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Abstract: We present a new approach to the numerical upscaling for elliptic problems with rough diffusion
coefficient at high contrast. It is based on the localizable orthogonal decomposition of H' into the image
and the kernel of some novel stable quasi-interpolation operators with local L?-approximation properties,
independent of the contrast. We identify a set of sufficient assumptions on these quasi-interpolation opera-
tors that guarantee in principle optimal convergence without pre-asymptotic effects for high-contrast coeffi-
cients. We then give an example of a suitable operator and establish the assumptions for a particular class
of high-contrast coefficients. So far this is not possible without any pre-asymptotic effects, but the optimal
convergence is independent of the contrast and the asymptotic range is largely improved over other discretiza-
tion schemes. The new framework is sufficiently flexible to allow also for other choices of quasi-interpolation
operators and the potential for fully robust numerical upscaling at high contrast.

Keywords: Finite Element, Multiscale, Upscaling, Computational Homogenization, High Contrast

MSC 2010: 65N30, 65N25, 65N15

1 Introduction

This paper presents and analyzes a novel numerical upscaling technique for the approximate solution of a
prototypical partial differential equation with arbitrary positive bounded coefficients. The focus is on coeffi-
cients A that are strongly heterogeneous, i.e., A may vary rapidly on several non-separated scales. Moreover,
the physical contrast (the ratio between global upper and lower bounds of its spectrum) may be very large.

The precise setting of the paper is as follows. Let Q ¢ RY be a bounded polyhedral domain and let
A e L*(Q, ]ngxlg) be a matrix-valued coefficient with uniform spectral bounds 0 < a < 8 < o0, i.e.,

0(A(x)) ¢ [a, B],

for almost all x € . Given some forcing term g € L?(Q), we want to approximate the unknown weak solution
u of the linear elliptic partial differential equation - div(AVu) = g with homogeneous Dirichlet boundary con-
dition. The function u € V := H}(Q) is uniquely characterized by the variational problem

blu,v) := J(AVu) -Vvdx = ngdx = G(v) forallveV. (1.1)

0 0
The accuracy of standard Galerkin finite element approximations of the unknown function u depends cru-
cially on the regularity of the underlying data, as well as on interior angles of the domain and differentiability
properties of A. On the other hand, even if the data is sufficiently regular so that a certain rate of convergence
is possible, it may be observed only if the width h of the underlying mesh is sufficiently small. In this context,
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the notion “sufficiently small” depends on data oscillations and the contrast in a critical way. For a scalar
coefficient A that oscillates between a and  at some frequency £ ! with & small, for example, the asymptotic
rate of convergence is not observed unless h < &. In addition, even h < (g)’ls is necessary to decrease the
energy error below 100%. This is too restrictive in many interesting cases. We emphasize that this condition
is shaxp for practically relevant right-hand sides g.

We are therefore dealing with pre-asymptotic effects for standard finite element methods and other re-
lated schemes such as finite volumes or finite differences. Due to the high variability of the coefficient func-
tions one requires extremely fine computational grids that are able to capture all the fine scale oscillations and
discontinuities. Hence, the numerical treatment of such equations is expensive in the sense that standard ap-
proaches result in systems of equations of enormous size and, consequently, in a tremendous computational
demand that can not be handled in a lot of scenarios.

This paper presents a new approach for numerical upscaling based on localizable orthogonal decom-
positions (LOD) into a low-dimensional coarse space (where we are looking for our approximation) and a
high-dimensional remainder space. Some selectable quasi-interpolation operator serves as the basis of the
decompositions. The coarse space is spanned by computable basis functions with local support. The basic
methodology was recently introduced in [21] and generalized in [10, 13-15]. For moderate contrast and arbi-
trary oscillatory coefficients this methodology yields approximations that converge to the true solution at the
optimal rate (with respect to the coarse mesh size) without any pre-asymptotic effects. The analysis avoids
the strong assumptions usually made in the classical homogenization framework, such as periodicity or scale
separation.

The promising numerical results in [10, 12, 21] for high-contrast model coefficients are not yet reflected
by the theoretical results for localized bases in those references because the physical contrast 3/a appears to
be a critical parameter. The dependence on /a enters the error analysis via norm equivalences

{/3‘1f2[[A1/2v-[lu <Vl < @ M21A2 g2, (1.2)

BIAY N2 < [l < @ 2IAY e

These equivalences are heavily used to connect variational techniques such as Galerkin orthogonality with
approximation properties of standard quasi-interpolation operators in standard coefficient-independent
Sobolev spaces. The idea of this paper is to circumvent the critical norm equivalences by using coefficient-
dependent quasi-interpolation operators (as, e.g., in [28]) which enjoy optimal approximation properties in
A-weighted Sobolev spaces.

Our multiscale method is fully defined by the choice of the quasi-interpolation operator Jy. We state a
sufficient set of conditions on Jy that will yield approximations u® that converge linearly to u in the energy
norm with respect to the coarse mesh size H, without any pre-asymptotic effects and independent of the
contrast. More precisely, we show that local pre-computations of the coarse basis functions on vertex patches
of diameter ~ H log(H~'+/B/a) suffice to derive the following error bound:

1AMV (u - u®)|12¢0) < CH.

Here, C denotes a generic constant that is independent of the computational grid and depends only on the
constants in the abstract assumptions that we have made on Jy. In particular, if J; can be chosen such that
all the assumptions hold with constants that are independent of contrast and fine scale heterogeneity, then
the convergence is also independent of such pre-asymptotic effects.

Employing (as an example) novel quasi-interpolation techniques related to those analyzed in [28], we are
indeed able to satisfy the sufficient conditions with constants that are independent of the contrast. So far this
is only possible under some conditions on the geometry of the coefficient relative to the coarse grid. Moreover,
the constant C is not independent of H/e and the method is thus not without pre-asymptotic effects, but it
extends the asymptotic regime far beyond that of other methods independently of the contrast. Despite these
limitations this result is the first one beyond heuristics to show that numerical upscaling for certain classes
of high-contrast problems is possible. It may pave the way towards a comprehensive understanding of gen-
eral high-contrast coefficients. In fact, our numerical tests do not show any strong pre-asymptotic effects. We
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shall emphasize at this point that in the LOD framework the coarse basis functions depend on the particular
choice of the quasi-interpolation operator. In that sense, the methods analyzed in this paper differ from those
presented in [10, 12, 21]. Our new theoretical results improve the dependence on g of the convergence rate
and of the scaling of the supports of the underlying basis functions in those papers, as well as in the alter-
native approaches in the literature [1, 2, 19, 22, 23]. The new results apply also to a more general class of
coefficients than the analysis in [6] and [25] which is also independent of g

Our approach belongs to the large class of multiscale methods. These methods typically decouple the
necessary fine scale computations into local parts to decrease the computational cost without suffering from
a remarkable loss in accuracy. Prominent examples of multiscale methods are the Multiscale Finite Element
Method (MsFEM) proposed by Hou and Wu [16] and the Heterogeneous Multiscale Method (HMM) by E and
Engquist [8]. In contrast to our approach, MSFEM and HMM are typically not constructed for a direct ap-
proximation of the unknown solutions but for homogenized solutions and corresponding correctors instead.
Thus, the reliable approximation of the exact solution is up to unknown modeling errors that punish the lack
of proper periodicity and scale separation. Our framework is related to another classical multiscale method,
the Variational Multiscale Method (VMM) proposed by Hughes et al. [17] (see also [18, 27]). In contrast to
MsFEM and HMM, the VMM aims at a direct approximation of the exact solution without suffering from a
modeling error remainder arising from homogenization theory. For connections between the methodologies
we refer to [15, 27]. An interesting extension of the MsSFEM to more general heterogeneous coefficients with-
out assumptions like periodicity and scale separation is the Generalized MSFEM [9].

