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Large Subzroups in the Unit Group of
Group Rings (a Survey)

Jirgen Ritter

1 Introduction

Looking at group rings 0G, where o0 is the ring of integers in a local or global
field K and G is a finite group, is caused by mainly two reasons. Firstly,
group rings are prominent examples of orders in semi-simple algebras, of
which are found a great many in number theory and which are known to
hold relevant arithmetical properties, and secondly, group rings are natural
operator domains acting on distinguished objects coming along with a Galois
extension L/F of number fields. So does the ring oy, of integers of L, on
which the action of the Galois group G r has only been determined in
special cases yet [F;]. If, for example, we asssume F = Q and L to be
an abelian tamely ramified extension of Q, then it has been shown that
o ~ LGy /@, that is to say that there exists an integral normal basis
{a” : 0 € G;@} of L/Q with a € or. There arises at once the question
which integral elements actually generate a normal basis. Of course, they
are exactly the elements af with ¢ a unit in the integral group ring 2G, /9
It should be mentioned that Everst [Ev] has given valuable information on
the totality of all generators by means of properties of the series Za,,n"’
n

where a, = #{¢ : a® has norm n}.

Let us next turn our attention towards another inportant example, the
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group Er, of units in L. Here we get from the Dirichlet unit theorem [Ha]
an abstract splitting By, = up x 2717 with pr the group of roots of unity
and r and s the numbers of real, respectively complex, embeddings of L,
and we are once more left with providing a description of the structure of
a known abelian group as a module over the integral group ring ZGL/F,
which again turns out to be a subtle and difficult task [F»,F;].

We believe that adding information on the group ring itself, in particular on
its units, may well help to ease the way to getting results in the direction of
our two examples above. The last one, in turn, can also be considered a hint
as to what a first approach to a description of the unit group U of a group
ring should look like: When working with units in L it is often sufficient to
only have generators of a subgroup of finite indez in Er rather than a full
set of fundamental units; the cyclotomic units or the Ramachandra units
are such generators, if L is a cyclotomic field {Wa]. Thus, in the first place,
one ought to find large subgroups of U.

As for orders in general, very little is known on their units. An element
e € A, a semi-simple algebra over the number field F, is called a unit, if it
is invertible in 4 and if both, e and e~?, are integral. That amounts to the
same as saying e is integral and its norm is a unit in F. On page 88 in his
book [Dg] Deuring writes:

Genaueres ist iber Einheiten nicht bekannt, soweit das Nichtkom-
mutative in Betracht kommt. Ein Gegenstiick des Dirichletschen
Satzes fiir Zahlkorper ist bisher nicht aufgestellt worden

Anyhow, Siegel has proved the unit group of an order to be finitely generated
{si].

In this article some recent results on units in an order will be introduced,
in particular refering to orders being group rings oG.

2 Some general results on units; the abelian
case

To set the tune we begin this section with a quick collection of well-known
facts on units [Sg,Ka)]; the heart of the matter, though, is a discussion of
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the abelian case. We restrict ourselves to just looking at ZG. U denotes
the group of units in ZG, u is always an element in U.

{(i) f uis central and of finite order, then, up to sign, u is a group element,
u==%z, z€G.

(ii) Hu= Za,z, az € Z, has finite order and a,, # 0 for some central

z€G
group element z,, then u = +z,.

(i) f u = Zaxz has order p™, p a prime, then there exists an z € G

z€G
with a, # 0 and ord(z) = p™.

(iv) Equivalent are
e the torsion part of U consists only of the elements +z, z€ G

e ZG does not contain nilpotent elements # 0

e G is either abelian or a direct product A; x @g of a 2-elementary
abelian group A, and the quaternion group Qs of order 8

Moreover, U itself is exhausted by +G, if, and only if, either G is
abelian and its exponent divides 4 or 6, or G = A2 X Qg as above.

A recent result in the same direction is [RS,)

(v) Precisely if G satisfies

“for any natural j prime to |G|, 2 is conjugate to z or to
z~1, where z runs through G”,

there are only finitely many central units in ZG.
(vi) Let G be abelian. Then U splits into

U=42Gx1I", n=1/2(|G]+1+ns—2n,) with n; =
number of cyclic subgroups of order 2 and n, = number of
all cyclic subgroups of G.

