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DIFFUSION ON SURFACES AND THE BOUNDARY PERIODIC
UNFOLDING OPERATOR WITH AN APPLICATION TO
CARCINOGENESIS IN HUMAN CELLS*

ISABELL GRAFT AND MALTE A. PETER?

Abstract. In the context of periodic homogenization based on the periodic unfolding method,
we extend the existing convergence results for the boundary periodic unfolding operator to gradients
defined on manifolds. These general results are then used to homogenize a system of five coupled
reaction-diffusion equations, three of which are defined on a manifold. The system describes the
carcinogenesis of a human cell caused by Benzo-[a]-pyrene molecules. These molecules are activated
to carcinogens in a series of chemical reactions at the surface of the endoplasmic reticulum. The
diffusion on the endoplasmic reticulum, modeled as a Riemannian manifold, is described by the
Laplace—Beltrami operator. The binding process to the surface of the endoplasmic reticulum is
modeled in a nonlinear way taking into account the number of free receptors.
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1. Introduction. Periodic homogenization is a method for upscaling rigorously
mathematical models of multiscale processes. In many cases, the multiscale nature
of the problem is due to a microstructure of the material under consideration. While
it is infeasible to resolve the microstructure in detail in numerical simulations (and
often unnecessary), upscaled models describing the processes on an observation scale
much larger than the characteristic size of the microstructure are required. In periodic
homogenization, such upscaled models are obtained by assuming the microstructure
of the material to be periodic with respect to a reference cell and considering the limit
as the periodicity length € > 0 approaches zero. Monographs on the subject include
[3, 28, 24, 21, 8, 22].

An elegant technique for performing periodic homogenization is the periodic un-
folding method developed in [9, 7, 6, 11, 5]. In these articles, many assertions, which
are useful for homogenizing partial differential equations, are proved, for instance,
convergence results for the periodic unfolding operator involving gradients defined
in the domain (summarized in Theorem 2.2) and basic properties of the boundary
periodic unfolding operator (Lemma 2.4).

We extend the theory of the periodic unfolding operator acting on hypersurfaces
to results for gradients of functions defined on a smooth periodic manifold. In Lemma
2.5, the weak convergence of a product of functions on a periodic manifold is stated. A
connection between the gradient with respect to I'. and with respect to I' is deduced
in Lemma 2.6. In Theorem 2.9 we give a convergence result for gradients defined on
manifolds.
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In the second part of the paper, we apply the general results to homogenize a
model for carcinogenesis of a human cell, where carcinogenic molecules invade a cell,
undergo chemical reactions to more aggressive molecules and enter the nucleus to bind
to the DNA. The transformations to the aggressive molecules happen at the surface of
the endoplasmic reticulum. Binding to the surface of the endoplasmic reticulum works
as connecting to receptors, which are part of the endoplasmic reticulum. Natural
cleaning mechanisms render the carcinogenic molecules harmless. These cleaning
enzymes mainly occur in the cytosol. We refer to [13, 27, 30, 25] for this information
and further details on the subject.

This mechanism is modeled by a system of five coupled partial differential equa-
tions. We emphasize the binding process to the endoplasmic reticulum by including
a function that describes the relative concentration of free receptors. To bind to the
surface, molecules need to find a free receptor [14], which is modeled by the product
of concentration of molecules and receptors based on the law of mass action. This
product makes the binding term nonlinear. Other nonlinear terms are the cleaning of
molecules in cytosol and the transformations of the molecules on the surface. Much
simpler carcinogenesis models taking into account the main subprocesses are found in
[4, 16].

The endoplasmic reticulum is a bilayered membrane, which pervades the whole
cytoplasm of the cell; cf. [14]. One can assume that, roughly speaking, the endoplasmic
reticulum is everywhere and nowhere in the cell. To handle this fine structure, we use
periodic homogenization based on the periodic unfolding method, which requires the
use of results of the first part of this article.

As the biochemical processes in the cell contributing to carcinogenesis take place
on the microscopic scale, it is expected that multiscale models taking into account
this microstructure, such as the one developed here, allow for a much better repre-
sentation of the overall process than conventional (purely macroscopic) compartment
models. In turn, this enables a better understanding of the process and, in particular,
models and model assumptions can be tested in much more detail. Moreover, med-
ical interventions often involve the microstructure, e.g., blocking of receptors, and
it is thus expected that such multiscale models will be helpful in this direction as
well.

This paper is organized as follows. In section 2, we recall the definitions and some
results of the periodic unfolding method and prove the new statements required for
the homogenization process, which follows. It is important to note that these results
are general in the sense that they could be useful in the homogenization of related
problems. In section 3, the system of reaction-diffusion equations is introduced and its
relation to carcinogenesis in a human cell is discussed. Further, we show the a priori
estimates and the existence of a solution for every € > 0 in section 4, the technical
details of which are relegated to the appendix. The limit for ¢ tending to zero is
characterized in section 5, where the main result of convergence of solutions of the
microscopic model to solutions of the homogenized system is found in Theorem 5.1.
We show uniqueness of the limit model in section 6 and give some concluding remarks
in section 7.

2. The periodic unfolding method. Let 2 C R" be open and bounded and
Y =1[0,1)" be the unit cell. Further, let Q. = [J;czn €(k+Y"). We recall the definition
of the periodic unfolding operator and a compactness result for H' from [9]. Here
and in what follows we denote
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L*(Q) = {u :  — R| u measurable and /

u?de < oo},
Q

Hl(Q):{ueLQ(Qﬂ /Q|Vu|2dx<oo},

where Vu is the weak derivative; see [12] for this notation.

Let . := {€ € Z"| e(€+Y) C Q} and Q. := interior{{Jgc=_ e(¢+Y)}. For every
z € R", [z]y is defined as the unique integer combination >"" ; k;e; of the periods
such that {z}y = z — [z]y € Y. The periodic unfolding operator 7. is then defined
as follows; see [6].

DEFINITION 2.1. Lete > 0, ¢ € LP(.), and p € [1,00]. Then, the periodic
unfolding operator Tz : LP(Q) — LP(R™ x Y) is defined as

Ty = ([2], +2v) ae for (oy) Qe xY,
[Te())(2,y) =0 a.e. for (z,y) € Q\Q x V.

THEOREM 2.2. For every ¢ > 0, let . be in H'(Q.) with ||¢e| g, bounded
independently of €. Then, there exists ¢ € H'(Q) and ¢ € L*(Q, Hy(Y)) such that,
up to a subsequence,

Te(pe) =~ ¢ weakly in L (2, Hy (Y),
Te(Vape) = Vo + V¢ weakly in LY (92, L*(Y)).

loc

Functions ¢ € L*(Q, Hj(Y)) are Y-periodic in their second argument.

Further, let I' C Y and I'. = {J,c~ €(k+T") be smooth manifolds. The definition
of the boundary periodic unfolding operator 72 is given as follows; see [9].

DEFINITION 2.3. Let ¢ € LP(T'.), p € [1,00]. Then, the boundary periodic
unfolding operator T2 : LP(I'.) — LP(Q2 x I) is defined as

T (o) (x,y) = ¢ (8 E} + 6y) a.e. for (z,y) € Q. x T,
TE()(x,y) =0 ae. for (z,y) € Q\Q. x T.

The boundary periodic unfolding operator has some important properties, summa-
rized in the following lemma, the proofs of which can be found in [9].
LEMMA 2.4. For the periodic unfolding operator T? as defined in Definition 2.3,
the following assumptions hold true:
1. T2 is linear.
2. Topw) = TAG)T2(W) for all ¢, € LP(T).

3. For every o € LY(T'.), we have the integration formula

1
z)doy = —— T2 () (z,y) dz do,,.
[ st@rdoe= g [ Ty aras,

The remaining five results of this section for the boundary periodic unfolding
operator are new. The first one considers the limit of a product of functions using
the periodic unfolding method.

