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We construct exact ground states of interacting electrons on triangle and diamond Hubbard chains. The construction requires (i) a rewriting of the Hamiltonian into positive
semideﬁnite form, (ii) the construction of a many-electron ground state of this Hamiltonian,
and (iii) the proof of the uniqueness of the ground state. This approach works in any dimension, requires no integrability of the model, and only demands suﬃciently many microscopic
parameters in the Hamiltonian which have to fulﬁll certain relations. The scheme is ﬁrst
employed to construct exact ground state for the diamond Hubbard chain in a magnetic
ﬁeld. These ground states are found to exhibit a wide range of properties such as ﬂat-band
ferromagnetism and correlation induced metallic, half-metallic or insulating behavior, which
can be tuned by changing the magnetic ﬂux, local potentials, or electron density. Detailed
proofs of the uniqueness of the ground states are presented. By the same technique exact
ground states are constructed for triangle Hubbard chains and a one-dimensional periodic
Anderson model with nearest-neighbor hybridization. They permit direct comparison with
results obtained by variational techniques for f -electron ferromagnetism due to a ﬂat band
in CeRh3 B2 .

§1.

Introduction

Electronic correlations in solids can result in a high sensitivity of these systems to
small changes in external parameters such as temperature, pressure, magnetic ﬁeld,
or doping.1)–3) This may then lead to strongly non-linear responses such as large
resistivity and volume changes, a strong thermoelectric response, colossal magnetoresistance, and high-Tc superconductivity. The complexity displayed by electronically
correlated materials is not only the topic of fascinating fundamental research, but
is also signiﬁcant for technological applications, e.g., in sensors, switches, and in
spintronics.
Even highly simpliﬁed models of interacting electrons are known to display a
dazzling diversity of phases, e.g., metallic, insulating, and many types of long-range
ordered states.4), 5) Theoretical investigations of correlation eﬀects almost always
make some kind of approximation which cannot, in general, explain the full complexity of a model in detail. In this situation exact solutions of correlation models
are particularly important and useful.
In this paper we discuss a general strategy for the construction of exact manyelectron ground states of lattice models such as the Hubbard model. The approach
is based on three distinct steps: (i) the rewriting of the Hamiltonian in positive
semideﬁnite form, (ii) the construction of exact ground states for this Hamiltonian,
and (iii) the proof of the uniqueness of the ground states constructed thereby.
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This strategy was recently employed to construct a class of exact ground states
of a three-dimensional periodic Anderson model (PAM), including the conventional
PAM on regular Bravais lattices at and above 3/4 ﬁlling,6), 7) and to the diamond
Hubbard chain in a magnetic ﬁeld.8) In both cases a wide range of features such as
metallic, non-Fermi liquid, and insulating phases in the case of the PAM,6), 7) and
ﬂat-band ferromagnetism, correlation-induced metallic, half-metallic, or insulating
behavior in the case of the diamond Hubbard chain8) was found. These exact results
prove that the phase diagram of even seemingly simple quantum mechanical models
of many-particle systems can indeed be surprisingly complex.
The construction of exact ground states by casting the Hamiltonian into positive semideﬁnite form was originally applied by Brand and Giesekus to the Hubbard model and the PAM on special perovskite-type decorated lattices in dimensions d ≥ 2 at U = ∞.9) The procedure was generalized by Strack10) to the PAM
and the extended Emery model on regular lattices in low dimensions,11) and to the
extended Hubbard model. The method was subsequently used to derive rigorous
criteria for the stability of saturated ferromagnetism in general Hubbard-type models.12) The possibility of superconductivity in the extended Hubbard model and its
strong coupling limit was also investigated.13)–15) Furthermore, next-nearest neighbor terms in the Hamiltonian were shown to cause charge density waves, degenerate
non-magnetic localized phases, and phase separation.16) Introducing operators to
rewrite the Hamiltonian in positive semideﬁnite form which are deﬁned on the entire
unit cell of a d-dimensional lattice (e.g., on plaquettes in d = 2 or cubes in d = 3)
rather than only on bonds, Orlik and Gulácsi17) investigated the PAM on regular two- and three-dimensional lattices at U = ∞, ﬁnding insulating non-magnetic
phases. This method was used by Sarasua and Continentino18) to analyze the onedimensional PAM in more detail. Gurin and Gulácsi19) and Gulácsi20) demonstrated
that it is also possible to investigate the PAM in d = 2, 3 at U < ∞ . The exact
ground states constructed by Gulácsi and Vollhardt for the PAM at 3/46) and 1/47)
gave the ﬁrst mathematical proof for the presence of ferromagnetism in this model in
dimension d = 3. These authors also detected a strong anomaly in the compressibility of the system at the boundary of the parameter region where the non-magnetic
localized phase is stable — a feature which is typical for f electron systems such
as Cerium. In this connection the uniqueness of the constructed states was proved
explicitly for the ﬁrst time.
Most recently, the present authors constructed exact ground states of interacting
electrons on the diamond Hubbard chain in a magnetic ﬁeld.8) This model was
shown to exhibit a wide range of properties such as ﬂat-band ferromagnetism and
correlation induced metallic, half-metallic or insulating behavior which can be tuned
by changing the magnetic ﬂux, local potentials, or the electron density.
In this paper we present details of the construction of exact many-electron
ground states on the diamond Hubbard chain and of their physical properties.8) In
particular, in Appendices A and B we provide details of the mathematical proof of
the uniqueness of the ground-state solutions for this model. We also construct exact
ground states on triangle Hubbard chains and show that within a particular subspace
of parameters the triangle Hubbard chain may be mapped to a one-dimensional PAM.
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§2.

Construction of exact many-electron ground states: General
strategy

Our construction of exact many-electron ground states is based on the following
three steps.
2.1. Step 1: Rewriting the Hamiltonian in positive semidefinite form
In the ﬁrst step the many-electron Hamiltonian is cast into positive semideﬁnite
form. This means that one rewrites the Hamiltonian in terms of a number of positive
semideﬁnite operators P̂n as

Ĥ = Ĥ0 + ĤU =

L


P̂n + Eg ≡ Ĥ  + Eg ,

(2.1)

n=1

where Eg is the ground-state energy. Here (2.1) is supposed to be an operator
identity, involving no approximations. The positive semideﬁnite nature of P̂n is
expressed by the relation Ψ |P̂n |Ψ  ≥ 0, which must be satisﬁed for all |Ψ . Due to
this inequality, the minimal eigenvalue of P̂n is zero. This property, i.e., the existence
of a well-deﬁned lower bound, namely zero, in the spectrum of Ĥ  = Ĥ − Eg in (2.1)
is the corner stone of the procedure. Simple
examples for a positive semideﬁnite
operator are P̂n = Ω̂ † Ω̂, or P̂n = Ω̂ Ω̂ † , or P̂ = i P̂i , where the positive semideﬁnite
operator P̂i = n̂i,↑ n̂i,↓ − (n̂i,↑ + n̂i,↓ ) + 1 assumes its minimum eigenvalue if at least
one electron is present on the site i.
The scalar Eg in (2.1), i.e., the ground state energy, is usually a complicated
function of the parameters entering in Ĥ. It should be noted that the decomposition
of Ĥ in positive semideﬁnite form is, in general, not unique and can be obtained in
diﬀerent ways. Each transformation is valid only in certain parts Rp of the parameter
space.
2.2. Step 2: Construction of the exact many-electron ground states
After the transformation of a given Hamiltonian Ĥ into a particular positive
semideﬁnite form valid in a parameter space region Rp , the exact ground state of