The remaining part of the paper is structured as follows. Section 2 defines the abstract methodological
framework. In particular, abstract axioms on the underlying quasi-interpolation are formulated that guar-
antee contrast-independent performance of the corresponding method shown in Section 3. In Section 4 we
then present particular examples of quasi interpolation operators that satisfy the previous axioms for certain
classes of coefficients. Section 5 discusses the results and their limitations in the light of several numerical
experiments.

2 An Abstract Multiscale Method

In this section, we propose an abstract multiscale method based on the framework of localizable orthogonal
decompositions. The framework is inspired by the Variational Multiscale Method of Hughes et al. [17] but
takes a very different point of view and follows the specific constructions proposed in [13, 15, 21]. For a
re-interpretation within the stabilization framework of the original VMM, see [27].

The key ingredient is a continuous, surjective and uniformly stable quasi-interpolation operator from
some fine scale finite element space to an initial coarse space V® that has certain L2-approximation properties
uniformly with respect to the contrast. Following the approach in [21], it is then possible to design a new
coarse space that is provably robust even in the high contrast regime. The localization of the basis functions
depends only mildly on the contrast.

2.1 Standard Finite Element Discretization

Let Ty denote a regular triangulation of Q into closed simplices and let H : Q — R.gdenote the 7T H-piecewise
constant mesh size function with H|y = Hy := diam(T) for all T € Tj. Additionally, let T, be a regular trian-
gulation of Q that is supposed to be a refinement of 7. We assume that T}, is sufficiently small so that all fine
scale features of the coefficient A are captured. The mesh size h denotes the maximum diameter of an element
of Tp,. The corresponding classical (conforming) finite element spaces of continuous piecewise polynomials
of degree 1 are given by

Vi = {VH € H%(Q) | (VH)IT isaffineforall T ¢ TH},
Vi := {vn € H}(Q) | (vi)lx is affine for all K € Tp}.
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By Ny we denote the set of interior vertices of Ty (representing the degrees of freedom of the coarse finite el-
ement spaces). For every vertex z € Ny, let A, € Vg denote the associated nodal basis function (hat function)
characterized by the property Ay(z) = 8, for all y, z € Ny. We will also need the vertex patches

w5 :=suppA, = int (U{T eTylxe T})

From now on, we denote by uy € Vj, the classical finite element (FE) approximation of u in the discrete
(highly resolved) space Vp, i.e., up € Vj solves

b(up, vp) = G(vp) forallvy € Vp. (2.1)

We assume that Vj resolves the micro structure, i.e., that the error |u — upllf (o) becomes sufficiently small
by falling below a given tolerance. Moreover, we assume that the contrast relative to the fine mesh T is small
in the sense of

esssup sup M <essinf inf (Av)-v

(2.2)
XET  yeRN{O} v-v XET  yeR4\{0} V-V

forall T € Tp.

2.2 Abstract Quasi-Interpolation

As stated above, the key tools in our construction are an initial coarse space V5 ¢ Vj, with certain local L2-
approximation properties and a quasi-interpolation operator Jy : Vi — V© that is linear, continuous and
surjective. The kernel of this operator is going to be our fine space (or remainder space) V{f.

To simplify the presentation we will for the most part only consider the special case, when the piecewise
linear coarse space Vj; has the appropriate L?-approximation properties. As we will see, this allows us to treat
a very interesting class of highly varying coefficients, namely those that are locally quasi-monotone (in the
sense of [24]). We will comment briefly in Remark 2.2 below on how the framework can be extended also to
other initial coarse spaces and to more general highly varying coefficients.

Thus, from now on we set VS := Vj; and characterize the interpolation operator via some set of assump-
tions that must be fulfilled in order to derive a contrast-independent convergence result for the constructed
multiscale method. Specific constructions are given in Section 4.

Assumption 2.1 (Assumptions on the interpolation). We make the following assumptions on the interpola-
tion operator Iy : Vy — Vp:

(QI1) Iy € L(Vy, Vy) is linear and continuous.

(QI2) The restriction of Jg to Vy is an isomorphism.

(QI3) There exists a generic constant Cgp such that, forall vy € Vyand forall T € Ty,

HA AY? (vh = Jgvi)llzen + 1AMV = Ipviliaen < Caipl A2 VVall 2 )

with wr :=int(UIK e Ty | KN T # 6}).
(QI4) There exists a generic constant C;ip such that, for all vy € Vg, there exists v, € Vj with the properties

!

Ll A2 Vva i ).

Juvh =vi, suppvpcsuppvy and [AY2Vvyllro < C

Some remarks are in order to explain the assumptions (QI1)-(QI4). Linearity and continuity (QI1), as well as
invertibility on the finite element space (QI2) are minimal assumptions that are typically satisfied by Clément-
type operators. Note that Jy does not need to be a projection onto the finite element space V. The conditions
ensure that the concatenation (Jy|v, ) ' 7y always defines such a projection. Condition (QI3) yields the crucial
local approximation (resp. stability) properties in weighted L?- (resp. energy) norms in V., Finally, assump-
tion (Ql4) ensures that any coarse finite element function vy € Vy is the image of some function vy € Vj,
under Jy with smaller or equal support. In other words, there exists some bounded left inverse of Jy that
preserves local supports. This property also compensates the possible lack of a projection property. If I was
a projection, then (Ql4) would be satisfied by choosing v = vg.
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Remark 2.2. More generally, the initial coarse space 7 could be any subspace of Vj, that admits a local basis
AyeeVplzeNgande=1,...,L,}

with (i) L. > 1 basis functions associated with each vertex z € Ny, (ii) supp(f\z,g) C W, (iii) [|;13,e|| o) S 1,
and possibly further conditions such as a partition of unity property; see also [14]. Typical examples in the
context of high contrast would be standard or generalized multiscale finite element functions [9, 16] and the
associated natural quasi-interpolation operators [28]. The natural L?-norm in (QI3) will often also be different
in those cases.

2.3 Two-Scale Orthogonal Decomposition and Global Coarse Space

In this section, we construct a decomposition of the high resolution finite element space Vj into a low-dimen-
sional space V* and some high-dimensional remainder space V'S. As subspaces of V, both V¢ and V'
depend on the fine scale discretization parameter h. Since the choice of h is not the topic of this paper, this
dependence will not be reflected by our notation. Note that the subsequent derivation remains valid in the
limit h — 0 (cf. [20, 21]).

