary can be given by combining the surroundings of
totally real embeddings in Proposition 2.15 with the surroundings near the double
points provided by Lemma 4.12.

It remains to prove the following technical result that was used in the proof of
Theorem 8.23.

PROPOSITION 8.29. Let (V,J) be a complex manifold and ¢ : V. — R a
nonconstant continuous function such that K = ¢=*(0) is compact and ¢|y\x is
smooth with compact reqular J-convex level sets. Then there exists a smooth func-
tion f : R — Rx¢ such that f =0 onR<q, f' >0 on Ry, ¥ = fo¢ is smooth (with
zero set K ), and |y is (strictly) J-convez.

The proof is based on two lemmas about real-valued functions.
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LEMMA 8.30. Let g : [0,1] — R>q be a continuous function with g=*(0) = {0}.
Then there exists a smooth function f: R — Rxq satisfying f =0 on R<g, f' >0
on R, and f < g on [0,1].

ProOOF. For n € N set a,, 1= min |/, 19 and define a piecewise constant func-
tion h : R+ — R+ by
1 1
h(t) := mi -n t - N.
(t) := min {a,,e "}, e[n,n1>,n€
Smooth h to a smooth function f : Ry — Ry satisfying f/ > 0 and f < h < g,

and extend f by 0 over R<g. Since f(t) < h(t) < e~ '/t for t > 0, the function f is
smooth at ¢t = 0. O

LEMMA 8.31. Let V be a manifold and ¢ : V' — R>( a nonconstant continuous
function such that K = ¢~1(0) is compact and @lv\x is smooth with compact level
sets. Then there exists a smooth function f : R — R>q such that f =0 on R<o,
f'>0o0n Ry, and f o ¢ is smooth (with zero set K ).

PROOF. After rescaling we may assume that [0, 1] C ¢(V). Pick a Riemannian
metric on V' and denote by d(z,y) the corresponding distance function. Define a
continuous function d : [0, 1] — Rx¢ by

d(t) := min {d(z,y) | € K,y € ¢~ ()}
This function satisfies d=1(0) = {0}. Define ¢ : [0,1] — R>o by g(0) := 0 and
g(t) == e V4" for t > 0. Then g is continuous with ¢g~*(0) = {0}, so by
Lemma 8.30 there exists a smooth function f : R — Rx>( satisfying f = 0 on
R<g, f/ > 0 on Ry, and f(t) < g(t) = e */4®) for t € [0,1]. It remains to show
smoothness of the function v := f o ¢ at points of K. Solet x € K and y € V with
o(y) =t €10,1]. Then d(t) < d(x,y) and thus
Y(y) = () = f() < e VI <),

which implies smoothness of ¥ at x. (]

PRrROOF OF PROPOSITION 8.29. After applying Lemma 8.31, we may assume
that ¢ is smooth. Moreover, after rescaling we may assume that [0,1] C ¢(V). A

short computation as in the proof of Lemma 2.7 shows that ¢ = f o ¢ is J-convex
on ¢~ 1((0,1]) provided that

F"@®ldo(@)[I” = f/(8)]|dd p(z)[| > 0
for all x € V with ¢(z) =t € (0, 1]. Pick smooth functions a,b : (0,1] — R with
a(t) < min ¢r1(t)Hd¢H27 b(t) > max ¢71(t)||dd(c(,25||.
Then ¢ = f o ¢ is J-convex on ¢~ 1((0,1]) if f solves the differential equation
a(t)f"(t) = b(t)f'(t), ie.,

%bgf’(t) =22 =y, te 1]

The solution with f/(1) = 1 satisfies
Ft) = e S e®ds = gy > 0.

By choosing the function a sufficiently small we can ensure that ¢(t) — co ast — 0
so fast that d(t) < e~/ so d extends to a smooth function on (—o0, 1] with d =0
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on R<p. Then f = fo t)dt is the desired function on (—oo,1]. Finally, we
extend f over [1 oo) by Lemma 2.7. O

8.6. J-convex retracts

Consider a compact set A C V' which admits a J-convex surrounding function
¢ :V — [0, 00) without critical points in V' \ A. Then pushing down along gradient
trajectories of ¢ yields an isotopy h: : V — V, ¢ € [0,00), such that

e hy =1d and hy|a =1d for all ¢ € [0, 00);
e N (V)= 4
te[0,00)
e the isotopy h; maps level sets of ¢ to level sets, so in particular the
function ¢ o h; ! is J-lc for all ¢ € [0, 00).
More generally, consider a closed (not necessarily compact) set A C V and an
exhausting weakly J-convex function ¢ : V' — R without critical points in V' \ A.
We say that A C V is a J-convex retract adapted to ¢ if there exists an isotopy
hy : V=V te€]0,00), with the following properties:
e hy=1Id and h¢|4 =1Id for all t € [0, c0);
e N h(V) =4

te[0,00)
e the function ¢ o h; ' is J-Ic for all ¢ € [0, c0).

Note that if A is noncompact the exhausting function ¢ has to be unbounded (in
particular nonconstant) on A. The example to keep in mind is the skeleton of
an exhausting J-convex Morse function. The J-convex retract A in the following
theorem may not be exactly the skeleton, but it shares many of its properties.

We say that a closed subset A C V admits a totally real stratification by affine
strata if A can be presented as a countable union A = UieN A; such that each A;
is the image of a totally real injective immersion R¥: < V.

THEOREM 8.32. Let (V,J,¢) be a Stein manifold with exhausting J-convex
Morse function ¢ : V — R.

(a) If ¢ has finitely many critical points, then there exists a compact subset
A C V which admits a finite totally real stratification by affine strata and a J-
conver surrounding function ¢ : V — [0, 00) without critical points in V' \ A.

(b) In general, there exists a closed J-convex retract A C'V adapted to ¢ which
admits a totally real stratification by affine strata.

ProOF. After adding a constant we may assume that min ¢ = 0. Pick an
increasing sequence ¢y < ¢1 < ... of regular values of ¢ such that co <0, ¢; = o0,
and each (c;, ¢j41) contains at most one critical value. For simplicity we will assume
that each cobordism W; := {cj <¢< cj+1} contains at most one critical point p;
of ¢; the general case differs only in the notation. We will also assume that ¢ has
a unique local minimum pgy. Set V; := UJ o Wj, see Figure 8.7.

(a) Let us first consider the case when ¢ has finitely many critical points, so the
domain {¢ > ¢r41} contains no critical points for some k. Choose a neighborhood
Uo Cc Vp of Po;_ pick ¢; < ¢ such that py € ‘70 = {¢ < &} C Uy, and set
Wl =W \IntVO and Yo := {¢ = ¢1}. Let A; be the stable disc of the critical
point p; in W1 for the function ¢. Choose a neighborhood U; C Vj of Vo U A
and apply Theorem 8.5 to ¢|W1 to construct a J-lc function ¢; : V — R with the
following properties:
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Ficure 8.7. Constructing a J-convex retract.

e ¢, equals ¢ outside U; and on ‘70;
° ¢1|U1\‘~/0 has the unique critical point py;

e some level set ¥ of ¢; surrounds ‘70 UA; in Uy.

Denote by ‘71 the domain bounded by X7 in V7. Set Wg = Vo \Int 171 and consider
the stable disc As of the critical point ps in Wg for the function ¢;. Note that
Ao N Wy coincides with the stable disc of ps in Wy for the function ¢. N

We continue this process inductively. Choose a neighborhood Us C V5 of ViUA,
and use Theorem 8.5 to further modify ¢; to a J-lc function ¢4 one of whose level
sets Yo surrounds ‘71 U As in Us, etc. This process terminates at the k-th step
to give a J-lc function #) := ¢, one of whose level sets ¥j, bounds a domain
V(1) .=V, which contains all the critical points p; of ¢r.

Next we repeat the whole process for the domain V() with the function ¢(*),
choosing smaller neighborhoods of the stable discs. It is important to observe that
the stable disc of the critical point p; for the function #" in Wj(l) contains the stable
disc of the same critical point p; for the function ¢; in W;. As a result of the second
cycle we produce a J-le function ¢(?) := qﬁ,&l), one of whose level sets Eg) bounds
a domain V) := Vk(l) which contains all the critical points p; of 62 = ng,(:) (the
critical points remain the same for all functions in the construction).

We continue this process inductively, each time surrounding the stable discs by
smaller neighborhoods so that their widths tends to 0. As a result, we construct a
sequence of J-l¢ functions ¢(™ : V — R, m € N, and domains V > V) > v ...
such that
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(i) for each n > m the function ¢ is equal to ¢™) on V \ V(™);
(ii) all the functions ¢("™) have the same critical points p; as the function ¢;
(iii) each V(™ can be presented as the union V(™ = Ule Vi(m) such that
5‘Vi(m) is a regular level set of (") and each cobordism Wi(m) = Vi(m) \
Int Vi(_”i) contains the unique critical point p;;
(iv) the stable disc Agm) of the critical point p; for the function ¢(™ in Wi(m)

is contained in the stable disc Agmﬂ) of p; for the function ¢(™*1 in
W-(erl)'
(v) the set A = (oc_, V™ is compact and admits a finite totally real

stratification A = U?:o Aj by the affine strata A; := |J_, Agm) for
j>0and Ay :={po}.
The desired J-convex surrounding function is obtained by a target reparametriza-
tion (using Proposition 8.29) of the function which coincides with ¢(™) on V(m=1)\
V() m =1,..., where we set V(9 := V. This concludes the proof in the case
when the function ¢ has finitely many critical points.
(b) In the case of infinitely many critical points our first inductive process works
for constructing the domain V1) := U,;“;l ‘7k and for constructing the function ¢(*)
on V) but not on V \ V), Instead, we will construct at this step an isotopy

h,gl) : V — V with the following properties:

o BV (V) =V,
o go(hi) ! =o;
e the function ¢ o (hél))*1 is J-lc for all t € [0, 1].
The isotopy is constructed as follows. Take regular values ¢, > ¢ of the original

function ¢ such that there are no critical values of ¢ in [cy,c;] and set V[ :=
{gb <.} Usmg the notation of the above construction, consider the cobordism

W = Vo \ Int V1 and the J-lc function ¢; which is constant on the boundary

components of W2 . There exists a diffeotopy hi : V — V, t € [0, ], which maps

level sets of the function ¢; to level sets and such that h{ = Id, hi (Va) = V4, and
2

h! =1d on V, and outside V2 for all t € [0, 3].

For k € N set dj, := Zz 13, k=0,1,.... As in the construction of h; above,
we construct for each k > 2 diffeotopies hf : Vk/+1 = Vi1, t € [di—1,d], with the
following properties:

e 1 maps level sets of the function ¢y to level sets;
e hk =1d and hgk+1(vk+1) = Vi;
o hf =1d on Vi_; and outside V{_, for all ¢ € [dy, dj11].
Define the diffeotopy hgl) :V =V, te][0,1), by the formula hil) =h{forte|0,3)
and
WY =hiF onl  onh oo Wi, for t € [dy,dpia], k2 1.

Note that there exists a limit hgl) = }mi hil) because the diffeotopy hgl) stabilizes on
—

compact sets. However, the limit map hgl) is not onto but maps V' diffeomorphically

to Int V). In other words, hgl) can be defined for all ¢ € [0,1] as an isotopy
rather than a diffeotopy. Now it is clear that we can inductively continue this
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process for the functions ¢,k = 1,..., and find isotopies hgj) cInt VO
Int VU= j =2 ... parametrized by t € [j — 1, ;] and such that h;]_)l = Id and
h§j )Int VU=Y) = Int V@, Finally, we define the desired isotopy hy : V < V

inductively by ho = Id and hy = h{?) o h;_; for t € [j — 1, 4] and j € N. O

8.7. Approximating continuous maps by holomorphic ones

In this section we apply our previous results to problems of approximating
continuous maps by holomorphic ones. For example, we will obtain the following
holomorphic approximation theorem, proven by Forstneri¢ and Slapar in [63] (see
also [62, 60]), as a consequence of results of Hormander—Wermer and Theorem 8.4.

THEOREM 8.33. Let (V,J) be a Stein manifold, W C V a compact domain
with smooth J-convex boundary, and L C V \Int W a totally real submanifold J-
orthogonally attached to W. Then any C*-function f : (Op W)U L — C which is
holomorphic on Op W can be C*-approzimated uniformly on W UL by holomorphic
functions on Op (W U L).

REMARK 8.34. (1) Let us emphasize that Theorem 8.33 provides only approx-
imations of the derivatives of f in directions tangent to L and not in the normal
directions.

(2) Corollary 5.29 allows us to generalize Theorem 8.33 to sections of any
holomorphic vector bundle over a Stein manifold V.

COROLLARY 8.35. Let (V,J) be a Stein manifold with exhausting J-conver
Morse function ¢ : V. — R. Let ¢ be a regular value of ¢, W = {¢ < ¢}, and
(A,0A) C (V \ Int W,0W) the stable disc of a critical point of ¢ in V \ Int W.
Then any continuous function f : Op (W UA) — C which is holomorphic on Op W
can be CY-approzimated uniformly on W U A by holomorphic functions on V.

PrOOF. According to Theorem 8.23 and Proposition 8.22, the set A := WUA
satisfies Ay = A. Hence the generalized Oka—Weil Theorem 5.18 allows us to
approximate a holomorphic function on Op A by a holomorphic function on V. O

The proof of Theorem 8.33 is based on the following uniform estimate for
solutions of the J-equation which is a combination of results by Héormander [102]
and Hormander—Wermer [104].

THEOREM 8.36 (Hormander—Wermer). Let Q C C™ be a bounded open domain
with smooth J-convex boundary. Then given a smooth closed (0,1)-form g on Op Q
there exists a smooth solution f : Q2 — C of the equation Of = g which satisfies for
each integer k > 0 an estimate

C
k < — .
(82) |D f(Z)| = d15t(z,89)”+k HgHC Q)

for any z € Q. Here the left-hand side in this inequality is the pointwise norm of
the k-jet of the function f at z, and the constant C' depends only on k and the
diameter of the domain €.

PROOF. Theorem 2.2.3 (with ¢ = 0) in [102] provides an L?-bound

I[fllz2(2) < Cllgllz2(),
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where the constant C' depends only on the diameter of 2. On the other hand,
Lemma 4.4 in [104] gives a pointwise bound

1
< —_— dist Q .
7)1 = € (el + dist 0o )
These two bounds together with the obvious bound ||g|z2(q) < C||g|[co(q) imply
the estimate (8.2) for & = 0. The estimate for higher k follows from this via
Lemma 8.37 below: If we denote by (). the set of points in 2 of distance > ¢ from
09, then Lemma 8.37 yields for any z € (25, an estimate

IDFf(2)] < O <||f||02(95> . ||g||0k(9)> |
3

k1
which combined with (8.2) for k = 0 yields (8.2) for any k. O
It remains to prove the lemma used in the proof of Theorem 8.36. Consider
the polydisc P! := {z € C" | |z1],...,|2n| < €} of radius € > 0 and the torus
TP :={2eC"||za|="- = |zm| =€}

LEMMA 8.37. For each integer k > 0 there exists a constant C}, depending only
on k such that every smooth function f : Op Py, — C, 0 < € < 1, satisfies the
estimate

(83) |Dkf(0)| < Ck (”fCO(T; HafHCk( > .

ok k-1

PrOOF. We first consider the case n = 1. By the inhomogeneous Cauchy
integral formula (see e.g. [103]) we have

1 f(Qde L/ 9(Qd¢ A dG
I¢l<e

IO =5 Joe. ¢z T o (-2

=: [1(2) + I2(2)

for |z| < e, where we have set g := ﬂ Let D = 82 a-a be any partial derivative
of order i + j = k. Applying D to both sides of the Cauchy integral formula yields
|Df(0)| < |DI;(0)| + |DI3(0)|. The standard estimate for the Cauchy integral I
gives us

(8.4) \DI(0) 1 / kI f(Qde] k"||f||c°(T1)
[Cl=e

< 21 |¢ — 2|+ — ek

To estimate the second term we pick a smooth cutoff function « : [0,00) — [0, 1]
which equals 1 on [0, 1] and 0 outside [0,2) and consider the integral

_ a(g()dc nde 1 al)g(¢)d¢ ndl
Is(2) '/¢<2€ - */@ e
_/ a(lz+u|)g(z—|—u)du/\du

C

u

Differentiating the last integral we get an estimate

C ldundal _ C
85 IDBOIS Fhollorny [ R S aerlollones,
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Differentiating the difference

« I -
Iy(2) == I3(2) — L(z) = / (1D)g(¢)d¢ A d¢

e<|(|<2e (—=z

we get a similar estimate

(8.6) IDI4(0)] < /

e<|¢|<2e ¢ — z|F+1

Combining estimates (8.4), (8.5) and (8.6) yields (8.3) in the case n = 1.

The general case follows by induction on n. For n > 2 consider any partial
derivative D in z1, 21, ..., 2n, 2, Of order k > 1. After reordering the coordinates, if
necessary, we can write D = Dy Dsy, where D is a partial derivative of order k; in
z1,z1 and Dy is a partial derivative of order k; in the remaining variables such that
k1 + ke = k. Applying the induction hypothesis for fixed z; € T to the function
flz1,): P2"€_1 — C, we obtain the estimate

I fllcormy N |90’°2(P2"E)>

Cllgllerpyyld¢ A dC| C
= k-1 ||g||Ck(P21€)-

(8.7) |D2f(21,0,...,0)] < Ck, ( ok ka1

where we have set ¢ := 0f = ¢1d% + -+ + gndZ,. Differentiating % = g1 we

obtain %Dgf(zl, 0,...,0) = D2gi1(21,0,...,0). Applying the case n = 1 with the
operator D; to this equation we get

[Da2f(-0,...,0)[[cocrr) + |D291('707°"70)||C’“1(P215)>

5191 Eklfl

|D1D2f(0)] < Cy, <

which together with (8.7) yields the desired estimate. O

REMARK 8.38. Theorem 8.36 can be extended to domains in an arbitrary Stein
manifold V in the following way: Embed V into some CV and measure distances
and diameters in CV. Then for any bounded open domain Q C V with smooth
J-convex boundary there exists a solution f of the equation Of = g which satisfies
estimate (8.2) with a constant C which depends only on the diameter of Q. Indeed,
according to Corollary 5.27 there exists a neighborhood U of V in CV which admits
a holomorphic retraction 7 : U — V. Then the (0,1)-form ¢’ := 7*g on U is 0-
closed. Let 2 C V' be a bounded open domain with smooth J-convex boundary. By
Corollary 5.31, there exists a bounded open domain ' C U with smooth J-convex
boundary such that 7(Q') = Q and diam(Q)’) < 2diam(Q2). Thus we can apply
Theorem 8.36 to the form ¢’ on €, and then restrict the solution of the d-equation
back to 2.

PROOF OF THEOREM 8.33. First, we observe that it is sufficient to consider
the case V = C". Indeed, we can embed V in some C", extend the function f to a
neighborhood of V' in C", and replace W by a neighborhood of W with J-convex
boundary in C". Furthermore, using induction over a handlebody decomposition
of L as in the proof of Corollary 8.25, we need only consider the case when L = A
is a disc.

It is sufficient to consider the case when f is a C*°-function. Using Proposi-
tion 5.55 we can find a function f : Op (W U A) — C which coincides with f on
(Op W)U A and such that 0f vanishes at points of A together with its (n + 2k)-
jet. Suppose that f is defined on a neighborhood U > W U A and holomorphic
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on an open set U; D W with U; C U. Let us pick a slightly larger compact do-
main Wy C U; with smooth J-convex boundary 0W; to which Ay := A\ W is
J-orthogonally attached along 0A;.

According to Theorem 8.23, the set W7 UA; admits a local J-convex surround-
ing function. In particular, there exists a family €., € € (0,&g], of bounded open
domains with smooth J-convex boundary such that

e 0. COife<é

® Neso Qe =W1UA;

o 0N \U1={zeU|dista(z) =€} \ U;.
(The last property can be extracted from the proof of Theorem 8.23, in which the
hypersurfaces 0f). are defined near A by shapes as shown in Figure 4.1).

Set g = &f. This is a closed (0,1)-form on U which vanishes on U;. It also
vanishes along A; together with its (n 4 2k)-jet, so we have

(8.8) gllcr .y = o(e™tF).

By construction of ., for e sufficiently small we have dist(z,9€.) > & for all
z € WUA (with equality if z € Aq). Hence, according to Theorem 8.36, the
equation 0h. = g on €2, has a solution h. which satisfies the estimate

(89 hellorarua) < mepgllallor e
where the constant C' is independent of €. Then (8.8) and (8.9) imply that
[lhellenwuny =, 0-
Thus the function f. := f, he is holomorphic on 2. and satisfies
I - fellerwuay = llhellerwua) 2,0
This concludes the proof of Theorem 8.33. ([l

In the remainder of this section we discuss applications of Theorem 8.33. The
first one is the following approximation result. Recall that a Stein manifold (V, J)
is said to be of finite type if it admits an exhausting J-convex function with only
finitely many critical points.

COROLLARY 8.39. Let (V,J) be a Stein manifold and f:V — C a continuous
function.

(a) Suppose V is of finite type. Then for every e > 0 there exists a sublevel set
W ={¢ < ¢} of an exhausting J-convez function ¢ : V — R without critical points
in V\W, and a globally defined holomorphic function g : V — C satisfying

llg — fllcoowy < e.

(b) For general V', any positive function € : V. — R and any exhausting J-
convex function ¢ : V. — R there exist an isotopy hy : V — V, t € [0,1], such
that ho = Id and ¢ o h;* is J-lc for all t € [0,1], and a holomorphic function
g: W =hi(V) — C such that

lg(z) — f(z)| <e(z), x=eW.
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PRrROOF. Take any exhausting J-convex Morse function ¢ : V' — R. Pick an
increasing sequence ¢y < c¢; < --- of regular values of ¢ such that ¢y < min¢
and each cobordism W; := {¢;—1 < ¢ < ¢;} is elementary. We will assume that
each W; contains exactly one critical point p; of ¢. The general case differs only
in the notation. We will also assume that ¢ has a unique local minimum po. Let
Vi =Ui_1 Wi

(a) Let us first consider the case when ¢ has finitely many critical points, so
that the domain {¢ > cp4+1} contains no critical points for some k. Fix some
e > 0. Choose a holomorphic C%-approximation gy of f near py. By choosing the
regular value ¢; sufficiently close to the minimum we can assume that gg is defined
on Op Wy = OpVjy and satisfies |[f — gol|covy) < 5. We extend go elsewhere on
V' as a continuous function S-close to f. Let A; denote the stable disc of p; in
Wi. According to Theorem 8 33 there exists a neighborhood U; D Wy U A and a
holomorphic function g; : Uy — C such that ||g1 — gol|cow,) < §. We extend the
function g; (after shrinking U is necessary) to a continuous function on the whole
manifold V' satisfying the estimate ||g1 — gol|covy < §-

Next, we apply Theorem 8.5 to construct a J-convex function ¢; : V. — R
which is target equivalent to ¢ on a smaller neighborhood Uy € Uy, Uj D Wy U A
and outside Uy, with no critical points in Uy \ U and such that one of its level sets
%1 surrounds Wy U Ay in Up. Denote by V{ the domain bounded in V by 3; and
set Wj := Wy \ Int V/. Denote by Ay the stable disc of the critical point py for
the function ¢ in WJ. We again apply Theorem 8.33 to construct a holomorphic
approximation gz of g1 on a neighborhood Uy D V{/UA; such that |[g2 —g1||co(w,) <
5+ Applying Theorem 8.5 again we construct a J-convex function ¢ : V' — R which
is target equivalent to ¢; on a smaller neighborhood U} € Us, Uj D V{ U Ay and
outside Uy, with no critical points in Us \ Uj and such that one of its level sets 3o
surrounds V' U Ay in Us. Now we denote by V3 the domain bounded in V5 by Yo,
set Wi := W3 \ Int V3, denote by As the stable disc of the critical point ps in W4
for ¢, and continue the process inductively.