Ĥ needs to be constructed. Since Ĥ  = L
n=1 P̂n , and the minimal eigenvalue of
each P̂n is zero, this requires the construction of the most general state |Ψg  which
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The exact solutions obtained for this model can be applied to investigate the correlated electron material CeRh3 B2 , for which Kono and Kuramoto21) had constructed
an approximate solution.
The paper is structured as follows: In §2 we discuss the general strategy for
the construction of exact many-electron ground states. Exact ground states are constructed for the diamond Hubbard chain in §3. Details of the proof of the uniqueness
of these ground states are presented in Appendices A and B. The technique is employed in §4 to obtain exact ground states also for the triangle Hubbard chain, and
the results are applied to explain properties of CeRh3 B2 .
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satisﬁes
(2.2)

Ĥ|Ψg  = Eg |Ψg 

(2.3)

for all n. Consequently,

holds, where |Ψg  is the ground state, with Eg as the ground state energy in Rp . The
actual construction of |Ψg  depends on the explicit expression of the operators P̂n in
(2.1). Therefore each case must be individually analyzed. Nevertheless the following
guideline may be applied (here we restrict ourselves to fermionic particles):
i) For operators P̂n = Ω̂ † Ω̂ the ground state has, in general, the form |φg  =
Ô† |0, where |0 is the vacuum, and the anti-commutation relation {Ω̂, Ô† } = 0
holds. Indeed, in this case one has P̂n |φg  = 0. To construct the global ground state
one then tries to extend this property to all operators P̂n .
ii) Likewise, for operators P̂n = Ω̂ Ω̂ † the ground state construction makes use
of (Ω † )2 = 0 and starts from states of the form |ψg  = Ω̂ † |0, since in this case
P̂n |ψg  = 0. To obtain |Ψg  from |ψg  the property P̂n |ψg  = 0, valid for a particular
n, must be extended to all operators P̂n .
2.3. Step 3: Proof of the uniqueness of the ground states
Finally the constructed ground state has to be shown to be unique, i.e., one
must prove that there exist no other linearly independent eigenstates of Ĥ in Rp
with the same energy Eg . This step employs the property of the kernel of Ĥ  which
is deﬁned as the Hilbert subspace of states |Φ with Ĥ  |Φ = 0, e.g.
(2.4)
ker(Ĥ  ) := { |Φ | Ĥ  |Φ = 0}.

L

Since Ĥ  = L
n=1 P̂n , one has ker(Ĥ ) =
n=1 ker(P̂n ). To prove the uniqueness one

must show that |Ψg  spans ker(Ĥ ). For this it is necessary and suﬃcient to prove
that
(i) |Ψg  is an element of the intersection of the kernels of all positive semideﬁnite

operators P̂n , i.e., |Ψg  ∈ ker(Ĥ  ) = L
n=1 ker(P̂n ), and that
L
(ii) all states |Ψ  ∈ n=1 ker(P̂n ) can be written in terms of the constructed ground
state |Ψg .
We note that if condition (ii) is not satisﬁed the constructed ground state is not
unique, implying that other, linearly independent states with the same lowest energy
Eg exist. The uniqueness of the ground states constructed in this paper is proved in
Appendices A and B.
2.4. Discussion
The procedure described above works, in principle, in any dimension and for
any model, independent of the concept of integrability. On the other hand, a decomposition of Ĥ into positive semideﬁnite form and a subsequent construction of the
ground state may not always be possible — especially for Hamiltonians with a very
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§3.

Exact many-electron ground states on diamond Hubbard chains

The ﬁrst exact many-electron ground
states for the diamond Hubbard chain
in an external magnetic ﬁeld have been
deduced by Gulácsi, Kampf, and Vollhardt.8) Here we provide further details of the construction process and the
physical properties of this system.
The diamond Hubbard chain is
shown in Fig. 1. This chain has 3 sites
Fig. 1. Diamond Hubbard chain; the hopping
matrix elements on diﬀerent bonds are inper unit cell, hence 3 sublattices, dedicated, as well as the sites on the sublatnoted by the sublattice index s = 1, 2, 3,
tices s = 1 and 2 with potential ε.
and therefore 3 bands. One denotes by
N, Nc , and n = N/(3Nc ) the number of
electrons, cells, and electron density, respectively. The Hamiltonian of the chain
Ĥ = Ĥ0 + ĤU is given by
Nc 

δ
[tei 2 (ĉ†i+r2 ,σ ĉi,σ + ĉ†i+a,σ ĉi+r2 ,σ + ĉ†i+r1 ,σ ĉi+a,σ + ĉ†i,σ ĉi+r1 ,σ )
Ĥ0 =
σ

i=1

+ t⊥ ĉ†i+r2 ,σ ĉi+r1 ,σ + t ĉ†i+a,σ ĉi,σ + H.c.] + ε




n̂i+rs ,σ ,

(3.1)

s=1,2

ĤU = U

Nc 
3


n̂i+rs ,↑ n̂i+rs ,↓ .

(3.2)

i=1 s=1

In the external magnetic ﬁeld the
hopping matrix elements acquire the
Peierls phase factor with δ = 2πΦ/Φ0
and Φ0 = hc/e is the ﬂux quantum.
Here we have chosen the vector potential A  a, and the ﬁeld dependent hopping amplitudes follow from tj,j  (B) =
 j
tj,j  (0) exp[(2iπ/Φ0 ) j A · dl]. For one
ﬂux quantum per unit cell (triangle)
δ = π. The Zeeman term is not explicitly included in Ĥ, but all deduced
ground states have also been analyzed

