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The calculation of rate coefficients is a discipline of nonlinear science of importance to much of physics,
chemistry, engineering, and biology. Fifty years after Kramers' seminal paper on thermally activated bar-
rier crossing, the authors report, extend, and interpret much of our current understanding relating to
theories of noise-activated escape, for which many of the notable contributions are originating from the
communities both of physics and of physical chemistry. Theoretical as well as numerical approaches are
discussed for single- and many-dimensional metastable systems (including fields) in gases and condensed
phases. The role of many-dimensional transition-state theory is contrasted with Kramers' reaction-rate
theory for moderate-to-strong friction; the authors emphasize the physical situation and the close connec-
tion between unimolecular rate theory and Kramers' work for weakly damped systems. The rate theory
accounting for memory friction is presented, together with a unifying theoretical approach which covers
the whole regime of weak-to-moderate-to-strong friction on the same basis (turnover theory). The pecu-
liarities of noise-activated escape in a variety of physically different metastable potential configurations is
elucidated in terms of the mean-first-passage-time technique. Moreover, the role and the complexity of es-
cape in driven systems exhibiting possibly multiple, metastable stationary nonequilibrium states is
identified. At lower temperatures, quantum tunneling effects start to dominate the rate mechanism. The
early quantum approaches as well as the latest quantum versions of Kramers' theory are discussed, there-
by providing a description of dissipative escape events at all temperatures. In addition, an attempt is
made to discuss prominent experimental work as it relates to Kramers' reaction-rate theory and to indi-
cate the most important areas for future research in theory and experiment.
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quantum correction to the classical prefac-
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crossover temperature
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partition function of the locally stable state
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damping relaxation rate
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sity
exponentially correlated Gaussian noise
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coordinate
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I. INTRODUCTlON

The problem of escape from metastable states is ubi-
quitous in almost all scientific areas. Reaction-rate
theory has received major contributions from fields as
diverse as chemical kinetics, the theory of di6'usion in
solids, homogeneous nucleation, and electrical transport
theory, to name but a few. It was recognized early on
that rate processes are characterized by rare events, i.e.,
rate processes are phenomena that take place on a long
time scale when compared to dynamic time scales
characterizing the states of local stability (see Fig. 1).

The discipline of rate theory was created when Svante
Arrhenius gave an extensive discussion of various
reaction-rate data which, as a function of the inverse
temperature P=(k~ T) ', vary on a logarithmic scale. In
other words, the rate coefticient k, or simply the rate of
escape, follows the Van't Hoff-Arrhenius law (Van't Hoff,
1884, Arrhenius, 1889)'

k =vexp( PE—&),
where Eb denotes the threshold energy for activation and
v is a prefactor. Figure 2 depicts the Van't HofF-
Arrhenius plot for various reactions over a large temper-
ature range. Further quantitative progress in the field
was slow during the late 19th century. It was realized
that escape from a state of local stability can happen only
via noise-assisted hopping events. Therefore, the calcula-
tion of escape rate posed, at first glance, a daunting prob-
lem. The field had thus to await a theory of Auctuations.
This concern with Auctuations started with pioneering
contributions by Lord Rayleigh (1891), Einstein (1905),
Smoluchowski (1906, 1913, 1915), Fokker (1913, 1914),
Planck (1917), Ornstein (1917), Pontryagin et al. (1933),
and many others. The work in early Brownian motion
theory has been reviewed in an excellent paper by Chan-
drasekhar (1943). A more detailed account on early stud-
ies of Brownian motion can be found in recent review ar-
ticles by Pais (1982) and Coffey (1985). Certainly, a ma-
jor first piece of work in rate theory must be
attributed to Smoluchowski (1917). He evaluated the
diffusion-controlled rate coef5cient k, of coagulation,
k, =477(Dg+Dg)(R/+Rg), where Dg g and Rg g
denote the diftusion constant and the radius of the
scavenger species 3 and B, respectively. The present
status of this important field of diffusion-controlled en-
counter reactions has recently been beautifully surveyed
by Calef and Deutch (1983).

The first quantitative ideas related to general activated
rate theory have their origins in the study of homogene-
ous nucleation in supersaturated vapors (Frenkel, 1955;
Zinsmeister, 1970; Abraham, 1974). Naturally, homo-
geneous nucleation is a rather complex subject for which
at present no complete solution is available, i.e., various
interesting fundamental questions still remain (Abraham,
1974; Binder and StauAer, 1976; Langer, 1980; Gunton
San Miguel, and Sahni, 1983). In a pioneering paper,

O
Q

T2 50 t(~S)

FIG. 1. A typical stochastic realization sampling the random
sojourn times IT„T2,etc. I in a symmetric bistable potential
U(x) = ——'x + —'x, with the metastable states located at
x =+1. Data are from Hanggi, Mroczkowski, Moss, and
McClintock, (1985).

iBeautiful historical accounts of the development of the Ar-
rhenius equation have been given by Logan (1982), Laidler
(1984, 1987), and Stiller (1989). On inspecting the original pa-
per of Arrhenius, the authors of this review were abashed when
they realized that Arrhenius does not present a single Arrhenius
plot and, furthermore, credits the equation k =vexp —(8/T),
commonly known as "the Arrhenius equation, " to Van't Ho%
In his discussion of rate data, however, he introduces a "hy-
pothetical body, " i.e., an active state commonly known as the
"activated complex, "and proposes an equilibrium between nor-
mal and active reactant molecules. This concept in itself is cer-
tainly a most important contribution to reaction-rate theory.
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FIG. 2. Van t Bof-Arrhenius plots of reaction-rate data for two different physical systems in which both thermal activation an
tunneling events occur: (a) Rate of CO migration to a separated p chain of hemoglobin (&lberding er aI., 1976; prauenfelder, 1979);
(b) diffusion coefficient D of atomic hydrogen moving on the (110) plane of tungsten at a relative H-coverage of 0.]. (data taken from
DiFoggio and Gomer, 1982). The diffusion D is directly proportional to the hopping rate k.

Farkas (1927) considered the rate of homogeneous nu-
cleation by treating the detailed kinetics of atoms arriv-
ing at the droplet or evaporating from it. He introduced
an approach that is known today as the "Markovian
birth and death process. " Moreover, in his paper, Far-
kas described the cornerstone idea underlying any rate
calculation —clearly, the rate of escape from a metasta-
ble state is characterized by the flux of particles that pass
through the bottleneck separating products from reac-
tants. The key input in any modern rate calculation is
thus the evaluation of this very Ilux (normalized to one
particle) across the bottleneck. The flux follows from a
nonequilibrium probability, subject to the boundary con-
ditions that stationary equilibrium prevails inside the
metastable state and that the probability approaches zero
beyond the bottleneck region, where the particles are re-
moved (or absorbed) immediately and then reinjected
into the initial well, yielding a stationary flux. On p. 237
of his article Farkas (1927) explicitly introduced this cru-
cial concept, nowadays widely known as the flux-over-
population method (see Sec. II.C), when he stated (freely
translated from German)

. . .In order to calculate for a diffusion problem the
number of particles that go through a bottleneck one
must know the concentration at two locations. In our
case the diffusion process is not allowed to perturb the
stationary distribution towards smaller particle numbers,
(i.e., for numbers n & no, with no denoting the size of the
critical nucleus); therefore one has an equilibrium con-
centration below (n & no); above (n & no), however, one
must have for very large n a vanishing concentration of
droplets. . .

Here, the text in parentheses has been included for
clarification of the terms "below" and "above. " Farkas
then proceeded to derive an explicit result for the rate of
nucleation, which is identical with the result popularized
later on by Becker and Doring (1935). In the meantime,
the chemists had not been inactive. In the early twenties,
Lindemann (1922) developed a multiple-step mechanism
for unimolecular gas phase reactions (or more generally
first-order reactions, A —+B, in which c~ = —kc~, with c
denoting the concentration). Soon after, Hinshelwood
(1926a, 1926b), among others, developed a quantitative
approach. This chemical reaction-rate theory, as well
as the early theory of bimolecular reactions (or
more generally second-order reactions, 3 +B—+ C,c„=—kb; c„c~)was reviewed by Fowler (1929) in
Chap. XVIII of his book, and also by Moelwyn-Hughes
(1933).

The next major development again came from the
chemical physics community. This is represented by the
works of Polanyi and Wigner (1928), Pelzer and Wigner
(1932), Evans and Polanyi (1935), Eyring (1935), and
Wynne-Jones and Eyring (1935). Polanyi and Wigner
(1928) and Eyring (1935) treated the case of a nonlinear
decomposing molecule consisting of n atoms. Eyring
(1935) expressed the rate in terms of quantities that are
available from the underlying potential surface and in ad-
dition made explicit use of (quantum) statistical mechan-
ics for the partition function Z~ of the metastable state
( A ) and the activated complex (A), respectively. In this
way he arrived at an epoch-making rate formula (Eyring,
1935; Laidler and King, 1983),

Note also that Farkas (1927) himself attributes the basic idea
for his treatment to L. Szilard.

k T z
exp( gEb) =IrkTsT . — (1.2)
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The parameter ~ was originally introduced by Eyring
(1935) as an ad hoc fudge factor (transmission coeflicient),
which corrects for those reactive trajectories x (t) that re-
cross the transition state and return without decompos-
ing. Clearly, this fact always reduces the reaction rate k
so that x 1. Within the chemical physics community
this "Grande Concept" (Hirschfelder, 1982) in Eq. (1.2)
has been the reigning method ever since. Its impact may
be construed from the fact that, in their textbook, Glas-
stone, Laidler, and Eyring (1941) refer to this approxi-
mate theory as the Absolute Rate Theory. Setting sc=—1
the result in Eq. (1.2) is commonly known as the
transition-state theory (TST}rate, kTsT. As with all great
discoveries, there exist of course some precursors. For
example, we mention here that in calculating the ther-
mionic emission current, Richardson (1902, 1912), Laue
(1918), and Dushman (1923) all implicitly made use of a
simplified, one-dimensional version of TST (see also
Herzfeld, 1919) wherein an electron e, with the work
function p (i.e., Eb —=ep) crossed the threshold barrier in
free Aight without dynamic inhuence from the surround-
ing lattice.

Hendrik Antonie Kramers (1894—1952) was engaged
in reaction-rate theory from early on. During his
Copenhagen years from 1916 to 1926 he pursued
research with Christiansen (Christiansen and Kramers,
1923) on the theory of unimolecular reactions. They
combined Boltzmann collision theory with Einstein's
theory of radiation in an attempt to characterize within
an energy-chain mechanism the prefactor of the rate.
Within classical rate theory, all later theoretical efforts
up to the present day focus precisely on the behavior of
this complex prefactor quantity v in Eq. (1.1). Kramers
returned to the subject in 1940 with his celebrated paper
on "Brownian Motion in a Field of Force and the
DifFusion Model of Chemical Reactions" (Kramers,
1940). He understood well the mechanism of the escape
process as a noise-assisted reaction. Starting from a
derivation of the Fokker-Planck equation for the Browni-
an motion in phase space in the presence of a nonlinear
potential field [which historically had been derived ear-
lier by Klein (1922)], he pictured the escape process as
governed by Brownian motion dynamics driven by
thermal forces, which in turn are connected —via the
Auctuation-dissipation theorem —with the temperature T
and the friction y. He analyzed separately the cases of
strong and weak friction. In particular, his work on the
weak-friction case was pioneering: For the first time he
derived a diffusion equation for the dynamics of the ac-
tion (or energy) of the reactive particle. For this part of
his paper he must surely have been guided by his early
work on unimolecular gas phase reactions (Christiansen
and Kramers, 1923), working along the lines developed
previously by Lindemann (1922), Christiansen (1926), and
Hinshelwood (1926a). In particular, the rate of uni-
molecular gas phase reactions had been given by Polanyi
(1920), Lewis and Smith (1925), Wigner (1925), Christian-
sen (1926), Hinshelwood (1926a, 1926b), and Polanyi and

Wigner (1928) as

k=,(PEb ) exp( P—Eb ) . (1.3)

k(y 0)=ypIbkTsT ypIb &1, (1.4)

where Ib denotes the action of the escaping particle at
the barrier. Moreover, for the case of moderate-to-strong
damping he succeeded in evaluating the stationary, non-
equilibrium probability current in two-dimensional phase
space (x,x =v; see Sec. IV below}. In doing so, he invent-
ed an ingenious approximation scheme, which transforms
a partial differential equation in two variables into an or-
dinary difFerential equation [see Eqs. (4.24) —(4.26) below],
yielding for the prefactor v in Eq. (1.1) the seminal result

1/2y+ COb
CtP0

2 27Tcob
(1.5)

Here, coo—:M 'U"(x, ) is the squared angular frequency
inside the metastable minimum, and cob =M '~ U"(xb)i
denotes the squared angular frequency at the transition
state (see Fig. 3). For a long period, his result for the
Smoluchowski limit, y &&cob, became the one most wide-
ly appreciated:

b CO COb 0 (1.6)
y 2~

There is certainly an irony here; this very case of over-
damped one-dimensional diffusion escape dynamics had
actually been solved prior to Kramers with greater gen-
erality, accounting also for state-dependent diffusion, in
papers by Farkas (1927), Kaischew and Stranski (1934),
and Becker and Doring (1935), which all deal with the
rate of homogeneous nucleation. The overdamped result
had also been anticipated via the calculation of the mean
first-passage time of one-dimensional Fokker-Planck pro-
cesses in a paper by Pontryagin, Andronov, and Vitt
(1933). Curiously enough, Kramers did not cite any of
this prior work.

See Eq. (25) in Kramers' (1940) original paper. Note that
Kramers (1940) uses the symbol co to denote not the angular fre-
quency ~=2m.v but the frequency v itself.

Here n denotes the number of strongly coupled vibration-
al modes and a denotes the collision frequency, which is
proportional to the pressure (concentration). Thus the
rate in Eq. (1.3) approaches zero for low pressure or weak
friction.

Kramers does not cite these papers, but he must have
been aware of these developments through Eyring's and
Evans and Polanyi's works (Evans and Polanyi, 1935;
Eyring, 1935) which he does cite. His mathematical in-
sight was remarkable. He did manage to evaluate, by use
of some subtle, almost acrobatic mathematics, the rate of
escape for very weak friction, thereby demonstrating that
the transition-state kTsT seriously overestimates the true
rate,
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FIG. 3. Potential U(x) with two metastable states A and C. Escape occurs via the forward rate k+ and the backward rate k, re-
spectively, and Eb—are the corresponding activation energies.

Although Kramers' paper contained the term "chemi-
cal reaction" in its title, the chemical world at that time
had no direct use for his predictions. For unimolecular
gas phase reactions, a description of the rate in terms of
discrete energy exchanges was more suitable than the
continuous energy-exchange mechanism underlying ener-
gy difFusion in Kramers' model (see Sec. V). Work on
chemical reactions in condensed phases, for which the
Kramers theory is most appropriate, had to await the ex-
perimental progress achieved in the late seventies and
eighties. Likewise, experiments in nonlinear optics and
condensed-matter physics, which can be interpreted rath-
er accurately in terms of Kramers' rate theory, have been
undertaken only recently (see Sec. XI). This is probably
one of the reasons why recognition and appreciation of
the most elegant scheme Kramers had provided came
very slowly. In the years since 1940, only little cross-
fertilization between physics and chemistry has taken
place. It is somewhat striking to note that otherwise very
authoritative recent books on physical chemistry and ki-
netics (Berry, Rice, and Ross, 1980; Laidler, 1987) do not
discuss Kramers' results. Likewise, rarely does one find a
book on kinetics or nonequilibrium statistical mechanics
written by a physicist in which is discussed the important
transition-state theory pioneered by Polanyi and Wigner,
Eyring, and others. Indeed, it took almost fifty years
after the work by Eyring (1935) before it was realized
that Kramers' theory with (memory) friction (Grote and
Hynes, 1980; Hanggi and Mojtabai, 1982; Carmeli and
Nitzan 1984; Straub, Borkovec, and Berne, 1985, 1986;
Talkner and Braun, 1988) also resulted as a special form
of multidimensional TST in full phase space of all degrees
of freedom (Hanggi, 1986a; Pollak 1986a, 1986b; note
also Sec. III.C). Fortunately, the once fruitful cross-

fertilization of the twenties between physics and chemis-
try has undergone a renaissance, beginning with the late
seventies, involving research on quantum chaos (Chiri-
kov, 1979; Pechukas, 1983; Casati, 1985) and on the
quantum theory of reaction rates (Miller, 1975; Wolynes,
1981; Caldeira and Leggett, 1981, 1983a,' Weiss, Grabert,
Hanggi, and Riseborough, 1987; Hanggi and Hontscha,
1988).