If ¢ has finitely many critical points the process terminates at the k-th step. The
holomorphic function gy, defined on Op V/ satisfies the estimate ||gx — f ||CO(Vk/) <e.
The set V}/ is a sublevel set of the exhausting J-convex function function ¢y : V. — R
which has no critical points in the complement of W = Int V). By Theorem 5.7
the holomorphic hull of V}/ in V' equals V}/, hence Theorem 5.18 provides a globally
defined holomorphic function g : V' — C satisfying ||g — f|lco(vy) < e.

(b) If the number of critical points of ¢ is infinite one needs to make the
following modification to the process. Instead of a constant ¢ > 0 we fix a positive
function € : V' — R, and then at each step we choose the required holomorphic
approximation gx to satisfy the estimate

1
gk — gr—1llcoqvy) < o1 S min 5(95)

The required holomorphic approximation g := khm gk is now defined on the open
— 00

set W :=Jp—; Int V}/ C V. The existence of an isotopy h; : V < V, ¢ € [0, 1], such
that hy (V) = W and the function ¢ o h; ! is J-lc for all ¢ € [0,1] can be shown as
in the proof of Theorem 8.32 (b). O

Corollary 8.39 can be generalized to maps to arbitrary complex manifolds. We
will need for this the following
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LEMMA 8.40. Let (X, J) be any complex manifold. Then for a sufficiently large
integer N there exists a C*-small isotopy hy : X — X x CN, t € [0,1], of the
inclusion ho : X = X x 0 < X x CV such that hy(X) is totally real. In particular,
h1(X) has arbitrarily small Stein neighborhoods in X x CN.

PROOF. In the space Homg (C", CV) the set of linear maps which are complex
linear on at least one complex line, i.e., whose graph contains a complex line, is a
stratified subset of codimension N — 2n + 2. Hence, if dim¢ X = n, then Thom’s
transversality theorem ensures that when N > 4n — 2 the graph of a generic map
X — CV is totally real. Hence the lemma follows from Proposition 2.15. O

COROLLARY 8.41. Let (V,J) be a Stein manifold, (Y, I) any complex manifold,
and f:V =Y a continuous map.

(a) Suppose V is of finite type. Then for every e > 0 there exists a sublevel set
W = {¢ < ¢} of an exhausting J-convex function ¢ : V — R without critical points
in V\W, and a holomorphic function g: W —'Y satisfying

llg — fllcoowy < e.

(b) For general V', any positive function € : V. — R and any exhausting J-
convezx function ¢ : V. — R there exists an isotopy hy : V. — V, t € [0,1], such
that ho = Id and ¢ o h;* is J-lc for all t € [0,1], and a holomorphic function
g: W =hi(V) — C such that

lg(z) — f(z)| < e(z), xE€W.

REMARK 8.42. Note that, in contrast to Corollary 8.39 (a), the holomorphic
map ¢ in Corollary 8.41 is not defined globally but only on the set .

PROOF. Suppose first that (Y, ) is Stein. Take a proper holomorphic embed-
ding h : Y < CV and apply Corollary 8.39 to the composition ho f : V — C¥.
According to Corollary 5.27 there exists a neighborhood U of Y = R(Y) in CV
which admits a holomorphic retraction 7 : U — Y. If the holomorphic approxima-
tion g : W — CY of ho f provided by Corollary 8.39 is good enough the image
g(W) is contained in U and hence can be projected back to Y, so the desired
approximation is h=' om0 g.

For the case of a general Y we first use Lemma 8.40 to find a smooth embedding
h:Y < Y xC¥, which is C*-close to the inclusion Y =Y x0 < Y x C" and such
that the image h(Y") has a Stein neighborhood U. Then we construct a holomorphic
approximation g : W — U of h o f and project it back to Y under the projection
Yy xCV Y. O

Corollary 8.41 implies the following result, which is a stronger form of Forstneri¢—
Slapar’s Theorem 1.1 in [63].

THEOREM 8.43. Let (V,J) be a Stein manifold and (Y,I) any other complex
manifold. Let ¢ : V — R be an exhausting J-convex function. Then given a
continuous map f : V. — Y there exists an isotopy hy : V < V, t € [0,1], with
ho =1d, and a holomorphic map g : h1(V) — Y such that

e the function ¢ o h;* is J-lc for all t € [0,1];
e the map g is homotopic to f|p, (v).
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In particular, there exists a homotopy of Stein structures J, on V with Jy = J
for which ¢ is Ji-lc, and a homotopy fi : V. — Y with fo = f such that fi is
J1-holomorphic.

PROOF. Let hy : V < V be the isotopy and g : h1(V) — Y the holomorphic
approximation provided by Corollary 8.41. Then the function ¢ is Ji-lc for each
of the complex structures J; := hy.J on V. If g is sufficiently close to f|, () they
are connected by a homotopy g; : h1(V) — Y with go = f|n,(v) and g1 = g. So
we can homotope f: V — Y via f o h; to go hy and then via g; o hy to the map
fi:=gohi:V — Y which is J;-holomorphic. O

REMARK 8.44. Our proof of Theorem 8.43 is essentially the same as the one
given by Forstneri¢ and Slapar in [63], with one major difference: we use as the
main technical tool Theorem 8.5, while they use a result analogous to Theorem 8.4.
A result which is essentially equivalent to Theorem 8.4 was proven in [42]. Theo-
rem 8.5 was first announced in [47], but its proof has never been published before.
Using this stronger technical tool we can remove the unnecessary constraint n # 2
in Theorem 1.1 (i) in [63] and also upgrade a homotopy of complex structures to a
Stein homotopy.

By using Theorem 8.5 one can similarly strengthen other results from [63]. In
particular, in combination with the h-principles for totally real immersions (Corol-
lary 7.28), submersions (Corollary 7.33) and embeddings (Corollary 7.30) one can
prove the following result similar to Theorem 1.4 in [63].

THEOREM 8.45. Let (V,J,¢) and (Y,I) be as in Theorem 8.43.

(a) Let f:V —Y be a continuous map covered by a complex homomorphism
F : TV — TY of maximal rank. Then the holomorphic map g : (h1(V),J) —
(Y, I) constructed in Theorem 8.43 can be chosen to be a holomorphic immersion
or submersion with dg homotopic to F'|,, (v) in the class of complex homomorphisms
of mazimal rank.

(b) If f is an embedding and F : TV — TY s a complex injective homomor-
phism covering f which is homotopic to df through real injective homomorphisms,
then g can be made a holomorphic embedding isotopic to the embedding flp, vy

PrOOF. The proof follows the lines of the proof of Corollary 8.39 with the
following modification: In each induction step, before applying the Approxima-
tion Theorem 8.33, we use one of the appropriate h-principles for totally real
immersions (Corollary 7.28), submersions (Corollary 7.33) or embeddings (Corol-
lary 7.30) to find a C°-small homotopy (resp. isotopy) fixed near A}, of the map
gk—1la, to a totally real immersion/submersion (resp. embedding). Then we use
the C'-approximation provided by Theorem 8.33 to approximate gi_1 by a holo-
morphic map g5 : Op(V)_; UAg) — Y. Since gi|a, is a totally real immer-
sion/submersion/embedding (by C!-closeness), the map g is a holomorphic im-
mersion/submersion/embedding,. O

We will introduce later on in Section 11.6 the notion of a Stein homotopy. In
particular, a family of Stein structures (V,J;) which share the same exhausting
J-lc function ¢ is a Stein homotopy. Then Theorem 8.45 implies the following
strengthened version of Theorem 8.16.
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THEOREM 8.46. Let (V,J) be a complex manifold. Then given any Stein struc-

ture J homotopic to J as an almost complex structure, there exists an isotopy
hy : V=V, tel0,1], with hg = 1Id, such that hiJ is a Stein structure on V in the

same Stein homotopy class as J.
Indeed, to prove this one simply applies Theorem 8.45 to the identity map
(V.J) = (V. J).
8.8. Variations on a theme of E. Kallin

In this section we prove a lemma closely related to Kallin’s lemma in [109] (see
also [37]). It will only be used in Section 16.2 below.
For C' > 0, consider the quadratic function Q¢ : C* — R given by the formula

n n—1
QC(xla"'axnayla""yn) :fo—"_zy?_cyi
1 1

For C' < 1 the function Q¢ is i-convex, while for C' > 1 it is not. However, each
level set {Qc = —a}, a > 0, is the union of the two convex, and hence i-convex,

hypersurfaces
atai+-+yn
Yn = :t\/ 1 Yn—1

C
for any C > 0 (being cooriented by VQ¢). Denote by X the vector field

n 8 n—1 (9 a
X=Y "z~ A — Yoo
;x oz ;yﬂ ay; "oy,

LEMMA 8.47. For any a,C > 0 there exists an i-convex Morse function 1 :
C™ — R with the following properties:

(i) ¥ has a unique critical point at the origin, of index 1, with stable manifold

(with respect to Vyip) {1 = -+ =2, = y1 = -+ = yp—1 = 0} and
unstable manifold {y, = 0};
(ii) v has the hypersurface {Qc = —a} as one of its level sets and is convex

in the region {Qc < —a};
(iii) dy(X) > 0 outside the origin;
(IV) 1/)(21, sy Rn—1, Zn) = 7/)(213 sy Rn—1, zn)-

PROOF. For n = 1, let us take any smooth function ¢ : C — R with properties
(i-iv) which is equal to 22 — %gf near the origin. Then after an appropriate target
reparametrization the function ¢ becomes i-convex (see Lemma 2.7). In the general
case we define the required function by the formula

n—1

W(2) =Y |2 + b(zn).

1
]

REMARK 8.48. The hypersurface {Qc = —a} in the above lemma can be
replaced by any hypersurface of the form {|y,| = H(x1,...,Zn,y1,---,Yn—1)} for
a convex function H.
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Yn B’

{Qc = —a}

F1cURE 8.8. The i-convex function ¢.

COROLLARY 8.49. Consider two disjoint balls B+ C C". Let I C C" be the
unique straight line segment connecting 0By and OB_ and perpendicular to both
boundaries. Then there exists an exhausting i-convez function ¢ : C* — R with the
following properties (see Figure 8.8):

o ¢(2) = f(|2|?) outside a large ball containing B, U B_;

e ¢|p up_ is convex and has OB, U OB_ as one of its level sets;

e ¢ has exactly three critical points: two local minima pL € By, and an
index 1 critical point py € I with stable disc I (with respect to V4¢).

PROOF. After a unitary rotation we may assume that [ = {2y =--- =z, =
Y1 = = Yn—1 = 0, |yn| < b} for some b > 0. Pick a ball B around the origin
containing By U B_ in its interior, and a larger ball B’ D B. Pick C' > 1 sufficiently
large and a > 0 sufficiently small so that By UB_ C {Q¢ < —a}, where Q¢ is the
quadratic function defined above. Moreover, we pick a so small that the vector field
X above satisfies X - |2|? > 0 on the region {Qc > —a}N(B'\ B). Let ¢ : C* - R
be the i-convex function provided by Lemma 8.47.

Take a convex increasing function f : R — R such that F(z) := f(]z]?) < % on
B and F(z) > 1 outside B’, and define G := smooth max(¢, F'). As both functions
1 and F' are invariant with respect to the involution o : C* — C" defined by
o(z1y..+y2n) = (21, -, 2n—1, Zn), the function G can also be taken to be invariant
with respect to 0. Since X -¢ > 0 and X - F > 0 on {Q¢c > —a} N (B'\ B),
the function G|yg.>—_,} has a unique critical point at the origin, of index 1 and
with stable manifold contained in I. On the region {Qc < —a} both functions
¢ and F are convex, so according to Remark 3.24 the function G|;g.<—_q} is also
convex and has exactly two critical points, the local minima in the two components
of the domain {Q¢ < —a} N B’. In particular, one of the level sets of G bounds
two convex components {24 containing the balls B4. Hence there exists a convex
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function H : _ U Q4 — R which has 0B UdB_ and 99_ U 04 as level sets.
By reparametrizing G, if necessary, we can arrange that G > H on 02_ U9dQ and
G < H on B_UB,. Then the function ¢ := smooth max(G, H) has all the required
properties provided that I is contained in the stable manifold of the origin, which
we can ensure e.g. by making the whole construction invariant under the symmetry
(1, yn) = (=21, o, —Yn—1,Yn)- |

Corollary 8.49 implies the following special case of a lemma of E. Kallin [109]:

COROLLARY 8.50. The union By U B_ of two disjoint balls in C™, and hence
the union of any two disjoint compact convex sets with smooth boundary in C", is
polynomially convex. Moreover, the union By UB_UI (with I as in Corollary 8.49)
is polynomially convex.

Proor. By Corollary 8.49, B, U B_ is a sublevel set of an exhausting i-convex
function ¢ : C — R and hence polynomially convex by Theorem 5.7. Given two
disjoint compact convex sets with smooth boundary, we pick two disjoint balls
B. D K. and modify the exhausting i-convex function ¢ : C* — R provided by
Corollary 8.49 as a convex function inside By U B_ such that 0K UJK_ becomes
a level set. For the last statement we use Theorem 8.23 to deform the function
¢ : C" = R from Corollary 8.49 to an i-convex surrounding function and apply
Proposition 8.22. (Il






Part 3

Morse-Smale Theory for J-Convex
Functions






Recollections from Morse Theory

In this chapter we recollect some results about smooth functions and vector
fields that will be needed in the second half of the book. We discuss local normal
forms of functions near critical points, and of vector fields near zeroes. A crucial
notion is that of a Lyapunov pair consisting of a function and a gradient-like vector
field. We discuss deformations of Lyapunov pairs near critical points and prove a
smooth version of the J-convex surroundings in Chapter 8.2.

In Sections 9.6 and 9.7 we introduce the notions about cobordisms that will
play a central role in the discussion of Stein and Weinstein cobordisms in Part IV
of the book: Smale cobordisms and homotopies, elementary cobordisms, profiles,
and holonomy. In Section 9.8 we sketch a proof of Smale’s h-cobordism theorem,
based on four geometric lemmas for which we will later prove Stein and Weinstein
analogues in Chapters 10 and 12. Finally, we discuss the two-index theorem of
Hatcher and Wagoner and pseudo-isotopies to which we will return in Chapter 14.

Throughout this chapter, V' denotes a smooth manifold and W a cobordism,
both of dimension m.

9.1. Critical points of functions

Let ¢ : V — R be a smooth function and p € V be a critical point of ¢, i.e.,
dpp = 0. The Hessian Hess,¢ defines a symmetric bilinear form on 7,V. The
nullity of ¢ at p is the dimension of ker Hess, ¢ := {v € T,V | Hess,¢ (v, w) = 0 for
all w € T,V}. The (Morse) index at p is the maximal dimension of a subspace on
which the quadratic form v + Hess, (v, v) is negative definite. The critical point p
is called nondegenerate if its nullity is zero. It is well-known (see e.g. [140]) that a
generic function is Morse, i.e., has only nondegenerate critical points.

LEMMA 9.1 (Morse Lemma [139]). Near a nondegenerate critical point p of ¢
of index k there exist smooth coordinates u € R™ mapping p to 0 in which ¢ has
the form
(9.1) P(u) = ¢(p) —uf — - —uf +uiyy -+ up,.

More precisely, this means that for a function ¢ on a neighborhood of 0 € R™
there exists a diffeomorphism g between neighborhoods of 0 such that g*¢ has the
form (9.1).

REMARK 9.2. (1) If the function ¢ on a neighborhood of 0 € R™ already satisfies

(z1,...,75,0,...,0) = ¢p(p)—x?—---—z?, then we can choose the diffeomorphism
g to satisfy g(z1,...,2%,0,...,0) = (z1,...,24,0,...,0). To see this, apply the
proof of the Morse lemma in [139] to find new coordinates uq,...,u,, near 0 in
which ¢(u) = ¢(p) —ui —--- —uj +ui,, --- + uz,. Inspection of the proof shows

that u; = 2; on R* x {0}.

187
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(2) The Morse lemma also holds with parameters as follows: For a compact
manifold (possibly with boundary) K let ¢, : V — R, z € K be a smooth family of
functions with a nondegenerate critical of index k at p for all z. Then there exists
a smooth family of diffeomorphisms g, : (U,0) — (V,p) from a neighborhood
U C R™ of 0 onto neighborhoods V, C V of p such that for all z € K,

¢Zogz(u):¢Z(p)fu%f~~fui+ui+1~~+ufn.

The next lemma shows that near a degenerate critical point one can always
split off the nondegenerate directions.

LEMMA 9.3. Near a critical point p of ¢ index k and nullity £ there exist smooth
coordinates (X1, ..., Tmk—t,Y1s---sYks 21, .-, 2¢) € R™ in which ¢ has the form

¢(x7y72):x%++x3nfkrfl_y%_yi+w(2)

with a smooth function ¥ (z).

ProoF. Set B := Hess,¢ and n := m — £. Identify a neighborhood of p in V'
with a neighborhood of 0 in R™ = R™ @ R’ such that R¢ = ker B. Define a function
F on a neighborhood of 0 in R™ by

0
F(w,z) := %(w,z).
Since g—i((), 0) = gjuﬁ (0,0) is invertible, the zero set F~1(0) is a graph w = w(z) over
R*. After applying a diffeomorphism near 0 € R™ we may assume F~!(0) = R’.
Consider the smooth family of functions ¢, = ¢(-,2z) : R* — R, z € R’ near 0. By
construction, each ¢, has a nondegenerate critical point of index k at w = 0. Now
Lemma 9.3 follows from the parametrized Morse Lemma in Remark 9.2 O

Let us now describe the critical points that occur in a generic 1-parameter
family of functions ¢; : V' — R, t € R. A critical point p of a function ¢ : V' — R is
called embryonic if ker Hess,¢ is 1-dimensional and the third derivative of f in the
direction of ker Hess,¢ is nonzero. We say that a 1-parameter family of functions
¢ 'V — R, t € R, has a birth-death type critical point p € V at t = 0 if p is
an embryonic critical point of ¢o and (0,p) is a nondegenerate critical point of the
function (t,x) — ¢¢(x).

With a family of functions ¢, : V' — R, t € R, one can associate its profile (or
Cerf diagram). This is the subset C({¢:}) C R x R such that C({¢¢}) N (¢t x R)
is the set of critical values of the function ¢;. If ¢; is a family of Morse functions
then C'({¢+}) is a collection of graphs of smooth functions. Part (b) of the following
theorem shows that birth-death points correspond to cusps of the profile.

THEOREM 9.4 (Whitney). (a) Near an embryonic critical point p of ¢ of index

k — 1 there exist coordinates (x,y,2) € R™* @ RF-1 @R in which ¢ has the form
o(x,y,2) = ¢(p) + |2|* — |y* + 2°

(b) Suppose that p is a birth-death type critical point of index k — 1 for the family
of functions ¢ : V. — R, t € R, at t = 0. Then there exist families of local
diffeomorphisms fy : Opp — Op0 C R™ and g, : Op do(p) — Op0 C R, t € OpO0,
such that the family of functions ¥y = g; o ¢y © ft_1 has the form
(9.2) Vi(z,y,2) = |2 = |y* + 2% £ t2
for (x,y,2) € RM~k o RF-1 pR.
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(c¢) Let ¢y, q~5t : V' — R be two families of functions with birth-death type critical
points p,p at t = 0 of the same index and with the same profile. Then there exist a
family of local diffeomorphisms hy : Opp — Opp, t € Op0, such that ¢, o hy = ¢y.

(d) A generic 1-parameter family of functions ¢y : V — R has only nondegen-
erate and birth-death type critical points.

In particular, part (a) shows that embryonic critical points are isolated. We
say that a birth-death type critical point p is of birth type if the sign in front of ¢
in formula (9.2) is minus, and of death type otherwise. Note that near a birth type
critical point a pair of nondegenerate critical points of indices k& and k — 1 appears
at t = 0, and near a death type critical point such a pair disappears.

PROOF. Part (d) follows from a standard transversality argument. Using
Lemma 9.3 we can reduce parts (a-c) to the case m = 1 of functions R — R.
For m = 1 this result is essentially proved in [192]. In the present formulation it
can be proved as follows.

For (a), it is easy to see that every function R — R with an embryonic point
equals 2 in a suitable coordinate z, see e.g. [129, Proposition III 1.2].

For (b), consider a family of functions ¢; : R — R with a birth-death type
critical point p at t = 0. It follows e.g. from [129, Theorem IV 6.1] that there
exists a family of local diffeomorphisms f; : Opp — Op 0 C R such that

$ro fi'(z) = 2* £a(t)z +b(t)

with smooth functions a,b : R — R such that a(0) = 0 and sa/(0) > 0. With
g¢(y) == y — b(t) we then have ¢(z) := gy 0 ¢y o f; '(2) = 23 £ a(t)z. Finally,
the diffeomorphisms f;(z) = (ﬁ)lm z and g (y) = (ﬁ)g ’ y transform ¢; into
Gy o ¢y o ft_l(z) =23 £tz

For (c), consider two families of functions ¢, ggt : R — R with death type critical
points at ¢ = 0 and equal profiles (the birth case is similar). By the discussion in
(b), after composing ¢, ¢~5t with suitable families of diffeomorphisms f;, ﬁ :R—=R
we may assume ¢;(z) = 2> + a(t)z + b(t) and br(2) = 23 +a(t)z —|—5(t). Equality
of the profiles implies a(t) = @(t) and b(t) = b(t) for all t < 0, hence ¢; = ¢,
for t > 0. We look for the desired family of local diffeomorphisms in the form
hi(z) = z+ gi(2), t € R, where g; =0 for ¢t < 0. Then (Et o hy = ¢¢ is equivalent to

90(2)® +329:(2)% + (322 + @(t)) ge(2) = (a(t) —a(t))z + b(t) — b(t).

