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Abstract

In this paper we rigorously derive stochastic amplitude equations for a rather general class of
SPDEs with quadratic nonlinearities forced by small additive noise. Near a change of stability
we use the natural separation of time-scales to show that the solution of the original SPDE
is approximated by the solution of an amplitude equation, which describes the evolution of
dominant modes. Our results significantly improve older results.

We focus on equations with quadratic nonlinearities and give applications to the one-dimensional
Burgers’ equation and a model from surface growth.
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1 Introduction

Stochastic partial differentail equations (SPDEs) with quadratic nonlinearities arise in various appli-
cations in physics. One example is the stochastic Burgers’ equation in the study of closure models
for hydrodynamic turbulence [6]. Other examples are the growth of rough amorphous surfaces
[23; 19], and the Kuramoto-Sivashinsky model, which originally models a fire front, but it is also
used for surface erosion [7; 17]. All these models fit in the abstract framework of this paper.

Consider the following SPDE in Hilbert space s# with scalar product (-,-) and norm ||-||:
du= [ﬁu+82$u+B(u,u)] dt + 2dw. (D)

We consider (1) near a change of stability, where the term e2.%u represents the distance from
bifurcation, which scales in the order of the noise strength 2. The operator .¢f is assumed to be
self-adjoint and non-positive, and we call the kernel of .«/ the dominant modes. We allow for noise
given by a fairly general Q-Wiener process.

Near the bifurcation the equation exhibits two widely separated characteristic time-scales and it
is desirable to obtain a simplified equation which governs the evolution of the dominant modes.
This is well known on a formal level in many examples in physics (see e.g. [8]). Moreover, for
deterministic PDEs on unbounded domains, this method [16; 22; 24; 12] successfully overcomes
the gap of a lacking center manifold theory. This is also useful for SPDEs on bounded domains [4],
where no center manifold theory is available.

Moreover, there are numerous variants of this method. However, most of these results are non-
rigorous approximations using this type of formal multi-scale analysis. A noteable example is [9].

Another interesting question, which can be tackled with similar methods, is the stabilization effect
due to degenerate noise. Here noise is transported via nonlinear interaction to the dominant modes.
Examples are [20; 5; 14; 15;/13;/121].

The purpose of this paper is to derive rigorously an amplitude equation for a quite general class of
SPDEs (cf. (1)) with quadratic nonlinearities. This work is based on [5], where degenerate noise
in a different scaling was considered, and it improves significantly previously know results of [1],
where in a similar situation much more regular noise was considered. A related result can be found
in [2], where a simple multiplicative noise was considered, but again with much weaker results.

In this paper we focus on quadratic nonlinearities only. The case of cubic equations is much simpler,
as one can rely on nonlinear stability. This case was already considered in [3], for instance.

As an application of our main approximation result of Theorem|17} we discuss the stochastic Burgers’
equation and surface growth model. Both models are scalar, but systems of PDEs are also covered.
To illustrate our results consider the Burgers’ equation

dyu= (axz+1)u+82vu—|—u3xu+823tw, (2)

on [0, t] subject to Dirichlet boundary conditions.

We show in our main result that near a change of stability on a time-scale of order ™2 the solution
of (2) is of the type
u(t,x) = eb(e?t)sin(x) + 0(&2),
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where b is the solution of the amplitude equation on the slow time-scale
1
Orb(T) = vb(T) = = b*(T) + 3 B(T),

and f3 is a Wiener process with a suitable variance.

For the proofs we rely on a cut-off technique, as in general we cannot control moments of solution
and exclude the possibility of a blow up. Therefore all estimates are established only with high
probability and not in moments. To be more precise, we use a stopping time, in order to look only
at solutions that are not too large. Then we can use moments for time uniformly up to the stopping
time. Later we use the amplitude equation itself to verify that the stopping is not small, at least with
high probability.

As the general strategy we first show that all non-dominant modes are given by an Ornstein-
Uhlenbeck process and a quadratic term in the dominant modes. Then we rely on It6 -Formula
and some averaging argument, in order to transform the equation for the dominant modes to an
amplitude equation with an additional small remainder.

The rest of this paper is organized as follows. In Section 2 we state the assumptions that we make.
In Section 3 we give a formal derivation of the amplitude equation and state the main results. In
Section 4 we give the main results. Finally, in Section 5 we apply our theory to the stochastic
Burgers’ equation and the surface growth model.

2 Main Assumptions and Definitions
This section summarizes all assumptions necessary for our results. For the linear operator ./ in (1)
we assume the following:

Assumption 1. (Linear Operator .</) Suppose .« is a self-adjoint and non-positive operator on J¢
with eigenvalues 0 < Ay < Ay < ... £ A < ....and A, = Ck™ for all large k. the corresponding
complete orthonormal system of eigenvectors is {ex};> , with .of e = —Axey.

We use the notation A4 := ker.«#, & = A+ the orthogonal complement of .# in 2, and P, for the
projection P, : ¢ — A . Define, P, := I — P,, and suppose that P, and P, commute with .«. Suppose
that 4 has finite dimension n with basis (ey, ....,e,) .

