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Abstract

Calcium is one of the most important intracellular messengers, which occurs in the cytosol and the endo-
plasmic reticulum of animal cells. While most calcium dynamics models either do not account properly for
the fact that the endoplasmic reticulum constitutes a microstructure of the cell or are infeasible by resolving
the fine structure very explicitly, Goel et al. [1] derived an effective macroscopic model by formal homoge-
nization. In this paper, this approach is made rigorous using periodic homogenization techniques to upscale
the nonlinear coupled system of reaction—diffusion equations and, moreover, the appropriate scaling of the
interfacial exchange term is taken into consideration.
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1. Introduction

The calcium bidomain equations are a widely used model for the dynamics of calcium ions, which act as
intracellular messengers between the extracellular space, the cytosol and the endoplasmic reticulum inside
animal cells. The calcium bidomain equations consist of one reaction—diffusion equation for the concentration
of calcium ions in the cytosol and one for the concentration of calcium ions in the endoplasmic reticulum,
which are coupled through a nonlinear (volume) reaction term. Of course, the model is based on an averaging
idea as the endoplasmic reticulum is a finely structured domain extending throughout the cell and surrounded
by cytosol. Thereby, it constitutes a microstructure of the cell and the exchange of calcium between the
cytosol and the endoplasmic reticulum in fact occurs at their common interface, i.e. the immersed surface

of the endoplasmic reticulum. We refer to [2] for the general physiological background.
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A first approach to derive the calcium bidomain equations from a homogenization approach explicitly
taking into account the multiscale nature of the problem was undertaken by [1] and we also refer the reader to
this article for a much more detailed introduction into the modelling aspects of the calcium dynamics problem
under consideration here. The homogenization approach there was only formal, however, and no rigorous
proofs were provided. In this paper, the approach is made rigorous based on periodic homogenization.

Periodic homogenization is a method for upscaling rigorously mathematical models of multiscale pro-
cesses. In many cases, the multiscale nature of the problem stems from a microstructure of the material
under consideration. While it is infeasible to resolve the microstructure in detail in numerical simulations
(and often unnecessary), upscaled models describing the processes on an observation scale much larger than
the characteristic size of the microstructure are required. In periodic homogenization, such upscaled models
are obtained by assuming the microstructure of the material to be periodic with respect to a reference cell
and considering the limit as the periodicity length approaches zero. Monographs on the subject include
3,4, 5, 6,7, 8].

There are two main difficulties in upscaling the calcium dynamics problem by periodic homogenization.
On the one hand, it is important to choose the correct scaling of the material parameters with the homoge-
nization parameter as it is well known that this has a large influence on the limit problems. In particular,
different scalings may lead to different types of limit problems, cf. e.g. [9, 10, 11]. On the other hand,
the notions of convergence in periodic homogenization are of weak type, which implies that they are not
compatible with nonlinear terms a priori. Thus, additional problem-specific considerations are required in
order to characterise the limit problems. We refer the reader to e.g. [12, 13, 14, 15] for this aspect. It is
worth pointing out that the homogenization of a linear version of the problem considered here follows as a
special case of the general considerations in [10].

Bidomain models based on averaging ideas arise in other contexts in mathematical biology as well. For
example, the cardiac bidomain equations model electrical conduction in a biological tissue, i.e. formations
of many cells, where the microstructure is due to the single cells [16, 17]. Similar to the problem under
consideration here, a key interest is in the effective condition describing the exchange at the boundary
between the two (microscopically) spatially separate domains. Rigorous homogenization results for such
related models can be found in [18, 19].

The paper is organized as follows. In §2 the microscale problem is introduced and the mathematical as-
sumptions on the setup are stated. The resulting homogenized limit problem is given in §3. The remaining
sections contain the details of the rigorous homogenization procedure: well-posedness and a-priori esti-
mates of the microproblem (§4), convergence (§5) and the identification of the limit problems (§6). Finally,

uniqueness of the homogenized limit problems is proven in §7.



2. Problem setting

We consider an open bounded material body © C R? with Lipschitz boundary, which is a mixture of
two different phases. The geometry under consideration is basically the same as in [10]. We repeat the
relevant facts for the reader’s convenience in the context and the notation required here. The part of 2
made up of the first material is denoted by Q' while the other part is labelled with Q2. We assume ) to
be periodic with respect to a scaled representative cell Y = (0,1)%, which contains a volume of cytosol, Z*,
and a piece of endoplasmic reticulum, Z? (each being an open bounded domain with Lipschitz boundary),
i.e. Q is the union of translated versions of Y. Then, Q¢ is defined as |J,c7eZ, a € {1,2}, which is
assumed connected, for some bounded index set Z C Z?. Here, the subscript k indicates translation of the
set by k € Z¢ and ¢ denotes the e-periodicity of the domain. The characteristic function of Z¢ is given by
X¢:Y = {0,1}, o € {1,2}, and we write x(z) = x“(£), where x* has been extended periodically. The
common interface of Q! and Q2 (internal to ) is labelled with I'.. We set I' = int(0Z' N9Z?) and the time
interval under consideration is denoted by S = (0, 7).

The idea of periodic homogenization (e.g. cf. [20, 21]) is then to examine the limit as € approaches zero in
order to obtain averaged problems defined in all of €2, which are easier to treat numerically and give useful
information about macroscopically observable processes.

We consider the dynamics of the concentration of calcium ions in a biological cell, represented by u. in

the cytosol ! and by v. in the endoplasmic reticulum Q2. Cf. [1], the e-periodic problem is given by

Opuc(z,t) — V- (DVue) = f(ue) in Q! (1a)
8t1)5(1’,t) -V (EEV'UE) = g('Uz-:) in ng (1b)
E.Vov. -n? = —-D.Vu. -nl = e™h(u.,v.) on I, (1c)

where n/ are the outward normal vectors on ZJ NT. For technical simplicity, we assume no-flux conditions
for both concentrations at the outer cell membrane. The non-negative initial conditions are denoted by
ue(x,0) = up(x), ve(x,0) = vg(x). The scaling exponent m > 0 is a real number. The value of the scaling
number m is related to the speed of the interfacial exchange, cf. [10, 11] for details.