Recall that a(0) = 0 and a’(0) > 0, so the coefficient 322 + @(t) is positive for all
t > 0. Looking at the discriminant, one sees that this third order equation has a
unique real solution g;(z) for all ¢ > 0 which depends smoothly on ¢ > 0 and z.
Since the right hand side vanishes to infinite order at ¢ = 0, the solution g;(#) also
vanishes to infinite order at ¢ = 0 and hence extends smoothly by zero to ¢t < 0. O

9.2. Zeroes of vector fields

Let X be a smooth vector field on V and p € V be a zero of X. The differential
D,X : T,V — T,V induces a splitting into invariant subspaces

T,V =Ef 0 E, 0 E),
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where Ef (resp. E,, EJ) is spanned by the generalized eigenvectors corresponding
to eigenvalues with positive (resp. negative, vanishing) real part. The dimension of
E; is called the (Morse) index ' of X at p. Denote by X*:V — V, s € R, the

p
flow of X.

THEOREM 9.5 (center manifold theorem [4]). Let p € V be a zero of a C"F1-
vector field X, r € N. Then there exist the following local X®-invariant manifolds
through p:

o W% tangent to E) ® EF of class C™1;
° WpjE C ng tangent to E;E of class C™;
o W) =Wt nWJ~ tangent to E) of class C"*.

The VVpi are unique, and they are smooth resp. real analytic if X is.

W, (resp. WZ;", W19’ Wg_, W;?+) are called the local stable (resp. unstable,
center, center-stable, center-unstable) manifold at p. The center, center-stable and
center-unstable manifolds are in general not unique, and they need not be smooth
even if X is. By the center manifold theorem we can choose C"-coordinates Z =
(z,y,2) € Ef ® E; & E) in which WF and W* correspond to Ef resp. E) & E)*.
In these coordinates X is of the form

(93) X(z,y,2) = (ATz +O(|2]|2]), A"y + O(ly||2]), A% + O(|2| | Z| + || |y])

with linear maps A" (resp. A=, AY) all of whose eigenvalues have positive (resp. neg-
ative, zero) real part. (The specific form of the higher order terms follows from
tangency of X to WplL and ng).

A zero p of a vector field X is called nondegenerate if all its eigenvalues are
nonzero. It is called hyperbolic if Eg = {0}, i.e., all eigenvalues of D, X have nonzero
real part. In this case we have global stable and unstable manifolds characterized
by

(9.4) WE={zeV| lim X°(z)=np}

s—Foo

They are injectively immersed (but not necessarily embedded) in V. For a hyper-
bolic zero the local representation (9.3) simplifies to

(9-5) X(z,y) = ATz + O0(z| 1Z]), Ay + Oyl |12])).

Let us call a zero p embryonic if ES is 1-dimensional and the restriction of X
to a center manifold Wz? has nonvanishing second derivative at p (for some local
coordinate on Wz? = R; the definition depends neither on this local coordinate
nor on the choice of WY). It follows that in suitable coordinates Z = (x,y,2) €
R™* @ R*~! @ R near p the vector field is of the form
X(w,y,2) = (42 + O(la| |Z]), A7y + O(ly] 2],

(9.6)
22+ 0|21 (Ja + Iyl + 121%) + el ) )

with linear maps AT, A~ all of whose eigenvalues have positive resp. negative real
part.

INot to be confused with the topological index of a vector field at an isolated zero.
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Y
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FI1GURE 9.1. The flow near an embryonic zero.

LEMMA 9.6. Let p be an embryonic zero of a smooth vector field X. Then
Tt . : s _
Wy ={zeV| SLH:POOX (z) =p}
is an injectively immersed smooth manifold with boundary W;t.

PROOF. (cf. [175]). Pick coordinates Z = (z,y, z) on a neighborhood U of p
in which X is of the form (9.6). We claim that

Unw, ={(z,y,2) €U |z =0, 2 <0},

see Figure 9.1. Since this is a smooth submanifold of U with boundary U N W, =
{(z,y,2) € U | x = z = 0}, the claim implies the statement for Wp’ by invariance

under the flow of X and the statement for W; is proved analogously.

To prove the claim, consider a flow line (z(t),y(t), 2(t)) starting at ¢ = 0 at
(x0,Y0,20) € U. It follows from (9.6) that z(t) — 0 as t — oo if and only if
x(t) = 0. Moreover, the second component decays exponentially, |y(t)| < e™**, for
some A > 0. Inserting this in the equation for z yields the estimate (for possibly
smaller A > 0)

(9.7) 5> 2%/2 — e M.

Moreover, the equation for z in (9.6) shows that z(¢) cannot change its sign.

If 29 > 0 inequality (9.7) yields & Inz > z/2 — e~ > —e~*, which integrates
toInz(t) —Inzp > (e —1)/A > —1/X and hence z(t) > zpe~'/* > 0. Thus z(t)
does not tend to 0 as t — oo, and hence (0, yo, 20) ¢ Wp_

If zp < 0 we have for every t; > 0 the following dichotomy: Either the right hand
side of (9.7) is > 2?/4, in which case z grows like z(t) > (1/z(t1) — (1%—751)/4)_1 for
t > t1; or the right hand side of (9.7) is < 2%/4, which means that z(¢;) > —4e~ 1.
This shows that z(¢) — 0 as t — oo, and hence (0, yo, 20) € /V[7p—. O

We say that a 1-parameter family Xy, ¢t € (—¢,¢) of vector fields near p € V is
of birth-death type if p is an embryonic zero of Xy and the section (¢,2) — X:(Z)
is transverse to the zero section of the bundle TM — R x M at (0,p). It follows
that in suitable coordinates Z = (z,y,2) € R™~* @ R¥~1 @ R near p the family is
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of the form

0y VOO (472 +0(al 12D, A7y + Oyl |2]),
' 22+ O((J2] + 1t]) (fa] + Iyl + 122 £ ¢)) + |1 ly]))

with smooth families of linear maps Ait all of whose eigenvalues have positive
resp. negative real part. (The specific form of the higher order terms follows from
tangency of the vector field X (¢, Z) = (0,X:(Z)) on R x M to {0} x W;" and
R x Wg , plus the fact that in suitable coordinates the zero set of X is the curve
{x =y =22 +t=0}, see [175]).

We say that the family is of birth type if the sign in 22 £ ¢ in (9.8) is minus,
and of death type otherwise. Note that in a birth type family a pair of hyperbolic
zeroes of indices k and k — 1 appears at ¢t = 0 and in a death type family such a
pair disappears.

LEMMA 9.7. (a) A generic vector field has only hyperbolic zeroes.
(b) In a generic 1-parameter family of vector fields without nonconstant periodic
orbits only birth-death type degeneracies appear.

PROOF. (a) follows from general transversality arguments.

(b) In a generic 1-parameter family of vector fields only two types of degenera-
cies appear (see [11] §832 — 33): The first type corresponds to birth-death type;
the second type corresponds to a Hopf bifurcation in which a nonconstant periodic
orbit appears or disappears at ¢t = 0, which is excluded by the hypothesis of (b). O

9.3. Gradient-like vector fields

In the previous two subsections we have studied functions and vector fields
independently. Now we will look at them jointly. We call a smooth function ¢ :
V — R a Lyapunov function for X, and X gradient-like for ¢, if

(9-9) X ¢ = 0(X[* + |do|*)

for some 0 > 0, where | X| is the norm with respect to some Riemannian metric on
V and |d¢| is the dual norm. We call ¢ a weak Lyapunov function for a vector field
X, and X weakly gradient-like for ¢, if zeroes of X coincide with critical points of
¢ and X - ¢ > 0 outside the zeroes of X. A pair (X, ¢) consisting of a vector field
and a (weak) Lyapunov function will be called a (weak) Lyapunov pair.

By the Cauchy-Schwarz inequality, condition (9.9) implies

(9.10) 51X < Jdo| < £IX|.

In particular, zeroes of X coincide with critical points of ¢, so every Lyapunov pair
is also a weak Lyapunov pair.

LEMMA 9.8. (a) If Xo, X are (weakly) gradient-like vector fields for ¢, then
sois foXo+ f1X1 for any nonnegative functions fo, f1 with0 <e < fo+ f1 <1/e.
(b) If ¢, $1 are (weak) Lyapunov functions for X, then so is Ao + A1¢1 for
any nonnegative constants Ao, A\1 with A\g + A1 > 0.
In particular, the following spaces are convex cones and hence contractible:
e the space of (weak) Lyapunov functions for a given vector field X ;
e the space of (weakly) gradient-like vector fields for a given function ¢.
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PROOF. The condition on a weak Lyapunov pair is obviously preserved under
positive combinations of the functions or vector fields. To see that condition (9.9)
is preserved under positive combinations (with changing ¢) of vector fields, con-
sider two vector fields X, X; satisfying X; - ¢ > 6;(|X;|? + |dé|?) and nonnegative
functions fo, f1 with fo + f1 > € > 0. Then the vector field X = fyXog + f1X1

satisfies (9.9) with ¢ := min {2‘%, ;ﬁyfo% + flél}:
X - ¢ > fobolXol* + f101| X1 > + (fobo + f101)|do[?
> 26(| foXol? + [ f1X1]?) + 8|d|?
> 6(1X[? + |dof?).
Positive combinations of functions are treated analogously. O

Lyapunov pairs near critical points. Consider a Lyapunov pair (X, ¢)
and a (possibly degenerate) zero p of X. Then p is also a critical point of ¢, so in
coordinates Z near p = {Z = 0} we have

X(2)= AZ+0(ZP),  6(2) = olp) + 5B(Z,2) + O(|2]")

with the linear map A := D, X and the symmetric bilinear form B := Hess,¢.
Gradient-likeness

X-6(2) = B(Z,AZ) + O(12") = 5 (|AZ* +|B(2.)*) + O(Z[*)
yields
(9.11) B(v, Av) > 6(|Av|2 + |B(v,~)|2).

LEMMA 9.9. Suppose a linear map A :V — V and a symmetric bilinear form
B:V xV — R satisfy (9.11). Then:

(a) All nonzero eigenvalues of A have nonzero real part.

(b) There exists an A-invariant splitting V = E* @& E~ @ E°, where

EY =ker A, E*f ={v]| lim v =0}.

t—JF oo

(c) B is positive definite on ET and negative definite on E~.
(d) A is nondegenerate if and only if B is nondegenerate. Moreover, in this
case condition (9.11) is equivalent to an inequality

B(v, Av) > Blv|?, 8> 0.
PrOOF. (a) Extend A C-linearly to the complexified space V' ® C and extend
B to V®C by
Bla+iy,a' +iy) i= (Bla,2) + B(y,y)) +i(Bly.a') - Bla,y)).

Thus B is C-linear in the first and C-antilinear in the second argument, B(v, w) =
B(w,v), and Re B(v, Av) > §|Av|?. Let 0 # v € V ® C be an eigenvector of A to
an eigenvalue A\ € C, i.e., Av = Av. Then

AB(v, Av) = B(Av, Av) = B(Av, Av) = AB(v, Av).
Suppose now that A # 0 is purely imaginary. Then it follows that B(v, Av) =

—B(v, Av), so with v =2 + iy, x,y € V we find
0 = Re B(v, Av) = B(z, Az) + B(y, Ay) > (| Aaf? + | Ay]?).
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But then Az = Ay = 0, which implies 0 = Av = Av and hence (since A # 0) v =0,
in contradiction to the assumption v # 0.

(b) follows from Sections 22.2 and 22.3 in [9].

(c) The flow e preserves E* and satisfies 4¢(e!4Z) > §|Aet“Z|? > 0 for
0# Z € E*. For 0 # Z € E* it follows that

0
d
w2)-0= [ Loerz) >0,
oo dt
and similarly ¢(Z) < 0for 0# Z € E~.
(d) Nondegeneracy of A or B gives an estimate B(v, Av) > B|v|?, 8 > 0, which

in turn implies nondegeneracy of A and B. O

REMARK 9.10. Suppose that X is the gradient of ¢ with respect to a positive
definite but not necessarily symmetric (2,0) tensor field g, i.e., d¢(v) = g(X,v) for
all v € TV and g(v,v) > 0 for all v # 0. Then X is gradient-like for ¢. At a zero p
of X we have Hessp¢(v,w) = g,(DpX - v,w).

If g is symmetric (i.e., a Riemannian metric), then so is the bilinear form
Hess,¢ (-, DpX+) = gp(Dp X+, DpX ) and all eigenvalues of D, X are real.

REMARK 9.11. By Lemma 9.9 (a), for a Lyapunov pair (X, ¢) each nondegen-
erate zero of X is hyperbolic. Lemma 9.9 (d) can be rephrased as follows: For a
Lyapunov pair (X, ¢), a zero p of X is nondegenerate if and only if it is a nonde-
generate critical point of ¢. Moreover, in this case gradient-likeness is equivalent
to an inequality

X-6(2)=plZ)P,  B>0

in coordinates Z near p = {Z = 0}.

We use this criterion to derive a technical result about perturbations of Lya-
punov functions.

LEMMA 9.12. (a) Let p be a hyperbolic critical point for a Lyapunov pair (X, ¢).
If (Y, %) is another Lyapunov pair with p as hyperbolic critical point and 1 suffi-
ciently C?%-close to ¢, then v is also a Lyapunov function for X near p.

(b) Let p be an embryonic critical point for a Lyapunov pair (X, ¢). If (Y,v)
is another Lyapunov pair with p as embryonic critical point with the same null
direction and 1 sufficiently C3-close to ¢, then ¢ is also a Lyapunov function for
X near p.

PRroOF. (a) Write
X(2)=AZ+0(ZP),
in coordinates near p, where all eigenvalues of A have nonzero real part. Then ¢ is
a Lyapunov function for X near p if and only if

1
¢(Z2) = 5(2,BZ) + o(1Z]*), BA>0.
This implies the assertion of the lemma because BA > 0 is a C2-open condition on

6.
(b) Pick coordinates Z = (w, z) near p in which X has the form (see (9.6) with

w = (z,y))
X(w,2) = (Aw + Ol 12]), 22 + O(2(jw| + 22) + [wl?) ).
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Claim: ¢ is a Lyapunov function for X near p if and only if it has the form
1 1 .
6w, 2) = 5 (w, Bu) + 5¢2° + 222 (d,w) + O(wP|2]) + 0( Z]),

where the coefficients B, ¢, d satisfy

BA Ald -0

dtA ¢ '
From this the assertion of the lemma follows because ¢ has a Taylor expansion of
the same form and the positivity condition on the coefficients is C3-open. To prove

the claim, let us write the general Taylor expansion up to second order of a function
¢ with critical point at p:

S(w, 2) = %(w, Buw) + a2 + (b, w) + O Z).

The condition X - ¢ > 0 restricted to {z = 0} and {w = 0} yields BA > 0 and
a = 0. If b were nonzero we could pick (w,z) with z(b, Aw) < 0 and obtain the
contradiction

X - o(tPw, tz) = t32(b, Aw) + O(t*) < 0

for t > 0 sufficiently small. Thus b = 0 and the Taylor expansion of ¢ up to third
order has the form in the claim. Then

X - p(w, z) = (w, BAw) + ez + 22%(d, Aw) + O(|[w|?|Z|) + O(Jw|z*) + O(|Z[").

This is a quadratic form in the variables (w, z?) plus terms of order 5/2 and higher,
so it is positive if and only if the quadratic form is positive, which is precisely the
positivity condition in the claim. O

Next we show that a sufficiently nondegenerate Lyapunov pair can be put
into standard form near critical points without changing the stable and unstable
manifolds.

PROPOSITION 9.13. Let (X, ¢) be a Lyapunov pair with nondegenerate or em-
bryonic critical points. Then there exists a homotopy of Lyapunov pairs (X, ¢1)
with the following properties:

o (Xi,¢1) agrees with (X, @) for t = 0 and outside a neighborhood of the
critical points;

o for allt, X; has the same nondegenerate resp. embryonic criticial points
and the same stable, unstable and center manifolds as Xo;

e near each nondegenerate critical point of index k there exist coordinates
T1,...,Ty, i which

Z‘uaﬂc@'i_ Z ij T :—*Zl’ +* Z :C

j=k+1 J =k+1

e near each embryonic critical point of index k — 1 there exist coordinates
T1,...,T, 0 which

X, =220, — Zx@ml—&— Z 20y, Zx —|—f Z :c

j=k+1 ] k+1
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Similarly, each birth-death family (X, ¢¢) can be modified through birth-death fam-
ilies to one which near the birth-death point at t = 0 looks like

Xy = xlit T1 leazz'i_ Z x_] ;9 ¢t xl it-/Ifl_*Zl' +* Z LIJQ.

Jj=k+1 ] =k+1

PrRoOOF. Near a nondegenerate zero p of index k pick local coordinates Z =
(z,y) € R® @ R*¥, ¢ = m — k, in which X is given by (9.5). Note that in these
coordinates W; = R @ 0 and W, =0& RE. The linear vector field AZ =
(Atx, A~y) has the same stable and unstable manifolds and is also gradient-like
for ¢ in a sufficiently small neighborhood of p, so by Lemma 9.8 the same holds
for the vector fields X;(Z) := (1 —tp(|Z])) X (Z) + tp(|Z])AZ, where t € [0,1] and
p:]0,00) = [0,1] equals 0 near 0 and 1 on [, 00) for sufficiently small € > 0. After
renaming X; back to X, we may hence assume that X (Z) = AZ near p. A similar
argument allows us to replace ¢ by its quadratic part %B (v,v) (here we need to
choose the cutoff function p more carefully such that rp’(r) < 1). By Lemma 9.9
the symmetric bilinear form B satisfies B(Z, AZ) > §|Z|? for some 3 > 0 and its
restrictions B* to Wf are positive resp. negative definite.

Consider the split quadratic form Bi(Z,Z) := BT (x,2) + B~ (y,y) and the
family By(Z) = (1 — ¢t)B(Z,Z) + tB1(Z,Z), t € [0,1]. Since B(Z,AZ) and
B(Z,AZ) = BY(x,A%x) + B~ (y, A y) are both positive, so is By(Z, AZ) for
all t € [0,1]. This allows us (again via cutoff away from p) to replace B by Bj.
Now consider the family of linear maps A;(Z) := (1 — t)AZ + t(x, —y), which sat-
isfies B(Z, A+Z) > 0 for all t € [0, 1]. So we can replace the linear vector field A by
the standard vector field A;(Z) = (x, —y). Finally, we linearly interpolate for this
vector field from By to the standard quadratic form By(Z) = |z|? —|y|>. Renaming
y=(x1,...,2) and (r = Tg41,...,Tm), the pair (41, B2) has the desired standard
form.

The proofs in the embryonic and birth-death case are similar and will be omit-
ted. d

The following corollary shows that a Lyapunov pair can be arbitrarily altered
near a hyperbolic or embryonic critical point. In Section 12.4 we will prove a version
of this result for Weinstein structures.

COROLLARY 9.14. Let p € V be a hyperbolic (resp. embryonic) critical point
of a Lyapunov pair (X, ¢). Let (Xioe, dloc) be a Lyapunov pair on a neighborhood
Vioe of p such that p is a hyperbolic (resp. embryonic) critical point of ¢ioc of value
d1oc(p) = ¢(p) and Morse index indy,(¢1oc) = ind,(¢). Then there exists a homotopy
of Lyapunov pairs (X, o) on V with the following properties:

() (X07¢0) = (Xa ¢) and (Xta¢t) = (Xa ¢) outside Vioc;
(ii) X; has a unique hyperbolic (resp. embryonic) zero at p in Viee for all t;
(111) <X1>¢1) = (Xlom(bloc) near p; -
(iv) if W, (Xioe) = W, (X) (resp W (Xioc) = W, (X)) then W, (Xy) =

Wy (X )(respW( 1) =W, (X ))forallt.

PROOF. After moving (X, ¢) by a diffeotopy we may assume that p has the
same stable, unstable and center manifolds with respect to X and Xj,.. By Propo-
sition 9.13, there exists a homotopy (X;, ¢¢), t € [0,1/2], with properties (i-ii) and
(iv) such that (Xi/9,¢1/2) has standard form near p. Reversing the argument in
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Proposition 9.13, there exists a homotopy (X¢, ¢:), t € [1/2, 1], with properties (i-ii)
and (iv) such that (X1, ¢1) = (Xioc, P10c) on a smaller neighborhood of p. O

From gradient-like to gradient vector fields. By Remark 9.10, imaginary
eigenvalues of D,X provide an obstruction to C'-approximating X by a gradient
vector field. But we have the following C°-approximation result.

LEMMA 9.15. Let (X, ) be a Lyapunov pair on V and Z the zero set of X.
Then for every neighborhood U of Z there exists a Riemannian metric g on' V' such
that V¢ agrees with X outside U and is arbitrarily C°-close to X on U. This
construction also works smoothly for families and relative to a subset where X is
already a gradient.

PROOF. Pick a reference metric gg for which condition (9.9) holds. It implies on
V'\ Z the uniform estimates 6| X| < |V, 6| < |X|/§ for the lengths and cos§ > §2
for the angle § between X and Vg, ¢. Thus we can pick a metric gy on V' \ Z
of uniformly bounded distance from gy for which V4 ¢ = X. Modify g; inside
U to a metric g which smoothly extends over Z and still has bounded distance
from go. Then V,¢ agrees with X outside U and in U it satisfies an estimate
| X — V40| < |X|+ C|d¢|, which can be made arbitrarily small by choosing U
small. (]

COROLLARY 9.16. Let (X, dx)ren be a smooth family of Lyapunov pairs on
V., and ¥y any family of functions C*-close to ¢x, k > 1. Then there exists a
family of metrics gx such that the family (Vg,1¥x,%y) is connected to (Xx, ¢x) by
a homotopy of families of Lyapunov pairs that is C°-small in the vector fields and
C*-small in the functions.

PROOF. First linearly homotope (with fixed functions) from (X, $y) to
(Vga@x, ), with the metrics gy provided by Lemma 9.15, and then through gra-
dient pairs (with fixed metrics) from (Vg, éx, dx) to (Vg, ¥n, ¥r). O

Existence of Lyapunov functions. The question of existence of a (weak)
Lyapunov function for a vector field X separates into two issues: local existence
near the zero set of X, and global existence. Assuming local existence near the
zero set, Sullivan [181] gives a necessary and sufficient criterion for the existence
of a global (weak) Lyapunov function in terms of foliation cycles. The simplest
obstruction to a weak Lyapunov function is a nonconstant periodic orbit of X.

The following lemma settles the local existence question near a hyperbolic or
birth-death type zero.

LEMMA 9.17. (a) Near each hyperbolic zero a vector field admits a Lyapunov
function.

(b) For a birth or death type family X; near p there exists a neighborhood U of
p and a smooth family of Lyapunov functions ¢y : U — R for X;.

PRrROOF. (a) Consider coordinates in which X has the form (9.5). By [9, Theo-
rem 22.3] there exist quadratic forms Q% on Epi which are Lyapunov for the linear
maps A*. Then ¢(z,y) := Q¥ (x) + Q@ (y) is a Lyapunov function for X.

