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Abstract: We present a new approach to the numerical upscaling for elliptic problems with rough diffusioncoefficient at high contrast. It is based on the localizable orthogonal decomposition of H 1 into the imageand the kernel of some novel stable quasi-interpolation operators with local £2 -approximation properties,independent of the contrast. We identify a set of sufficient assumptions on these quasi-interpolation opera­tors that guarantee in principle optimal convergence without pre-asymptotic effects for high-contrast coeffi­cients. We then give an example of a suitable operator and establish the assumptions for a particular classof high-contrast coefficients. So far this is not possible without any pre-asymptotic effects, but the optimalconvergence is independent of the contrast and the asymptotic range is largely improved over other discretiza­tion schemes. The new framework is sufficiently flexible to allow also for other choices of quasi-interpolationoperators and the potential for fully robust numerical upscaling at high contrast.
Keywords: Finite Element, Multiscale, Upscaling, Computational Homogenization, High Contrast
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1 Introduction

This paper presents and analyzes a novel numerical upscaling technique for the approximate solution of aprototypical partial differential equation with arbitrary positive bounded coefficients. The focus is on coeffi­cients A that are strongly heterogeneous, i.e., A may vary rapidly on several non-separated scales. Moreover,the physical contrast (the ratio between global upper and lower bounds of its spectrum) may be very large.The precise setting of the paper is as follows. Let Ü c IRd be a bounded polyhedral domain and letA e £°°(Q, IRsyiii) be a matrix-valued coefficient with uniform spectral bounds 0 < a < ß < oo, i.e.,a(A(x)) c [a,)8],for almost all x e Q. Given some forcing termg e £ 2 (ü), we want to approximate the unknown weak solutionu of the linear elliptic partial differential equation -  div(A Vu) = g  with homogeneous Dirichlet boundary con­dition. The function u e F  := Hq(O) is uniquely characterized by the variational problemb(u, v ) j ( A V u )  • Vvdx -  j  gvdx G(v) for all v e F. (1.1)
D OThe accuracy of standard Galerkin finite element approximations of the unknown function u depends cru­cially on the regularity of the underlying data, as well as on interior angles of the domain and differentiabilityproperties of A. On the other hand, even if the data is sufficiently regular so that a certain rate of convergenceis possible, it may be observed only if the width h of the underlying mesh is sufficiently small. In this context,
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the notion “sufficiently small’5 depends on data oscillations and the contrast in a critical way. For a scalarcoefficient A  that oscillates between a and ß at some frequency e - 1  with e  small, for example, the asymptoticrate of convergence is not observed unless h < e . In addition, even h < is necessary to decrease theenergy error below 100%. This is too restrictive in many interesting cases. We emphasize that this conditionis sharp for practically relevant right-hand sides g.We are therefore dealing with pre-asymptotic effects for standard finite element methods and other re­lated schemes such as finite volumes or finite differences. Due to the high variability of the coefficient func­tions one requires extremely fine computational grids that are able to capture all the fine scale oscillations anddiscontinuities. Hence, the numerical treatment of such equations is expensive in the sense that standard ap­proaches result in systems of equations of enormous size and, consequently, in a tremendous computationaldemand that can not be handled in a lot of scenarios.This paper presents a new approach for numerical upscaling based on localizable orthogonal decom­positions (LOD) into a low-dimensional coarse space (where we are looking for our approximation) and ahigh-dimensional remainder space. Some selectable quasi-interpolation operator serves as the basis of thedecompositions. The coarse space is spanned by computable basis functions with local support. The basicmethodology was recently introduced in [21] and generalized in [10,13-15]. For moderate contrast and arbi­trary oscillatory coefficients this methodology yields approximations that converge to the true solution at theoptimal rate (with respect to the coarse mesh size) without any pre-asymptotic effects. The analysis avoidsthe strong assumptions usually made in the classical homogenization framework, such as periodicity or scaleseparation.The promising numerical results in [10,12, 21] for high-contrast model coefficients are not yet reflectedby the theoretical results for localized bases in those references because the physical contrast ß/a appears tobe a critical parameter. The dependence on ß/ a enters the error analysis via norm equivalences
jß-1 /2M 1/2v-||p < liv-||p < a-1 /2M 1/2v-||p,

r  1 /2M 1/2 'II^ < < « 1 /2U 1/2-ll^-
(1.2)

These equivalences are heavily used to connect variational techniques such as Galerkin orthogonality withapproximation properties of standard quasi-interpolation operators in standard coefficient-independentSobolev spaces. The idea of this paper is to circumvent the critical norm equivalences by using coefficient­dependent quasi-interpolation operators (as, e.g., in [28]) which enjoy optimal approximation properties inA-weighted Sobolev spaces.Our multiscale method is fully defined by the choice of the quasi-interpolation operator We state asufficient set of conditions o n t h a t  will yield approximations ucs that converge linearly to u in the energynorm with respect to the coarse mesh size H , without any pre-asymptotic effects and independent of thecontrast. More precisely, we show that local pre-computations of the coarse basis functions on vertex patchesof diameter ~ H lo g fH "1 y/ß/a) suffice to derive the following error bound:
W A ^ u - u ^ h i ^ ^ C H .Here, C denotes a generic constant that is independent of the computational grid and depends only on theconstants in the abstract assumptions that we have made on J# . In particular, if 3# can be chosen such thatall the assumptions hold with constants that are independent of contrast and fine scale heterogeneity, thenthe convergence is also independent of such pre-asymptotic effects.Employing (as an example) novel quasi-interpolation techniques related to those analyzed in [28], we areindeed able to satisfy the sufficient conditions with constants that are independent of the contrast. So far thisis only possible under some conditions on the geometry of the coefficient relative to the coarse grid. Moreover,the constant C is not independent of H/e  and the method is thus not without pre-asymptotic effects, but itextends the asymptotic regime far beyond that of other methods independently of the contrast. Despite theselimitations this result is the first one beyond heuristics to show that numerical upscaling for certain classesof high-contrast problems is possible. It may pave the way towards a comprehensive understanding of gen­eral high-contrast coefficients. In fact, our numerical tests do not show any strong pre-asymptotic effects. We
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shall emphasize at this point that in the LOD framework the coarse basis functions depend on the particularchoice of the quasi-interpolation operator. In that sense, the methods analyzed in this paper differ from thosepresented in [10,12, 21], Our new theoretical results improve the dependence on |  of the convergence rateand of the scaling of the supports of the underlying basis functions in those papers, as well as in the alter­native approaches in the literature [1, 2, 19, 22, 23]. The new results apply also to a more general class ofcoefficients than the analysis in [6] and [25] which is also independent ofOur approach belongs to the large class of multiscale methods. These methods typically decouple thenecessary fine scale computations into local parts to decrease the computational cost without suffering froma remarkable loss in accuracy. Prominent examples of multiscale methods are the Multiscale Finite ElementMethod (MsFEM) proposed by Hou and Wu [16] and the Heterogeneous Multiscale Method (HMM) by E andEngquist [8]. In contrast to our approach, MsFEM and HMM are typically not constructed for a direct ap­proximation of the unknown solutions but for homogenized solutions and corresponding correctors instead.Thus, the reliable approximation of the exact solution is up to unknown modeling errors that punish the lackof proper periodicity and scale separation. Our framework is related to another classical multiscale method,the Variational Multiscale Method (VMM) proposed by Hughes et al. [17] (see also [18, 27]). In contrast toMsFEM and HMM, the VMM aims at a direct approximation of the exact solution without suffering from amodeling error remainder arising from homogenization theory. For connections between the methodologieswe refer to [15, 27]. An interesting extension of the MsFEM to more general heterogeneous coefficients with­out assumptions like periodicity and scale separation is the Generalized MsFEM [9].The remaining part of the paper is structured as follows. Section 2 defines the abstract methodologicalframework. In particular, abstract axioms on the underlying quasi-interpolation are formulated that guar­antee contrast-independent performance of the corresponding method shown in Section 3. In Section 4 wethen present particular examples of quasi interpolation operators that satisfy the previous axioms for certainclasses of coefficients. Section 5 discusses the results and their limitations in the light of several numericalexperiments.
2 An Abstract Multiscale Method