Definition 2. For a € R, we define the space % as

(09) o0
A = {Z Yirex Zyi k2 < oo} with norm
k=1 k=1

where (e} ) ey is the complete orthonormal basis in # defined by Assumption|1| We define the operator
D* by D%¢j = k%e, so that ||ul|, = ||D*ul.

o0
ZYkek

2 o0
— 212
=D ri Kk,
k=1 k=1

a

Remark 3. The operator .o/ given by Assumption|1|generates an analytic semigroup {et“"f } defined

by

t=0

[c8)

o0
et (Z )/kek) = Ze_kktykek Vit>0.
k=1

k=1
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The analytic semigroup has the following well known property:

Lemma 4. Under Assumption 1 there are constants M > 0 and w > 0 such that forall t > 0, 8 < a,
and all u € #F s
||et”‘z‘/Psu||aSMt_Te_‘”t”Psu”ﬁ . 3)

Assumption 5. (Operator ¥) Fix a € R and let & : #% — #° P for some B € [0,m) be a
continuous linear mapping that in general does not commute with P, and P,.

Assumption 6. (Bilinear Operator B) With a, 8 from Assumption |5/ let B be a bounded bilinear
mapping from S€%x 5% to 5% P . suppose without loss of generality that B is symmetric, i.e. B(u,v) =
B(v,u), and satisfies P.B(u,u) =0 forue A.

Remark 7. If B is not symmetric we can use

- 1 1

B(u,v) := =B(u,v) + =B(v,u).

2 2
Denote for shorthand notation B; = P,B and B, = P,B.
For the nonlinearity appearing later in the amplitude equation we define the following.
Definition 8. Define & : N — N, forue A, as
9(113 u, u) = Bc(ua "Q{s_lBs(u’ u)) (4)

Assume without loss of generality that & is given by a symmetric map F : N> — A, where we define
Z () = Z(u,u,u) for short.

By Assumption |6 the operator & is already trilinear, continuous and therefore bounded. One stan-
dard example being a cubic like u>.

Remark 9. In order to obtain a symmetric map &, we can always use
F(u,v,w) = %Bc(u, A 'B(v,w)) + %Bc(w, 1By (u,v)) + %Bc(v, " 'B(w,u)).
Moreover, we assume the following:
Assumption 10. (Stability) Assume that the nonlinearity & satisfies
(ZF(u,u,w),w)>0 Yu we N —{0}.

Remark 11. Using the fact that A is finite dimensional and & is trilinear and symmetric, we easily
derive the existence of some 6 > 0 such that

(u, ZW) 28 llul* Yuen, (5)

and
(Z wu,w),w) > 5llullPlwl* Yu wen. (6)

For the noise we suppose:
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Assumption 12. (Wiener Process W) Let W be a cylindrical Wiener process on an abstract probability
space (9, f, P) with a bounded covariance operator Q : ¢ — ¢ defined by Qf; = ai fx where (a; )y is
a bounded sequence of real numbers and (fi)rey is an orthonormal basis in €. Using the orthonormal
basis e from Assumption|1, we assume

[e ]
Z lZalle_lﬂQ%elHZ < 00 for some y € (0,3). (7
l=n+1

We note that W(t) and eW (e~2t) are in law the same process due to scaling properties of the Wiener

process.

Let us discuss two different representations of W. One with the basis e; and the other one with fj.
For t > 0, we can write W(t) (cf. Da Prato and Zabczyk [10]) as

W) =Y B0 = D Ri(Ley, ®)
k=1 =1

where (f;); are independent, standard Brownian motions in R. Furthermore, the £3; :=
Ziilak (fx,e1) Br are real valued Brownian motions, which are in general not independent.

Moreover, it follows easily from the definition of P., P, and W (t) that

PW(t)= Zakﬁk(f)Pcfk = Zgz(t)ez: C)
k=1 =1
and . .
PW(O) =D aefi(Pfi= D Bi(t)e, (10)
k=1 [=n+1

Definition 13. The stochastic convolution of et and W (t) is defined by
t o0 t
W, (1) = f =T qw (s) = ZJ e~ (=R (s)e; . (11)
0 1=1J0

For our result we rely on a cut off argument. We consider only solutions that are not too large. To
be more precise we introduce a stopping time, at which the solution is larger than order one. Later
we will show that this time is large with high probability.

Definition 14. (Stopping Time) For the A x -valued stochastic process (a,) defined later in (14)
we define, for some small 0 < k < % and some time T > 0, the stopping time

T i= Ty AMnf{T > 0: la(T)llq > ™ or ||y(T)]|, >} (12)

Definition 15. For a real-valued family of processes {X.(t)},>, we say X, = O(f,), if for every p > 1
there exists a constant C,, such that

E sup |X.(t)|° <C,fP. (13)

te[0,7*]

We use also the analogous notation for time-independent random variables.