LEMMA 2.5. Let ue, v. € L3(T.). Let T2 (uc) converge to ug weakly in L?(2 x T)
and let T2 (v:) converge to vo strongly in L?(2 x T'). Then,

7?(%)7?(%) — UoVo

weakly in L?(2 x T).
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Proof. We have for test functions ¢ € C*°(Q2 x T') that

lim (st(us)'ﬁb(vs) — ugvp)p doy, da

e=0 Joxr
= lim (T2 (ue) T2 (ve) = T2 (ue)vo + T2 (ue)vo — uovo)p doy dz
e=0 JaoxT
= lim T2 (ue) (T2 (ve) — vo)p doy da + lim (T2 (ue) — uo) vo doy, dx
e=0 Jour =0 Jaxr v

?

= lim T2 (u) (T2 (ve) — vo)p doy, d.
e=0 Joxr

Here, we used that ¢ := vop € L*(Q2 x ') can be used as test function as well. We
continue with the absolute values of the limits:

lim / (’Tab (us)TEb (ve) — upvo)p doy, dx
e—0 OxT
= h_% 7?(“6)(7?(”6) —vo)p doy, dw

QxI’

< lim 72 (ue)ell 2 xry | T2 (v2) — voll L2oxr)

bounded —0
=0

for every ¢ € C*° (2 x I') and the assertion holds true. O

The most useful new result is Theorem 2.9. It allows us to apply the boundary
periodic unfolding operator for diffusion equations defined on smooth manifolds. For
linear reaction-diffusion equations defined on manifolds it is also possible to use two-
scale convergence for the homogenization process; see [23, 2], and we also refer to [15]
for results on fast diffusion on manifolds. But if there are nonlinear reaction terms
in the equation, strong convergence of the functions typically is required. This is not
straightforward on manifolds but an elegant way is by using the boundary periodic
unfolding operator, as done in [11]. For nonlinear reaction-diffusion equations on
smooth manifolds, Theorem 2.9 can be used, such as in Lemma 4.3 below.

Before we can formulate and prove Theorem 2.9, we first describe a suitable
setting. Let I' C R™ be a k-dimensional compact C'°°-Riemannian manifold with
Riemannian metric g. This means we have an atlas {(Ux, ax)| A € A} of charts on T’
such that I' = |J, Uy and

ax: Uy —» Vi C RE, A€ A.
Further, we require that I'c = [J¢cz. €(I'+§) also is a Riemannian manifold with atlas
{USe:a5¢)| A € A& € ZM}, where US . := (U +€). This means I'. = J, (U5 ¢
and
O[i@ . U§7€ — V)\,

1
a5 ¢(p) =ax <gp—f) , pEUSe, VYAEA L€Z" >0

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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Obviously we have

a5 ¢(p) = ax ({g}y) = ax(yp)s peEUSe, VYAEA (€77,

where vy, = {g}y. For the inverse of oy we have a;l : Vi — Uy and a;_rlg’a V=
U3 ¢ given by

with the function 7¢ defined as
T [ =T, me(y) = e(y + ), EeZ.
For any function ¢ € LP(I'.) the relation between ¢ and T2 is given by

p(mE(y) = T2 (9) (& ).

Now, let us have a look at the tangential vectors d;% on I'.. Let e; be the ith
basis vector in R¥, z = a5 ¢(p) € Vy and t € [-4,6], 6 > 0 small. Then, z = ax(y,)
and

t— 2+ te;

is a curve in V). The relationship between tangential vectors on I'. and on I' in the
point p is given by
d d —1l,e

d 1
e (p) := E\t:oa’w (z + te;) = E‘tzoaa/\ (z+te;) =

5@(%)-

Next, we have a look at the Riemannian metrics g;; and g;;. We have

d d d d 9
gfj(P) = <da:i=5 (p), Qe (p)> = <5@(yp)75@(yp)> =¢e"9ij(Up),
hich yield 55 (p) = L g
which yields — ¢"*(p) = 9" ()
for i,7 =1,..., k. Within this setting, we want to deduce some assertions. The first

one is an extension of the fact that V, 7z (¢.) = 7-(Va¢e) for functions p. € HY(Q.)
(see [9]) to functions on H(T.).
LEMMA 2.6. Let ¢ be in HY(T'.). Then,

eT2(Vap) = VT2 ().

Proof. In the proof we suppress the A or § dependence of the charts a and of .
We just take the appropriate chart for any subset Uy C I' and U ié C I'c, respectively.
In the setting of Riemannian manifolds the gradient V, ¢ is defined as

e d
Oxd= () dai=

(2.1) Veip(p) = Zg”g (p) (»)

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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with
Ay dpoa=be)
Here z;, i = 1,...,k, denote the components of R*. Applying 72 to aifg leads to

7 () ) = (ZE5D o) (ol +2)

8x$€ 6$j
_ Opomoa™) _ 9y (T2(p)oa)
- 833] a(yp) - 833] a(yp)
_ 5y7?(s0)
== gg  (P:Up)-

Putting the pieces together we get

0 d
T2(Va)poyp) = T2 | Y g5 2 (P, )

” Oxde dahe
1, w [ Op d 1 b
=5 ST () (et () = SO )

j

Thus, V,(72(¢)) = T2 (Vayp). O
Having established this result, the following two lemmas easily follow.
LEMMA 2.7. Let ¢ be in H'(I'.). Then,

IVy T2 (22 @nxry = Y[ IVall 2o r,)-
Proof. With assertion 3 of Lemma 2.4 we have

1
elY| Jroxr
1

1 by L b 1 by (2
=V Jaear gvyﬁ (@)gvﬂé (p)dzdoy = Wﬂvyﬁ (@72 @®mn <)

IVaeliar,) = T2 (Vap) T2 (Vo) da doy,

and the claim follows. d
LeEMMA 2.8. If o. € HY(T.), then T2(p.) € L2(Q, HY(T)).
Proof. Since p. € H(T'.), it holds that

€H<,05||2L2(p€) + €HV1Q05H%2(F€) < C(e)

for a C(g) > 0. Because V,T2(¢c) = eT2 (V) we have for small & < 1

IT2 () oy = / T(2)? dory da + / (VT2 (00))? doy da
QxT QxT

= YlellpelZzr.) + Y1 I VapellTor,y < VIC(e). O

The main Theorem 2.9 is a compactness result and deduces a limit function in
L2(9Q, H;&(F)) of a bounded sequence in H'(T.).
THEOREM 2.9. Let . € HY(T'.) be bounded for every ¢ such that

E|\<p€||2L2(F€) <C and 83||V$Q05||%2(1“E) <C

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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for C > 0 independent of . Then, there exists a p € L*(R™, H%&(F)) such that, up to
a subsequence,

T2 (pe) = ¢ weakly in L*(R", H'(I))
and
eT2(Vaope) = Vyp  weakly in L>(R™ x T).

Proof. We use the statement that, in a reflexive Banach space, a bounded sequence
contains a weakly converging subsequence. Hence, we need to show that 72(p.) is
bounded in L#(R", HY(T)).

With assertion 3 of Lemma 2.4 we get

ST Bagnary = elleelZaqe,, < €
I Welllizmosr) = elleeliar.,) =

and with Lemma 2.7

1
m||vy7;b(‘ﬁs)||2L2(R"xF) = |IVapellZo(r,) < C.

Hence, T?(¢:) is bounded in L?(R"™ x I') and V,72(¢) is bounded in L?(R™ x T). Tt
follows that T?(¢¢) is bounded in L2(R™, H'(I')) and there exists ¢ € L>(R", H'(T))
such that

T2(p.) — ¢ weakly in L*(R™, HY(T)).
With Lemma 2.6 we conclude
eT2(Vaope) = VT2 (pe) — Vyp  weakly in L2(R™ x T).

It is left to show that ¢ is Y-periodic. To this end, let v € C*(R™ x T') be
periodic in its second argument. Then, for £ € Z"

| T+ 9 = T )iy deda,

— /Rnxr (Qﬁs (E ([g}y +€) —I—EZ/) — Pe (E {g}y —I—Ey)) Y(z,y) dz doy,
= /Rnxr% (6 {g}y +ay) ((x —e&,y) —P(x,y)) dedoy,.

