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ROBUSTNESS OF FINITE ELEMENT SIMULATIONS IN
DENSELY PACKED RANDOM PARTICLE COMPOSITES

DANIEL PETERSEIM

Humboldt-Universitat zu Berlin
Institut fiir Mathematik
Unter den Linden 6, 10099 Berlin, Germany

ABSTRACT. This paper presents some weighted H2-regularity estimates for a
model Poisson problem with discontinuous coefficient at high contrast. The
coefficient represents a random particle reinforced composite material, i.e.,
perfectly conducting circular particles are randomly distributed in some back-
ground material with low conductivity. Based on these regularity results we
study the percolation of thermal conductivity of the material as the volume
fraction of the particles is close to the jammed state. We prove that the char-
acteristic percolation behavior of the material is well captured by standard
conforming finite element models.

1. Introduction. This note studies the numerical approximability of thermal dif-
fusion in a representative class of particle composite materials (or composites). The
particles (or inclusions) are pairwise disjoint closed disks Z = {I1, I, ..., Iny} with
positive radii. They are randomly distributed in a background material (or matrix)
that occupies some open, bounded, convex, polygonal domain 2 C R%. The inclu-
sions are highly conducting compared to the matrix Q™' := Q\ UZ, a fact which
is reflected in the diffusion coefficient

(1 ifreqma
ofz) = { Ceont I v €UT (1)

with some contrast parameter ccont > 1.
The thermal diffusion in the composite is modeled by the stationary heat equa-
tion,

—diveVu= fin Q, wu=up on 04, (2)
with a prescribed temperature up at the boundary of Q2 and a heat source f. If the
source term f is supported in the matrix and if the inclusions are assumed to be
perfectly conducting (ceont = 00), then problem (2) reduces to an equation in the
perforated domain ™2, Consider the function spaces

V= {ve H (Q™) : v|s;r = const. for all [ € Z} and
Vo :={v €V : v|pg = 0 in the sense of traces}.
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Then the corresponding variational problem reads: Given f € L*(Q™2%) and up €
C?(09), find u € V such that

Vu(z)Vo(z)dr = (x)v(x)dz  for allv € Vy (3.a)
Qmat Qmat
and
u(z) =up(z) for almost all = € ON. (3.b)

Since the elements of V' have a constant trace on the boundary of a single inclu-
sion, they can trivially be extended to € in a way that the extension v € H(Q)
satisfies Vv|(uz) = 0. Hence, the inequalities of Friedrichs and Schwarz yield

. 2
||v||%[1(£21ﬂat) < (1 + dlam(Q) )”V’U”%2(Qmat) and (4&)

QVtu(:E)Vv(x) dz S ||u||H1(Qmat) ||’UHH1(Qmat) (4b)
for all w,v € V. The inequalities (4) ensure the unique solvability of the variational
problem (3).

The major difficulty in discretizing (3) arises from the fact that the energy of
the solution wu, given by HVU||%2(QH,M), might depend crucially on the geometric
properties of the filler. Consider the appearance of an almost conducting path
of inclusions, which connects two parts of the outer boundary 92 where different
temperatures are prescribed (as in Figure 1.a). The gap in the temperature needs
to be compensated on the path, i.e., in the small regions (characterized by a small
parameter dconq in Figure 1.a) between the inclusions of the path. Hence, the
solution shows steep gradients there. If the inclusions of the path touch pairwise,
the path is perfectly conducting and hence, the energy is infinite. Depending on the
volume fraction of particles, the material shows a phase transition from moderate
to high conductivity. Mathematically speaking, the solution operator, which maps
apair (up, f) € C?(9Q) x L?(Q2™2) to the solution of (3), is not uniformly bounded
with respect to the geometry of the set of inclusions Z.

In this study, we will show that standard conforming' finite element approxima-
tions of (3) (denoted by uf™) capture such a percolation phenomenon effectively.
More precisely,

IV (1 = wf™)| 2y < C (5)
holds with some generic constant C' independent of the distance of the particles
(see Theorem 4.1). This estimate is true although || Vu|| might blow up as described
before. Thus, conforming finite element methods are robust with respect to dcond —
0 and allow meaningful material simulation even in densely packed composites.