LetJy : Vi — Vg denote aninterpolation operator that satisfies the properties (QI1)-(QI2) from Assump-
tion 2.1. We define V' as the kernel of Ty in Vp, i.e.,

VB = {veVy|Igv=0}

The space V' represents the finescale features in V; not captured by Vy. This definition along with properties
(QI1) and (QI2) gives rise to the decomposition V; = Vy & V.

The key step towards the definition of an appropriate coarse space is to orthogonalize this decomposition
with respect to the scalar product b(-, -) = (AV-, V-);2¢q) induced by the problem. For this purpose, we define
a corresponding a-orthogonal projection P : Vj, — V' as follows. Given v € Vy, define P5(v) € V' as the
unique solution of

b(PS(v), w) = b(v,w) forallw e V5.

The coarse scale space is defined by
VS i= (1- PPy

and yields the orthogonal splitting
Vh=VSe VS with b(VS, VS =o.

We shall introduce a basis of V5, The image of the nodal basis function A, € Vg under the fine scale
projection P is denoted by ¢, = P(A,) € VB, e, ¢- satisfies the corrector problem

b(¢., w) = b(A,, w) forallw e V5, (2.3)
A basis of V is then given by the modified nodal basis

{lfl)z =4 - ¢, |Z€NH}-

Definition 2.3 (Global coarse approximation). The Galerkin approximation u® € V* of the exact weak solu-
tion u of (1.1) and of the FE reference solution up of (2.1) is defined as the solution of

b(u®,v) = G(v) forallve VS, (2.4)

In general, the basis functions 1, have global support Q and their pre-computation involves one fine scale
computation on the whole domain Q per coarse degree of freedom. In this sense, the pre-computation of this
basis is expensive and the corresponding Galerkin discretization (2.4) yields small but densely populated
stiffness and mass matrices. In certain situations, it may still be a reasonable coarsening (see Section 3.1).
Alocal basis may be achieved by localization of the corrector problems. Since the right-hand side of (2.3)
induced by A, has small support, the correctors ¢, show an exponential decay outside of the support of A,.
Hence, we are able to localize the correctors and their computation to local subdomains in Section 2.4.
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2.4 Localized Coarse Space

We approximate the global coarse space V® from the previous section by truncating the corrector problems
(2.3) for the basis functions to local patches of coarse elements, as suggested in [21].
Let k € N be adiscretization parameter that reflects the localization of the finescale computations. Define
nodal patches w; i of k-th order about z € Ny by
Wy =suppA, =U{T € Ty | x € T},
Wk = U{T €Tyl TNwyk 1 #0F fork=2,3,4,....

Define localized finescale spaces
VB(W. i) = {v e V¥ | Vg, =0}, z€Ng,

by intersecting V' with those functions that vanish outside the patch w. .

Definition 2.4 (Local correctors). Local correctors ¢ i € st(wg,k) are unique solutions of
b(¢-x, w) = b(A,, w) forallw e V¥(w, ).

The local correctors ¢, i € st(a)z,k) are approximations of the global correctors ¢, € Vs from (2.3) with lo-
cal support w; ;. Note that homogeneous Dirichlet boundary conditions are enforced on dw, ;. We define
localized coarse spaces

Ve =span{y, k= A, — ¢ | x € Ny} c V.

Definition 2.5 (Local coarse approximation). Given some localization parameter k € N, the Galerkin approx-
imation of (1.1) and (2.1) reads: Find u;® € V§® such that

b(ug,v) = G(v) forallve V'

Note that dim V§® = [Ny| = dim Vy, i.e., the number of degrees of freedom of the proposed method (2.4) is
the same as for the classical finite element method on the coarse mesh Ty, or more generally, the same as for
the initial coarse space V. The basis functions of the multiscale method have local support. The overlap is
proportional to the parameter k. The error analysis of Section 3.2 shows that the choice

k~2log(H") + %log(g)

suffices to preserve the desired linear convergence in H.

2.5 Alternative Localization Techniques

A modified technique for localization is presented in [15]. Define element patches of k-th order wy  about
Te ‘.TH by

w1 = T,

Wr ) = U{T €Ty | TNnwrgq #0} forallk=2,3,4,....

Define localized finescale spaces
VS(wri) = {v e V¥ | Vigyw,, =0}, TeTy,

by intersecting V' with those functions that vanish outside the patch wrk. The corrections are then com-
puted in a two-step procedure. First, for any element T € Ty and for any y € Ny(T) := Ny n T, compute
l])T,y, k€ st(a);r, &) as the unique solution of

b(Pryk, W) = (AVAy, VW)2ery  forall w € Vi(wr). (2.5)
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For any node z € Ny, the corrector ¢ ;. of A, is then defined by

J)z,k = Z J’T,y,k- (26)

yeNuNw,,1

The local problems in (2.5) are independent of each other and may be solved in parallel. However, in contrast
to the localization of Section 2.4, the computation of the final correctors (2.6) requires communication among
neighboring nodes. This two-step technique preserves the partition of unity property of the original basis in
Vi and, hence, yields slightly improved error bounds (cf. Remark 3.4) when compared with the localization
described above, The improved accuracy has also been observed in numerical experiments (cf. [15]). More
general localization techniques with similar properties are discussed in [14]. Nevertheless, with regard to the
already very technical error analysis of this paper, we will not include this improved localization strategy in
our theory.

3 Abstract A Priori Error Analysis

In this section, we study the error of the coarse scale approximations of Definitions 2.3 and 2.5 under the
abstract assumptions (QI1)-(QI4) on the underlying quasi-interpolation operator Jp.

Here and throughout this paper, the notation a < b abbreviates @ < Cb with some multiplicative constant
C > 0 which only depends on the domain Q and the shape regularity of underlying finite element meshes. We
emphasize that C does not depend on discretization parameters or on the coefficient A. Furthermore, a ~ b
abbreviates a < b < a. For parameter-dependent inequalities, a(¢) < b(§) means that there exists a uniform
constant C > 0 so that a(é) < Ch(&) holds for all parameters ¢ € Z, where the parameter set = will always be
clear from the context.

3.1 Error Estimates for the Global Basis
The following lemma shows the potential of the coarse space V and the corresponding coarse approxima-
tion u,

Lemma 3.1 (Error of the global method). Letuy € V solve (2.1) and u® € V solve (2.4). Under the conditions
(QI11)-(QI3), we have
1AMV (up - u™)li20) < Cpa 2 1Hl12(0)-

The estimate remains valid when uy, is replaced with the weak solution u € V of (1.1).