(b) Consider coordinates in which X; has the form (9.8). Let QF be a smooth
family of quadratic forms on E;,t as in (a) that are Lyapunov for Ati. Then

bi(z,y,2) == QF (v) + Q; (y) + %z?’ —tz
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is a smooth family of Lyapunov functions for X;. O

9.4. Smooth surroundings

In this section we discuss a smooth version of the J-convex surroundings in
Chapter 8.2.

By a flow box (W, X) we will mean a compact manifold with corners whose
boundary is a union OW = 0, W UI_W UJ, W of three codimension one manifolds
(called the positive, negative resp. vertical boundary), together with a vector field X
which is inward resp. outward pointing along 0+ W, and tangent to 0, W without
zeroes on 0,W. Note that the case d,W = @ corresponds to a cobordism. We
denote by X* the flow of X and define the skeleton

Skel(W, X) := (| X "(W) := {x € W | X'(z) € W for all t > 0}.
>0
For x € W define the w-limit set
w(zx) = ﬂ X=2t(z) = {y € W | X" (x) — y for some sequence t; — 00}.
>0

For each zero p of X define
Wg ={zeW|pcw)}={xeW]|X"(x)— pfor some sequence t;, — co}.

LEMMA 9.18. If X admits a weak Lyapunov function ¢, then w(x) C Zero(X)
for each x € W. If in addition X has finitely many zeroes, then

Skel(W, X)=|J W,

pEZero(X)

The set Wp’ agrees with the stable manifold W, if p is hyperbolic, and with the

manifold Wp’ in Lemma 9.6 if p is embryonic.

PROOF. For y ¢ Zero(X) we have X - ¢ > € > 0 on some neighborhood U of y.
This implies that a trajectory X!(z) passing close to y will have ¢(X"(x)) > ¢(y)
for some to > 0 and hence cannot get close to y for ¢t > tg, so y ¢ w(z). This
proves w(z) C Zero(X). The second statement follows from the equivalence of
x € Skel(W, X) and w(x) # @, and the last statement follows from equation (9.4)
and Lemma 9.6. (]

In the following, (W, X) is a flow box with skeleton A := Skel(W, X), and
¢: W — Ja_,a] is a function satisfying X - ¢ > 0 outside A with constant values
Plo.w = a+.

The following is a (much simpler) smooth version of Theorem 8.5, see Figure 8.2.

PROPOSITION 9.19. Let (W, X, ¢, A) be as above. Fix an open neighborhood U
of O-W UA and a regular value ¢ € (a—,a) of the function ¢ such that there are
no critical values of ¢ in [c,ai]. Then there exists a diffeotopy hy : W — W with
the following properties:

e ho=1Id and hy =1d on Op (OW U A);

e h, preserves trajectories of X;

e hi{p<c})CU.
In particular, ¢y :== ¢ o ht_l, t € [0,1], is a family of functions satisfying X - ¢ > 0
outside A such that the level set {¢1 = ¢} surrounds O-W UA in U.
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PROOF. Pick a smooth function p : W — [0, 1] which equals 0 on Op (OW UA)
and 1 on {¢ < ¢} \ U. Then the vector field Y := p X is complete, i. e. its flow Y
is defined for all t € R, and Y' = Id on Op (OW U A). Moreover, by definition of
the skeleton there exists T > 0 such that Y7 ({¢ < ¢}) C U. Hence the isotopy
hy ==Y =Tt t € [0,1], has the required properties. O

In the next section we will need a more precise version of smooth surroundings.

We call a subset A C W backward invariant if X*(A) C A for all ¢ < 0. For a
compact backward invariant subset A C W we define its exit set
0+A:={x e A|linf{t >0]| Xt(z) ¢ A} = 0}.

Thus every forward orbit that exits A exits through 9;A. Note that ¢(z) >
min o, 4¢ for every x ¢ A whose backward orbit meets A.

LEMMA 9.20. Let (W, X, ¢, A) be as above. Fix a compact backward invariant
neighborhood A of A and set ¢ := ming, a¢. Let g : [a_,ay] — [a—,ay] be a
diffeomorphism which equals the identity near Ola_,ay| and satisfies g(x) < x for
x > c. Then for every compact neighborhood A’ C Int A of A there exists a function
¥ : W = R satisfying X -1 > 0 outside A with the following properties:

e ) =0 on OpIOW and outside A;
e p=gog¢ on A

PROOF. Let us rescale X such that X - ¢ = 1 outside A. For ¢t € [0, 1] define
diffeomorphisms g:(z) := (1—t)x+tg(z) on [a—, a;] and functions f; : [a—,a4] = R,

fi(ge(@)) = gu() = g(z) — .
Note that f; = 0 near d[a_,a4] and f;(z) < 0 for > ¢. Pick a smooth function p :
W — [0, 1] which equals 1 outside A and 0 on A’. Define a family of diffeomorphisms
hy : W — W as the solution of

he = (fro ¢ pX)(he).
Note that h; moves backwards along trajectories of X in the region {¢ > c}. Hence,

by definition of ¢, hy(z) ¢ A implies that h:(x) ¢ A for all t € [0, 1]. For such = we
have po hy(z) =1 and thus

D60 hula) =6 (o0 6 X) () = fi 0 60 hu(x).

Since 4 (g; 0 ¢)(x) = g1 0 ¢(x) = fi 0 g © ¢(x), the paths ¢ o hy(z) and g; o p(x)
satisfy the same differential equation with the same initial condition ¢(z) and hence
coincide, so in particular ¢ o hy(z) = go ¢(x) whenever hy(z) ¢ A. This shows that
the function v := go ¢ o hy! agrees with ¢ outside A. On A’ we have p = 0, hence
hy =1d and ¢ = g o ¢. (|

Replacing a given neighborhood by a smaller backward invariant one and choos-
ing g(max A¢) < b, this implies the following improved version of Proposition 9.19.

COROLLARY 9.21. Let (W, X, ¢,A) be as above. Then for every neighborhood
UCW of A and every b € (a—,ay) there exists a function ¥ : W — R satisfying
X -1 > 0 outside A with the following properties:

e ) =¢ on OpOW and outside U;
e 1 is target equivalent to ¢ near A;

01/)|A<b, O
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REMARK 9.22. The last three results continue to hold if A C W is any com-
pact backward invariant subset containing Skel(W, X). To see this, pick a smooth
function f : W — [0, 00) which vanishes exactly on A. Then A is the skeleton of
the vector field fX and fX - ¢ > 0 outside A, so we can apply the results to the
quadruple (W, f X, ¢, A).

9.5. Changing Lyapunov functions near critical points

In this section we show that a weak Lyapunov function can be put into any pre-
scribed form near a hyperbolic or birth-death type zero. The following proposition
will be used repeatedly in the manipulations of Weinstein structures in Chapter 12.

PROPOSITION 9.23. (a) Let X be a vector field on V with a hyperbolic or
embryonic zero p. Let ¢ - V. — R be a weak Lyapunov function for X and ¢'°° :
U — R a weak Lyapunov function on a neighborhood U of p with ¢(p) = ¢'°°(p).
Then there exists a weak Lyapunov function ¢ : V — R which agrees with ¢ outside
U and with ¢'°° near p.

(b) Let X, t € [—e,e]| be a smooth family of vector fields on V with a birth
or death type zero p. Let ¢ : V. — R be a smooth family of weak Lyapunov
functions for X; and ¢'°¢ : U — R a smooth family of weak Lyapunov functions on
a neighborhood U of p with ¢¢(p) = ¢1°°(p) for all t. Then there exists a smooth
family of weak Lyapunov functions ¢, : V. — R, t € [—¢,¢] which agrees with ¢y
outside U and with ¢\°° near p.

REMARK 9.24. (1) In case (a), ¢y = (1 — u)p + up, u € [0,1] is a smooth
family of weak Lyapunov functions with ¢y = ¢, ¢, = ¢ outside U, and ¢; = ¢'°°
near p.

(2) By Lemma 9.17, in case (a) we can choose ¢!°¢ to be Lyapunov, so 1 is
Lyapunov near p. Hence, in case (a) any weak Lyapunov function can be made
Lyapunov by a local deformation near the zeroes of X.

Analogous remarks apply to case (b).

The proof of Proposition 9.23 requires some preparation. Consider (X, ¢, ¢'°¢)
as in the proposition with hyperbolic or embryonic zero p of value ¢(p) = b. Pick a
regular value a < b such that A := W, N {¢ > a} is a smoothly embedded disc in

the hyperbolic case, and A := Wp_ N{¢ > a} is a smoothly embedded half-disc in

the embryonic case, where I/V]DjE is defined as in Lemma 9.6. We choose a so close

to b that A C U, so ¢'°° is defined near A.
We first show that we can interpolate between ¢ and ¢'°¢ near A.

LEMMA 9.25. In the notation above, there exists a weak Lyapunov function
X : N = [a,00) on a neighborhood N of A which agrees with ¢ near NN ¢~ (a)
and with $'°° near p.

PRrROOF. Pick a sufficiently small § > 0. If p is hyperbolic X has no critical
points on the set AN{¢p > a+ 3} N{¢'°° < b—§} and is transverse to its boundary.
If p is embryonic X has no critical points on the set AN{¢ > a+35}N{p'°° < b—6},
is transverse to the boundary components AN {¢ = a+§} and AN {¢"°° =b— 6},
and is tangent to the boundary component W," N {¢ > a + 0} N {gloc < b— 6§}
Hence in either case we can use the flow of X to construct a Lyapunov function y
on A which agrees with ¢ for ¢ < a + § and with ¢'°¢ for ¢!°¢ > b — §. Applying
the same argument to a small neighborhood of A yields the desired function y. O
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FI1GURE 9.2. The flow box W near a hyperbolic zero.

PROOF OF PROPOSITION 9.23. (a) We use the notation above. After applying
Lemma 9.25 and shrinking the neighborhood U of A, we may assume that ¢ = ¢'°°
near U N ¢~ 1(a).

We construct a flow box W C U as in Section 9.4 as follows, see Figure 9.2
for the hyperbolic case. Pick a tubular neighborhood T_ with smooth boundary
S_ =0T of AN¢~(a) in the level set ¢~!(a). Note that §_ = k=1 x gm—k-1
if p is hyperbolic of index k, and S_ =2 S™~2 if p is embryonic. Let ¥ = [a,c] x S_
be the hypersurface in V' obtained by flowing S_ under X up to some regular level
¢ =c>b. Then S; := XN ¢ !(c) is the boundary of a tubular neighborhood Ty
of AN ¢~1(c) in the level set ¢~1(c). The union 7_ U T, U X bounds a compact
subset W C V containing A. By choosing T small and ¢ close to b we can arrange
that W C U. Note that W is a flow box as in Section 9.4 with positive/negative
boundary 0+ W = T4 and vertical boundary ¥ (to which X is tangent).

In a similar way we construct smaller backward invariant compact neighbor-
hoods A” ¢ A’ C A € W of A. Pick € > 0 such that a + 2¢ < b < ¢ — 2¢ and
#'°° = ¢ on WN{a<¢<a+2e}. Now we apply Lemma 9.20 twice to construct
the following smooth surroundings, see Figure 9.3:

e a weak Lyapunov function 17 : W — R which agrees with ¢ outside A
and with g; o ¢ on A’;
e a weak Lyapunov function v : W — R which agrees with v outside A’
and with go o)y = go ¢ on A”.
Here ¢g1,92,9 = 920 g1 : [a,c] = [a, c] are diffeomorphisms which equal the identity
near J[a, c] and have the following properties:

o gilat+e)=a+e, gi(a+2)=>b+2¢ and ¢g1(z) > z for all z;
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FIGURE 9.3. Smooth surroundings of a stable disc.

o go(b+¢e)=a+e and go(b+ 2¢) = a + 2.
o glb+e)=a+e, gb+2e) =b+2¢ and g(x) < x for all x.
(We choose g and g; with these properties and define go := go g; b,
After target reparametrization above the level b we may assume max yy ¢'°¢ <
b+ e. Then near A’ we have 15(x) = g1 0 p(2) > ¢(x) = ¢'°°(2) if ¢(x) < a + 2,
and ¥o(z) > gi(a +2¢) = b+ 2e > ¢°(z) if ¢(z) > a + 2¢, hence 1y > @'°°
near 0A’. On A” we have ¥n(z) = go é(z) < ¢(z) = ¢°%() if ¢(x) < a + 2¢,
and o(z) < glb+e) =a+e < ¢°(x)if a+e < ¢(x) < b+ ¢, hence 1y < @l°°
on A" N {¢ < b+ e}. This shows that the function max (1, $'°¢) agrees with
#'°¢ near A and with ¢ near JA’, so we can extend it by ¢ to a function on V.
According to Remark 3.21, this function can be smoothed to a weak Lyapunov
function ¢ : V' — R for X with the desired properties. O

9.6. Smale cobordisms

Recall from Section 8.1 that a cobordism W is an oriented compact smooth
manifold with cooriented boundary OW. Its boundary splits as a disjoint union
OW = 0_W U0+ W where the coorientation is provided, respectively, by the inward
or outward normal vector field.

DEFINITION 9.26. A Lyapunov cobordism is a triple (W, ¢, X), where W is a
cobordism, ¢ : W — R is a smooth function constant on 0 W, and X is a gradient-
like vector field for ¢ which points inward along 0_W and outward along 0, W. In
particular, ¢ has no critical points on OW.

A Smale cobordism is a Lyapunov cobordism (W, ¢, X) for which the function
¢ is Morse, so (W, @) is a Morse cobordism in the sense of Section 8.1.

A Lyapunov cobordism (W, ¢, X) is called elementary if there are no X-trajec-
tories between different critical points of ¢.

Note that if (W, ¢, X) is an elementary Smale cobordism, then the stable ma-
nifold of each critical point p is a disc D, which intersects _W along a sphere
S, = 0dD,. We call D, and S, the stable disc resp. sphere of p. Similarly, the
unstable manifolds and their intersections with 0, W are called unstable discs and

spheres. At an embryonic critical point, the manifolds /WI;—L in Lemma 9.6 give rise
to (un-)stable half-discs ﬁ;t and hemispheres :S’\pi
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DEFINITION 9.27. An admissible partition of a Lyapunov cobordism (W, ¢, X)
is a finite sequence m = ¢y < ¢; < --- < ¢y = M of regular values of ¢, where we
denote ¢|o_w = m and ¢|o,w = M, such that each subcobordism Wy = {cx—1 <
¢ <cp}, k=1,...,N, is elementary.

LEMMA 9.28. Any Lyapunov cobordism with only Morse or embryonic critical
points admits an admissible partition into elementary cobordisms.

Similarly, for any exhausting function ¢ with only Morse or embryonic critical
points and gradient-like vector field X on a non-compact manifold V one can find
regular values co < min ¢ < ¢; < --- — 00 such that the cobordisms Wi, = {cx—1 <
¢ <cpt, k=1,..., are elementary. If ¢ has finitely many critical points, then all
but finitely many of these cobordisms have no critical points.

PROOF. We prove the second statement, the first one being analogous but
simpler. Critical points of ¢ are Morse or embryonic, hence isolated. Since ¢ is
also exhausting, its set of critical values is discrete and bounded below. So we can
order the critical values as a sequence inf ¢ = d; < dy < - -+ which is either finite or
tends to infinity. Pick regular values ¢ such that ¢y < d; < c¢; < ds < co---. Then
all critical points in the cobordism Wy = {cx—1 < ¢ < ¢x} have value dy, so there
are no X-trajectories between critical points and the cobordism is elementary. [

Equivalence of elementary Smale cobordisms.

LEMMA 9.29. Let (W, X,¢) be an elementary Smale cobordism with critical
points p1,...,pr and skeleton (= union of the stable discs) A = Ule D, . Let
(W', X' ¢") be another Smale cobordism with the following properties:

e W CW and 0_W =9_W';
o (X' @) has the same critical points and stable discs as (X, d);
° ¢ =¢ on Op(0-W), ¢/(0:W') = (0. W), and ¢(p;) = ¢(p:) for all
i=1,... k.
Then there exists an isotopy hy : W — W, t € [0,1], with hy = Id, hi(A) = A
and hy =1d on Op (0_-W), such that hy (W) =W’ and ¢ = ¢' o hy. Moreover, the
construction can be done smoothly in families.

PrROOF. Step 1. Applying the Morse Lemma 9.1 and Remark 9.2 near each
critical point and extending the diffeomorphisms to all of W, we find a diffeotopy
hy : W — W preserving A, fixed on d_W, and such that ¢/ oh; = ¢ on Ule Op p;.
After renaming ¢’ o hy back to ¢’ and modifying the gradient-like vector field X',
we may hence assume that (X', ¢') = (X, ¢) on Ule Op p;.

Step 2.  The identity on Ule Opp; extends to a unique diffeomorphism
hi: Op A — Op A mapping trajectories of X to trajectories of X’ and such that
¢’ ohy = ¢ on OpA. Following the trajectories for shorter times allows us to
connect h; to the identity by an isotopy hy : Op A — Op A fixed on Ule Op p;.
Then we can adjust hy near 0_W and extend it to a diffeotopy hy : W — W, fixed
on Ule Opp;UOp (0_W) and preserving A, such that ¢’ ochy = ¢ on Op A. After
renaming ¢’ o hy back to ¢’ and modifying the gradient-like vector field X', we may
hence assume that (X', ¢") = (X, ¢) on a neighborhood U of 0_-W U A.

Step 3. The identity on Op (0-W U A) extends to a unique diffeomorphism
hy : W — W' mapping trajectories of X to trajectories of X’ and such that
¢’ o hy = ¢. By Proposition 9.19, there exists an isotopy g; : W — W, fixed on
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FIGURE 9.4. The lower half-disc.

Op (0_WUA) and preserving trajectories of X, such that go = Id and g, (W) C U.
Similarly, there exists an isotopy g¢; : W' — W', fixed on Op (0-W U A) and
preserving trajectories of X', such that gj = Id and ¢} (W’) C U. As the embeddings
91,91 0 hy : W — W are both fixed on Op (0_W U A) and preserve trajectories
of X, they can be connected by an isotopy f; with the same properties by sliding
along trajectories of X. The composition of the isotopies g¢, f; and the inverse of
g; o hy gives the desired isotopy h: : W — W from ho = Id to h;. |

If W =W in Lemma 9.29 the map hy : W — W is a diffeomorphism, but the
h; cannot in general be chosen to be diffeomorphisms. For example, this happens
if ¢ and ¢’ have no critical points but define different pseudo-isotopy classes, see
Section 9.10.

Cancellation pairs. We conclude this section by describing the setup for
cancellation of a pair of critical points. We will return to this setup in Chapters 10
and 13.

Let R¥ = R*~! xR be the space with coordinates (z1,...,z;) and let D C R¥ be
the unit disc. We denote by D_ the lower half-disc DN {z) < 0}, and set 9 D_ =
D_n{z, =0} and 0_D_ = 9D N D_, so that we have dD_ = 0_D_Ud,D_.
See Figure 9.4. Further let e := (0,...,0,—1/2) € D_ and E := {(0,...,0,2%) €
D_|-1/2 < x <0}.

Consider now a Smale cobordism (W, X, ¢) with precisely two critical points
p, q of index k and k — 1, respectively, that are connected by a unique X-trajectory
along which VVqJr intersect transversely. Recall that the stable manifold of ¢ is an
embedded disc W, = D_. Let A be the closure of the stable manifold W~ of p
in W. See Figure 9.5 (a) for a schematic and (b) for a more realistic picture with
a=¢lo_w, b= ¢(q) and ¢ = ¢(p). Note that A is just the skeleton of (W, X).

LEMMA 9.30. Suppose that near p and q the pair (X, ¢) has the standard form
from Proposition 9.13. Then A is a smoothly embedded half-disc with upper bound-
ary 0+ A = D and lower boundary 0-A = ANO_W. More precisely, there exists
a smooth embedding o : D_ — W such that

e ao(D_\0.D_)=W,, a(04+D-) =W, and a(0-D_) CO_W;

= q
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a b
a
(b)
FI1GURE 9.5. A cancellation pair of critical points.
e a(0) =g, ale) =p, and a(E) = W, NW}.
PRrOOF. By hypothesis, in suitable coordinates (z1,...,2,,) near ¢ the vector
field X is given by
k—1 m
i=1 j=k+1
In the following discussion, the indices i,j always range over s = 1,...,k — 1 and
j =k+1,....,m. In these coordinates, the stable and unstable manifolds are

given by W~ = {z}, = x; = 0} and W = {z; = 0}. Moreover, every trajectory
converging to ¢ as t — —oo is a ray emanating from the origin in Wq+. After a
rotation in Wq“‘ , we may assume that the trajectory from ¢ to p corresponds to
{z; = x; = 0,z > 0} in these coordinates. By the transversality assumption,
W, N{z = 1} can be locally written as the graph {z; = g;(z;), 2y = 1} of smooth
functions g; : R*~! — R with g;(0) = 0. Then W, is the image of W, N {xx = 1}
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under the flow (z;, zg, x;) — (e 'wy, elay, el;),
W, = {(e_tasi,et,etwj) | z; = g;(x;), t € R}
={(zi, 2k, ;) | x5 = wrgj(wpzi) | 7 > 0}
Thus W, is the graph {x; = G;(z;, 1)} of the functions G(z;, k) = 21g;(TkT:)
over the open half-space {x} > 0}, which obviously extends smoothly to the closed
half-space {z} > 0}.

The preceding discussion shows that A is a smooth submanifold with boundary
W, near q. Applying the backward flow of X, this shows smoothness of A near all
points of W~ On the other hand, Int A = W, is smooth by Theorem 9.5. This
proves that A is a smoothly embedded half-disc with upper boundary 0;A = D

and lower boundary 9_ A = ANJ_W, from which the existence of a parametrization
«a with the desired properties easily follows. O

EXAMPLE 9.31. If (X, ¢) is not standard near ¢ the set A need not even be C'-
embedded. For example, suppose that dim W = 3 and in coordinates Z = (x,y, 2)
near ¢ the vector field is given by

X = —ax0; + bydy + 20, a,b>0.
Moreover, suppose that the trajectory from ¢ to p corresponds to {z =y =0,z > 0}
in these coordinates. By the transversality assumption, W, N{z = 1} can be locally
written as the graph {y = g(z),z = 1} of a function g : R — R with ¢g(0) = 0. Then

W, is the image of W, N {z = 1} under the flow (z,y,z) — (e~ "z, ey, e'2),

Wy ={(e™"z,e"y,e") |y = g(x), t € R} = {(2,9,2) | y = 2°9(z"x) | 2 > O}
For the function G(z, 2) := 2°g(2%x) we compute
0G
e
As z — 0 the term in brackets tends to (b+ a)g’(0), so %—S does not extend contin-
uously to z =0 if ¢'(0) #0 and a + b < 1.

a
bzb_lg(zax) _i_axza—&-b—lg/(zax) _ .’L‘Za+b_1 <bg(z x) +ag/<zax)) ]
2%

9.7. Morse and Smale homotopies

DEFINITION 9.32. A smooth family (W, ¢+, X¢), ¢ € [0,1], of Lyapunov cobor-
dism structures is called Smale homotopy if there is a finite set A C (0,1) with the
following properties:

e for each t € A the function ¢; has a unique birth-death type critical point
er such that ¢;(es) # ¢¢(q) for all other critical points ¢ of ¢y;
e for each t ¢ A the function ¢; is Morse.