Fig. 2. Schematic view of three particular
bare band structures for (a) t⊥ = t = 0,
δ = π/2, (b) t > 0, ε = −t⊥ + t−1
⊥ /2, δ =
π, and (c) t = 0, εt⊥ cos δ = t2⊥ − cos2 δ.
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simple structure. Indeed, the procedure works the better the more microscopic parameters (e.g., hopping amplitudes, bands, etc.) enter in Ĥ. This is due to the fact
that in a high-dimensional parameter space it is easier to ﬁnd a subspace Rp where
a relation between microscopic parameters is found, for which the transformation of
the Hamiltonian into positive semideﬁnite form holds.
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3.1. Flat-band ferromagnetism
We ﬁrst consider the parameters
t⊥ = t = 0, δ = π2 , in which case
the single-electron band structure consists of three ﬂat bands (see Fig. 2(a)).
This corresponds to the “AharonovBohm cage” limit analyzed by Vidal et
al.22) for the two electron problem with
ε = 0 (see also Fig. 3). Based on their
ﬁnding that excited singlet eigenstates
Fig. 3. Diamond Hubbard chain at t⊥ = t =
0. The thin line depicts the localized eigenare localized for U = 0 but delocalized
†
state corresponding to Ĉ3,i,σ
.
for U > 0, Vidal et al. conjectured that
such delocalized states should emerge
also at ﬁnite electron densities. Below we deduce indeed exact ground states for
the diamond Hubbard chain at ﬁnite densities.
Following the strategy outlined in §2 one ﬁrst transforms the kinetic part of the
Hamiltonian into positive semideﬁnite form by introducing new canonical fermionic
operators Ĉν,i,σ in real space (for details see Ref. 8)); these operators represent
localized
√ Wannier eigenstates (see Fig. 3). With the energies E2 = ε, E2±1 =
(ε ∓ ε2 + 4)/2 one obtains
Ĥ0 =

3
Nc 


†
Eν Ĉν,i,σ
Ĉν,i,σ .

(3.3)

σ,i=1 ν=1
†
Ĉν,i,σ and ĤU are positive semideﬁnite operators the ground state of Ĥ
Since Ĉν,i,σ
for Nc ≥ N , U > 0 becomes

|ΨgI (N ) =

N

i=1

†
|0,
Ĉ3,i,σ
i

EgI = E3 N .

(3.4)

For n = 1/3 one obtains a fully saturated ferromagnetic ground state in the
lowest band (see Fig. 4) which represents an explicit realization of Mielke-Tasaki’s
ﬂat band ferromagnetism.23) The strategy for the proof of the uniqueness of this
ground state is discussed in Appendix A. For n < 1/3 only the Wannier states with
a spatial overlap have the same spin, the (highly degenerate) ground state hence
consists of ferromagnetic clusters of arbitrary spin orientation. Since ĤU |ΨgI (N ) = 0
and the kinetic part of Ĥ is diagonal in real space, the ground state (3.4) is localized.
The explicit proof of the uniqueness of (3.4) for n < 1/3 is presented in Appendix
B.
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in the presence of the Zeeman term.
 
Fourier transforming Ĥ0 one ﬁnds Ĥ0 = k,σ 3s,s =1 Ms,s (k)ĉ†s,k,σ ĉs ,k,σ , where
the matrix elements Ms,s , which determine the free-electron dispersion, are given in
Ref. 8). In the following all energies will be given in units of 2t. Examples for bare
band structures are schematically shown in Fig. 2.
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3.2. Correlated half-metal
Fig. 4. The ferromagnetic ﬂat-band solution
The previous results suggest that
obtained at t⊥ = t = 0; the ground state
itinerant states are easier to realize at
result does not provide information about
δ = π/2. To analyze this problem we inhigher lying states as indicated by the quesvestigate below the special case t > 0,
tion mark.
−1
= −t⊥ + t⊥ /2, and δ = π; the singleelectron band structure has a dispersive
lowest band and two upper ﬂat bands (see Fig. 2(b)).

3.2.1. Transformation of Ĥ into positive semideﬁnite form
For the rewriting of Ĥ0 one deﬁnes ﬁrst the non-canonical fermionic operators
Âi,σ = a1 ĉi,σ + a2 ĉi+r2 ,σ + a3 ĉi+a,σ + a4 ĉi+r1 ,σ ,

(3.5)

which fulﬁll (Âi,σ )2 = 0 and {Âi,σ , Â†j,σ } = δi,j . Based on (3.5) one obtains
Â†i,σ Âi,σ = (a∗2 a1 ĉ†i+r2 ,σ ĉi,σ + a∗3 a2 ĉ†i+a,σ ĉi+r2 ,σ + a∗4 a3 ĉ†i+r1 ,σ ĉi+a,σ + a∗1 a4 ĉ†i,σ ĉi+r1 ,σ
+ a∗2 a4 ĉ†i+r2 ,σ ĉi+r1 ,σ + a∗3 a1 ĉ†i+a,σ ĉi,σ + H.c.)

(3.6)
+ |a1 |2 n̂i,σ + |a2 |2 n̂i+r2 ,σ + |a3 |2 n̂i+a,σ + |a4 |2 n̂i+r1 ,σ .

With the requirement − i,σ Â†i,σ Âi,σ = Ĥ0 one arrives at the matching conditions
a∗2 a1 = a∗3 a2 = a∗4 a3 = a∗1 a4 = −tei 2 ,
δ

a∗2 a4 = −t⊥ ,

a∗3 a1 = −t ,

|a1 |2 + |a3 |2 = + |a2 |2 = + |a4 |2 ,

(3.7)

from which
Âi,σ =

δ

t [ĉi,σ − ĉi+a,σ − 2t⊥ ei 2 (ĉi+r1 ,σ − ĉi+r2 ,σ )]

(3.8)
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The ﬂat-band ferromagnetism found here realizes early ideas of Gutzwiller24)
and Kanamori25) from 1963 about the origin of ferromagnetism. They argued that
the ferromagnetic orientation of the electronic spins is due to the fact that the
local interaction is thereby completely suppressed thus lowering the energy greatly.
However, they were not able to compute the associated loss in kinetic energy of this highly correlated state. In
the present case of ﬂat-band ferromagnetism the latter eﬀect poses no problem
since the kinetic energy is zero anyway.
We note that at U > 0 the lowest
band is ﬂat only for δ = π/2, but is dispersive for δ = π, or δ = 0. In the latter
situation the system is most probably
conducting for incommensurate ﬁllings.
Hence one encounters here a magnetic
ﬁeld induced metal-insulator transition.
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follows. Based on (3.6)–(3.8), Ĥ0 is rewritten as

i,σ

Â†i,σ Âi,σ

=+



Âi,σ Â†i,σ

i,σ

− 2Nc

4


|am |2 .

(3.9)

m=1

For the interaction part ĤU , one uses
ĤU = U

3Nc


n̂i,↑ n̂i,↓ = U P̂ + U N̂ − U Nc ,

P̂ =

i



P̂i .

(3.10)

i

N̂ is the particle number operator, and P̂i = (n̂i,↑ − 1)(n̂i,↓ − 1) is a positive semidefinite operator, which gives zero for at least one electron on site i and 1 for an unoccupied site i. Consequently, Ĥ has been transformed into the positive semideﬁnite
form

Ĥ =
(3.11)
Âi,σ Â†i,σ + U P̂ + EgII ,
i,σ

where EgII = ( + U + t⊥ )N − Nc (3U + 4t⊥ + 1/t⊥ ).
3.2.2. Construction of the ground state
As discussed in §2.2, the ground state |Ψg  for U > 0 is deduced such to satisfy
†
Âi,σ |Ψg  = 0 and P̂ |Ψg  = 0, from where indeed
Ĥ|Ψg  = Eg |Ψg 

(3.12)

follows. Since (Â†i,σ )2 = 0 one ﬁnds
|ΨgII (4Nc ) ∝


i

Â†i,−σ Â†i,σ |0.