In the following sections we have attempted to review
the present status of the field fifty years after Kramers'
historic cornerstone paper in 1940. The present time is
particularly suitable for such a comprehensive review.
The last two decades have produced (apart from a large
number of papers that could be classified as reformula-
tions, or rediscoveries of older findings) essential new in-
sights and profound developments, both in theory and
experiment. Worth mentioning are not only the above-
mentioned generalization of Kramers' theory and the
many realistic applications of rate theory with memory
friction, but also the intriguing developments in rate
theory at weak friction (see Sec. V), the turnover between
weak and strong friction (see Sec. VI), and the recent de-
velopments in stationary nonequilibrium rate theory (see
Sec. VIII). Much of the exciting recent progress also has
had a quantum-mechanical flavor (see Sec. IX). More-
over, the recent experimental rate studies in liquids and
in Josephson-junction systems provided an additional im-
petus for the study of rate processes in complex situa-
tions. Some other, more confined review papers, which
in several aspects complement our account and provide
additional insight into topics covered herein, are those by
Slater (1959), Troe (1975, 1986), Hase (1976), Pechukas
(1976), Kapral (1981), Truhlar, Hase, and Hynes (1983),
Hynes (1985, 1986a), Fonseca et al. (1985), Frauenfelder
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and Wolynes (1985), Chandler (1986), Fleming, Courtney,
and Balk (1986), Hanggi (1986a, 1986b), Landauer (1987),
Berne, Borkovec, and Straub (1988), Nitzan (1988),
Sceats (1988), and Biittiker (1989).

Il. ROADWAY TO RATE CALCULATIONS

Before we elaborate on the various theoretical methods
used in rate calculations we begin with a few general con-
siderations relating to escape from a domain of attrac-
tion.

A. Separation of time scales

f(&)=x(&)—(x(&)) . (2 1)

If we relate the fluctuations f (t) to an appropriate ener-
gy scale E„„„,transitions between the two attracting re-
gions A and C will be infrequent whenever the condition

Enoise «1 (2.2a)

holds, Here, Eb—denotes the barrier height for forward-
and backward-activated events, respectively (see Fig. 3).
For systems in contact with a thermal environment at
temperatures T the energy scale E„„„is given by
P =k~T (k~ is Boltzmann's constant), i.e., the condi-
tion in Eq. (2.2a) reduces to

PE, » I . — (2.2b)

The time scale ~, describing decay within the attractor 2
is given by

Let us consider two states A and C of local stability, as
pictured in Fig. 3. We shall assume that the coordinate x
describes the dynamics of the escape process, i.e., x plays
the role of a reaction coordinate which generally is cou-
pled to an environment (or a collection of physically
different surroundings), which can either donate or re-
move energy from the reaction coordinate. Due to such
a coupling the reaction coordinate is not a deterministic
dynamic variable, but becomes a stochastic process, i.e.,
x (r) is a random trajectory (Fig. 1). In order to make an
escape from well A, the "random walker" x(t) must
necessarily acquire energy to become activated toward
the barrier, and upon reaching the barrier top it must
again lose energy to become trapped inside the neighbor-
ing well C. In a more general situation, the two states 3
and C correspond to two difFerent attractors in a multidi-
mensional phase space, which are separated by a barrier
8, containing one or possibly more saddle points, possi-
bly unstable limit cycles, or even more complex unstable
attractors, including combinations thereof. For most of
the following we shall restrict our discussion of the
theory to the situation in which two attracting basins are
separated by a single saddle point. The time scale of es-
cape clearly depends on the size of the fluctuations f (t),

&i2 d U(x = A)
dx

(2.3)

where M is the effective mass of the reacting particle.
Thus, with the condition in Eqs. (2.2a) and (2.2b), the
time ~, is well separated from the time scale of escape ~„

r, -r, exp(Eb /E—„„„))&r, . (2.4)

The crucial requirement for a separation of time scales is
that ~, be much larger than all these other relevant time
scales I r„rb,r„rR,etc. I of the system dynamics. In this
sense, r, stands for the collection of all these fast time
scales relevant to the process of activation.

B. Equation of motion for the reaction coordinate

As mentioned above, the stochastic motion of the reac-
tion coordinate x (t) is a combined effect induced by the
coupling among a multitude of environmental degrees of
freedom. In principle all these may couple directly to the
reaction coordinate x(t). Let X denote the full phase
space of the system plus environment(s), which are
prepared according to some initial statistical weighting of
all initial (generalized) coordinates and (generalized) mo-
menta. Then the dynamics of the pair X(t)—= [x (t),x(t)]
(where the overdot refers to a differentiation with respect
to time t) is the result of a reduced description from the
full phase space 2~[x(t),x(t)]. This approach entails
new concepts, which can be characterized loosely as fric
tion and entropy. The entropy factor concerns the reduc-
tion of all coupled degrees of freedom from a high-
dimensional potential energy surface in full phase space
to an effective potential (i.e., a potential of mean force)
for the reduced dynamics of the reaction coordinate.
Friction concerns the reduced action of the degrees of
freedom that are lost upon contraction of the complete
phase-space dynamics. Clearly, the two concepts are not
independent of each other. The mathematics of such a
reduction has been worked out in full generality within
the framework of statistical mechanics, using the tech-
nique of projection operators (Berne and Harp, 1970;
Berne, 1971; Forster, 1975; Hynes and Deutch, 1975;
Cxrabert, 1982).

In the above discussion of time-scale separation be-
tween the activation process and the relaxation of the lo-
cal system we have adopted a simplified picture in which
all of the fast scales could be characterized by a single
local-system relaxation time ~, . In reality, however,
there exist many such fast time scales, such as, for exam-
ple, the time of relaxation in either of the two (or many)
locally stable wells, the correlation time ~, of the noise,
the time ~b for a trajectory to cross the barrier region, or
the time rz to lose (gain) the energy E„„„,etc. All. these
various time scales will, of course, be of importance in
the detailed description of the rate of escape k,

(2.5)
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The "coarse-grained" dynamics X(t)=[x(t),x(t)] can
be cast either in the form of a generalized I.angevin equa-
tion or in the form of a generalized master equation. For
a detailed account of this reduction scheme and the in-
teresting interrelationships between the two formula-
tions, we refer the reader to the discussion by Grabert,
Hanggi, and Talkner (1980), in which the previous litera-
ture on this topic is also cited. One basic result of such a
reduction scheme is—depending on the detailed form of
the coupling among the degrees of freedom —the oc-
currence of a renormalization of mass as well as a renor-

malization of bare potential fields. Both are classical
effects, but they also affect the quantum treatment of the
escape process (see Sec. IX). Clearly, a reduction from
typically —10 degrees of freedom in X phase space to a
single reaction coordinate X(t)=[x(t),x(t)] makes the
problem formally more tractable; the price to be paid,
however, is that the resulting dynamics generally contain
memory. In other words, the projection of the full dy-
namics in X onto X yield in general a non-Markovian
process with an equation of motion (Kawasaki, 1973;
Grabert, Hanggi, and Talkner, 1980)

X(t)=V[X(t)]+I p '[X(t —s)] I II[X(t —s);s]p[X(t —s)]Ids+g'(t) .
0 Bx(t —s)

(2.6a)

The effect of mass renormalization is contained in a gen-
eralized, time-dependent (memory)-friction tensor
IIIX;s), which obeys the fluctuation-dissipation relation
(Grabert, Ha, nggi, and Talkner, 1980)

( g(t)g(0) ~X(0)=X ) = II(X;t), (2.6b)

while the renormalization of the bare potential occurs via
the drift field

V(X)= f 5[X(X)—X]x(X) d X,p(X)
(2.6c)

( g(t)g(s) ) =2k' TyM5(t —s) . (2.8)

Here y denotes a uniform, temperature-independent ve-
locity relaxation rate.

Equations (2.7) and (2.8) are the starting point for Kra-
mers' treatment of the reaction rate, reviewed in Sec. IV
[see Eq. (4.1)]. Without a clear-cut separation between
the system relaxation time scale r, in Eq. (2.3) and the
noise correlation time ~, one is generally dealing with

where p( X ) and p (X ) denote the corresponding (thermal
or nonthermal) stationary probabilities carrying zero
Aux.

This generalized Brownian motion dynamics for
X(t)=[x (t),x(t)] forms the starting point for all further
approximations. In particular, for thermal systems wl'th

extremely short noise correlation times ~„onecan use a
Markovian approximation for Eq. (2.6). Such a Markovi-
an description of X(t) can be obtained from an underly-
ing Hamiltonian dynamics in full phase space X with ini-
tial coordinates and momenta distributed according to a
canonical thermal equilibrium, and with the reacting par-
ticle (mass M) moving in a potential U (x ) that is coupled
bilinearly to a bath of harmonic oscillators. With a suit-
able limiting procedure (Zwanzig, 1973; see Sec. III.C),
Eq. (2.6a) then reduces with an infinite number of bath
oscillators to the familiar (Markovian) I.angevin equation
for nonlinear Brownian motion,

x=u, x=0= —M ' —yu+M 'g(t) .]BU
Bx

In Eq. (2.7), g(t) denotes Gaussian white noise of vanish-
ing mean with the 5 correlation function

C. Theoretical concepts for rate calculations

Here we present a discussion of the most familiar ap-
proaches used in rate theory.

1. The flux-over-population method

A common procedure, pioneered by Farkas (1927; see
Introduction), is to evaluate the steady-state current j
that results if particles are continuously fed into the
domain of attraction and subsequently are continuously
removed by an observer in the neighboring domain of at-
traction. This scheme results in a steady-state current
which builds up a stationary nonequilibrium probability
density p0 inside the initial domain of attraction. This
nonequilibrium probability is subject to the boundary
conditions

po(x =x, )=p(x, ), po(x =xz)=0. (2.9)

Here x, denotes the value of the reaction coordinate in-
side the initial domain of attraction, and x =xz is the
value of the reaction coordinate beyond the transition
state xb ——xT inside the neighboring domain of attraction.
The stationary probability p(x) corresponds to a vanish-
ing current, j=0, along the reaction coordinate. The
second condition in Eq. (2.9) implies an absorbing bound-
ary, where the particles are removed immediately at an
infinite rate. If

no = po(x)dxx (xT (2.10)

denotes the (nonequilibrium) population inside the initial
domain of attraction (which usually is normalized to one

I

nonlinear non-Markovian Brownian motion dynamics
with memory friction [Eq. (2.6)]. In many applications,
however, the dependence on x and x of the friction tensor
might become negligible, yielding a non-Markovian gen-
eralization of Eq. (2.7) with a linear memory friction, i.e.,
the friction force yu may then be replaced by
foy(t —s)x(s)ds. The rate theory for this idealized
non-Markovian Brownian motion dynamics will be stud-
ied in greater detail in Sec. III.C.
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particle), the rate of escape k is given by the ratio

no
(2.1 1)

2. Method of reactive flux

In this subsection we confine ourselves to thermal sys-
tems only, with p denoting stationary thermal equilibri-
um. The dynamics of spontaneous fluctuations and re-
laxation toward stationary equilibrium of a large non-
equilibrium concentration are connected, if we note that
the (long-time) decay occurs in both cases on the same
time scale ~, . This concept, which is valid whenever
there is a clear-cut separation between time scales, is
known as the "regression hypothesis" (Onsager, 1931;
Chandler 1978, 1987, 1988). For example, consider the
dynamics (Fig. 3) of the two relative populations n, (t)
and n, (t), corresponding to the two regions of local sta-
bility. In terms of the rate coefFicients k+, k the popu-
lation dynamics reads

Clearly, this general procedure relies in practice on the
explicit knowledge of a (Markovian or non-Markovian)
master equation governing the time dependence for the
single-event probability p (x, t) of the reaction coordinate.
In view of the reduction procedure X~x (t), this corre-
sponding equation of motion for the single-event proba-
bility is generally strongly non-Markovian in structure.
Therefore, in practice, it is often preferable to work with
a less coarse-grained description of the escape dynamics
such as, for example, the full phase-space dynamics of
the reaction coordinate X(t)=[x (t),x(t)] [see Eq. (2.7)].
The condition in Eq. (2.9) is then replaced by the require-
ment that near the attractor there exists stationary equi-
librium po(x, x ) =p(x, x ), whereas the fiux-carrying
nonequilibrium probability po(x, x) vanishes outside the
domain of attraction. The attracting domain 0 is thus
separated from the neighboring domain of attraction by a
separatrix. We shall explicitly utilize this procedure in
Sec. IV, where we elaborate on Kramers' rate approach
for the Langevin dynamics in Eq. (2.7).

The population n, (t) can be described as a nonequilibri-
um average of a characteristic function 8(x) where

1, for x)0
8( '= 0, for (0. (2.15)

Here we have introduced a reaction coordinate x (q) that
is positive in the domain of attraction of the metastable
state A and is negative elsewhere. Moreover, throughout
this section and Sec. III we use a coordinate system such
that xT =0 defines the dividing surface between the meta-
stable states 3 and C. The expectation value

&8& =n. (2.16)

denotes the equilibrium population. The fluctuations of
0 obey

& 58'& =
& e'& —

& e&'=n. n, , (2.17)

namely [see Eq. (2.14a)],
& 58[x (0)]58[x (t) ] &

&5e'&
=exp A,t—(2.18)

This relation, however, cannot be valid at all times t; for
short times t ~ ~, the transient behavior does not corre-
spond to an exponential decay. Next we introduce a time
scale w, obeying

1 ))7 ))wS (2.19)

Let us now consider the time derivation of Eq. (2.18) on
this intermediate time scale r. The reactiue flux is given
by

& 58[x (0)]8[x(t) j & & 5[x (0)]x(0)8[x(t)] &

& 58'& & 5e'&

where &8 & =n, and n, +n, = l.
According to Onsager's regression hypothesis, the

nonequilibrium average hn, (t) decays according to the
same dynamic law as the equilibrium correlation function
of the fluctuation

58[x (t) j =8[x (t) j —& 8 &,

ri, = —k+n, +k n„ri,=k+n, —k n, . (2.12) = —I, exp( —A, t) (2.20)

na k —:E .k+n
(2.13)

At equilibrium, i.e., 0= —k n, +k n„we have in
terms of the equilibrium constant E the detailed balance
relation

Thus, with exp( —A,r)-1, we obtain an explicit expres-
sion for the relaxation rate (Keck, 1960, 1967; Yamamo-
to, 1960; Fischer, 1970; Kapral, 1972; Anderson, 1973;
Rosenstein, 1973; Bennett, 1977; Chandler 1978, 1987,
1988; Stillinger, 1978, Montgomery, Chandler, and
Berne, 1979; Berne, 1985)

The relaxation of n, (t) from an initial nonequilibrium de-
viation, b, n, (0)=n, (0)—n„thus reads

& 5[x (0)]x(0)8[x(r)] &

n, n,
(2.21)

n, (t) n, b—n, (t)
An, (0) b, n, (0) (2.14a) Equivalently, by use of Eqs. (2.13) and (2.14b), we find for

the forward rate
with the relaxation rate given by

(2.14b)
& 5[x (0)jx(0)8[x (r)] &

&8(x) &
(2.22)
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The results in Eqs. (2.21) and (2.22) have been derived by
Chandler (1978) in more rigorous terms utilizing projec-
tion operators. In particular, his derivation makes expli-
cit that the correlation formula in Eq. (2.22) contains rel-
ati Ue errovs of the order exp( E—b /kz T), where Eb
denotes the corresponding barrier heights for k+ or k
respectively. For activated events obeying Eqs. (2.2) and
(2.3) such errors are of course negligible.

It is important to note that the validity of Eqs. (2.21)
and (2.22) holds independently of the nature of the under-
lying dynamics. In particular, the expressions in Eqs.
(2.21) and (2.22) hold equally well for situations in which
the reaction coordinate x (r) moves primarily via spatial
diffusion (i.e., strong friction) and those in which x(t)
moves via inertia-dominated Brownian motion (i.e., weak
friction).

Formally, let us consider the limit of Eq. (2.22) as
&~0+. In this case the rate can be expressed as an equi-
librium average of a one-way Aux at the transition state
xT=O,

(5[x (0)]x(0)0[x(0)])
(0(x) ) (2.23)

This important inequality is due to the observation that
within transition-state theory recrossings of reactive tra-
jectories are neglected. In other words, w ith
OrsT[x (r)]=—1, if x(0+))0, and OTsT[x (r)]=0, if
x(0 ) (0, transition-state theory assumes that all trajec-
tories heading toward the product region from the transi-
tion state will indeed end up in the product region C.