In this case we call the underlying (W, ¢:) a Morse homotopy.

REMARK 9.33. (a) Note the slight abuse of language because (¢¢, X;) is not a
Smale cobordism structure for ¢t € A.

(b) By Theorem 9.4 and Corollary 9.16, any family (W, ¢:, X;) of Lyapunov
cobordism structures such that (¢g, Xo) and (¢1, X1) are Smale can be turned into
a Smale homotopy by a perturbation fixed near t = 0,1 (C%-small in the vector
fields and C'*°-small in the functions).

(¢) It will sometimes be convenient to allow the domain W; to vary by an isotopy
of submanifolds in an ambient equidimensional manifold. We can consider this a
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homotopy with fixed domain W by pulling back the structures under a family of
diffeomorphisms Wy — W;.

DEFINITION 9.34. A Smale homotopy &; = (W, Xy, ¢), t € [0,1] is called an
elementary Smale homotopy of type I, IIb, I1d, respectively, if the following holds:

e Type I. &, is an elementary Smale cobordism for all ¢ € [0, 1].
e Type IIb (birth). There is to € (0,1) such that for ¢ < ¢y the function ¢,
has no critical points, ¢, has a birth type critical point, and for ¢ > tg
the function ¢; has has two critical points p; and ¢; of index ¢ and ¢ — 1,
respectively, connected by a unique X;-trajectory.
e Type IId (death). There is ¢y € (0, 1) such that for ¢t > tg the function ¢,
has no critical points, ¢, has a death type critical point, and for ¢ < %
the function ¢; has has two critical points p; and ¢; of index ¢ and ¢ — 1,
respectively, connected by a unique X;-trajectory.
We will also refer to an elementary Smale homotopy of type ITb (resp. I1d) as a
creation (resp. cancellation) family.

Lemma 9.30 has the following parametric version which is proved similarly. We
use the notation introduced before Lemma 9.30.

LEMMA 9.35. Let (W, X;,¢¢), t € [—1,1], be an elementary Smale homotopy
of type IIb with birth-type critical point py = qo at t = 0 and nondegenerate critical
points py, qi, t € (0,1], with ind(p;) = k and ind(q;) = k — 1. Suppose that near
the critical points the family (X¢, ¢¢) has the standard form from Proposition 9.185.
Then the skeletons Aq, t € [0,1], form a smooth family of embedded half-discs with
upper boundaries 0+ Ay = D, and lower boundaries 0-Ay = Ay N O-W. More
precisely, there exists a smooth family of embeddings oy : D_ — W such that

e a(D_\0.D_)=W, , ay(0yD_) =W, and a;(0_-D_) C 0_-W;
o 2(0) =q, a(Vte) =pi, and a(VIE) =W, NW.
An analogous statement holds for an elementary homotopy of type 11d.

DEFINITION 9.36. An admissible partition of a Smale homotopy &, = (W, X4,
¢1), t €[0,1], is a sequence 0 =t < t1 < --- < t, = 1 of parameter values, and for
each kK =1,...,p a finite sequence of functions

mt) =ch(t) <cf(t) < - <ck (t)=M@E), te [th1,til,

where m(t) := ¢;(0-W) and M(t) := ¢(04 W), such that c}(t), j = 0,..., Ny are
regular values of ¢; and each Smale homotopy

& = (Wf(t) ={cdf_(t) < ¢ < Cf(t)}7Xt|W;v(t)7¢t\wf(t))

is elementary.

te[tr—1,tx]

LEMMA 9.37. Any Smale homotopy admits an admissible partition.

PRrROOF. Let A C (0,1) be the finite subset in the definition of a Smale homo-
topy. Using Lemma 9.28, we now first construct an admissible partition on Op A
and then extend it over [0,1] \ Op A. O

Equivalence of elementary Smale homotopies. We define the profile of
a Smale homotopy &; = (W, Xy, ¢¢), t € [0,1], as the profile C({¢:}) C [0,1] x R
of the family of functions ¢, : W — R as in Section 9.1. We will use the notion of
profile only for elementary homotopies.
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LeMMA 9.38. Let &, = (W, Xy, ¢¢) and &, = (W, Xy, 1), t € [0,1], be two
elementary Smale homotopies with the same profile such that &g = &g. Then there
exists a diffeotopy hy : W — W with hg = Id such that ¢y = ¢ 0 hy for allt € [0,1].

Moreover, if ¢ = ¢¢ near O+ W and/or _W we can arrange hy = Id near
0+W and/or O_W.

PrOOF. Denote by Cy, C, the critical point sets and by Ay, A, the skeletons of
Gy, ét. We first construct a family of diffeomorphisms f; : Op C; — Op 5,5 with
fo = Id and & o ft = ¢4. For this, we first use Theorem 9.4 to construct f; near
the birth-death points, and then the Morse Lemma 9.1 to extend it over the Morse
critical points.

Next we canonically extend the maps f; : Op Cy — Op C; to diffeomorphisms
fi U — U, between neighborhoods of At,ﬁt mapping ¢; to q~5t and trajectories
of X; to trajectories of X,

Note that U, := 0_W N Uy, is a neighborhood of the submanifold A, N O_W,
and each restriction f| Ur is isotopic to the identity by following trajectories for
shorter times. Hence by the smooth isotopy extension theorem, after shrinking Uy,
the maps ft|U; extend to diffeomorphisms g; : O_-W — 0_W. Moreover, since
fo = 1d we can arrange gy = Id.

Now we extend the maps U, UO_W — U, UO_W given by f; and g; canonically
to diffeomorphisms h; : W — W mapping ¢; to 5,5 and trajectories of X; to
trajectories of Xp Note that hg = Id.

Finally, if ¢, = 5,5 near 0+W we undo the diffeotopy h; on level sets near
0+ W to arrange hy = Id on Op (0L W). Note that in this last step we destroy the

property that h; maps trajectories of X; to trajectories of X;. ([l

LEMMA 9.39. Let (W, X, ¢) be an elementary Smale cobordism with ¢lo,.w =
ay and critical points p1,...,pn of values ¢(p;) = ¢;. Fori = 1,...,n let ¢; :
[0,1] = (a—,ay) be smooth functions with ¢;(0) = ¢;. Then there exists a smooth
family ¢, t € [0,1], of Lyapunov functions for X with ¢o = ¢ and ¢+ = ¢ on
Op OW such that ¢(p;) = ¢;i(t).

PRrROOF. By hypothesis there are no X-trajectories between different critical
points, so the stable manifolds are disjoint discs. Denote by S; C 0_W the stable
sphere of p;. Pick disjoint tubular neighborhoods of the S; in 0_W and denote by V;
the closures of their forward images under the flow of X. Define U; \ V; analogously
for slightly smaller neighborhoods. The flow of X induces diffeomorphisms V; \
Int U; & SFi=1 x §m=ki=1 x[0,1] x [a_,a4] in which ¢(u,v,2,y) =y and X = 9,,.
Here m = dim W and k; = ind(p;).

Fix a cutoff function p : [0,1] — [0, 1] which equals 1 near 0 and 0 near 1. For
diffeomorphisms o; : [a—,a4] = [a—,a;] with o; = Id near a1 define a function
Yo : W = Ja—,a4] by

(1= p(@))y + p(x)oi(y)  on V;\IntU;,
Vo :=q0;00 on U,
0] on W\ U, Vi.

On V; \ IntU; we have % = (1 - p(x)) + p(z)oi(y) > 0, so Y, is a Lyapunov
function for X. Moreover, 1, = ¢ near OW, 1, (p;) = 0i(c;), and ¥, depends
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smoothly on oq,...,0,. Now pick smooth families of diffeomorphisms o;; with
0,0 =1d and 0, 4(¢;) = ¢;(t) and set ¢, := Yy, . O

Holonomy of Smale cobordisms.

DEFINITION 9.40. Let (W, X, ¢) be a Smale cobordism such that the function
¢ has no critical points. The holonomy of X is the diffeomorphism

I'x: 8+W — o_W

which maps z € 0, W to the intersection of its trajectory under the flow of —X
with 0_W.

Consider now a function ¢ : W — R without critical points and constant on
O_-W and 9, W. Denote by X (W, $) the space of all gradient-like vector fields for
¢. Note that the holonomy maps of all X € X(W, ¢) are isotopic. We denote by
D(0+W,0_W) the corresponding path component in the space of diffeomorphisms
from 0, W to O_W. All spaces are equipped with the C*°-topology.

Recall that a continuous map p : F — B is a Serre fibration if it has the
homotopy lifting property for all closed discs Dk~7 i.e., given a homotopy hy : DF —
B, t € [0,1], and a lift hg : D*¥ — E with po hg = hg, there exists a homotopy
he : D — E with po hy = hy. For more background see [91] or Appendix A.1.

We omit the proof of the following easy lemma.

LEMMA 9.41. Let (W, ¢) be a Morse cobordism without critical points. Then
the map X (W, ¢) — D(0LW,0_W) that assigns to X its holonomy Tx is a Serre
fibration. In particular:

(i) Given X € X(W,¢) and an isotopy hy € D(O+W,0_-W), t € [0,1], with
ho = T'x there exists a path Xy € X (W, ¢) with Xo = X such that I'x, = hy for all
t €10,1].

(i1) Given a path X, € X(W,¢), t € [0,1], and a path hy € D(OLW,0_W)
which is homotopic to I'x, with fivred endpoints, there exists a path )?t e X(W,9)
with Xo = Xo and X; = X, such that L =he forallte [0,1]. O

As a consequence, we obtain

LEMMA 9.42. Let Xy, Y; be two paths in X(W,$) starting at the same point
Xo = Yy. Suppose that for a subset A C O+W one has I'x,(A) = T'y,(A) for all
t €10,1]. Then there exists a path X; € X (W, ¢) such that
(l) )?t = XQt fOT‘ te [0, %],
(i) X1 =Yi;
(iii) Tg (A) =Ty, (A) fort € [35,1].
Proor. Consider the path v : [0,1] — D(0+W,0_W) given by the formula
~v(t):=Tx, o F;(: oly,.
We have v(0) =T'x, and y(1) = T'y,. The path v is homotopic with fixed endpoints
to the concatenation of the paths 'y, , and I'y,. Hence by Lemma 9.41 we conclude

that there exists a path X; € X' (W, ¢) such that X3 = X1, X] = Y1, and T'x; = 7(?)
for all t € [0,1]. Since

FX{ (A) = FXI (F;(i (FYt (A))) = FXI (A) = FY1 (A>7

the concatenation )/(\'t of the paths X; and X has the required properties. ([l
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9.8. The h-cobordism theorem

The topology of a manifold provides a lot of constraints on the critical points
of a Morse function on it. For instance, the Morse inequalities (see [139]) assert
that the number of index k critical points of a Morse function on a manifold V or
cobordism W (exhausting in the manifold case, with regular level sets LW in the
cobordism case) is bounded below by the rank of the homology group Hy(V;Z)
(or by the rank of the relative homology group Hy(W,0_W;Z) in the case of a
cobordism). Morse-Smale theory deals with the problem of simplification of a Morse
function on a manifold, as much as the topology allows. In particular, one has the
celebrated

THEOREM 9.43 (h-cobordism theorem, Smale [173]). Let W be a cobordism
of dimension dim W > 6 such that W and 0+W are simply connected and H,.(W,

O_W;Z)=0. Then W carries a Morse function without critical points and constant
on 0+ W.

More generally, a Morse function on a cobordism or manifold is called perfect if
it has the minimal number of critical points compatible with the Morse inequalities.
Then one has

THEOREM 9.44 (Smale [173]). Let W be a compact manifold with boundary of
dimension dim W > 6 such that W and OW are simply connected. Then W' carries
a perfect Morse function with reqular level set OW .

If W is not simply connected one has a further obstruction to the cancellation
of critical points called Whitehead torsion. An analogous result in this case, called
the s-cobordism theorem, was proved by Barden, Mazur and Stallings (see [112]).

The key geometric ingredients in the proof of the h-cobordism and s-cobordism
theorem are the following four geometric lemmas about modifications of Smale
cobordisms (see [140]).

The first lemma is an immediate consequence of Lemma 9.39.

LEMMA 9.45 (moving critical levels). Let (W, X, ¢) be an elementary Smale
cobordism. Then there is a homotopy (W, X, ¢¢) rel Op OW of elementary Smale
cobordisms which arbitrarily changes the ordering of the critical values.

The second lemma is an immediate consequence of Lemma 9.41 and the smooth
isotopy extension theorem.

LEMMA 9.46 (moving attaching spheres). Let (W, X, ¢) be a Smale cobordism
and p € W a critical point whose stable manifold W, intersects -W along a
sphere S C O_W. Then given any isotopy Sy C O_W of the sphere S = Sy, there
exists a homotopy Xy rel OW of gradient-like vector fields for ¢ such that Xo = X
and the stable manifold W, (X;) intersects 0-W along S;.

The third lemma is proved by simply implanting a model creation family near
a regular point, see [140, Lemma 8.2].

LEMMA 9.47 (creation of critical points). Let (W, X, ¢) be a Smale cobordism
without critical points. Then for any 1 < k < dim W and any p € Int W there exists
a birth type Smale homotopy (W, Xi, ¢4), t € [0,1], fized outside a neighborhood of
p with (Xo,¢0) = (X, ), which creates a pair of critical points of index k — 1
and k connected by a unique trajectory of X1 along which the stable and unstable
manifolds intersect transversely.
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The converse lemma is more difficult, see [140, Theorem 5.4].

LEMMA 9.48 (cancellation of critical points). Suppose that a Smale cobordism
(W, X, ) contains exactly two critical points of index k — 1 and k which are con-
nected by a unique trajectory of X along which the stable and unstable manifolds
intersect transversely. Then there exists a death type Smale homotopy (W, X, ¢¢),
t € [0,1], fired on Op OW with (Xo, o) = (X, @) which kills the critical points, so
the cobordism (W, X1, ¢1) has no critical points.

Using the smooth surroundings provided by Proposition 9.19, one can in fact
deduce Lemma 9.48 from the following more elementary lemma (which is a special
case of [140, Theorem 5.4]). This deduction will be carried out in Section 10.7 in
the more difficult context of J-convex functions, using the J-convex surroundings
from Chapter 4.

LEMMA 9.49. Suppose that a Lyapunov pair (X, ¢) on the k-dimensional disc
DF contains exactly two critical points of index k — 1 and k in Int D* which are
connected by a unique trajectory of X along which the stable and unstable manifolds
intersect transversely. Then there exists a family (X, ¢;), t € [0,1], of Lyapunov
pairs on D¥ | fived on Op OD* with (Xo, ¢o) = (X, ¢), which kills the critical points,
so the pair (X1, ¢1) has no critical points.

Here is a sketch of the proof of the h-cobordism theorem based on Lemmas 9.45
t0 9.48, see [140] for details. For W as in Theorem 9.43 pick any Morse function ¢ :
W — R having 0+ W as regular level sets. Using Lemma 9.45 and a transversality
argument, ¢ can be made self-indexing, i.e., such that the value of each critical
point equals its Morse index.

For k € N consider the regular level set ¥ = ¢~ 1(k — %) Let pq,...,ps be the
critical points on level k and gqi,...,q; those on level kK — 1. Denote by S; C £
the stable sphere of p; and by S;f C ¥ the unstable sphere of ¢;, and consider the
matrix A of homological intersection numbers S; - S;'.

Next we modify the matrix A using handle slides. Namely, consider two critical
points p; and p; on level k. We first apply Lemma 9.45 to raise p; to a slightly
higher level, and then use Lemma 9.46 to deform the vector field X so that at
one moment during the deformation there appears a trajectory connecting p; and
p; (= the handle slide). As a result, the stable manifold of p; slides over the
stable manifold of p;, so that after the handle slide the homology class [S; ] is
replaced by [S;] 4+ [S;]. Thus the handle slide has the effect of adding the j-th
row to the i-th row in A. Using such elementary row operations and the hypothesis
H.(W,0_-W;Z) = 0, we can modify the matrix A such that S; - S;” = 1 for
i=1,...,7 <min{s,t} and all other intersection numbers are zero.

The next task is to get rid of homologically unnecessary intersections between

S, and S; in ¥. For this, consider two transverse intersection points z4 with

local intersection indices £1. Connect them by paths in \S;” and S;-L to obtain an
embedded loop v in ¥. Suppose for the moment that there are no critical points
of indices 0,1, m — 1, m, where m = dim W. Then the hypotheses 71 (W) = 0 and
dim W > 6 allow us to apply Whitney’s theorem [191] and find a Whitney disc
A C ¥ with boundary v meeting S;” U S;' only transversely along the boundary.
Then we can eliminate the intersection points zi4 by pushing S; over A using
Lemma 9.46.
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After this elimination procedure, we are left with S, and S for i = 1,...,r
intersecting in a unique point. This means that the critical points ¢; and p; are
connected by a unique X-trajectory, so we can eliminate them by Lemma 9.48.
Performing these steps on all levels, we end up with a Morse function without
critical points. This concludes the proof provided there were no critical points of
indices 0,1, m — 1,m. To arrange this, we first use Lemma 9.48 to cancel critical
points of index 0 and m. To get rid of a critical point p of index 1 (and similarly
for m — 1), one uses the so-called Smale trick, see [173], to create with the use of
Lemma 9.47 a pair of critical points ¢, r of indices 2,3 in such a way that p and
q can be cancelled using Lemma 9.48. This finishes the sketch of the proof of the
h-cobordism theorem.

In Chapter 10 we will prove analogues of the four Lemmas 9.45-9.48 for J-
convex functions. These will then be used to derive h-cobordism type results for J-
convex functions as well as results on deformation of Stein structures in Chapter 15.

9.9. The two-index theorem

The following so-called “two-index theorem” of Hatcher and Wagoner ([92], see
also [107]) will be important for our applications. This theorem is a 1-parametric
version of the Smale trick which we mentioned above in our sketch of the proof of
the h-cobordism theorem.

PROPOSITION 9.50 ([92, Chapter V Prop. 3.5], [107, Chapter VI Thm. 1.1]).
Let fy : W™ — [0,1] be a generic one-parameter family of functions on the cobor-
dism W with regular level sets 0_W = f;*(0) and 0, W = f7*(1). Leti < m —3
be the lowest index of critical points in this family. Suppose that (W,0_-W) is
i-connected and fo, f1 are Morse without critical points of index i. Then, by intro-
ducing new critical points of index i + 1 and i + 2, f; can be deformed rel fq, f1 to
a family without critical points of index i.

PROOF. The statement is identical with Proposition 3.5 in Chapter V of [92],
except that their hypothesis that W is an h-cobordism has been replaced by i-
connectivity of the pair (W,0_-W). Now the only place in the proof where the
hypothesis of an h-cobordism is used is the first step in the proof of Lemma 3.3
in [92] where they consider the homotopy exact sequence of a certain triple d_W C
Wi Ccw,

e — Wi(W,a,W) — 7T1'(W, Wl) — 7T7;71(W1,({97W) —

Here i-connectivity of (W,0_W) and (i — 1)-connectivity of (W7,0_W) together
imply é-connectivity of (W, W), which is the only conclusion that is needed in the
rest of the proof. O

COROLLARY 9.51. Let f; : W™ — [0, 1] be a one-parameter family of functions
on the cobordism W with regular level sets - W = f;71(0) and 0, W = f7*(1). For
some i < m — 3, suppose that fy, f1 are Morse without critical points of index < i.
Then f; can be deformed rel fy, f1 to a family without critical points of index < 1.

PROOF. The existence of a Morse function fy without critical points of index
< ¢ implies that W is i-connected. Now the corollary follows from the preceding
proposition by induction over i. O
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COROLLARY 9.52. Let f; : W2 — [0, 1] be a one-parameter family of functions
on the cobordism W with regular level sets O_W = f7(0) and 0, W = f;(1).

(i) Suppose that n > 2 and fo, f1 are Morse without critical points of index
> n. Then f; can be deformed rel fy, f1 to a family without critical points
of index > n.

(ii) Suppose n > 3 and fo, f1 are Morse without critical points of index > n.
Then f; can be deformed rel fo, f1 to a family without critical points of
index > n.

ProOF. Consider the cobordism W with reversed orientation and the family of
functions f; : W — [0,1], fi(z) := 1 — fi(x). In case (i) the Morse functions fo, fi
are without critical points of index < m, and in case (ii) without critical points of
index < n. Hence the statement follows from the preceding corollary applied to f;
with m = 2n and ¢ = n — 1 in case (i), and with ¢ = n in case (ii). The necessary
inequality reduces to n — 1 =i < m — 3 = 2n — 3 or equivalently n > 2 in case (i),
and to n =14 < m — 3 = 2n — 3 or equivalently n > 3 in case (ii). O

9.10. Pseudo-isotopies

Let us recall the basic notions of pseudo-isotopy theory, see [30] and [92]. For
a manifold W (possibly with boundary) and a closed subset A C W we denote by
Diff (W, A) the space of diffeomorphisms of W fixed on Op (A), equipped with the
C*>-topology. For a cobordism W the restriction map to 9+ W defines a fibration

Diff (W, 0W) — Diff(W,0_W) — Diffp(04 W),
where Diffp(04W) denotes the image of the restriction map Diff(W,0_-W) —
Diff (04 W). For the product cobordism I x M, I =[0,1], 0M = &,
P(M) := Diff (I x M,0 x M)
is the group of pseudo-isotopies of M. Denote by Diff p(M) the group of diffeo-
morphisms of M that are pseudo-isotopic to the identity, i.e., that appear as the
restriction to 1 x M of an element in P(M). Restriction to 1 x M defines the
fibration
Diff(I x M,dI x M) — P(M) — Diftp (M)
and thus a homotopy exact sequence
<o = mDIff (I x M,0I x M) = mogP(M) — moDiff (M) — 0.
We will use the following alternative description of P(M), see [30]. Denote by

E(M) the space of all smooth functions f : I x M — I without critical points and
satisfying f(r,x) =7 on Op (01 x M). We have a homotopy equivalence

P(M) = E(M), F—poPF,
where p : I x M — I is the projection. A homotopy inverse is given fixing a metric
and sending f € £(M) to the unique diffeomorphism F' mapping levels of f to levels

of p and gradient trajectories of f to straight lines I x {z}. Note that the last map
in the homotopy exact sequence

o = moDIfE(I x M, I x M) — 1€ (M) — moDiftp (M)
associates to f € £(M) the flow from 0 x M to 1 x M along trajectories of a

gradient-like vector field (whose isotopy class does not depend on the gradient-like
vector field).
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We will discuss in Chapters 14 and 15 symplectic and Stein versions of these
notions. For the symplectic version, it will be convenient to replace I x M by R x M
as follows: We replace £(M) by the space of functions f : R x M — R without
critical points and satisfying f(r, 2) = r outside a compact set; Diff (I x M, 01 x M)
by the space Diff (R x M) of diffeomorphisms that equal the identity outside a
compact set; and P(M) by the space of diffeomorphisms of R x M that equal the
identity near {—oo} x M and have the form (r, z) — (r+f(z), g(x)) near {+o0} x M.
The last map in the exact sequence

e — WoDiHC(R X M) — 7T05(M) — ﬂ'Qlef'p(M)

then associates to f € E(M) the flow from {—oco} x M to {+o00} x M along trajec-
tories of a gradient-like vector field which equals 0, outside a compact set.