The issue of percolation and its numerical traceability in transport problems
related to high (infinite) contrast particle composites was previously addressed by
discrete network models [4, 2, 3]. A pioneering result [3, Theorem 3.3] is that
discrete network models, for equally sized inclusions in the absence of outer forces
(f = 0), mimic the blow-up of the energy as the volume fraction of the particles is
close to the jammed state.

Compared to the analysis in [2, 3], which rests mainly on duality arguments, our
analysis is built upon regularity estimates for the solution of (3) in certain weighted

1A finite element method is called conforming if the corresponding finite element space is
contained in V. In the present context, conformity shall primarily ensure that the complicated
geometry of the composite is resolved exactly — or at least sufficiently accurate compared to the
geometric scales in the problem — by the underlying finite element mesh.
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norms. In this context, the weight (denoted by J) reflects the local thickness of
the perforated domain Q™' (see Section 2.1). By choosing this specific weight, the
constant in the regularity estimates (cf. Theorems 3.3 and 3.5) turns out to be
independent of J, i.e., they do not depend on the distances between the inclusions.
The combination of the quasi-optimality of conforming finite elements, standard
interpolation error estimates, and the new regularity estimates yield the general
statement on robustness (5) without even specifying a discrete space precisely. Our
technique generalizes in a straight forward way to problem classes beyond the model
problem under consideration, e.g., to more general inclusion geometries, to the 3-
dimensional case, and to general second order elliptic operators.

2. Geometric preliminaries. This section manifests the notion of thickness of
a perforated domain and a finite, problem-adapted subdivision of the perforated
domain under consideration.

2.1. The thickness of a domain. Our definition of thickness relies on a certain
(infinite) triangulation of Q™' which is first introduced.

A convex polygon T is the convex hull of 2 or more distinct points. The set of
its vertices (corners) V(7)) is the minimal set of points 1, xa, ...,z € R?, so that
T = conv({x1, 2, ...,z }). According to the above definition, convex polygons are
closed. A convex polygon T is called cyclic if its vertices (corners) V(T') are located
on the boundary of its (closed) circumdisk CD(T"). Examples of cyclic polygons are
line segments, triangles and rectangles.

Following [9], Q™2% can be represented by a regular, infinite subdivision Tpat into
cyclic polygons (or triangulation for short). More precisely, Tmat is a set of cyclic
polygons such that its set of vertices V(Tmat) equals 9Qmat,

V(Taat) = | V(T) = 0™,
TETmat

and any two distinct cyclic polygons in T, are either disjoint, or share exactly one
vertex, or have exactly one edge in common. Moreover, the triangulation 7.t can
be chosen in a way that all of its elements T' € Tt satisfy the so-called Delaunay
criterion

CD(T) NV (Tiat) = V(T). (6)
Figure 1.b depicts Tmat for some set of inclusions (the thick edges between neigh-
boring inclusions are unions of line segments to be explained in Section 2.2; see
Figure 2 for a zoom).

Remark 1. The elements of the Delaunay triangulation 7.t can be characterized
locally: Let x € 9™ be any point on the boundary of Q™' and v, be the
corresponding outer normal vector, let A be some closed subset of 9™t and let

. dist (z,y)
II(z, A) := argmin — £ 0 7
(z, 4) yea max{((y —x)/dist(z,y),vz),0} (™)
be the set of points in A which are closest to x in normal direction. Then the cyclic
polygon T, := conv(x U I(z, 9Q™)) € Tpat. Moreover, for all T' € Tt there is
some x € O™ such that T = Tj,.

Since the Delaunay criterion (6) ensures that int(CD(T')) C Q™" for all T € Tpat,
the diameter of T' may serve as a local measure of the thickness of the perforated
domain Q™Mat,
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FIGURE 1. Geometric aspects of problem (3).

Definition 2.1 (Thickness of a domain). The Tpa¢-piecewise constant function
5 Qmat 5 R, given by

8|7 :=dr = diam(CD(T)) for T € Tmat,
is denoted as the thickness of Q™mat,

2.2. A finite subdivision of perforated domains. Inspired by [2], a finite sub-
division of the perforated Q™at is extracted from the infinite triangulation Tmat
which was introduced in the previous subsection. Without loss of generality let us
make the following technical assumption.

