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Abstract

A two-scale model for a reaction-diffusion process in a porous material is developed
and applied to a simplified problem related to concrete carbonation. The material
is exposed to a gas which enters from the outside, diffuses through the air-filled
pore space, and dissolves into the pore water where it reacts with a second solute.
The problem exhibits two different spatial scales due to the great difference in
diffusivities of the gas in air and water and the fine pore geometry. In contrast
to common purely macroscopic models, the proposed two-scale model is capable
of resolving both scales. It is shown by numerical simulations that different pore
geometries lead to different macroscopic output. Results of a comparable purely
macroscopic model can be recovered as a special case.

PACS: 82.20.Wt, 81.05.Rm, 82.33.Ln, 02.60.Lj, 02.70.Dh

Key words: reaction-diffusion, multiscale, microstructure, unit cell, concrete
carbonation

1 Introduction

In this paper, we develop a two-scale model for a reaction-diffusion process
in an unsaturated porous material. The medium is exposed to a gas which
enters the medium from the outside and diffuses through the air-filled pore
space. It dissolves into the pore water where it reacts with a second solute. We
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consider the case where the diffusivity of the gas in air is much greater than
in the pore water. Consequently, the problem exhibits two spatial scales: the
macroscopic scale, at which the gas diffuses through the air-filled pore space
and the microscopic scale, at which the gas diffuses in the pore water and
reacts.

A typical process exhibiting this feature is the degradation of reinforced con-
crete structures induced by carbonation. This process takes place in the pores
of the concrete which are partially saturated with water that clings to the pore
walls. Atmospheric CO2 enters the concrete through the air-filled pores and
gets dissolved in the pore water. There it reacts with dissolved constituents of
the cement paste. This causes a lowering of the pH, facilitating the corrosion
of the steel reinforcements and, consequently, leads to a severe reduction of
the service life of the structure. The dominant carbonation reaction is usually
assumed as

CO2(aq) + Ca(OH)2(aq)
H2O−→ CaCO3(aq) + H2O.

The produced CaCO3 precipitates very quickly to the solid matrix. Detailed
surveys on the carbonation problem were carried out, for instance, by Kropp
[1], Bier [2], and Chaussadent [3].

Existing models of the carbonation process describe the mass balances of the
active species only on the macroscopic scale. We refer to the approaches by
Saetta et al. [4], Papadakis et al. [5], and Steffens et al. [6]. The drawback
of such pure macromodels is that effects due to the local pore geometry are
only captured via few empirical constants such as the tortuosity and porosity
factors. The relatively slow diffusion of CO2(aq) and Ca(OH)2(aq) in the pore
water is usually neglected. A possible delay time caused by reactants not be-
ing immediately available is therefore not taken into account. In the present
paper, we propose a model which consists of a macroscopic equation coupled
with a microscopic system that is solved in every point on a representative unit
cell (RUC). Such models have been proposed, mathematically justified, and
implemented for flow in naturally fractured reservoirs [7–9]. There are also var-
ious two-scale computational approaches of modelling mechanical properties
of materials with microstructure [10,11]. In this area of application, two-scale
simulations have already proven efficient and reliable.

As we are primarily interested in studying the principal effects of such a model,
we consider a highly simplified carbonation scenario. In section 2, we present
the two-scale model incorporating the basic reaction-diffusion processes inside
the concrete. As a reference, a typical purely macroscopic model based on
[5] is also included. In section 3, we present simulation results for the car-
bonation of a concrete piece based on Ordinary Portland Cement (OPC). We
consider two different RUC geometries and point out the differences in the
results captured by the two-scale model but not resolved in the correspond-
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ing pure macromodel. In all cases, the problems in the RUC are reduced to
one space dimension for computational reasons. However, it should be em-
phasised that the model is conceptually capable of being extended to a more
complete carbonation scenario. Finally, section 4 collects our main results and
conclusions.

2 Mathematical modelling

In order to fix ideas, we develop the two-scale model for the particular problem
of concrete carbonation. In this context, our model is based on the following
simplifying assumptions.

(1) The humidity is uniformly distributed in the sample and time-independent.
(2) Dissolution of solid Ca(OH)2 is sufficiently fast and is therefore neglected.
(3) No matrix constituents other than Ca(OH)2 react with CO2.
(4) The pore structure does not change in time.

Experiments show that, in reality, the pore structure is altered by the carbon-
ation process itself. Moreover, the humidity entering the sample from outside
or being produced by reaction can have a strong influence on the carbona-
tion [6]. Nevertheless, we neglect these processes in this first approach and
concentrate on the basic features of the two-scale model.