We endow the spaces P(M), E(M) and Diff.(R x M) with the topology of uni-
form C'*°-convergence on R x M (and not the topology of uniform C°°-convergence
on compact sets), with respect to the product of the Euclidean metric on R and
any Riemannian metric on M. In other words, a sequence F,, € P(M) converges
to F' € P(M) if and only if ||, — Fllcrmxay — 0 for every & = 0,1,....
For example, consider any non-identity element F' € P(M) and the translations
Te(ryz) = (r+¢,z), ¢c € R, on R x M. Then the sequence F,, := 7,0 Fo71_,
does not converge as n — oo to the identity in P(M), although it does converge
uniformly on compact sets. With this topology, the obvious inclusion maps from
the spaces on I x M to the corresponding spaces on R x M are weak homotopy
equivalences.

REMARK 9.53. It was proven by Cerf in [30] that moP(M) is trivial if dim M >
5 and M is simply connected. In the non-simply connected case and for dim M > 6
Hatcher and Wagoner ([92], see also [107]) have expressed moP(M) in terms of
algebraic K-theory of the group ring of 71(M). In particular, there are many
fundamental groups for which 7P (M) is not trivial.
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Modifications of J-Convex Morse Functions

In this chapter we discuss modifications of J-convex Morse functions on a given
complex manifold. This parallels the h-cobordism theory for ordinary Morse func-
tions in Section 9.8. More precisely, we show how to perform the following opera-
tions:

e moving attaching spheres by isotropic isotopies (Section 10.1);
e moving critical levels (Section 10.3);
e creation and cancellation of critical points (Sections 10.4-10.8).

Section 10.2 is an aside on the J-orthogonality condition used in Chapter 8.
The proofs in this chapter rely on the techniques developed in Chapters 3 and 4.

10.1. Moving attaching spheres by isotropic isotopies

For a function ¢ : V' — R we will use the notations
A () B e N ()
The goal in this section is to prove the following result.

ProrosITION 10.1. Consider a complez manifold (V,J) and a proper J-convex
function ¢ : V. — R without critical values in the interval [a,b]. Let A C V° be
a closed isotropic submanifold and L C V its image under the flow of —V4¢. Let
(At)tcjo,1) be an isotropic isotopy of Ao := LNV ® in V.

Then, after composing ¢ with a sufficiently convexr increasing function [ :
[a,b] — R, there exists a diffeotopy hy : V. — V with the following properties
for all t € [0,1], see Figure 10.1:

(i) hy = 1d outside V1,

(i) ¢ := ¢ o hy is J-convex;

(ii1) the image L, of A under the flow of —V 4, ¢, intersects V* in Ay.

REMARK 10.2. The corresponding result for ordinary functions ¢ is very easy:
It just states that one can realize a smooth isotopy of spheres A; as descending
spheres for a homotopy of gradient-like vector fields, keeping the function ¢ fixed.
In contrast, Proposition 10.1 is more subtle because the gradient vector fields V4, ¢,
are determined by the functions ¢; themselves.

The proof requires some preparation. The following lemma is the main technical
ingredient.

LEMMA 10.3. Let X be a J-convex hypersurface with field of complex tangencies
¢ in a complex manifold (V,J). Let X+ be a transverse vector field along ¥ with
JXLt eTX. Let A C ¥ be an isotropic submanifold and X be a vector field along A
that is transverse to . Then for any compact subset K C A there exists a J-convex
hypersurface X' with the following properties, see Figure 10.2:

215
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A

Vb

Va

FiGURE 10.1. Moving attaching spheres by isotropic isotopies.

XJ_

FIGURE 10.2. Turning a J-convex hypersurface along an isotropic submanifold.

(1)) KCY¥ and § C TY along K;
(ii) X' is transverse to X+ and X' = ¥ outside a neighborhood of K ;
(i) JX (x) € T,X for allz € K.

ProoOF. Let n =dimcV and k — 1 = dim A. We will only carry out the proof
in the Legendrian case k& = n, the case £ < n being analogous but notationally
more involved. Note that the case k < n formally follows from the Legendrian
case provided that the symplectic normal bundle (TA)¥/TA of A in the field of
complex tangencies £ C T is trivial. Indeed, in this case a neighborhood of A
(after shrinking it) in ¥ is contactomorphic to a neighborhood of the zero section
in J'A @ C"* (see Chapter 6). So we can extend A to a Legendrian submanifold
A~ A xR C ¥ and X to a vector field X along A transversee to .

After possibly changing its sign, we may assume that X' is opposite to the
coorientation of Y. The flow of X+ extends A (after shrinking A) to a totally real
submanifold A x [—1,1] C V. By Proposition 5.55 the inclusion A x [—1,1] < V
extends to a diffeomorphism of a neighborhood of A x [~1,1] in A® @ C onto a
neighborhood of A x [—1,1] in V such that the pullback of J (still denoted by J)
and the standard structure Jy; on A® @ C coincide along A x [—1, 1] together with
their 7-jets. Here AC is the complexification of A (for some real analytic structure
on A) and X+ generates the real line 0 @ iR. This implies that 7% = TA® @ R
with field of complex tangencies ¢ = TA® along A. Denote coordinates on A® & C
by (z,w) = (x,y,u + iv), where y are coordinates on A and x coordinates in the
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fibers of AC. In these coordinates, ¥ can be written near A as the graph

Y={v=19¢(z,y,u)}

of a function ¢ with ¢(0,y,0) = 0 and d¢(0,y,0) = 0. The choice of X+ implies
that X is J-convex cooriented from above. We will find ¥’ as the graph ¥’ =
{v = ¢(x,y,u)} of a function ¢ with ¢ = ¢ outside a neighborhood of K & 0 in
A® @ R. Then ¥’ is transverse to X+ = @,. The conditions K C ¥’ and £ C TS
along K are equivalent to ¢(0,4,0) = 0 and d,¢(0,4,0) = 0 for y € K. After
rescaling and possibly changing its sign, we can write the given vector field X as
X =0, —71(y)0, +Y with Y tangent to A® and 7 some given function on A. Then
JX € TY along K is equivalent to (Zu(O,y, 0) =7(y) fory € K.

Let Q := disti be the squared distance (with respect to some Hermitian metric
for Jy;) from the zero section in AC. By Proposition 2.15, Q is a Jy-convex function.
Note that the hypersurface {v = Q(z,y)} is tangent to ¥ along A. Its Levi form
at points of A is given by —dd®(Q(z,y) — v)|e=pac = —dd®Q, so {v = Q(z,y)} is
Jst-convex along A cooriented from above. Since the Levi forms with respect to J
and Jy agree along A, the hypersurfaces ¥ and {v = Q(xz,y)} are also J-convex
near A. Thus by Corollary 3.31 we can modify > near K, preserving J-convexity
and the condition A C 3, such that ¥ = {v = Q(x,y)} near K.

Now let a function 7(y) be given as above. Our task is to find a smooth function
q~5 with J-convex graph such that

¢(07 Y, O) =0, dz¢(07 Y, 0) =0, bu (0, Y, 0) = T(y)
for y € K and 5(:5, y,u) = Q(z,y) outside a neighborhood of K.

Pick a function g(y, u) on A®R with g(y,0) = 0forally € A and ¢, (y,0) = 7(y)
for y € K, and such that g(y,u) < —1 outside K’ x [—1,1] for some compact
neighborhood K’ of K in A. For any ¢ > 0 let ¢°(y,u) := eg(y,u/c). These
functions satisfy ¢°(y,0) = 0, g;(y,0) = 0 and g (y,0) = 7(y) for all y € K, and
g9°(y,u) < —e outside K’ x [—¢, ¢]. Moreover, we have

|95(y’u)| < C’0|u| < Coe, |g;|a |915;y| < Coe, |g'l€L|7 |g;u‘ < Co, |g1€m| < 00/5

for (y,u) € K'x[—¢,¢] with a constant Cy > 1 not depending one. For 0 < a < 1/2
and ¢ > 0 consider the function

'(/}(xayvu) = aQ($7y) + gg(yvu)'

Our desired function (Z will be a smoothing of

{/? = max (Q — &, ).
Let us first determine the region where ¥ < @ — €, or equivalently,
(101) ge(yvu)—’_s < (1 —Q)Q(l',y).

For |u] > € or y ¢ K’ this inequality holds because the left hand side is negative
and the right hand side is nonnegative. Moreover, 1 — a > 1/2 implies

9°(y,u) + & < (Co+1)e < 2(Co + De(1 — a),

so inequality (10.1) holds if Q(z,y) > Cie with the constant Cy := 2(Cy + 1) not
depending on ¢ and a. So we have ¥ < @ — € outside the compact region

W' = {(w,y,u) | y € K", Jul < ,Q(a,y) < Creh.
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On the other hand, in the region
W= {(z,y,u) |y € K',Q(z,y) + Colu| < e} C W'
we have the reverse estimate

9 (W, u) +e>e—Colul = Qz,y) = (1 - a)Q(z,y).

Hence ¢ > @ — ¢ on the neighborhood W of K.

We will show below that for € = a? sufficiently small the graph of v is .J-convex
on W’. Assuming this for the moment, note that the graph of Q —¢ is also J-convex.
Thus by Corollary 3.23, we can C°-approximate {bv by a smooth function with J-
convex graph ¥ which agrees with 1) on W and @Q — ¢ outside W’. (Note that in
Corollary 3.23 the minimum appears rather than the maximum because the graphs
are cooriented from below rather than above). Now on any fixed (i.e., independent
of a,g) compact neighborhood U of K’ the function Q — ¢ C?-approaches Q as
€ — 0. Hence for small ¢ we can modify 3 outside W' so that it agrees with X
outside U. This yields the desired hypersurface X'.

It remains to prove J-convexity of the hypersurface ¥, = {v = (2, u)} over
W' for small a and €. For this, cover K’ by finitely many Jg-holomorphic coordi-
nate charts in which A corresponds to iR”?~1. Choose € so small that the coordinate
charts cover the region {(z,y) | y € K',Q(x,y) < Cie}. We will show that the
normalized modulus of Jg-convexity of ¥, satisfies p(Xy) > ¢? for € = a? suffi-
ciently small. On the other hand, the definition of W’ shows that the distance to
A is bounded above by C34/e on the graph of ¢ over W', for some constant Co
independent of €. Since J and Jg coincide with their 7-jets along A, it follows that
| J = Jst|lc2 < C3e5/2 on the graph of ¢ over W’. Thus by Corollary 3.37, the graph
of ¢ over W' is J-convex for sufficiently small £ > 0.

So it remains to prove the estimate p(X,) > 2. We write X, as the zero set
of the function ¥ (z,y,u,v) := ¥(x,y,u) — v, whose gradient is given by |V¥|? =
1+ |Vy|? = 1+ 92 +|d.¢|?. Using the definition (3.11) of the normalized modulus
of convexity and Lemma 2.24 we find

B m(Ing) . m(H )
mw(Xy) = max {M(IIx,),1} max{M(HeS;P\p), IV}
m(Hy)

max { M (Hessy), /1 + [Vi[2}
By Lemma 2.26, m(Hy) = |[V¥|m(LLg, ) satisfies
HP™ (14 47) — [ual [de? — 2]davu| [dot] /1 + 97
L+ + |day?
> Hffin - |7/)uu| |dzw‘2 - 2|dzwu| |dz7/)‘ (1 + W}uD
- L+ 97 + |d=9)?
So for u(X,) > €% it suffices to show

H$in - |7/)uu| |dzw2 - 2|dzwu| \dz¢| (1 + WJUD
> (144 + |[d= " )max {M (Hessy), /1 + v + [d=[*}.

By J-convexity of the function @, we have Hé“in > v for some constant v > 0.
Moreover, |Q.| < Clz| and all derivatives of @ involving a u-derivative vanish.

m(Hy) >

(10.2)
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Vb

i

Va
F1cURrE 10.3. Making the gradient of a J-convex function tangent
to a totally real submanifold J-orthogonal to its level sets.

Here and in the following C' denotes a generic constant that depends on Cy, Cq,y
but not on a,e. The estimates for g° yield

H{bnin Z’yCL*CE, |¢z| SC’a|x\+C€, |wu|a|wzu| Sca W}uu| SC/&“

for (y,u) € K’ x [—¢,¢]. It follows that the left hand side in (10.2) is estimated
from below by

A = ~ya — Ce — Calz| — Ca?|z|*/e.
Now on W’ we have y|z|? < Q(z,y) < Cie, and hence

A > ~a — Ce — Cav/e — Ca®.
To estimate the right hand side from above, we first compute
M (Hessy) < C(aM(Q) + |9y, | + l95ul + |95.1)
<Clay+e+1+1/e) <Ce,

since 7 is fixed and @ < 1/2. As 1+ 92 + |d,9|?> < C, we see that the right hand
side of (10.2) is bounded from above by Ce, and therefore (10.2) is implied by

va — Ce — Cay/e — Ca® > 0.

Choosing € = a?, this becomes

ya — Ca® >0
which is satisfied for ¢ = a? > 0 sufficiently small. This proves the estimate
pu(Xy) > % and hence Lemma 10.3. O

LEMMA 10.4. Let ¢ be a proper J-convex function on the complexr manifold
V without critical values in [a,b]. Let L C VI be a totally real submanifold
that intersects each level set J-orthogonally in a compact manifold (possibly with
boundary). Then there exists a J-convex function 1, C*-close to ¢, such that ¢ = ¢
on L and V1 is tangent to L.

Moreover, if V4@ is already tangent to L near Vl0aalyy Bl for some [a', V'] C
(a,b), then we can choose ¥ = ¢ on ylaal gy,

See Figure 10.3.

REMARK 10.5. The gradient V% will in general not be C%close to V4¢. This
is possible despite 1) being C'-close to ¢ because the metric g, need not be C%-close

to gg-
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PROOF. If dim L < dim¢V we extend L to a totally real submanifold L' C
V1at! of dimension dim L' = dim¢ V/, still intersecting all level sets J-orthogonally.
Hence it suffices to consider the case dim L = dim¢ V.

Let X be the unique vector field tangent to L, orthogonal (with respect to the
metric g,) to the intersection of L with level sets of ¢, with d¢(X) = 1. (However,
X need not be orthogonal to the level sets of ¢). By J-orthogonality, JX is tangent
to the level sets of ¢. The flow of X defines a diffeomorphism A x i[a, b] = L, where
A := LNV*°. By Proposition 5.55, this diffeomorphism extends to a diffeomorphism
from a neighborhood of A x i[a,b] in A x C (where A® is a complexification of A)
onto a neighborhood of L in V, such that the pullback of J (still denoted by J)
agrees with the standard complex structure J; on A® x C up to second order along
A x i]a, b] (which we will again denote by L). Then the Levi forms of functions with
respect to J and Jy agree along L, so we can compute Levi forms with respect to
Jst~

Denote coordinates on A® by z and on C by u + iv. Under this identification
L corresponds to A x i[a,b], and X = 9,, ¢ = v along L. Since the level sets of ¢
are J-orthogonal to L, they are tangent to TA® @ R along L. Define the function

Uz ,0) = 0+ Q(2) + 3 f(z 0

on A€ x C, where Q := disti for some Hermitian metric on A® and f is a positive
function. We compute

dip = dv +dQ + f(z,v)udu + %uzdf,

d = du +dQ o Jyec — f(z,v)udv + %quCf,
wy = —dd% = wg + f(z,v)du A dv along L.

In particular, ¥ is J-convex and dv) = dv = d¢ along L. Hence by Proposition 3.26,
1 can be extended to a J-convex function on V which agrees with ¢ outside a
neighborhood of L. Moreover, 1 can be chosen arbitrarily C'-close to ¢ with
modulus of J-convexity m, bounded from below. The gradient of v is determined
by the equation

wy (V) Y) = =d“¢(Y)
for all Y € TV. Now d®y = du along L implies V49 = f(z,v)710, along L, so
V1 is tangent to L.
Finally, suppose that V¢ is already tangent to L near V1¢¢1 U V[P Pick
a cutoff function 8 : V' — [0, 1] which equals 0 outside V0a"b] and 1 where Ve is
not tangent to L. Construct ¥ as above and set

0:=(1-p)¢+ By

This function agrees with ¢ on Vlaa]ly V[b"b]7 and by Lemma 3.28 (since my, is
bounded from below), @ is J-convex for v sufficiently C'-close to ¢.

It remains to show that Vg6 is tangent to L at points x with 0 < 8(z) < 1. By
construction, we have ¢(z) = ¥(z) and d¢(x) = dip(x). Moreover, since V¢ (x)
is tangent to L, the choice of X implies that X is proportional to V4¢ at z. So
the three vector fields X, V4¢ and V1) are positively proportional at x. Since
Vgt = f(z,0) 71X along L, we can therefore choose the positive function f in the
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construction of ¥ to arrange Vg¢ = V9 along LN {0 < 8 < 1}. Since ¢ and @
agree to first order along L, we have
d9=(1-P)d°¢+ Bd°Y,  wp= (1~ Blws + Py
at the point z. Hence for any Y € T,V
wp(Vet,Y) = —d0(Y) = —(1 = B)d"¢(Y) — Bd"u(Y)
= (1= Bwe(V0,Y) + Bwy (V1Y)
=1 - Bwp(Ved, Y) + Bwy(Vs,Y)

= w(i(v¢¢a Y)
This shows Vg = V4o along L. In particular, Vg0 is tangent to L, so 6 is the
desired function. [l
PROOF OF PROPOSITION 10.1. Let ¥ := V% The flow of the vector field

V¢/|V¢| defines a diffeomorphism
Y % [a,b] = Ve,

Under this identification, ¢ corresponds to the function (z,r) — r, V¢/|V¢| to the
vector field 9., L to A x [a,b], and A; to A x {a}. In view of Lemma 11.13, A; x {r}
is isotropic for the contact structure &, on ¥ x {r} for all r € [a, b].

Pick a C?-function g : [a,b] — [0, 1] which equals 1 on [a, a’] and 0 on [/, b], for
some interval [a’,b'] C (a,b). For t € [0, 1] define

L = U Atg(r) X {7‘} [@DIPN [a, b]
re&fa,b]

This is a totally real submanifold which intersects each level set ¥ x {r} in the
isotropic submanifold
Atﬂ« = Atg(r) X {7”}

Let X, be the unique vector field tangent to L; along A;, and orthogonal to A,
(with respect to the metric g4) with dr(X;,) = 1. In particular, X, , is transverse
to the level sets ¥ x {r}. Hence by Lemma 10.3 there exist J-convex hypersurfaces
Y, transverse to 0, such that A;, C 3., the contact structure &, is contained in
T%: , along A: -, and JX;, € T2, ,. Note that the last two conditions say that L;
intersects X, , J-orthogonally for all r. Moreover, we may choose X;, = X x {r}
for r outside [a’,b'].

By construction, the X, ,. for fixed ¢ and varying r form a foliation near L,. Thus
by Proposition 3.25, we can modify the ¥, , to a J-convex foliation, keeping them
fixed near L; and for r outside [a’,b’]. Let 44 be the function which equals 7 on the
new hypersurfaces int. Pick a sufficiently convex increasing function f : R — R
such that f o is J-convex for all ¢ € [0,1]. Now we apply Lemma 10.4 to the
functions f o, and the totally real submanifolds L;. We find J-convex functions
¢¢, Cl-close to f o1y and agreeing with f o4, on L; and for 7 outside [a’,b'], such
that Vg, ¢, is tangent to L;. Thus L, is the image of A,y = Ag x {b} = A under
the flow of —V 4, ¢, and by construction L; intersects £ x {a} in Ay 4 = Ay x {a}.
This proves property (iii).

By construction, ¢; agrees with f o ¢ for r outside [a’,b’]. Moreover, since
Ly = L, we can arrange ¢g = f o ¢. It remains to find an isotopy h; such that
¢y = f o ¢ohy. Define diffeomorphisms g; : V¥ — V1@ on the level ¢~'(r) by
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following the flow of —V4¢ down to V* and then the flow of Vg, ¢, up to the level
¢;71(r). Then go = Id and ¢; = f o ¢ o g;. Moreover, g, = Id on V1% and

ge VO S 0] = 2 x B8], (2,7) = (n(),7)

with 44 := g¢|yw. Define hy on the level ¢~1(r) as Gtp(ry With a smooth function
p : [a,b] — [0, 1] which equals 1 on [a, b'] and 0 near b. Then h; = Id near b and h,
is the desired isotopy. This concludes the proof of Proposition 10.1. [

10.2. Relaxing the J-orthogonality condition

This section is an aside on the J-orthogonality condition used in the surround-
ing results in Chapter 8. Namely, Lemma 10.3 allows us to relax the J-orthogonality
condition in Theorem 8.4 to the weaker condition that 0A C 9_W is isotropic (i.e.,
tangent to the field of complex tangencies):

COROLLARY 10.6. Let (W, J) be a complex cobordism. Suppose that O_W is
J-concave as a boundary component of W. Let (A,0A) C (W,0_W) be a totally
real disc transverse to O_-W and such that JTOA C TO_W. Then O_-W U A can
be surrounded by J-convex hypersurfaces.

PROOF. Let ¥ :=0_W, S := OA. Consider a collar G = S x [0,¢] C A, S x
0 = OA. Tt can be extended to a collar G = ¥ x [0,¢], & x 0 = §_W such that
(Ext)NA=Sxtand JT(S xt) C T(X xt),t € [0,e). By continuity there exists
0 € (0,¢), such that the hypersurfaces 3; are J-convex for ¢t € [0,0]. According to
Lemma 10.3, we can modify the family ¥ x ¢t by a C%-small isotopy fixed on A to
arrange for the hypersurface ¥ x 8 to be J-orthogonal to A. Set A := A\ (5%[0,4)).
Now let U be any neighborhood of 0_W U A. We can assume ¢ so small that
3> x & C U. Hence, we can apply Theorem 8.4 to find a hypersurface ¥ which
surrounds (X x §) UA in W := W \ (£ x[0,8)). Then it also surrounds - W U A
in W. (I

The same argument allows us to relax the J-orthogonality condition in Theo-
rem 8.23:

COROLLARY 10.7. Let (W, J) be a complex cobordism and (A, 0A) C (W,0_W)
a totally real disc transverse to O_-W and such that JTO-A C TO_-W. Then
0_-W UA is a local J-convez retract.