The result (vi) goes back to Higman; it is a translation of the Dirichlet unit
theorem into the group ring language. Below we shall be concerned with
finding large subgroups of U in the abelian case.
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(vii) Until around 1980 U was explicitly known for G =

S5 [HP]

A4 [AH]

Dy, the dihedral group of order 8 [PM]

D;,, the dihedral group of order 2p, p a prime [PS]

p Agq, the semidirect product of two cyclic groups of prime
orders p and ¢|p — 1 [GRU]

P, an extraspecial p-group, p odd [RS,].

It should be pointed out that for the last three infinite series the determina-
tion of U rests on the fact that the integral group ring appears as a pull-back
of the group ring ZG/[G, G] and the image of ZG in the nonabelian Wed-
derburn component of the rational group algebra QG.

The abelian case: We assume G to be an abelian p-group with p odd.
The rational group algebra QG splits into cyclotomic fields Q(¢) with ¢
running through a certain set of roots of unity of p-power order. Recall
that

1-¢* d

C< = (._l’c(l_a)/z——c.— cl<ax<g ig’ pJa)

1-¢ 2
is the group of cyclotomic units in Q(¢)* = Q(¢ + ¢(~!). It has finite
index At in the whole unit group of Q(¢)*, which according to Vandiver’s
conjecture is prime to p [Wa).

Define then a subgroup 2 of U;, the group of units having augmentation
one, by requiring that 0 is stable under the isomorphism z + z~! of G and
that it collects the u which appear circular in each field Q(¢), that is to say,
their projections into Q(¢) fall into C;.

There is a distinguished subgroup A of Q, the group of constructible units,
namely

A= H w(c),

the product being taken over all cyclic subgroups C of G. Here W(C) is
the intersection of §) with the group spanned by all Bass-Milnor units

1—3™

Jul Y-S S ord(z)-1
ord(z)t’z' l14z+...+2 ,

w,—(::) = (1+1‘+...+zi‘1)m+
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where ¢ € C, 1 < i < ord(z), (4,01d(z)) = 1, m = ¢(|C|), ¢ the Euler
w-function.
Notice that w;(z) projects into C;.

With these notations (or rather with a slight modification of the W, the
precise definition of which shall be omitted} it is proved in [HR,Ho]

o [U:Al<o0
e A and Q have the same Wedderbum projectons

e |Q: A| is a p-power and is closely related to the order of the kernel
subgroup D(ZG). Recall that D(ZG) is that part of the class group
of the locally free ZG-modules that vanishes under the embedding of
ZG into the maximal order of QG [Ty]. As a special case, [2: A| =1
when p is a regular prime.

e |U} : Q| is p-prime provided Vandiver’s conjecture holds. Here Ut
denotes the subgroup of U that consists of all units having augmen-
tation one and being invariant under the automorphism z — z~! of

G.

Thus, without exaggerating, one can say that, even for numerical purposes,
in the case of an abelian p-group G the unit group of its integral group
ring is as much in our hands as are the units of the cyclotomic fields Q(¢)
themselves.

As for the proof, there are essentially three ingredients to be stressed. One
is Borevic’s description [Bv] of the Galois module structure of the group of
1—units in a p-adic field that does not contain a primitive p-th root of unity
{p, which, in the present context, applies to the structure of the 1—units of
K = Qp(¢pn +(p'nl) asa ZPGK/Q'-module. Another one is Frohlich’s exact

sequence relating the kernel subgroup D to global and local unit groups [Fy].
A third one, finally, is the discussion of the embedding ZG C Z,G.
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3 The Brauer-Zassenhaus conjecture

The conjecture asks whether a finite subgroup of Uy = Uy(ZG) is, up to
conjugation in the rational group algebra QG, already a subgroup of G. It
has meanwhile been disproved by Roggenkamp and Scott {RSc;]. The most
general result in the direction of the conjecture seems to be the following
one, which is due to Weiss [Ws;,Ws,]:

(3a) If G is nilpotent and H < U, is finite, then there is an a € U(QG)
such that aHa ! < G.

I’'m not going to go into the history of the conjecture which, because of
their fundamental papers, has also become closely related to the names of
Roggenkamp and Scott [RSc2]. However, since there is quite a large class
of groups to which the conjecture applies and, at the same time, for which
we can provide generators of a subgroup of finite index in the whole unit
group, I'd like to at least recall some further known results. It may perhaps
be interesting to view these investigations into U in the light of Dirichlet’s
unit theorem; on the one hand, we have sort of a description of the torsion
part of U and, on the other hand, as with cyclotomic units, we have a set
of explicitly given elements that generate U up to a finite index.