Finally note, that we use the letter C for all constants that depend only on other constants like T,
K, or a and the data of the equation given by B, Q, ¢, and .«
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3 Formal Derivation and the Main Result

Let us first discuss a formal derivation of the Amplitude equation corresponding to Equation (1). We
split the solution u into
u(t) = ea(e?t) + e2p(e?t), (14)

with a € A4 and ¢ € &, and rescale to the slow time scale T = &2t, in order to obtain for the
dominant modes

da = [L.a+eLap+2B(a, )+ B, y)] dT + dW,. (15)
For the fast modes we derive
dy = [e 2 ) +e 1 La+ L + e 2B(a,a) + 2e1B,(a, ) (16)

+B,(,)]dT + e~ 1dW, ,

where W(T) := eW (e 2T) is a rescaled version of the Wiener process. Now we use (16) in order to
remove 1) from Equation (15).

From (16) we obtain in lowest order of ¢ that
) ~ —B,(a,a).
As .¢/; is invertible on %, we derive
Y~ — 'By(a,a), (17)

which we substitute into (15). Neglecting all small terms in ¢ yields

da~ [%.a—-27(a)]dT +dW, .
Thus we consider solutions b : [0, Ty] — A of

db = [£,b—2F(b)] dT + dW,. (18)

This approximating equation is the amplitude equation that approximates the dynamics of the orig-
inal SPDE. The main aim of this paper to show that the solution of (1) is

u(t) =eb(e?t) + 0(e27).

Remark 16. In order to obtain higher order corrections in A, we can add the higher order term
e2n(e2t), with n € A, to the ansatz in (14).

Unfortunately, in order to deal with terms like B.(a,n) we then need a slightly stronger condition on B
like P.B(u,v) =0 for u,v € A. In this case we obtain in lowest order

dTT) :$cn+2Bc(n’ ll’)"‘gcl/) +2Bc(¢’ U’) (19)

Thus using (17), we derive formally

drn = %.m—2B.(n, o 'By(a,a)) + I'(a),
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where T is a polynomial in a given by
[(a) = —%,.9/;'By(a,a) + 2B.(., ' By(a,a), o/ 'B(a,a) .

In our cut-off technique, using the stopping time t*, we only assume that ¢ = @(e~>%). Thus, we
cannot bound the term B.(n, ) in a usefull way.

We can easily add a cut off-condition on 7 in the definition of T*, but this at first glance will not improve
the bound, and we will not be able to show directly that the modified v is large.

The solution is to replace v in the term B.(n,y) in Equation by applying Ité-formula to
B.(n, %‘WJ), which is quite similar to removing 1) from the term B.(a,)) in equation (15), which
is discussed below. Moreover, we need a similar argument for B.(1),v). This is an explicit averaging
argument, but it will result in many and lengthy terms to estimate.

For simplicity and shortness of presentation we refrain from this analysis.

In the following, let us be more precise. Applying It6’s formula to B.(a, %‘11[)) we obtain the
amplitude equation with remainder

T T
a(T) = a(0) + J Z.a(t)dt —2 J F(a(1))dt + W.(T) +R(T), (20)
0 0

where the remainder R is given by

T
R(T) = €*B.(a(T), < " 4(T)) — 2¢* f B.(B.(a(7),¥(7)), & "p(7))dt
0
T

T
- 83J B.(B. (3 (1), (7)), . 1 p(T))dT — ezj B.(%.a,. o "p)dt
0 0
T

T
- 2€J B.(a(7), o/ 'By(a(7), ¥ (7)))d7 — SSJ B.(Z, o 1)dT
0 0

T

T
- sf B.(a, Jzis_l.ffsa)dr — g2 f
0

T
Bc(a,ﬂ{s_lffsw)d’c—i—sj Lap(t)dr
0 0

T T
- 82f B.(a(7), o B,(4p(1), Yp(v)))d T + EJ B.(y (1), y(7))dr
0 0

T

T
—SZJ B(dW,(c), %s_llp(f))—ef Bc(a(T):"Q{s_ldV}s(T))' (2D
0 0

For our main aim we need to show that the remainder R is of order ¢. This involves carefull analysis
of all terms using moments of uniform bounds up to the stopping time like Esupyq ] IRIIE. Later,
we need an explicit error estimate to actually remove R from the equation. Finally, we use the
nonlinear stability of the amplitude equation to show that ©* = T, with high probability.

To be more precise, the main result is:

Theorem 17. (Approximation) Under Assumptions|1,(5,16 and|12, let u be a solution of (1) defined in
(14) with the initial condition u(0) = ea(0) + 21 (0) where a(0) and 1)(0) are of order one. Suppose
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that b is a solution of the amplitude equation (18). Then for all p > 1 and T, > O there exists C > 0
such that

IP( sup  |ju(t) — eb(e%t)]|, > 32_7K) <CegP. (22)
t€[0,672T,]

Remark 18. Let us finally remark without proof, that the scaling assumption on the initial conditions
is not very restrictive. Using linear stability the following is easy to show: If u(0) = 0(¢), then after
some time t, = 0(In(1/¢)) the following attractively result holds true

u(t,) =ea, +e*p, witha,,y,=0(1).