Let V() = L2(0, T; W2(Q)), W(Q) = {u € V(Q) | dyu € L*(Qx(0,T))}, (u(t) |v(t)a = [oulz, t)v(z,t)dz,
(ulv)a:r = fot(u(t) lo(t))a dt, lu(®)|g = (u(t)|u(t))q and |lullg,, = (u|u)qs. Then, the (standard) weak
form of problem (1) reads: Find (u.,v.) € W(QL) x W(Q2) such that (u-(0),v:(0)) = (ug,vo) € [L*(Q)]?

and

(Orue (t) | o(t))ar + (De(t)Vue (t) | Ve(t))ar = (f(ue(t) [@(t))ar — ™ (h(uc(t),ve(t)) | e())r.,  (2a)
(Orve(t) |9(1))az + (Ec(t) Ve (t) [ V(1) oz = (9(0=(t)) [9(1))az +&™ (h(uc(t), ve(t)) [ 4 (8))r. (2b)

for all (p,1) € V(QL) x V(Q?) and a.e. t € S.



For the coefficient functions, we assume that their spatial dependence can each be split into a macro-
scopic and a microscopic component: It is assumed that there exist bounded matrix-valued functions
D = D(z,y,t), z € Q, y € Z', t € S and E = E(z,y,t), € Q2, y € Z*, t € S, uniformly elliptic
and extended periodically in the y-variable, such that D. = D(z, £,t), E. = E(x, Z,t) are uniformly elliptic

and 9; D, 0;E. € [L=(Q. x §)]**4. Moreover, for the matrix elements, we require

1Dy (0113 = 1D () ey 1m0 B iy (1) 32 = 11 Eu (1) ey (3)

We assume f, g, h to be Lipschitz-continuous with constants Ly, Ly, Ly, and Lj, and f(0) = ¢(0) = 0.
For simplicity and since this is the relevant case in applications, we assume h(r,s) to be of the form
h(r,s) = h(r,s)(r — s) with 0 < hpin < h(r,s) < hmax < 0o. This condition can be somewhat relaxed,

however, as will be discussed below.

3. Macroscopic limit problems — summary of results

The macroscopic limit problems of problem (2) are now stated. We denote the limit functions of u. and
ve as € — 0 by uw and v, respectively. Obviously, different choices of the scaling exponents m need to be
distinguished.

It is useful to distinguish the cases m < 1 and m > 1 as they correspond to particularly different limit
behaviours. It turns out that independently of the choice of m, the concentrations u and v are independent of
y. Moreover, the homogeneous Neumann boundary conditions on the external boundary of ) are recovered.

For the statement of the limit problems, we require a couple of cell problems, which are discussed first.

3.1. Cell problems

The solutions of two cell problems are required. Let u;, v, 7 = 1,...,d, be the Y-periodic solution of

the cell problems
—Vy - (D, 9, 1) (Vi (y,1) +¢)) =0, yeZ', z€Q, tes,
—D(z,y,t)(Vyu;(y,t) +e;)-n' =0, yel, zeQ, tes,
_vy ' (E(x,y,t)(vyuj(y,t) + 6])) = O? (/S Z27 T e Qa te Sa
—EB(z,y,t)(Vyvj(y,t) + ¢;) -n? = 0, yel,zeQ, tes,
the weak forms of which are given by

(D(ZE, : ,t)(Vyuj(:c, "t) + ej) ‘ vy@)Zl =0,

(E(z, -, t)(Vyrj(z, -, t) +€5) | Vyp)z2 =0



for all Y-periodic test functions ¢. The vector e; is the jth unit vector in d-dimensional Euclidean space.
It is well-known that the solution of each of these cell problems exists and is unique up to addition of a
constant [7, 22].
The solutions of the cell problems allow the definition of the tensors P* = [P}]ij=1..n, PV = [P}lij=1..n
via
P(,t) = [ D(,y,t)(ei + Vypi(y,1))(ej + Vyp; (y, 1)) dy,
Pyj(x,t) = [ E(@,y,t)(e; + Vyri(y, 1)) (e; + Vyv;(y, 1)) dy,

which turn out to be the macroscopic diffusion tensors in the limit problems. The tensors are uniquely

(6)

defined, symmetric and positive definite.

3.2. The case m < 1
For m < 1, it turns out that the limit functions satisfy u(z,t) = v(x,t) for a.e. 2 € Q,y €Y, t € S.
Therefore, it make sense to replace v by u and to look for the one equation satisfied by u. For ease of

notation, we also define

Fu(z,t) = /Y (W) f (e, 1) + X3 ()g(ule, 1)) dy = 2" f(u(z, 1)) + | Z2|g(u(z, t)) (7)
If m < 1 the macroscopic limit problem of problem (2) reads as follows: find v € W(fQ) such that
u(0) = |Z ug + | Z%|vo and

(12 +1Z2)deu(t) [ (t))a + ((P*(t) + PY(8)) Vu(t) | Ve(t)a = (F(u(t)) | ¢(t))q (8)

for all p € V(2) and a.e. t € S.
Obviously, this is not the bidomain equation(s) but it is an appropriate model when the interfacial

exchange of calcium between the cytosol and the endoplasmic reticulum is very fast.