In this section, we propose an abstract multiscale method based on the framework of localizable orthogonaldecompositions. The framework is inspired by the Variational Multiscale Method of Hughes et al. [17] buttakes a very different point of view and follows the specific constructions proposed in [13, 15, 21]. For are-interpretation within the stabilization framework of the original VMM, see [27].The key ingredient is a continuous, surjective and uniformly stable quasi-interpolation operator fromsome fine scale finite element space to an initial coarse space Vcs that has certain L2 -approximation propertiesuniformly with respect to the contrast. Following the approach in [21], it is then possible to design a newcoarse space that is provably robust even in the high contrast regime. The localization of the basis functionsdepends only mildly on the contrast.
2.1 Standard Finite Element DiscretizationLet Th  denote a regular triangulation of Ü into closed simplices and let H  : Ö - > JR>o denote the Tff-piecewiseconstant mesh size function with H\t  = := diam(T) for all T e Th . Additionally, let T̂  be a regular trian­gulation of □ that is supposed to be a refinement of Th . We assume that T/, is sufficiently small so that all finescale features of the coefficient A are captured. The mesh size h denotes the maximum diameter of an elementof ‘Th. The corresponding classical (conforming) finite element spaces of continuous piecewise polynomialsof degree 1 are given by Vh  := {vH  e Hq (0) I (v h )| t  is affine for all T e Th },

Vh *.= {vft e Hq(0) I (Vft)lx is affine for all K c T^}.
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By Mh  we denote the set of interior vertices of Th  (representing the degrees of freedom of the coarse finite el­ement spaces). For every vertex z g Mfb let kz c Vh  denote the associated nodal basis function (hat function)characterized by the property Ay (z) -  6y z  for all y, z g N#. We will also need the vertex patches
d)z := supply = int Q j { r  g Th  I x g T}).From now on, we denote by Uh g Vh the classical finite element (FE) approximation of u in the discrete(highly resolved) space Vh, i.e., Uh g Vh solves

b(uh , v h ) = G(vh ) for all v/? g (2.1)We assume that Vh resolves the micro structure, i.e., that the error ||u -  Uhllmco) becomes sufficiently smallby falling below a given tolerance. Moreover, we assume that the contrast relative to the fine mesh T& is smallin the sense of (A(x)v)-v . . (A(x)v)-v . .ess sup sup --------------< ess inf mf ---------------  (2.2)
x <et  vc]Rd \{0} x e r  vcRd \{0} V -Vfor all r g 7h ’

2.2 Abstract Quasi-lnterpolation

As stated above, the key tools in our construction are an initial coarse space i/cs c Vh with certain local L 2 -approximation properties and a quasi-interpolation operator J h  : Vh F cs that is linear, continuous andsurjective. The kernel of this operator is going to be our fine space (or remainder space) I/|s .To simplify the presentation we will for the most part only consider the special case, when the piecewiselinear coarse space Vh  has the appropriate L 2 -approximation properties. As we will see, this allows us to treata very interesting class of highly varying coefficients, namely those that are locally quasi-monotone (in thesense of [24]). We will comment briefly in Remark 2.2 below on how the framework can be extended also toother initial coarse spaces and to more general highly varying coefficients.Thus, from now on we set F cs := Vh  and characterize the interpolation operator via some set of assump­tions that must be fulfilled in order to derive a contrast-independent convergence result for the constructedmultiscale method. Specific constructions are given in Section 4.
Assumption 2.1 (Assumptions on the interpolation). We make the following assumptions on the interpola­tion operator J h  : ^h -> Vh *(QI1) J h  L(Vh, Vh ) is linear and continuous.(QI2) The restriction of J h  to Vh  is an isomorphism.(QI3) There exists a generic constant CqiP such that, for all Vh g Vh and for all T g ‘Th ,H ^||A 1 /2(vft -  + M 1/2V(Vh -  Cqip||A1/2Vv/,||L 2(Wr)with ü) t  := int([J{K e | K  n T t  0}).(QI4) There exists a generic constant Cqip  such that, for all v j j  e Vh , there exists v-h e Vh with the properties

^HVh = VH , suppvft C suppvjf and ||A1/2Vv/1||t 2(Q) < Cqip ||A1/2VVH||L 2( ß ) .Some remarks are in order to explain the assumptions (QI1)-(QI4). Linearity and continuity (QI1), as well asinvertibility on the finite element space (QI2) are minimal assumptions that are typically satisfied by Clement-type operators. Note that J h  does not need to be a projection onto the finite element space Vh * The conditionsensure that the concatenation (JH | vH )” 1 always defines such a projection. Condition (QI3) yields the cruciallocal approximation (resp. stability) properties in weighted I 2 - (resp. energy) norms in F c s . Finally, assump­tion (QI4) ensures that any coarse finite element function v h  € Vh  is the image of some function v/7 g Vhunder J h  with smaller or equal support. In other words, there exists some bounded left inverse of J h  thatpreserves local supports. This property also compensates the possible lack of a projection property. If Jh  wasa projection, then (QI4) would be satisfied by choosing Vh = Vh >
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Remark 2,2. More generally, the initial coarse space Vcs could be any subspace of Vh that admits a local basis{A2 j € c Vh I 2 e and E = 1 , . . . ,  Lz }with (i) > 1 basis functions associated with each vertex z  e N h , (ii) supp(Ä2) )̂ c a)Z i  (iii) ||Ä2^ Ihayo) < 1,and possibly further conditions such as a partition of unity property; see also [14]. Typical examples in thecontext of high contrast would be standard or generalized multiscale finite element functions [9,16] and theassociated natural quasi-interpolation operators [28]. The natural L 2 -norm in (Q13) will often also be differentin those cases.
2 3  TwoScale Orthogonal Decomposition and Global Coarse SpaceIn this section, we construct a decomposition of the high resolution finite element space V& into a low-dimen­sional space Vcs and some high-dimensional remainder space Vf s . As subspaces of Vh, both Vcs and V fsdepend on the fine scale discretization parameter h. Since the choice of h is not the topic of this paper, thisdependence will not be reflected by our notation. Note that the subsequent derivation remains valid in thelimit h 0 (cf. [20, 21]).LetJn  • Vh ■“* Vh  denote an interpolation operator that satisfies the properties (QI1)-(QI2) from Assump­tion 2.1. We define V fs as the kernel of J h  in V&, i.e„Vfs := {v € Vh I 3h v  = 0}.The space Vfs represents the finescale features in Vh not captured by Vh . This definition along with properties(QI1) and (QI2) gives rise to the decomposition Vh = Vh  © V fs .The key step towards the definition of an appropriate coarse space is to orthogonalize this decompositionwith respect to the scalar product b(-, •) = (A V-, V-)l 2(q ) induced by the problem. For this purpose, we definea corresponding a-orthogonal projection ? fs : Vh -> V fs as follows. Given v e V^ define ? f s (v) c V fs as theunique solution of b (? f s (v), w) = b(v, w) for all w e Vf s .The coarse scale space is defined by Vcs := ( l - I P fs )VHand yields the orthogonal splitting