2.1 The two-scale model

We start with the representation of the local pore geometry. Let x = (x1, x2, x3)
be a point of the concrete sample Ω. We assume the local pore geometry at
x to be described by a representative unit cell (RUC) contained in a cuboid
Y , as depicted in figure 1. In Y , a local coordinate system y = (y1, y2, y3)
is introduced. We refer to y as the microscopic variable, in contrast to the
macroscopic variable x. Three different phases are considered: the air-filled
pore space Za, the water-filled pore space Zw and the solid matrix Zs. The
air-water and water-solid interfaces are denoted by Γa and Γs, respectively.

The transport of the dissolved species in the pore water is comparably slow
and therefore restricted to the local RUC. We denote the mass concentration
of CO2(aq) by u2(x, y, t) and that of Ca(OH)2(aq) by u3(x, y, t). The mass
balances read as

∂tu2 −D2∆yu2 = −m2R(u2)p(u3)q, x ∈ Ω, y ∈ Zw, (1a)

∂tu3 −D3∆yu3 = −m3R(u2)p(u3)q, x ∈ Ω, y ∈ Zw, (1b)
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Fig. 1. A cross-section of a corner of a concrete structure, together with a typical
RUC around a point x of the medium.

where the diffusivities D2 and D3 are of the same magnitude. Here ∆y denotes
the Laplace operator where the derivatives are taken with respect to y. The
macroscopic variable x serves only as a parameter in (1a) and (1b). To describe
the reaction kinetics, we adopt a generalised form of the law used in [6].
The quantities m2 = 44 g/mol and m3 = 74 g/mol are the molar weights of
CO2 and Ca(OH)2, respectively, whereas R, p, and q are empirical constants,
Typical values are p = q = 1 and R = 160 mol · cm3/(g2 d) [6].

The exchange of CO2 with the air phase in the pores is described by Henry’s
law. This leads to the boundary condition at the air-water interface Γa,

−D2∇yu2 · ν = −K(Hu1 − u2), y ∈ Γa, (1c)

where u1(x, t) is the mass concentration of CO2(g) in air, H = 0.81 is the
Henry constant for CO2 in water [12], and ν is the outward unit normal at Γa.
Therefore, the microscopic system is closed by the no-flux conditions

−D2∇yu2 · ν = 0, y ∈ Γs; −D3∇yu3 · ν = 0, y ∈ Γa ∪ Γs, (1d)

and initial conditions for u2 and u3, i.e. u2(0) = 0 and u3(0) = u0
3.

Diffusion of CO2(g) in air is fast compared to diffusion in water. The mass
balance for the mass concentration u1 of CO2(g) is therefore approximated by
an averaged equation of the form

θa∂tu1 − θaτ aD1∆u1 = − 1

|Y |

∫

Γa

K(Hu1 − u2) dy, x ∈ Ω. (1e)

Here |Y | denotes the volume of Y . The effective diffusion coefficient for CO2(g)
is a product of the volume fraction of the gaseous phase θa = |Za|/|Y |, the
diffusivity D1 of CO2(g) in air, and a tortuosity factor τ a. Consequently, the
mass concentration u1 refers to the volume of the air phase. The integral term
on the right-hand side of (1e) gives the total flux inside the RUC (1c) passing
through the air-water interface at time t. Note that, by (1e) and (1c), the
macroscopic and the microscopic systems are coupled. Finally, at the exposed
outer boundary Γamb of the sample Ω, the exchange with the environment is

4



described by

−θaτ aD1∇yu1 · ν = B(u1 − uamb
1 ), x ∈ Γamb, (1f)

where uamb
1 is the ambient CO2 concentration.

2.2 The macroscopic reference model

As a reference for the two-scale model, we use a simplified version of the
model introduced in [13]. This classic purely macroscopic model is based on
the models in [5] and [6] and reads as

θa∂tu1 − θaτ aD1∆u1 = −|Γ
a|
|Y |

K(Hu1 − u2), (2a)

θw∂tu2 − θwτwD2∆u2 =
|Γa|
|Y |

K(Hu1 − u2)− θwm2R(u2)p(u3)q, (2b)

θw∂tu3 − θwτwD3∆u3 = −θwm3R(u2)p(u3)q, (2c)

together with the initial conditions and the boundary condition (1f). All con-
centrations in (2) are functions of x and t only. The local geometry only enters
the system (2) via the constants |Γa|, |Y |, the volume fractions θa and θw, and
the tortuosity factors of the gaseous and liquid phases, τ a and τw.

It should be noticed that both models, (1) and (2), can be derived rigor-
ously from virtually the same micromodel by the mathematical homogenisation
method (see [9] and references therein). The type of the homogenised model
depends on the relation of the time scales of the involved processes; see [14,7]
for the derivation of a two-scale model and [15] for that of a pure macromodel.
This yields a mathematical justification of the validity and comparability of
both models.