3.3. The case m >1
If m > 1, the limit functions u and v need to be considered separately. In order to be able to write the

macroscopic limit equations in a simple way, the limit of the interfacial-exchange term is written as
h*(u,v) = [T|h(u,v) for m =1, h*(u,v) =0 for m > 1. 9)

The macroscopic limit problem is given by: find u,v € W(Q) such that u(0) = |Z|ug, v(0) = |Z?|vy and

121 0uut) e+ (P OTu) | Vet = ([ ) dyle®) = (= (utt). o) [ te). (102
1221000 | (0 + (P OF0) | Tt = [ a0 00ul o))+ (ute). (o) |90} (100)

Q
for all p € V(2) and a.e. t € S.

These equations are of the form of the calcium bidomain equations, where all effective parameters and
sink and source terms are given explicitly in dependence on the microscopic representation.
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4. Well-posedness and a-priori estimates

In this section, the well-posedness of the microscopic problem (2) as well as a-priori estimates required

for the limit passage as € tends to zero are proven.

Lemma 4.1

The functions u. and v. are non-negative almost everywhere.

PROOF We define

—ue(x,t), if ue(z,t) <0, —ve(z, 1), if ve(z,t) <0,
Ue 1= Ve :=
0, else, 0, else.
Testing the weak formulation (2) with —u._, —v._, respectively, and adding gives

(Opue—(t) [ue—(t))ar + (Opve—(t) [v=—(t)) 0z + (De(t) Vue —(t) | Vue —(t))ar + (Ee(t) Ve —(t) | Ve (t)) a2
= —(f(ue) [ue—(t))ar — (9(ve) |v=—(t))az + €™ (hue, ve) [ (ue — — v—)(#))r..
Noting that the initial values are non-negative, integration with respect to time gives
sllue— @3 + 3llve— OlIBe + (DeVue— | Vue)ar i + (E:Vve_ | Vo-_)az,;
= = (f(ue) [ue)ars — (9(ve) | ve—)aze +&™ (h(ue, ve) | (te— —ve))r. -
Making use of the ellipticity of D, and E. and the Lipschitz-continuity of f and g, we can estimate,

sllue—(Of + 5llve—OlI32 < Lellue—lIgs o + Lollve-llBe , + €™ (hlue, ve) | (ue— — ve—))r.o-

Using Gronwall’s lemma, it easily follows that u._ = v._ = 0 a.e. if h is such that (h(ue,ve) | (ue— —
Ve_))r.,r < 0 for all possible u.,v.. This is satisfied since h(ue,v.) = h(ue,v:)(us — v.) with h non-
negative. <

Lemma 4.2

The functions u. and v. are bounded almost everywhere.

PrROOF Let M (t) = max{||uo|co, |v0]|oo }e** with a k € R to be specified later. We define
(ue — M)y (z,1) == ue(z,t) — M(t),  if ue(x,t) — M(t) >0,
e + 4y =
0, else.

Testing the weak formulation (2) with (u. — M), (ve — M), respectively, and adding gives

(Opue(t) | (ue — M)1(t))azr + (Fpve(t) | (ve — M)1(t))q2
+ (De(O)Vue (t) | V(ue = M)y ()1 + (Ec() Vo (1) | V(ve = M) 4 (t))qz
= (f(ue(®)) [ (ue=M)1(8)) a1 +(g(ve (1)) [ (ve=M) 4+ () ) o2 =™ (Alue (t), ve () | (te—M) 4 (t)—(ve=M) 1. ())r. -

6



This implies, after integration with respect to time,

3ll(ue = M) ()2 + 31 (ve = M) ()3 + VDV (ue = M)1 131, + IVEV (v = M) 122,
= (f(ue) | (ue — M)-i—)Q;t + (g(ve) | (ve — M)+)Q§,t — ™ (h(ue,ve) | (ue = M)y — (v = M) )r.

— (kM| (ue — M)+)Q;,t — (kM | (ve — M)+)Qg,t~

Let us look at the reaction terms on the second line. If both reaction terms are negative we can choose

k = 0 and obtain the estimate
3l = M) (@)]3 + 5ll(ve = M)+ ()32 < —e™ (Rue, ve) | (ue = M)4 — (v = M)4)r, -

If one of the reaction terms is non-negative, we choose k to be the Lipschitz constant associated with this
reaction function. If both reaction terms are non-negative, we choose k = max{L¢, Ly}, where Ly and L,

are the Lipschitz constants associated with f and g, respectively. Then, we can estimate
(f(ue) = kM | (ue — M)y)ore < (Leue — kM | (ue — M)4 )01 < k(ue — M| (ue — M)y)or,

and, analogously, for the reaction term in Q2. Moreover, since we have h(uc,v.) = h(ue,v.)(ue — v.), it

follows that —™(h(ue, ve) | (ue — M)y — (ve — M)4+)r, + < 0 and, altogether, we obtain
(s — 20+ 012, + (0. — A4 (0
< k((ue = M)y [ (ue = M)1)are + k(v = M)y | (ve = M) 4 )0z

with &k equal to 0, L¢, Ly or max{L¢, Ly} depending on the reaction terms. From this, the assertion follows

using Gronwall’s inequality. <

Lemma 4.3

For the functions u. and v. there exists a constant C > 0, independent of €, such that
lue (O IE: + o (OlIBe + [ Vuellf  + 1Voe gz, + ™ (h(ue,ve) [ue —ve)r, o < C (11)

for a.e. t€S.

PrROOF Testing the weak formulation (2) with (u., ve), adding and integrating with respect to time gives
%HUS(t)”?z; + %Hvs(t)‘l?zg + [lv stuellaé’t + H \% Esvve”?}g,t +e™(h(ue,ve) [ue — Us)Fa,t
= (f(ue) |us)Q§,t + (g(ve) |U€)Q§,t + %HUOH%; + %”1}0”?23'
Since u. and v, are bounded and non-negative, we obtain the estimate

Uloae ()2 + Sllve®l3e + IVDVaellfy , + IVEVvella , + ™ (hlue,ve) [ — ve)r. o

< Lelluclfy o + Lellvellfe o + 3lluolls + 5llvolife-



Then, we obtain using Gronwall’s inequality
%”us(t)H?z; + %Hvs(t)nag + ||Vus||?z;,t + Hv%”%g,t +5m(h(u6avs) | ue — UE)Fa,t <C. <
We state the following trace lemma without proof (e.g. see [7]).