Vh = Vcs © V fs with b(V c s , V fs ) -  0.We shall introduce a basis of Vc s . The image of the nodal basis function A2 c Vh  under the fine scaleprojection T fe is denoted by (j)z  -  ? f s (A2 ) e V fs , i.e., (pz  satisfies the corrector problem
b((f>z, w) = b(A2 , w) for all w e Vf s . (2.3)A basis of Vcs is then given by the modified nodal basis

{$z := A z -(l)z \ z e  N h }.
Definition 2,3 (Global coarse approximation). The Galerkin approximation ucs c Vcs of the exact weak solu­tion u of (1.1) and of the FE reference solution Uh of (2.1) is defined as the solution of

b(uc s
t v) = G(v) for a l iv e  Vc s . (2.4)In general, the basis functions ipz  have global support 0  and their pre-computation involves one fine scalecomputation on the whole domain Ü per coarse degree of freedom. In this sense, the pre-computation of thisbasis is expensive and the corresponding Galerkin discretization (2.4) yields small but densely populatedstiffness and mass matrices. In certain situations, it may still be a reasonable coarsening (see Section 3.1).A local basis maybe achieved by localization of the corrector problems. Since the right-hand side of (2.3)induced by A2 has small support, the correctors (pz  show an exponential decay outside of the support of A2 .Hence, we are able to localize the correctors and their computation to local subdomains in Section 2.4.
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2.4 Localized Coarse Space

We approximate the global coarse space Vcs from the previous section by truncating the corrector problems
(2.3) for the basis functions to local patches of coarse elements, as suggested in [21].

Let k g IN be a discretization parameter that reflects the localization of the finescale computations. Define
nodal patches a)z ,k of k-th order about z g Xh  by

supp -  u{T g Th  I x g T},

(Dz ,k  := U U  € V/ I T n t  0} for k = 2 , 3 ,4 , . . . .

Define localized finescale spaces

V { s& z,k) := {V e Vfs I = o}, z  e

by intersecting Ffs with those functions that vanish outside the patch a)z k̂<

Definition 2e4 (Local correctors). Local correctors tpZ ik  e Vfs(oA it) are unique solutions of

w) -  h(A2 , w) for all w g V k (a)Z ) k ).

The local correctors $ z j ( e V k (ß)Z tk ) are approximations of the global correctors $ z g Vfs from (2.3) with lo­
cal support 0)Z ik> Note that homogeneous Dirichlet boundary conditions are enforced on da)z ,k. We define
localized coarse spaces

Vf€s = s p a n { ^  := A2 -  $ Zik | x  g Mh } c  V.

Definition 2.5 (Local coarse approximation). Given some localization parameter k g IN, the Galerkin approx­
imation of (1.1) and (2.1) reads: Find u|.s g V|s such that

b(u™, v) -  G(v) for all v g

Note that dim I/|s = |Nh I = dim VH i i.e., the number of degrees of freedom of the proposed method (2.4) is
the same as for the classical finite element method on the coarse mesh Th , or more generally, the same as for
the initial coarse space Vc s . The basis functions of the multiscale method have local support. The overlap is
proportional to the parameter k. The error analysis of Section 3.2 shows that the choice

k~  21og(H“1) + j lo g ( ^ )

suffices to preserve the desired linear convergence in H .

2.5 Alternative Localization Techniques

A modified technique for localization is presented in [15]. Define element patches of k-th order a)T,k about
TGTnby

T,
0)r,k := |J{T  g Th  I T n (i)T,k-i t  0} for all k = 2,3, 4 , . . . .

Define localized finescale spaces

V l s ^ T,k) := {v e V s I v|ß W jk  = 0}, r  e  ‘Th ,

by intersecting 7 fs with those functions that vanish outside the patch a)T,k . The corrections are then com-
puted in a two-step procedure. First, for any element T g Th  and for any y g Mh (T) := N’h  a  T, compute
$T,y,k € Vfs(car5jt) as the unique solution of

b(jpT,y,k, w) ~ (AVAy , Vw)L2(r) for all w g Ffs(<uT>k). (2.5)
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For any node z e 0%, the corrector of kz  is then defined byt/W •= *pT,yf k- (2.6)
The local problems in (2.5) are independent of each other and maybe solved in parallel. However, in contrastto the localization of Section 2.4, the computation of the final correctors (2.6) requires communication amongneighboring nodes. This two-step technique preserves the partition of unity property of the original basis in
Vh  and, hence, yields slightly improved error bounds (cf. Remark 3.4) when compared with the localizationdescribed above. The improved accuracy has also been observed in numerical experiments (cf. [15]). Moregeneral localization techniques with similar properties are discussed in [14]. Nevertheless, with regard to thealready very technical error analysis of this paper, we will not include this improved localization strategy inour theory.
3 Abstract A Priori Error Analysis
In this section, we study the error of the coarse scale approximations of Definitions 2.3 and 2.5 under theabstract assumptions (QI1)-(QI4) on the underlying quasi-interpolation operator J#.Here and throughout this paper, the notation a < b abbreviates a < Cb with some multiplicative constantC > 0 which only depends on the domain 0 and the shape regularity of underlying finite element meshes. Weemphasize that C does not depend on discretization parameters or on the coefficient 4 . Furthermore, a -  babbreviates a < b < a. For parameter-dependent inequalities, n(() < b(ty means that there exists a uniformconstant C > 0 so that a(£) < Cb(£) holds for all parameters £ c S, where the parameter set S will always beclear from the context.
3.1 Error Estimates for the Global Basis

The following lemma shows the potential of the coarse space F cs and the corresponding coarse approxima­tion uc s .Lemma 3.1 (Error of the global method). Letu^ e Fso/ve (2.1) and ucs e I/c s so/ve(2.4). Under the conditions(QI1)-(QI3), we have M 1/2V(uft -  uc s)||p(Q) 2 Cqip« ”1/2||Hg||L2(ß ) .
The estimate remains valid when Uh Is replaced with the weak solution u e V of (1.1).
Proof The proof is almost verbatim the same as in [21, Lemma 3]. Let e Uh -  Galerkin orthogonalityand the Cauchy-Schwarz inequality for sums yieldM 1/2Ve|||2(Q) = b(u, u -  uc s) = G(e) < £  llgl|p( r )||e||L2( r ) .
Galerkin orthogonality also implies that e is h-orthogonal to the coarse space I/cs and, hence, that e e Vfs .Thus, due to (QI3), for any T e Th ,lle llm  = lle-Jnellpcr) < a 1/2lW /2(e -  3H e )h im  < « 1/2Cqipf fM 1/2Ve||/2(W r).Substituting this in the above bound and summing over T e completes the proof. The constant hidden inthe < notation depends on the amount of overlap of the patches o j t > □Note that the constant CqiP appearing in the error bound of Lemma 3.1 can depend on the contrast if J# isnot chosen properly; see also Section 4.1 for a related discussion.
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3.2 Decay of Global CorrectorsThe following lemma is the key result of the paper.
Lemma 3,2 (Decay of global correctors). Let (QI1)-(QI4) be satisfied. For any node z g Nn and for any k g N ,
the correctors fiz satisfy the estimateM 1/2V^ 2 ||L2(ß \Wz l) < exp A  *  ) ||A1 / 2 || 1,2(Q)

' t qip t q ip /

with constants CqiP , Ckp from Assumption 2.1.