Since ¥ (x — €€, y) — ¥ (x,y) for € tending to zero, we finally conclude that

/R" Fﬁb(ws)(az,y+€)¢(x,y) dxday—/ T2 (9 )z, y)(x,y) de do, =00, 0

R xI"

3. Nonlinear carcinogenesis problem. With the tools introduced in the pre-
vious section, we are prepared to pass to the homogenization limit of a system of
equations including diffusion on a biological membrane using the periodic unfolding
method. One of the longest known and best understood causes of carcinogenesis is
the molecule Benzo[a]pyrene (BP). It is found, for example, in coal tar, automobile
exhaust fumes, cigarette smoke, and charbroiled food. One of the main reasons for
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lung cancer (caused by inhaling cigarette smoke), testicular cancer, and skin cancer
is the contact with the molecule BP. Often chimney sweepers are affected because of
the frequent exposure to coal (see [20, 14]).

The molecule itself is not dangerous. But chemical reactions in the human cell
can transform it to the molecule Benzo[a|pyrene-7,8-diol-9,10-epoxide (DE), which
can bind to and damage the human DNA (see [14]). The chemical reactions mostly
take place on the surface of the endoplasmic reticulum.

In the cytosol of a human cell, there are molecules which can bind to BP or
DE and render them harmless. Examples of such molecules are glutathione epoxide
transferase or sulfo transferase (transferase is an enzyme); see [13]. They bind to
potentially dangerous and alien molecules and render them water soluble.

Hence, the process of toxification is simplified by the following scenario. BP
molecules pass the plasma membrane from the intercellular space to the cytosol inside
of a human cell, where they diffuse freely and can be removed by cleaning mechanisms
of the cell. They can bind to the surface of the endoplasmic reticulum by connecting
to receptors. There, a series of chemical reactions takes place summarized to just one
metabolism from BP to DE. Newly created DE molecules unbind from the surface
of the endoplasmic reticulum by uncoupling from the receptor and diffuse again in
the cytosol of the cell, where they can be removed by cleaning mechanisms. There,
they may enter the nucleus. For simplicity, we restrict BP not to pass the nuclear
membrane, whereas DE cannot pass the plasma membrane, which describes a worst-
case scenario.

3.1. Microscopic model. Let 2 C R™ be a human cell with a Lipschitz bound-
ary 0f2 and which we assume to be representable by a finite union of axis-parallel
cuboids with corner coordinates in Q™. Furthermore, let Y = [0,1)"™ be a unit cell
with an open subset Yy C Y with smooth boundary I', where I' does not touch the
boundary of Y. The sets Y* = Y\Y; and I' form characteristic parts of the cy-
tosol and the surface of the endoplasmic reticulum, respectively. Let ¢ > 0; then
Qe = Upegn ek +Y*) N Q is e-periodic and I'c := Jyczne(k + 1) N Q a peri-
odic and smooth surface. The process is considered in the time interval [0,7] for
fixed 0 < T < oo. Further, the concentration of BP molecules in cytosol is de-
noted by we : [0,7] x Q. — R and the concentration of DE molecules in cytosol is
ve 1 [0,T] x Q. — R. The concentration of BP molecules bound to the surface of
the endoplasmic reticulum is denoted by s. : [0,T] x I'= — R and the concentration
of DE molecules bound to the surface of the endoplasmic reticulum is denoted by
we ¢ [0,T] x I'e — R. The relative concentration of free receptors on the surface of
the endoplasmic reticulum is given by R, : [0,7] x I'= — [0,1]. Molecules bind to
a membrane by connecting to receptors, which are attached to the membrane. BP
molecules in the cytosol (ue) can transform to BP molecules bound to the surface of
the ER (s:) only when they find a free receptor (R.). The maximal relative amount
of free receptors is denoted by R = 1.

This consideration leads to the following microscopic model for carcinogenesis of
a human cell in the context described above. BP molecules diffuse freely in the cytosol
with diffusion coefficient D,, > 0 and the cleaning mechanism is taken care of by the
function f,

Opue — DyAu. = —f(ue) in Q.

The enzymes necessary for cleaning are available only in limited quantities. If only a
few BP molecules are present, we assume that the cleaning is almost linear. If there
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are many molecules the cleaning rate will reach a threshold. The following function
is suitable to describe this behavior:

—ZX_Ma forz >0
: R— R{, = ¢ #tM 7
/ 0 /(@) { 0 for x < 0,

where M,a > 0. This function f is nonlinear, nonnegative, bounded, and Lipschitz-
continuous. At the surface of the endoplasmic reticulum, BP molecules can bind to
receptors. With the law of mass action, the binding is modeled by the product k,u. R,
since one BP molecule and one receptor are needed, with constant rate k,, > 0. Bound
BP molecules are denoted by s. and unbind with rate [, > 0. This Robin-boundary
term is multiplied by € to compensate the growth of the surface by shrinking ¢ (see
[23] for details),

—D,Vu. -n=e(kyReus — lgs:) onT..

At the plasma membrane, u. satisfies a Dirichlet boundary condition and at the
nuclear membrane a no-flux Neumann boundary condition,

Ue = UBoundary on F07
—D,Vu.-n=0 on I'y.

DE molecules have a similar behavior, diffuse freely in the cytosol with diffusion coef-
ficient D,, > 0 and cleaning function g, which has the same form as f but with differ-
ent parameters. At the plasma membrane DE molecules satisfy a no-flux Neumann
boundary condition and at the nuclear membrane a Dirichlet boundary condition,

Ove — DyAve. = —g(v.) in Q,.,
—D,Vu. -n = ¢e(kyReve — lywe) on g,
—D,Vv. - n=0 on I'c,

ve =0 on I'y,

with binding and unbinding rates k, and [,,, respectively. Bound to the endoplasmic
reticulum, the molecules diffuse on the surface modeled by the Laplace—Beltrami
operator Ar. For the transformation from BP molecules to DE molecules bound to
the surface of the endoplasmic reticulum, a function h of the same form as f or g is
used, since the enzymes necessary for the transformation are available only in limited
quantities,

Osse —e?DyArs. = —h(s.) + kyReu: — lgse  on T,
Oyw. — 2Dy Arw. = h(s.) + kyReve — lyw, on I'..

If BP molecules u. or DE molecules v. bind to the surface of the endoplasmic reticulum
with rate k, or k,, the number of free receptors R. decreases. If BP molecules s. or
DE molecules w, leave the surface of the endoplasmic reticulum with rate I5 or [,,,
then R, increases. Receptors do not move on the surface of the endoplasmic reticulum
but are fixed. Hence the equation for R. is given by

(3.1) O R. = —R.|kyuc + kyve| + (R — R.)|ksse + kyww:| on I..

The_ factors ks > 0 @d ku > 0 are multiples of [y, [,,, respectively, and ensure that
ks(R — R¢) and k(R — R.) are rates.
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Here, we remark on a simplifying assumption of this formulation of the model. On
the surface of the membrane, the molecules diffuse by moving from one free receptor
to the next free one. This means that for parts of the membrane, which are crowded
with molecules, diffusion of these molecules becomes more difficult because of the lack
of free receptors. We neglect this aggregation effect in this model.

The initial values

(3.2a) (ur,vr,sr,wr, Rr) = (u:(0),v-(0), 5:(0), w:(0), R)

are smooth, bounded, and nonnegative.
For the weak formulation, we take the function spaces

Wn(Q:) = {u e L*([0,T], H ()| w = 0 on Ty, dyu € L*([0,T], H(Q.)")},

Ve(Qe) = {u € L*([0,T), H*(2))| u = uBoundary o0 L', dyu € L*([0,T], H*(Q:)")},
V() = {ue L*[0,T), H (T.))| 9 € L*([0,T], H'(T.)')},

Vr(T:) = {u € L*([0,T], L*(T.))| d;u € L*([0,T], L*(T.))}

and we use the notation (¢, ¥)a. = [, @¥dz, (p,¥)o.t = fo _dr, and

(p, ). = fFE gepp do, with Rlemanman metric g.. For the tebt functlons, we need
the spaces

Voo(Q) ={u e H(Q)| u=0onT¢},
W(Q) ={uec H () u=0onTy},
V(T.) = HY(T.).