Lemma 4.4
There exists a positive constant co, independent of €, such that ||ul|2 < co (L|ulld, +eVuld,) for any

u € V().
We need the trace lemma above to prove the next result.

Lemma 4.5

Let m > 1. There exists a positive constant C, independent of €, such that

e (1) 2 + 100 (8)] 22 < C. (12)

PrOOF Taking the time derivative of the strong formulation and testing with dyu. (this can be made

rigorous by considering difference quotients and passing to the limit, cf. e.g. [23]) gives

(Orrue(t) | Oruc(t))ar + (0D Vue(t) | VOrue(t))a1 + (DeVOrue(t) | VOrue(t))a
+ &M (Oeh(us(t), v=(t)) | Opus(t))r. = (f(ue(t)Opuc(t) | Opuc(t))q-

Integration with respect to time and standard estimation gives

1
3 10 (D8 + 1V DV e[y 4
1
= —(8tDEVu5, V@tue)gé’t — gm(auh 8tu5 + 8vh atve | 8tuE)FE,t + (f/(us)atua | 8tu5)gé’t + 5”8ﬂ£5(0)”%;

< CollVuellor ol VOeuellar e + ™ |0uhlloo | OpuelI, o + ™ 10uhlloc 1Ot Ir. ellOeve Ir. e + I oo Brtie [ 1 +

for constants ¢, Cy > 0. Using the trace inequality, we arrive at

1
§||atus(t)||?zg + IV DeVorucds 4

o0
< [|Osuelda (Lhucoam—l +th%gm—1 n Lf)

1 co0 §
+ ||V8tu€||?¥7t (2(5100 + Lhu005m+1 + tho225m+1) + ||vu€||?);,t (0021)

2 €0 _m—1 2 o 1
+ ||5tvs\|szg,tLhU27525m + ”vatvsnﬂg,tLhHEi?er +c.

for arbitrary d1,d2 > 0. Since D, and E. are elliptic, there are «, § > 0 such that

v statuengz;,t 2 O‘”vatus”é;,tv v Esvat”é”?)g,t 2 B”vatvsus%g,t-
8



We use this estimate to continue with

1 1 cod
5”8,:1%@)“%1 + ||V5tu5\|?21’t (O[ — WC() — Lhucogm-‘rl —_ LhU0225m+1>
€ € 1

cod 5
< [|0vuc|Be <Lh o™V + Ly + Ly, 022 em™ 1) + | Ve[, <0021>

0 m— €0 m
+ 110rve |2 <th25 1>+||V8tv5||92t< o +1>+c.

We perform analogous estimations for v. and add the result to the inequality above. After carefully choosing

the §;, it follows for e sufficiently small
1 2 1 2 2 2
SN0=()12, + S 10w=(0) 1B < N0vuel3y oCr + BrvellBs 1o + .
Using Gronwall’s lemma, we obtain the desired result. <
If m < 1, we still get the following result:

Lemma 4.6

Let m > 0. There exists a positive constant C, independent of €, such that

10cue || L2(s, -1 (1)) + 1Ocvelle(s,m-1(a2)) < C. (13)

PrOOF Using the definition of the H~!-norm and noting that the boundary terms vanish, we can estimate

0cue || -1 Q1) + [100ve | 11 (2)

= sup  (Owuc| @) -1y mry/lellai@ny +  sup (O [ V) m-102) | g2 o)/ 1V H102)
pEHG(QL) YEH(Q2)

= sup ((=DVue | Vo)waan  raan) + (F(w) | @) -ran mycany ) /19 lman
PEHG(QL)

+  sup (( E.Nv. | VY) 22y L2y + (9(ve) [9) 1 1(93)|H3(Qg)))/||¢||H3(Qg)
YEH(92)

< sup  (Ci|Vuella:[IVellar + [ flla-1 @ llell mi ) /el zi
wEHG(Q2L)

+ sup (C2||VU8HQ§HV¢”Q§+HgHHfl(Qg)Hd’l|H3(Q§))/H¢”H§(Q§)
YEH(Q2)

Integration with respect to time and use of lemma 4.3 gives the result. <

Proposition 4.7 (Existence)

There exists at least one solution (ue,v:) of problem (2).

PROOF We begin with showing existence of solutions for a (possibly short) time interval (0, 7). For conve-
nience, the spaces V and W refer to this time interval in this proof.

9



Fix § with 0 < § <  and let 4. € V = L*(0,7; H'7°(Q})) and 0. € W = L*(0,7; H'7°(Q2))
be given functions. Since the Nemytskii operators associated with f, g and h, F, G and H say, are
bounded and continuous as mappings V — L2(0, 7, L2(QL)), W — L2(0, 7, L2(Q2)) and [L%(0, 7; L*(T)))* —
L2(0,7; H='/2(T.)), problem (2), in which the concentration-dependent reaction terms and interfacial-
exchange terms have been replaced by the given functions f(@.), g(0.) and h(d., 9c), has a unique solution
in the space W(QL) x W(Q2) and the associated solution operator is continuous in this setting. Since the
embeddings W(Q!) < V and W(Q2) < W are compact, the solution mapping is continuous and compact
as a mapping into V' x W. Hence, the fixed-point operator mapping (i.,?.) € V x W to a new solution
(ue,ve) € V x W is compact and continuous.

It remains to show that ||uc||v, ||[vellw < R, if ||tc|lv, ||0e|lw < R for some R > 0. Then, by Schauder’s
fixed-point theorem, there exists at least one fixed point.