Similarly, in Corollary 8.26 one can relax the condition of J-orthogonality of L
to W by requiring instead that JTOL C TOW.

On the other hand, the condition that A C 0_W is isotropic is also necessary
for existence of a J-convex surrounding;:

ProPOSITION 10.8. Let W C V' be a compact domain with smooth J-convex
boundary in a complex manifold (V,J). Let L C V\Int W be a totally real submani-
fold transversely attached to OW along a submanifold 0L C OW that is somewhere
not tangent to the field of complex tangencies & C TOW . Suppose that L and OW
are real analytic. Then W U L is not holomorphically convex, and therefore cannot
be surrounded by J-convexr hypersurfaces.

PROOF. Let us extend L to a larger real analytic totally real submanifold LoL
such that OL C Int W and L C W U L. By assumption, there exists a point p € 9L
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and a real line A C T,0L such that J\ is transverse to 7,0W. There exists a real
analytic family of embeddings hs : [—€1,e1] = L, s € [—7, 7], such that

* ho(0) = p;

e hy(0) € A and Jhy(z) is inward transverse to the boundary OW for all
x € [—¢,¢l;
o hs([—¢,e]) C W for s < 0;
e hy(0) ¢ W for s > 0.
We complexify the family hg for some § > 0 to a real analytic family of holomorphic
embeddings Hs : P :={z =z +iy;| |z| < e, |y <} =V, s € [-71,7]. Set
P, := Pn{y > 0}. Then for sufficiently small o < 7 we have

e H(Py)CW for s € [—0,0];

e H (0Py)CLCWUL for s € [—0,0];

e H(P.) ¢ WUL for s € (0,0].
By Example 5.3, this implies that W U L is not holomorphically convex. (I

REMARK 10.9. Proposition 10.8 should remain true without the real analyticity
hypothesis.

10.3. Moving critical levels

In this section we prove the following analogue of Lemma 9.39 for J-convex
functions. Recall that a Stein cobordism (W, J, ¢) is a Morse cobordism (W, ¢)
with a complex structure J for which ¢ is J-convex, equipped with the gradient
vector field V4¢.

PROPOSITION 10.10. Let (W, J, ¢) be an elementary Stein cobordism with ¢|a, w
= a4 and critical points p1,...,pn of values ¢(p;) = ¢;. For i = 1,...,n let
¢ : [0,1] — (a—,ay) be smooth functions with ¢;(0) = ¢;. Then there exists a
smooth family of J-lc Morse functions ¢¢, t € [0,1], with ¢g = ¢ and ¢ = ¢
on OpdW, such that all ¢y have the same critical points and stable discs and
Pr(pi) = ci(t).

PROOF. Step 1. Pick a family of diffeomorphisms f; : [a—,a1] — [a—,a4]
such that fo = Id and f; o ¢;(t) < ¢; for all ¢ and ¢. If we can find a family of i-lc
functions v, starting at ¢ with critical values ¥¢(p;) = fr o ¢;(¢), then the functions
o = ft_1 o) will have the desired critical values ¢;(t). So we may assume without
loss of generality that ¢;(t) < ¢; for all 4 and ¢.

Moreover, as we will construct the functions ¢; to agree with ¢ outside a neigh-
borhood of the stable discs, it suffices to consider the case with a unique critical
point p of index k. Let ¢(t) < ¢ = ¢(p), t € [0, 1], be the given function and denote
by A the stable k-disc of p. Pick a value a with a_ < a < minc(t). We may
assume without loss of generality a = —1 and ¢ = 0; the general case then follows
by composing all functions with the affine function z — (¢ — a)z + c.

Consider the standard handle H. = D},  x D?"~% c C". Here z; = z; +
iy; are complex coordinates such that (yi,...,yx) are coordinates on D¥ 1. and
(T1, s Ty Ykt 1s - - - Yn) o0 D2""F As in Chapter 4, we introduce the functions

’/‘::\/l‘%+~..+l‘%+y/2€+1—|—-..+y%7 R := y%++yz

After these preparations, we now turn to the actual proof.
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Step 2. Fix some a > 1. As in the proof of Theorem 8.5, after C''-perturbing
¢ near A, there exists an embedding F' : H, — W mapping D’f_m to A such
that F*¢ = ar? — R?, and F*J satisfies the estimate ||F*J —i| ¢z < c(a,n)y'? in
Theorem 4.1. Let ¥ = ¥; : C" — R be the J-Ic function provided by Corollary 4.4.
It agrees with F'*¢ near 0H. and up to target reparametrization near Dk 4y and
it satisfies ¥(0) < —1.

The homotopy smooth max(F*¢, ¥ — t) is fixed near 0H., U D’f+v7 agrees with
F*¢ for large ¢t and with smooth max(F*¢, V) at ¢ = 0. After applying this ho-
motopy we may thus assume that F*¢ = smooth max(F*¢, ¥). Now the functions
®, := smooth max(F*¢ + s, ¥) agree with F"*¢ near 0H, and have critical values
®,(0,0) = s at the origin. Hence the J-lc functions ¢; := F.®.4) (extended by ¢
outside F'(H,)) have critical values ¢;(p) = c(t). O

10.4. Creation and cancellation of critical points

In this section we state our two main results concerning the creation and can-
cellation of critical points of J-convex functions. For the relevant concepts in Morse
theory we refer to Chapter 9. Recall in particular that a family (X, ¢¢), t € [0, 1],
of functions and gradient-like vector fields is called a cancellation (resp. creation)
family if there is a tg € (0, 1) such that the following holds:

(i) for t > to (resp. t < to) the function ¢, has no critical points;
(ii) for t < to (resp. t > to) it has exactly two critical points of index k and
k — 1 connected by a unique trajectory of X; along which the stable and
unstable manifolds intersect transversely;
(iii) for t = t¢ it has a unique embryonic critical point.
For J-convex functions we always assume in addition that X; = Vg, ¢,. We will
say that a deformation of functions ¢, : W — R, t € [0,1], is weakly supported
in U C W if there exists an isotopy a; : R — R such that on W \ U we have
¢t = ay o ¢o.
The following theorem describes the creation of critical points of .J-convex
functions.

THEOREM 10.11 (creation theorem). Let (W,J,¢) be a Stein cobordism such
that the J-convez function ¢ has no critical points. Then given any point p € Int W
and an integer k = 1,...,n, there is a creation family ¢ of J-convex functions,
weakly supported in Opp, such that ¢g = ¢ and ¢y has a pair of critical points of
index k and k — 1.

Note that in ordinary Morse theory the analogue of Theorem 10.11 is rather
trivial: using an appropriate cut-off construction any local creation family can be
implanted into a globally defined family, see Lemma 9.47 above. However, in the
context of J-convex functions this scheme does not seem to work. In fact, we do
not know whether the statement remains true if one drops the word “weakly” and
tries to construct a locally supported creation family.

The following theorem describes the cancellation of critical points of J-convex
functions.

THEOREM 10.12 (cancellation theorem). Let (W,J,¢) be a Stein cobordism
such that the J-convex function ¢ has exactly two critical points p,q of index k
and k — 1, respectively, which are connected by a unique gradient trajectory along



10.6. SURROUNDING A STABLE HALF-DISC 225

which the stable and unstable manifolds intersect transversely. Set a_ := ¢|o_w,
b := ¢(q), c:= ¢(p). Choose a regular value a € (a—,b). Let A be the closure of
the stable disc of the critical point p in {¢ > a}. Then there exists a cancellation
family ¢ : W — R, ¢ € [0,1], of J-convex functions, weakly supported in Op A,
such that ¢g = ¢ and ¢1 has no critical points.

The proof of these two theorems will occupy the remainder of this chapter.

10.5. Carving one J-convex function with another one

As preparation for the proofs, we describe in this section a general way to
modify one J-convex function with the help of another one.

Let ¢ : U — R be a J-convex function on an open set U and ¥ = {¢ = a}
be a regular level set. Let us denote by U_ and U, the domains {¢ < a} and
{¢ > a}, respectively. Let 1) : Q@ — [c_, c;] be another J-convex function defined
on a compact subdomain 2 C U with boundary 092 = 0,2 U J_Q U 9,2 such that
Yloso = cx and 0:QU 0,Q C Int U, See Figure 10.4 (a).

For a small € > 0 let us denote by Q¢ the domain {c_ +e <9 <cqy —e} CQ,
and by U® the domain {¢ < a —e} C U_. By composing ¢, with increasing
weakly convex diffeomorphisms g,h : R — R we can arrange that the functions
5 =go¢ and {bv = h o1 satisfy the following conditions:

. {/;>$onUfﬂQ€;

e 6> on (Uy NQ)UI_Q.
To see this, first compose ¢ with h such that h(c_) < ming¢ and h(c— +¢) >
max q- ¢, thus 7:/; > ¢ on ()¢ and J < ¢ on 0_€). Then compose ¢ with g such that
g(x) = for x < a—¢ and g(a) > max U+mmF/;, thus ¢ > ¢ on (Uy NQ)UI_Q and
12 > 5 on UZ NQ°.

Take the function max (57 ’(Z) and apply to it the smoothing procedure from
Section 3.2. We will call this operation carving the level set 3 of ¢ with the function
1. The resulting function is shown in Figure 10.4 (b); it will be denoted by

carvy (¢, X).

Though there are numerous ambiguities in the definition of this operation, it is
important that it can be done for families of functions smoothly dependent on
parameters, that ¢ can be chosen arbitrarily small, and the smoothing can be chosen
CP-close to max (¢,?) in the sense of Corollary 3.15. In particular, everywhere
below where we use the notation carv, (¢, X)) we assume that € is chosen sufficiently
small and the approximation is good enough.

Note that if both functions ¢, are transverse to the same vector field then so
is carvy (¢, L) (see Corollary 3.20), hence the carving operation does not create new
critical points. It follows that carving is well-defined in the class of J-lc functions
without critical points; note that in this case we can rescale the functions to make

¢ =¢.
10.6. Surrounding a stable half-disc

The main ingredient for cancellation of critical points are J-convex surround-
ings for a stable half-disc which we construct in this section. For this, consider the
following setup as in Section 9.6.
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¢>1 > ¢

(b) my (p, X)

FIGURE 10.4. Carving the level set 3 of ¢ with the function .

Let R¥ = R*~! x R be the space with coordinates (x1,...,zs). Let Dy, t > 0,
denote the disc {Z?Zl x5 < t*} of radius ¢, and we write D instead of D;. We
further denote by D_ the lower half-disc DN{z; < 0}, and set 0 D_ = D_N{xy =
0} and 0_-D_ = 9D N D_, so that we have 0D_ = 0_D_Ud;D_. See Figure 9.4.

Viewing R¥ as a coordinate subspace of C" with complex coordinates (x; +

i1, ...,y +iy,) we will consider the splitting C* = R* x R?"~* and write z € C"
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FI1GURE 10.5. The function S near the lower half-disc.

as z = (z,u), where x = (21,...,2%) and © = (X1, -+, Try Y1, - -+, Yn). Set

k
R=|lal|=,|> 2%  r=lull=

;o 2 r_
R = Z Zy r=
1
For a constant A > 1 we introduce the vector fields

k—1 n n
U_Aamk_zxjaxj’ U_ijamj"_zl:yjayj'

1 k+1

Given a compact subset K C C" and ¢ > 0 we denote by U,(K) its open

o-neighborhood in C™.
Suppose we are given an i-convex function ¢y : C* — R of the form

bo(z,u) = B(z) + Ar?,
where the function 3 : R¥ — R satisfies the following conditions (see Figure 10.5):
(i) B has exactly two nondegenerate critical points: an index k — 1 critical
point of value 0 at 0, and an index k critical point p € Int D_ of value

0<ec<A-1;
(ii) B> —1on D_\0;D_ and B(x) = Az? — R"? on Op (0+D_).
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F1GURE 10.6. The first surrounding hypersurface ¥; and the disc .

Let us fix a neighborhood U C C™ of the disc {z} <0, 8> —1} C RF. We will
deform the function ¢g through i-lc functions ¢; : C* — R satisfying the following
conditions:

e ¢, has exactly two nondegenerate critical points at 0 and p;

® ¢, = ¢ outside U.
We will call such functions and deformations admissible. The desired surrounding
will be a combination of three surroundings. Set ¢ := {¢o = —1}.

First surrounding. Note that ¢g = —R'?> 4+ Ar'? on a neighborhood U; C U
of the (k—1)-disc 94 D_. So we can apply Corollary 4.4 to construct an admissible
deformation ¢, t € [0, 1], with the following properties (see Figures 10.5 and 10.6):

o ¢ = ¢g outside Uq;
e the regular level set ) = ¢ '(—1) agrees with ¥y outside U; and with
{r’ = ¢} in a smaller neighborhood of d; D_, for some ¢ > 0;
e the k-disc ® :={u =0, ¢1 > —1, 2, < 0} is attached i-orthogonally to
3.
Here the last property follows from Lemma 4.14.

Second surrounding. The function ¢1|p has a unique non-degenerate
maximum at p of value ¢ and ¢1|9gp = —1. Hence there exists a diffeomorphism
f D — ® such that

p1of(x)=c—(c+1)R%

Using Proposition 5.55, we extend f to a diffeomorphism F': Op D — Op® such
that the pullback complex structure F'*i agrees with ¢ to order 7 along D. Using
Proposition 3.26, we adjust 51 = F*¢; via a C'-small admissible deformation to
make it equal to ¢ — (¢ + 1)R% + Ar? in a neighborhood CNTQ of D. Next we apply
Corollary 4.4 to construct an F™*i-lc deformation q~$t, t € [1,2], supported in Us
such that the regular level set f)g = 551(—1) surrounds D. So ¢y, t € [1,2], is an
admissible i-lc deformation with the following properties:

e ¢; = ¢1 outside a neighborhood Us of ®.



10.6. SURROUNDING A STABLE HALF-DISC 229

xT

dy

-

2o

FI1GURE 10.7. The dumbell-shaped cross-section of the second sur-
rounding hypersurface X,.

o the regular level set Xy = ¢y 1(—1) agrees with ¥, outside Us and sur-
rounds D_.

See Figure 10.7 for a cross-section of ¥5. Before proceeding further, consider the
following property of a function ¢ : C* — R:

(10.3) U - ¢ > pr? for some constant p > 0.
LEMMA 10.13. The above functions ¢, t € [0,2] satisfy property (10.3).

PrOOF. Note first that the function ¢¢ satisfies (10.3) with constant p = 2A.
The functions ¢, t € [0, 1] satisfy (10.3) because on U; they are given by shapes of
the form W, (R',r") with 2% > 0.

Next note that the map F above has complex linear differential along D, so it

is of the form

Fla,y,2) = (f(@), Df @)y, B@)z) + 0(r?),
where y = (y1,...,Yk), 2 = (2Zk41,---,2n), and B(z) is complex linear for each
z € D. Since the canonical vector field ¥ is preserved by any linear map in the
u-variables, it follows that
F*u = u +0(r?),

and hence the pullback function &1 = F*¢, satisfies (10.3) in a sufficiently small
neighborhood of D. By Proposition 3.26 (f), the ensuing C''-small adjustment of 51
near D also preserves property (10.3). Now the functions ¢, t € [1,2] satisfy (10.3)
because on Us they are given by shapes of the form Uy (R, r) with % > (. Finally,
by the argument above the functions ¢; = Fidy, t € [1,2], still satisfy (10.3). O

Third surrounding. We will now construct another ¢-Ic function ¥ and use
the carving construction from Section 10.5 to construct our third surrounding. For
this, let us rename ¢2 to ¢. Pick a value a slightly below —1 such that the level set
¥ := ¢~ 1(a) surrounds D_ and its intersection with the set {R < 1} is contained
in {r < d}.
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R ¥ =0

5 v G

FI1GURE 10.8. The shape function V.

By Corollary 4.3 (with a = —1 — o and after a target reparametrization), there
exists an i-lc shape function ¥ : C™ D Q — (0,0) without critical points and with
the following properties, see Figure 10.8:

e U(r,R)=rforre (0,0, R<1.
e U(r,R) = f(Ar? — R?) for r > ~, where f : (a,—1] — (0,9] is an
increasing diffeomorphism.

Figure 10.9 shows the hypersurface 3 and the level sets of W. So for any ¢ € (0, ]
the restriction W; of ¥ to the set ; := W1([t,d]) together with ¢, satisfies the
hypotheses of Section 10.5. Let

¢r := carvy, (P, X)

be the carving of the level set ¥ of ¢ with the function ¥,. Note that ¢s = ¢.
We claim that ¢y, ¢t € (0, ], is an admissible deformation of i-lc functions with the
following properties (see Figure 10.9):

) U-¢hy > 0foru#0,and v-¢, > 0on the set {u=0,R<1, 0<ap<d};
(jj) for t sufficiently small, some level set 3; of ¢; surrounds the disc D_ in
Us(D_) and contains the set {r =¢, R <1, xy <4/2}.

Property (jj) is clear from the construction. For property (j), note first that the
functions ¢ (by Lemma 10.13) and ¥ (since it is a shape) are both transverse to
the vector field u on QN {u # 0}. On the other hand, the property v ¢¢ > 0 on
the set {u =0, R <1, 0 <z < d} holds during the first surrounding deformation
above because shapes ¥(r’, R') have this property, and the following deformations
are fixed on this set. In view of property (j), the carving construction does not
create new critical points, so the deformation ¢; is admissible.
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| 5=4")

L X

F1GURE 10.9. Carving the level set X of ¢ with the shape function ¥,.

10.7. Proof of the cancellation theorem

After these preparations, we now prove Theorem 10.12 in three steps. The first
two steps contain preliminary deformations not affecting the critical points; the
actual cancellation happens in Step 3.

Step 1.  Let (W,J,¢) and A be as in Theorem 10.12. After a C2-small
perturbation of ¢ near p and ¢, we may assume that it agrees with a standard
quadratic function as in Lemma 2.2 in suitable holomorphic coordinates near p, q.
Then Lemma 9.30 shows that A is an embedded half-disc.

After rescaling ¢ we may assume that a = —1 and b = 0, so we have ¢(p) = ¢,
#(¢) =0 and ¢|g_a = —1. Pick any A > c+ 1. Then there exists a diffeomorphism
I D_ — A from a half-disc D_ C R* containing D_ such that the pullback
function 8 := ¢ o f satisfies conditions (i-ii) in Section 10.6. Here and in the
following we use the notation from Section 10.6. B

Using Proposition 5.55, we extend f to a diffeomorphism F': Op D_ — Op A
such that the pullback complex structure F*i agrees with ¢ to order 7 along D_.
Let A > A be so large that the function Blx) + Ar? on C™ is i-convex. Using
Proposition 3.26, we adjust ¢ o F via a C'-small admissible deformation to make
it equal to B(z) + Ar? in a neighborhood of D_. Now pick an increasing convex
function ¢ : Ry — Ry which agrees with Az? near 2 = 0 and with Az? for z > e,
and modify 8 near {zy = 0} to B(z) = &(ax) — R'2. Then the function B(z)+ Ar? is
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still i-convex. After renaming A, 3 back to A, 3, the function ¢ (x,u) = B(z)+ Ar?
thus satisfies the conditions in Section 10.6.

In the following steps we will modify ¢y through i-convex functions ¢; on a
neighborhood of the half-disc D_. The tangency condition on F*¢ and Proposi-
tion 4.34 ensure that the resulting functions Fi¢; on W will be J-convex.

Step 2.  After the three admissible deformations in Section 10.6, we may
replace ¢g by the function ¢, satisfying conditions (j-jj) at the end of Section 10.6,
for some arbitrarily small t > 0. Let ¥; = ¢; *(c;) be the level set from condition
(jj)- Note that ¢; > ¢ = max p_¢;. Let ¢, := g o ¢, with an increasing function
g : R — R satisfying g(z) < z, g(x) = x for 2 > ¢, and g(z) < b = minyp_y¢¢
for x < ¢}, for some ¢} € (¢,¢). Then ¢y = max (¢, Pr).

More generally, suppose that ¢ is an i-lc function on Us(D_) satisfying the
following conditions:

(i) 1_[-¢>>Of0ru7é0;
(ii)) p=¢r on Us(0_D_)U{u=0, R<1, §/2 <z <d};
(iii)) b< ¢ <ec.
Then smooth max(¢, ¢¢) is an i-lc function which coincides with ¢, outside Us(D_)
and with ¢ near D_. Moreover, conditions (i-ii) for ¢ together with condition (j)
for ¢, ensure that the critical points of smooth max(¢, ) coincide with the critical
points of ¢ on the half-disc D? := {u =0, R <1, x;, < §/2}.

Step 3. Recall that the restriction §; := ¢¢|ps is a Morse function with two
critical points p, g of indices k, k—1 and values ¢, 0 connected by a unique trajectory
of the vector field X; = V4,¢:. Moreover, X; is inward pointing along 0_D% and
outward pointing along 8, D’ . Hence by Lemma 9.49 there exists a cancellation
family B, s € [t, 1], fixed near D , such that 3; has no critical points. We extend
Bs by By to {R > 1}.

Pick a constant B > A so large that the function B4(z) + Br? is i-convex in
Us(D_) for all s € [t,1]. Using Proposition 3.26, we modify ¢; such that it agrees
with B¢(x) + Br? near D° . Proposition 3.26 (f) ensures that this can be done pre-

serving the condition u- ¢y > 0 for u # 0. After replacing ¢, by smooth max(¢;, 1)
as in Step 2, for sufficiently small ¢’ € (0,¢), and renaming ¢’ back to ¢, we may
hence assume that ¢; = 3;(z) 4+ Br? on the set {x € D% r < t}. According to Step
2, we now obtain the desired cancellation family as smooth max(Ss(x) + Br?, 1),
s € [t,1]. This completes the proof of Theorem 10.12. O

10.8. Proof of the creation theorem

The proof of Theorem 10.11 follows the same steps as the proof of Theo-
rem 10.12, but it is much simpler and does not require the preparations in Sec-
tion 10.6.

Step 1. Let (W, J,¢), p € IntW and 1 < k < n be as in Theorem 10.11.
After adding a constant to ¢ we may assume that ¢(p) = —1. Pick an isotropic
embedded (k — 1)-sphere A through p in the level set {¢ = —1}. For some d < 1
close to 1 denote by L C {-1 < ¢ < —d?} C IntW the image of A under the
gradient flow of ¢.