(3d)(3.2)(3.3)

Proof. Let z g j Lh  be arbitrary but fixed and, for convenience, define (p := fiz and a)k := wZfk. Define cut-offfunctions (kj : 0 -> [0,1] g Vk1 ,o o(0) for j  = 1 , . . . ,  k -  1 such that( C y ) !^  -  0,
(Cfc,j) lß\tük “  1?l lv a ,;M r )  5 (jH-rY1 for all Te Th .Our particular choice of (k,j is continuous and Tn-piecewise affine with nodal values0 for y g Mh  A a)k-j,1 for y g a  (0 \ a)k),

j  for y g X h  A d£U/c„j+m and m = 0 ,1 , 2 , . . . , j .The cut-off function ( y  allows to estimateH 1/2v</’l^(üW) *  V 0)p ( ß W .;) = { A W ? ’ -  W W ,  v a .jM o v ^ ) . (3.4)Let Ih : F A C(Q) —> F& denote the standard nodal interpolation operator with respect to the fine mesh 3 .̂Due to (QI4) there exists a v g F fs (Ü \ cuk-j) such that Jh (v ) equals the coarse finite element functionc VH . Introducing this into (3.4), expanding and applying the Cauchy-Schwarz inequalityyields H 1̂/2 HA1/2 _  f ft« fc J0))||£2(ßXö?w)
+ \(AV<p, -  v))i 2 ( ß W  ,} | + M 1/2V0||L2( ß W .) U 1/2V v ||L2(ß^ k+ ||0A1/2 VOtjIlz2(ß\wk_pl|d1/2V0||L2(ß\Wk_.)=: M i + M 2 + M 3 + M 4 . (3.5)The four terms on the right-hand side of (3.5) are bounded separately as follows.

Bound for M i. Recall the (local) approximation and stability properties of the nodal interpolation operator
Ih (in unweighted norms), i.e.,IIV(v -  Ih v)||£2(f) < ht IIV2v||L2(f) and ||VIh v\\i2(t) < IIVv|ty2(f),for all polynomials v on some element t g Since (k,j$ is T/j-piecewise quadratic polynomial, this leads to||241/2 V « jtj 0 - / ft« u </>))|||2(ü) <

te7h

i  X  i ^ i i i “ ( t)^ ? iiv 2 ( a , ^ ) i i | 2 a )

In the last step above, we used (2.2) and (3.1)-(3.3), as well as the trivial bound ht < H. In summary, thebound for Mi reads
M ^ r ’ M v ^ ^ i i 2 , ^ ^ .
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Bound fo rM 2 . The function v was chosen so that (h ((k j$ )  -  v) c V f s . In conjunction with (2.3), this impliesthat
m 2 = |(av a2 , - v))I2(n)| = o,because the intersection of the supports of kz  and Ih -  v has measure zero.

Bound for M 3 . Due to (QI4) v satisfies the estimate
u 1/2vviip{ß W j) < c;ipu 1/2vjH«M </>)iip{Q WSince 0  e Vfs (i.e., '[̂ Kp -  0) and 0  -  w e  have

0 = = ^nIh<P -for all constants IT| 1 J  C tjd x  with T e Th - Using again (QI3), (2.2) and (3.1)-(3.3), and recallingthat = 0, this implies
M1/2^ ( fe 0 ) ll22 ( ü w .)

S C ^ C ^ \ \ A ^ m k ,j - <itJ)0)llL2(ßWH_l)

* C C  Z  (IKw - +
Te7H :TcO \a)^j^The bound for M 3 now follows by applying Poincare's inequality, the approximation property (QI3) of J H ,and the property (33) of

Bound for M^. Similar arguments as before, based on = ° » the approximation property (QI3) of Jn , andthe property (33) of ( y , lead to the following bound:
Mt, < CqipjThe combination of (33) and the bounds for M i , . . . ,  M 4 readily yields

< c2
ipc'ipr i u i /2v0iiP (0^ k . .2).A sufficiently large enough choice of j  ~ Cqip Cqip now establishes the following contraction:

M 1 /2 V0||t 2(Qw )  < e x p ( - l)U 1 /2 V0||t 2( Q W _._3). (3.6)We emphasize that the choice of j  is independent of k, as well as of the mesh sizes H  and h. If the constantsCqip and Cqip in Assumption 2.1 are independent of A , then so is j .Repeated application of (3.6) with k replaced by k -  j  -  2 yields
U 1 /2 V0||L2( Q W )  < exp( j  )||A1 /2 V0||L2 (O}'

This is the assertion of the lemma up to rephrasing the decay rate in terms of k, CqiP and Cqip , and up to hidingfurther uncritical constants in the “ <” notation. □
3 3  Error Estimates for the Localized Basis

The error estimate for the localized method from Definition 23  now follows from the global error bound ofLemma 3.1 and the decay property of the global correctors established in Lemma 3.2 via some algebraicmanipulations.
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Theorem 33  (Energy-error estimate for local coarse approximation). If (QI1)-(QI4) are satisfied with con­
stants Cqip -  C' i ~ 1 independent of A, then there exists c -  1 such that

U 1 /2 V(u -  u“ ) ||p {ß) < | | ^ 2 V(u -  u /,) ||p {ß) + a - 1 / 2 ||Hg||L2(ß ) + 1 /2 H ’e cfc||g||,/ no).

If, moreover, k > ±  log(|) + |  log(|), then

U 1 /2 V(M -  uc
fc

s ) ||p (Q) < U 1 /2 V(M -  u h )||L2( ß )  + ß - 1 /2 H||g||p(ß). (3.7)

Proof The proof of [21, Theorem 10] applies almost verbatim to the present setting. We simply replace the
contrast-dependent decay of correctors in [21] by our sharper contrast-independent result from Lemma 3.2.
Moreover, the proof of [21] involves several applications of the norm equivalences (1.2) followed by L2 -
approximation and stability properties. This leads to contrast-dependent constants in [21] but can be avoided
here by using the approximation and stability in the 21-weighted £2-norm (QI3) directly. However, the con­
trast enters our proof via an inverse estimate and leads to the multiplicative constant yfß/a in front of the
exponentially decaying factor e'"d<. Finally, this large constant is compensated by choosing k appropriately,
as stated. □

Remark 3*4 (Improved estimates with modified localization). The modified localization of Section 2.5 al­
lows to remove the constant FT1 in front of the exponentially decaying factor in Theorem 3.3 so that
k > ™ log(|) + I  log(™) suffices to establish the bound in (3.7).

4 Examples of Quasi-lnterpolation Operators

In this section we recall old and introduce new interpolation operators to be used in the framework presented
in Section 2.

4.1 ^-Independent Quasi-lnterpolation

Previous papers (cf. [13,15 , 21]) considered a Clement-type (quasi-)interpolation operator FH pre­
sented in [5]. Given v c F, define a (weighted) Clement interpolant

Jh V := £  P h v )U)ä 2 with nodal values (Jh v )(z ) :=
(1 ,4 )

for z  e Xh .