(3b) Let G be a cyclic by abelian group extension, G = C XA, with
(IC1, 4])
= 1. Let furthermore H < U, be a cyclic torsion subgroup. Then, up
to conjugation in QG, H lies in G [PRS,T;].

(3c) Let G = A XX, A, X abelian, and X acting faithfully irreducibly on
A. Then each torsion unit in U, is rationally conjugate to a group
element [SW].

(3d) Assume G = A XX with A and X abelian and |X| < p for every
prime p dividing |A|. Suppose in addition that either | X| is prime or
A is cyclic. Then again each torsion unit in U, is rationally conjugate
to a group element [MRSW].

(3e) Let G have class 2. Then each torsion unit « € Uy is congruent to a
unique group element * modulo the Whitcomb ideal A(G)A(G,G’);
moreover, u and z are rationally congruent [RS4].

(3f) Let G be a p-constrained group with O, (G) = 1. Then any subgroup
of Uy of order |G| is in QG conjugate to G [RSc;].
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It has been announced by Trama [T;] that he has proved the Zassenhaus
conjecture for the symmetric group Sy, on five letters. As to the As, Luthar
and Passi [LP] show that each torsion unit is rationally conjugate to a group
element.

Remarks:

1. For a normal subgroup N in G, A(G, N) is the kernel of the natural
map ZG — ZG/N; A(G) = A(G,G).

2. The class 2-groups are so far the only ones for which one is able to
explicitly construct the group element z to which the given torsion unit
u is rationally conjugate. In [RS4] it is shown that a corresponding
result for the Do does not hold.

3. The condition on G in (3e) means that G has a normal p-subgroup N
such that the centralizer of N in G sits in N.

There are, roughly, three methods of proof in this context. As long as there
is only one torsion unit u in question, one uses representation theory and
tries to determine the matrices T(u) for every irreducible representation
T. Totally difterent is the approach given by Weiss. For the special case
of a p-group G rather than an arbitrary nilpotent group he translates the
conjugacy property into a beautiful theorem on permutatoin lattices [Ws, ]:

Let M be a Z,[(,]G-lattice satisfying: M/pM is a F,G-permutation
lattice, i.e. ~ @indg(l), the sum ranging over certain subgroups

U of G. Then M itself is a generalized permutation module,

M ~ @ind§ ¢, where ¢ : U — 2,[¢p] are characters.

(¢, is a primitive p-th root of unity).

Finally, Roggenkamp and Scott work in the Picard group of ZG which
Frohlich has made accessible [Fs]. They, at the same time, have obtained
far-reaching results on the automorphism group of an integral group ring.
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4 Large normal subgroups of the unit group

The first result in this section compares the normal span of the units arising
from the cyclic subgroups with the group of all units in ZG; it is due to
Kleinert [KI]. Though it is also valid for most groups having even order,
in order to simplify matters we restrict ourselves to looking at odd order
groups only.

(4.1) If |G| is odd, then the normal subgroup in U = U(ZG) generated by
the unit groups of ZC with C ranging over all cyclic subgroups of G
has finite index in U.

The proof is based on two main ingredients. Firstly, as Bass [Ba] has shown,
the images under the natural map U(ZG) — K;(ZG) of the Bass-Milnor
units which have been defined in section 3 generate a subgroup of finite
index in K;(ZG). Secondly, a result of Margulis regarding algebraic groups
1s applied:

Let Gy,...,G, be almost simple, simply connected, noncompact al-
gebraic groups over R or C and T a discrete subgroup of Gy x...x G,
having finite covolume and satisfying

o for cht{l, e,n}h, I'n HG‘ is finite
ieJ
e if rankG; = 1, then the projecton of T into G; is dense.

Then every noncentral normal subgroup of I' has finite index in T (see

[Ti)).

There is another application of the theory of algebraic groups to unit groups
resting on Borel’s density theorem for arithmetic groups [Bo], which Hartley
[Hy] has taken advantage of when proving that certain normal subgroups
of the unit group of an order A in a semi-simple {Q-algebra A have finite
index.

(4.2) U = U(A) contains a normal subgroup Ug of finite index such that
if N is almost subnormal in U, then either N contains a nonabelian
free group or N N Uy is central. Further, U = Uy unless some simple
component of A is a totally definite quaternion algebra.
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Here, a subgroup N of a group U is called almost subnormal, if there is a
finite chain of subgroups

N:XOSXIS-HSXN.:U)

such that X; is either normal or of finite index in X;;1(0 < i< n-—1);itis
called nearly subnormal, if X;<X; 1 for0 < i <n-1and |X, : Xpn_1] < 00

The next result [GRS] goes into the same direction.