The reactive fiux in Eq. (2.22),

(x(0)5[x (0)]0[x(t)] )
(w )) (2.25)

is sketched in Fig. 4. From Eq. (2.22) we note that the
asymptotic forward rate k+ appears within a molecular
dynamic simulation (Montgomery, Chandler, and Berne,
1979; Berne 1985) after a time increment b, t )~, as the
plateau value. If no such plateau value behavior can be
observed, we have no well-defined rate k+ that is in-
dependent of time. The results in Eqs. (2.21) and (2.22),
are rather suitable for a rate evaluation via computer
simulations (see Sec. X). Clearly, however, the plateau
value, or its inverse, the plateau time, are not appropriate
quantities to be calculated on analytical grounds. Thus
almost all of the analytical work discussed below rests
upon the Aux-over-population method, the TST approxi-
mation in Eq. (2.23), or alternative concepts such as the
eigenvalue method or the mean-first-passage-time con-
cept, which will be discussed in detail in Sec. VII.

Equation (2.23) equals the result of transition-state
theory (Hill, 1960; Keck, 1967; Rosenstein, 1973; Pechu-
kas, 1976, Hynes, 1985; Chandler, 1987; see Sec. III).
Upon comparison of Eqs. (2.23) and (2.22) one finds that
transition-state theory always overestimates the true rate
(see, for example, Chandler, 1987),

kTsT k

k+(t) h

t»z
FIG. 4. Characteristic behavior of the reactive Aux k+(t) in
Eq. (2.25) with A,:—k++k . At times t &~, one observes tran-
sient recrossings. The rate k+ appears as the plateau value at
long times t))~, . At extremely long times t-(k+) ', the
reactive Aux exhibits an exponential decay, which is not yet no-
ticeable on the intermediate time scale ~ defined through Eq.
(2.19).

Equations (2.21)—(2.25) are analogous to the Green-
Kubo formulas for transport coefficients (Kirkwood,
1946, 1947; Green, 1952, 1954; Kubo, 1957, 1959; Zwan-
zig, 1965; Forster, 1975). Nevertheless, the form of Eqs.
(2.21)—(2.25) requires that the velocity of the reaction
coordinate x(t=0) be well defined. Hence Eq. (2.21) can-
not be directly applied to stochastic trajectories that are
driven by white noise f-orces, implying for x (t)
nondifferentiable trajectories of unbounded variation
(Hanggi and Thomas, 1982). In this latter case, a prefer-
able procedure consists in introducing for the correlation
in Eq. (2.18) the generalized version (Borkovec and
Talkner, 1990)

(f[x(0)]9[x(t)])
(f[x(0)])

exp( —[k +k ]t),
k +k (2.26)

where f (x) is a conveniently chosen function that essen-
tially equals unity inside the domain of attraction of the
metastable state and vanishes outside. The rate k+ is
then obtained as

k+ = — C(r) = —C(r)
B7

= —C(0+ )a ~ —C(0+ ), (2.27)

where Ic=C(r)/C(0+) is the transmission factor, and

C(~=0+ )Bv

(f[x (0)]0[x (0+)])
(f[x(0)])

—C(0+)=—

(2.28)

presents an analog of the (TST) rate in Eq. (2.23). Note
that, for a well-defined velocity x(0), the choicef (x)=8(x) in Eq. (2.27) equals the previous result in Eq.
(2.22).
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3. Method of lowest eigenvalue,
mean first-passage time, and the like

The Aux-over-population method and the reactive Aux
approach present general methods for the eva1uation of
the escape rate. There exist, however, a number of other
techniques that, under certain circumstances, might be
invoked preferably. Most importantly, there is the con-
nection between the rate of escape and the smallest non-
vanishing eigenvalue governing the time evolution of an
initial nonequilibrium probability. An important exam-
ple is the case in which the escape dynamics is governed
by a (Markovian) master equation for the single-event
probability p (x, t)

p (x, t)= Jl (x,y)p(y, &)dy . (2.29)

Here the master operator I is a time-independent, in
general nonsymmetric dissipative operator with generally
complex-valued eigenvalues (Hanggi and Thomas, 1982).
From Eqs. (2.12)—(2.14) one obtains the connection

X=k +k-=~Res, ), {2.30)

where Rei, , (0 denotes the real part of the (possibly
complex-valued) eigenvalue of I possessing the smallest,
nonvanishing absolute value for the real part of the set of
eigenvalues I A, I of I . From Eq. (2.13) one finds in terms
of the equilibrium constant K the relations

becomes essentially independent of the starting point, i.e.,
t(xo)=tM„PT for all starting configurations away from
the immediate neighborhood of the separatrix. If we
note that the probability of crossing the separatrix in ei-
ther direction equals one half, the total escape time ~,
equals 2tMFPT. Thus the rate of escape k itself is given by

1k=
2tMFPT

(2.33)

Unfortunately, the MFPT is a rather complex notion for
a general (non-Markovian) stochastic process x (t)
(Hanggi and Talkner, 1981, 1983). In particular, extreme
care must be taken in the choice of the correct boundary
(Hanggi, Jung, and Talkner, 1988). Moreover, the corre-
sponding boundary conditions on t (xo) itself are general-
ly not readily constructed (Weiss and Szabo, 1983;
Hang gi and Talkner, 1985; Balakrishnan, Van den
Broeck, and Hanggi, 1988). The use of the MFPT is well
known for one-dimensional Markov processes x (t) which
are of the Fokker-Planck form (Pontryagin, Andronov,
and Vitt, 1933; Weiss, 1967; Schulten, Schulten, and Sza-
bo, 1981),or for one-dimensional master equations of the
birth and death type involving nearest-neighbor transi-
tions (Weiss, 1967; Gillespie, 1979, 1981), as well as for
one-dimensional master equations with one- and two-step
transitions only (Hanggi and Talkner, 1981). In all these
cases t (xo) can be solved for exactly in terms of quadra
tures, or corresponding summations; see Sec. VII.

and

k+=/Res,
/ (2.31)

III. CLASSICAL TRANSITION-STATE THEORY

k —= /Res, ( (2.32)

From a technical point of view, the quantity ~Rek. i~ in
Eq. (2.30) can be calculated by a number of procedures,
e.g., the matrix-continued fraction method (Risken and
Vollmer, 1979, 1980; Risken, 1984), eigenfunction
analysis (Tomita et al. , 1976; Visscher, 1976; Van Kam-
pen, 1977; Caroli et al. , 1979; Edholm and Leimar,
1979), variational methods (Larson and Kostin, 1980; Bez
and Talkner, 1981; Brand, Schenzle, and Schroder, 1982;
Gaveau and Schulman, 1988), supersymmetry techniques
(Bernstein and Brown, 1984; Marchesoni, Sodano, and
Zannetti, 1988), correlation function and Laplace trans-
form techniques (Skinner and Wolynes, 1978; Grote and
Hynes, 1980), or path-integral methods (Weiss and
HafFner, 1980; Caroli et al. , 1981; Weiss, 1982; Weiss,
Grabert, Hanggi, and Riseborough, 1987), to name but a
few.

Another alternative to the approaches already men-
tioned is the concept of the mean first-passage time
(MFPT). This is the average time that a random walker,
starting from a point xo inside the initial domain of at-
traction, takes to leave the domain of attraction for the
erst time, i.e., the MFPT is the average time needed to
reach the separatrix manifold for the first time (Talkner,
1987). At weak noise [see Eq. (2.2)] this MFPT, t(xo),

Transition-state theory (TST) is fundamentally a classi-
cal mechanical theory. The basic assumption of the
theory —namely, that passage through a transition state
without subsequent return is a moment of decision" for
the reacting system —is an assumption that can be stated
with precision only within classical mechanics (Wigner,
1937, 1938). In Sec. IX a generalization of this concept is
presented which accounts for the leading quantum
corrections within semiclassical quantum mechanics.
Here we restrict ourselves to the classical approach. The
transition state is identified as a dividing surface separat-
ing reactants from products, or more generally, any two
physical states that are separated by a bottleneck in
phase space. There are two key assumptions to TST.

{i) Strong-coupling assumption: Thermodynamic equi-
librium must prevail throughout the entire system for all
degrees of freedom. All eCects that result from a devia-
tion from the thermal equilibrium distribution, such as
the Boltzmann distribution, are neglected.

(ii) Point of no return: Any orbit crossing the dividing
surface will not recross it.

The TST rate is proportional to the total Aux of classi-
cal trajectories from reactant to product side of the divid-
ing surface. This Aux is calculated either with the
Boltzmann weighting function at a given temperature T
(canonical TST) or with a delta-function weighting ac-
counting only for the trajectories of a given total energy
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E (microcanonical TST). Canonical TST was originally
put forward by Polanyi and Wigner (1928) and developed
further by Pelzer and Wigner (1932), Eyring (1935),
Wynne-Jones and Eyring (1935), and Evans and Polanyi
(1935). Microcanonical TST was developed mainly by
Rice and Ramsperger (1927), Kassel (1928a, 1928b), and
Marcus (1952, 1965). When applied to unimolecular re-
actions it is known in the chemical physics community as
the RRKM theory (Hase, 1976; Callear, 1983).

The conventional choice for the dividing surface of a
reaction on an (electronically) adiabatic potential surface
with a saddle point located between reactants and prod-
ucts is the subspace perpendicular to the unstable mode,
determined by normal-mode analysis of small vibrations
around the saddle point. Therefore any other dividing
surface is by definition a "generalized transition state"
(Pechukas, 1982). From the assumptions in (i) and (ii) it
follows that microcanonical TST is exact only if no tra-
jectory of a given energy crosses the transition-state di-
viding surface more than once; canonica1 TST is exact if
no trajectory, of any energy whatever, recrosses the di-
viding surface. We stress that for any dividing surface
the TST rate is always an upper bound to the true rate [see
Eq. (2.24)].

As will be demonstrated below, the number of recross-
ings of the reaction coordinate depends strongly on the
level of coarse graining in the phase space of the total
system. If the reaction is described by all degrees of free-
dom in the fuH phase space of the reacting system plus
bath, a classical trajectory has generally very little chance
of returning to the narrow bottleneck region around the
saddle point with activation energy E =Eb. The proba-
bility of correlated recrossings increases with an i~crease
in the level of coarse-graining for the reaction coordinate.
In other words, simple TST is expected to fail badly in
complex systems, such as reactions in condensed phases
when these are being approximated in terms of only a few
coarse-grained degrees of freedom, so that the dividing
surface is restricted to lie on a low-dimensional subspace.

In view of the fact that TST always overestimates the
true rate, the dividing surface should be chosen so as to
minimize the faux through it With.in microcanonical
TST, the conventional choice for the dividing surface be-
comes increasingly suspect with increasing energy
E & Eb. This conventional choice is usually good for en-
ergies just above the threshold energy Eb. In this case
the bottleneck is still narrow, i.e., there is generally little
chance that any reactive trajectory will find its way back.
For canonical TST (and not too high temperatures) it is
this energy region that contributes most significantly to
the rate, due to the Boltzmann weighting. In micro-
canonical TST, however, one has no such helping hand
from the Boltzmann factor. Then both energetic factors
(i.e., minimization of the mean velocity of trajectories
passing the surface) and entropic factors (i.e., the size of
the dividing surface) must be accounted for in choosing
the best dividing surface. This variational problem has
recently been solved by Pollak and Pechukas (1978).

They find that the only dividing surfaces worth consider-
ing for microcanonical TST are those whose space is
made up of unstable invariant manifolds on the multidi-
mensional, potential-energy surface (such as the unstable
periodic orbits in systems with 2 degrees of freedom). At
higher energies E & Eb, it is then possible that the
bottleneck to reaction may move out from the saddle-
point region toward the asymptotic reaction (or product)
regime (Pechukas, 1976; Pollak and Pechukas, 1978;
Sverdlik and Koeppl, 1978; Pechukas and Pollak, 1979;
for reviews see Truhlar and Garrett, 1984; Pollak, 1985;
Wardlaw and Marcus, 1987).

As mentioned earlier, within a full phase-space
description of the system plus environment, assumption
(ii) is reasonable if within canonical TST the considered
temperatures are not too high (i.e., if the Arrhenius fac-
tor is not becoming too small). A difficulty of more fun-
damental nature results from assumption (i), namely, that
of thermodynamic equilibrium throughout the whole es-
cape process. In reaction-rate theory we are interested in
the process of evolution from one metastable state to
another neighboring state of metastable equilibrium.
This process sets the time scale for the problem (see Sec.
II.A). A priori, it would be farfetched to assume that true
equilibrium prevails at all times throughout this escape
process. Equilibrium is assumed if the vertical thermali-
zation (inside the initial well) is more rapid than the
outQow into the product region (Hanggi, 1986a). The
consequences of a violation of assumption (i) have al-
ready been appreciated by Lindemann (1922), Christian-
sen (1926), Hinselwood (1926b), and Kramers (1940). For
the rest of this review we shaH primarily confine our-
selves to energy-independent escape rates, i.e., to canoni-
cal TST.

A. Simple transition-state theory

krsT =Zo ' j dq dp 5(q)q0(q)2~%

X exp[ —P&(q,p) ], (3.1)

where we have identified the transition state with the lo-
cation of the maximum of U(q) at q=0, while
P=(ksT) ' is the inverse temperature, and Zo denotes
the partition function in the imtial well,

We start with the simplest form of TST, namely, that
of a one-dimensional system that is not coupled to a bath.
If a particle with mass M and momentum p =Mq moves
in a metastable potential U(q) of the form shown in Fig.
3, the reaction coordinate x equals the configuration
coordinate q. For this discussion we assume that thermal
equilibrium prevails in the presence of a vanishingly
small coupling or friction y =0, i.e., we prepare a canoni-
cal equilibrium of particles inside the initial well —even if
this means that we must have recourse to Maxwell's
demon. The transition-state forward rate kTsT equals,
from Eq. (2.23),
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Zo= J dp dq exp[ —P&(q p)] .1

2m' q (0 (3.2)
tf( )j

q)v j only:

P 'exp( /3Eb—)
kT+sT= 2~ (3.3)

k~T
exp( 13Eb+—)

0
(3.4)

COp
exp( 13Eb )—.

2m
(3.5)

Here coo=co(E=0)=[(1/M)U"(qo)]' is the (angular)
frequency at the well bottom. Equation (3.5) is of course
a well-known textbook result.

&(q,p)=p /2M+U(q) is the Hamiltonian of the sys-
tem. Equation (3.1) can be evaluated by a transformation
from phase-space variables (q,p) to the energy-phase rep-
resentation (E,y); that is, dp dq =dE dy/to(E), with
co(E)=2' dE/dI(E), where I(E) denotes the action. In
terms of the barrier height Eb for the forward transition
A —&C (see Fig. 3), one finds

= f dq f[x(q„.. . , q)v)]exp[ P—U(q„.. . , q)v)] .

(3.9)

The result in Eq. (3.8) can be further simplified by in-
tegrating over the coordinates of the center-of-mass posi-
tion R and all orientations 0 relative to a reference
configuration of the system. We introduce new coordi-
nates IQ), . . . , Q&j —+IR, Q;f), . . . ,f j, where the set
If; j are internal coordinates whose total number shall be
denoted by m, for example, I =X—6 for a polyatomic
molecule. The Jacobian of this transformation, integrat-
ed over the center-of-mass coordinates and the orienta-
tions, is denoted by J ( f ). It contains the volume V of the
system and a factor stemming from the angular orienta-
tions. For the partition function I8(x)j, therefore, we
have

I8(x)j= Jdf, . df J(f)8[x(f)]exp[—PU(f)],
(3.10)

B. Canonical moltidimensional
transition-state theory

1; x&0
with 8(x)= '00; x(0. (3.6)

As before, let x denote the reaction coordinate of a
complex system (e.g., a molecule with X degrees of
freedom). The reaction coordinate x (q„.. . , q)v;p„.. . ,p)v) is then a function of all these degrees of free-
dom. It is again chosen so that it is negative for products
and positive for reactants, i.e., we place the transition
state at xz =xb =0. The forward multidimensional TST
rate krsT is, in analogy to Eq. (3.1), given by [see Eq.
(2.23)]

(5[x (0)]x(0)8[x(0)])
TST 7

where U(f(, . . . ,f ) denotes the potential function as a
function of the internal degrees of freedom. With
PU(f)))1, we can evaluate Eq. (3.8) with a Cxaussian
steepest-descent approximation. The total e6'ective po-
tential U,~(f), given by

U,(t(f)= U(f) —k&TlnJ( f), (3.11)

must be expanded up to a second order at the saddle
point (b) and at the local minimum (0), respectively. The
eigenvalues of the matrix (with respect to mass-weighted
internal coordinates)

8 U,~ (3.12)

are denoted at the saddle point by IA, ' ', with
&Oj, and at the minimum by I A, l,

( 'j. This yields
for the TST rate (Borkovec, 1986)

Here the average ( ) denotes an equilibrium average
over the canonical probability density p (q &, . . . , qz,.
p 1 & ' ' s p+ )=Z 'exp( —P~), where & denotes the
Hamiltonian of the total system. Equation (3.6) can be
simplified by integrating over the momenta explicitly. By
use of the mass-weighted coordinates

kTST = I
M (Vqx ) I b

—) /2

Jo '
(b)
(

exp( —PEb+ ),

(3.13a)

g, =q, m, '", I', =p, m, '", x= y g, ,
Bx

i=1
(3.7)

where M is the mass matrix

where I m; j are the masses of the corresponding config-
urational degrees of freedom, one finds after an integra-
tion over all the momenta mg

(3.13b)

I5(x)IV&(x)I jk TsT = (2qrP) I8(x) j
(3.8)

where I j indicates an average over coordinates

The indices (b) and (0) in Eq. (3.13a) indicate that the cor-
responding quantities are evaluated at the saddle point
and the local minimum, respectively.