Then, the weak formulation is as follows: Find u. € Vo (92:), ve € Un(Qe), se,we €
V(T.), and R. € Vr(T'.) satisfying the initial condition (3.2a) and

(32b) 8tu67<101)9 + D, (VUaV‘Pl)Q +€<k Ug s_lsssa‘p1> (f(us)a 1)

( @
(Orve, p2)a. + Du(Vve, Vo), + e(kove Re — lLyw:, p2)r. = —(9(ve), ¢2)a.,
(Orse, ¥)r. + 2 Ds(Vrse, Vrg)r, = (kuucRe — lsse, ¥)r, — (h(se), ¥)r.
(Orwe, Y)r. + 2Dy, (Vrwe, Ve)r, = (kyveRe — lywe, ¥)r, + (h(s:), >F57
(OeRe, V). + (Relkuue + kyve |, ¥)r. = (R — Re)|ksse + kwwe |, ¢)r,

for all (o1, ¢2,%) € Voo(Q:) x N (Qe) x V(T.).
We show in what follows that the solution of (3.2) converges to the solution of
the homogenized macroscopic system (5.5) in the limit as € — 0, ¢f. Theorem 5.1.

4. A priori estimates and existence of solutions of the microscopic prob-
lem. In this section, we show that the functions u., v., s-, w-, and R. are bounded
independently of e in L2([0,T], H}(Q.)) and L?([0,T], H(T'.)) and L?([0,T] x T'.),
respectively. This is necessary to use the periodic unfolding operator for the con-
vergence. Furthermore, we prove that u. and v. are elements of L>°([0,7] x ) N
H'(0,T], H}(Q.)") bounded independently of £ and that 72(s.), 72 (w.) and T2(R.)
are Cauchy-sequences in L?([0,T] x Q x TI'). This yields strong convergence of the
function sequences. Finally, existence of solutions of the microscopic problem is es-
tablished.

LEMMA 4.1. A function R., satisfying (3.2), is nonnegative and bounded by R > 0
almost everywhere in x € I'. and t € [0,T].
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Proof. First the nonnegativity of R. is proved: The weak formulation of R. is
tested with the function R._ = —R. for R. < 0 and 0 otherwise, and it is found that

<8tRafa R€7>FE + <Raf|kuua + kvva|7 R57>F5 + <(R + R£7)|kssa + kwwa|a R€7>F5 =0.

Integration from 0 to ¢ and observing R.(0) > 0 yields

1 _
iHRs—H%g + [[Re—/|kuue + kvvsm%s,t + (R + Re)|ksse + kwwel, R5_>Fs7t =0.

>0 >0

We deduce [|[R._[|f, < 0 for almost every ¢ € [0,7]. This implies R. > 0 for almost
everyx € I': and t € [0, 1;] To show boundedness of R., we test the weak formulation
with (R — R)y = R. — R for R. — R > 0 and 0 otherwise and obtain

<atR€a (Rs - R)+>F€ + <R5|kuus + kJUU5|, (Rs — }_%)+>F€

>0

— (R — Ro)|ksse + kpwe|, (Re — R)4)r. = 0.

Since O;R = 0, it yields

<at(R6 - E)Jra (RE - R)+>F5 + <(R€ - E)+|]€SSE + kwwa|7 (Ra - R)+>F <0.

€

Integrating from 0 to ¢ and using R; < R leads to

1 — _
iH(Rs - R)+||%E + (R — R)4 V |ksse + kwwsm%g,t <0.

We conclude that R. < R for almost every x € I'. and t € [0,7]. O
The required a priori estimates for the other unknowns are proved in Appendix
A.1. They are summarized in the following lemma.
LEMMA 4.2. The following statements hold:
1. The functions ue, v., Se, and w. are nonnegative for almost every x € ),
x € T, respectively, and t € [0,T].
2. There exists a constant C > 0, independent of €, such that

HUEH?ZE + ||U5H?25 + 8”&5”%5 + 5”“}&”12“5 + |\Vu5||?257t + ||VU€||?2E¢
+ 53|‘VF56|‘%€,:5 + 53HVFWEH%€,:& + ellkyus Re — lssa”%y,:s
+ ¢e||lkyve Re — lwwEH%E’t <C.
3. The functions ue, ve, Sc, and we are bounded independently of € almost ev-

erywhere in Q- x [0,T] and Tz x [0,T], respectively.
4. There exists a C' > 0, independent of €, such that

Ovuell L2 0,17, 12 (2.)) + 10evell 20,7, 12 (020 )) < C-

Now we know that u.,v. € L2([0,7], H(Q.)) N HY([0,T], H} (2:)") N L (e x
[0,7]). Using the extension lemma from [18], we extend the functions u. and v,
from Q. to the whole domain © and know now that u.,v. € L?([0,T], H(Q)) N
HY([0,T], H(2)") N L>®(Q x [0,T]) with bounds independent of e. Applying Lemma
5.6 from article [17] ue, ve converge strongly to limit functions wug, vo in L?([0, 77,
L?(92)), respectively.
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We cannot prove strong convergence of the functions s., w., and R. using ex-
tensions to €2, because they are defined on the e-dependent manifold I'c, which has
a smaller dimension than 2. Hence, we use the boundary unfolding operator 7;17,
because it is already defined on a fixed domain Q x I and show that T2?(s.), T2 (w.),
and T?(R.) are Cauchy-sequences, the proof of which is found in Appendix A.2. This
procedure is similar to that in [11], where a nonlinear ordinary differential equation
defined on a surface was homogenized.

LEMMA 4.3 (se, we, R. are Cauchy-sequences). For all 6 > 0 there exists € > 0
such that for all 0 < e1,e9 < € it holds that

H,E*bl (861) 7;@(862) [207T xQxT T H,Eb (wal) - 7:5172 (w€2)||[20,T]><Q><F

|
172 (Rey) = T2, (Rey)Ifo 7y wer < 0.

This means that s, we, and R. are Cauchy-sequences in L*([0,T] x Q x T).

Now, we need to ensure that, for every € > 0, there exists a solution of the system
of equations (3.2). The following assertion is proved in Appendix B.

THEOREM 4.4 (existence of u., ve, se, we, and R.). For every small € > 0 there
exists at least one solution (ue,ve,sc,we, R:) € Vo x Vn x V(I'2)? x Vg(T'e) of the
system (3.2).

Having established these results, we use the results of section 2 to deduce conver-
gence of the solutions of system (3.2) to some limit functions.

THEOREM 4.5. There ezist ug,vo € L2([0,T], H*(Q)), ui,v1 € L2([0,T] x
Q,Hy(Y™)), so,wo € L*([0,T] x Q, Hy(T)) and Ry € L*([0,T] x Q,L%(T)) such
that the sequence of solutions (ue, ve, Se, we, Re) of (3.2) converges as € — 0, up to a
subsequence, as follows:

L. Tz (ue) — ug and Tz(ve) — vo weakly in L*([0,T] x Q, HX(Y™)),
2. To(Vaue) = Vyug+Vyur and To(Vyve) = Vavg+ Vv weakly in L2([0,T] %
QxY™),
T2(se) = so and T2 (w.) — wo weakly in L*([0,T] x Q, HY(T)),
T2(R.) — Ro weakly in L*([0,T] x Q x I),
ue — ug and ve — vg strongly in L([0,T] x Q),
6. T2(se) — s0, T2(we) — wo, and TP(R.) — Rq strongly in L?([0,T] x Q x T').

Proof. Existence of (uc,ve, se, we, Re) satisfying system (3.2) is provided by The-
orem 4.4. The convergences 14 follow from the estimates of Lemma 4.2 by applying
Theorems 2.2 and 2.9. Furthermore, 5 is deduced by applying Lemma 5.6 of [17] using
the estimates of Lemmas 4.1 and 4.2 as described above, while 6 directly follows from
Lemma 4.3. ]

To find the system of equations satisfied by the limit functions of Theorem 4.5,
we pass to the limit in system (3.2) in the next section.

Pl

5. Identification of the limit model for the nonlinear carcinogenesis
model. First, we consider the e-limits of the nonlinear terms. Afterward, we derive
the complete limit system.

5.1. The nonlinear terms. First, we consider the nonlinear terms f(u.) and
g(ve) in the equations for u. and v., respectively, in the system (3.2). Using the pe-
riodic unfolding operator 7z, the Nemytskii operator for the bounded and continuous
functions f and g (see [29]), and the strong convergences of u. and v, (see Theorem
4.5), it follows that

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 03/05/19 to 137.250.100.44. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

DIFFUSION ON SURFACES AND CARCINOGENESIS 3037

f(To(us)) — flug) strongly in L2([0,T] x Q x Y*),
g(Tz(ve)) — g(vo) strongly in L2([0,T] x Q x Y*).