Note that the fine-scale space Ffs can then be characterized as lAorthogonal complement of Vh in F^. The
operator Jh does not depend on the coefficient >1 and satisfies (local) approximation and stability properties
only in unweighted norms [5]. In particular, there exists a generic constant C depending only on the shape
regularity of the finite element mesh Th  such that, for all v e F and for all T e Th ,

H /lIV  “  + ||V(V — J7jV)||z,2(r ) < Cqip||Vv||L2(£ d r).

As shown in [21], this property suffices to establish an optimal a priori error bound for the global version of
the method (cf. Definition 2.3):

U 1 /2 V(u -  u c s ) ||p (fl) < ||A1 /2 V(u -  uA)||P ( ß )  + a 1 / 2 IIHgllp( f i ) . (4.1)

This error estimate does not depend on the upper spectral bound ß. Hence, the reliability and accuracy of the
global version of the method do not suffer from high contrast. Despite its large computational complexity,
the approach may be relevant for upscaling to very coarse meshes, where localization has anyway no effect.
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A further improvement in terms of accuracy -  and, hence, in terms of the complexity to fall below agiven error tolerance -  can be achieved by substituting J h  by the modified partition-of-unity-based Clementinterpolation operator J h  presented in [4]. Given v e 7 , we define
J h v  := > with V W  := Az (x)XzeN„ Az(x)

Since [Az  : z  e N j j } forms a partition of unity up to the boundary, the term a 1|,2||Hg||f,2(ö j in (4.1) can bereplaced by data oscillations / \ 1|?2( I i i H ( g - g < (Wz))
with some weighted averages g2 of g  on the nodal patch a)2 i z e N h ; we refer to [4, Section 2] for details. Fur­ther smoothness of the right-hand side g  e then leads to quadratic convergence of the global methodto the reference solution independent of contrast.For both operators, localization of the corresponding global basis is possible even for high-contrast co­efficients. However, the theory strongly requires (QI3) and (QI4) to be satisfied with constants independentof the contrast and this is not the case in general. Although its performance in the numerical experiments ofSection 5 is encouraging, the question whether or not the localized version of the method with these classicalquasi-interpolation operators is reliable for high-contrast coefficients remains open.
4.2 A New Quasi-interpolation Based on A-Weighted L2 Spaces

This subsection suggests a new quasi-interpolation operator based on A-weighted averages. For this opera­tor we will identify a class of coefficients (with possibly high contrast) that allows us to verify the conditions(QI1)-(QI4) (see Sections 4.3-4.5 below). In particular, this operator allows for contrast-independent con­stants Cqip and Cqip in (QI3) and (QI4), respectively.The analysis is technical. To get the main ideas across, we will only consider the case of scalar coefficients,i.e. A = alrf.Here,/^ isth ed x d identity matrix and a e £°°(O)w ithu < a(x) < ß, for almost all x  e Ü. We willfurther assume that the coefficient function a(x) is piecewise constant with respect to T£ , for some h < e  < H ,i.e., we assume that a(x) = aT for all r  e T£ . Strictly speaking it is not necessary that the grids T£ and Thare nested but it simplifies the presentation. We assume that T£ is obtained by uniform refinement from Th .Similarly, T& is obtained by uniform refinement from T£ , and thus from Th . The extension to isotropic ormildly anisotropic tensor coefficients, as well as to coefficients that vary mildly (i.e. with benign contrast butpossibly rapidly) within each of the elements r  e T£ is also straightforward (see [24] for details).The quasi-interpolation operator is now a coefficient-weighted generalization of the Clement-type oper­ator presented in Section 4.1 above.
Definition 4.1 (A-weighted quasi-interpolation). Given v e F^, we define_  L avAz  dxy  J h v (z )A2 with J H v(z) := f  — . (4.2)V V d xNote that the fine-scale space F fs can then be characterized as orthogonal complement of VH  in Vh withrespect to the A-weighted L 2 -scalar product.
4 3  Characterization of Feasible High<ontrast Coefficients

To satisfy the conditions (QI1)-(QI4) for J h  from Definition 4.1 with constants independent of contrast weneed to make a further assumption on the type of coefficient distribution. To this end, for each vertex z  c X h ,let a)z  = interior(supp(A2 )) and, for all T e TH , set ü)t  :=
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Assumption 4.2, We assume that there exists a generic constant Cp, independent of the contrast ß/a, suchthat one of the following two Poincare-type inequalities holds for all v g Vh and for all T g Tj j :inf f n ( v - c ) 2 dx < CpH l f a|Vv|2 dxcclR J J
or n dß 0 and j  av 2 dx < CpH| j  a|Vv|2 dx.

0JT 0JTSince any function v g Vh is zero on the boundary d Q, the existence of a constant is guaranteed for any strictlypositive and uniformly bounded coefficient a(x) by applying the standard Poincare and Friedrichs inequali­ties on each of the subregions o j t , Whether Cp is independent of the contrast ß/a depends on the coefficientdistribution.
4.4 On Quasi-Monotonicity

To describe the link between the local coefficient variation and the weighted Poincare inequalities in Assump­tion 4.2 in more detail, let us consider a generic coarse element T e '7h >We first generalize the notion of quasi-monotonicity coined in [7] by considering the following three di­rected combinatorial graphs: = (W , £ ^ ) , k = 0 ,1 , 2, with N t  = {t  g : r  c  o ^}. The edges are orderedpairs of vertices. To define the edges we now distinguish between three different types of connections.
D efinition 4 3 .  Let k g {1, 2 ,3}. The ordered pair (r, r') is an edge in if and only if yT^  = r  n M is anon-empty manifold of dimension bigger than or equal to k and a T < a Tf, The edges in 8 ^  are said to be of
type-k.Quasi-monotonicity is related to the connectivity in these graphs. Let r* = argmaxr e Ä rr a T , i.e. an element inN t  (not necessarily unique) where the maximum of n(x) is attained o n w r
D efinition 4.4. The coefficient a is type-k quasi-monotone on a)T if, for any vertex r  e there exists a pathfrom t  tor* in 3 ^ .Obviously c c and so type-k quasi-monotonicity implies type-(k -  1) quasi-monotonicity. Thecoefficients in Figure 1 (a)-(c) are examples of quasi-monotone coefficients of type 2, 1 and 0, respectively.The coefficient in Figure 1 (d) is not quasi-monotone.The following lemma summarizes the results in [24]. It relates the existence of a benign constant Cp inAssumption 4.2 that is independent of ß/a directly to quasi-monotonicity. The way in which Cp depends onthe ratio H/h depends on the type.
Lemma 4.5. I f  a is type-k quasi-monotone on u)t  for all T g 7nand forsom e0 < k < d -  1, then Assumption 4,2
holds with 1 fo rk  = d - 1 ,1 + lo g ( j)  fo rk  = d -  2,j  fo rk  = 0 when d = 3,Quasi-monotonicity is a necessary condition. If the coefficient is not quasi-monotone on m-p, then there existt , r z € N t  with a r  > a r ? such that Cp > a r /ar f (cf. [24, Proposition 2.11]). The coefficient Cp will in generaldepend on the geometry and topology of the coefficient variation. In particular, it depends on the ratio H/e .Restricting ourselves to type-(d -  1) quasi-monotone coefficients, it is shown in [24, Section 4] that1 for d = 1,1 + log(~) ford = 2,™ ford = 3.
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figure 1. Quasi-monotone coefficient distributions of type 2,1 and 0 in (a)--(c)} respectively.
A darker color indicates a larger coefficient. A typical non-quasi-monotone coefficient is shown in (d).