Assumption 2.2. An element of Tyt shall either be a line segment or a triangle.
In addition, every pair of triangles shall be separated by at least one line segment.

Remark 2. Assumption 2.2 is not fulfilled in general. The triangulation 7p,,¢ might
contain cyclic polygons with more than three vertices. Their appearance is related
to the lack of uniqueness of the Delaunay triangulation (into triangles) if the given
points are not in general position?. However, this degeneracy can be circumvented
by subdividing every cyclic polygon with more than three vertices into triangles.
The resulting new triangles are not separated by a line segment but share a common
edge. This edge can simply be added as an element to the triangulation Ty az.

Let H :={H;y,Hs ..., Hp} be a minimal set of shifted halfspaces that form the
outer boundary of 2, i.e.,
M
Q° =R\ Q= | ] H.
k=1

2A set of points in the plane is in general position if no four points lie on a common circle.
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Since the halfspaces in the set H can be regarded as disks with infinite radius we
define an extended set of inclusions 7 := Z U H.

A cyclic polygon T' € Tiay with vertices 1, ..., 2, € 9Q™2 (k = 2 or 3) connects
a subset of inclusions {11, ..., Iz} C Z if it satisfies xzjeljforall j=1,... k. For
any T € Tpat let T (T') denote the maximal set of inclusions that is connected by T'.
In this respect, Z(-) can be interpreted as a mapping from Trua into the power set
of Z. The desired finite partition of Q™% is given by the quotient modulo of this
mapping Z(-). It is denoted as the generalized Delaunay partition D (see [8, 9]) and
consists of curvilinear polygons, more precisely

1. (generalized) edges, i.e., channel-like objects (unions of line segments) that
connect two neighboring inclusions, and
2. triangles.

According to the classification above, we distinguish between the set of edges £ C D
and the set of triangles T =D\ €.

We emphasize that the generalized Delaunay triangulation serves as a tool in
the subsequent regularity analysis. It is a natural way to represent the geometry of
particle reinforced composite materials, but it is not based on physical grounds.

3. Thickness-weighted regularity.

3.1. Preliminary remarks. Recall the classical H2-regularity result on a smooth
(C?) domain K C R? as it is stated in every textbook on partial differential equa-
tions (e.g., [6, Theorem 6.4]): Any u € H}(K) with Au € L?(K) is in H*(K) and
there is a constant C' that does not depend on u such that

IV2ull 2y < CllAul| 2. (8)

This result extends to certain domains with piecewise analytic boundary, especially
to the elements of the subdivision D from Section 2.2. In [1], K is considered to
be a curvilinear polygon, i.e., K is a simply-connected, bounded domain with the
boundary 0K = Uzlzl 'y, where I'y are analytic simple arcs,

Ty = {o(): €€ [-1,1]}.
The functions ¢, are analytic on [—1,1] with |V¢y| being bounded away from zero.

Under the assumption that all internal angles vy, ya, . . ., vm of K satisfy 0 < vy, <,
there is a constant Cyeg such that

[V2ull L2(x) < CregllAullr2x) 9)

holds for all u € Hg(K) with Au € L?*(K). Let us stress that the constant Cyeg
does not depend on the scaling of K (see, e.g., [7, Remark 5.5.6]).

3.2. Local regularity.

3.2.1. Regularity on generalized edges. Let E € £, |E| > 0, be some generalized
edge which connects two inclusions I1, Iy € Z. Without loss of generality, let I; =
By, ([0,0]T) and Iy = B,,([0,d]T), where B,(y) denotes the closed disk of radius
r around y. Let r; > ry and d > r; + ro. For simplicity, E is supposed to be
connected (cf. Remark 3(d) in [8]); otherwise every connected component might be
considered on its own.

The subsequent results require a parameterization of the edge . The restriction
of E to I, ENOI4, shall be parameterized by some angle s € [a, 8] C | —7/2,7/2],
ie, ENJL = ¢([a, B]) with ¢(s) := ri(sin(s),cos(s)). The mapping II(-,01s)
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(a) Image section of Figure 1.b . (b) A generalized edge E (gray
shaded) and its neighborhood E,
(area framed by the dashed line).