Analogously it holds that
h(T2(s2)) — h(so) strongly in L*([0,T] x Q x T'),

since T2 (s.) converges strongly to the function sg € L?([0, 7] x Q2 x I') using Theorem
4.5 and noting that h is continuous and bounded.

Second, we calculate the limits of the nonlinear Robin-boundary terms k,u. R,
and k,v.R. at the surface of the ER. With Theorem 4.5 we know that 7(R.) con-
verges strongly to the function Ry in L?([0,T] x Q x I'). Then, we use Lemma 2.5 to
deduce that

lim (T2 (ue) T2 (R.) — ugRo)p doy dz =0
e=0 JoxT

and

lim (T2 (v) T2 (R.) — voRo)p doy, dz = 0
e=0 Joxr

for all p € C*(Q x I).

Now, we perform the limit derivation for the equations ue, ve, s¢, w., and R, and
use the just calculated e-limits of the nonlinear terms.

We test these equations with admissible test functions p. € C*°(Q,CF(Y)). As
test functions ¢. € C*°(Q, CF(Y)), we choose functions of the form

©e (:r g) = po(z) +ep1 (a: g)

with (99, 1) € C(Q) x C=(Q, CF(Y)).

5.2. Calculation of the e-limits. We use assertion 2 of Lemma 2.4 for the
first term on I'. in the equation for u. in system (3.2) and the integration formula of
the periodic unfolding operator,

/ O Tz (us)pe dy da + D, Te(Vaue)Vape dy da
QxY* QxY*

+ / kuﬁb(us)ﬁb(Rs)cps doy, do — / ZSTEb(Ss)gOE doy, dz
QxTr Q

xI"

_ / F(To(ue))pe dy da
QxY*

With Theorem 2.2, Lemma 2.5, and the considerations for the nonlinear terms we
find for e — 0

(5.1) / Orugpo dx dy + Dy, [Vauo + Vyui][Vapo + Vyer] de dy
QXY™ QxY*

+/ (kyuoRo — lsso)po dr doy = —/ fuo)po dzdy
QxI QxY*

for all (o, p1) € C°(2) x C=(Q, CF(Y)).

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 03/05/19 to 137.250.100.44. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

3038 ISABELL GRAF AND MALTE A. PETER
Analogously we obtain for the equation for v. and € — 0 that

(5.2) / Orvopo dx dy + D, [Vavo + Vyu1][Vapo + Vypi] dedy
QxY* QxY*

—|—/ (kvvoRo — lLywo)po dzdoy, = —/ g(vo)po dz dy
QxI QxY*

for all (¢o,p1) € C(2) x C=(Q, CF(Y)).
Again with Lemma 2.5 for the function products and the considerations of the
nonlinear terms, we calculate the limit equation for R.,

atTab(Rs)¢s doy dz + zb(Rs)(ku,Eb (ue) + vaab(Us)

QxTr QxT
+ 1T (se) 4 L T2 (we) e doy, da
= | ROT2(s2) + Lo T2 (we))¢p- doy, da.
QxT
We find for e — 0

Ot Roto dx doy, + / Ro(kuuo + kyvo + 1S + Lypwo) o dz doy,

QxT QxT

= R(Ls80 + Lywo)bo dz do,
QxI’

for all ¢9 € C>(Q,C (D).

Now, we calculate the limit equations for s. and w,,

K T2 (s)e doy da + Dy V, T2 (s¢)Vyte doy, da
QxT QxI

- / (kTP () T2 (Re) — LT (s doy de — [ TP (h(s.) do, da.
QxI

QxI
For this purpose, we use Lemma 2.6 and Theorem 2.9 to deduce for € — 0 that

O¢sog dx de + Dy vySQVy’t/JQ dx de
QxI QxT

= / (kyuoRo — lsso)o dz doy, — / h(so)to dzdoy,
QxI

QxT

for all 1o € C*°(2, O (I')). Analogously we get

Orwotpo dz doy + Dy, Vrwo Vi de doy,
QxTr QxTr

= / (kU'UORQ — lwwo)’t/JQ dz de + / h(So)’t/JQ dz dO'y
QxI QxI

for all ¢9 € C>(Q,CZ(I)).

5.3. Identification of uq(x,y,t) and vi(x,y,t). For (5.1) and (5.2) we ob-
tain the standard cell problem

(5.3) Vy-(ej +Vyu;) =0 in Y™,
(ej + Vypj) -n=0 on Y™,
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where j1; must be Y-periodic for all 7 = 1,...,n. This can be found by setting ¢y = 0
n (5.1) and is deduced in detail in [19, Chapter 1]. The elements of the diffusion
tensors P* and PV are found by setting ¢ = 0 and are given by

(5.4) P =D, . (6ij + Oy,pj)dy and P = D, . (035 + Oy, 1t5) dy.

5.4. Limit system. Now, we know all equations satisfied by the e-limits of the
solutions of (3.2) as given by Theorem 4.5. For convenience we denote the limit
(up, vo, S0, wo, Ro) by (u,v,s,w, R). We use that u and v are y-independent and, be-
fore summarizing the homogenized limit problem in the following theorem, we note
that every convergent subsequence of the sequence (ue,ve,S:, we, R:) converges to
a limit, which satisfies the equations derived above. Because this system of equa-
tions has a unique solution, as proved in Theorem 6.1 below, the whole sequence
(e, Ve, Se, We, Re) must converge to the solution of this limit problem.

THEOREM 5.1. The homogenized limit problem of model (3.2), satisfied by the
limit functions of Theorem 4.5, reads as follows: Find (u,v, s, w, R) € Vo (Q)xVn (€)%
V(Q,T)? x Vr(Q,T) satisfying

(5.5a) (u(0),v(0), s(0),w(0), R) = (ur,vr, s1,wr, Ry)
and
(5.5b)
[Y*|(Oru, p1)a + (P*Vu, Vor)o + (kuuR — Lss, 1)axr = —[Y[(f(u), ¢1)e,
[Y*[(Orv, p2)a + (P'Vu,Vpr)a + (kvvR — luw, ¢2)axr = —[Y[(g9(v), p2)a,
(O¢s,V)axr + Ds(Vrs, Vrv)axr — (kyuR — lss,9)axr = —(h(s), ¥)axr,
(Osw, Y)axr + Dw(Vrw, Vrv)axr — (kyvR — lyw, ¥)axr = (h(s),¥)axr,

(atRa ¢)er + (R(kuu + kvv + lss + lww)a 1/1)er = (R(lss + lww)7 ¢)er7

for all (p1,p2,10) € Voo () x V() x V(,T), where the effective diffusion tensors
PY and PV are given by (5.4).

For the reader’s convenience, we also state the strong form of the limit system
(5.5): Find (u,v, s,w, R) satisfying (5.5a) as well as

(5.60) |Y*|0u—V - P"Vu+ /(kuuR lys) doy = —|Y*|f(u) inQ,
r
[Y*|0w — V- P’V + /(kvvR —lyw) doy = —[Y™|g(v) in 0,
r
O¢s + Vr - (DsVrs) — (kyuR — l58) = —h(s) in QxT,
ow — V- (D, Vrw) — (kyvR — l,w) = h(s) in QxT,
Ot R+ R(kyu + kyv + g5 + Lyw) = R(lys + l,w) in QxT.
and
(56b) U = UBoundary on ['g,
—P"Vu-n=0 on I'y,
—P°Vv-n=20 on I'c,
v = O on FN

To conclude the analysis, we show the uniqueness of the solution of (5.5) in
section 6.
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6. Uniqueness of the limit model. In this section we show that the solution
of system (5.5) is unique.

THEOREM 6.1. There is at most one solution of problem (5.5).

Proof. To prove uniqueness of the homogenized limit model, we need to show
uniqueness of the cell problem (5.3) and the macroscopic system of (5.5).