In the following we shall apply the transition-state for-
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mula in Eqs. (3.6) and (3.13) to four archetypal situations
relevant to chemical reaction-rate theory.

1. Multidimensional transition-state rate
for a collection of N vibrational bath modes

A straightforward application of Eq. (3.13) follows for
a metastable system consisting of a nonlinear coordinate
(i=0) coupled to N vibrational degrees of freedom only.
In the absence of rotational degrees of freedom the Jaco-
bian is a constant, J=const, thus yielding from Eq. (3.13)
with Eb+ =Eb t—he well-known result (Polanyi and
Wigner, 1928; Eyring, 1935; Slater, 1956, 1959; Vineyard,
1957)

Q(Tp, N)= fZ(T, V N)exp( —pV/k~T)dV
=exp( /36—),

with G denoting the Gibbs free enthalpy. With the ap-
propriate substitution Z —+ Q ( T,p, N) we obtain from Eq.
(3.17) the familiar result (Wynne-Jones and Eyring,
1935)

+kTsT = kBT
h

exp( —/356), (3.19)

where AS =S —Sp denotes the change in entropy.
Likewise, for chemical reactions being monitored under
fixed pressure, the appropriate thermodynamic function
1S

N
g(0)

1 i=0kTsT= 2 ~ g(b)
exp( /3Eb )—, (3.14)

where we defined AG =G —Go. For the case in Eq.
(3.17), in which we account only for vibrational degrees
of freedom, we have AG =AI', because the corresponding
reactive volume 5V =( V —V0) is vanishing.

where the normal-mode eigenvalues I A, ' )0, i =0,
1, . . .NI, I

—A,0( ) (0, A, ( ))0, i =1, . . .NI have been
defined previously in Sec. III.B, Eq. (3.12).

Using for the partition function Zp the harmonic ap-
proximation

(3.15)

and setting for the partition function of the transition
state

(3.16)

2. Atom-transfer reaction

For a one-dimensional bimolecular atom-transfer reac-
tion, 3 +BC—+ AB +C, we have a potential of the form
depicted in Fig. 5. Let x =U denote the velocity, p the
(reduced) mass, and L the typical length on the side of
the reactant region. With

(9(x))==f dx f du exp( ,'/3pu )——
1/2

(3.20)

the TST atom-transfer rate k is given by
we can recast the result in Eq. (3.14) as (Evans and Po-
lanyi, 1935; Eyring, 1935; Wynne- Jones and Eyring,
1935; Glasstone, Laidler, and Eyring, 1941; Laidler,
1987)

exp( /3ET )f du—u exp( /3pu /2)—k=— A

L (2' //3p ) '~

=L '(2mP)M) ' exp( /3ET ) =L 'k—b; (3.21)
kB T' Z&

kT+sT = exp( /3Eb ) . —
Zp

This result for the TST rate is in the familiar form com-
monly used by the chemistry community. By use of ther-
modynamic functions such as the Helrnholtz free energy

the result in Eq. (3.17) can be recast in
various other forms which are of course all equivalent
with Eq. (3.14). In particular, with the substitution
Z =exp[ /3(E —TS)]=exp( /3—E) the prefactor in —Eq.
(3.14) can be formally recast as an entropy term,

g(0)
1 i=0 kBT

exp(b, S /k~ ),
i=1

(3.17)

(3.18)

4For the origin of the notation (W) for the activated state,
note the amusing anecdote given by Eyring (1982).

Here, ET is the barrier height in Fig. 5(a), and kb;
denotes the well-known bimolecular rate of product for-
mation with dimension (sec 'm) (Pechukas, 1976).

3. Dissociation reaction

As an illustration of the effect of a nonconstant Jacobi-
an J(f) [see Eq. (3.11)j, we consider the dissociation
AB ~ A +8 of a diatomic molecule in an adiabatic po-
tential of the form sketched in Fig. 6.

When Eq. (3.6) is used, the TST rate for dissociation
kz, follows as

5The reader might have noticed that we refer to the rate
coeKcient k simply as the "rate," whereas with e denoting the
concentration a rate almost universally means —dc/dt in kinet-
ics. In our notation the rate k carries the dimension sec
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2 + &~ v2dq dv' dq2dv2v0(v)5(v —a)expI —p[U(v)+ , m—,v, +—,m2vp]Idqidvi
2dq, dv, f dq2dv2expI —P[U(v)+ , m—,v, +—,mzvz]I

(3.22)

Using a harmonic approximation for the well region,
U(v v) = U(—vo)+ 'phoo(v —vo—), one thus obtainsI"0 0

2 6)0
exp( PEd ),—2'kD=

0
(3.24)

where the factor (a/vo ) =Jb /Jo denotes the ratio of the
corresponding two Jacobians in Eq. (3.13).

4. Recombination reaction

Likewise, one Ands for the inverse reaction A +B—+C= AB the TST recombination rate k~ (see Fig. 6),

(ABC)TsT

A+ BC B+C

where r:—~q, —q2h =
~

—
~

denotes the internal coordinate and
etc. %'ith the reaction coordinate x =r —a,q1 V 1$ ~ 4 4

that is v =a (see Fig. 6), one finds in terms of the in-T
2tegrated Jacobian J(v)=4mVv, . and with the reduced

mass p =pl1 +pl2—1 —1

4~V(P )
' dv v 5(v —a)exp[ f3U—(v)]

0

4~V(2~/13p) ' 'f dv v'exp[ —PU(v)]
0

(3.23)

a'exp[ —PU(a)]k~=(2~@ ) '"
f dv v exp[ PU—(v)]

a

(3.25)

3U on noticing that the volume V is V =(4' /3 )L, we seepon
that Eq. (3.25) can be reduced approximately to

1/2

kz =— a exp( 13E—, ) .
V Pp

(3.26)

(3.27)

where kb; is the bimolecular recombination rate. For a
realistic dissociative potential, such as the Morse poten-
tial with no local maximum, one must optimize the value
of the transition point rT =a by looking for the minimum

a exp[ —U(a)]~vTexp[ —U(vT)]. It should be pointed
out that the existence of the three-dimensional metric
factor r is important for the existence of such a transi-
tion poin rT. ut Th s in dimension d=1 there exists gen-
erally no well-de6ned transition state for potential forms
such as the Morse potential sketched in Fig. 7; see also
Eq. (7.34). In addition note that the prefactor of the rate
exhibits a diferent dependence on temperature, i.e., T'
in Eq. (3.26) versus 7 dependence of D in Eq. (7.38).

This result for the TST recombination rate should be
contrasted with the corresponding result in the position-
diffusion-controlled regime described in terms of a
Smoluchowski-Fokker-Planck equation [see q.E . (4.54)
below]; for detailed reviews see Calef and Deutch, 1983;
Sceats, 1988.

For the case in which U(v)=const for v )a, and is
strongly attractive for r (a, one as =0 i.e. the free
molecular limit is given by (Wagner and Kerker, 1977)

1/2

k~=V 2 —1k'a =V blm ~Pv

AB

AB+C

BC

FIG. 5. Atom-transfer reaction: (a) the typical potential form
vs the reaction coordinate x; (b) the potential-energy surface for

+BC—+( ABC)Ta h othetical one-dimensional reaction A +BC—+(a ypo e
~AB+C. The dashed line indicates the reaction coordrdinate

(AB) (A+B)
FIG-. 6. Schematic representation of a dissociation reaction
(AB)—+(A +B) with rate kD, and a recombination reaction
( A +B)—+( AB) with rate kz.
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The above considerations can of course be generalized
to more complicated situations (Borkovec, 1986; Sceats,
1988). For example, with a triatomic molecule one has
three internal coordinates (m =3), and the center-of-mass
integrated Jacobian then reads

U(x)

J(f)=V8~ r s sinO, (3.28)

where r and s denote the corresponding two bond
lengths, and 0 is the angle between the two bonds.

0

C. Model case: particle coupled bilinearly
to a bath of harmonic oscillators

1. The model 0
W W

5 10 15 20

As a model for a particle of mass I that interacts via a
linear dissipative mechanism with a thermal environment,
we consider a bath composed of an infinite set of harmon-
ic oscillators coupled bilinearly to the particle coordinate
x of a metastable system. The total Hamiltonian & of
the system and bath is then of the form (Zwanzig, 1973;
Gross, 1980; Caldeira and Leggett, 1983, Pollak, 1986a;
Levine, Shapiro, and Pollak, 1988)

FIG. 7. The one-dimensional Morse potential U(x)
ED+E—D I 1 —exp[ —(x —x, )lb]I2, with ED =1, x, =b =3.

The state xT =a denotes the arbitrarily chosen transition point.

can also cause strong dissipation for the reaction coordi-
nate. Upon integrating over all the bath variablesIq„.. . , q~I, one finds from Eq. (3.29) the generalized
Langevin equation (Zwanzig, 1973)

p + U(x)+&b„b(qi, . . . , q~, pi, ,p~, x),2M BUMx+ +M f y(t — )xr( )dr~=/(t) .
i3x 0

(3.31)

C;
&b )b= g m; ii;+co; g;+ x

2

(3.29)

(3.30)

%'hen the total system is prepared initially in thermal
equilibrium, the random force g(t) becomes a stationary
Gaussian noise of vanishing mean,

Here the coupling to the bath of harmonic oscillators
with masses I m; I and frequencies Ice, j is of a form such
that no coupling-induced renorrnalization of the metasta-
ble potential U(x) occurs. A detailed discussion of relat-
ed, similar harmonic bath models can be found in Ford
et al. (1988). In this context, it should be pointed out,
while each bath mode may perturb the particle only
weakly, the combined efFect of all the bath modes on the
particle motion is not necessarily weak, i.e., the coupling

g(t) = —g C; q;(0)+ 2 x (0) cos(co;t)
fPZ; CO;

q;(0)+ sin(co;t)

N C
y(t) = g cos(co, t),

i rn;CO2

obeying the fluctuation-dissipation theorem

( g(t)g(s) ) =kii TMy(t —s) .
The friction kernel y(t) itself reads

(3.32)

(3.33)

(3.34)

Coupled harmonic-oscillator models such as Eqs. (3.29) and
(3.30) have a long history. With nearest-neighbor couplings
only, the model is known as the "Bernoulli Chain, " and its sta-
tistical mechanical treatment has been studied by various au-
thors (Hemmer, 1959; Rubin, 1960, 1963, 1968; Ford, Kac, and
Mazur, 1965; Nakazawa, 1966, Ullersma, 1966). Its classical
mechanics was first considered by D. Bernoulli (1732, 1734),
who studied the small-amplitude coplanar vibrations of a com-
pound pendulum consisting of particles suspended in series in a
gravity field by means of weightless connecting strings. These
two papers contain a treatment of the oscillations of a double
and a triple pendulum, and a figure depicting a five-particle pen-
dulum, as well as the classic treatment of the continuum limit in
which the Bessel function Jo(x) occurs.

which with X finite is a (quasi)-periodic function in time.
Thus a phenomenologically decaying memory friction

y(t) [y(t)~0 as t~ ~] can be modeled by a suitable
choice of parameters in Eq. (3.30) by performing a con-
tinuurn limit for the distribution of frequencies which
densely extends down to zero frequencies (elimination of
Poincare recur rences)

2. Normal-mode analysis

The partition functions entering the transition-state
rate may be evaluated via normal-mode analysis at the
saddle point of the full Hamiltonian and at the well bot-

Rev. Mod. Phys. , Vol. 62, No. 2, April 1990



Hanngi, Talkner, and Borkovec: Reaction-rate theory 267

tom. We assume that the potential U(x) can be approxi-
mated at the well bottom as

coordinates,

U(x) =—,'Mcoo(x +xo), xo &0, (3.35) (3.37)

and at the barrier by

U(x) =Eb —
—,'Mcobx (3.36)

The harmonic approximation given in Eqs. (3.35) and
(3.36) implies that the total Hamiltonian may be written
in the vicinity of the well and the barrier in a separable
form as a sum of (N+1) harmonic oscillators. Using
standard techniques we first transform to mass-weighted

and then diagonalize the (N + 1)X (N + 1) force-constant
matrix K (with respect to the mass-weighted coordi-
nates). From Eqs. (3.29) and (3.35)—(3.37) it follows that
the saddle point is located at x'=0, q'=0; j =1, . . .X.
Likewise, the well is located at x ' = —x 0,
qj =[&&I(m~M) co ]xo, j =1, . . .N. The second
derivative matrix at the saddle point, denoted by K' ',
has the structure (Pollak, 1986b)

K(b)—

N (2
COb+ g M

C, (m)M)
C, (m, M)-'"

C, (m, M) ' C (m M) ' C (m M)

CO 1

(3.38)

C~(m~M) 2
CON

The second-order derivative matrix K' ' at the well bot-
tom is of the same structure as K' ', the only difference
being that —cob &0 is replaced by cop) 0. We denote the
eigenvalues of K by tA, J. From Eq. (3.38) one can now
prove the following useful identities for the determinants
of K' ' K' ' (Pollak, 1986a).

I

By virtue of Pollak's relation (Pollak, 1986b), in which I
denotes the identity matrix,

det(K' '+z I)

=[—(k' ') +z ] Q [(k' ') +z ]

N
det(K' )= —(A, ) g (A. ) = —~ (3.39)

N
det(K' ')=(A, ' ') / (A, ' ') =~ (3.40)

3. The rate of escape

A,p COp
(b)

kTsT = exp( PEb) . —
COb 2W

(3.41)

Next we express the positive-valued, unstable normal
mode frequency Az ' in terms of the friction kernel y(t) or
its Laplace transform y(z),

C zy'(z) =
, m, co2 z2+co,

(3.42)

The TST rate [see Eq. (3.14)] is given in terms of the
product of all stable mode frequencies at the minimum
and the inverse product of stable mode frequencies at the
saddle point, respectively. By use of Eqs. (3.39) and
(3.40) we can thus recast Eq. (3.14) as (Pollak, 1986a)

CObg(b)—
A, ' '+y(A, ' ')

In this context, note also the application to a 6nite, two-
dimensional oscillator reaction system by Van der Zwan
and Hynes (1983). With all A, I

' & 0 for i & 0 and all co; & 0
for i 0, the solution of Eq. (3.44) has a unique positive
solution. Alternatively, the quantity A,p

' can from Eq.
(3.44) be given the appealing form

1/2

(3.44)

y(v)
2

In conclusion, the many-body (TST) rate in Eq. (3.41)
reads explicitly

T

g(b) Y P + 2( )
0 =P 4. COb (3.45)

1/2

kTsT = COp
exp( PEb)—

(3.46)

=[—co +z +zy(z)] + (co;+z ), (3.43)
i=1

one finds, with z =A,o '&0 (assuming that all A, I '&0,
co, &0, i &0) from det[K' '+(Ao ') I]=0, that is,—~b+(&0 ') +&o 'y(AO ') =0, the central result
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This is a cornerstone result in rate theory: Equation (3.46)
coincides precisely tvith the Kramevs rate result for general
memory friction y(t) (Grote and Hynes, 1980; Hanggi
and Mojtabai, 1982; Carmeli and Nitzan, 1984;
Dakhnovskii and Ovchinikov, 1985; Pollak, 1986a).
Ohmiclike damping is realized whenever y(z =0))0. In
particular, with a memory-free friction, y(t)=2y5(t),
that is y(p) =y(z =0)=y, and we recover precisely Kra-
mers' rate expression. In contrast to Kramers' result in
Eq. (1.5), however, it is not the static friction value
y(@=0)—:y that determines the transmission factor in
the presence of memory friction, but rather the friction
value on the short time scale ~„that is z, —p
-O(cob '). This latter friction value y(p-cob) might
drastically difFer from the static value y.