(3.13)

In order to satisfy P̂ |Ψg  = 0 as well, which requires one electron on each site, besides
the contribution from (3.13) one has to introduce in the ground state wavefunction
also the operator
 †
F̂σ† =
[ĉi+rs ,σ ĉ†i+rs ,σ ],
(3.14)
i,1

i

i,2

which creates two electrons with ﬁxed spin σ on arbitrary sites of each unit cell.
Hence, the unnormalized ground state becomes
|ΨgII (4Nc ) = c


i

Â†i,−σ Â†i,σ F̂σ† |0,

(3.15)

where c is a normalization constant. The contribution in (3.13) creates one σ electron, and an electron with spin −σ in each unit cell, while F̂σ† creates two electrons
with spin σ on arbitrary sites of each unit cell. Consequently the ground state in
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Γm,−σ =

(−1)m
1 + 1/t⊥

e

− ξm

−σ

.

(3.16)

The one-particle localization length ξ−σ in (3.16) increases almost linearly with
1/t⊥ .8)
3.2.3. Solution for n > 4/3
For electron densities n > 4/3 there are N > 4Nc electrons. No σ-electrons but
ΔN −σ-electrons can be added to the system such that nσ = 1, n−σ = 1/3+ΔN/Nc .
The ground state then becomes
|ΨgII (4Nc + ΔN ) =

ΔN


ĉ†nα ,kα ,−σ |ΨgII (4Nc ),

(3.17)

α=1

where nα can be arbitrarily chosen from s = 1, 2, 3. Equation (3.17) contains plane
wave-type contributions from the −σ-electrons. Consequently, the additional ΔN
−σ electrons are itinerant. Indeed, this follows explicit from the expectation value
(1)
of the hopping term Γr,−σ . For |r/a|  1, ΔN = 1, s = 1, one ﬁnds Γr,−σ /Γr,−σ =
(1)

1 − [2 + (1 − cos ak)/t⊥ ]−1 . Here Γr,−σ is the plane wave result and k is the norm
of the momentum of the electron added above n = 4/3. We note that the momenta
kα in (3.17) are arbitrary. Hence it is not possible to deﬁne a Fermi surface, and the
ground state therefore corresponds to a non-Fermi liquid.
In the density range 4/3 < n < 5/3 the ground state has 3Nc immobile σ
electrons and Nc electrons with spin −σ conﬁned to their localized Wannier functions.
For this reason the ground state has a high geometric degeneracy; its uniqueness is
discussed in Appendix B.
Only the ΔN conducting −σ electrons are itinerant, leading to metallic behavior
with a low carrier density and a low spin polarization. Since the conduction through
this correlated half-metal involves only electrons of one spin species, such a system
may serve as a spin-valve device. Since U > 0 is required for this property one
encounters here a correlation induced localization-delocalization transition to a halfmetal. The magnetization behaves as M ∝ (1 − ΔN/Nc ) → 0 for ΔN → Nc .
in a ﬁnite magnetic ﬁeld. The transition can also be induced by tuning the local
potential ε. At n = 5/3 the ground state becomes nonmagnetic and localized in
the thermodynamic limit, while at n > 5/3 one ﬁnds a nonmagnetic but conducting
ground state.
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(3.15) corresponds to N = 4Nc , n = 4/3, nσ = Nσ /3Nc = 1, n−σ = 1/3. The proof
of the uniqueness of (3.15) is presented in detail in Appendix A. In conclusion, (3.15)
is the unique ground state.
Concerning the physical properties of the ground state one observes that in
.
(3 15) each lattice site is occupied by one σ-electron; hence, the σ-electrons are
localized. The −σ electrons are spatially extended, but localized for Nc → ∞. This
is inferred from the ground-state expectation value of the hopping term Γr,−σ =
ĉ†j,−σ ĉ†j+r,−σ + H.c., which in the limit Nc → ∞, for r/a = m, is calculated as
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3.3. Exact ground states for general magnetic flux

§4.

Exact many-electron ground states on triangle Hubbard chains

The procedure for the construction of exact ground states on the diamond Hubbard chain is now applied to a Hubbard chain composed of corner-sharing triangles
(see Fig. 5). Triangles are well-known to frustrate non-ferromagnetic magnetic order. Hence interacting electrons on lattices with triangles as structural sub-units are
expected to favor ferromagnetic ground states.
The triangle Hubbard chain in
Fig.
5 has two sites per cell which
i
i+a U 0 t U0 ε 0 ε 0
leads to two energy bands. The number of electrons, cells, and electron dent’
sity are here denoted by N , Nc and
n
= N/(2Nc ), respectively. This model
ε1
i+r
U1
was previously investigated in detail by
Penc et al.,26) Fazekas et al.,27) MüllerFig. 5. Triangle Hubbard chain.
Hartmann28) and Derzhko et al.29) with
a variety of analytical and numerical techniques.
The Hamiltonian of the triangle chain Ĥ tri = Ĥ0tri + ĤUtri has the form
Ĥ0tri =

Nc

σ

i=1

[ (tĉ†i,σ ĉi+a,σ + t (ĉ†i,σ ĉi+r,σ + ĉ†i+a,σ ĉi+r,σ ) + H.c.)
+ε0 ĉ†i,σ ĉi,σ + ε1 ĉ†i+r,σ ĉi+r,σ ],

ĤUtri =


[U0 n̂i,↑ n̂i,↓ + U1 n̂i+r,↑ n̂i+r,↓ ].