Proof. The proof is almost verbatim the same as in [21, Lemma 3]. Let e := up, — u®®. Galerkin orthogonality
and the Cauchy-Schwarz inequality for sums yield

14Y2Vell?, o, = bu,u-u®) = G(e) < ) gl el
TeTy

Galerkin orthogonality also implies that e is b-orthogonal to the coarse space V< and, hence, that e € V5,
Thus, due to (QI3), forany T € Ty,

leli2ery = le = Imellizen < @ V2IAY? (e - Tge)llar < @ V2 CqpHIAY Vel 20y,

Substituting this in the above bound and summing over T € Ty completes the proof. The constant hidden in
the < notation depends on the amount of overlap of the patches wr. O

Note that the constant Cq;, appearing in the error bound of Lemma 3.1 can depend on the contrast if Jy is
not chosen properly; see also Section 4.1 for a related discussion.
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3.2 Decay of Global Correctors

The following lemma is the key result of the paper.

Lemma 3.2 (Decay of global correctors). Let (QI1)-(QI4) be satisfied. For any node z € Ny and for any k € N,
the correctors ¢ satisfy the estimate

k
llAl/szlJleLZ(Q\wZ!k)SGXP(— 5 )llAl'/zV(l)zllem)
qip ~qip

with constants Cqip, C|

“qip from Assumption 2.1.

Proof. Let z € Ny be arbitrary but fixed and, for convenience, define ¢ := ¢, and wy := w, i. Define cut-off
functions {kj: Q — [0, 1] € Wh°(Q) forj =1, ..., k- 1 such that

((k,j)|a)k_j = 09 (3.1)
((k,l)lﬂ\wk = 1’ (3.2)
V¢ jlloqry < GHr) ™! forall T € Tp. (3.3)

Our particular choice of ¢y ; is continuous and Ty-piecewise affine with nodal values

0 forye Npnuwyj,
Gj(V) =41 fory e Ngn(Q\ wy),
m

; fory e Npnowg jymandm=0,1,2,...,j.

The cut-off function { j allows to estimate
1AV I 010 < AV, VD210, ) = (AVD, V(i) 2@\wnp) — (DAY, Vi) 2w . (B3-4)

Let Iy : V n C(Q) — Vj denote the standard nodal interpolation operator with respect to the fine mesh 7.
Due to (QI4) there exists a v € VS(Q\ wi-j) such that Ju(v) equals the coarse finite element function
Tu(In({,j¢)) € Vy. Introducing this into (3.4), expanding and applying the Cauchy-Schwarz inequality
yields

1A 2V g0 < 1A 2V Ni2000 p 1AV — Tn G jdD 20\ )
+|(AVe, V(i) = V)) 20\ | + 1AV l20\m A2 VWl 20\w4 )
+1@A 2V G il 2w 1A VBl 2010, )
=t My + My + M3 + My. (3.5)
The four terms on the right-hand side of (3.5) are bounded separately as follows.

Bound for M. Recall the (local) approximation and stability properties of the nodal interpolation operator
Iy (in unweighted norms), i.e.,

IV = Il < kel V¥V and VgVl < 1V,
for all polynomials v on some element ¢ € Tj. Since (i j¢ is T-piecewise quadratic polynomial, this leads to

1AV (G = InGiejpDFagy < D 1AL IV (ki = Tn(GieipD Iy

(e‘Ih

< Y 1Al hP 19 Gy )z

teTy
< Y 1Alowh? 198k - VllEa g,

teTy,

<J AN -

In the last step above, we used (2.2) and (3.1)-(3.3), as well as the trivial bound h; < H. In summary, the
bound for M, reads
Ml S}.71[|A1/2V¢”iz(0\wkmi).
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Bound for M. The function v was chosen so that (I5({y,j¢) - v) € V. In conjunction with (2.3), this implies
that

M; = KAVAZ, V(Ih((k,](p) - V))Lz(Q)] =0
because the intersection of the supports of A, and I ({x,j¢) - v has measure zero.

Bound for M5. Due to (QI4) v satisfies the estimate

1AM VVI2 @0, ) < CoplAY* VIR i) 2w, -

Since ¢ € V® (i.e., Iy = 0) and ¢ = I, we have
0=Jg¢=Iglpo = Zk,joIhd’ = jHIh(Zk,jgb)

for all constants ( kj =TI~ JT {k,;jdx with T € Ty. Using again (QI3), (2.2) and (3.1)-(3.3), and recalling
that Ji¢ = 0, this implies
||A1/2VJH((I< ]‘¢)“£2(Q\“)iri)
< Caipl A VIuIn (G = S )2 000,
C(’ﬁpcélp”Auzv(((ksi - zk‘j)¢)"L2(Q\wk7;71)

SCiCap 2 (ki = il IAPYOUL gy + IV Gkl ooy |A 2 (9 = T DF )
TeTy:TcQ\wijq

The bound for M3 now follows by applying Poincaré’s inequality, the approximation property (QI3) of Jp,
and the property (3.3) of {i ;:

Ms < Cé,pC'lpfl||A”2V¢[[L2(Q\wk_,-_2)-
Bound for M,. Similar arguments as before, based on Jy¢ = 0, the approximation property (QI3) of I, and
the property (3.3) of (i, j» lead to the following bound:

My < Caip A2V l20\0p -
The combination of (3.5) and the bounds for My, .. ., M, readily yields
'[A1/2V¢"LZ(Q\£W() S C(zllp C, 1p]_1 ”Al/z V¢"L2(Q\wk,2) .

A sufficiently large enough choice of j ~ €2, aip C éﬂp now establishes the following contraction:

12Vl v, < exp(-DIAY* VYl 2@\w, - (3.6)

We emphasize that the choice of j is independent of k, as well as of the mesh sizes H and h. If the constants
Cqip and C’. aip in Assumption 2.1 are independent of A, then so is j.
Repeated application of (3.6) with k replaced by k - j - 2 yields

1AY29 12\ < exp(l J)IIA P2Vl

This is the assertion of the lemma up to rephrasing the decay rate in terms of k, Cg;p and c aip’ and up to hiding
further uncritical constants in the “<” notation. O

3.3 Error Estimates for the Localized Basis
The error estimate for the localized method from Definition 2.5 now follows from the global error bound of

Lemma 3.1 and the decay property of the global correctors established in Lemma 3.2 via some algebraic
manipulations.
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Theorem 3.3 (Energy-error estimate for local coarse approximation). If (QI1)-(Ql4) are satisfied with con-
stants Cqip = C:;ip ~ 1 independent of A, then there exists ¢ ~ 1 such that

A2V (u - u) 120y < IAY2V (U - up)lliz(o) + a2 IHEl 2 0) + \jé“”zHléCngHHl(Q)-

If, moreover, k > % log(g) + 2 1log(+), then
14"V - ud)llao) < 142V = up)lliz) + a2 Hlgli).- (3.7)

Proof. The proof of [21, Theorem 10] applies almost verbatim to the present setting. We simply replace the
contrast-dependent decay of correctors in [21] by our sharper contrast-independent result from Lemma 3.2,
Moreover, the proof of [21] involves several applications of the norm equivalences (1.2) followed by L?-
approximation and stability properties. This leads to contrast-dependent constants in [21] but can be avoided
here by using the approximation and stability in the A-weighted L?-norm (QI3) directly. However, the con-
trast enters our proof via an inverse estimate and leads to the multiplicative constant +/f/a in front of the
exponentially decaying factor ek, Finally, this large constant is compensated by choosing k appropriately,
as stated. O

Remark 3.4 (Improved estimates with modified localization). The modified localization of Section 2.5 al-
lows to remove the constant H! in front of the exponentially decaying factor in Theorem 3.3 so that
k>4 log(g) + L log(#) suffices to establish the bound in (3.7).