4 Proof of the Main result

As a first step of the approximation result, we show that in (14) the modes y) € ¥ are essentially
an OU-process plus a quadratic term in the modes a € 4. Later we will use this to replace the 1 in
(15). After this, we will proceed to show that v is with high probability not too large.

Lemma 19. Under Assumption'1,|5,16 and/12 let z(T), T > 0 be the &-valued process solving the SDE

dz = e 2.ofzdT + 8_1dV~VS, z(0) =y (0). (23)

Then for e €(0,1) and T < 7*

T
me —2(T)—¢2 J et “(T-0)p (q(1),a(t))dr| < Cel 5~ (24)
0 a
Proof. The mild formulation of (16) is
T
-2
Y(T)=2(T)+ J et (T-7) [251/) +e ' %a+e%B(a+ el,b)] dr.
0

Thus we derive

a

T
Hd)(T) —2(T) - E_Zf eEiz%(T_T)Bs(a, a)dt

0

IA

a

T T
H J ea’zﬂs(T—r)gsw(T)dT ) + 8_1H j es’z%(T—T)gcgsa(T)dT
0 0

T
+2¢7 1 J ee_zds(T_”Bs(a(T),w(f))dr
0

a

T
J e HT=DB (3h(7),(v))d7
0
= :Il+12+13+l4.

i

a
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We now bound all four terms separately. Using Lemma |4/ with 0 < 8 < m we obtain for the first
term forall T < 7*

11:‘

T
J ee_z“ds(T_T)fsl,b(T)dT
0 a

T
sce [ oo oty o0
0

< C82_3K

— >

where we used the definition of 7* and Assumption |5/ Analogously, for the second term, we obtain
forall T < t*

T
28 — B
I, < Cs?_lj et eT=D(T — ) ||$Sa(r)“a,/5 dT<Ce'™".
0

For the third term, we obtain
24 ' —e20w(T—7) .3
35 m — m s , a—
I;<Ce e (T — 1) mlIBs(a(t), Y (t)llg—pdT
0

T
<Cen ™ sup |IBy(a(e), $()llamp - f e T d e,

7€[0,7*]
Using Assumption 6/yields for T < 7%,

e 2wT

I3;<Ce sup {|la(llllY(T)lla}- e mdﬂ<C€1 i
7€[0,7*] 0

Analogously, we derive for the fourth term
2,

T
I<el f e P AT=T — 2)F B (), Y ()]),_p e
0

T
<Cem sup [B(),P()llap- f e~ TI(T — £) ndr
0

7€[0,7*]

7€[0,7*]

e 2wT P
<Ce® sup (2 j el mdn < Ce*%F
0
Combining all four results yields (24). O

In the following we will show that vy < @(e73¥). First, the next Lemma provides bounds for the
stochastic convolution based on the well know factorization method. This also implies bounds for
the process z defined in (23).

Lemma 20. Under Assumption|1 and(12} let ||z(0)||, = @(1). Now for every ko >0, p>1and T > 0,
there exists a constant C > 0 such that

E( sup llz(0)]%) < ce. (25)
te[0,T]
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Proof. The mild solution of equation (23) is given by
z(t) = ee_z%tz(O) + 5_1‘7\/5*2%5(“—)- (26)

The main part in the proof of a bound on z(t) is the bound on V~V€72 s, For this, we use the celebrated
factorization method introduced in [11]. Here, for y from Assumption /12

~

t
W2y (t)= C},J ee_z”ds(t_s)(t — ) Ly(s)ds, 27)
0

with y(s) := f; 6872%(5_0)(5 — O')_YdVT/S(O'). Hence, by Gaussianity

Ely|? <c (Ely|f)

Using the series expansion (cf. (10)) yields

MOERY f e 6 (s — o) TR (0)er.
0

l=n+1

From Ito-Isometry

00 s - 2\ P
ol <¢ ( 2, E ( f e (s~ o)—Ydel(o)) )

I=n+1 0
&2 P

o2 0 ) a1 |1 |12 [ )
= C,eP™7 Z 1** (A) HQzel e Tr7dT |
[=n+1 0

where we used

o0
~ 1

(AR (o) = at{fi.e)*do = |Q2e o (28)

k=1

Integrating from O to T we obtain
T
Zp 2p—4yp
Ef Hy(s)”a ds < Const- & . (29)
0

Taking the 5% norm in (27) yields
t
~ - 2p
W o2 g (DI < C(f eI — )y (s)llgds )
0

Hoélder inequality with i + i =1 for sufficiently large p implies

t
IW -2, (D122 SConst-g“PY‘ZJ Iy (s)l2Pds.
0
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Hence, using (29) we obtain

T
E sup ||W€_z%(t)||ip < Ce4py—2J Elly(s)llipds <Ce¥2,
te[0,T] 0

For the bound on gz take the norm in equation to obtain for sufficiently large p

E sup [lz(t)lI?’ <C {E sup ||€"7_2”'Z{SZ(0)|I?D+8_2pIE sup ||V~Vs—2ﬁ(t)llip}
t€[0,T] te[0,T] te[0,T] :

<CE sup e_ZPS_Z“’[||z(0)|I§p +C-g72P .22
te[0,T]

< Ce 2.