This can be shown easily making use of an interpolation inequality,

el 20,7, 115 1) < Clluella(o,myxan el 1207, 11 02):

[24, p. 135], and the already obtained a-priori estimate (11) from Lemma 4.3 (noting that the estimate for
[ue(t)]|o: is uniform in time), where R has been chosen large enough such that the initial conditions are

within the ball of radius R, |lug[lq: < R and [Jvg|loz < R. This yields
[uellv < CHUEHi?((O,fr)XQ;)Huﬁll%)zéé) < C(CyR7)°(C2R)' ™ = C3R7.

This can be made smaller than R for 7 small enough. The same argument can be used for |lve||w.
Noting that the argument above is independent of the initial time, the argument can be repeated so that,

after a finite number of times, the solution has been extended to the whole time interval (0,T). <

5. Convergence

In this section, we want to investigate the convergence of the sequences of solutions as € — 0. We use

the notion of two-scale convergence.

5.1. Two-scale convergence

Details of classical results on two-scale convergence can be found in [25, 26, 27, 28, 29, 30] and, in the
context of reaction—diffusion systems, in [10] in particular. For the sake of convenience, we discuss two-scale
convergence for sequences independent of time. Note that this is no restriction since time is only a parameter

with respect to the convergence with respect to the spatial variables, cf. e.g. [31].

10



Definition 5.1 (Two-scale convergence)
A sequence of functions v. in L?() is said to two-scale converge to a limit function vo(x,y) € L2(Q x Y)
iff

fim [ v.(o) plaa/e)de = [ [ o) o(og) dyas (14)

e—=0 Jo
for all € C§° (Y C;f(Y)) where the subscript # denotes periodicity. A sequence of functions ve in L*(T.)

is said to two-scale converge to a limit function vo(x,y) € L?(2 x T') iff

e—=0

lim 5/1“5 ve(x) p(z,x/e) doy, = /Q/Fvo(z,y) o(x,y)doy, dx (15)
for all p € C5° (S, CF(Y)).

The following theorem is fundamental to the notion of two-scale convergence (cf. theorem 1 in [25] or

theorem 1.2 in [26]).

Theorem 5.2
Let u. be a bounded sequence in L?(Q). Then, there exists a subsequence such that u. two-scale converges

to a limit function ug € L>(Q x Y).

For the formulation of the next theorem, the proof of which is found in [10], the following notation is
introduced: For a function v® € L?(Q2), its zero extension to € is denoted by ©®. Clearly this yields

5 € L2(Q), a =1,2.

Theorem 5.3

Let j = 1 or j = 2 and let u. be a bounded sequence in W12(Q1). Then, there exist limit functions
u € WH2(Q9) as well as uy € Lz(Qj;W;’z(Y)/IR) such that for a subsequence the following convergence
results hold in two-scale sense: . — Yu and %5 — (Vggu—i—vyul). Moreover, the trace of u. on

[, two-scale converges to the trace of the limit function on T in the sense of (15).

We also cite a result stating when the product of two two-scale convergent sequences converges to the

product of their limits (cf. theorem 1.8 of [26]):

Theorem 5.4
Assume that ue and ve are two bounded sequences of functions in L?(§)) which two-scale converge to limits
ug and vy in L?(Q x Y), respectively. Assume further that
lim [luc ([ = [[uollaxy - (16)
e—0

Then, we have

UeVe _>/u0(xay)’00($ay) dy (17)
Y

weakly in C§° ().
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A sufficient condition for (16) to hold, is that u. is a sum of functions belonging to the following classes,
» functions being continuous with respect to one space variable,
» products of functions which only depend on one space variable and time.

An analogous result holds for sequences given on I, cf. [27], where condition (16) needs to be replaced
by

lim ejuc ||, = [[uollgxr- (18)
e—=0

The a-priori estimate (11) ensures that these standard two-scale convergence results apply to the se-

quences u. and v, whose limits we denote by u and v, respectively.

5.2. Nonlinearities

As a notion of convergence of weak type, two-scale convergence is well suited for linear terms. In order
to handle the nonlinearities, the following additional considerations are required.
In order to be able to talk about sequences defined on the entire domain €2, we first extend each solution

(ue,ve) to the entire domain. This can be achieved by the following result from [32]:

Theorem 5.5
Letj =1 orj=2. A function u. € WH2(Q) can be extended to a function . defined on all of Q such that

eIy < Cluellns e, (19)

For u. € L*(Q), the extension satisfies

)& < Cllucllg- (20)

Note that such an extension does not hold if the domain is disconnected [33]. Furthermore, for the
extensions from theorem 5.5, analogous estimates to (19) hold for the L*-norm, if the L*-norms of the
original functions are bounded.

If the function to be extended depends on additional variables, the time-dependence in u. € V(Q})
for example, it also makes sense to consider its extension in the sense of theorem 5.5 since the extension
operator is linear and u.(-,t) € W12(Ql) for a.e. t € S. Thus, a linear and continuous extension operator
E:V(Ql) = V(Q) exists whose norm is independent of e.

If the sequence of solutions w. is bounded in L?(0,T; W12(Q)) N W12(0,T; HH(Q)) N L>®(Q x 9), it is
actually strongly convergent in any LP with p < oo to some u (see the next lemma). Then, if the Nemytskii

operator associated with the nonlinear function f is continuous, f(u.) converges to f(u).
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Lemma 5.6
Let ue be a bounded sequence in L*(0,T; WH2(Q)) N WH2(0,T; HY(Q)) N L>(Q x S) and let u be the
corresponding two-scale limit. Then, at least a subsequence of u. strongly converges to u in LP(Q2 x S) with

1<p<oo.