Moreover, the result that Eq. (3.46) is obtained from
multidimensional TST in full phase space of a metastable
system coupled bilinearly to a bath of harmonic oscilla-
tors implies, in view of Eq. (2.24), that this (generalized)
Kramers rate itself presents (within the validity of the
harmonic approximation) an upper bound for the true
rate k as given by the reactive flux result in Eq. (2.22) or,
likewise, by the exact lowest eigenvalue expression in Eq.
(2.31).

The central result for memory friction in Eq. (3.46) re-
quires further discussion. For a memory friction y(t),
consisting of a sum of exponentially decaying terms, the
above generalization of Kramers rate theory was derived
originally within the Markovian stable-state picture (see
Northrup and Hynes, 1980) by Grote and Hynes (1980).
Applying the fiux-over-population method to a general
metastable non-Markovian Brownian dynamics with a
nonrestricted memory friction y(t), Hanggi and Mojtabai
(1982) subsequently obtained the result in Eq. (3.46). Ad-
ditional insight along the same line of reasoning was pro-
vided by Carmeli and Nitzan (1984). In all these cited
derivations of Eq. (3.46) no explicit reference was made
to a bilinear coupling between reaction system and har-
monic bath. The crucial assumptions made in obtaining
the generalized Kramers result in Eq. (3.46) are, however,
as follows.

(i) Strong-coupling assumption: Deviations from the
thermal equilibrium distribution away from the immedi-
ate neighborhood of the barrier region, or more general-
ly, the inAuences of the well dynamics, are negligible.
Put difFerently, the rate is truly controlled by the difFusive
barrier dynamics.

(ii) The elfective potential near the barrier is assumed
to be parabolic, and the barrier dynamics itself can be ap-

proximated by a linear generalized Langevin equation
(GLE), i.e., with y =x —xb one has

y =booby
—I y(t —s)y(s)ds +M 'g(t),

0
(3.47)

with g(t) a Gaussian random force obeying the
lluctuation-dissipation theorem in Eq. (3.33).

Such a linear GLE was originally postulated by Kubo
(1966) on a purely phenomenological basis, but has since
found wide applications in a variety of physical situations
(e.g. , Forster, 1975; Hynes and Deutch, 1975; Grabert,
1982). Clearly, a GLE of the form in Eq. (3 47) can with
an appropriately chosen (although not unique) set of cou-
pling parameters I C;,co;, m; I also be embedded into a
model Hamiltonian of the form in Eq. (3.29), thus show-
ing again the formal equivalence with a harmonic, mul-
tidimensional TST. Nevertheless, while the TST result in
Eq. (3.46) holds rigorously in the harmonic limit for the
model in Eq. (3.29), the result itself might hold approxi-
mately in a great variety of realistic physical systems (see,
for example, Bergsma et al. , 1987; Grabert and Linkwitz,
1988; Zhu, Lee, and Robinson, 1988a; Gertner et al. ,
1989) with possible nonlinear bath couplings —if the
combined efFect of the bath on the barrier dynamics
could be satisfactorily modeled by a linear GLE over a
corresponding range of parameters involving the temper-
ature, barrier height, friction strength y (p), friction-
relaxation or noise correlation time ~„etc.In general,
however, the above central result is subject to a series of
limitations, even for the case in which the linear GLE
turns out to be a valid approximation of the barrier dy-
namics (Hanggi, 1986a; see, as well, the peculiarities and
the limitations discussed in Sec. VI.C for an exponential-
ly decaying memory friction). In particular, realistic sit-
uations such as chemical reactions in condensed phases
might require a strongly nonlinear friction mechanism of
the form in Eq. (2.6a), where the memory friction de-
pends both on the actual state x and possibly on its veloc-
ity x. For example, while the efFective barrier friction is
sui5ciently strong, the efFective well friction might be of
quite difFerent form, approaching a critical regime so that
nonequilibrium efFects in the energy population may no
longer be negligible, hence violating assumption (i). See
also Secs. IV.D and VI.C.

In conclusion, the role and, particularly, the regime of
validity of the memory-friction Kramers rate result in
Eq. (3.46) is at present not settled when it is applied to
realistic situations involving strong nonhnear interaction
potentials for the bath degrees of freedom and/or
system-bath interaction, notwithstanding claims made to
the contrary (Bergsma et al. , 1987; Hynes, 1988; Gertner
et a/. , 1989).

7Equation (3.46) follows from Eq. (2.23) as a rigorous upper
bound only under the assumption that the inAuence of anhar-
rnonicity effects for Zo and Z [Eq. (3.17)] can safely be
neglected. Variational upper bounds for the transition-state
rate in dissipative systems that do take into account the non-
linearity of the metastable potential have recently been put for-
ward by Pollak, Tucker, and Berne (1989)and Pollak (1990).

IV. KRAMERS RATE THEORY

A. The model

Kramers' (1940) model for a chemical reaction consists
of a classical particle of mass I moving in a one-
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dimensional asymmetric double-well potential U(x) (see
Fig. 3). The particle coordinate x corresponds to the re-
action coordinate, and its values at the minima of the po-
tential U(x), x, and x„denote the reactant and product
states, respectively. The maximum of U(x) at xb
separating these states corresponds to the transition state
(or activated complex). In this simple model all of the
remaining degrees of freedom of both reacting and sol-
vent molecules constitute a heat bath at a temperature T,
whose total efFect on the reacting particle is described by
a fluctuating force g'(t) and by a linear damping force—Myx, where y is a constant damping rate. These
forces enter Newton's equation of motion of the particle
in the form of a Langevin equation, Eq. (2.7),

Mx = —U'(x) —yMx+g(t), (4.1)

where the prime indicates the differentiation with respect
to the coordinate x. The fiuctuating force g(t) denotes
Gaussian white noise with zero mean, which obeys the
Auctuation-dissipation theorem,

&Pt)&=0,
(g(t)g(s) ) =2Mykti To(t —s) .

(4.2)

(4.3)

Bp(x, u, t) 8 8 U'(x)+Myv
at ax'+ BU M

(4.4)

Equation (4.4) provides a complete description of the
process defined by Eqs. (4.1)—(4.3). Although known for
a long time, a detailed numerical treatment of the dy-
namics in Eq. (4.4) with U(x) a metastable nonlinear po-
tential, such as for example, U(x)= —

—,'x +—,'x, has
been given only recently (Visscher, 1976a, 1976b; Blom-
berg, 1977; Marchesoni and Grigolini, 1983; Baibuz
et al. , 1984; Marchesoni, 1985a; Risken and Voigt-
laender, 1985; Voigtlaender and Risken, 1985; Hu, 1986;
Cartling, 1987; Ebeling, 1988).

The qualitative behavior of the nonlinear dynamics in
Eq. (4.4) can readily be elucidated. If the thermal energy
kz T is much smaller than the respective barrier heights,
the random force is acting only as a small perturbation,
whose infiuence may typically be neglected on the time
scale of the unperturbed damped deterministic motion
(see Fig. 8),

The resulting two-dimensional stochastic dynamics for
the reaction coordinate x and the velocity U =x are Mar-
kovian. The time evolution of the probability density
p (x,x = u, t) is governed by the Klein-Kramers equation
(Klein, 1922; Kramers, 1940; Risken, 1984),

-2
-2 0

X
FIG. 8. Dissipative separatrix line of the deterministic motion
in Eq. (4.5) in a symmetric double-well potential in the presence
of weak friction. The blackened region denotes the domain of
attraction of the metastable state located at x = —1, x =v=0,
which is separated by the boundary (separatrix) from the neigh-
boring domain of attraction (white), with the metastable state
located at x=1, U=O.

accumulated action of the random force will drive it over
the barrier into a neighboring metastable state (see Sec.
II). Although rare, such events will surely occur within
finite time. The average of this (escape) time equals the
inverse of the rate k„c[see Eq. (2.5)].

On the other hand, if the thermal energy k&T is com-
parable with, or even larger than, the barrier height(s)
Eb—,the particle can move almost freely from x, to x, .
In this case, there is no separation of time scales, and a
rate description makes no sense. Below we shall not con-
sider the latter case and shall always assume the condi-
tion in Eq. (2.2),

Eb—=Eb ))k~T . (4 6)

Within this simple phenomenological model the strength
of the interaction between the reaction coordinate and
the remaining degrees of freedom is fixed by a single con-
stant, the damping rate y. Two limiting regimes may be
distinguished, one with strong friction (spatial-diffusion
regime) and the other with a low damping rate (energy-
diffusion regime); see Fig. 9.

For strong friction y the reaction coordinate under-
goes a creeping motion, and the velocity may be eliminat-
ed adiabatically from Eq. (4.1):

x = —(My) 'U'(x)+(My) 'g(t) .

X = U'(x)
M yX (4.5) The time evolution of the corresponding reduced proba-

bility
Hence the reaction coordinate will relax toward one of
the minima of the potential, say x„and the system will
stay there for an extremely long time until eventually the

p(x, t)= f dv p(x, v, t) (4.8)

is governed by the Smoluchowski equation (Smolu-
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chowski, 1915;Fiirth, 1917),

Bp(x t) (M )
—i B U( )Bt y ax

a2+(My) 'kii T p(x, t) .
Bx

(4.9)

In order for the Smoluchowski equation to hold, Kra-
mers (1940) requires that both —U'(x) and p (x, t) be al-

most constant on the thermal length scale
(kiiT/M)' y '. More explicit conditions in terms of
U(x) can be read off from the corrections to the Smolu-
chowski equation (Tikhonov, 1960; Lee, 1971; Wilemski,
1976; Titulaer, 1978, 1980; Chaturvedi and Shibata, 1979;
Skinner and Wolynes, 1979). For the lowest-order
correction one still obtains a Smoluchowski equation but
with an efFective, y-dependent potential and an x- and y-
dependent difFusion term,

Bp(x t) —i B 2 i „B=(My) ' [1+y M 'U(x)] kiiT +U'(x) p(x t) .Bt Bx Bx (4.10)

Higher-order corrections in powers of y ' can no longer
be cast in such a Fokker-Planck form. The next correc-
tion is of order y and contains derivatives whose de-
gree is higher than second order, thereby breaking the
Fokker-Planck structure (Skinner and Wolynes, 1979;
Risken et aI., 1980; San Miguel and Sancho, 1980; Titu-
laer, 1980; Kaneko, 1981; Haake, 1982; Gouyet and
Bunde, 1984; for reviews see Grigolini and Marchesoni,
1985; Marchesoni, 1985b; Van Kampen, 1985).

In the case of extremely weak friction, the energy, or
equivalently the action

I(E)= fp dq, (4.11)

is almost constant compared with the rapidly changing
angle variable qr (see Fig. 9). The averaging procedure

I ~ tM IPo IP'&%I ~ 1 II II ]I II I I I I+

l

over the angle y then yields a diffusion equation for the
probability density of the action (Kramers, 1940; Zwan-
zig, 1959),

Bp(I, t) B
()t BI

2mk TiiB
co(I) BI p I, t (4.12)

where co(I) is the angular frequency at the action I,
BE co(I)
BI 2m

(4.13)

Although, in principle, the same methods apply as for
the Smoluchowski equation (Titulaer, 1978), finite y
corrections to Eq. (4.12) are rather difficult to obtain.
This is due to the fact that the transformation
(x, U)~(I, y) now contains both fast and slow contribu-
tions, to the slow action I and the fast angle variable q&,

respectively. Thus far, such corrections have been ob-
tained only for the case of a potential with a single well
(Renz, 1985).

C3

x 0 rS ~ 81 ~I

B. Stationary f/ux and rate of escap

-I I

-2 (a)
l00 200 500 400

t(ub
-0.5 0 0.5

x/arab

C3 0
(b)

0 500 lOOO l500 2000 -0.4 0 0.4
tGUb x/a~b

FIG. 9. Typical sample trajectories of a particle that starts at
the barrier top of a symmetric double well, with the minima
separated by a distance 2a, showing the noisy trajectory and the
phase-space motion x vs x. The dashed lines indicate the posi-
tion where the curvature changes sign: (a) the weak-damping
regime where the escape is governed by energy diffusion; {b) the
spatial-difusion-controlled high-damping regime. Data are
from Straub, Borkovec, and Berne (1986).

k—:k~+ j
n,

(4.14)

For the construction of a stationary current whose
probability density is denoted by p(x, U), several require-
ments must be fulfilled. Clearly, neither sources nor

Following the original reasoning of Farkas (1927) and
of Kramers (1940), we determine the steady-state escape
rate, say from A to C, by considering a stationary situa-
tion in which a steady probability current from 3 to C is
maintained by sources and sinks. The sources supply the
A-well with particles at energies that are a few k&T
below the barrier top. These particles first thermalize be-
fore they eventually leave the well over the barrier.
Beyond the barrier the particles are removed again by
sinks. The total probability Aux j over the barrier is then
given by the product of the escape rate from A to C,
k~ ~, and the population of the A-we11, n, . Equivalent-
ly, the rate equals the Aux over the population, i.e., from
Eq. (2.11),
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sinks should exist at the barrier. The probability p(x, u)
around the barrier obeys the stationary Fokker-Planck
equation, i.e., with cob = —M 'U"(xb ) )0,

cles with energies comparable to, or even higher than,
the barrier energy lb.

The next objective is to construct p(x, u). Still follow-
ing Kramers (1940) we make the ansatz

a a 2v — [cob(x —xb ) —yu]Bx BU p(x, u)=g(x, u)expI —[—,'Mu + U(x)]/k~ TI . (4.22)

yk~ T+ p(x, v)=0, x —xbM ()U~

Here we have assumed the linearized potential

U(x) = U(xb) —
—,'Mcnab(x —xb )

(4.15)

(4.16)

When x is in the neighborhood of the barrier top, Eq.
(4.15) yields a partial differential equation for g(x, u),
reading

—u —[cob (x —xb ) +yu]
8

ax " " aU

because x is confined to a small neighborhood around the
(parabolic) barrier top. Near the bottom of the A-well all
particles are thermalized. Therefore, with Z ' denoting
a normalization constant, we find the condition

p(x, v)=Z 'expt —[—,'Mu +U(x)]/k~T)I,
x =x„andall u . (4.17)

On the other hand, near the bottom of the C-well, all par-
ticles are removed by the sinks,

yk~ T
g(x, u)=0 .M ()U2

(4.23)

We observe that this is simply the adjoint equation for
the time-reversed process in Eq. (4.1). According to the
boundary conditions in Eqs. (4.17) and (4.18), the func-
tion g(x, u) must approach unity inside the well and van-
ish beyond the barrier region. This behavior may be
achieved if g(x, u) is allowed to depend on a linear com-
bination of x and u only (Kramers, 1940),

p(x v) 0, x )xb (4.18) u =(x —xb)+au . (4.24)

Once the probability density p fulfilling Eqs. (4.15)—(4.18)
is known, the population of the A-well and the Aux over
the barrier can be readily calculated to give

Equation (4.23) therefore transforms into

fkTQ—[(1+ya)u+coba(x —xb)]g'+ g"=0, (4.25)

and

n. = f dx du p(xu)3 -well

+ ooj= du vp(xb, v) .

(4.19)

(4.20)

where the prime now denotes the derivative with respect
to u. In order that Eq. (4.25) become a proper ordinary
differential equation, the factor in front of the first deriva-
tive must be proportional to u,

s(x, u)=— 8 + B U'(x)Bx'+ BU M +"

Moreover, the density of sources and sinks s (x, u) follows
from the stationarity of the nonequilibrium probability
p(x, u) wherein s (x, u) enters the right-hand side in Eq.
(4.4). Thus we obtain

(1+ya)v +cuba (x —xb ) = —Au,
for all x =xb and all u . (4.26)

prom Eqs. (4.24) and (4.26) the coefficients A, and a are
readily obtained as

yk~ T+ p(x, u) .M ()U~
(4.21)

Obviously, s)0 corresponds to sources and s &0 to
sinks, respectively. We recall that the validity of the ap-
proach requires that there be no sources injecting parti-

I

A, + = ——++cob+(y/2)

='+a+=
COg

The solution of Eq. (4.25) thus reads

(4.27)

(4.28)

g(x, v) =Z cob't/M/2myk& TA, + f exp
(X Xb ) (X+V/Q)b )

Mcnab u
dQ

2yk~ TA, +
(4.29)

where A, + has been chosen in order to obtain the physi-
cally correct asymptotic behavior for large positive x
given by Eq. (4.18). The asymptotic behavior for x =x,
[see Eq. (4.17)) determines the normalization factor in
front of the integral. With Eq. (4.19) we obtain in leading
order (k~ T) for the well population from Eqs. (4.22) and

2+k~ T
n, = Z 'exp[ —PU(x, )] .