(4.1)

i

The model parameters are explained in Fig. 5. In the following we will construct
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It is also possible to construct exact ground states for general magnetic ﬂux
values including also the B = 0 case, for example at δ ∈ (−π/2, π/2) with t = 0,
t⊥ < 0, b ≡ − cos δ/t⊥ , ε = b−b−1 , and n ≥ 5/3;8) the single-electron band structure
has two dispersive bands and an upper ﬂat band (see Fig. 2(c)). For these hopping
and potential parameters one obtains a localized nonmagnetic ground state for δ = 0
over an extended range of densities n ≥ 5/3. By contrast, at ﬁnite magnetic ﬁelds
the ground state is a nonsaturated ferromagnet. This localized state at n = 5/3 is
insulating, but gapless and itinerant for n > 5/3. For the latter densities the majority
spin σ-electrons are immobile and only the −σ electrons are itinerant. Therefore, by
varying the external magnetic ﬁeld and the sublattice potential one can tune from
a localized, nonmagnetic ground state to a nonsaturated ferromagnet in the density
range n ≥ 5/3; the ferromagnetic state is insulating at n = 5/3, but conducting for
n > 5/3.
We ﬁnally note the properties derived above do not depend on the Zeeman
coupling. Only the solution in §3.1 for n < 1/3 is altered by the Zeeman term,
whose presence leads to a fully spin aligned ferromagnetic solution.
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4.1. Ground states for the triangle Hubbard chain
4.1.1. Ground state for U0 , U1 > 0
Employing the operators
√
Âi,σ = t[ ĉi,σ + ĉi+a,σ + (t /t)ĉi+r,σ ],

(4.2)

the Hamiltonian (4.1) can be transformed into positive semideﬁnite form:
 †
Âi,σ Âi,σ + K N̂ + HUtri .
Ĥ tri =

(4.3)

i,σ

Here N̂ is the particle number operator and K = ε0 − 2t. To construct the ground
†
state one has to ﬁnd operators B̂i,σ
which satisfy {Âi,σ , B̂i† ,σ } = 0 for all values of
the indices. The ground state then has the form
|Ψ tri (N ) =

N

i

†
|0,
B̂i,σ
i

(4.4)

†
= [ĉ†i−a+r,σ + ĉ†i+r,σ − (t /t)ĉ†i,σ ], N ≤ Nc . For n < 1/2 there exist
with B̂i,σ

†
which touch have the same spin
ferromagnetic clusters, and only operators B̂i,σ
i
index. For n = 1/2 all clusters touch such that a fully saturated ferromagnetic state
is obtained as shown in Fig. 6(a) for the U1 > 0 case. The ground state corresponds
to a particular realization of ﬂat-band ferromagnetism,23) for which Derzhko et al.29)
calculated the thermodynamic properties.

Fig. 6. Ground-state conﬁguration of the electrons for (a) U0 , U1 > 0, and (b) U0 > 0, U1 = 0. The
ground-state results do not provide information about higher lying states as indicated by the
question marks.
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exact ground states in the subspace of parameters deﬁned by the relation (t )2 /t =
ε1 − ε0 + 2t, ε1 − ε0 > −2t, t > 0, for which the lowest bare band is ﬂat.
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4.1.3. Ground state for U0 = 0, U1 > 0
The ground state has again the form (4.4), but now it is a fully saturated ferromagnetic state at n = 1/2 even for U0 = 0, since the Hubbard interaction is non-zero
at the connectivity points (U1 > 0). We thus see that for ﬂat-band ferromagnetism
to occur the Hubbard interaction is needed only at the connectivity points. The ferromagnetic states discussed in §§4.1.1 and 4.1.3. are localized in the thermodynamic
limit.
4.2. Mapping to the one-dimensional periodic Anderson model (PAM)
By the following change of notation in (4.1):
ĉiσ → dˆi,σ , ĉi+r,σ → fˆi,σ , t → V, ε1 → Ef , U1 → U,

(4.5)

and setting ε0 = U0 = 0 the triangle Hubbard chain transforms into a one-dimensional
PAM with zero on-site hybridization and nearest-neighbor hybridization V :
Ĥ

P AM

Nc

†
=
(tdˆ†i,σ dˆi+a,σ + H.c.) + Ef fˆi+r,σ
fˆi+r,σ
i=1
(dˆ†i,σ fˆi+r,σ

σ

+V

+ dˆ†i+a,σ fˆi+r,σ + H.c.)] + U


i

n̂fi+r,↑ n̂fi+r,↓ .

(4.6)

A lowest bare ﬂat band is obtained for V 2 /t = Ef + 2t, Ef > −2t, t > 0.
4.2.1. Exact ground state for the one-dimensional PAM
In the parameter regime V 2 /t = Ef + 2t, Ef > −2t, t > 0 the exact ground
state for the one-dimensional PAM is obtained from (4.4) as
|ΨgP AM (N = Nc ) =

Nc

i=1

V
†
†
+ fˆi+r,σ
− dˆ†i,σ |0.
fˆi−a+r,σ
t

(4.7)

4.2.2. Itinerant ferromagnetism of ﬁnite chains
In analogy with (3.16) the localization length ξ of the d-electrons can be calculated from the expression for the expectation value of the hopping term Γr . Its
dependence on the nearest-neighbor hybridization strength V is given by
a

ξ=
ln[1 +

V2
(1
2t2

−

1+

4t2
)]
V2

,

(4.8)
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4.1.2. Ground state for U0 > 0, U1 = 0
The ground state has the same form as (4.4), but now it is non-magnetic even
for n = 1/2 (see Fig. 6(b)). This is due to the fact that, although the connectivity
†
†
condition is fulﬁlled (i.e., B̂i,σ
and B̂i+a,σ
overlap at site i+r) there is no interaction
at the connectivity point (U1 = 0). The fulﬁllment of the connectivity condition for
the Wannier functions is therefore not suﬃcient for the ground state to be ferromagnetic. In addition a ﬁnite Hubbard repulsion is needed at the connectivity points to
guarantee a correlation between the electrons.
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4.3. Application to f -electron ferromagnetism in CeRh3 B2
As pointed out by Kono and Kuramoto21) the one-dimensional PAM, (4.6),
may be employed to model the 4f -electron compound CeRh3 B2 . This material is
ferromagnetic below Tc = 120 K. Its properties are interesting for several reasons:
(i) the ferromagnetic state cannot be explained by a RKKY interaction, (ii) the
4f moment has the remarkably small value of 0.45 μB compared to the free Ce3+
moment of 2.14 μB , and (iii) the Curie temperature Tc has the highest value among
all known Ce compounds with non-magnetic elements.
The lattice structure of the class of
rare-earth (RE) compounds RERh3 B2
was determined by Yamada et al.30)
A cut through the (a, c)-plane of the
Cerium system (RE = Ce) is shown in
Fig. 8. The remarkable diﬀerence between the distances of the Ce atoms
along the a- and the c-direction, respectively, makes this material a quasi onedimensional two-band system.31) For
this reason Kono and Kuramoto21) modeled CeRh3 B2 by the triangle PAM
Fig. 7. Localization length ξ of the d-electrons
chain shown in Fig. 9. The parameof the one-dimensional PAM, (4.6), as a
ters entering the model are t = 0.34 eV,
function of the nearest-neighbor hybridizaV = 0.24 eV, Ef = −0.714 eV, U = 7
tion strength V .
eV, n = 0.55, as obtained from bandstructure calculations and X-ray absorption spectroscopy (we note that the density
n = 0.55 corresponds to twice the value, i.e., n = 1.1, in the notation of Ref. 21)).
4.3.1. Variational results for the one-dimensional PAM
Kono and Kuramoto21) computed the band structure of CeRh3 B2 by constructing a Gutzwiller variational wave function and using variational Monte Carlo to
determine the ground state. They found the lowest band of CeRh3 B2 to be almost
perfectly ﬂat and fully polarized, and the second band dispersive and almost unpolarized. It should be stressed that the shape of the lowest quasiparticle band of
interacting electrons depends on U .
4.3.2. Exact ground state of the one-dimensional PAM
We can use the exact ground state of the one-dimensional PAM, (4.7), to make
direct contact with the f -electron ferromagnetism found in CeRh3 B2 . Namely, this
ground state represents a saturated ﬂat-band ferromagnetic state of the f -electrons
for electron density n = 1/2 and arbitrary U > 0, provided the condition V 2 /t =