4 Examples of Quasi-Interpolation Operators

In this section we recall old and introduce new interpolation operators to be used in the framework presented
in Section 2.

4.1 A-Independent Quasi-Interpolation

Previous papers (cf. [13, 15, 21]) considered a Clément-type (quasi-)interpolation operator Jy : V — Vy pre-
sented in [5]. Given v € V, define a (weighted) Clément interpolant

v, Az)

Jgv := Z (Tgv)(2)A, with nodal values (Juv)(2) := w

2eNy

for z € Ny.

—~
'

Note that the fine-scale space V' can then be characterized as L2-orthogonal complement of Vyr in V. The
operator Jy does not depend on the coefficient A and satisfies (local) approximation and stability properties
only in unweighted norms [5]. In particular, there exists a generic constant C depending only on the shape
regularity of the finite element mesh T such that, forallv € Vand forall T € Ty,

H' v = Igviieen + V6 = a9z < CaiplVVli2qan)-

As shown in [21], this property suffices to establish an optimal a priori error bound for the global version of
the method (cf. Definition 2.3):

IAY29 (U~ u®) 12 < 1AY2V(u - up)lpa) + @ Y2 IHS L2 0)- (4.1)

This error estimate does not depend on the upper spectral bound f3. Hence, the reliability and accuracy of the
global version of the method do not suffer from high contrast. Despite its large computational complexity,
the approach may be relevant for upscaling to very coarse meshes, where localization has anyway no effect.
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A further improvement in terms of accuracy — and, hence, in terms of the complexity to fall below a
given error tolerance - can be achieved by substituting Iy by the modified partition-of-unity-based Clément
interpolation operator Jy presented in [4]. Given v € V, we define

Tgv := Z MAZ with A, (x) := A0

Sy (1) T, 00

Since {A, : z € Ny} forms a partition of unity up to the boundary, the term a~'/2||Hg]; 2oy in (4.1) can be
replaced by data oscillations

5 1/2
(X 1HE- 21y,

zeN

with some weighted averages g, of g on the nodal patch w., z € Ng; we refer to [4, Section 2] for details. Fur-
ther smoothness of the right-hand side g ¢ H'(Q) then leads to quadratic convergence of the global method
to the reference solution independent of contrast.

For both operators, localization of the corresponding global basis is possible even for high-contrast co-
efficients. However, the theory strongly requires (QI3) and (QI4) to be satisfied with constants independent
of the contrast and this is not the case in general. Although its performance in the numerical experiments of
Section 5 is encouraging, the question whether or not the localized version of the method with these classical
quasi-interpolation operators is reliable for high-contrast coefficients remains open.

4.2 A New Quasi-Interpolation Based on A-Weighted L? Spaces

This subsection suggests a new quasi-interpolation operator based on A-weighted averages. For this opera-
tor we will identify a class of coefficients (with possibly high contrast) that allows us to verify the conditions
(QI1)-(Q14) (see Sections 4.3-4.5 below). In particular, this operator allows for contrast-independent con-
stants Cgip and C fqip in (QI3) and (QI4), respectively.

The analysis is technical. To get the main ideas across, we will only consider the case of scalar coefficients,
i.e. A = aly. Here, I;isthe d x d identity matrix and a € L™(Q) with a < a(x) < B, foralmostall x € Q. We will
further assume that the coefficient function a(x) is piecewise constant with respect to T, forsome h < £ < H,
i.e., we assume that a(x) = a; for all 7 € T,. Strictly speaking it is not necessary that the grids 7, and Ty
are nested but it simplifies the presentation. We assume that 7, is obtained by uniform refinement from Jy.
Similarly, Ty is obtained by uniform refinement from 7, and thus from Ty. The extension to isotropic or
mildly anisotropic tensor coefficients, as well as to coefficients that vary mildly (i.e. with benign contrast but
possibly rapidly) within each of the elements 7 € T, is also straightforward (see [24] for details).

The quasi-interpolation operator is now a coefficient-weighted generalization of the Clément-type oper-
ator presented in Section 4.1 above.

Definition 4.1 (A-weighted quasi-interpolation). Given v € Vj, we define

jQ avA, dx

Jgv = Jav(2)A, with Tpv(2) := = |
H Z av(2)A; nv(z) anAzdx

zeNy

(4.2)

Note that the fine-scale space V' can then be characterized as orthogonal complement of Vy in V with
respect to the A-weighted L2-scalar product.

4,3 Characterization of Feasible High-Contrast Coefficients
To satisfy the conditions (QI1)-(QI4) for Iy from Definition 4.1 with constants independent of contrast we

need to make a further assumption on the type of coefficient distribution. To this end, for each vertex z € Ny,
let w, = interior(supp(A;)) and, forall T € Ty, set wy := UZQNHnT Ws.
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Assumption 4.2. We assume that there exists a generic constant Cp, independent of the contrast /a, such
that one of the following two Poincaré-type inequalities holds forall v € Vy and for all T € Tp:

inf J a(v-c)*dx < CpH? J a|vv|? dx
ce

wr wr

or
dwrndQ+0 and J av? dx < CpH2 J alvv? dx.
wy wy
Since any function v € V}, is zero on the boundary 9, the existence of a constant is guaranteed for any strictly
positive and uniformly bounded coefficient a(x) by applying the standard Poincaré and Friedrichs inequali-

ties on each of the subregions wr. Whether Cp is independent of the contrast 8/a depends on the coefficient
distribution.

4.4 On Quasi-Monotonicity

To describe the link between the local coefficient variation and the weighted Poincaré inequalities in Assump-
tion 4.2 in more detail, let us consider a generic coarse element T € Tg.

We first generalize the notion of quasi-monotonicity coined in [7] by considering the following three di-
rected combinatorial graphs: 9{}‘) =Ny, 8(7’.()), k=0,1,2,withN7 = {r € T¢ : 7 C wr}. The edges are ordered
pairs of vertices. To define the edges we now distinguish between three different types of connections.

Definition 4.3. Let k € {1, 2, 3}. The ordered pair (7, 7’) is an edge in E(k), if and only if y”' =tN7 isa
non-empty manifold of dimension bigger than or equal to k and a; < a. The edges in E(Tk) are said to be of
type-k.

Quasi-monotonicity is related to the connectivity in these graphs. Let 7* = argmax,., dr, i.e. an element in
N7 (not necessarily unique) where the maximum of a(x) is attained on wr.

Definition 4.4. The coefficient a is type-k quasi-monotone on w1 if, for any vertex r € N, there exists a path
fromtto7*in 9(}().

Obviously &) ¢ €M) ¢ £ and so type-k quasi-monotonicity implies type-(k - 1) quasi-monotonicity. The
coefficients in Figure 1 (a)-(c) are examples of quasi-monotone coefficients of type 2, 1 and 0, respectively.
The coefficient in Figure 1 (d) is not quasi-monotone.