FIGURE 2. Detailed views of the subdivision defined in Section 2.2.

introduced in (7) maps E N d; onto E N 0I,. Based on ¢ and II(-,0I3), the
generalized edge F is parameterized by the diffeomorphism

T o, B[x]0, d[— int(E),  T(s,\) = (1 — Né(s) + AI(¢(s),01).  (10)

For any parameter n, 0 < n < np® := min{|a + 7/2|,|5 — 7/2|}, a neighborhood of
E is defined by E, := J(Jao—n, B+ n[x]0,d[) (see Figure 2.b for an illustration).

Lemma 3.1. There exists a constant Cy > 0 which only depends on the ratios
r2/r1, d/n, and (NE*> —n)~1 such that for all u € H'(E,) with Au € L?(E,) and
ulo(r,ur,) =0 it holds uw € H*(E) and

IV2ull 25y < Ck (AUl 2,y + 07 IVl L2\ B)) -

Proof. We introduce a smooth cut-off function ¢ g ,, : E, — [0,1] with the following
properties (see also Remark 3 below):

(Yen)le =1,
(V)01 UL)) =0, and (11)
IV (g L (,) < Ceon® for k € NU{0}.
By construction, the product u - ¥g , vanishes on the boundary of £,. Hence, the
application of (9) and (11) yields
IV2ull L2y = V2 (wpn)ll 2(m) < IV (uppn)lL2(s,)

(9)
< Cregl|A(wE )|l L2(E,)

1) - -
< CeoCreg (AUl L2, + 207 IVull L2(m By + 0 2 Iull 2B\ B)) - (12)

Since u vanishes on 0E, N9(I; UI), Friedrichs’ inequality allows one to control the
L? part of the right hand side of (12),

lull L2\ E) < dlIVullL2z,)\E),
where d = dist (I, I2) + r1 + ro refers to the distance between the centers of I; and
I, as above. Thus the assertion is proved with Cp = 2CCheg (1 + %) O
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Remark 3. The constant C¢, in (11) reflects the size of the inclusions I and I as
well as their ratio and, hence, the local uniformity of the distribution of inclusions.
It depends on the ratio 71 /r2 and on (B2 —n)~1, where the latter constant becomes
large either if the radius 7 tends to zero or if the ratio d7/||d| () becomes large
for some adjacent triangle T' € 7. However, the dependence on d7 /0| () is only
an artifact of the way we are cutting Q™% into pieces and could by avoided (e.g.,
replace E with some suitable sub edge E C E and agglomerate the remaining part
E\ E and the adjacent triangles).

Lemma 3.1 will be applied to certain subdomains of the edge F (subedges) in
order to derive estimates in a thickness weighted norm.

Lemma 3.2. If u € H'(E,) with Au € L*(E,) and u|pr,ur,) = 0, then it holds
(a) [16V2ullL2m) < ACK (10 o< (m,) | AullL2(m,) + 0~ 0VUllL2(s,)) and
(b) 6V2ullr2(my < CE(I6AUl L2(m,) + | VullL2(s,)),

where C, depends only on the constant C; from Lemma 3.1.

Proof. We assume o < = —a for simplicity. Let 0 = 5o < 51 < 52 < ... <
s; = f induce a subdivision of [0,]. According to {s;}/_; we define subsets
El,EQ,...,EJ+1 OfEby

Ey = J (] — s1,51[%]0,d])),
E; :=7J((-sj,s;(x]0,d])\ Ej_1 for j =2,3,...,J, and (13)
Ejq=FE,\ E.
To prove part (a), the {s;}7_, shall be chosen in such a way that
0o := Inbiné and
0j = [0l oo (&,) = min{[[0]| ooy, 2051} for j =1,2,...,J.