Using Holder inequality we derive for all p > 1 and sufficiently large q > %
0

1

E sup (0% <E( sup [l2(0)]20) < e,
te[0,T] t€[0,T]

where the constant C depends among other things on T, p, and k. O

We now need the following simple estimate.
Lemma 21. Under Assumption |1 and|6, using ©* defined in Definition (14,

2p

E| sup < CetP4pK (30)

T€[0,7*]

T
f eg_z"ds(T_T)Bs(a (1),a(t))dT
0

a

forall e €(0,1).

Proof. Using Lemmal4 and Assumption|6 we obtain for T < 7*

T T
- 26 - B
J et HT-1p (q,a)dt } < Csﬁf et @T=I(T _ ¢ “mn||By(a,d)lq-pd7
0 0

e 2wT P
<Ce? sup ||a(’r)||§-f e " mdn
0

7€[0,7*]

< Ce?7%x,
O

Now we can proceed to bound 1. The following lemma states that y(T) is with high probability
much smaller than £~3, as asserted by the Definition 14 for T < t*. Here a key fact is that in the
Definition of T* that a = @(&7*), while ¢ = @(¢3*), but we already proved that ) is essentially a
quadratic term in a.

Lemma 22. Let the assumptions of Lemmas 20, and 21| be true. Then for all p > 1 there is a
constant C > 0 such that

E sup [(T)|?P < Ce ¥, (31)
T€[0,7*]
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Proof. From (24), by triangle inequality and Lemma/|19, we obtain

E sup ||1,b||§p < Ce?~10P% 4 CE sup ||z||§p

[0,7*] [0,7*]
T 2
+ Ce *E sup f ef “‘Z(S(T_T)Bs(a, a)dt
[0,zx1% Jo @
Using Lemma 20 and 21]we finish the proof. O

Corollary 23. Under the assumptions of Lemma there is for every every p > 1 a constant C > 0
such that

IP( sup |lW(T)l, < e—SK) >1— Ce?Px, (32)
T<[0,7*]

Proof. From Chebychev inequality

P( sup plly < ™) = 1= E sup [[y]%.
[0,7%] [0,7*]

We finish the proof by using (31). O

Now the next step is to bound the remainder R defined in (21), and use it in order to show the
approximation result later.

Lemma 24. We assume that Assumptions (1, |5] 6, and 12 hold. Then for all p > 1 there exists a
constant C > 0 such that

E sup [IR(T)|P < CeP™0Px, (33)
Te[0,7*]

Proof. For the bound on R we bound all terms in (21) separately. The estimates rely on As-
sumption |6 and the inequality I¥ll, < CllYll,45 for all y € R and 6 > 0. Moreover, we use

that B.(a(7), %‘1¢(7)) € A (finite dimensional) and 4275_1 being a bounded linear operator on
& C % to obtain for all times up to the stopping time 7* that

|eBe(a 7 )|, < Ce? [[Bela, 7 )| < Ce?llalla |-,
< ce?lalle |||, -

Using the definition of 7%, we obtain

E sup |le?B.(a, .o/ )||P, < Ce?P P, (34)
[0,7*]

For the second term in (21) with T < 7t* < T,

T
< CEZJ 1B (B.(a, ), & ' P)llo-pd
0

< CeT- [SUP] 1B (@, Y)llall-#, 1l
0,7*

< CeT - sup |lallallll2
[0.7]

< Ce?77x, (35)

T
2¢” J B.(B.(a,¥), &, ')dT
0
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Analogously, for the third term in (21)

T
= C83f 1B (B (4, 4), ;' 4)llq—pd T
0

T
SSJ B(B.(4, %), .« "4p)dt
0

a

<CeT - sup

sup |} < cedox. (36)

The 4th term in (21) is bounded by

T T
szf B.(%.a, o "p)d chzf IB.(£.a, o )|l q-pdT
0 @ 0

< Ce®- sup || L.all )l Y,
[0,7%]

< Ce®- sup llallgllylly
[0,7%]

< Ce* ™, (37)
where we used ||Z.al|, < Cl|Z.all,—p, as A is finite dimensional.
For the 5th term in (21)

T
= c8J 1B.(a, .« 'By(a,9))llq—pd T
0

<Ce- [SUP] llallall.2, " By(a, ¥)ll,
0,7*

<Ce- sup |lallZllyllq
[0,7*]

T
2¢ J B.(a, Jz{s_lBs(a, Y))dt
0

< Cel™x, (38)
The 6th term in (21) is bounded by

T
< C83J IB.(L.4 (1), & P ()lg-pd
o 0

<ced- sup 1L NNl )l
0,7*

<ce®- sup [yl
[0,7]

< Ced0x, (39)