The following lemma summarizes the results in [24]. It relates the existence of a benign constant Cp in
Assumption 4.2 that is independent of 8/a directly to quasi-monotonicity. The way in which Cp depends on
the ratio H/h depends on the type.

Lemma 4.5. If aistype-k quasi-monotoneon wy forall T € Ty and forsome0 < k < d - 1, then Assumption 4.2
holds with

1 fork=d-1,
Cpi=11+log(¥) fork=d-2,
- fork =0whend = 3.

Quasi-monotonicity is a necessary condition. If the coefficient is not quasi-monotone on wr, then there exist
7, 7 € Ny with a; > ap such that Cp > a,/a. (cf. [24, Proposition 2.11]). The coefficient Cp will in general
depend on the geometry and topology of the coefficient variation. In particular, it depends on the ratio H/e.
Restricting ourselves to type-(d —~ 1) quasi-monotone coefficients, it is shown in [24, Section 4] that

1 ford=1,
Cp>q1+logd) ford=2,
a ford = 3.

&€
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The bounds are sharp and they are attained when a; < a.- forallt € Ny with 7 # 7%, i.e., when the coefficient
is high in only one element 7* € Np.

4.5 Verification of (QI1)-(Ql4) for A-Weighted Quasi-Interpolation

To verify conditions (QI1)-(QI4) for the A-weighted quasi-interpolation operator Jy in Definition 4.2 we need
the following two technical lemmas. For the remainder of this section, we assume that /a > H/¢, i.e., we
consider high-contrast coefficients that do not vary too rapidly relative to the coarse mesh size H.

Lemma 4.6 (Weighted inverse-type estimates). Let T € Ty and vy € V. Then

-1
Wil < Cinet (j ad) j alvy dx, (4.3)
T

“1/2
Ivalle(n SCinv,2< adx) la*vlz2ry (4.4)

] e, ™

with constants Ciny,1 = Ciny,2 = O(H/¢) that are independent of the contrast B/a.

Proof. Let |lvi|r=(r > 0. Otherwise the results are trivial. Now, set vy := l[leli(L(T)vH. Since vy is linearon T
and equal to 1 at least at one of the vertices of T, it follows from simple geometric arguments that

2
Il?yldng—lrl and j?édxz%z—lrl forallt € Towitht ¢ T,

T T

as for classical inverse estimates. The implied constants depend only on the dimension d and are independent
of the coefficient or of any geometric parameters.
Multiplying each of these inequalities by a; and summing over 1 € T, with 7 ¢ T, we get

2
T T T T

R £ - &2
Ja[vH[dszJadx and jav%,dxz H—jadx

which implies the two inequalities (4.3) and (4.4). O
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Figure 2. Construction of a suitable function 5, for Lemma 4.7 in one dimension.

Lemma 4.7. Let Assumption 4.2 hold and let h < ¢ be sufficiently small. Then, for every z € Ny, there exists a
function n, € Vi such that supp(n,) C w», Jgn, = A, and

la" 2 Vnliz < Chasela?VAslizcry forall T € Ty. (4.5)
The constant Cpase = O(H?/£2) is independent of the contrast B/a.

Proof. We will only give a proof for d = 1. The proof in higher dimensions is very technical and not instructive.
It suffices to work elementwise and to prove the result by explicitly constructing a suitable piecewise linear
function 1, that satisfies the required bound.

To simplify the presentation we focus on the particular case where al,,- = f for some interval w* ¢ T with
diameter diam(w*) = 2¢, and assume that a(x) = 1 otherwise (see Figure 2). This represents in some sense
the worst case scenario. Without loss of generality, we work on the reference element T = [0, 1], i.e., H = 1.
Let y be the center of w* which by assumption is a vertex of T,. Now, let 1, be the piecewise linear function
thatisOatx = 0, by atx = yand b, at x = 1, as depicted in Figure 2.

Imagining a similar construction in the adjoining element containing z, we have 1, € Vj and supp(1;) c
w,. The values of by and b, are chosen such that Jg1, = A,. Since

1 1 1 1
= J atyn.dx = I a(l-A)n,dx = j an,dx - j ai;n, dx,
0 0 0 0
this is equivalent to
1 1 1
I aAs = I ak.n,dx = j an,dx. (4.6)
0 0 0

An elementary calculation shows that

y+e
%Ia}l dx_jxdx+(9(,8 )=2ye+ 08 by,
4] y-€
1 b "
1 L X XY |
ﬁja _}. dx+j(hl_y+bzyj3dx+0w )
0 y-€ y
_E[4y-y)-¢ € -1
e b1+1_ybz]+0(ﬁ ),
11 ybx2 e 1-x X-y
2 [ aton.dx = J-J;—dx+ jx b b, X N ax s 08!
ﬁ(! n R ) (11—)/ 21—)/) B)

+O(B™h)

£ [12)/2(1 -y)+(1-2y)2e? - 3ye &3y + 25)
= - bl +
6 y(1-y) 1-
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Due to (4.6), all these expressions need to be equal. We equate the first expression with each of the others
and neglect terms of O(8~1); this is justified since we assumed ! « &:

(4y(1-y) - €)by +yeby = 4y*(1 - y), (4.7)
(12y°(1 - y) + (1 - 2y)2€* - 3ye)by + ye(3y + 26)b; = 12y*(1 - y). (4.8)

This uniquely defines b, and b,. We see that both values are independent of the contrast . Subtracting
(3y + 2¢) times (4.7) from (4.8) and solving for by, we get

y*(B3-3y-2¢)

by = ey -¢)

Substituting this back into (4.7), we can get an expression for b.
To finish the proof we need to establish (4.5) and show that Cp,se = O(£72) independent of the contrast B.

Since
y+e

1o 2 ‘EJ 2 (L)_ .(i
e Ty = 5 | P o(g) =240 BE)
y-€
and
y y+e
L anyg, 2 -1“&)2 EJ(M)Z ((1)
Eﬁlla Vnzlle(T)—E " dx+£ = dx+0 7
y-€ y

() (52 ol

it suffices to prove that the expression in (4.9) is O(e~*) independent of B.
First, it is easy to verify that ~bq/y takes its maximum at y = £ with a value of (3 - 5¢)/¢. Second, it
follows from (4.7) that

b,-by 4 by 4 12y?(1-y) 3
1=y —E()"bl)+7ﬁz(y—b1)imée—z
which completes the proof. O

Proposition 4.8. Under Assumption 4.2, the operator Jy from Definition 4.2 satisfies the conditions (Q11)-(Q14)

with constants Cgip and (,‘;ip that are independent of the contrast B/a, but depend in general on H/«.