The application of Lemma 3.1 with E replaced by E; := Ui:1 Ee,j=12...,J,
yields

IV2ullias,) < 19l 25, < Ch (I18ullas,) + 07 VUl s, z,) - (15)
The summation of (15.j) multiplied by d; over j =1 to J leads to

J J
16V 2ull L2y < D16Vl 2ge,) <Y 651V ull L2

j=1 j=1

(15.3) J B
<0 Y08 (I 8ul e, + 0 IVl a2

j=1

J 7j—1
<Cg <25J”AUHL2(En) +7! Z VullL2(g;) Z 5k>
j=1 k=1
a9 .
< 4CE (116l Lo ) |1 AUl 28,y + 17 6Vl L2(E,) ) -
To prove the estimate (b) we choose {s;}7/_, in a different way (yielding a different
partition of E,), i.e.,

sp:=mind and
z (16)
sj :==min{f,2s;_1} for j =1,2,...,J.
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The actual choice, with regard to the inclusion geometry (convexity of the particles),
implies that

55> 2=0j = ||l poo(p,y forall j=1,2,...,J 1. (17)

The application of Lemma 3.1 with E replaced by E1, and E;, replaced by F1 U E»
yields

IV2ullz2(my) < Ok (18Ul p2(m,ums) + 57 VUl r2(m,)) - (18.1)

The above estimate easily adapts to the case where £ and F» are replaced by some
Ej and EjJrl, ] = 2,3,...,J,

||v2u||L2(Ej) S O/E' (||AUHL2(EJ'71UE]'UE]'+1) + S_]’_—11||VUHL2(E]'71UE]'+1)) . (18j)

The summation of (18.j) multiplied by d; over j =1,...,J yields

J J
16V 2ull L2y < D N6Vl 2, < Y651V ull L2,

j=1 j=1
a8y J .
< CE Z 5j (HAU||L2(EJ'71UEJ'UEJ'+1) + Sj71||quL2(Ej—1UEj+l))
j=1
(16),(17) )
< (16 +Cs/2)Cx (10Au 2, + (IVullL2(s,)) -

O

Remark 4. So far, the analysis in this subsection has not considered edges that are
related to parts of the outer boundary 0€2. However, by slightly modified arguments,
such cases can be treated as well. We have to distinguish two cases.

1. E € & is some generalized edge that connects an inclusion I € Z and an
artificial inclusion H € H representing a part of the outer boundary 99 (see
Section 2.2): The previous results apply almost equally, because the boundary
part can be regarded as disk with infinite radius.

2. E € & connects two parts of the outer boundary Hi, Hy € H: It might
happen that the environment E, is not contained in Q™2 (see for instance
the generalized edges in the corners in Figure 1.b). However, this issue can
be cured by simply replacing F, with F, N€) in the upper bounds. Since the
solution is given explicitly on 0F, N 002, Lemma 3.2 can be generalized in a
straight forward way.

In general, the solution of (2) does not vanish on the boundary of the inclusions
Z. We, therefore, need to face inhomogeneous boundary data in the regularity
estimate. To this end, consider the affine function ¢(s,A) = (1 — A)uy + Auz on
the reference edge Eyer := [, 8] x [0,d] with uj being the value of u € V at the
inclusion [, k = 1,2. The transformation to E defines a function

U:=qoJ !, (19)
which is not affine but has a small Hessian V2U in the following sense:
18V2U |28y < C7 0 19VU || L2(m)- (20)

The constant C7 " in (20) is related to |7 | c2(e

ref) :
max

ratio ng/(Np® — ng), but not on the local thickness .

Hence, (/7 depends on the
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3.2.2. Interior regularity on triangles. For some T' € T and 6 > 0 we denote a
scaled version of T' by

Ty :={x e€T: dist(z,0T) > 0}. (21)
We employ a cutoff function 97 ¢ with
(Y1)l =1,
(Yr0)lor = 0, and (22)

[V Y7 0] ooy < C0F for k € NU {0},
to conclude that for all uw € HY(T') with Au € L?(T), it holds that u € H?(Ty), and

IV?ullL2(7,) < IV (udd)[| L2 (1)

(9),(22)
< O (IA%ull L2y + 0 M IVull 2oy + 07 2l 2emvyy) » (23.2)

where Cl. = 2C§)Cmg. Note that in fact
IV2ull L2y < Or (1Aul| L2y + 07V (u = W)l L2z + 0721w = Wil L2y 1))
holds with any affine function W : T — R, because V2W = 0. Hence, the choice
W = |T|7! [,udz together with the Poincaré inequality yields

IV2ull L2y < Or (|Aul 2y + 07|V (W)l L2(1)) (23.b)
with a constant Cr that depends only on C/. and the ratio %T.