(4.3) Every nearly subnormal subgroup of U(ZG) containing G contains a
free group unless G is abelian or a Hamiltonian 2-group.

Recall that a group is called Hamiltonian, if it is nonabelian and all its
subgroups are normal.

Hartley [Hy] has shown how to deduce (4.3) from (4.2); the original proof
uses arguments that have to do with congruence subgroups instead.

So let us take the opportunity to remember the famous congruence theorems
due to Bass-Milnor-Serre [BMS], Serre [Se], and Vaserstein [V1,V2]. Tostate
those denote by o the ring of integers in an algebraic number field K. For an
ideal g # 0 of 0 we define E(q) to be the subgroup of the special linear group
SL(n,o0) generated by all g-elementary matrices 1+ ge;j, g € g, i # J, €
a matrix unit, and E(q) to be its normal closure in SL(n,0). If n > 3, then
the normal subgroup of E(0) generated by E(q) is normal in SL(n,q) and
hence coincides with E(g).

(CT) Assume that n > 3 or n = 2 and the field K is neither rational nor
imaginary quadratic. Then

1. |SL(n,0) : E(q)| < oo for every nonzero ideal q of 0.

2. Every noncentral subgroup of 5 L(n, 0) normalized by a subgroup
of finite index contains E(q) for some q #£ 0.

3. Ifn > 3, then E(q%) < E(q), in particular, |SL(n,0) : E(q)| < oo.

4. If n = 2, then [SL(2,0) : E(q)] < o0.

In (CT) 1., 2., 3. the field K, as long as n > 3, can also be replaced by
a division algebra D having finite dimension over some number field and
o by a mazimal order D of D; in case n = 2, however, D is restricted to
not being a totally definite quaternion algebra or to not having Q or an
imaginary quadratic field as its centre.

(CT) has lots of consequences on U(0G). Here is a first one [RS;).
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(4.4) Suppose that KG does not have any simple components of the follow-
ing types:

a) 2 x 2 matrix ring over a division algebra D which is a totally
definite quaternion algebra or the centre of which is the rational
field or an imaginary quadratic field

b) a noncommutative division ring other than a totally definite
quaternion algebra.

Let H be a normal subgroup of some T which is a subgroup of finite
index in U = U(0G). If H contains G and a power of the centre of U,
then H is of finite index in U.

Next we turn to constructing normal subgroups of finite index in ZG.

(4.5) Assume that QG satisfies the assumptions made in (4.4). Then the
subgroup of U(ZG) generated by its centre and the units of the form
1+a, a€lG, o® =0 is of finite index [RS;3].

Examples of elements o € ZG, a? = 0 are a = (a — 1)bé with a,b € G and
d=14+a+a’>+...4a°9)=1 For the corresponding units we have [RS;):

(4.6) Denote by H the subgroup of U = U(ZG) generated by the centre of
U and all elements u, 5 = 1+ (a—1)ba, a,b € G, and by H the normal
closure of H in U. Then, provided the assumption (4.4} a) holds for
QG and, moreover, if there is no simple component of QG which is a
totally definite quaternion division algebra, then U : H| < oo if, and
only if, G has no nonabelian homomorphic image which is fixed point
free.

Here, a group F is said to be fized point free if it has a complex irreducible
representation g such that for every nonidentity element f € F, o(f) has all
eigenvalues different from one. These groups were characterized by Zassen-
haus {Zs]. Observe that if G maps onto such a group F, then the represen-
tation p, when lifted to G, satisfies o(a) = 0 or p(a—1) = 0, i.e. o(usp) = 1
for alla,b € G.

Again, the proofs rest heavily on (CT), which in all cases, (4.4), (4.5) and
(4.6), is used to verify the assertion in the components of QG. At a later
stage we shall show that it already suffices to only look at the simple compo-
nents. To turn our attention back to (4.6}, the assumption that G does not
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have a homomorphic fixed point free group F implies for each absolutely ir-
reducible representation T of G the existence of elements a,b € G such that
T(uqp) is noncentral. It then can readily be seen that T(H) N SL(n;,9;)
is noncentral; here £J; is a maximal order in the division algebra D; over
which the simple component of QG that is not annihilated by T appears as
an n; X n;-matrix ring.