Mco0
(4.30)

(4.29) assuming the linearized potential U(x) = U(x, )
+—,'Ma)0(x —x, ),
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The probability current, Eq. (4.20), becomes

k~Tj =A, + Z 'exp[ P—U(xb)] .
MCOb

(4.31)

Thus, combining Eq. (4.14) with Eqs. (4.27), (4.30), and
(4.31), we find with the activation energy Eb = U(xb)—U(x, ) the celebrated Kramers result (Kramers, 1940)

T

COOk„c= exp( pEb—) (4.32)
Cub 2m'

0

P

0

0

0

4

P 0 e

0

4

4
4

'~

1/2
2

Q)b
y

QPO
exp( PEb—) . (4.33) t ~ 0

CHOCO bk overdamPed — exp( PEA~C — 2 b (4.34)

which approaches zero as y ~~. This same result may
also be obtained directly by working with the Smolu-
chowski equation, Eq. (4.9); see Sec. IV.E.

This result describes the spatial dijfusi-on contvo-lied rate
of escape at moderate-to-strong friction y, see Secs. C
and G below. In Eq.(4.32) the expression in large
parentheses is the result of simple transition-state theory
kTsT, given in Eq. (3.5). One observes that with y(p) =y,
the result in Eq. (4.33) coincides with the multidimen-
sional TST rate in Eq. (3.46) for a heat bath describing
strict Ohmic friction, i.e., y(t) =2y5(t). The ratio
k~ c/krsT versus friction y is sketched in Fig. 10. As
can be deduced from Fig. 10, in the presence of a finite-
damping rate y the

diffusive

transmission factor
a—:(A, +/~ob) is always less than one, due to the ever-
present diffusive recrossings (see Fig. 9). A correction of
order (pEby/rob) ' to the transmission factor in Eq.
(4.33) has recently been evaluated by Ryter (1987).

For strong friction, the transmission factor simplifies
further to give the rate in the overdamped regime, i.e.,
for y &) rob (Kramers, 1940)

-4-

X
FIG. 11. Contour plot of the density of sources and sinks
s{x,u) [see Eq. {4.35)] in a symmetric double-well potential
U(x) = —2x + 4x: dotted line, the separatrix in the presence
of friction [see Eq. {4.5)]; solid line, a deterministic trajectory
that starts out at the maximum of the source density. Here we
address the spatial-diffusion-controlled situation with pEb =10
and moderate friction at y/cob = 1.

C. Energy of injected particles
In order to elucidate the limits of applicability of the

Kramers rate in Eq. (4.33) we focus here on the energy of
the injected particles.

For the density of sources and sinks rendering p(x, U)
stationary, we find from Eqs. (4.21) and (4.22) combined
with Eq. (4.29) (Talkner, 1989; see Figs. 11 and 12 below)

V

0.5

\~ ~
~ ~

0 ~

0 ~

v

0

FIG. 10. The Ohmic transmission factor of the Kramers result
in Eq. (4.33) vs the (dimensionless) friction y, with cob =1.

-2 -1 X 0
FIG. 12. Same as in Fig. 11, but now for an energy-diffusion-
controlled situation with pEb = 10 and y/cob =0.01. Note that
in this case the density of sources is located mainly beyond the
separatrix, i.e., the injected particles assume an energy E & E&.
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s(x, v)=—
' 1/2

2myMk~ T V'(x)exp
Mcoi, P (x —xi, )—
2/A, +

2X+V

CO b
p, (x, u) . (4.35}

V(x) = U(x)+ coi, (x —xi, ) (4.36)

Here p,q(x, u) =Z 'exp[ —P[ —,'Mv + U(x)]I is the
thermal equilibrium probability. The potential V(x) is
given by

bE =yI(E), (4.42)

where Eq. (4.11) has also been used. In conclusion,
Eq.(4.33) can be safely applied only if during one round
trip the energy dissipated is greater than the thermal en-
ergy

The maximal values of s (x, u) lie on the line

u =A.+(x —xb }

and are located at those x values which solve

(4.37)

yI(E)&k~T .

D. Energy-diffusion-limited rate

(4.43)

[ V'(x )] =
king

TV"(x ) . (4.38)

For the archetypal symmetric Ginzburg-Landau poten-
tia1,

U(x)=Ei, —,'Mcus,—x + ,'bx, b—&0, (4.39)

where with U(x, )=0 the barrier energy becomes
Ei, =M coi, /(4b), one finds, besides the trivial solution
x =xi, where s vanishes, two solutions of Eq. (4.38),
namely,

3k~ T
xy —xb+

b
(4.40)

The strength of the sink and the source, respectively, is
thus maximal at x+ and x . The particles injected at
x have from Eq. (4.37) an energy

E.=—,'M [A,+(x —xi, }]+ U(x )
' 1/2

yA+ 3Eb
~~b k~ T +—k~ T+Eb .3 (4.41)

At moderate and large values of the friction y the first
term renders this energy smaIIer than the barrier energy.
Thus almost all injected particles are caught by the stable
attractor at x, & 0 and U =0, where they undergo
thermalization before they eventually escape; see Fig. 11.
However, if at constant temperature the damping rate y
decreases, the energy of injected particles becomes
greater than the barrier energy Eb. At the same time the
energy loss along the deterministic trajectories (see Fig.
8) decreases with decreasing damping rate As can b.e de-
duced from Fig. 12, the injected particles assume an ener-
gy E )Eb performing one round trip at a high energy
1evel and become trapped immediately after reaching the
region behind the barrier. In Eq. (4.33) these events with
E ~ Eb are counted as if a particle from the bottom of the
well had escaped at once. Consequently, Eq. (4.33)
overestimates the true rate for weak friction, thus indi-
cating a breakdown of the Kramers method in the low-
friction regime. At low damping rates the energy loss
4E during a round trip at initial energy E &Eb follows
from the deterministic limit of Eq. (4.1),

If the condition in Eq. (4.43) is violated, the Kramers
method described in Sec. IV.B fails, and the rate must be
evaluated along a di6'erent line of reasoning. %'ith Eq.
(4.43} strongly violated, both the energy and the action
are necessarily slowly varying quantities undergoing
diffusive motion. The di6'usion of the action given in Eq.
(4.12) can immediately be transformed into a difFusion
equation for the energy E,

P(E, t)=y I(E) 1+k' TB c} co(E)
BE BE 2~ p(E, t) . (4.44)

E

I

X X
I I

Xb

FICi. 13. Metastable potential field used in text. Particles are
injected at x and immediately removed when they arrive at
X + ~

For the moment we consider the simplest case of a poten-
tial U(x) with only one metastable well, as sketched in
Fig. 13.

As soon as the particle has acquired an energy slightly
larger than the threshold energy Eb, the particle escapes
froID the well. The rate is then given by the probability
Aux of particles in energy space through Eb over the pop-
ulation of the well. Equivalently, the probability Aux in
action space through It, =I(Ei, ) may be used. In this
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j=—yI 1+ 27Tkg T () p(I), 0&I &I„. (4.45)

Imposing an immediate absorption at I =Ib, that is,
p(I =Ib )=0, one finds with /3=(k~ T) ' from Eq. (4.45)

p(I)= j(yk~T) 'exp[ PE(I—)]
b exp[PE (I')] co(I') dI,

I I 2. "' (4.46)

case one solves for the stationary probability distribution
p(I) with an arbitrarily prescribed probability current j,

r

At I =0, p(I) has a logarithmic singularity which origi-
nates from the fact that the probability source is concen-
trated at I =0,

s(I)=j[6(I)—5(I Ib—)] . (4.47)

However, for /3Eb ))1 this singularity does not contrib-
ute to the population np in the well,

Ib
no= J p(I)dI .

0

By virtue of Eq. (2.11) one obtains the inverse rate as

k '= /' =( k T) ' J dI [ /3E(I—)] dI'
0 I 2' I' (4.48a)

In the limit of a high barrier (/3Eb ))1), a change of vari-
ables, that is, dE = [co(I)/2m jdI, yields to leading order

2mk~ T
k '= exp(PEb) . (4.48b)

undetermined probability p the result

I(Ei, )

I (E~+ ) +I (Eb )
(4.53)

Hence, for very weak damping, y &&cob, we recover pre-
cisely the result derived by Kramers (1940) for the
energy-difFusion-controlled rate of escape,

600
k =yPI (E& ) exp( /3Eb ), — (4.49)

which is a valid expression for the rate if

k~T/Eb «1, and yI(E&) «k~T . (4.50)

Note that, in contrast to Eq. (4.33), the result in Eq.
(4.48) or Eq. (4.49) involves the value of the action at the
barrier energy, i.e., the anharmonic part of the well dy-
namics affects the Anal result for the energy-diffusion-
controlled rate.

In the more general case of a potential with two meta-
stable wells, as depicted in Fig. 14, a particle that ac-
quires sufhcient energy to escape, say, from inside the left
well may bounce back and forth unti1 it thermalizes with
a probability p inside the right well, or with probability
(1 —p) falls back into the initial well. Hence the forward
rate k+ reads

For a symmetric bistable potential U( —x)= U(x), p as-
sumes the obvious value ofp =—,'.

E. Spatial-diffosion-limited rate:
the Smoluchowski limit

In this subsection we address in greater detail the es-
cape dynamics in the Smoluchowski limit [see Eq. (4.9)].

In the limit of large damping y, the rate in Eq. (4.33)
decreases inversely proportional to the friction,

exp( /3E&) . —
2&/

(4.54)

This result may also be obtained directly from Eq. (4.9),
which in the form of a one-dimensional diffusion equa-
tion may be treated analogously to the energy-diffusion
equation. A source may be placed at x &x, and a sink
at x+ )xi, (see Fig. 13). The stationary solution p(x),
which carries the current j and obeys the absorbing
boundary condition in Eq. (2.9), p(x =x+ ) =0, becomes

(4.51)
I(E& ) co,k+ —=k~ z =py exp( /3Eb+)—

TT

and vice versa

I(Eb ) co,k—:kc „=(1—p)y exp( —/3E& ),
TT

(4.52)

where co, and ~, are the angular frequencies in the left
and right wells, respectively.

The two rates are connected by the principle of de-
tailed balancing, Eq. (2.13). Since the equilibrium popu-
lations [n„n,J are known, that is, n, o-co, 'exp(/3EI, ),
n, ~co, 'exp(PEb ) [see Eq. (2.13)], one finds for the yet

FIG. 14. Asymmetric potential field U{x) with two metastable
wells.
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p(x) = exp[ —U(x) Iks TJMyj
k~T

X I exp[U(y)/k~T]dy,

while the population n0 is readily found to read

(4.55)

which precisely equals the MFPT result, t(x = —Do ),
with x = —~ a natural boundary and x =x+ absorbing
[see Eq. (7.8) below]. With 13Eb ))1, Eq. (4.56b) can be
evaluated within a Gaussian steepest-descent approxima-
tion as

xb
Pl0 — XP X

By virtue of Eqs. (2.11) and (4.14) we therefore obtain

k '= 2m.y(coocob ) 'exp(pEb ), (4.56c)

X+
k '=no lj = f dy exp[ —U(y)/k+T]

exp[ U (z) /k~ T]
y (k~ TIMy )

By use of a partial integration this becomes

x+ exp[ U(y ) /kz T]
k '= dy (k~ TIMy )

X f dz exp[ —U (z) Ik& TJ,

(4.56a)

(4.56b)

whose inverse again coincides with the rate in Eq. (4.54).
Skinner and Wolynes (1979) have calculated correc-

tions up to order y to this overdamped Kramers re-
sult, induced by the y corrections to the Smoluchowski
equation [see Eq. (4.10)]. These corrections coincide, of
course, with the corresponding terms in the series expan-
sion of the rate in Eq. (4.33), in powers of y '. More-
over, the correction to the steepest-descent approxima-
tion for the rate in Eq. (4.56c) can from Eq. (4.56b) ex-
plicitly be evaluated to give (Larson and Kostin, 1978;
Edholm and I.eimar, 1979; Bez and Talkner, 1981; Mar-
chesoni, 1985b)

cobcoo 1 U' '(xb) 1 U' '(x, ) 5 [U' '(xb)] 5 [U' '(x, )]
exp( —Eb ) 1 —k~ T — —— + + +0 k~T 2]

2~y ' 8 [U'"(x )]' 8 [U"'(x )]' 24 ~U"'(x, )~' 24 [U'"(x )]'
(4.57)

where U'"' indicates the nth-order derivative
d "U(x)/dx", and the vertical bars indicate the absolute
value.

F. Spatial-diffusion-limited rate
in many dimensions and fields

It has already been remarked by Kramers (1940) that a
Markovian description [see Eq. (4.1)], with a one-
dimensional model for the potential field may fail to yield
correct rate expressions in cases where other slow vari-
ables are present that may interact with the reaction
coordinate x. In this section we shall —by definition—
call the rate spatial diffusion control-led when-ever non-
equilibrium effects for the energy population dynamics of
the type discussed in Sec. IV.D can safely be neglected.
As has been demonstrated in Secs. IV.B and IV.C, this
regime is not exclusively restricted to the overdamped
Smoluchowski region, but might also involve inertial dy-
namic effects, like those expressed with the Klein-
Kramers equation, if the rate-determining parameters,
such as the dimensionless barrier height pEb and the fric-
tion value, are of sufBcient strength. The generalization
of Kramers' moderate-to-strong friction treatment in Sec.
IV.B to multidimensional metastable potential 6elds did
not come immediately. In the late fifties, Brinkman
(1956), Landauer and Swanson (1961), the dislocation

1. The model

Langer (1969) considered the following (2X)-
dimensional Fokker-Planck equation:

Bp ( [gl, t)
at

+k T sp([qj, t),a aE cj

877i 8'g~ 8'g~
(4.58)

In order that the results in Eqs. (4.56a) and (4.56b) exist we
assume a confining potential that grows faster than x as

I

physicists Stenzel (1965), Seeger and Schiller (1966), and
Langer (1968) were among the first to generalize Kra-
mers' treatment to an X-dimensional Smoluchowski
equation, i.e., to the case of overdamped motion in an N-
dimensional potential landscape. In terms of an
dimensional generalization of the Klein-Kramers equa-
tion, Langer (1969) subsequently gave a most thorough
treatment of the nucleation rate governing the early stage
of a first-order phase transition. In the following we shall
discuss this work in some detail. The earlier results for
the overdamped, X-dimensional Smoluchowski equation
may be obtained from this result as a special limiting
case.
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where the phase-space point [i) j =(i),, . . . , i)2~) consists
of an order-parameter field ri(x) such as the magnetiza-
tion in a magnet or the density in a Quid taken at N fixed
space points x;,

p( [i)j ) obeys the following conditions.
(i) There are no sources and sinks in the neighborhood

of the saddle point, i e., p( [i)j ) obeys near [i)j = [ri j the
relation

i);=i)(x;), i =1, . . . , X . (4.59a)

The conjugate momentum field ~(x) is taken at the same
points,

8X M) Xe,k(zk n'k—)+ksT~
~9& k YjJ

(4.64)

ri;+~ =sr(x; ), i = I, . . . , X . (4.59b)

Z( [gj ) is a (Hamiltonian) energy function having a lo-
cally stable state at [ i)"j, which is separated by an ener-
gy barrier from another stable state with lower energy.
The point [il j with minimal energy on the barrier ridge
is a saddle point of E( [il j ), which must be overcome in
leaving the original metastable state [il j.

In the deterministic limit the system moves according
to the solutions of

where it is sufhcient to consider the energy in the har-
monic approximation

E ( [ i) j ) =Eb —
—,
' g e; (g; .—i)'; )(i) ilJ )—,

(4.65

(ii) Near the metastable state [i) j, p( [i)j ) agrees with
the equilibrium distribution in Eq.(4.63),

(4.66)

i);= —gM, .
M'

J
(4.60) (iii) Beyond the saddle [ il j, p( [ i) j ) vanishes,

where, for the sake of simplicity, the transport matrix
(M, ) is assumed to be constant. Langer (1969) assumes
that the matrix (M, . ) is the sum of a non-negative definite
symmetric matrix (D, )and a s"ymplectic matrix (A,")
(see Goldstein, 1980), which accounts for the inertial
motion,

M;. =D,"+A," . (4.61)
With D=0, the motion according to Eq. (4.60) would be
purely conservative, while in the presence of a nonzero
diffusion matrix 0 energy would be dissipated,

(4.62)8'g . BYjj
where i); is found from Eq. (4.60).