3 Simulation results

Both the two-scale model (1) and the macromodel (2) are numerically approx-
imated using the finite element method with linear test and trial functions.
The macroscopic domain Ω (cf. fig. 1) is always discretised by a constant
uniform mesh, the macroscopic mesh. For the two-scale model, in every grid
node of the macroscopic mesh we need to solve the weakly-coupled system
of parabolic equations (1a)–(1d) in the RUC, more precisely in Zw. In order
to avoid expensive three-dimensional computations, simplified RUC geome-
tries are considered allowing the reduction of the cell problem to one space
dimension. Therefore, the microscopic mesh is one-dimensional. Two highly
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different RUC geometries are chosen in order to show their influence on the
results. They are described in detail below. The resulting system of ordinary
differential equations in time is solved using a standard implicit solver.

3.1 Carbonation of an OPC concrete sample

The size of the RUC should be chosen in the range of a typical capillary pore
diameter. For OPC-based concrete this quantity can vary between 10−7 cm and
10−4 cm [5]. For the present simulations, we use ` = 10−4 cm as a characteristic
microscopic length and choose the RUC size such that after the change of
variables ȳ = y/`, the transformed cuboid Y has unit volume |Y | = 1. In
the special case of a cube, we therefore have Y = (0, 1)3. The geometry of
the RUC refers to a rotationally symmetric microstructure (fig. 2, left). A
spherical matrix ball is surrounded by a liquid film. The volume fractions are
θa = 0.22 and θw = 0.1. For the tortuosity factors, we choose the empirical
values τ a = 3 · 10−3 and τw = 10−3. According to the assumption of a uniform
pore structure and a uniform pore water distribution, the same RUC is chosen
throughout the whole concrete sample. It has to be noted that this choice of
the RUC is a rather strong simplification. As is illustrated in [2], e.g., the
real pore configuration of concrete is much more complicated than the RUC
structure used here. However, it is sufficient to observe essential features of
the model.

The values of the remaining model parameters refer to an L-shaped cross-
section of an OPC concrete sample with a side length of 5 cm under natural
exposure conditions. Our simulations cover a period of 16 years and begin after
the curing time. At this time, we assume no CO2 inside the concrete sample
and that 0.07 g/cm3 of Ca(OH)2 is available to the carbonation reaction. The
ambient CO2 concentration is 0.54 · 10−6 g/cm3. The diffusion coefficient of
CO2(g) is chosen as D1 = 9.6 · 103 cm2/d [5,6]. The diffusivities of the ions in
water are D2 = D3 = 1 cm2/d [16].

Fig. 2. Schematic cross-sections of the RUCs used in the simulations. Left: spherical
geometry; Rs = 0.44`; Ra = 0.48`. Right: pore channel of length 2a = 6`. The
cross-sectional area of the channel is 0.017`2, where ` = 10−4 cm.

In figure 3, results of the two-scale model with the spherical pore geometry are
presented. The concentration profile of u3 is a normalised volume average with
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respect to the microscopic variable y; more precisely, the quantity
∫
Zw u3 dy/u0

3

is plotted. It can be observed that the bulk of the carbonation reaction is
concentrated on a narrow zone which advances into the concrete with time,
and the Ca(OH)2-concentration exhibits steep gradients near the reaction zone
due to the low diffusivity of Ca(OH)2. This coincides with other simulation
results [5,13]. The plot of the concentration profile of CO2(aq) is not shown
since it is visually identical to that of CO2(g) due to the fast absorption and
fast diffusion of u2 across the thin water film Zw. This can also be read off
the cell solutions (not shown): the microscopic (spatial) profiles of u2 and u3

within every cell are nearly constant at each instant in time.

In figure 4, one-dimensional cuts of the profiles are compared with results from
the macromodel using the same parameters. The cut is specified in figure
3 (left). The results are very similar, undermining the validity of the two-
scale approach. An important quantity for durability issues is the carbonation
depth, i.e. the depth how far the carbonation zone has penetrated into the
concrete sample after a given amount of time. 2 In figure 5, the carbonation
depth predicted by the two-scale model and by the macromodel are plotted
in comparison to experimental data by Wierig [17] (long-term exposure out
of doors under roof). The simulated curves exhibit the same tendency as the
measured values except for an initial delay time. This effect might be caused
by the unrealistic model assumption that at t = 0 the carbonation has not yet
started.
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Fig. 3. Dimensionless concentration profiles after 16 years obtained with the two-s-
cale model using the spherical pore geometry. Left: CO2(g); right: Ca(OH)2(aq). In
the left plot, the cut and the cell are depicted for which the solutions are presented
in figures 4, 6 and 7 below.