5 Explicit generators of a subgroup of finite
index in the unit group

So far, though in some restricted sense, we have already achieved sort of a
close approximation of the unit group U = U(ZG) by constructing a sub-
group H of finite indexin U. This subgroup, however, we do not really know,
since we cannot give explicit generators but instead only elements which gen-
erate it together with all their comjugates in U. The question arises whether
one can actually forget about these conjugates. This turns out to be possi-
ble for a large class of groups, including the nilpotent odd order ones. For
other groups, as for example monomial groups or the SL(2,q), ¢ a prime
power, one has to add some more generating elements which are built in a
similar way as the Ug b

(5.1) Let G be a nilpotent group such that the rational group algebra QG
has no simple Wedderburn components which are 2 x 2 matrices over
Q or Q(i) or 2" x 2" matrices, r > 0, over Hi, k > 3. Then the Bass-
Milnor units and the u, 3, a,b € G, generate a subgroup of finite index
in U(ZG). [RSe]

Here, H; denotes the Hamiltonian quaternion algebra over the real field
Q((yn-1 + (;,f_,), where (511 is a root of unity of order 2¢-1. ‘
Recall that the Bass-Milnor units are the elements (1 +a+... +a* })™ +
1= (1+a+...+a%1), where a € G, ord(a) = d, i € N prime to d, and
where m = ¢(|G|), ¢ being the Euler function.

For the proof we first observe that the simple components of QG are matrix
Tings over commutative fields [Rq). From (CT) and the already mentioned
theorem of Bass [Ba], compare section 4, it follows readily that it suffices
to show
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o firstly, the image of (u,3) in each nonabelian Wedderburn component
K.xn of QG contains a subgroup of finite index in SL(n,0), where o
is the ring of integers in K, and

e secondly, to any two such different components there is an element
u € (uqp) so that for the respective corresponding projections 7y and
7, we have 7;(u) is noncentral, w2(u) = 1.

As to the second property, by already taking the first one for granted we
deduce the existence of an ¢ € G and a ¥ € ZG with noncentral m(1+ (z —
1)v£). Let p; € QG satisfy 71(p1) = m1(7), 72(p1) = 0 and let r € N be
such that ruy = u € ZG. Then 7m1(1 + (z ~ 1)u&) is noncentral, but =,(1 +
(z—1)p2) = 1. It is now merely a technical matter to produce a subgroup of
(uq,p) which just lives in one given simple nonabelian component and there
has finite index in the special linear group defined over the corresponding
integers.

For p-groups, the first property mentioned above depends on a new and
canonical way of writing an absolutely irreducible representation as an in-
duced representation [RSg):

Assume that G is a p-group with p odd. Let T be an absolutely
irreducible faithful representation of G of degree p*, n > 1. Then
there exist a maximal abelian normal subgroup A in G, an element
a € A of order p, a maximal subgroup M of G containing A, and an
irreducible representation V. of M such that T = indflV, Viae) = 1
and V(a®), for b ¢ M, does not have the eigenvalue 1.

We then identify T with the projection onto the Wedderburn component
belonging to 7" and use that element @ in order to find sufficiently many
elementary matrices in T({uq3)); we may, of course, assume here our first
property to already be true for the group M and the component belonging
to V, thereby having an induction argument at our disposal.

There are two supplements to (5.1):

(5.2) If G is the dihedral group of order 2n, then the Bass-Milnor units
together wiih all u, ; gererate a subgroup of finite index in U [RSs]
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(5.3) If G is nilpotent and o = Z[(] where ( is a primitive |G|th root of
unity, then
|U(0G) : {By, B3)| < c0o [RSy]

Here, for an arbitrary cyclotomic order o = Z{(},

2 i—1ym 1-i™
By ={(1+ea+(eca)*+... + (ca) 1) + Tca),

the span ranging over all a € G, € € (), and 0 < i < d, (i,d) = 1 where
d = ord(a); m abbreviates ¢(|G|-ord({)). Thus BlZ is essentially the group
of Bass-Milnor units.

Moreover, B = (1+ (a ~ 1)0Ga : a € G), so that BI = (uap : a,b € G).

At this stage we take the opportunity to introduce another unit group,
namely

B3 = (1 - (r(ho)ho — 1)oG Y _ 7(k)h : ho € H < G, T € Hom(H, 6*)).
heH

Remark. The restrictions on G made in (5.1) are necessary. It has been
shown in [RSe] that for G = (a,b: a* = 1 = b*, a® = a~!) and also for the
quaternion group of order 16 the group generated by the Bass-Milnor units
and the v, ; has infinite index in U.