3.3. Global regularity. We simply sum up the local estimates for the elements of
D = EUT to derive the global bound. For every edge E € £ we choose a parameter
1n = ng so that

0<ne <ng*™ and E,NQC cl(Q™). (24)
Accordingly, we choose parameters 8 = 6 > 0 for every triangle T' € T so that the
union of the extended edges and the scaled triangles covers Q™at,

Qmat U En/2 U U Ty. (25)
Eceg TeT
Some D-piecewise constant function o : Q™ — Ry q is given by
olg =ng for E€& and
O'|T =0r forT eT.
Remark 5. The results of the present section and beyond will depend locally on
some negative powers of the parameter function o defined in (26). Obviously, there
exists a constant cz such that for all K € D, ok > cz||6| (k). Since, in this paper,

we focus on the dependence of regularity on the thickness function 6 we do not put
any effort in the optimization of our subdivision with regard to the constants o.

(26)

For u € V we denote its Tpai-piecewise affine interpolation by Jpu. More pre-
cisely, Jpu is defined by (19) on every edge, and Jpu is the unique affine interpolant
of u at the vertices of T' on every triangle T € T .

Theorem 3.3. Let u € V be the solution of (3) and Up := Tpu its Tmat-piecewise
affine interpolation. Then there exists Cp > 0, which only depends on the constants
of Lemma 3.2 and (23.b), such that

||6V2u||L2(Qmac) < CD (||6f||L2(Qmat) + ||U_15VUDHL2(Qmat)) .
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Proof. We decompose u = (u — ul®) 4 (ubar — yhar) 4 (Uhar — Up) 4 Up, where
uh® € HY(QMaY) denotes the unique harmonic function with trace u|sgmat, and
Ubar the D-piecewise harmonic function which equals Up on the boundary of every
element K € D. The application of the triangle inequality yields

1692l xgumeny < 1592t — ) | xgamery + |72 — 7% | s
ST — Up)agamesy + [V Upllpiamsy  (27)
=: M1+ My + M3 + ||5V2UD||L2(Qmac).

The estimate

(25)
MP <Y 6V (= u )| Gagp,y + D IOV (w =) p, )

TeT Eecg
(23.b),Lemma 3.2.b . 2
=< > CF (I8 llzery + IV (w = ™) | 2 ry)
TeT (28)
ar 2
+ D CF (10f 22, + 1V (u = ") 125,
Ece&

ar 2
< CF (161 L2(amety + |V (w — u™) || L2 (qmer))

holds with a constant C; which depends only on the constants of Lemma 3.2.b and
(23). Since (u — uba) € HH(Q™), we have from (3.2) and a localized version of
the Friedrichs’ inequality (see Lemma A.1),

IV (u— Uhar)HL?(th) < Crl|0f || L2(qmar)-

Since uP® — Uh?r ig locally harmonic, the application of Lemma 3.2.a locally on

E, 2, E € € and (23) on Ty, T' € T, yields
My < C4llo ™89 (™ — )] s,
where the constant C depends only on C%; and Cp. From Lemma A.2, we also get
My < Csllo™ 8V Up|| p2(qumaty.- (29)
Finally, the application of Lemma 3.2.b on every E € &£, yields
ME < Cp <||5AUD||%2<W> £ 3 ot - UDH%z(E))
EcE

where the constant C} depends only on C%. The definition of U, (20), and
Lemma A.1 yield

M3 S Cg||0'715vUD||L2(Qmat). (30)
The assertion follows readily by combining (27), (28), (29), and (30). O

Lemma 3.4. Let u € V be the solution of (3) and Up := Tpu its Tmat-piecewise
affine interpolation. Then it holds