At Anite temperatures the stationary equilibrium prob-
ability density reads

~„([nj)=z "xp[ —«([~j)l. (4.63)
The rate at which the metastable state decays may again
be calculated in terms of the ratio of the total probability
Aux crossing the energy barrier, and the population of
the metastable state corresponding to a stationary,
current-carrying situation. Because of the presence of
the saddle point, the total probability Aux over the bar-
rier will essentially be concentrated in a narrow region
around [rP j .

In the following calculation of the rate we shall consid-
er the more general case in which 3, is only antisym-
metric but not necessarily symplectic. As a consequence
the number of components of [i) j need no longer be re-
stricted to an even number.

p([i)j)=0, [iij beyond[re j . (4.67)

The conditions (i)—(iii) present a straightforward gen-
eralization of the reasoning pioneered by Farkas (1927).
By use of the same ansatz for p([qj ) as in the one-
dimensional case, Eq. (4.22),

i ([nj ) =P [nj V.,([nj»
one obtains from Eqs. (4.63) and (4.64)

(4.68)

QMji gejk(9k 9k) kBT~s
ij k 9J 91

g( [i)j ) = I exp — dz . (4.70)
217kii T B

Here u is assumed to be linear in the deviations from the
saddle point:

u =g U;(i); —r)';) . (4.71)

By insertion, we find that the U; are the components of
the left eigenvector of the time-reversed ( —) dynamical
matrix g M;Je~k belonging to the unique positive eigen-
value k+ describing the growth rate of a small deviation
from the saddle point,

—g U, M~ejk =A, +Uk .
JE

The normalization of U, is fixed so that

(4.72)

for [r)j =[ri'j . (4.69)

In view of Eq. (4.29) we make for g( [r) j ) an ansatz that
already satisfies the boundary conditions (ii) and (iii),

2. Stationary current-carrying probability density
A, +=+ U;M;~ U~ . (4.73)

As in the one-dimensional case dealt with in Sec. IV.B,
the stationary current-carrying probability density This requires that the component of the diffusion matrix

Rev. Mod. Phys. , Vol. 62, No. 2, April 1990



Hanngi, Talkner, and Borkovec: Reaction-rate theory 277

in the dynamically unstable direction is not vanishing.
For later use we note that the normalization of U, Eq.
(4.73), is equivalent to

QUe; 'UJ= —1,
lJ

(4.74)

3. The rate of nucleation

From the general form of the probability current

(4.75)

where (e,. ') denotes the inverse matrix of (e; ). We shall
comment on the case in which this matrix may not be in-
verted [see Eq. (4.83) below].

I; I g I
=Qk~ T/2m g M,"U p,„(I g I )exp( —,'—Pu2) .

(4.76)

In order to obtain the total probability fIux over the
barrier, we would in principle have to integrate the
current over a hypersurface containing the saddle point
and surrounding the metastable state Ig"I. As already
mentioned above, because the probability current is
strongly concentrated in a small neighborhood within the
bottleneck region it is sufhcient to integrate the current
over a plane containing the saddle point. The orientation
of the plane may be chosen almost arbitrarily. We re-
quire only that the probability current not How complete-
ly parallel to the chosen plane. We now integrate the
current over the plane u =0,

(4.77)

we obtain with Eqs. (4.63), (4.70), and (4.71) for the sta-
tionary current density

Within the harmonic approximation for the energy near
the saddle point, Eq. (4.65), the integration yields for the
total fiux (see Appendix A)

gUM; U

lJ J
(4.78)

(4.79)
In order to obtain the rate, we must divide the Aux by the
population n~ inside the initial well, which in the Gauss-
ian approximation emerges as

n„=tdet[(2mksT) 'E'"']I ' ~Z (4.80)

with E' ' denoting the Hessian matrix of the energy at
the metastable point tg" I where the energy is assumed
to vanish. If we combine Eqs. (4.79) and (4.80) we find
for the rate the important result (Langer, 1969)

det[(2m. k~ T) 'E' "']k= exp( —EI, ) .
ldet[(2~k T) 'E'"]I

(4.81)
Hence the rate is given by the deterministic growth rate
k+ [see Eq. (4.72)] of a small deviation from the saddle
point times the relative frequency

Idet[(2mk~T) 'E' ']/Idet[(2m. k~T) 'E' ']I I'~

X exp( Eb /k~ T)—

where detE' ' denotes the determinant of the matrix
E' '=(e. ) [see Eq. (4.65)]. With Eqs. (4.73) and (4.74)
the Aux simplifies further to give

iE++ Idet[(2~k, T)-'E'"]I-'"Z-'exp( —PE„).

Therefore the rate in Eq. (4.81) may also be expressed as
(Langer, 1969, 1980)

Ik= ImV. (4.83)

The form of the result in Eqs. (4.81) arid (4.83) makes
explicit that this generalization of the Kramers rate is
equivalent with a harmonic, multidimensional TST rate
in which the dissipative motion is modeled in the full
phase space of the total system, i.e., one treats explicitly
the coupling to the degrees of freedom of the heat bath.
Put differently, just as the multidimensional TST rate in
Eq. (3.46) exhibits equivalence with the spatial-diffusion-
controlled Kramers escape rate in Eq. (4.33), the result in
Eq (4.81) can. be obtained as the TST rate in full phase
space of all degrees of freedom. In particular, the growth
rate A, + plays the role of a generalized, friction-

of finding the system at the saddle rather than at the
stable state Ig"I. Earlier, Langer (1967) obtained this
frequency factor as the imaginary part of the equilibrium
free energy of a metastable state, evaluated in a steepest-
descent approximation about the stable point and the
saddle point,

Imy 1 det[(2+k~ T) 'E' ']
exp( Eb/k~ T) . —

Id«[(2~k T) 'E'"]I
(4.82)
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13f7J 67Jy
(4.84)

and the energy function E consists of a potential energy
U(q), Eq. (4.81) simplifies to (Brinkman, 1956; Landauer
and Swanson, 1961;Langer, 1968)

COb H; CO7k= exp( Eb/kii T) . —
H;co;

(4.85)

Here I co,. I are the angular frequencies of the stable
modes at the saddle point, cob &0 denotes the unstable
angular frequency, and the set I co; I denotes those at the
metastable state Itl "I. The notation (II') indicates that
the unstable angular frequency mode has been excluded
from the product.

As we point out below Eq. (4.83), the appealing treat-
ment by Langer for the escape rate does not hold in all
physical situations, but applies only in the strong-
coupling limit, when effects of nonequilibrium due to
energy-diffusion-controlled processes can safely be
neglected. The regime of its validity will be discussed in
greater detail next.

renormalized barrier frequency [see Eq. (3.44)], which is
known in the chemical physics community as the
"Grote-Hynes frequency" (Grote and Hynes, 1980).

So far, we have completely neglected the influence of
symmetries that may lead either to a discrete number of
equivalent saddle points or to a whole continuum of sad-
dle points, as would be the case for a continuous symme-
try. In the first case, Eq. (4.81) gives the escape rate over
one saddle and the total escape rate is this rate Inu1tiplied
by the number of equivalent saddle points. In the case of
a continuous symmetry, the matrix of second derivatives
of the energy at the saddle point has vanishing eigenval-
ues corresponding to Goldstone modes. These must be
excluded from the calculation of the Hessian. Integra-
tion over the Goldstone modes yields a factor propor-
tional to the volume of the symmetry group, which for
the case of translational symmetry of an extended system
is determined by the physical volume of the system
(Langer, 1967, 1980; Giinther, Nicole, and Wallace,
1980).

In the special case of Smoluchowski dynamics where
the transport matrix is proportional to the unit matrix

(Fig. 9). This in turn implies the validity of Eqs. (4.33),
(4.34), and (4.56), as well as of Eqs. (4.81), (4.83), and
(4.85) in the multidimensional generalization. The escape
dynamics becomes controlled by energy diffusion when-
ever the condition in Eq. (4.43), yI (E(bl ) )kit T, starts to
fail. Since the action I(Eb) is of the order (Eb/cob), we
find a turnover region (see Sec. VI) around kiiT/Eb= (y /cob ), with kii T/Eb ~ 1. When yIb ——(y /cob )Eb(k~ T, the thermalization process inside the metastable
well takes place on a time scale ~, comparable to, or even
larger than, the time scale set by the simple transition-
state theory in Eq. (3.5), i.e., r, ) (2m /neo)exp(pEb ). This
in turn implies a deviation from the thermal equilibrium
probability inside the metastable well, as specified by the
current-carrying stationary nonequilibrium energy densi-
ty in Eq. (4.46). With p(E)=p(I)[2~/ro(E)], one finds
deviations from the Boltzmann distribution within a nar-
row region of order k~ T below the barrier energy Eb. In
particular, we note that from Eq. (4.46), p(E =Eb)=0.
The two dimensionless parameters, k~ T/Eb and (y /rob ),
therefore characterize the regimes of validity of the
different results for the rate in the spatial-diffusion limit-
ed regime and in the energy-diffusion limited regime.
This behavior can be characterized by the classical rate-
phase diagram depicted in Fig. 15.

In view of the rate treatment for the energy-diffusion-
controlled regime, it should also be stressed here that so
far we have treated the dynamics of energy exchange
within Kramers' model in terms of a Fokker-Planck
equation only [see Eq. (4.44)]. In other words, the energy
dynamics has been approximated by a continuous Mar-
kov process for which the change of energy upon a single
collision is continuous. More realistic, however, is a
model in which the energy upon a collision may change
by a finite amount. The latter situation is typical for
chemical reactions in the gas phase. Rate theory at weak
friction has therefore been a topic of considerable interest
within the chemical physics community, where it is
known as "unimolecular rate theory. " A survey of the

k BT/Eb

G. Regime of validity for Kramers' rate theory

In conclusion, various results for the Kramers' escape
rate are derived in Eqs. (4.33), (4.49), (4.54), and (4.81)
under the condition of weak thermal noise, pEb ))1.
This condition assures a clear-cut separation of time
scales, as noted previously [see Eq. (2.2)]. The regime of
validity of the various results depends further in a
characteristic way on the dimensionless coupling param-
eter (y/rob). With (y/cob)) 1 we generally find that
thermal equilibrium prevails throughout the escape pro-
cess, and the rate k becomes spatial-diffusion limited

weak
,

friction, jlI"
. moderate —to-strong

friction

y/(gpb

FIG. 15. Regime of validity of Kramers rate expressions for
weak friction [see Eq. (4.49)], and for moderate-to-large friction
[see Eq. (4.33)], as a function of the two relevant dimensionless
parameters, the inverse Van't Bof-Arrhenius factor k&T/Eb
and the friction strength y/~b.
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recent major developments in this field in one and many
dimensions is the subject of the following section.

k3k, CM
kuni =

k3+k2CM
(5.3)

V. UNIMOLECULAR RATE THEORY

k3

k2

: A *+M (activation),

:A +M (deactivation),

:8 (dissociation) .

The theory of unimolecular reactions (or first-order re-
actions c = —kc) in the gas phase is a classical topic of
physical chemistry. Pioneering work of Lindemann
(1922) and Hinshelwood (1926a, 1926b) initiated the for-
mulation of the theory by Rice and Ramsperger (1927),
Kassel (1928a, 1928b), and Marcus (1952, 1965), com-
monly known as RRKM theory. Recently it has been
further developed, by among others, Keck and Carrier
(1965) and Troe (1975). The topic is well documented in
the chemical physics literature, in review articles, and
monographs (Forst, 1973; Hase, 1976; Callear, 1983).
Probably because this theory has been applied mostly to
unimolecular chemical reactions, it has remained virtual-
ly unknown within the physics community. Only recent-
ly has it been recognized that several results in the
reaction-rate theory of weakly damped systems can be
obtained as special cases of unimolecular rate theory.
One example, which we shall discuss in detail below, is
the energy-diffusion-limited rate in Eq. (4.49) of the Kra-
mers problem. In this section we review the most impor-
tant aspects of unimolecular rate theory in thermal sys-
tems and investigate within this framework the predic-
tions for weakly damped systems.

The basic physics of the problem was set forth by Lin-
demann (1922). He considered the dissociation of a mol-
ecule A in an inert bath gas. As the molecule A under-
goes collisions with the gas molecules M, a very energetic
collision may impart more than the barrier energy to the
molecule. As the energy of the resulting activated mole-
cule A * is now above the dissociation threshold, the mol-
ecule may cross the barrier and dissociate into the prod-
uct B. Collisions, in turn, may also remove energy and
deactivate the molecule. Therefore we have the reaction
scheme

k„„,' =k '+k (5.4)

This relation can be interpreted as the sum of two aver-
age lifetimes, and therefore the dissociation can be
viewed as a succession of two steps. A collisional activa-
tion step, characterized by a rate kc, and the barrier-
crossing step, with a rate kTsT. At low pressures the col-
lisional activation is slow, and thus kc determines the
overall rate. At higher pressures, on the other hand, the
collisional activation is rapid and the overall rate is deter-
mined by the rate kTsT for the barrier crossing.

Let us pose the problem more precisely. Consider an
isolated molecule described by the classical Hamiltonian

n p. + U(q„.. . , q„),2' (5.5)

where the I q,. I are the coordinates of particles
i =1, . . . , n with masses m;, and the Ip, I are the conju-
gate momenta. %'e assume that the n degrees of freedom
are strongly coupled so that a rapid equipartitioning of
the total energy E is possible. The potential energy U has
a single metastable well with its minimum given by
U =0, and the saddle point is located at a barrier energy
U =Eb. We introduce a reaction coordinate x (q), which

kTST

In a dilute gas the number concentration cM is propor-
tional to the pressure of the gas, i.e., to the collision rate
o, or the damping rate y. The dependence of the overall
rate on pressure (or collision rate) is shown in Fig. 16. If
the pressure is large, the rate constant becomes indepen-
dent of pressure, namely, k„„;=k3k, /k2 —=krsT. As we
shall discuss later, the high-pressure limit is equivalent to
transition-state theory. For low pressures, on the other
hand, k„„;=k&cM =—k&, that is, the rate equals the rate of
collisional activation and increases in proportion to the
pressure (or collision rate a). Note that Eq. (5.3) can be
rewritten as

The kinetic equations for these reactions read

k 1 cA cM +k2c gcM

c ~ k)cAcM k2c gcM k3c

(5.1)

(5.2)

where c; denotes the number concentration of species i.
Assuming that the inert bath gas M is in excess of species
A, A ~ and that the number of activated molecules A *
reaches a steady state, that is c„+=0,the rate for the
unimolecular decomposition of A becomes

FIG. 16. Schematic plot of the transition of the rate between
weak and strong collision rates n: solid line, behavior for a sin-
gle degree of freedom; dashed line, behavior for several degrees
of freedom [see Eq. (5.32)].
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is positive for the undissociated species A and vanishes at
the dividing surface, which passes through the saddle
point. Let us investigate the situation in which the
species ( 2 ) is assumed to undergo a dissociation reaction
in a dilCte gas. At zero pressure (c~=0) the molecule
undergoes no collisions and the total energy of the isolat-
ed molecule E =& is a conserved quantity. At low pres-
sures, the molecule will experience infrequent collisions
with the gas molecules. During these collisions the ener-
gy of the molecule will change in a jumplike manner. As
long as the pressure is low enough, the collisional events
will be uncorrelated, because the average time between
the collisions is much longer than the typical duration of
a collision. As soon as the energy of the molecule is
higher than the dissociation energy Eb, the molecule will
dissociate with an energy-dependent rate. Therefore the
probability density p(E, t) of finding the undissociated
molecule with an energy E can be modeled by a Markovi-
an master equation (Montroll and Shuler, 1958; Widom,
19S9; Ree et al. , 1962; Keck and Carrier, 1965; Nikitin,
1966; Forst, 1973; Troe, 1975) of the form

Q(E)== 2~
~(E) (5.13)

For a collection of n harmonic oscillators with (angular)
frequencies I co; ], one has the well-known power-law ex-
pression (Polanyi, 1920; Troe, 1975)

.En —1 n

Q(E) =
(n —1)!, , co;

(5.14)

The transition probability density can also be written as

K (E',E)=aP (E',E), (5.15)
where o. is the collision frequency and P(E', E) denotes
the conditional probability density of a molecule with ini-
tial energy E which after collision assumes the energy E'.
In general, the collision frequency o. will also depend on
the energy of the molecule prior to the collision, but we
shall simplify the present discussion by neglecting this
energy dependence.