Taking Bj into account, we get [RSy]:

(5.4) Let S, denote the symmetric group on n letters. Then |U(ZS,) :
(BE, B)| < co. |

(5.5) Suppose G satisfies
For every complex irreducible representation T of G there is a sub-
group H of G and a T € Hom(H, Cx) such that T has multiplicity 1
in the restriction of T to H: res§(T, )y = 1.
Then for o = Z[(] where ( is a primitive |G|th root of unity we have
[U(oG) : (B3, BS)| < oo.

Examples of such groups are monomial groups, in particular supersolvable
groups, and some extensions of these; moreover, the groups SL(Z,q),. ga
prime power. However, there exist solvable groups violating the condition
[3a).

Finally we have [RS,]
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(5.6) Let G be one of the following groups:
a) G = (a)x(z), ord(a) = p™, ord(z) = g, p a prime not dividing
g, = acting faithfully
b) G = (a}X(x), orda an odd prime
¢) G = AXX, A, X abelian with X acting faithfully and irre-
ducibly.

Then the Bass-Milnor units together with all u, ; generate a subgroup
of finite index in U(ZG).

The main tool for the proofs of (5.4), (5.5) and (5.6) is that we can find a
basis such that

T(r~(h)h — 1) is a matrix whose first row has only zeros

and
T(Zr'l(h)h) has (|H|,0,...,0} as its first row.
heH
From this it can easily be deduced that T(( Z =Y (h)h—1)0G( Z T=Y(h)R))

heH heH
contains all elementary matrices moe;; with i > 2 and a suitable natural
number m. In order to obtain the elementary matrices with nonzero entries
in the other columns as well, that is all of E(mo), we use the subgroups
zHz !,

6 Conclusion

In the previous section, for suitable rings 0 of cyclotomic integers and a
large class of finite groups G we have produced a set of units in oG that
almost generates U(0G). In many cases 0 = Z is possible; for some groups
G we have to assume (|¢| € 0, though. What should be done next is

o firstly, to replace the special rings o by arbitrary rings of algebraic
integers or even by complete discrete valuation rings

e secondly, to extend the results to all finite groups.
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Regarding the first task, it is certainly sensible to allow at least some re-
strictions on o in case there are 2-dimenisonal absolutely irreducible repre-
sentations of G, since the congruence subgroup theorems definitely do not
apply in dimension 2 when o is too small. Regarding the second task, we
have already observed that the units dealt with so far, whether they belong
to Blz, B:,Z, or to B, are of no help if G happens to be a fixed point free
group: each such ,i has trivial projection in at least one simple Wedder-
burn component of QG. So, new units need to be invented.

There is a third task that hasn’t been tackled at all, yet. Namely, it is
possible to describe the relations the given generators satisfy? Recall that
in the number field situation the Dirichlet unit theorem not only provides
generators — the roots of unity and the fundamental units — but also gives
the structure of the unit group. Knowing all, or at least some, relations that
the generating elements fulfil would of course lead to a better understanding
of the group U in the noncommutative case as well. Already the determi-
nation of the torsion part of (1,3 : a,b € G) has shown to be complicated
and, so far, results here have only been obtained for a very limited class of
groups.

Finally, a further question has to do with determining the indez of our
constructed subgroup B, say, in U. As one sees from the proofs, B contains a
group Hj x...x H, where ris the number of simple Wedderburn components
of the group algebra and the H; are subgroups of the special linear groups
which come along with choosing bases in the components — with each H;
actually being an elementary matrix group E;(q;). Thus, by getting the
ideals g; one will also get a first estimate on the wanted index, namely
from the orders of the factor groups SL;/Ei(g;). Observe however, that
this estimate only measures the distance from B to the unit group of that
maximal order which depends on the choice of the basis. So it is by no
means sharp, particularly when the projection of oG into some component
is not even contained in the component of that maximal order. At this stage
we remember the problem whether an absolutely irreducible representation
T that is realizable over a number field K can also be realized over the
integers of K. This is true for odd nilpotent groups a follows from [Rq] or
also from the induction property for p-groups stated in the last section. In
general, it is wrong, though. In [RW] we have given an example of a group
of order 171 and a T such that T is realizable over its character field but
not over the integers thereof.
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