Downloaded from https://academic.oup.com/ptps/article/doi/10.1143/PTPS.176.1/1882711 by Universitatsbibliothek Augsburg user on 01 March 2022

as shown in Fig. 7. Here a is the distance between sites at the base of the triangle
chain (see Fig. 5). Although ﬂat-band ferromagnetism in the thermodynamic limit
usually corresponds to localized electrons, the localization length can be so large
that it exceeds the length of a ﬁnite sample. In realistic situations the exact ground
state of the ﬁnite chain therefore shows itinerant ferromagnetism.
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Fig. 8. Cut through the (a, c)-plane of the lattice structure of CeRh3 B2 based on the parameters determined in Ref. 30).

Ef + 2t, Ef > −2t, t > 0 holds. The condition is indeed fulﬁlled for the parameter
values t = 0.34 eV, V = 0.23 eV, Ef = −0.52 eV, which are very close to the
experimentally determined values. In this case the lowest band is perfectly ﬂat for
all U > 0. Apparently the ferromagnetism of the f -electrons in CeRh3 B2 is due to
the presence of an (almost) ﬂat lowest band.
4.3.3. Magnetic moments
The experimentally observed magnetic moment of the f -electrons is mf = 0.45
32)
μB .
The variational result21) yields mf = 0.94 μB , while the exact ground state
discussed above leads to a value of mf = 0.68 μB which is even closer to the experimental value. Both theoretical values are somewhat higher than the experimental f
moment. This may be due to the fact that the theoretical approaches do not include
the spin-orbit interaction which causes an antiferromagnetic coupling between the
d- and the f -electrons.
§5.

Conclusions

Despite its simplicity, the diamond Hubbard chain displays remarkably complex
physical properties with insulating, conducting, and fully or partially spin polarized
states. The constructed exact many-electron ground states revealed ﬂat-band ferromagnetism, correlated half-metallic behavior, and metal-insulator transitions in
the diamond Hubbard chain. The virtue of tuning fundamentally diﬀerent ground
states through external magnetic ﬁelds, site selective potentials, or the electron density, points to new prospects for designing electronic devices, which allow to switch
between diﬀerent ground states, including states that operate as a spin valve. We applied the general strategy for the construction of exact ground states also to triangle
Hubbard chains. The mapping of the triangle Hubbard chain to the one-dimensional
periodic Anderson model within a restricted parameter set provided a theory for
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Fig. 9. One-dimensional PAM used to model
CeRh3 B2 .21)
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Appendix A
Uniqueness of Ground States with N = pNc Where p Is an Integer
Here we prove the uniqueness of those exact ground states constructed in this
paper for which the electron number N is an integer multiple of the number of unit
cells Nc . The proof proceeds as discussed in §2.3 and is exempliﬁed by proving the
uniqueness of the ground state |ΨgII (4Nc ), (3.15), of the diamond Hubbard chain. In
this case N = 4Nc , i.e., p = 4, and the electron density has the value n = 4/3. The
Hamiltonian, the unnormalized ground state, and the Âi,σ operators entering therein
are given by (3.11), (3.15), and (3.8), respectively. To prove the uniqueness one ﬁrst
  c
†
has to determine the kernel of Ĥ  = Ĥ − EgII = σ N
i=1 Âi,σ Âi,σ + U P̂ . The form
the intersection
of
of the Hamiltonian Ĥ  implies that its kernel is simplygiven

Nby
†
c

the kernels of the individual terms, i.e., ker(Ĥ ) = ker( σ i=1 Âi,σ Âi,σ ) ker(P̂ ),

where P̂ is an operator, which assumes its minimum eigenvalue 0, if there is at least
one electron at each site.
To prove the uniqueness of the ground state |ΨgII (4Nc ), (3.15), it is now necessary to demonstrate that it spans ker(Ĥ  ). According to the discussion in §2.3 the
proof consists of two parts. First one has to establish that
(i) |ΨgII (4Nc ) is an element of the intersection of the kernels of the positive
semideﬁnite operators entering in Ĥ  .
Then one must show that
(ii) all states from the kernel of Ĥ  can be written in the form of the ground
state |ΨgII (4Nc ).
The ﬁrst part of the proof, (i), is covered by the following Theorems A-1 to A-3.
The second part of the proof, (ii), then follows immediately (see below).
To prove (i) we note that the ﬁrst term in Ĥ  is a sum of positive semideﬁnite
operators Âi,σ Â†i,σ . The ground state of Ĥ  must therefore be an element of each
kernel of all the operator Âi,σ Â†i,σ , for all i, σ. Thus we ﬁrst determine the kernel of
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f -electron ferromagnetism in CeRh3 B2 , which is based on the physical properties of
an exact ground state.
Further applications of the construction of exact ground states by casting the
Hamiltonian into positive semideﬁnite form are possible for model systems with
selected geometries in artiﬁcially designed structures. In particular, we constructed
exact ground states for pentagon Hubbard chains. These results will be presented
elsewhere.
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 Nc
σ

†
i=1 Âi,σ Âi,σ

(Appendix

A.2), and ﬁnally the kernel of the full Hamiltonian Ĥ  (Appendix A.3).
y

A.1. The kernel of Âi;ﬀ Âi;ﬀ
Theorem A-1: The kernel of Âi,σ Â†i,σ is spanned by states of the form
|Ψ  = Â†i,σ Ŵ † |0,

(A.1)

where Ŵ † is an arbitrary operator.
Proof of Theorem A-1
a) From (Â†i,σ )2 = 0 it follows that Âi,σ Â†i,σ |Ψ  = 0. This implies that |Ψ  ∈
ker(Âi,σ Â†i,σ ).

b) In order to show that all elements of ker(Âi,σ Â†i,σ ) can be written in the form

|Ψ  = Â†i,σ Ŵ † |0 we consider a state |Φ = Ŷ † |0 ∈ ker(Âi,σ Â†i,σ ) and show that |Φ

has the form |Ψ  = Â†i,σ Ŵ † |0.