Proof. Condition (QI1) is satisfied by definition.
To prove (QI2) note that, for any vy := ZzeNH v-A, € Vg, we have

Jgve = Z (D' My):A..

zeNy
Here, y := (¥2)zen,, M is the mass matrix with entries M, » := IQ aA A, dx, and Dis a diagonal weighting ma-
trix with strictly positive entries D, , := jQ al, dx. Since M is invertible, the mapping y + D' My is bijective,

and so the linear map Jy is an isomorphism from Vy to V.
The proof of (QI3) is analogous to the proof of [29, Lemma 4.1]. Let v, € Vyand let T € Ty. Note first that

IQ avih; dx

2
Ipvp(2))” < anAzdx .

Since A, < 1, this implies
avi/lz dx

J a@vp)?dx < Y Jo J ak?dx < j avi dx (4.10)
st o ah, dx
T T awy
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and consequently
Ja(vh —Jgvp)tdx < J av; dx. (4.11)
T Wy
Similarly, ,
JaIV’Jthlz dx< ) Jo vl dx J alVA,|* dx.
T zeT  Jo aAZ T

Since A, is linear on T, we have |VA,|% = ¢1.H }2 for some constant cr, that only depends on the shape of T.
Hence, using the inverse estimate (4.3) with vy = A, we have

JTalV’/lzlzdx , JTadx

<cr.H < C1H Ciny 1
[Lar-dc T [akdx o T

Since A, < 1, we can conclude from (4.11) that

JaIVJthlz dx < Ciny, Hy? J avi dx. (4.12)
T wy

Now, if T is such that dwy N 0Q = @, then {A,} forms a partition of unity on w and thus J; preserves con-
stants. Consequently, (4.11) and (4.12) remain true if we replace v, by ¥, = vy — c on the right-hand side. If T
is such that owr N 8Q + 0, we set ¥, = vp. In either case, we can apply Assumption 4.2 to bound ij af/ﬁ dx.
The bound in (QI3) then follows from (4.11) and (4.12) by summation overall T ¢ Ty.

The constant in (QI3) satisfies Cqip < \/Cp Ciny,1. In the worst case, for d = 3, we have Cqip = O(H/g). In
fact, the factor +/Ciny,1 Only appears in the bound of the energy error, not in the L?-part in (QI3). The L?-part
in (QI3) can be bounded with a constant independent of H/e in one dimension and the constant only grows
logarithmically with H/¢ in two dimensions.

For (Q14), we proceed as in the proof of [21, Lemma 1]. In Lemma 4.7, we already proved (QI4) for any
nodal basis function A,, z € Ny. To prove (QI4) for an arbitrary vy := 2263\{” vy(2)A, € Vy we choose

vi=vi+ Y (va(@) - Iave(@)n: € Vi,

zeNy
where n, € V}, is as defined in Lemma 4.7. With this choice of vy, it follows immediately that Jvy = vy and
Supp vy C suppvy.
Recall that |VA,|? = cr.H ;2 on T and use the inverse estimate (4.4) together with (4.5) to conclude that

1@ Vvl gy < a2 Vvals g + Y Ivi(2) = Jave(@) a2Vl g,
zeT
<1 2Vl + Y Vi) = v Conse [ a0 e 72
zeT T
< 1@ 2 Vvyl3s gy + Chy,2Chase Hy la" > (vit = Tuvil gy,
S Ciznv,z ChaseCp [[auzv"’h’"%z(mﬂ-

The last step follows as in the proof of (QI3).
Summing over all T € Ty, we then obtain the stability estimate in (QI4) with a constant

! f
qup < Cinv,z ChaseCp.

In the worst case, for d = 3, we may have C('J‘ip = O((H/e)*'?). O

4.6 Alternative Quasi-Interpolation Operators

The interpolation operators above are associated with L?-projections and A-weighted L?-projections onto
classical finite elements. Those projections are global operators. We will now consider local projections. In
[3, 11, 26], local projections turned out to be superior over the (weighted) L?-projections and their corre-
sponding non-projective quasi-interpolations.
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Definition 4.9. Givenv € Vy and z € Ny, let P,v € Vg, be defined by

J aP,vwydx = J avwydx forallwy € Vyl,,, (4.13)

Wz Wy

i.e., the weighted L?-projection of v onto the coarse finite element space restricted to the nodal patch w.. The
global A-weighted projective quasi-interpolation operator is then defined as

J‘I’;O” V= Z Pv(2)As.

zeNy

Since J?I oA s a projection, (QI2) and (QI4) are satisfied trivially here with C’, gip = = 1. Assumption (QI1) is also
satisfied by definition. Assumption (QI3) can be verified as in the proof of Proposition 4.8 for J; with a con-
stant Cq;p that is independent of f/a but does depend on H/e again. The key observation for the proof of
(QI3) is that the local mass matrix M. associated with the patch w., with entries M,,;,¢r := sz alg g dx, is
spectrally equivalent to D, := diag(M,). Let N, := dim(Vyl,,). Then this means that

Ymin,- W' DoW < W MW < pinax W' D,w  forall w e RY:, (4.14)

which in turn guarantees that

(Pov(z)) J alldx<ppl . J a(Pv)?dx < pph J av?dx

W, w; W,

and allows to establish a bound akin to (4.10). The remainder follows as in the case of Jy.

Crucially, we require that me , in (4.14) can be bounded independently of 8/a. Note that pipiy,, is also
the smallest eigenvalue of D; 1 M,. As in the proof of Lemma 4.7, we restrict ourselves to a special case in one
dimension. Let d = 1 and let w* ¢ w, with diam(w™*) = 2&. We consider a|,+ = f and a(x) = 1 otherwise, as
depicted in Figure 2, Without loss of generality, we assume that w* ¢ T for one of the two elements T making
up w, and that H = 1 again. An elementary calculation shows that

(1-y?+5+0(f) y- y)——+ O(g) ©

M. =2p¢ y(l—y)—‘€3—2+(‘)(ﬁ) V+& +O(ﬁl) Tlﬁe
0 #ﬁs o

Considering first y » € and 1 - y > ¢ and ignoring terms of O(ﬁ) and O(wa‘w)’ we get

Yo g
1 1 1 . TV TEap 0
0 1 1

The eigenvalues of D;' M, satisfy

2

0 = det(ul - D;'M.) = -1( 2.2 —)
leading to
£2

which is independent of 8. Fory = O(g) or 1 - y = O(¢), it is even possible to bound me , independently of €.
In the numerical experiments of Section 5, we will also consider the non-weighted variant ’lpm’ that is
defined in the same way with classical L?-inner products (i.e., a = 1) in (4.13).
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Figure 3. Uniform triangulations of the unit square used as coarse meshes in the numerical experiments of Section 5.

5 Numerical Experiments

Three numerical experiments shall illustrate our theoretical results and illuminate their sharpness and limita-
tions. Numerical experiments with highly oscillatory and high-contrast coefficients have already been docu-
mented in [12-15, 21]. While those results were based on the classical coefficient-independent interpolation
defined in Section 4.1, this section considers several choices of interpolation operators and investigates the
possible benefit of using the A-weighted interpolation operators of Sections 4.2 and 4.6 when high contrast
is present.