[6VUD || 2(@mary < C5 ([ fllL2(mary + [[un]|Loe (aumat))

with some constant Cy that does not depend on §.
Proof. By an inverse inequality we get

||6VU’D||L2(Qmat) S ||U’D||L2(Qmat).
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Moreover,
||UDHL2(Qmat) S CSHUHLz(Qmat) S C:Ij (”’LL — uhar||L2(Qmat) + Huh""HLz(Qmat))

< C5 (1 £l p2(@maty + [[u™]| oo (agmat))
where we have used the boundedness of the interpolation operator Jp, the maximum

principle for second order elliptic operators (see [6, Theorem 6.4.1]) and a classical
L? a priori estimate (see [6, Theorem 6.2.6]). O

Theorem 3.5. Let u € V be the solution for (3). Then there exists Cyp f.0 > 0,
which depends only on the data f and up, on o defined in (26), and the constants
of Theorem 3.3 and Lemma 3.4, such that

H(SVQUHLQ(QK)Q&C) S CuDyfﬁg.
Proof. The proof follows readily by combining Theorem 3.3 and Lemma 3.4. O
4. Stable approximation close to percolation. We now consider any appro-
priate conforming finite element approximation of (3). Let V;, C V be some finite

dimensional subspace of V. The corresponding discrete variational problem reads:
Find wuyp, € Vy, such that

Vup(z)Vop(z) dz = (z)vp(z)de  for all vy, € Vi, N HF (™), (31.a)
Szxnat Szxnat
up, =up on 0. (31.b)

It is assumed for simplicity that the Dirichlet data up is resolved by V4, i.e., there is
some vy, € V, such that vp|sq = up. The discrete space V}, shall consist of functions
that are piecewise smooth with respect to some mesh G of ™2, The mesh G, which
consist of possibly curved elements, is supposed be conforming in the sense that
UG = Q. Its mesh width is denoted by h : Q™2 — R, hlk := hg = diam(K)
for all K € G. Clearly, there holds h < Cgé with some constant Cg which is
related to shape regularity of the elements, i.e., the ratio between the radius of the
largest ball that can be inscribed in an element and the radius of the smallest ball
that contains the element. We assume that the space V} satisfies approximation
properties locally, i.e., there exists some constant Cyppr so that for all K € G and
all u € H*(K),

inf (Rt [lu = vnllL2) + [V (u = 0n)l|22(x)) < Capprhiic|[V2ull 2y (32)

vp €V

Theorem 4.1. If u € V is the solution for (3), and up € V3, its Galerkin approxi-
mation that solves (31), then

IV (w = un)l|L2(@mse) < Croup v 1A/ 0] Loo (mar)

holds with Cfup v, = CapprCup,f,ec where Cappr is the constant from (32) and
Cup.t,0 the one from Theorem 5.5.

Proof. The optimality of the Galerkin method in energy norm together with the
approximation properties of the space V}, (cf. (32)) imply that

HV(U — uh)HLz(Qmac) < Cappr||hv2u||Lz(Qmac). (33)

Using the assumption that the ratio h/d is bounded and applying Theorem 3.5 we
further estimate

[BV2ul| 2 may < b/ Lo qmat) |6V u]| p2(omary < Cup .o |h/8]| Lo (maty.  (34)
The combination of (33) and (34) yields the assertion. O
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In practical computations, the assumption of conformity UG = Q might be re-
laxed. E.g., the inclusions might by approximated by linear, quadratic, or cubic
splines. The resulting geometries are supported by many state-of-the-art mesh gen-
erators. However, such a perturbation of the original geometry can only lead to a
meaningful approximation if it preserves the distance between neighboring inclu-
sions very precisely.

A special choice of the mesh G and the corresponding space V}, which preserves
conformity is discussed in [10] where

G=Dand V}, = Vp := {v € CO(Q™*) : v is Tras-piecewise affine}.

Corollary 4.2. Ifu € V is the solution for (3) and uy € Vp its Galerkin approzi-
mation that solves (31), then

||V(u — Uh)”LZ(Qmat) S C’ippruDyfﬁg,

where the constant Cip p is related to the approzimation property of Vp (see [10,
Theorem 3.1, Corollary 3.3]).