We use the notation 7, R from Section 10.6. There exists a diffeomorphism
f:{d<R<1, r=0} — L such that f*¢(R) = —R?. Using Proposition 5.55,
we extend f for some v > 0 to an embedding F': Uy :={d—y< R<1+7, r<
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FI1GURE 10.10. The modified shape function ¥;.

v} < W such that the pullback complex structure F*i agrees with ¢ to order 7
along {r = 0}. After applying Proposition 3.26 and shrinking v, we may assume
that F*¢(r, R) = Ar? — R* =: U (r, R) on U,, for any chosen constant A > 1. In
the following we will deform the function Wy on U, keeping it fixed near OU.,, and
then implant it back into W by F' to get the desired homotopy.
Step 2. A slight variation of Corollary 4.4 yields a smooth family of J-lc

functions ¥; : C" — R, € [0, 1], with the following properties (see Figure 10.10):

(i) U, is of the form W (r, R) with % >0 and %q],{ <05

(ii) Wog = ¥y and ¥, = Yy outside U,;

(iii) W, is target equivalent to Wy near {r— = 0};

(iv) U3 = —1 on the set {r =4, d < R < 1}, for some § € (0,7).
To obtain this, we only need to replace the condition g(ay?) < —1 in the proof of
Corollary 4.4 by the conditions g(—d?) < —1 and g(—(d — 7)?) > —1. Note that
by construction we have Uy = max (¥, g o Ug).

Step 3. After another application of Proposition 3.26 we may assume that

U, = smoothmax(Vy,B(x) + Ar?) on V, = {r < v,d < R < 1}, where 3 is the
restriction of ¥ to the cylinder Z = {r = 0,d < R < 1}. Note that 5 has no
critical points and is constant on Z. By Lemma 9.47 there exists a creation family
Bt, t € [0,1], starting from Sy = 8 and creating a pair of critical points of index
k,k—1 at some time tg € (0,1). Moreover, f3; is fixed on Z and we make sure that
max ; = max 3 and min §; = min 8. We choose the constant A so large that the
functions B;(x) + Ar? are F*i-convex for all ¢ € [0,1]. Then the desired creation
family is the push-forward under F of smooth max(8;(z) + Ar2, ¥1). Note that all
the deformations can be made supported in an arbitrarily small neighborhood of
the given point p. This completes the proof of Theorem 10.11. O
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From Stein to Weinstein and Back
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Weinstein Structures

In this chapter we introduce Weinstein cobordisms and manifolds and establish
their basic properties. After a more general discussion of Liouville structures in the
first 3 sections, we define Weinstein structures in Section 11.4.

In Section 11.5 we define the canonical map from Stein to Weinstein structures.
The construction of a homotopy inverse to this map will be the main theme of
Chapters 13 and 15.

In Section 11.6 we introduce Weinstein and Stein homotopies and show that
different exhausting J-convex functions lead to homotopic Stein structures. In
Section 11.7 we prove that every Stein structure on C™ with a unique critical point
is homotopic to the standard structure. In the final Section 11.8 we introduce the
classes of subcritical and flexible Weinstein structures, which will be extensively
studied in Chapter 14.

11.1. Liouville cobordisms and manifolds

In this and the following two sections we discuss some basic properties of Li-
ouville structures. See [168, 169] for more background.

A 1-form A on a manifold V such that d\ = w is symplectic is called a Liouwville
form. The vector field X that is w-dual to A, i.e., such that ixw = A, is called
the Liouville field of A. Note that the equation d\ = w is equivalent to Lxw = w.
If X integrates to a flow Xt : V — V then (X!)*w = elw, i.e., the Liouville field
X is (symplectically) expanding, while —X is contracting. By an exact symplectic
manifold we will mean a pair (V,\) where A is a Liouville form, or equivalently, a
triple (V,w, X) where X is a Liouville field for the symplectic form w, i.e., satisfying
Lxw = w. Note that

(11.1) ixA =0, ixd\ = A, LxA =),

so the flow of X also expands the Liouville form, (X!)*\ = e!A. A map ¢ :
(Vo, Mo) — (V1, A1) between exact symplectic manifolds is called exact symplectic if
P* A1 — Ag is exact.
A Liouwville manifold is an exact symplectic manifold (V,w, X) such that
e the expanding vector field X is complete, and
e the manifold is conver, see [49], in the sense that there exists an exhaus-
tion V = U;il V¥ by compact domains V¥ C V with smooth boundaries
along which X is outward pointing. !

1 This notion of symplectic convexity is slightly more restrictive than one given in [49]. How-
ever, we do not know any examples of symplectic manifolds that are convex in one sense but not
the other.

237
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Note that the sets V* are invariant under the contracting flow X ~¢,¢ > 0. The set

Skel(V,w, X) := G (X'

k=1t>0

is independent of the choice of the exhausting sequence of compact sets V* and is
called the skeleton of the Liouville manifold (V,w, X). We have

LeMMA 11.1. Int Skel(V,w, X) = @.

ProOF. For each compact set V* we have

. 1 ,
Volume(X_t(Vk)) = e_t—' /w” — 0,
n! t—o0
Vk
and hence Volume((),.o X *(V¥)) =0 for all k € N. O

We say that a Liouville manifold (V,w, X) is of finite type if its skeleton is
compact. In this case, let W C V be a compact domain containing the skeleton
with smooth boundary ¥ = W along which X is outward pointing (e.g. W = V*
for large k). Then the forward flow of X starting from ¥ defines a diffeomorphism
V\IntW = % x [0,00). (For this note that for every p € V, X !(p) gets close
to the skeleton as ¢t — oo and thus in contained in W for large t). Under this
diffeomorphism the Liouville form \ = ixw corresponds to e‘c, where t € R is the
parameter of the flow and a := A|gz. The form « is contact, and thus (V' \ Int W, w)
can be identified with the positive half of the symplectization of the contact manifold
(%,€ = ker ). In fact, the whole symplectization of (3, &) sits in V as | J,cg X*(X)
and this embedding is canonical in the sense that the image is independent of the
choice of X: its complement V' \ | J,cp X*(X) is exactly the skeleton Skel(V,w, X).

The following useful lemma shows that for finite type Liouville manifolds we
need not distinguish between symplectomorphisms and exact symplectomorphisms.

LEMMA 11.2. Any symplectomorphism f : (V,\) — (‘N/,X) between finite type
Liowville manifolds is diffeotopic to an exact symplectomorphism.

PRrROOF. We have f*X = X — 0 for a closed 1-form 6. Let ¥ be a hypersurface
in V transverse to the Liouville field of A and bounding a compact domain W
containing the skeleton, so the Liouville flow defines a splitting V' \ Int W = 3 x
[0,00) as above. Since the projection 7 : ¥ x [0, 00) — ¥ induces an isomorphism on
de Rham cohomology, we can write 0|55 [0,00) = 7*3+dF for a closed 1-form 5 on ¥
and a smooth function F on 3 x [0, 00). Pick a cutoff function p : V' — [0, 1] which
equals 0 on W and 1 on X x [1,00) and define the function G := pF and the closed
1-form n := 8 —dG on V. Since n = 7* on ¥ x [1, 00), the symplectic vector field Y’
on V defined by iyw = 7 is complete. Let h : V — V be the time 1 map of its flow.
Since Lyn = 0 and Ly A = n+ diy ), it satisfies h*n =n and hA*\ = A+ n+ dH for
some function H on V. Then the diffeomorphism g := foh:V — Vis diffeotopic
to f and satisfies

GA=h*A=0)=h*(A\—n—dG) = A+ d(H — h*G).
O

REMARK 11.3. The contact manifold (X,£) above is canonically determined
by the finite type Liouville manifold (V,w, X). We do not know whether (X, ¢)
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actually depends on the Liouville form A or only on the symplectic form w = dA.
The answer depends on the following open problem: Does symplectomorphism of
symplectizations imply contactomorphism of contact manifolds? We do not know
how to distinguish contact manifolds with the same symplectization by currently
known invariants.

A closely related concept is that of a Liouwville cobordism (W,w,X). This is
a (compact) cobordism W with an exact symplectic structure (w, X) such that X
points outwards along 0, W and inwards along 0_W. A Liouville cobordism with
0_W = @ is called a Liouville domain.

For a Liouville domain (W, w, X), the backward flow of X yields a collar neigh-
borhood (—¢,0] x OW on which A corresponds to e'a, where o = A|gwr. So we can
glue the semi-infinite cylinder ([0,00) x OW to W and extend the Liouvllle form
by ela to obtain a finite type Liouville manifold which we call the completion of
(W,w, X). Conversely, the discussion above shows that every finite type Liouville
manifold is the completion of a Liouville domain.

We conclude this section with a brief discussion of holonomy in Liouville ma-
nifolds.

LEMMA 11.4. Let %, > be hypersurfaces in a Liouville manifold (V,w, X) such

that following trajectories of X defines a diffeomorphism I' : 3 — 3. Then I is a
contactomorphism for the contact structures induced by ixw.

We call T the holonomy map from ¥ to .

PRrROOF. Use the Liouville flow to embed the symplectization R x X into V' such
that ¥ corresponds to {0} x ¥, A = e’ and X = 9,., where a = A|y and r is the
coordinate on R. Then ¥ is given as the graph r = f(z) of a function f: ¥ = R
and I'*(\g) = efa. O

11.2. Liouville homotopies

In this section we introduce the notion of a homotopy of Liouville domains
or manifolds. It has the important property (Proposition 11.8) that homotopic
Liouville manifolds are symplectomorphic.

A homotopy of Liouville cobordisms is simply a smooth family of Liouville
cobordisms (W, ws, X), s € [0,1]. However, the definition of a homotopy of Liou-
ville manifolds requires some care.

DEFINITION 11.5. A smooth family (V,ws, X;), s € [0, 1], of Liouville manifolds
is called a simple Liouville homotopy if there exists a smooth family of exhaustions
V = Up=, V¥ by compact domains V¥ C V with smooth boundaries along which X
is outward pointing. A smooth family (V,ws, Xs), s € [0, 1], of Liouville manifolds is
called a Liouville homotopy if it is a composition of finitely many simple homotopies.

See Figure 11.1 below illustrating a non-simple homotopy in the slightly more
special case of Weinstein manifolds.

LEMMA 11.6. A smooth family (V,ws, Xs), s € [0,1], of Liouville manifolds
of finite type is a Liouville homotopy if the closure Ute[o,l] Skel(V,ws, Xs) of the
union of their skeletons is compact. In particular, the completions of a homotopy
of Liouville domains define a homotopy of Liouville manifolds.
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PROOF. The compactness condition implies that around each s € [0,1] there
exists an open interval I, and a compact set W C V such that Skel(V,w;, X;) C Wy
and X, points out of W, for all ¢ € I,. Finitely many such intervals cover [0, 1] and
on each Iy we have a simple homotopy with exhaustion V¥ = X¥(W,), ke N. O

The converse to Lemma 11.6 need not hold: For a homotopy of Liouville mani-
folds of finite type the closure of the union of their skeletons need not be compact.
We do not know, see the following example, whether the existence of a homo-
topy between the completions of two Liouville domains implies that the Liouville
domains themselves are homotopic.

ExaMPLE 11.7. Let (V,w,X) be a 2n-dimensional Liouville manifold of fi-
nite type. Write V. = W U E, where (W,w, X) is a Liouville domain and E =
(2 x [0,00),d(e*ax), &) a cylindrical end, and set Wy := W U (2 x [0,1]). Suppose
that there exists a diffeomorphism f : ¥ x [0, 1] — X x [0, 1] with f(z,t) = (z,t) near
t =0 and f(z,t) = (g(x),t) near t = 1 representing a non-trivial pseudo-isotopy
class, see Section 9.10. Let us extend f to the diffeomorphism f: YxR—=-3Y¥ xR
which maps (z,t) to (g(z),t) for t > 1 and equals the identity on 3 x (—o0, 0]. Note
that fis isotopic to the identity via the isotopy

J’[ . To(s)© fO T_o(s) S € (Oa 1}7
o Id s =0,

where 7.(z,t) = (x,t + ¢) is the translation by ¢ € R and o : (0,1] — [0,00) is a
decreasing diffeomorphism. Note that ]?1 = fand fs =Id on ¥ x (—o0,0] for all s €
[0,1]. Denote by F : W; — W; the diffeomorphism equal to Id on W and f on X x
[0,1]. Similarly, we define E .V 5V as equal to Id on W and ﬁ on E. Let (&, :=
(Fy)sw, X, := (F5),X), s € [0,1], be the push-forward Liouville manifold structure
on V, and (wy := Fiw, X := F.X) be the push-forward Liouville domain structure
on Wi. Note that (V, &y, Xl) is the completion of (W7, wy, X1). Then (V, @s, )/(\'S) is a
homotopy of Liouville manifolds connecting (V, w, X') with (V, &1, )?1) On the other
hand, there is no obvious homotopy of Liouville domains connecting (W7,w, X)
and (Wi, wy, X7). Tt follows from Theorem 14.3 below that the Liouville domains
(Wi, w, X) and (W7,w;, X1) are nevertheless homotopic if n > 2. The answer is
unknown for n = 2.

PRrROPOSITION 11.8. Let (V,ws, X;), s € [0,1], be a homotopy of Liowville mani-
folds with Liouville forms As. Then there exists a diffeotopy hs : V. — V with hy =
Id such that hiAs — Ao is exact for all s € [0,1]. If moreover Use[o,l] Skel(V, ws, Xs)
is compact (e.g. for the completion of a homotopy of Liouville domains), then we
can achieve hi g — Ao = 0 outside a compact set.

PRrROOF. It suffices to consider the case of a simple homotopy (V,ws, X;). Pick
a family of exhaustions V = (J;-; V¥ as in Definition 11.5. Denote by ¥ the
boundary OV, by A4 the Liouville form dual to X, and by £ the contact structure
induced on X¥ by the contact form >\5|Ez§, s € [0,1], k € N. By Gray’s Stability
Theorem 6.23 there are families of contactomorphisms

g+ (36,66) = (36,€0),

so that (¥¥)* s = el¥ Ao for smooth families of functions fE .3k — R. (We denote
the restrictions of Ag to the various hypersurfaces by the same symbol). For ¢ € R
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set XK := X¢(2¥) and define the diffeomorphisms
P = X ok o Xy 25 — Bhe.

By equation (11.1) we have (1%€)*\, = el5°X0° \g. For a sequence of real numbers
dj, (which will be determined later) set

SEi=mih Qb= gfte VE=XPE), JE = e XgM o ()T

_ 7k ~
A short computation using equation (11.1) shows that the map U¥ := X, A Pk

Sk — V satisfies (U%)*A, = Ao and hence canonically extends to a map (still
~ Tk ~
denoted by the same symbol) ¥* : Op Bt — Op (X;fs ¥F), which maps trajectories
of Xy to trajectories of X, and satisfies (T¥)*\, = \o.
Now we choose the constants dj such that for each s € [0, 1] the hypersurfaces
~ Tk~
¥* k € N, are mutually disjoint and the hypersurfaces x, 7 (EF), k € N, are

mutually disjoint. We achieve the first condition by choosing the d; nondecreasing.
The second condition holds if we have

min g, (di — ff(:ﬂ)) > max , sr-1 (di—1 — J?fil(x))
for all s € [0,1] and k& > 2. So we can achieve both conditions by defining the dj,
inductively by d; := 0 and

di := d_1 + max {O,max fsk(x) — min fsk_l(x)}
8,T $,T

These conditions ensure that the U* induce a diffeomorphism

v, :Op <U f)’g) — Op <U X;ffgg)
k=1 k=1

satisfying Wil = Ag. Let us extend ¥, in any way to a diffeomorphism U, :
V — V. Now we apply Moser’s Stability Theorem 6.8 to each of the open domains
Int IN/OkH \ V& and the family of exact symplectic forms W*w, = d(¥?\,) whose
primitives are s-independent near the boundary f]’g“ U i’g This yields a family
of diffeomorphisms ¢s : V. — V which are the identity on Op (Uzozl i’g) and
such that the composition hs := ¥y 0 ¢ is the required exact symplectomorphism
(‘/7 wOaXO) — (‘/7 wS7XS)'

If K .= Use[o,l] Skel(V,ws, Xs) is compact we carry out an analogous proof

with only one set V! containing K. O

11.3. Zeroes of Liouville fields

Here we study some local properties of Liouville fields near zeroes. Recall from
Section 6.1 that a subspace W of a symplectic vector space (V,w) (and similarly
for manifolds) is called isotropic resp. coisotropic if W C WY resp. W« C W,
where W« denotes the w-orthogonal complement. Also recall from Section 9.2 the
definitions of the various invariant manifolds Wgc, ... near a zero p of a vector field
and their tangent spaces E;,—L, e

PROPOSITION 11.9. Let (V,w) be a symplectic manifold with Liouville field X,
and let p be a (possibly degenerate) zero of X. Then:

(a) The center-stable space E, & E) C T,V is isotropic.
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(b) The local stable manifold W, is isotropic.
(c) The local unstable manifold W,© is coisotropic.

(d) If p is embryonic then the extended stable manifold Wp’ 18 1sotropic.

In particular, dim Wp_ <n and dim W;‘ > n, where 2n =dim V.

PROOF. Let ¢, : V. — V be the flow of X. Recall that it expands the symplectic
form as well as the Liouville form A = ixw, i.e., pfw = elw and ¢} A = el .

(a) The linearization A := DpX : T,V — T,V preserves the splitting T,V =
E;‘ ®E, ® Eg from Lemma 9.9 (b) and its flow expands the symplectic form,

t

etw, (v, w) = wy (e

v, ew).
For v,w € E, & Eg the right hand side is bounded for ¢ > 0, so as t — oo we find
wp(v,w) = 0.

For (b-d) abbreviate W+ = Wi, so T,V = T,WT&T,W~GE). Alleigenvalues
of the linearization of X at p have negative real part on T,/W = and positive real
part on T,WW*. It follows that the differential Tj,¢; : T,V — T}, (2)V satisfies

tlim T.¢:(v)=0forz e W ,veT,W,
—00
tlim T,pi(v) =0forx e WH v e T,WT.
——00

(b) Let z € W~ and v € T,W~. Since ¢(z) — p as t — oo, the preceding
discussion shows

eNe(v) = (5N (v) = Ao (2) (Tt - v) =0

as t — oo. This implies A(v) = 0, so A and hence w vanishes on W~

(c) Let z € W+ and v € (T,WT)¥ C T,V. Suppose v ¢ T,W+. Take a
sequence t; — —oo and let zy := ¢y, (z). Pick Ay > 0 such that vy := A\ Typy, - v
has norm 1 with respect to some metric on V. Note that v, € (T, WT)¥ for all
k. Pass to a subsequence so that vy — v € T,V. Since Ty¢y, (as ty — —o0)
exponentially contracts the component of v tangent to W™ but not the transverse
component (this follows e.g. from the proof of the A-lemma, see [157]), we find
0# voo € T,L,W.

We claim that ve, € (T, W1)“. Otherwise, there would exist a wo € T,WT
with w(veo, Wao) # 0. But then w(vk, wg) # 0 for k large and some wy, € T, W,
contradicting vy, € (T, WT)“. Hence vy is w-orthogonal to T, W+. Since T,IW~ @
Eg is isotropic by part (a), veo is also w-orthogonal to T,W~ & Eg. But this
contradicts the nondegeneracy of w because T,V =T,W+ & T,W~ & Eg.

(d) Suppose now that p is embryonic. The proof that Wp’ is isotropic is similar

to that of part (a). Let z € W-, so ¢¢(x) = p as t — oo. Since the eigenvalues

onTL,W= =T,W~ & Eg have nonpositive real part, there exists a constant C' such
that

Ty (v)] < Cet/?|v| for all v € T,W ™, ¢ > 0.
It follows that
€' X (0)] = gy (@) (Tutbr - )| < Ce o).

As t — oo this implies A(v) = 0, so A and hence w vanishes on w-. O
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11.4. Weinstein cobordisms and manifolds

DEFINITION 11.10. A Weinstein manifold (V,w, X, ¢) is a symplectic manifold
(V,w) with a complete Liouville field X which is gradient-like for an exhausting
Morse function ¢ : V. — R. A Weinstein cobordism (W,w, X, ®) is a Liouville
cobordism (W, w, X) whose Liouville field X is gradient-like for a Morse function
¢ : W — R which is constant on the boundary. In both cases the triple (w, X, ¢) is
called a Weinstein structure on V resp. W. A Weinstein cobordism with 0_W = &
is called a Weinstein domain.

Thus any Weinstein manifold (V,w, X, ¢) can be exhausted by Weinstein do-
mains Wy = {¢ < d}, where di, 7 0o is a sequence of regular values of the function
o.

A Weinstein manifold (V,w, X, ¢) is said to be of finite type if ¢ has only
finitely many critical points. Note that by attaching a cylindrical end any Weinstein
domain (W, w, X, ¢) can be completed to a finite type Weinstein manifold, called
its completion. Conversely, any finite type Weinstein manifold is the completion of
a Weinstein domain.

REMARK 11.11. (i) Any Weinstein manifold (V,w, X, ¢) has the structure of a
Liouville manifold (V,w, X ). However, not every Liouville manifold is diffeomorphic
to a Weinstein manifold, see [133, 64].

(ii) Later on, in deformations of Weinstein structures we will also allow ¢ to
have embryonic (death-birth) singularities; in this section we restrict ourselves to
the Morse case.

EXAMPLE 11.12. (1) C™ carries the canonical Weinstein structure

n 1 n a 8 1 n
Wet :Zdl'j/\dyj7 X = 52 <xj(%+yjay>a Pst = ZZ@?-HU?)
J J

Jj=1 J=1 Jj=1

(2) An important example of a Weinstein structure is provided by the cotangent
bundle V' = T*Q of a closed manifold @) with the standard symplectic form wg =
dM\st, where \gy = pdq is the standard Liouville form. The associated Liouville field
Xt = p(% is gradient-like for the function ¢ (g, p) = 3|p|?. Since the function ¢ is
not Morse, this does not yet define a Weinstein structure according to our definition
(although the definition could be without difficulty relaxed to allow for Morse-Bott
functions such as ¢ ). To define a Weinstein structure, take any Riemannian metric
on ) and a Morse function f : @ — R. Note that the Hamiltonian vector field X g
of the function F(q,p) := (p,Vf(q)) (or in more invariant notation F = A(Vf))
coincides with V f along the zero section of T*@. Thus the vector field X :=
pa% + X is Liouville and gradient-like for the Morse function ¢(q, p) := %|p|2 +f(q)
if f is small enough.

(3) The product of two Weinstein manifolds (Vi, w1, X1, ¢1) and (Va, wa, Xa, ¢2)
has a canonical Weinstein structure (V7 x Va,w; @ wa, X1 B Xa, 1 B ¢2). In par-
ticular, the product (V,w, X, ¢) x (R?, ws;, Xgt, dst) is called the stabilization of the
Weinstein manifold (V,w, X, ¢).

Note that in a Weinstein manifold (V, w, X, ¢) any regular level set 3 := ¢~ (c)
carries a canonical contact structure £ defined by the contact form « := (ixw)|s. In
particular, this applies to the boundary of a Weinstein domain. Contact manifolds