T
e J B(Lap, o )
0

The 7th term in (21) is bounded by

T T
eJ B.(a,.4,  Za)dr|| <Ce J IB(a, 4, L)l o—pdT
0 o 0

< Ce- sup |lall,ll.« ' Zall,
[0,7%]

<Ce¢- sup ||a||a||$sa“a—m
[0,7%]

< Ce sup [laf}?
[0,7%]

< Cel™2, (40)
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The 8th term in (21) is completely analogous. We have
T
ngf B.(a, %_1251/))dr“ < Ce¥ ™, (41)
0 a
Moreover for the 9th term in (21):

T T
‘H B p)dr| <ce f 1B, )l pd 7 < CEL . 42)
0 ¢ 0

For the 10th term in (21)

T T
LS CEJ £YlladT < Cef £ llg-pdT
0 0

<Ce- sup |[yp(1)]l, < Cel3. (43)
[0,77]

T
ef ZApdr
0

The 11th term in is bounded by

T
< ce? f 1B.(a, 2~ By(p, Pl o_pd v
a 0

<Ce*- [SUP] llalloll.?, By(p, )llq
0,7*

< Ce? sup |lallgllpl2
[0,7%]
< Ceg?77x, (44)

T
SZJ B.(a, /' B,(1,4))dT
0

For the stochastic integral &2 f OT B.(d VNVC, 4275_11/)) in (21) note that the covariance operator of W, is
Q. = P.QP.. Define
$(t)u := B, (u(t), .o, (1)),

to obtain

p
a

P
E sup .
Te[0,7*] a

=FE sup
Te[0,7*]

T T
f B.(dW,(1), 9, "(7)) f $(7)dW,(7)
0 0

By Burkholder-Davis-Gundy (cf. Theorem 1.2.4 in [18]) we derive

T - T -
J $dw, f D$dW,
0 0

T 1 %,
<cC E(f ||D“$Q§||?.,Sdr)
0

7" o0
=c-1a(f0 ;umm?gknzdr) ,

p
=[E sup
a Te[0,7%]

p
E sup
Te[0,7*]

N
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where (g )rey is any orthonormal basis in 5 and D* was defined in Definition |2 The space HS
is the space of Hilbert-Schmidt operators on ¢, equipped with the norm ||¥||ys = Trace[ W ¥*].

Hence,
T ~ 1P % 00 1 P
E sup J$dWc < CE(J Y ID*B(Q2 g o, )Id7 )
Te[0,7*] 0 a 0 k=1
T* o0 1 P
= c-x( J D IB(Q gio ) [2d7 )
0 k=1
EN
> 1 L
3 — 2
< CB(Y, sup 1B.(Q: gt I )
k=1 O,’T.'):<

o 1 P
< ¢o(DlIQigl2)* - E sup Il (ol
k=1 [0,7%]
< Ce K, (45)

where we used the fact that the norm in HS is invariant under taking the adjoint, and independent
of the choice of the basis, in order to obtain

S 3 2 3 2 3 2 S 3 2
D llQ2 gill2 = ID°QE g = 1QZ D% = D IQ2 D%

k=1 k=1
00 1 1 00
= (Q2D%,Q2D%;) = Y k**(P.QPex, €x)
k=1 k=1
n n 1
= Qe e) = Y kK QzelP < C.
k=1 k=1

T ~ . . .
For ¢ f 0 B.(a, ,efs_ldWs), the last stochastic integral in (21), note that the covariance operator of

W, is Q; = P,QP;,. Similar to the previous estimate we define

$:(t)u:=B.(a(7), ,tzfs_lu).
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Now by Burkholder-Davis-Gundy (cf. Theorem 1.2.4 in [18]) we obtain

T
Sf Da$1
0

T*

[ 1
— . 2 a 2 (12
=CE(e | et I25d7)

E sup

T
~ |IP

sf Bc(a,vefs_ldWS) =E sup

Te[0,7*] 0

a Te[0,7*]

™ 0

NS

:C-E(szf Z||Da$1Q§ek||2dr)§

0 k=1
" 00

o0
<CeP E(Z sup
0,7*]

[SYit

~
Il
—

where we used

1

Zw 1Q2erll2 = D%, 71Q2 I = Q2 D2 = ZIIQS

00 o0 k2a
Z IIQs el = — (PQPes,e)
k=1 "k

o0

20112
Z —2 e < c.
k=n k

The last step follows from Assumption|12} as A, — oo.

IB.(a, %-1Q2ek)||§_ﬁ)

DB (a,. Q2 ek)uzdr)

1Daek”2

[SYhst

[SY4S]

(46)

As we supposed k < % in the definition of 7*, we can collect all term in the equations from (34)

until (46). This implies the result.

O

In order to prove now the approximation result, we first need the following a-priori estimate for

solutions of the amplitude equation.

Lemma 25. Let Assumptions 1, 5] [10 and [12]hold. Define the stochastic process b(T) , with initial

condition E||b(0)|| < C, in A as the solution of

T T
b(T):b(O)—i-f fcb(f)d’c—Zf Z(b(1))dT + W,(T).
0 0

Then for Ty > O there exists a constant C > 0 such that

E sup |Ib(T)|P<C.
Te[0,T,]
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We note that all norms in a finite dimensional space are equivalent. Thus for simplicity of notation
in the proof we use only the standard Eucledian norm and suppose that b € R".