PROOF Let u. be a subsequence which converges to u in W(Q) weakly as well as in two-scale sense.
Since the embedding L%(Q) < Hg ()’ is continuous and the embedding W12(Q) — L?(Q) is compact,
the same applies to the embedding W(Q) < L?(0,T; L?(£2)) (by the lemma of Lions—Aubin, cf. [34], p. 106)
and at least a subsequence of u. (denoted by the same symbol) converges strongly to u in L?(Q x S).
Therefore, u. strongly converges to u in LP(2 x S) with 1 < p < 2 as well.
It remains to be shown that convergence also holds in LP(Q2 x §) with 2 < p < co. Since u. converges
to u strongly in L%(2 x ), a subsequence of u. exists (denoted by the same symbol) which converges to u

pointwise almost everywhere in  x S. Since u. belongs to the space L (2 x S) and since
lu(z,t)]| = lim [luc(z,t)[| < C  a.e. inQ xS,
e—0

u belongs to this space as well. Using an interpolation inequality [24, p. 27],

_ 1 1-46 0
lullo < a0 ull%m  for 1< pips<oo, 0<O<1 and = = —~ + —
p b1 b2

with p; = co and ps = 2 gives

—0
||u5 — u”L%(QxS) < Hua - UHlLoo(QXs)HUe - UH%Q(QXS)

for fixed 0 < 6 < 1. Therefore, u. converges to u in LP(Q x S) with 2 < p < oo strongly. <

5.8. Interfacial exchange term

From (11), we immediately obtain the estimate
e™I\/ hlue, ve)(ue —ve)|If, < C (21)
Using that 0 < hmin < h(te, v2) < hmax < 00, this also implies
™| h(ue, ve) (ue — Us)”lz“s <C and &"[lu — 1’5”12“E <C. (22)
If we have m < 1, we further find that
ellh(ue, ve)(ue —ve)|lf, <e'7C < C and  elju. —vllf,. <e'TC < C. (23)

Thus, h(ue,v.)(us — ve) two-scale converges in trace sense to some function ¢ € L?(2 x I') and we have that

€1 r < lim (e, v2) (e — vo)|[3, < lim e'="C = 0. (24)
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Thus, £ = 0 almost everywhere. Using the same argument, we find that u. — v. two-scale converges to 0 in
trace sense. On the other hand, since u. and v. two-scale converge in H*(Q!) and H'(Q?) respectively, we
also know that their traces converge to the traces of the (domain) limits. Thus, we find that u = v a.e. on
QxTI.

If we have m > 1, we find that

—0

™|l E(Uavs)(us - UE)H%S = 5m715” E(usvvs)(us - UE)H%E = 0, (25)

since the second term is bounded, cf. estimate (11). Thus, the interfacial exchange term disappears in the
limit equation, h® = 0.
In the case m = 1, the limit needs to be characterised further. For this purpose, we proof the following

lemma, which is an adaptation of a lemma of Conca et al. [12].

Lemma 5.7

For m =1, we have
lim e(h(ue, ve) | @)r2(re)e = (IT[h(uo, v0) [ @)o (26)

for any ¢ € C§°(Q).

Proor We prove the assertion in two steps. In the first step, we show that the linear form u5 defined
in (x*) below strongly converges in (W1?(Q))’ for 1 < p < co. Therefore, we mainly adopt and rearrange

section 3 “Lemmes de base” from [35]. In the second step, we use the form p5 to complete the proof.

1. Let A € L (T') be a Y-periodic function and 1 < p’ < co. We define

1

Let Wy be the solution of the problem

—A\I/A = —CA in Zl,
VU¥,-n = A onT,
Wy Y — periodic.

The solution Wy exists, since — [,, Cxdy = [ Ado,. Furthermore, we define the function W5(z) =
U, (%) satisfying

N

VIS - n

[
m>\>:|
2 e
T Qa
2 E
oo

Testing this problem with v € W1?(Q}) (% + i = 1) and integrating by parts leads to

5/5 A yo(a)ior E/QE v, () Vo(a) d;z:+/ Cho(z) da. (%)

Qe

14



Here we used that eV, V5 (z) = V, U, (2).
We define the linear form on W1P(Q) by

Wi 1o = [ ADplado, VW) ()

with % + i = 1. With equation (%) we estimate

x
e [ MEla)do, < eCIV, sl (e 190l e +C'Callllr.
In this setup, the following convergence holds
HS = M strongly in (WP(Q))’

with

1

(x, ) = f/k(y)day/ pda.
‘Y| N Q
—_—

=HXx

To prove this statement, we define the following using equation (x)

ps = i + Caxa.

with
e T
(a5 | o) = E/Q VyUx(2)Vo(z) de.

It holds that

[(E5 | @) < eClIVyUall e (71

Vollize o

where the first norm on the right-hand side is bounded since ¥ € Wl’p'(Z 1) and the second norm is
bounded since ¢ € W?(Q). Hence, ji§ =29 0 strongly in (Whr(Q)).
Furthermore, we have
Zl
C,\XQE — C,\|Y| = ) weak™ in LOO(Q).
Since L*°(Q) is compactly embedded in W=1:2°(Q), it follows that

Zl
Chxa. — C’>\|Yl| = strongly in W~1°(Q)

and hence, also strongly in (W1P(£2))".
. Now we are going to use part 1 of the proof, where we take A = 1 and p’ = p = 2. Notice that in this
case puy = p1 = |T.
If a sequence of functions 2 € H'(Q) is such that 25 — z weakly in H'(f2), then

(s | #) = s [ e (+)

Q
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With u. — ug and v. — vg strongly in L?(S x Q) and continuity of H, which is the Nemytskii operator

associated with h, we obtain
H(ue,v:) = H(ug,vo) strongly in L*(Q x S).