Making use of Âi,σ , Â†i,σ = 8t2⊥ t + 2t =: aσi,i > 0 and Âi,σ Â†i,σ |Φ = 0 we
can write


1
1
†
†
†
Âi,σ Ŷ † |0. (A.2)
|Φ = Ŷ † |0 = σ (Âi,σ Âi,σ + Âi,σ Âi,σ )Ŷ † |0 = Âi,σ
ai,i
aσi,i
1
Âi,σ Ŷ †
aσ
i,i

With the identiﬁcation Ŵ † :=

we have therefore veriﬁed that indeed

|Φ = Â†i,σ Ŵ † |0 = |Ψ .

(A.3)

This completes the proof of Theorem A-1.
  c
y
A.2. The kernel of ﬀ N
i=1 Âi;ﬀ Âi;ﬀ
  c
†
The kernel of σ N
i=1 Âi,σ Âi,σ has the form
ker


Nc

σ

Theorem A-2: ker(

i=1


Âi,σ Â†i,σ

 Nc
σ

Nc
 

=

σ=↑,↓i=1

†
i=1 Âi,σ Âi,σ )

|Ψ  =


Nc

σ i=1

ker(Âi,σ Â†i,σ ).

(A.4)

is spanned by vectors of the form


Â†i,σ

Ŵ † |0,

(A.5)

where the operator Ŵ † is arbitrary.
Theorem A-2 follows
 directly from the linear independence of the operators
Â†i,σ (that is, Â†i,σ = j=i αj,σ Â†j,σ holds for arbitrary coeﬃcients αj,σ due to the
fact that the operators ĉ†i+r1 ,σ , ĉ†i+r2 ,σ enter only in Â†i,σ and not in Â†j,σ , for j = i.
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Âi,σ Â†i,σ (Appendix A.1), then the kernel of the sum
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A.3. The kernel of Ĥ 0

 Nc
σ


†
ker(P̂ ),
i=1 Âi,σ Âi,σ )

where

P̂ is an operator, which assumes its minimum eigenvalue 0, if there is at least one
electron at each site. Hence, ker(Ĥ  ) is spanned by vectors of the form in Eq. (A.1),
where now the operator Ŵ † is no longer arbitrary, but must have a specific form to
satisfy the above-mentioned requirement imposed by ker(P̂ ).
Theorem A-3: For N = 4Nc the operator Ŵ † is given by Ŵ † = F̂σ† , where F̂σ†
creates two electrons with ﬁxed spin σ in each unit cell.
Proof of Theorem A-3.
The proof proceeds in two main steps: we show that Ŵ † = F̂σ† is 1) a possible
choice, and 2) the unique choice.
1) Let us denote by T i the unit cell (= triangle), which contains the sites i, i +
r 1 , i + r 2 . The state F̂σ† |0 has one empty site in each unit cell Ti . We now analyze
 c †
†
how these empty sites are ﬁlled by the product N
i=1 Âi,σ . We ﬁrst observe that Âi,σ
acts on all sites in T i , which implies that the empty site in T i can indeed be ﬁlled
by applying Â†i,σ . There are Nc empty sites and Nc operators Â†i,σ ; thus, the product
 Nc †
†
2
i=1 Âi,σ inserts Nc electrons with spin σ into the system. Since (ĉj,σ ) = 0, the
Nc † †
state i=1 Âi,σ F̂σ |0 has one σ-electron on all 3Nc sites of the lattice. Hence, F̂σ† is
a possible choice for Ŵ † in constructing the states contained in ker(Ĥ  ).
2) We now ﬂip the spin σ of one electron in F̂σ† into −σ, and denote the new
†

operator Ŵ † by F̂  σ . In this case, a single unit cell, say T io , will have one empty site,
one electron with spin σ on another site, and one electron with spin −σ on the third
site. Then the operator Â†io ,σ can create one electron with spin σ on the site, which
already contains the electron with spin −σ, thereby creating a double occupancy.
One empty site will remain in T io . For i = io , the operators Â†i,σ can introduce their
electron into the empty sites of T i . Hence one empty site can remain in the system.
 c † ˆ †
The state |χ = N
i=1 Âi,σ F σ |0 therefore has at least one term with an empty site
 c †
and contains one −σ electron. Acting now with N
i=1 Âi,−σ on |χ adds Nc electrons
 c †
with spin −σ on (3Nc − 1) sites. The new state |Φ = N
i=1 Âi,−σ |χ will therefore
have at least one term with an empty site, and is thus not an element of ker(P̂ ) and
ker(Ĥ). This shows that Ŵ † = F̂σ† is the unique choice. This completes the proof of
Theorem A-3.
Theorems A-1, A-2 and A-3 prove that |ΨgII (4Nc ), (3.15), is indeed an element
of the intersection of the kernels of the positive semideﬁnite operators entering in
Ĥ  . This completes part (i) of the proof of the uniqueness discussed in §2.3.
Since all vectors from ker(Ĥ  ) can be written in the form |ΨgII (4Nc ), (3.15), and
since this state represents the constructed ground state |Ψg , it follows immediately
that all vectors in ker(Ĥ  ) can be written in the form (3.15). Therefore the ground
state (3.15) is the unique ground state of the Hamiltonian Ĥ, (3.11).
The proofs of the uniqueness of the ground state (3.4) at density n = 1/3,
corresponding to p = 1, and of solution III in Ref. 8) at density n = 5/3 (p = 5)
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The kernel of Ĥ  is given by ker(Ĥ  ) = ker(
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proceed similarly.

B.1. Geometric degeneracies
For non-integer p as in the case of (3.4) for n < 1/3, and (3.17) for n > 4/3 (as
well as in the case of solution III for n > 5/3 of Ref. 8)]), the ground states have a
high geometric degeneracy. In these cases there exist linearly independent eigenstates
|Ψgγ  with the same ground-state energy. They may be denoted by a degeneracy
index γ = 1, 2, . . . , M
d , where Md is the degree of degeneracy. The ground state
γ
d
then becomes |Ψg  = M
γ=1 αγ |Ψg , where apart from the normalization condition,
the coeﬃcients αγ are arbitrary. For these ground states the proof of uniqueness
proceeds analogously to that described in Appendix A. Namely, one has to prove
that |Ψg  spans ker(Ĥ  ), but now, given the speciﬁc structure of |Ψg , it has to be
veriﬁed that
1) all linearly independent states |Ψgγ  are elements of the intersection of the kernels
L

ker(P̂n ), and
of the positive semideﬁnite operators P̂n , i.e., |Ψgγ  ∈ ker(Ĥ  ) =
2) all states |Ψg  ∈

L


n=1

ker(P̂n ) can be written in the form of the constructed ground

n=1

state, e.g. as a linear combination of the vectors |Ψgγ .
As an example we now prove the uniqueness of the ground state |ΨgI (N ), (3.4),
for n < 1/3. The proof is presented for ﬁxed N , namely N = Nc − 1. For other
N values the proof proceeds similarly. The ﬁrst part of the proof, (i), (see §2.3) is
covered by the following Theorems B-1 and B-2. The second part of the proof, (ii),
then follows immediately (see below).
B.2. Uniqueness of the ground state (3.4) for N = Nc − 1 particles
Ĥ0 and ĤU as
The transformed Hamiltonian Ĥ = Ĥ0 + ĤU is determined
by 
†
Ĉν,i,σ ,
given by (3.3)and (3.2), respectively. Furthermore, one has N̂ = i,σ 3ν=1 Ĉν,i,σ
where Ĉν,i,σ are genuine canonical Fermi operators, and E3 < E1 , E2 . Since N̂ is a