The dissociation rate constant k (E) can be estimated
using microcanonical transition-state theory. In analogy
to Eq. (2.23) we write

—k(E)P(E, t) . (5.6)

= f dE'[K(E, E')p(E', t ) K(E', E—)p(E, r ) ]dt 0 & 5(x)x 0(x ) )z
&w )), (5.16)

K(E,E')p, (E')=K(E',E)p, (E) .

Here we have introduced the thermal distribution

p,q(E) =—Q(E)exp( PE), —1

(5.7)

(5.8)

and denoted the density of states of the undissociated
molecule by

The change in energy of the molecule due to collisions is
described by the integral term in Eq. (5.6), while the loss
of molecules due to dissociation is taken into account by
the last term in Eq. (5.6). The transition probability
K(E~E')=K(E', E) per unit time obeys the detailed
balance condition

Obviously, molecules with an energy below the threshold
barrier cannot dissociate, and hence

k(E)=0, for E(Eq . (5.17)

k (E)=8(E EI, ) /r(E)—, (5.18)

where r(E) is the round trip time for a particle starting
out at x =xb to go to the domain of attraction of state x,
and to return to x =x& (see Fig. 3).

For a collection of n harmonic oscillators Eq. (5.16)
yields the RRKM expression (Forst, 1973; Troe, 1975)

For a single degree of freedom Eq. (5.16) reduces to the
frequency of motion

Q(E)= f dq dp' 5[E —&(p, q)] .

The normalization is given by the partition function

Z =f dE Q(E)exp( PE) . —

(5.9)

(5.10)

g ~(0)

k(E) =
'n —1E —Eb

for E ~Eh

(5.19)
We abbreviate the canonical average as

f dq dp exp[ —P&(p, q)]f (p, q)&f)= f dq ~dp exp[ —p&(p, q)]
(5.11)

and the microcanonical average constrained to the energy
E of the undissociated molecule as

f dq dp 6[E —.&(p, q)]f (p, q)
&f) = f dq dp' 5[E—&(p, q)]

(5.12)

For a single degree of freedom the density of states equals
the period

where the set IcoI 'I are the angular frequencies at the
bottom of the well and IcoI"'I are the stable angular fre-
quencies at the saddle point.

Even for sufficiently low collision frequencies, a simple
equation such as Eq. (5.6) cannot describe the dynamics
of an arbitrary molecule exactly. We shall discuss in Sec.
V.D the approximations inherent in Eq. (5.6) and demon-
strate how to relax some of these assumptions. Now, let
us consider the wide variety of results that follow from
Eq. (5.6).

The most popular method of evaluating the rate k„„;
from Eq. (5.6) is the Aux-over-population method, which
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was discussed in Sec. II.C.1. To build up a steady-state
current, we feed in particles at E =0 which give rise to a
steady-state distribution po(E) satisfying Eq. (5.6). The
loss term proportional to k (E) in Eq. (5.6) is responsible
for the removal of the injected particles. - The rate k„„;
(i.e., the dissociation rate of the molecule) is related to
the constant probability (lux j by [see Eq. (2.11)]

f dE k (E)po(E)

dE po(E)

The steady-state distribution satisfies [see Eq. (5.6))

(5.20)

k„„;=f dE k(E)po(E) . (5.22)

In principle, given K(E', E) and k (E), Eq. (5.21) can be
solved for the normalized steady-state distribution po(E)
with the rate k„„;then evaluated from Eq. (5.22). Unfor-
tunately, this involves the solution of the integral equa-
tion in Eq. (5.21), for which an explicit expression is gen-
erally not available. In some special cases, however, this
solution can be obtained in closed form.

First we consider the special cases of high and low col-
lision rates a, respectively, as discussed in the beginning
of this section in connection with Lindemann's (1922)
work. In the case of a high collision rate (implying a
high pressure, i.e., a~ ) the dissociation rate k(E)
(which is of the order of a typical vibrational frequency)
becomes much smaller than the collision rate o.. The col-
lisions will then maintain the equilibrium distribution, so
that po(E) =p, (E). In this case Eq. (5.20) becomes

kuni kTST

f dE k(E)p, (E)
Ef dEp, (E)

(5(x)x8(x ) ) fol' a~ ~ ~

Here we have used Eq. (5.16). This obviously is the result
of canonical transition-state theory discussed in Sec. III
[see Eq. (3.6)]. For a collection of harmonic oscillators
Eq. (5.23) simplifies to [see Eq. (3.14)]

(5.23)

f dE'[K (E,E')po(E') —K (E', E)po(E)]=k (E)po(E) .
0

(5.21)
In the present context it is useful to introduce

a normalized steady-state distribution such that
EI,f, 'dEpo(E)= fo"dEp, (E)=1. The extension of the

upper integration limit to infinity is permissible as it in-
troduces only exponentially small errors. The rate con-
stant then equals the probability Ilux j, and Eq. (5.20)
simplifies, with k(E)=0, E &Ei„to

exp( 13E—b ) . (5.24)

On the other hand, in the low-collision-rate limit (imply-
ing low pressure, i.e., a~O), the collision rate is less than
the dissociation rate k(E) of an activated molecule.
Therefore the barrier threshold acts as a perfect sink, im-
plying po(E)~0 for E)E&, as a~O. In this case, Eq.
(5.22) shows that the rate vanishes in the low-collision-
rate limit. With 0.—+0, the rate of energy activation be-
comes proportional to the collision rate, k„„;=kc~0..
To obtain the explicit expression for kc we integrate Eq.
(5.21) from E=EI, to E= oo. Using Eq. (5.22) and the
fact that po(E) =0 for E )Eb, we obtain for the rate in
the low collision limit

k„„;=kc —= f dE f dE'K (E,E')po(E'),

as a~O . (5.25)

&, bE &i= f dE'P(E', E)(E' E) &0 . —(5.27)

The case in which the energy transfer is very efFective,
such that ~(bE)

~ ))kiiT, is commonly termed the strong
col/ision limit. In the opposite case of inefFective col-
lisions with ~(b.E)

~
&&k~T we encounter the weak col-

lision limit Before .we investigate the general case in Sec.
V.C, we discuss these two limits in more detail.

A. Strong collision limit

The collision kernel which allows for large energy
transfers is independent of the initial energy of the mole-
cule. From Eq. (5.7) it then follows that

Ksc(E', E)=ap,q(E') . (5.28)

In this strong collision approximation, a collision simply
resamples the energy from a thermal ensemble. Inserting
this collision kernel, Eq. (5.28), into Eq. (5.21) and using
the fact that the probabilities are normalized, one finds

p, (E)= „p,q(E) . (5.29)

Inserting Eq. (5.29) into Eq. (5.22) we obtain the explicit
expression for the rate in the strong collision approxima-
tion,

A useful quantity of a given collision kernel K(E',E) is
its first moment, which is related to the average loss of
energy per unit time [see Eq. (5.15)],

A (E)=f dE'K(E', E)(E' E)=a(b—E ), (5.26)
0

where we have introduced the average energy transferred
per collision,

9To obtain from Eq. (5.6) a nonvanishing steady state, one
reinjects the lost particles back at E =0 with a rate k„„;. ksc = f dE p.,«)00 ak (E) (5.30)

Rev. Mod. Phys. , Vol. 62, No. 2, April 1SSO



282 Hanngi, Talkner, and Borkovec: Reaction-rate theory

A typical plot of the rate constant as a function of col-
lision frequency is shown in Fig. 16. As a —+~, Eq.
(5.30) reduces to the transition-state theory [see Eq.
(5.23)], while

D (E), Eq. (5.36) can be approximated by

& (E)= 13D—(E),
i.e.,

(5.37)

ksc=a dEp, q(E), as a~O . (5.31) (5.38)

(PE )n
—1

ksc —-ct exp( 13Eb ), —as a 0 .
(n —1)! (5.32)

Note the rapid increase of the rate constant with increasing
number of degrees of freedom n (see the dashed line in
Fig. 16). Other strong collision models have been sug-
gested in the literature (Montgomery et al. , 1979;
Skinner and Wolynes, 1980; Borkovec and Berne, 1985b).
Nevertheless, the corresponding results are always well
approximated by the strong collision approximation in
Eq. (5.28).

8. Weak collision limit

In the case where the energy exchange upon a collision
is small, ~(b,E) i &&k&T, we perform a Kramers-Moyal
expansion of the master equation in Eq. (5.6) up to
second order (for the details of this procedure the reader
is referred to Hanggi and Thomas, 1982). We thus obtain
an energy-difFusion approximation of the form

This result can also be obtained by inserting Eq. (5.28)
into Eq. (5.25) and observing that in this case
po(E) =p,q(E) for E &Eb. Equation (5.31) can be inter-
preted as the collision rate a times the probability of
finding a molecule above the threshold barrier in a
thermal ensemble. For a harmonic density of states, Eq.
(5.14), we obtain from Eq. (5.31) for high barriers
(/3Eb ))n, with n the number of strongly coupled degrees
of freedom) the well-known result (Polanyi, 1920; Lewis
and Smith, 1925; Wigner, 1925; Christiansen, 1926;
Hinshelwood, 1926a, 1926b; Polanyi and Wigner, 1928)

The energy-difFusion equation, Eq. (5.33), is a good ap
proximation of the full master equation (5.6) when the
truncation of the Kramers-Moyal expansion is permissi-
ble. This applies if P~(AE +')~ (&~!(bE )i for all
m )2 (Hanggi and Thomas, 1982). In most cases the
condition Pi(AE)

~
(&1 is sufficient, since common col-

lision kernels are of the form P(E', E)=f (E,x) where
x =(E' E)/a—, with a approaching zero. Unfortunately,
the general steady-state solution of Eq. (S.33) has not
been found. We can consider several special cases, how-
ever. For energies E (Eb, where k (E)=0 [see Eq.
(5.17)], the steady-state solution of Eq. (5.33) can be writ-
ten as

g(E)=C, +C,f '
D (E)p,q(E) ' (5.39)

where we have abbreviated the deviation of the steady-
state distribution from the equilibrium distribution as

g(E) =po(E)/p„(E), (5.40)

with C, and Cz being two integration constants to be
determined. In the low-collision-rate limit o.'~0, the
steady-state distribution vanishes above threshold, i.e.,
po(E)=0 for E)Eb. From the related continuity re-
quirement, g(Eb)=0, one thus finds C, =O. The second
integration constant Cz can be obtained from the nor-
malization condition, and C2 is found to equal the
steady-state probability Aux j, that is, C2 equals the in-
verse rate kwc. After a partial integration [see Eq.
(4.48a)], the result reads explicitly

[3 (E)p(E, t)]+ [D(E)p(E, t)]Bt BE
—k (E)p(E, t), (5.33) as a~O . (5.41)

where we have introduced the energy-diffusion coefficient

D (E)= —,
' f dE'K (E',E)(E' E) = ,' ct ( hE —)—

with

(«') =fdE'P(E', E)(E' E)' . —
D (E) is related to the rate of energy exchange by

(5.34)

(5.35)

& (E)= [D (E)p,q(E)]1 d
p, E dE

13D (E)+D'(E)+D—(E) dE (5.36)

This relation follows from the detailed balance cond. ition
in Eq. (5.7). Note that for energies E ))kz T and smooth

The energy-diffusion coefficient is given in terms of the
collision kernel by Eq. (S.34). For a collection of n
damped degrees of freedom this quantity can be directly
related to the damping rate. In the case of a non-
Markovian (NM), time-dependent memory friction one
assumes the equation of motion [see Eqs. (2.6) and (3.31)]

m, q, = — —g dt'q, , (t t')q, (t')—BU
Bq. . . 0

+g, (t), (5.42)

where q;.(t) are the elements of the time-dependent fric-
tion matrix and [ g;(t) ] are the random forces. The cor-
respond. ing energy-diffusion coefficient has been evalu-
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ated by Zawadzki and Hynes (1985) to give

k~T(E)= y f dt g,,(t)&p, (0)p, (t) &, ,
pl) pl) 0

(5.43a)
I

where ( )z denotes the microcanonical average.
In one dimension, this result simplifies with

q(t)/M =y(t) [see Eq. (3.31)] to {Zwanzig, 1959; Carme»
and Nitzan, 1982, 1984; wrote and Hynes, 1982)

k~T(E)= f y(r)(p(w)p(0) ) drM 0

= k, »(E)[~(E) /2~] f "y(r)&p(~)p(0) &, /(p')~«,
0

(5.43b)

(5.43c)

where I (E) denotes the action variable in Eq. (4.11).
In the case of Mavkovian (M) fviction g;.(t) =2T/; 5(t),

Eq. (5.43a) simplifies further to give (Borkovec and
Berne, 1985a)

(/3Eb )"
kwc y exp( /3Eb )(n —1)!

as y~O, n~1. (5.48)

DM(E) = g f dE'Q(E') .
, m; QE 0

(5.44)

Kramers (1940) solved the problem for a one-dimensional
system (n = 1) using the action I as a slow variable; see
Sec. IV.D. This approach is entirely equivalent to the
present discussion, which uses instead the energy E as a
slow variable. Kramers' model [Eq. (4.12)] leads to an
energy-diffusion coeKcient

D (E)=ykii TI(E)co(E)/2~, (5.45)

COp
k =—kwc =y/3I(Eb ) exp( /3Eb)—2&

where co(E) is the angular frequency and y=il/M plays
the role of the collision rate a. Using Eq. (5.13) and the
fact that 0 '(E) = dE/dI =co(E) /(2~) (Cxoldstein,
1980), we can readily verify that for n =1 Eq. (5.44)
reduces to Eq. (5.45). The resulting rate in Eq. (5.41)
simplifies in the limit of high barriers, /3Eb ))1, to the
Kramers result given in Eq. (4.49),

Again, the approach to the TST limit with increasing
friction is considerably accelerated with increasing num-
ber of degrees of freedom n. Moreover, note that upon a
comparison with the corresponding answer for the strong
collision limit, Eq. (5.32), the dependence on the thresh-
old energy (/3Eb) is raised in Eq. (5.48) from the power
(n —1) to the power n. The additional factor (/3Eb) is due
to the weak collisions in energy space, (b,E) «k&T,
which imply a nonequilibrium density for po(E) of width
(kiiT) below the threshold barrier with po(E =Eb)=0.
This is in contrast to the strong collision limit, where
po(Eb )WO. The limitation of the result in Eqs. (5.46) and
(5.47) will be further discussed in Sec. V.D.

The asymptotic weak-noise solution of Eq. (5.33) has
been extended for weak-to-moderate friction y for a one-
dimensional system (n =1) by Biittiker, Harris, and Lan-
dauer (1983), and its non-Markovian generalization
[memory friction y(t)] has been put forward by Hanggi
and Weiss (1984). For E &Eb the density of the steady-
state distribution is still given by Eq. (5.39). For
E =Eh &&k~ T, the deviation of the steady-state probabil-
ity from the equilibrium distribution g(E) [see Eq. (5.40)]
obeys from Eq. (5.33)

=y/3I(Eb )kTsT, as y~0, (5.46)
dg dg P—/3 — (=0, E =Eb,dE2 dE z (5.49)

where kTsT is the simple TST rate in Eq. (3.5).
A further simplification can be obtained if we approxi-

mate the action with the result for a harmonic oscillator
where I(E)=2rIE/coo, yielding

k—:kwc=y/3Ebexp( /3Eb), n =1 . —(5.47)

To obtain the rate for the case of n strongly coupled de-
grees of freedom, we again approximate the density of
states by that for a collection of harmonic oscillators [Eq.
(5.14)]. With /3Eb ))n and y=—(1/n)g, r/, ;/m, , we find
with Eq. (5.44) the n-dimensional generalization of Eq.
(5.47) (Matkowsky et al. , 1982; Borkovec and Berne,
1985a),

where

y/ I(Eb ) kwc/kTST (5.50)

kuni i 1+4/z 1=Z n =1&1+4/z + 1
(5.51)

The solution of Eq. (5.49) is an exponential function
g(E) =C3exp( vE), E )Eb, where —v is the positive root
of the characteristic equation v +/3v /3 =0. The t—hree
unknown constants C, , C2, and C3 are found from the
normalization condition of po(E) and the continuity re-
quirements of g(E) and dg/dE at E =Eb. The rate k„„;
then equals the steady-state Aux j =C2, yielding
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