Proof. The existence and uniqueness of solutions for equation (47) is standard. To verify the bound
in (48) we define X as

X(T)=0b(T)—-W(T). (49)
Substituting into (47), we obtain
OrX = L(X +W,) — 2F(X + W,).

Taking the scalar product (-,X) on both sides of (56) yields

1 ~ ~

F0r IIXII” = (Le(X + Wo),X) = 2F (X + W), X).
Using Young and Cauchy-Schwarz inequalities and Assumption 10 yields
v

2 4+ 0 4
o IXI2 < ¢+ ¢ |[w.| - S IxIr

Neglecting the fourth power, integrating from O to T, taking J%-th power, and finally the expectation,
we obtain

lp lp ~ 112p
E sup [|X||P <CT;" +CT; E sup W, || <C.
[0,To] [0,T5]
Together with (49), this implies
~ 1P
E sup ||b||’P < CE sup ||X||P + CE sup ||W.|| <C.
[0,T5] [0,To] [0,Tp]
O
Definition 26. Define the set Q* C Q such that all these estimates
sup [yl < Ce™>", (50)
[0,7*]
sup [[Rll, < Ce' ™7, 1)
[0,7]
and
sup ||blly <Ce™ 2, (52)
[0,77]
hold on Q*.
Remark 27. The set Q" has approximately probability 1, as
P(Q) 2 1 —P(sup [[Ylly = Ce™>")
[0,7*]
~P(sup [IRlly = Ce' ™) —P(sup [Iblly > Ce™2).
[0,7%] [0,7%]

Using Chebychev inequality and Lemmas|22, 24 and 25, we obtain for sufficient large q

P(Q) > 1 — C[e9 + £9¥ + £29%] > 1 — CeP .
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Theorem 28. We assume that Assumption 1} 5}16} (10 and 12 hold. Let b be a solution of (47) and
a as defined in (20) with ||a(0)|| < C on QF. If the initial conditions satisfies a(0) = b(0), then, for

K< %, we obtain

sup |la(T) = b(T)|l, < Ce'™7%,
T<[0,7*]

and

sup [la(T)|l, < Ce™2,
T€[0,7*]

on F.

Proof. Define ¢(T) as
o(T) = a(T) - R(T).
From (20) we obtain

T T
cp(T)=a(O)+f %, [p(t)+R(1)] dT—ZJ 9(@(T)+R(T))dT+V~VC(T).
0 0

Define now h(T) by
h(T) := b(T) — ¢(T).
Subtracting from (47), we obtain

T

T T
h(T)=J Z”Ch(r)dr—f gcR(T)dT+2f [Z(b—h+R)—Z(b)](7)d~.
0 0 0

Thus
orh=%.h—%R+2[Z(b—h+R)—Z(D)].

Taking the scalar product (-, h) on both sides of (56) yields

Sor Il* = (orh,h) = (£.h,h) — (LR, h) + 2(F (b —h+R) — Z(b),h) .

(53)

(54)

(55)

(56)

Using Young and Cauchy-Schwarz inequalities and (6), we obtain the following linear ordinary

differential inequality

Srlinl® < CLIRIP + [RI*] + CIRI* [ 1+ IRIZ + 161> + 1]I* + [[6]1* IR]I* ]
CLIIRI> + 1Al1*] + CIIRIZ [ 1+ IIRI* +1]1*]

IA

Using (51) and (52), we obtain
or IRl < CLIIRI? + [IAlI*] + Ce*7 ™ on Q.
Now we will show that h stays small for a long time. As long as ||h|| < 1, we obtain
o IlI* < 2C ||n||* + C&* 14~
Using Gronwall’s Lemma, we obtain for sufficiently small ¢ that

|Ihl> < Cce® 14 <1
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and thus

sup |||l < Cel™7% on QF. (57)
[0,7%]

We finish the first part by using (51) and (57) together with

sup |la —b|l = sup [[h—R| < sup |||+ sup [R]].
[0,7*] [0,7*] [0,7%] [0,7%]

For the second part of the theorem consider

sup |lall < sup [la —bl[+ sup ||b]|.

[0,7*] [0,7*] [0,7*]
Using the first part and (52), we obtain (54). O

Finally, we use the results previously obtained to prove the main result of Theorem 17/ for the
approximation of the solution of the SPDE (1).

Proof of Theorem|17| For the stopping time, we note that

Q2 (7" =T} 2{ sup |la(T)llo<e™™, sup [[Y(T)llo <e >} 20"
Te[0,7*] Te€[0,7*]

Now let us turn to the approximation result. Using (14) and triangle inequality, we obtain

sup |lu(e™>T) —eb(T)llq < & sup |la—bll, + & sup [[¢]l,.
Te[0,7*] [0,7*] [0,7*]

From (50) and (53), we obtain

sup  lu(t) —eb(e®)|l, = sup |lu(t) —eb(e?t)]|, < Ce?7 on QF.
t€[0,672T,] t€[0,6727%]

5 Application

There are numerous examples in the physics literature of equations with quadratic nonlinearities
where our theory does apply. For simplicity we focus on two scalar examples, although our result
applies also to systems of PDEs.