†
constant of motion, the Hamiltonian can be written as Ĥ = i,σ [(E1 −E3 )Ĉ1,i,σ
Ĉ1,i,σ +
†
Ĉ2,i,σ ] + ĤU + EgI , where EgI = E3 N and (E1 − E3 ), (E2 − E3 ) > 0.
(E2 − E3 )Ĉ2,i,σ

Consequently, Ĥ  := Ĥ − EgI is a positive semideﬁnite operator: Ĥ  = P̂1 + P̂2 , where

†
†
Ĉ1,i,σ + (E2 − E3 )Ĉ2,i,σ
Ĉ2,i,σ ], and P̂2 = ĤU . The ground
P̂1 = i,σ [(E1 − E3 )Ĉ1,i,σ
.
state is given by (3 4).
B.2.1. The kernel of P̂1
Theorem B-1: The kernel of P̂1 is spanned by states of the form
|Ψ ({i}, {σi }) =

N
c −1
i=1

†
|0,
Ĉ3,i,σ
i

(B.1)
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{Ĉ1,i,σi , X̂ † } = {Ĉ2,i,σi , X̂ † } = 0

(B.2)

 
†
. Indeed, the antifor all indices i, σi , must have the form X̂ † = j σj Ĉ3,j,σ
j
†
commutation relations (B.2) hold only for this type of X̂ operator since an arbi†
trary X̂ † operator can be expressed in terms of Ĉν,j,σj operators, and only Ĉ3,j,σ
j
anticommutes with all Ĉ1,i,σi and Ĉ2,i,σi .
†
b) If X̂ † contains at least one Ĉν,j,σ
operator with ν = 1, 2, Eq. (B.2) no longer
j
holds, hence Eq. (B.1) is the unique choice. This proves Theorem B.1.
We furthermore observe that due to the fermionic operator nature of Ĉ3,i,σi , the
deduced elements of ker(P̂1 ) from Eq. (B.1) are not only linearly independent but
also orthogonal:
Ψ ({i}, {σi })|Ψ ({i }, {σi }) = δ{i},{i } δ{σi },{σi } .

(B.3)

B.2.2. The kernel of Ĥ 
Since ker(Ĥ  )=ker(P̂1 ) ∩ ker(P̂2 ), the states in ker(Ĥ  ) have the form (B.1), but
the speciﬁc set of indices ({i}, {σi }) has to be chosen such that these states are also
contained in ker(P̂2 ). This condition requires the proof of the following theorem.
Theorem B-2: The kernel of Ĥ  is spanned by states of the form
|Ψ (j) = |Ψ ({i}) =

N
c −1
i=1

†
|0,
Ĉ3,i,σ

(B.4)

where σ is ﬁxed, and the product extends over Nc − 1 arbitrary sites.
Since the product in Eq. (B.4) is taken over Nc − 1 sites of the sublattice s = 3,
the vector |Ψ ({i}) can be denoted by the speciﬁc site j excluded from the product,
i.e. |Ψ ({i}) ≡ |Ψ (j). This site j plays the role of the degeneracy index γ in
Appendix B.1.
Proof of Theorem B-2.
The theorem is proved in three steps: First one has to show that all σi spin indices
in (B.4) must have the same value, secondly it has to be veriﬁed that the deduced
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where the product is taken over arbitrary Nc − 1 sites, and σi is arbitrary. Note that
|Ψ ({i}, {σi }) depends on the set of sites {i}, and the set of spin orientations {σi }.
Proof of Theorem B-1.
The proof proceeds in two steps: a) one ﬁrst shows that Eq. (B.1) is a possible
choice, and b) then veriﬁes that it is the unique choice.
a) The initial 6Nc canonical Fermi operators ĉi+rs ,σ , where s = 1, 2, 3 is the
sublattice index, have been transformed by a linear transformation into the 6Nc
operators Ĉν,i,σi , which satisfy canonical fermionic anti-commutation rules. Since
the set of the new operators {Ĉν,i,σi } substitutes the set {ĉi+rs ,σ }, all operators in
the system acting on states deﬁned by arbitrary (i, σi ) can be expressed in terms of
the operators Ĉν,i,σi .
Given these conditions, an operator X̂ † which satisﬁes
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states in ker(Ĥ  ) are linearly independent, and thirdly one needs to prove that the
set of the deduced states is complete.
a) All states in ker(P̂2 ) require the absence of any double occupancy. Therefore,
all indices σi must be ﬁxed to the same value σ. The double occupancy cannot be
†
share a common site.
avoided otherwise, since in Nc unit cells Nc − 1 operators Ĉ3,i,σ
b) Due to the relation (B.3) the vectors |Ψ (j) are linearly independent, since
they are orthogonal Ψ (j)|Ψ (j  ) = δj,j  .
c) Obviously, the degree of degeneracy of a macroscopic many-body state is given
by the number of equivalent conﬁgurations. Due to part a), apart from the trivial
degeneracy with respect to the total spin direction, on ﬁnds Md = Nc , because there
are Nc possibilities for placing Nc − 1 identical objects on Nc sites. Consequently,
ker(Ĥ  ) is an Md = Nc dimensional Hilbert subspace. The index j in the states of the
form (B.4) refers to Nc possible diﬀerent unit cells. Furthermore, the vectors |Ψ (j)
are linearly independent, hence the set {|Ψ (j)} forms a (orthonormalized) basis of

ker(Ĥ  ). Therefore,
Nc {|Ψ (j)} spans ker(Ĥ ), and the ground state has the general
form |Ψg  =
j=1 αj |Ψ (j), with arbitrary coeﬃcients αj . This proves Theorem
B-2.
Since {|Ψ (j)} is a basis of ker(Ĥ  ), all states |φ ∈ ker(Ĥ  ) can be written in the
form |Ψg  of part c). Therefore (3.4) is the unique ground state of the Hamiltonian
Ĥ consisting of the two terms (3.3) and (3.2).
For N = Nc the set {j} is an empty set, and the upper limit set to Nc in Eq.
(B.4) provides the unique ground state at density n = 1/3 (see (3.4) for N = Nc ).
A similar strategy for N < Nc − 1 allows one to prove the uniqueness of the groundstate solutions for all electron densities n < 1/3 in (3.4). Similar proofs are expected
to hold in the case of the ground state |ΨgII (4Nc + ΔN ), (3.17), for n > 4/3 (p > 4)
and solution III for n > 5/3 (p > 5) constructed in Ref. 8).
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