The bounds are sharp and they are attained when a r «  aT* forallr c Mr with r  ± when the coefficient
is high in only one element r* e Mp.

4.5 Verification of (QI1)-(QI4) for ̂ -Weighted Quasi-lnterpolation

To verify conditions (QI1)- (QI4) for the 4 -weighted quasi-interpolation operator in Definition 4.2 we need
the following two technical lemmas. For the remainder of this section, we assume that ß/a »  H/e , i.e„ we
consider high-contrast coefficients that do not vary too rapidly relative to the coarse mesh size FL

Lemma 4,6 (Weighted inverse-type estimates). Let T e 7# and v h  £ Vh - Then

G X“ 1 fa d x j a|vH |dx, (4.3)
T T

a x-1/2 ,7a d x j  ||a1 /2 vH ||L2( r ) (4.4)
T

with constants Cmv,i ~ Cinv,2 -  O(H/e ) that are independent of the contrast ß/a.

Proof. Let || v h IIl °°( t ) > 0. Otherwise the results are trivial. Now, set v h  *= IIv h ||L^ r j v h . Since v h  is linear on T
and equal to 1 at least at one of the vertices of T, it follows from simple geometric arguments that

f E f ?IvH \dx > IrI and I dx > -77 |r| for all r e with r c T,
J H J H£
T T

as for classical inverse estimates. The implied constants depend only on the dimension d and are independent
of the coefficient or of any geometric parameters.

Multiplying each of these inequalities by ar and summing over r  e with r  c f  we get

j  a\vH \dx > ™ j  a dx and j  avjj dx > j  a dx

T T T T

which implies the two inequalities (4.3) and (4.4). □



592 D. Peterseim and R. Scheich I, Numerical Upscaling at High Contrast DE GRUYTER

Figure 2. Construction of a suitable function for Lemma 4.7 in one dimension.

Lemma 4 J *  Let Assumption 4,2 hold and let h < e  be sufficiently small, Then, for every z c N#, there exists a
function qz  e Vh such that supp(i?2) c (j)z , 2>h 4z  -  A2 andh 1/2W l p (r5 < Cb a se||a1/2VA2 ||L 2(r) for all T e 7H . (4.5)
The constant Chase = O(H2 /e 2 ) is independent of the contrast ß/a.

Proof We will only give a proof for d = 1. The proof in higher dimensions is very technical and not instructive.It suffices to work elementwise and to prove the result by explicitly constructing a suitable piecewise linearfunction ly  that satisfies the required bound.To simplify the presentation we focus on the particular case where a | = ß for some intervals* c Twithdiameter diam(w*) = 2e , and assume that a(x) = 1 otherwise (see Figure 2). This represents in some sensethe worst case scenario. Without loss of generality, we work on the reference element T = [0,1], i.e., H -  1.Let y be the center of co* which by assumption is a vertex of Now, let r^ be the piecewise linear functionthat is 0 at x = 0, hi at x = y and ha at x = 1, as depicted in Figure 2,Imagining a similar construction in the adjoining element containing z, we have c V& and supp(??2) c
coz . The values of hi and ha are chosen such that J h Hz -  A2 . Sincei i  i i0 -  j  akzjr\z dx -  j  n(l -  A2 )t?2 dx -  j  ar[z  dx -  j  akz r[z  dx,o o  o othis is equivalent to 1 1  Ij  akz = j  f lA ^ d x  = j  n^2 dx. (4.6)0 0 0An elementary calculation shows that1 y+s

j  akz dx = j  xdx + O(jS 4 ) = 2y£ + 0(/?4 ),o y~£1 y y+E= I  “ d x +  j ( & 1 l ^  +  * 2 ^ ) d x  +  O(/r1)o y-£ y
2L y ( l - y )  1 - y  Ji y , y+e1 f , . f h ix z , f /, 1 - x  , x - y \  ,-  aA2q2 dx = ------ dx + x [ b i - ------ + b2 ------- jd x  + O ^ “1)

ß j  J y J \ 1 - y  1 - y /o y-£ y£ r 12y2 (1 -  y) + (1 -  2y)2£2 -  3y£ £(3y + 2r) 1 .= 6 l --------------- h m ---------------  1 1 - y  b l \ o , ß  ’ ■
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Due to (4.6), all these expressions need to be equal. We equate the first expression with each of the othersand neglect terms of 0(/?- 1 ); this is justified since we assumed ß~r «  e:(4y(l -  y) -  £)bi + y£b2 = 4y2 (l -  y), (4.7)(12y2 (1 -  y) + (1 -  2y)2c2 -  3y£)hi + ye(3y + 2£)b2 = 12y2 (l -  y). (4.8)This uniquely defines hi and £2* We see that both values are independent of the contrast ß, Subtracting(3y + 2e ) times (4.7) from (4.8) and solving for h i, we gety2 ( 3 - 3 y - 2 f )1 £(2y -  £)Substituting this back into (4.7), we can get an expression for b2 .To finish the proof we need to establish (4.5) and show that Cbase = 0(£ 2) independent of the contrast ß.Since JZ-I-E1 1 f / 1 \ / I \—
Eß 

||a1/2VA2 ||
I
2
2
 
T) 

= -£  J l 2 dx + O
\ß

—
E

 
/ 

= 2  + O 
\

—
ß £J

y-sand

(4.9)
it suffices to prove that the expression in (4.9) is 0 ( f 4 ) independent of ß.First, it is easy to verify that -bi/y takes its maximum at y = £ with a value of (3 -  5e )/£. Second, itfollows from (4.7) that

b2 - b i1 - y 4 . l, \ 4 / 1, \= - ( y - b i )  + — < - ( y - b i ) <e y e 12y2 ( l - y )  <  3_£2 (2 y-e) “  e 2which completes the proof. □Proposition 4.8. Under Assumption 4 2 , the operator Jnfrom Definition 4 2  satisfies the conditions (QI1)-(QI4)
with constants CqiP and Cqip that are independent of the contrast ß/a, hut depend in general on H/e,

Proof, Condition (QI1) is satisfied by definition.To prove (QI2) note that, for any Vh := e Vh, we have
IhVh = X

Here, y (y2)2GNH , Al is the mass matrix with entries := aA2A2r dx, and Dis a diagonal weighting ma­trix with strictly positive entries DZ)Z := akz  dx. Since M  is invertible, the mapping y i-> D'^My is bijective,and so the linear map Jh is an isomorphism from Vh  to Vh-The proof of (QI3) is analogous to the proof of [29, Lemma 4.1]. Let v/, c V & and let T c Th * Note first that
(J //V ft(z ))2 < j ß aA2 dx ’

Since A2 < 1, this implies
[ a(3H vh )2 dx < £  — T ~ T ~  [ a C  dx < | avh

2 dx
1 JQ aA2 dx J 1

(J y

(4.10)
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and consequently j  a(vh -  JHVh)2 dx g j  av2 dx. (4.11)
TSimilarly, f 0 V- [n aV2A2 dx f _

a\VJH vh \2 dx < ¥  — ------- a|VA2 |“ dx.
I Z t L ^ d x  JSince A2 is linear on T, we have | VA2 12 = Ct\z&t