2 Equivalently to Steffens [6] et al., we define the carbonation front as the level set∫
Zw u3 dy/u0

3 = 0.1.
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Fig. 4. Concentration profiles obtained using the spherical pore geometry with the
two-scale model (left) and the pure macromodel (right). (c) Carbonation depth
versus time compared to experimental data by Wierig [17].
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Fig. 5. Carbonation depth versus time obtained using the spherical pore geometry
compared to experimental data by Wierig [17].

3.2 Pore-scale effects

Now we focus on the main feature of the two-scale model to resolve effects on
the pore scale. It is expected that processes on the microscale affect the macro-
scopic behaviour if their characteristic time is sufficiently large. Therefore, we
test our model with a slightly different parameter setting: We prescribe the
RUC geometry as a narrow pore channel of a characteristic length 2a that
is saturated with pore water (fig. 2, right). The volume fractions are again
θa = 0.22 and θw = 0.1. Due to the narrowness of the channel, diffusion
perpendicular to the channel length is assumed neglegible, and the cell sys-
tem is again reduced to a one-dimensional problem. Taking into account the
symmetry of the channel, it suffices to compute the solutions on the interval
(0, a). Moreover we assume a slower transport of the species in the pore water,
i.e. D2 = D3 = 10−6 cm2/d. The tortuosity factors τ a = 3 ·10−3 and τw = 10−3

are the same as before. If more complex pore geometries are used, it can be
advantageous to use averaging theories for adapting the tortuosities to the cell
geometry. This should be possible by homogenisation or percolation theory.
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We remark that the spherical geometry has also been tested with slower diffu-
sivities of u2 and u3. Down to values in the range of 10−6 cm2/d, the simulation
profiles (figs. 3 and 4) remain almost unchanged.

In figures 6 and 7, results obtained with the pore-channel geometry and the
slower transport are shown. The concentration profiles for the purely macro-
scopic model are almost the same as for the spherical geometry (fig. 6, right).
For the two-scale model, highly different results are obtained. The CO2 pene-
trates much deeper into the material (fig. 6, left) and the carbonation progress
is more advanced. The cell profiles of CO2(aq) are not horizontal (fig. 7, left).
This can be seen as an effect due to the relatively long pore channel and the
slow diffusion of CO2(aq). The inhomogeneous CO2(aq) profile and the smaller
interfacial area |Γa| cause a lower absorption of CO2(g) in the pore water and
therefore a higher penetration of CO2(g). We emphasise that this result does
not seem to be realistic for the concrete-carbonation problem. However, it
can be clearly seen that if the transport processes on the microscale are suffi-
ciently slow, then the specific pore structure of the material can have a large
impact on the macroscopic process. This effect can not be captured by the
corresponding purely macroscopic model.
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Fig. 6. Concentration profiles obtained using the pore-channel geometry with (a)
the two-scale model and (b) the pure macromodel.
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4 Summary and conclusions

A two-scale approach to reaction-diffusion problems in porous materials was
applied to a simplified situation related to the carbonation of concrete. In
contrast to common purely macroscopic models, the two-scale model is capable
of resolving processes on the microscopic (pore) scale. As a first approach, two
different, highly simplified RUC geometries were considered.

With respect to the carbonation problem, the two-scale approach appears
promising as there are microscopic effects which are not captured by purely
macroscopic models. For a spherical pore configuration, results of the corre-
sponding purely macroscopic model can be recovered. The predicted carbona-
tion depths are in the range of experimental data. Strong delay effects due to
processes on the micro scale are obtained if a pore geometry based on narrow
pore channels is assumed and if the diffusivity of the species in the pore water
is sufficiently small. Although this special setting does not seem to be realistic
for the problem of concrete carbonation, the results confirm the capability of
the two-scale model of resolving processes on the pore scale. The structure of
the RUC allows to account for the microstructure of the material which can
strongly affect the macroscopic output of the model.

It can be expected that the two-scale model can better account for microscopic
effects like different types of cements, changes of the microstructure due to
carbonation and the distribution of pore water inside the pores, all of which
have been neglected in the present study.

The essential constraint of the two-scale approach is the increased computa-
tional effort in contrast to the pure macromodel. However, efficient algorithms
exist for two-scale approaches in other research areas [9–11] and it can be ex-
pected that they can be adapted to this setting as well. Another challenge is
the increased number of input parameters. Most of them require information
on the pore geometry. Although the microstructure of concrete is well-studied,
a reliable representation by an appropriate RUC is still a difficult problem due
to its complexity.
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