Uniqueness up to a constant of the solution of the cell problem (5.3) is proved
in [19] and it is left to show uniqueness of the macroscopic system of equations. Let
us suppose that there exist two solutions (u1,v1,s1, w1, R1) and (ug, va, s2,ws, Ra) of
the weak problem (5.5) with the same given initial values. We want to show that
(u1,v1, 81, w1, R1) = (ug,va, S2,wa, Ra) almost everywhere.

Now, we take the equations for u; and us, subtract them from each other, and
test with ¢ = w1 — uy. Integration from 0 to ¢ yields

1
YISl = wallgy + IV PV (w1 = u2) G 0,1

+ (ky(urR1 — ugR2) — ls(s1 — s2),u1 — u2)axr
= —[Y|(f(u1) = f(u2),u1 —u2)o <0

since f is monotone. Adding and subtracting u; Ro in the third term, we obtain with
the binomial theorem that

1
Y5 llur — up|f + VPV (uy — u2) g
<0 (Bullull Lo 4+ kuR +1s) [lur — usllfy, + kullullze | R1 — Ra[@xr.

+ Lslls1 — s2llfur-

Analogously, we find similar estimations for the equations for v, s, w, and R. We add
them up and obtain

llur — uall§ + [lor = vallg + lls1 = s2llfr + w1 — wallyr + [R1 — Ralldyr

< cr(Jlur — uzllfy; + llor — v2llde + lls1 — s2lldwr s + llwr — wallgyr

+[|R1 = Rallfyur.s)

for a constant ¢; > 0.
Gronwall’s lemma, implies

lur — ua||g + llvr — v2llg + [Is1 — s2llfur + lwr — walldxr + [|R1 — Ral|gxr <0

and we obtain that u; = us and v; = v9 almost everywhere in Q and s; = s2, w1 = wy
and R; = Ry almost everywhere in  x I and for almost every ¢ € [0, T]. O

7. Conclusions. The limit model (5.5) (or, in its strong form, (5.6)) for carcino-
genesis obtained in the homogenization process is of distributed-microstructure type.
It consists of two partial differential equations involving global diffusion for the two
species defined in the cytosol coupled to two partial differential equations involving
local diffusion on the surface of the endoplasmic reticulum in a representative unit cell
attached to each macroscopic point in space. Moreover, the number of free receptors
in each representative unit cell is accounted for by an ordinary differential equation
for this quantity. All parameters of the homogenized model are explicitly related to
those of the microscopic model. In the future, it would be of great interest to test the
model qualitatively and quantitatively, for which corresponding experimental data is
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required. In this context, it might be useful to look into different scalings as well (as
in [16, 26]) or to include more complex exchange mechanisms through membranes (as
in [31]).

From a homogenization point of view, the compactness result in Theorem 2.9
is worth highlighting as this result should be useful whenever systems involving slow
diffusion on hypersurfaces are to be homogenized using the periodic unfolding method.

Appendix A. Estimates.

A.1. A priori estimates.

LEMMA A.1 (positivity). The functions uc, ve, se, and w. are nonnegative for
almost every x € Q., © € T'c, respectively, and t € [0,T].

Proof. We start with the equations for u. and s. and test the weak formulation
with u._ and s._, respectively, and add them up,

(Opue, ue—)a. + €(OrSe, Se—)r. + Du(Vue, Vue_)a. + D,e3(Vrps., Vrse—)r.
+ 5<kuusRs —lsSc,Ue — SE—>F€ = _(f(u5)7us—)§25 - E<h(85), 35—>I‘E = 0.

Multiplying with —1 leads to

(Opttc—,ue)ar, + &(0Se—, Se— )1, + Du(Vue—, Vue_)a, + Dse*(Vrse—, Vrse_)r.
+ e(kyte—Re,ue—)r. + €(lsSe—, 5c—)1.
= —e(kyuet Re, Se—)r. — €(lsSeq, Ue— )1, +e(kytic—Re, Se—)r. + €(lsSe—, Ue—)r. .

<0

We drop the negative term on the right-hand side and integrate from 0 to t. The
trace inequality and the Cauchy—Schwarz inequality yield

1 1 _
5”“6—”?25 + 55”35—”%5 + (Do — 52(15 + kuR)CO)Hvus—H?ze,t + DSESHVFSE—H%E,t
+ kugl|ue— v Rs”%‘s,t + EZSHSE—”%E,t < (ls + kuﬁ) (5”36—”%5,15 + CO”“E—”?ZE,t) .

After merging the constants, for € small and with Gronwall’s lemma we deduce that
lue— g, + llse— |7, < 0 and therefore u. and s. are greater than or equal to zero for
almost every z € Q. or z € T'. and ¢ € [0, T]. With similar estimations we also obtain
that v, and w,. are nonnegative for almost every z € Q. or z € I'. and ¢ € [0, T7. d

LEMMA A.2 (boundedness in L?). There exists a constant C > 0, independent
of €, such that

luclle, + llvelld, + ellsell?, + ellwell?.,
+ HVUEnge,t + ||VUEH?25,t + 83||VFSEH%E¢ + €3||VFWEH%E¢
+ ¢e||lkyusRe — lssa||%s7t + ellkyv=R: — lww€|\%€7t <C.
Proof. We perform the proof for u. and s.. The estimations for v. and w. are

analogous. For that purpose we test the weak formulations for u. and s. with k, Ru.
and [ss., respectively,

ky R(Opue, ue)a. + els(Ope, se)r. + Duku R(Vue, Vue)a, + €°Dyls(Vrse, Vise)r.
+ €<Rauaku —lsse, kuﬁua - lssa>f‘5 = _kuﬁ(f(ua)aua)ﬂs - Els<h(5€)a S€>F5 <0.
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We add e(k, Rou. — lsse, Rekyue — Rkyuc)p, on the left-hand and on the right-hand
side and compute

kuR(Opuc,us)a, + €ls(Orse, se)r. + DukuR(Vue, Vu)g, + e3D,l4(Vrs., Vrse)r.
+e{Reuck, — lsse, by Rue — lss)p, < e(kyReoue — lsse, Rekyue — Rkyue)r, .

With integration from 0 to ¢ we obtain
1, = = 1
§kuRHUEH?ZE + DukuRHVUEH%Eﬂt + 5515”55”12“5

+ €3D818HVF56H%5¢ +ellkuReue — ZSSEH%E,t

— 1, — 1
= ekuRetie = lyse, kute(Re = R))res + 5kuRluc(0)[3, + elsllsc O)IIE, -

=c1

Using the binomial theorem for a A > 0 and the trace inequality gives

| — 1
§kuRH“€H%z€ + DukuRHVUEH%E,t + 5518”56”%5
+ €3D818HVF56H%€¢ + el Reucky, — lssa”%y,:s

A

1 A o—2
1+ ﬁEHk’LLREuE — lsssH%at + §EkiR Hu5||12~5’t

A

1 A o—=2
¢+ ﬁEHkuRsus - lsSsH%e,t + §k5R Co (Hus||?257t + 52|‘vus|‘?25,t) .

Hence,

1 — — A o—2
§kuR|\u5|\§€ + (DukuR— EkZR 0052) [Vuelld, +

1 1
+ §8l5|\55|\%5 +3 Dyl || Vrse |}, o+ ( ) |Reucky — lsse |7,

1— —
2\

A o—2
<c1+ EkiR COHUngze,t-

With A > % and € small, we can merge the constants and use Gronwall’s lemma to
deduce the assertion. d

To prove strong convergence it is necessary to show that u., v. € L*(Q.) and
se,we € L>®(T'.). We already know that wu.,v., se, w. are nonnegative and, hence,
bounded from below. It is left to show boundedness from above. We make use of the
fact that R. € L>°(T;), which we established in Lemma 4.1.

LEMMA A.3 (boundedness in L>°). The functions uc, vs, se, and w. are bounded
independently of e almost everywhere in Qc x [0,T] and Tz x [0,T], respectively.