2 for some constant Crfz that only depends on the shape of T,Hence, using the inverse estimate (43) with Vh  = we haveLcz|VA2 |2 dx L n d x  7
]
C
a

 
aA
, 

z

, < ct >z Ht
2 3! < Ct,zHt

2C-^.
dx ]T ahz dxSince Xz < 1, we can conclude from (4.11) thatJ a|V3H vA |2 dx < Cinv>iH r 2 j  av^dx. (4.12)

TNow, if T is such that n dQ = 0, then {A2 } forms a partition of unity on cop and thus ‘Jh preserves con­stants. Consequently, (4.11) and (4.12) remain true if we replace v̂  byv^ -  Vh -  c on the right-hand side. If Tis such that dcor n dO f  0, we set Vh = In either case, we can apply Assumption 4,2 to bound av^ dx.The bound in (QI3) then follows from (4,11) and (4,12) by summation over all T c Th *The constant in (QI3) satisfies CqiP < y/Cp Cinv,i- In the worst case, for d -  3, we have CqiP -  O(H/e ). Infact, the factor VCinv i only appears in the bound of the energy error, not in the £2 -part in (QI3). The £2 -partin (QI3) can be bounded with a constant independent of H/e in one dimension and the constant only growslogarithmically with H/e in two dimensions.For (QI4), we proceed as in the proof of [21, Lemma 1]. In Lemma 4.7, we already proved (QI4) for anynodal basis function A2 , z e X h * To prove (QI4) for an arbitrary vh *= 1Lẑ h v h(z)A2 c Vh we chooseVft = Vff + Y  (v w(̂ ) -  3hvh (z))iiz € Vh ,

where g Vh is as defined in Lemma 4.7. With this choice of v ,̂ it follows immediately that = vh andsupp Vh c supp Vh .Recall that IVAJ2 = Ct,zHt
2 on T and use the inverse estimate (4.4) together with (4,5) to conclude that||tz1/2Vv/I ||2? ( r )  < l|iZ1/2VvH ||p(r) + £  \vH ( z ) - J H vH (z)\2 h 1/2V^2 ||22 (n

zeT

< | |a 1 / 2 VvH ||2 2 ( r )  + Y  \v h(z) ~ ̂ hVh(z)\2 Cbasef [ a(x)}cT,z H^2

zeT t 2£ + C2nv,2 Cb a s e H r 2 ||a1/2(vH  -  J H vH )||22 (n
~ Qnv.zCjaseCp ll«1 / 2 •The last step follows as in the proof of (QI3).Summing over all T g Th , we then obtain the stability estimate in (QI4) with a constant

Cq ip  Cinv,2A/CbaseCp.In the worst case, for d = 3, we may have C îp -  O((H/e )5 2̂ ). □
4.6 Alternative Quasi-lnterpolation OperatorsThe interpolation operators above are associated with L2 -projections and A-weighted L2 -projections ontoclassical finite elements. Those projections are global operators. We will now consider local projections. In[3, 11, 26], local projections turned out to be superior over the (weighted) L2 -projections and their corre­sponding non-projective quasi-interpolations.
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Definition 4.9. Given v e Vh andz e 3%, let TLv c be defined byj  a K v W ffd x ^  j  avw ffdx forallw n c Vh Lm  (4.13)
£dz (i)zi.e., the weighted /^-projection of v onto the coarse finite element space restricted to the nodal patch a)z . Theglobal 4 -weightedprojective quasi-interpolation operator is then defined as:= X  Tz v(Z )Az .

Since J^ro,’Ä is a projection, (QI2) and (QI4) are satisfied trivially here with CGp = 1. Assumption (QI1) is alsosatisfied by definition. Assumption (QI3) can be verified as in the proof of Proposition 4.8 for 3h  with a con­stant Cqip that is independent of ß/a but does depend on H/e  again. The key observation for the proof of(QI3) is that the local mass matrix Mz associated with the patch coZ i with entries Mz ;q ^ := £ , a Â  A  ̂dx, isspectrally equivalent to Dz  := diag(Af2 ). Let Nz := dim(Vh \ojz )> Then this means thatPmin,2WT£Lw < w TMz w < y maX;Zw T Dz w  for all w e IRA\  (4.14)which in turn guarantees that('Kv(z))2 j  a Aj dx < j  a (K v)2 dx < z j  a v2 dx
and allows to establish a bound akin to (4.10). The remainder follows as in the case of Ifo.Crucially, we require that z in (4.14) can be bounded independently of ßja. Note that pmins2 is alsothe smallest eigenvalue of Dz

1M2 . As in the proof of Lemma 4.7, we restrict ourselves to a special case in onedimension. Let d = 1 and let a>* c a)z with diam(aT) ~ 2e . We consider = ß and a(x) = 1 otherwise, asdepicted in Figure 2. Without loss of generality, we assume that c T for one of the two elements T makingup a)z  and that H -  1 again. An elementary calculation shows that
Mz = 2ßE

(1 -X ) 2 + t  + 0 (^ )y ( l - y ) - f +  0 (^ ) y ( i - y ) - T  + o (^ )+ f +  o ( i )
1

12/?£

0
1

12ße
1
6ßc0

Considering first y »  e and 1 -  y »  e and ignoring terms of O (^) and 0( — w e  get
1X y £2 n

1 y 3 (l-y )3

Nr
 
1

& Nt II 1-y _  jP_
y 3y3 1 00 1

2 1The eigenvalues of Dz
l Mz  satisfy

0 ~ det(/d -  D ^M ?) = ( y -  1)(y 2 - 2 y  + _____ }3y2 ( l--y ) 2 /leading to £2=  6y2 ( l - y ) 2which is independent of ß. For y 0(e)or 1 - y  = 0(e ), it is even possible to bound y d n 7 independently of e .In the numerical experiments of Section 5, we will also consider the non-weighted variant J^10) that isdefined in the same way with classical £2 -inner products (i.e., a = 1) in (4.13).
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Figure 3. Uniform triangulations of the unit square used as coarse meshes in the numerical experiments of Section 5.

5 Numerical Experiments

Three numerical experiments shall illustrate our theoretical results and illuminate their sharpness and limita­tions. Numerical experiments with highly oscillatory and high-contrast coefficients have already been docu­mented in [12-15, 21], While those results were based on the classical coefficient-independent interpolationdefined in Section 4,1, this section considers several choices of interpolation operators and investigates thepossible benefit of using the 21-weighted interpolation operators of Sections 4,2 and 4,6 when high contrastis present.
5.1 High-Contrast BlocksThe first model problem considers a two-phase coefficient with simple topology. The precise data of the firstmodel problem is as follows:Q := ( 0 ,l ) 2 ,fo rx € [0, |)  x [0 ,1],forx € [1,1] x [0 ,1],fo rx € [ | | ,  x [ ^ ,  |1] u [ ^ ,  11] x [ A ,  19],elsewhere,