Proof. The proof follows readily by combining Theorem 4.1 and the approximation
property of the space Vp provided by [10, Theorem 3.1, Corollary 3.3]. O

5. Conclusion. In this paper, we have proved that conforming finite element meth-
ods yield approximations of the temperature distribution in particle reinforced com-
posite materials that are robust with respect to critical geometric parameters of the
packing of particles. More precisely, the absolute error of such an approximation
can be bounded by some universal constant that does not depend on the geometry
of the particle distribution. The relative error scales inversely proportional to the
energy of the material. Conforming finite element methods allow one to trace a
possible blow-up of the energy as the thickness tends to zero on a path of inclusions
that separates the domain. Hence, material simulations based on those methods
are able to capture the phase transition from low conductivity to high conductivity
(percolation) as the volume fraction of particles is increased.

Moreover, given a fixed sample of the geometry of the material, the regularity
theory presented here shows that the use of a conforming finite element mesh with
local width proportional to the local thickness of the matrix material guarantees
accurate results. Therefore, finite element methods might be used to compute
effective properties of a specific sample of the material. These effective properties
can then be used as the basis of an numerical upscaling procedure which simulates
global material behavior.

The theory presented in this paper can be extended to the case of general smooth
inclusions. The same holds true for 3-dimensional setting and for the consideration
of general second order elliptic differential operators.

Appendix A. Inequalities. We now prove a version of Friedrichs’ inequality that
is local with respect to the thickness of the domain.

Lemma A.1. There is some constant Cy which does not depend on § such that for
all v € HE(Q™at), 4t holds that

”’UHL2(Q"‘M) < CFH(SV’UHL2(Qmat).
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Proof. Let F/ € £ be some generalized edge and consider subedges F;, j = 1,2,...,Jg
as in (13) and (14). The classical Friedrichs’ inequality is applicable (cf. Remark
(A.1)) on all subedges E;. More precisely, there holds

Vllz2y) < 16l Lee ) IVl L2(E) -
Hence, by (14) we get
[vllr2my < 2(6VV|L2(E).- (35)
On the triangles T' € T such a result is not directly applicable, because Q™2 N AT
is of measure zero. However, the L?-norm of v on T can be estimated together with

the generalized edges F1, Es, F3 € £ adjacent to T'. Let T:=TU Ei1UFEy U E3 be
chosen in a way that

min  §(z) > 367 forall k=1,2,3.

IETﬁEk
Then ~ .
|0T N oN™mat|
[oll L2y —CFT”(SVUHL?(T)' (36)
The constant Cr does not depend on 4§, the ratio %, or on v (see [5]). The
assertion follows by simply summing up the local estimates (35) and (36) over all
edges E € £ and all triangles T € T. O

We now present some thickness-weighted energy estimate.

Lemma A.2. Let u € V be the solution of (3) and v € V' be any function with
trace v|ggmat = u|ggmat. Then there holds

16V (1 = 0) || 2(mary < Cowe (0%l L2(may + [|6V0] L2 (mary )
with some constant Cewe that does not depend on u, o, or§.

Proof. Let D denote the subdivision of Q™ which consists of the triangles T € T
and the subedges E1,...,E;, of E € £ asin (13) and (17). Let {¢x}xcp be the

partition of unity related to D such that for all K € D, supp (@) is contained in
the union of K and its neighboring elements in D, and

IVl zoe(@my < Co 81 EE () = S (37)

where Cj is some universal constant that does not depend on §. Then there holds

16 (= v) |72 (qmaty = / V-0V [ Y éx(u—v)|dv

mat ~
@ KeD

3) XK
<) 42 — )| dz + §2 VoV (¢x(u— dx
> K</supp(¢K)|f<u o) K/mm)| oV (fxc(u— v)| )

Lemma A.1,(17),(37)
< C Z (||52f||L2(supp(¢K))||5v(u - v)||L2(supP(¢K))
KeD

OVl L2 (suppt e 19V (1 = V)| L2 (suppisrc))) -
For any € > 0, Young’s inequality yields
||5V(’u, - 'U)H%Q(Qmat) S 02871 (||52f||L2(Qmat) + ||5VU||L2(Qmat))
+ 2028||6V(’U, — ’U)HLQ(Qmat).
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oosing € = (2C)~2 proves the assertion. O
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