Proof. Let M(t) = max{|luz||ro(q.): [[v1]lL=(0.): 81l Lo (roy, [lwrllpoe r.) be** for
a constant k € R. The function M exists because the initial conditions are bounded.
At first we prove the assertion for u. and s.. We test the weak formulation for u., s.
with (Rk,ue — M)y and (Iss. — M), respectively. Then, we add the two equations,
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(Opue, (Rkyue — M) y)a, +e(0sse, (Isse — M) 1)r, + (D, Vue, V(Rk,u. — M)y )q,
eX(DyVrse, Vr(lsse — M)y )r. + e(kyReue — Lsse, (Rkyue — M)y )r
= (—f(ue), (Rkuua — M) y)a, +e(kyReus — lsse, (lsse — M) y)r,
<0
+ (=h(sc), (lsse = M)y )r.

<0

=

and estimate

1 — —
(Or(Rkuue — M)y, (Rkyue — M) ), + ~e{0ulsse = M), (Lsse = M)y
D, — D,
w1V (ke — M) &, + l—a?’IIVr(l se = M)+ |f.

+e(kyRoue — lgse, (Rkyue — M)y — (Igse — M)y )r

€

1 — 1
< _E—k(Mk’ (Rkyue — M)y ), — l—€<Mk, (lsse = M) y)r..

U S

We add e(k,Ru. — kyReue, (Rkyu. — M)y — (Isse — M)1)r, on each side of the
inequality, integrate from 0 to ¢, and use the binomial theorem for any A > 0

1 1
s Rkt = M) I3, + gel(lse = MR, + 2 IV (R = M)

Dy _
+ —€3|\Vr(l se — M)y |, o + el (Rhuue — M)y — (lsse — M) 4|7,
1 _
< AR kiEHUEH%E + ﬁaH(Rkuus — M)y — (lssc — M)+||12“E,t
1 — 1
- T(Mka (REyu: — M)—!—)Qs,t - Z_5<Mka (lsse — M)+>F€7t'

Simplifying further yields

— 1 D,
s | Rhtre = M)+ greluse = M)l + 5 IV (Rbwue = M) [,

Dy 1 —
- —€3HVF(1 s = MR+ (1 53 ) el R = )4 = (s = MR,

<c — Rk (ME, (Rkyu. — M)p)a.t — —e(ME, (lsse — M)4)r. .+,

1
U lS
where we choose A\ > % Now we distinguish two cases:

(a) Either Rk,u. — M < 0 and l;s. — M < 0 almost everywhere in . and I'.,
respectively. Then, u. € L*(€.) and s, € L>°(T';) for almost every t € [0,T]
and the assertion holds true.

(b) Or there exists V' C Q. (not a null set) with Rk,u. — M > 0 in V or
there exists V' C I'c (not a null set) with lgs. — M > 0 in V. Then, we
choose k such that the right-hand side is smaller than or equal to zero and we
conclude

1 1
STk, ——||(Rkuue — M) 1|3, + 2—155”(135& - M), |}, + == _k ||V (Rkyue — M)y ||,

Dy —
+ l—63IIVr(l se = M)+ |f.; + crell Rhyue — M) — (lsse = M)1|[f_, <0.
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This yields Rk,u. — M < 0 and lys. — M < 0 almost everywhere in Q. and
., respectively, and for almost every ¢ € [0, 7.
The proof for v, and w, is very similar. With corresponding estimates as before
we get that Rkyve — M < 0 and lyw. — M < 0 almost everywhere in Q. and I'.,
respectively, and for almost every t € [0, T'. O
Next, we show that the time derivatives of u. and v. are elements of Hg (£2.)".
LEMMA A.4 (time-estimation in (Hg)'). There exists a C > 0, independent of €,
such that

[10ctell 20,11, 13 (020)) + 10evell L2 (0,1, 3 (020)) < C-
Proof. We start by writing the Hg(.)-Norm in full for d;u.. In the following
we use that test functions ¢ in H{(£2.) are zero on the boundary I'.:
HatuéHHg(Qe)’

= sup (&Us,@)Hl(QE)’XHl(Qe)
P HY(Q2), [ ll=1 ’ ’

= Sup ((=DuVue, V‘P)Hg(ﬂe)'xH(}(QE) —e(kuRuc — lsse, p)r.
YEH (D), llell=1

=0
— (f(ue), @)Hé(ﬂg)’xH%(QE))

< sup (a1l Vuell 2o lIVell Lz + call £ (ue)ll L2y lell L2 o))
pEHY (), llpll=1

<o ([[Vuella. + [1f (ue)llo.) -

Integration with respect to time yields

HatuéHi2([07T],Hé(QE)’) <ca (Hvungzg,t + Hf(us)H?zgt) < Cg,

where the boundedness holds because of Lemma A.2.
The proof for |[Oyve||L2((0, 11,3 (2.)) Works analogously. O

A.2. Proof of Lemma 4.3. We apply parts 2 and 3 of Lemma 2.4 to the weak
equation of s. and find

(0, T2 (52), )axr + Ds(eT2(Vrse), Vr)axr
= (ku T2 (ue) T2 (Re) = LT (s2), ) axr — (T2 (h(se)), ¥)axr

for all ¢ € L?(Q, Hy(T)). Now we write this equation for two epsilons 1 and 5 and

subtract the equations from each other. As test function ¢ we take ¢ = T2 (s.,) —
T2 (se,). Adding and subtracting the term ki, 72 (ue, )72 (R.,) yields

(On(T2 (52,) = T2 (52,)), T2 (52,) — T2 (52,) o
+ D, |e1 T2 (Vrse,) — e2 T2 (Vrse,)[Bsr + Ll T2 (52,) = T2 (2, I
= (kT2 (ue)) T2 (Rey) — ku T2 (uey ) T2 (R-,)
+ kT2 (e, ) T2 (Re,) = ku T2 (uey) T2 (Rey ), T2 (52,) — T2 (524)Jaxr
— (T2 (h(s,)) = T2 (h(5,)), T2 (52,) = T2 (52,))axr
< kR T2 (ue,) = T2 (uey)[Br + kuRITZ (56,) = T2 (5e) [Ber
+ kel 2 | T2 (Rey) = T2 (Re)|3er
+ kel L [ T2 (s2,) = T2 (520) B + Lnll T2 (500) = T2 (52) r-
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Here we used that the function A is Lipschitz-continuous with constant Lj. We
integrate from 0 to ¢t and merge the constants to a single constant ¢; > 0,
T2 (se0) = T (sea) laur + 16172, (Vrse,) — €272, (Vrses) e
T2 (520) = T2 (52) |
<a (H,E-li (8,) — 7?; (Séz)H?lxRt
T2 (uey) = T2, (e + 172 (Rey) = T2, (Rea) [ Gxr) -

With similar estimations we find

172 (Re,) = T2 (Rey) B
< a(IT2(Re) = T (Rey) By + T2 (50,) = T2 (520 B
T2 (we,) = T2 (wey s + T2 (uey) — T2 () [Ber s
H 12 (vey) = T2 (vey) B o)

and

172 (we,) = T2, (we,)[Gxr + lle1 T2 (Vewe, ) — €272, (Vewe, ) axr
TS (we,) = T2, (we) e
< al| T2 (se) = T () Qe + 172 (wey) = T2 (wey) [ .e
1T (ve1) = T2 (e b + 172 (Rey) = T2 (Rey) e
Adding all three inequalities, using Gronwall’s lemma and the trace inequality
gives
Hstl (S€1) - stg (852)H?l><r + Hstl (wél) - stg (w€2)||?2><1“ + Hstl (R€1) - stg (R€2)H?l><1‘
< C1 (”7?1 (U‘El) - Eg(“az)H?sz + H,E‘bl (U€1) - EZ(UEQ)H?ZXF)
< creo (172 (uer) = Tey (uey) &y + e Tz, (Vouer) — 2T, (Vaue, ) [Gxy
+||7;1 (val) - 7:52 (vaz)H?ZXY + H517;1 (VIUEl) - 527:52 (vwvéz)”?)XY) )
where we used that V,7:(u:) = €7 (Vgue); see [9]. With integration with respect to
time we find
172 (uer) = T2 ey e + 172 (ver) = T2 (0s) [ Gxr

< Cl|Y|(”u61 - u€2||?27t + ||U61 - U€2|

2
.t

<0
+max{er, €2}’ (IVatie, 6, + IVatie 8 + | Vave, 16, + 1 Vave, [6,0).
—_———

H—QO <C,bounded

Because u. and v, converge strongly in L?([0,7] x ), there exists a £ > 0 such that
the first estimate holds true for 1,62 < €. Hence, we deduce

172 (s21) = T2 (s I + 1172 (we,) = T2 (we,) Do
+ Hstl (Rey) — stz (REQ)H%ZXF,t < CI(S"‘ EC) <4
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for 1,9 < € and § dependent on €. This means that s., w., and R, converge strongly
in L2([0,T] x Q@ x T).