0gW 1
ß1Since 21 takes only the values 1 and ß, parameter ß > 1 reflects the contrast, We consider ß = 1 , 1 0 , , , , ,  106 ,The numerical experiment aims to study the dependence between these choices of the parameter and theaccuracy of the numerical methods,Consider the uniform triangular coarse meshes on 0 with mesh widths V2H = 2 1 , , , , ,  2 6 , as depictedin Figure 3, The reference mesh 7  ̂ is derived by uniform mesh refinement of the coarse mesh and has max­imal mesh width h = 2“ 8 / V2, The corresponding Pl-conforming finite element approximation on the refer­ence mesh '7h is denoted by We consider the reference solution Uh e Vh of (2,1) with the above givendata. We compare it with coarse scale approximations u f  e Vfs (cf, Definition 2,5) for various choices of thecoarse mesh size H t the localization parameter k and the underlying quasi-interpolation operator J j j , We con­sider four different quasi-interpolation operators: the 21-independent variant J# defined in Section 4,1, the21 -weighted version from Definition 4,1, the A -independent operator with projection property definedin Section 4,6 and its A -weighted variant l^r o b Ä ,The results are visualized in Figures 4 and 5, Figure 4 shows the relative energy errorsM 1/2V(uA -  u“  n )||

as a function of the coarse mesh size H , for several choices of the contrast parameter ß = 1 , 1 0 , ,  106 .Thelocalization parameter k is tied to H  via the relation k = k(H) = |log2 H\ + 1 (without any dependence on jß).
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H (log)

(a) Results for J#. (b) Results for

(c) Results for jPro’ .

Figure 4. Numerical experiments for Section 5.1: Results for high-contrast blocks with several choices of the contrast
parameter ß as a function of the coarse mesh size H. The reference mesh size h = 2- 8  is fixed. The localization parameter
is tied to the coarse mesh size via the relation k = |log2 H\ + 1.

For all choices of interpolation operators, only a very mild dependence on ß can be observed. In particular, all
errors are below the reference curve H. Asymptotically, the experimental convergence rate JF /2 is observed.
This high rate is related to certain L2 - or £ 2 (A)-orthogonality properties of the interpolation operators as
indicated in Section 4.1.

Figure 5 aims to illustrate the role of the localization parameter. It depicts relative energy errors

||AV2V (U/I _ Uc y | |

IIA1/2 ? « !  ?

again as a function of the coarse mesh size H, for fixed contrast ß = 106 and for several choices of the localiza­
tion parameter k -  1, 2 , 3 , . . . ,  8. For comparison, we also show relative errors of the standard conforming
Pl-FEM on the coarse meshes. We observe a much faster decay of the error when k is increased for the meth­
ods that are based on A-weighted interpolation. For these methods, a fixed choice of k = 2 or k = 3 already
gives very good accuracy for the range of coarse meshes considered. For these small choices of k, the methods
based on A-independent interpolation are strongly affected by the high contrast. They are more accurate only
for sufficiently large k.
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Figure 5. Numerical experiments for Section 5.1: Results for high-contrast blocks with contrast parameter ß = 106 as a function
of the coarse mesh size H. The reference mesh size h = 2- 8  is fixed. The localization parameter k is varied between 1 and 8.

5.2 High-Contrast Channels

The second model problem repeats the previous computations for a different two-phase coefficient. The pre­cise data of the second model problem is as follows:O (0 ,l) 2 ,
gU) := 0 for x  e [0, |) x [0,1],1 forx  e 1] x [0,1],

4(x) = A(xn x 2 ) := Ai (%i , x 2 ) + 4 i (x 2 } Xi ),

4 i (x ) :=
ß/21 forx € [ ^ ,  x [-b, j|]  u [ | f ,  22] x [-b, | | ] ,elsewhere.Again, the parameter ß > 1 reflects the contrast. The numerical experiment aims to study again the accuracyof the numerical methods and its dependence on this parameter.
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(a) Results for J#. (b) Results for

(c) Results for jPro’ .

Figure 6. Numerical experiments for Section 5.2: Results for high-contrast channels with several choices of the contrast
parameter ß, as a function of the coarse mesh size H. The reference mesh size h = 2- 8  is fixed. The localization parameter
k = Ilog2 H\ + 1 is tied to the coarse mesh size.

Apart from the coefficient, the experimental setup is exactly the same as in Section 5.1. Figures 6 and 7
show the results. The observations for the operators J™ , and 3^°b '4 are similar as before. The unweighted
choices deliver more accuracy for sufficiently large localization parameter, whereas J™ ’4  is significantly
more efficient for small k, On the other hand, the operator performs much worse in this experiment. On the
coarse meshes that do not resolve the coefficient, it requires a much larger choice of k than the other operators
to be accurate. We emphasize that this effect does neither contradict our theory nor does it explain it. However,
it clearly shows that the choice of interpolation operator has a large impact on the actual performance of the
methods, motivating further development and analysis of such operators.

5.3 Rough Coefficients with Multiscale Features

Let Ü := (0, l ) 2 be the unit square. In this third problem, the scalar coefficient A is piecewise constant with
respect to a uniform Cartesian grid of width 2”6 (see Figure 8). Its values are taken from the data of the SPE10
benchmark, see www.spe.org/web/csp/. The coefficient is highly varying and strongly heterogeneous. The
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Figure 7. Numerical experiments for Section 5.2: Results for high-contrast channels with contrast parameter ß f as a function of
the coarse mesh size H. The reference mesh size h = 2- 8  remains fixed. The localization parameter k is varied between 1 and 8.

contrast in A  is large, i.e., ß/a ~ 4 • 106 . This coefficient is certainly not quasi-monotone with regard to thecoarse meshes considered here. The right-hand side term reads8 fo r*  e [0, |]  x [0, |]  U 1] x [ | ,  1],g(x) = 4 4 4 40 elsewhere,
Consider uniform coarse meshes for Ü of size y/2H = 2“ 1 , 2~2 , . . . , 2” 6 (cf. Figure 3), Note that these meshesdo not have to resolve the rough coefficient A  appropriately. Again, the reference mesh 7  ̂ has width
h = 2“8 /V2. We compare the reference solution Uh -  the P l  conforming finite element approximation onthe reference mesh 7/, -  with coarse scale approximations. We study their dependence on the coarse meshsize H , on the choice of the interpolation operator and on the localization parameter k. Figure 9 depicts theresults.Here, the methods based on unweighted interpolation perform significantly better than the methods withA-weighted interpolation. This superiority could be related to the approximability properties of the globalbases. Note that, for non-quasi-monotone coefficients, the constant in Lemma 3.1 may depend on the contrast
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Figure 8. Scalar coefficients used in the numerical experiment of Section 5.3.
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Figure 9. Numerical experiments for Section 5.3: Results for SPE10 data depending on W. The reference mesh size h = 2 8

remains fixed. The localization parameter k Is varied between 1 and 9.
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whereas the accuracy of the global method based on is independent of ß (cf. equation (4.1)). However, whythis nice property of the J H -based method is also observed after localization remains completely open,To sum up, it can be said that the numerical experiments clearly showed the potential of the generalmethodology for high-contrast problems. They also showed that, in some cases, the decay of the correctorsmay be accelerated significantly by using ^-dependent interpolation operators for the underlying split ofcoarse and fine scales. This is also supported by our theoretical results. However, the theory remains pes­simistic in some cases. It does not yet provide general advice regarding the choice of the interpolation oper­ator along with an optimal choice of the localization parameter.
Acknowledgments We thank Clemens Pechstein for suggesting the alternative, projective quasi-interpolationoperator and providing us with the basic ideas for its analysis.
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