Before we give examples, we suppose in our applications for simplicity that W is a cylindrical Wiener
process on ¢ with a covariance operator Q defined by Qe;, = aiek where (a;), is a bounded
sequence of real numbers and e; are the eigenfunctions of the dominant linear operator. Thus,

W(e) =Y aPiltdex
k

for a family of independent standard Brownian motions f3.
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5.1 Burgers’ equation

One example is the Burgers’ equation (cf. (2)) on the interval [0, 7t], with Dirichlet boundary con-
ditions. We take

# =1%[0,1]), er(x)= \/gsin(kx) and A = span{sin}.

First note that Assumption 1/is true. All the eigenvalues of —.f = —ﬁxz —1 are A; = k? — 1 with
m = 2 and lim;_,,, A, = 0o. If we fix P, to be the s#-orthogonal projection onto .4/, then both P,
and P, commute with .¢/.

Moreover, it is easy to check that all conditions of Assumption |6/are satisfied with
B(u,v) = 30, (uv).
To be more precise:
P.B(u,u) =P, [yz sin(x) cos(x)] =0 foru=ysine A,
and for a = % and 8 = % < m, we obtain

21B(w, V)l -1 = [0 )l e < lluvll2
< <
=< Cllullgslvllps = Cliull sy IVIl 3
where we used Sobolev embedding from /4 into L*. After a straightforward calculation we derive

) ) ) 1 )
Z (1 sin, vy sin, y3sin) = 54 717273810

This function is trilinear, continuous and satisfies the conditions and (6) as follows
(yysin, Z(yysin)) = Cy{ >0, if y; #0

and

T
(Z (y1sin, vy sin, yosin), yosin) = —y2y2 >0

48

for y; #0and y, #0.
Now our main theorem states that

u(t) = ey(e?t)sin+0(e*7),

where
v =vy =517 +af,

with a rescaled standard Brownian motion [5’ given by e\/EPCW(s_zT).
T
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5.2 Surface growth model

The second example that falls into the scope of our work is the growth of rough amorphous surfaces.
The equation is of the type

0,h = —A%h— uAh — A|Vh2 4+ 08, W(1). (58)
Here A is the Laplacian with respect to periodic boundary conditions on [0,27]. Usually one

supposes initial condition h(0) = 0 corresponding to an initially flat surface.

For this model we consider u = 1+ ¢2v and o = &2, which reflects the fact that one is sufficiently
close to the first bifurcation, where the flat surface gets unstable. The distance from bifurcation
scales like the noise-strength.

For the abstract setting define

A =—N?>—/A, ¥=—vA and B(u,v)=—-A(3,u-3d,v).

We take
\/LE sin(kx) ifk>0,
ex(x) = # cos(kx) ifk<O,
j% ifk=0,
and
27

7 ={ueL?([0,27]): f udx =0} and A = span{sin, cos}.
0

The eigenvalues of —.of = A% + A are A, = k* — k? with m = 4 and lim;_,,, Ay = oco. Thus
Assumption|1 is satisfied.

If we define u(t) := h(t) — ho(t)ey, then we obtain
Ju= —Azu—,uAu—AquIz—l—aZakc’?t[J’k(t)ek, (59)
k#0
and
ho(t) = oayBy(t). (60)
If u =u; sin4+u_; cos € A, then

B(u,u) =2 [u% — u%l] cos(2x) — 4uqu_, sin(2x),

and
P.B(u,u) =0,

]

and for a = 3 and 8 = % < m, we obtain

1B Vlle-z = 1A 802 < clldeu- 3,2
<cllull 3 lIvI 5

Hence all conditions of Assumption |6 are satisfied. Moreover, it is easy to check that Assumption[10]
also holds true. For & we derive

Z(uu,u) = S(ud +u? )y,
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and for the symmetric version of & we obtain

F(u,u,w) = ch(u, %_1Bs(u, w))+ %Bc(w, %‘1Bs(u, u))
= 11—8[(3ufw1 + wluz_1 + 2uyw_qu_q)sin
+(u%w_1 + 3w_1u%1 + 2uywqu_q)cos],
where u = u; sin+u_; cos, w = w; sin+w_; cos € A,. Now
(ZF(W),u)>0 Vuz#0.
andifu#0andv#0

rr
(Z(u,u,w),w) = E[3(U1W1 +w_qu_q)*+wu; —uyyw_1)*]1>0.

The amplitude equation for (59) is a system of two stochastic ordinary differential equations:
dy; = [vyi— 57i(ri + 2 Dlde + =aidf; fori= =1,
where

sin
u(t) = ey(e?t)- (cos) +0(e%).

and f3;(T) = ¢B;(¢~2T) rescaled Brownian motions.
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