Moreover, (|Vh(ue,ve)||z2axs) = [|0uh(ue,v:)Vue + Oph(ue, vo) Ve L2ax sy is bounded, since h is
Lipschitz-continuous in both arguments and |luc||r2(s;w12(0)) and |lve|p2(s;w1.2(q)) are bounded.
Hence, we deduce a weakly converging subsequence h(u.,v.) in L2(S; H'(Q)) and for any ¢ € C*°(£2)
it holds that

wh(ue,ve) = ph(ug, vo) weakly in L*(S; H'(Q)).
Combining this with (4) yields for 2& = ph(u.(t), v:(t))
(i | (a0 000 20T [ ohlua(0),wo(e))da
for almost every t € S. Finally, we are in the position to use Lebesgue’s convergence theorem and get
lim <(h(ue, v2) | 9)r. = (Tlh(uo,v0) | @) «

which concludes the proof.

6. Identification of the limit problems
Proposition 6.1
If m > 1 the limit functions v and v associated with the sequence of solutions u. and v, satisfy the weak

macroproblem (10).

PrOOF Owing to the convergence results for the nonlinear terms of the previous section, the proof is similar
to that of propsition 4.3 in [10] (which deals with the identification of the homogenization limit of a related
linear problem), which is why we only give it in short form.

We integrate the weak micromodel (2) with respect to time and choose the test functions to be of the

form

QO(:L’,t) = QOO(x»t) + 5<P1($ax/5at)7
Y(x,t) = Yoz, t) + e (z, 2 /e, t),

where (o, 1), (Yo, 1) € C5°(S;C(Q)) x CF°(S;C>(;CF(Y))). Since the determination of the limit

problems for u and v is completely analogous except for a sign difference, we only show it for w.
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With the choice of test functions above, equation (2a) reads
1/ x
0= Opue(x,t)x (7) [po(z,t) + epy (z, - t)] dx dt
SxQ € €
x 1/
+/9XQD5 (aj’g’t) Vm“e(%t)x (5)
X {anpo(:mt) +eVapr (:c,

- flue(z,t)x*! ( ) {@o(ﬂf t) + ep1 (

SxQ

(ORI

,t) + Vy1 (x, g,t)} dx dt (1)

t)} de dt

x
€
+~/S><F e h(ue(z,t), ve(z, 1)) [apo x,t) + ep1 (x7 )} do, dt.

Now, we pass to the limit as € — 0. In this context, v and u; are understood as the limit functions from
theorem 5.3.

The limits of the four terms in (1) can each be determined separately. Lemma 4.5 together with theorem
5.2 applies to the first term. For the limit passage in the second term, we use theorem 5.4 with (3) and
theorem 5.3. For the third term, the assumption on f and lemma 5.6 is used. The limit of the fourth term

is found using the results from lemma 5.7. Altogether, we find
0= 2" Opu(z, t)po(z, t)dedt
SxQ
+ / D(x,y,t)(Veu(w,t) + Vyui (z, y, 1) [Vapo(z, ) + Vyer(z,y,1)] dy dz d
SxQJZ1
—/ flu(z,t))dy po(x,t) dedt
SxQJzZ1

+ /SXQ A (u(t), v(t)) po(z,t) de dt

for all (¢o,¢1). Choosing pg = 0 yields the cell problem and u; = Zd

=1 Oz u(z,t) pj(y,t) by standard

arguments (also see the proof of proposition 6.2).

Choosing ¢ = 0 gives
0=|2' Ou(z, t)po(z, t)dedt
SxQ

+ / D(z,y,t)(Vyu(z,t) + Vyui(z,y,t)) Vepo(x, t) dy dz dt
SxQJZt

—/ fu(x,t)) dy oz, t) de dt
SxQ JZt

+/ & (u(t), v(t)) po(x,t) dedt
SxQ

for all pg € C°(S; C°(£)). Using u; = Z;l=1 Oz, u(,t) ;(y,t), the second term can be simplified to

/ P* (@, )V s, ) Vaipo i, £) de dt,
SxQ
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where P" is defined in (6). Thus,

2 [ o, o a, t) de dt + / P (2, )V sty ) Voo, ) da dt
SxQ SxQ

_ / Flue, 1) dy o, t) da dt — / B (u(t), v(t)) gol, 1) da dt
SxQJZL SxQ

for all pg € C§°(S; C()).

Taking the analogous steps for the function v. we get

|Z2\/ Opv(x, t)po(x,t) dmdt—l—/ PY(x,t)Vv(x, t)Vepo(x, t) dedt
SxQ SxQ

:/ / g(v(z, b)) dy po(x,t) dzdt+/ R (u(t),v(t)) po(z,t) de dt
SxQJZ2 SxQ

for all pg € C§°(S; C(R)), where the tensor PV is defined in (6). <

Proposition 6.2
If m < 1 the limit functions u and v associated with the sequences of solutions u. and v, respectively,

satisfy the weak macromodel equation (8).

PrROOF From (24) we know that u = v on  x I" in the limit. Addition of the equations (2a) and (2b) gives

(Drue | @)ar + (DVue [ Vo)ar + (Orv: | )z + (B-Vue | Vo)oz
+ €m(h(u€, ve) | SOIQé - SOIQE )r. = (f(us) |90)Q; + (g(ve) |90)Q§‘

Choosing the test function as

/Smxl (%) druclat) [ol,t) + 2" (2, 2.¢)] azat
+/ngX2 (2) dev-@,t) [o(,t) +20* (. Z.t) | dwa
[ (2)D (0. 50) Vuelent) [Vopola ) + 9ot (0. 2.8) + 9,6 (2. 2.0)] o
+/SXQ X (E)E(xgt) Vo (@,1) | Vaspo(@,1) + €V, (xgt) + Yy (2, 2,1)] deat
b [ el [t + et (0 520) = nlant) - 562 (1 2.t) | do
= [ () stlat) oot + 6 (2. 2.0)] dot
+/sm"2 (2) gtvee.0) [pole.t) + 20 (v, 2,1) | dadt.