Appendix B. Existence of solutions of the microscopic problem: Proof
of Theorem 4.4. We show existence of the solution (uc, ve, sc, we, R) of the system
of equations (3.2) for every € > 0. This is done in two steps. First we prove existence
of the function R. € L?([0,T] x I'.) when we assume the existence of s., we, ue,v: €
L?([0,T] x T'2). Then, we show by using Schauder’s theorem (see [29]) the existence
of the solutions u., ve, s., and w..

B.1. Existence for R.. We start with considering the ordinary differential
equation for R, given in (3.1).

LEMMA B.1 (existence of R.). Let e > 0 and s.,we,us,ve € L2([0,T] x T.).
Then, there exists a solution R. € {u € L*([0,T] x T'c)| Opu € L?([0,T] x L)} of the
ordinary differential equation (3.1).

Proof. We use Carathéodory’s existence theorem (see [10]). For this purpose, we
define for almost every = € T, the function j, : [0,7] x [0, R] — R as

Jo(t, Re) := —Relkyuc (t) + kyvo(t)| + (R — Re)|ksse(t) + kwwe(t)].

Carathéodory’s existence theorem states, if the following conditions hold for the func-
tion j, for almost every x € I'c, then there exists a solution R.(-,z) € C([0,T]) for

almost every z € I'c:

(a) The function j, is defined on a rectangle [0,7] x [0, R].
(b) The function j, is measurable in ¢ for all fixed R. € [0, R].
(c) The function j, is continuous in R. for all fixed ¢ € [0, T].
(d) There exists a Lebesgue-integrable function m : [0, 7] — R such that

7 (t, R:)| < m(t) for all (¢, R.) € [0,T] x [0, R).

Conditions (a) and (c) are easily verified. Condition (b) is true because u., v, Sz, we
are L2-functions and | - | is continuous. For (d) we use that u.(z), v.(x), s.(x), and
we(x) are elements of L?([0,7]) thus Lebesgue-integrable for almost every = € I'.. It
follows that j,, is Lebesgue-integrable itself and condition (d) is fulfilled. Hence, there
exists a solution R.(-,x) € C([0,T]) for almost every z € L*(T.).

We note that R.(t,z) € [0, R] for almost every ¢,z € [0,T] x I'.. The function
R:[L*((0,T)xT)* — C([0,T],L*(T.)) C L*([0, T|xT:) with R(uc,ve, 8¢, we) = Re
is bounded and continuous. O

It is easily checked that the functions f, g, and h are continuous and satisfy the
growth condition |p(z)| < C’|a:| forp=¢g=2andaC >0 for p = f, g, and h.
Then, with the theorem of Nemytskii (see [29]) it holds that the operators

— L2([0,T1], L*(Q2)),
f(u(?)),
g9(v(t)),
and
)) = L2([0, 7], L*(T.),
t) = h(s(t)

F,G: L2([0,T], L*()

F(u)(t

(B.1) G(v)(t
H : L*([0, T, LA(T.

H(s)(

are continuous and bounded for fixed .

)
) =
) =

B.2. Main part of the proof of Theorem 4.4. To complete the proof of the
theorem, we use Schauder’s theorem and Lemma B.1. We show that there exists a
solution for a small time step [0, 7]. To find the solution on the whole interval [0, T
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the solution parts must be linked together bit by bit. We define for a § € (0, %) the
function space V' = L2([0,7], H'=%(Q.)) and W := L?([0,7], L*(T\.)). Furthermore
we define the mapping

S:V2x W2 = {ue L*[0,7], H'(Q0))| dwu € L*([0,7], H' (Q:)")}?
x {u e L*([0,7], H*(T.))| d,u € L*([0, 7], H*(T.)")}?

given by
S(ﬁaaﬁaaéaawa) = (ua,va,sa,wg),

where (ue, ve, 8¢, we) is given by

Opue — DyAue = f(4.) in Q.,

Opv: — DyAve = g(0.) in Q.,

(B.2) —D,Vue -n = e(kyuR(te, Ve, $o,W:) — 1582) on I,
‘ —D, V. - n = e(kyve R(le, De, 8, We ) — Lyye) on I,
Osse — e2DyArs. = —lgse — h(82) + kyu:R(tic, Dz, 8¢, ) on I,

Oywe — 2Dy Arwe = —lywe + h(32) + kyveR(tie, Oc, 52, 0. on I'..

The system of partial differential equations (B.2) is linear and has a unique solution
(see [12]) and the mapping S is continuous. With the lemma of Lions-Aubin (see
[29]) we know that {u € L2([0, 7], H(%))| dsu € L2([0, 7], H(2)")} is compactly
embedded in V and {u € L([0,7], H*(T.))| dyu € L?([0,7], H (T'.)')} is compactly
embedded in W. We deduce that the operator which maps (i, 9¢, 8, W) € V2 x W?
to (Ue, Ve, Se, we) € V2 x W2 is continuous and compact.

Now, in order to apply Schauder’s theorem, it is left to show that

(el + 100% + 133 + leell3) < implies
2

r
2 2 2

(aell5 + llve 5 + llsellfy + llwellfy) <7

for some r > 0, where we may assume that the norms of the initial conditions are

smaller than . We test the equation for u. of system (B.2) with u. and integrate from

0 to t < 7. Using standard estimations such as trace inequality, the Cauchy—Schwarz

inequality, and the binomial theorem we find

||Ua|‘?z€ + Dullv%llf—zs,t < ClH“E”?zs,t + 5202HVU5||?25¢ =+ car,

[vell, + Dol Vvelg, ; < crllvella, o + €22l VeI, o + ear,
ellsellp, + €2 Ds||Vrse, tlp, < ciellsellf, ¢ + calluclld, ¢ + cse?||Vue|d, , + car,
ellwelf, +€* Dol Vrwe|f, , < crellwe|f, + collvellf, ¢ + cs®[[Vuelld, ¢ + car

for some constants ci,co,c3,c4 > 0. We add the results above and with ¢ small we
find

1
3 (HUEH?ZE + HUEH?ZE + 5”5&”12“5 + gHU’EHIQ“E) + (Dy — 5202)HVU6H?25¢
+ (Dy — £%6) Ve[, ; + €°Ds|| Vrsellz  + € Dl Vrwe|}_,

< Cl(””é”%zg,t + ||”6H?z€,t + 5”5&”%‘5,t + ‘€||w€||%s,t) +deyr.
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With Gronwall’s lemma we conclude

(B.3)

||u5||?25 + HUEH?)E + 5”5&”12“5 + EHU}EH%‘E
+ ||v“€||?zs,t + ||VU€||?zs,t + gHVFSEH%s,t + gHVFwaH%‘s,t <ar

This inequality (B.3) implies

HUEHiz((O,T),Hl(QE)) + HUEHQL?((O,T),Hl(QE))

+ HSEH%%(O,T),Hl(FE)) + fJwe| %2((077)71{1@5)) <ar.

Integration from 0 to 7 of inequality (B.3) gives

”uEH%?((O,T),L?(QE)) + |\Us||2L2((o,T),L2(Q€))

+ €||8€||%2((0,T),L2(F5)) + &|we|

T2((0,r).L2(rL)) S CUTT.

With the interpolation inequality (see [1])

H”V < 6||'H6L2((07r)7L2(QE))H'||:LLE(&((J,T),Hl(QE))

we get

el + [loell5 + llsllfy + llwellfy < éearr)’(er)' = <

The last inequality is correct if 7 is chosen smaller than %— Hence, the embedding

(€ec1)s

composed with the mapping S has at least one fixed point in {u € L?([0,7]; H(Q.))]
Ou € HY(Q:)'}? x {u € L*([0,7], HX(T.))| Oru € HY(T'.)'}2.

S
o = O =

=3
» ®5 O O ©O O O
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