5.1 High-Contrast Blocks

The first model problem considers a two-phase coefficient with simple topology. The precise data of the first
model problem is as follows:

Q:=(0,1)%
forx € [0, $) x [0, 1],
8(x) = L
1 forxe[3,1]x[0,1],
A0 = B forxe[H, S1x[E, Bluls, BIx[S,
elsewhere.

e

51,

W

Since A takes only the values 1 and B, parameter f > 1 reflects the contrast. We consider 8 = 1, 10, ..., 10°,
The numerical experiment aims to study the dependence between these choices of the parameter and the
accuracy of the numerical methods.

Consider the uniform triangular coarse meshes on Q with mesh widths v2H =21, ..., 2%, as depicted
in Figure 3. The reference mesh T is derived by uniform mesh refinement of the coarse mesh and has max-
imal mesh width h = 2-8/+/2. The corresponding P1-conforming finite element approximation on the refer-
ence mesh Ty is denoted by V. We consider the reference solution up € Vy, of (2.1) with the above given
data. We compare it with coarse scale approximations u;® € V§® (cf. Definition 2.5) for various choices of the
coarse mesh size H, the localization parameter k and the underlying quasi-interpolation operator Jy. We con-
sider four different quasi-interpolation operators: the A-independent variant Iy defined in Section 4.1, the
A-weighted version Jfl from Definition 4.1, the A-independent operator Jfl,mi with projection property defined
in Section 4.6 and its A-weighted variant J‘;,mm.

The results are visualized in Figures 4 and 5. Figure 4 shows the relative energy errors

129 - )]
A2V uy|

as a function of the coarse mesh size H, for several choices of the contrast parameter f = 1, 10, ..., 10° The
localization parameter k is tied to H via the relation k = k(H) = |log, H| + 1 (without any dependence on ).
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Figure 4. Numerical experiments for Section 5.1: Results for high-contrast blocks with several choices of the contrast
parameter § as a function of the coarse mesh size H. The reference mesh size h = 278 is fixed. The localization parameter
is tied to the coarse mesh size via the relation k = |log, H| + 1.

For all choices of interpolation operators, only a very mild dependence on f§ can be observed. In particular, all
errors are below the reference curve H. Asymptotically, the experimental convergence rate H>/2 is observed.
This high rate is related to certain L?- or L2(A)-orthogonality properties of the interpolation operators as
indicated in Section 4.1.

Figure 5 aims to illustrate the role of the localization parameter. It depicts relative energy errors

"Al/zv(uh - u?(i[.[))"
IAY2Vup|

again as a function of the coarse mesh size H, for fixed contrast § = 10¢ and for several choices of the localiza-
tion parameter k = 1, 2, 3, ..., 8. For comparison, we also show relative errors of the standard conforming
P1-FEM on the coarse meshes. We observe a much faster decay of the error when k is increased for the meth-
ods that are based on A-weighted interpolation. For these methods, a fixed choice of k = 2 or k = 3 already
gives very good accuracy for the range of coarse meshes considered. For these small choices of k, the methods
based on A-independent interpolation are strongly affected by the high contrast. They are more accurate only
for sufficiently large k.
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Figure 5. Numerical experiments for Section 5.1: Results for high-contrast blocks with contrast parameter 8 = 10° as a function
of the coarse mesh size H. The reference mesh size h = 278 is fixed. The localization parameter k is varied between 1 and 8.

5.2 High-Contrast Channels

The second model problem repeats the previous computations for a different two-phase coefficient. The pre-
cise data of the second model problem is as follows:

Q:=(0,1)%,

glx) =

0 forxe[0,3)x[0,1],

1 forxe[},1]x(0,1],

Ax) = A(x1,x2) = A1(x1, X2) + A1 (X2, X1),

Al(X) =

B/2 forx e[, &1 xI(

1 elsewhere.

1 31
32032

Hluig 4

Again, the parameter 8 > 1 reflects the contrast. The numerical experiment aims to study again the accuracy

of the numerical methods and its dependence on this parameter.
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Figure 6. Numerical experiments for Section 5.2: Results for high-contrast channels with several choices of the contrast
parameter §, as a function of the coarse mesh size H. The reference mesh size h = 278 is fixed. The localization parameter
k = |log, Hl + 1 is tied to the coarse mesh size.

Apart from the coefficient, the experimental setup is exactly the same as in Section 5.1. Figures 6 and 7
show the results. The observations for the operators Jy, J%m’ ,and Jg,ml’A are similar as before. The unweighted
choices deliver more accuracy for sufficiently large localization parameter, whereas ngi’A is significantly
more efficient for small k. On the other hand, the operator Jf, performs much worse in this experiment. On the
coarse meshes that do not resolve the coefficient, it requires a much larger choice of k than the other operators
tobe accurate. We emphasize that this effect does neither contradict our theory nor does it explain it. However,
it clearly shows that the choice of interpolation operator has a large impact on the actual performance of the
methods, motivating further development and analysis of such operators.

5.3 Rough Coefficients with Multiscale Features

Let Q := (0, 1)? be the unit square. In this third problem, the scalar coefficient A is piecewise constant with
respect to a uniform Cartesian grid of width 2 ¢ (see Figure 8). Its values are taken from the data of the SPE10
benchmark, see www.spe.org/web/csp/. The coefficient is highly varying and strongly heterogeneous. The
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Figure 7. Numerical experiments for Section 5.2: Results for high-contrast channels with contrast parameter 8, as a function of
the coarse mesh size H. The reference mesh size h = 278 remains fixed. The localization parameter k is varied between 1 and 8.

contrast in A is large, i.e., f/a = 4 - 10°. This coefficient is certainly not quasi-monotone with regard to the
coarse meshes considered here. The right-hand side term reads

8 forxe(0,1]x[0,7]U[2,1]1x[4,1],
gx) =
0 elsewhere.

Consider uniform coarse meshes for Q of size V2H = 271,272, ..., 279 (cf. Figure 3). Note that these meshes
do not have to resolve the rough coefficient A appropriately. Again, the reference mesh 7, has width
h = 2-8/+/2. We compare the reference solution uy — the P1 conforming finite element approximation on
the reference mesh T, — with coarse scale approximations. We study their dependence on the coarse mesh
size H, on the choice of the interpolation operator and on the localization parameter k. Figure 9 depicts the
results.

Here, the methods based on unweighted interpolation perform significantly better than the methods with
A-weighted interpolation. This superiority could be related to the approximability properties of the global
bases. Note that, for non-quasi-monotone coefficients, the constant in Lemma 3.1 may depend on the contrast
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whereas the accuracy of the global method based on Jy is independent of B (cf. equation (4.1)). However, why
this nice property of the Jy-based method is also observed after localization remains completely open.

To sum up, it can be said that the numerical experiments clearly showed the potential of the general
methodology for high-contrast problems. They also showed that, in some cases, the decay of the correctors
may be accelerated significantly by using A-dependent interpolation operators for the underlying split of
coarse and fine scales. This is also supported by our theoretical results. However, the theory remains pes-
simistic in some cases. It does not yet provide general advice regarding the choice of the interpolation oper-
ator along with an optimal choice of the localization parameter.
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