€
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Using (24) we receive for ¢ — 0

/ ( Opu(z,t) dy + O (z,t) dy> oz, t) dedt
SxQ zZt z2
+ / D(@,y,t)[Vau(e, t) + Vyui (2, y,)][Vapo(,t) + Vyo' (z,y, 1) dy dz dt
SxQJZt

+ / Bz, g, )[Vav(z, 1) + Vyur (2,5, 0] [Vaipo (@, 1) + Vyo? (2,9, 1)] dy do dt
SxQJZ2

- /SXQ ( . flu(z, 1)) dy + /Z g(v(xvt))dy> wo(z,t) dzdt

and we deduce that u = v on 2 x I'. Because u and v is independent of y we immediately have u = v on the

whole domain 2 x Y. Hence, we replace v by u and define the right-hand side F'(u fZl ) dy+
fzz g(u(x,t)) dy so that

/ 1241050z, t) + | 22|0vu(z, )]0 (z, ) da dt
SxQ
+ / D(z,y,t)[Vou(w,t) + Vyur (2,9, )] [Vapo(z,t) + Vyo' (2,y,t)] dy da dt
SxQJZL
+ / / B, )V, 1) + V1 (2,5, O] [Vaspo(@, £) + Ty (1, )] dy da
SxQJZ2

= F(u(x,t))po(z,t) de dt.
Sx

We assume @ = 0 and it follows that for all ', p* € C§°(S; C>(Q; CP(Y)))

D(z,y,t)(Vou(z,t) + Vyui (2, v, t))Vygpl dy + / E(z,y,t)(Vau(z,t) + Vyvi(z,y, t))VyQOQ dy = 0.
Z1 Z2

Assuming u; = Z(j 10z, u(z, t)pi(y,t) and vy = Zj 1 Oz, u(x, t)v;(y, t) we get

d
0= D(CC, Y, t) (vxu(xa t) + Z 832;'“(177 t)vyﬂj (yv t)) vy‘ﬂl dy
Z1

J=1

d
+ [ E(z,y,t) (WU(M) + Zaxju(w,t)Vij(y,t)) Vye® dy,

z2 =

which is satisfied by virtue of the cell problem (5).

Now we assume @' = ¢? = 0 and it follows that for all ¢

12!+ 1Z2 Dot (et ded+ | Zamu(/ Dy (3, H) (655 + Vo, () dy

SxQ ijk
+/ Eij(x,y,t) (0% + Vy,v(y,t)) dy) Oz, 0o dazdt = / F(u(z,t))po dx dt.
zZ?2 SxQ

With Pu J} t le (z,y,t €z+vy/f‘z(ya ))(ej+vyuj(ya t)) dy and P, fzz (z,y,t ez"'v vi(y, ))(€j+
V,vi(y,t)) dy we abbreviate this equation to (8). <
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7. Uniqueness of the limit problems
Finally, we show uniqueness of the macroscopic limit problems of §3.

Proposition 7.1 (Uniqueness)

There is at most one solution of the weak problem (8).

PROOF Let us suppose that there exist two solutions U; and Uy € W(R) of the weak problem (8) with
U1(0) = U2(0). It holds that

(Ou(Ur = U2) [p)a + (P + PY)V(U1 — Us) | p)a = (F(U1) — F(U2) [ ¢)a-
Testing with ¢ = Uy — Us and integrating from 0 to ¢ gives us
1 1
0L = Vo]l + VP + PV (UL = Vo) = (F(Uh) = F(U2) |Ur = Ua)a + 5[ U1 (0) = Ua(0) -
The function F' is Lipschitz continuous, because f and g are Lipschitz continuous. So we conclude
1 2 2
UL = Uallg < LrllUs = Vsl
With Gronwall’s Lemma we deduce that ||U; — Us||3 < 0, so U; = Us almost everywhere. |

Proposition 7.2 (Uniqueness)

There is at most one solution of the weak problem (10).

PROOF Let us suppose that there exist two solutions (uy,v;) and (ug,ve) € W(Q)? of the weak problem
(10) with u1(0) = u2(0) and v1(0) = v2(0). It holds that

|12 |(Bsur — Byua | Vo) + (PUV (ur — us) | Vi)
= (/Zl(f(m) = flu2))dy|)a — (A (ur, v1) — A (u2, v2) [ ).
for all test functions . We take ¢ = u; — uz and integrate from 0 to ¢ noting that u;(0) = u2(0) to obtain
12" 5l =l + IV (o1 — )
= (/Zl(f(ul) — f(u2))dy |ur —u2)a — (A (u1,v1) — h™(uz,v2) w1 — u2)a
< (/Z1 Lyluy — up|dy | [ur — uzl)as + ([P (ur, v1) — h¥(ug, v1)[ | [ur — ual)o.

+ (IR (u2,v1) — K™ (ug, v2)| | [ur — uz|)a,

<|ZMLygllus = w2lld, + V[ L,

uy — up|g, 4+ 0| Ln, (o1 — va2lld + llur — ualld,) -
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where we have used that f is Lipschitz with constant Ly, the functions u; and uo are independent of y and

h is Lipschitz with constants Ly, and Ly, .

We perform the analogous estimations starting from the equation for v and get

1
1275 lvr = w2l + VPV (01 = va) [y,

< |Z%|Lyllvy = va|§ ¢ + 7| Ln,

v1 = val|& s + [T|Ln, (Jlur — uallf, + o1 — v2ll,) -

Adding the equations we get

lur — ua||g + o1 — v2ly < C (lua — u2lld, + llor — valld,)

for a C > 0. With Gronwall’s Lemma we conclude that |lu; — uz2||3 + |[v1 — v2||3 = 0 so that u; = us and
V1 = V2. <
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