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Abstract

In the context of periodic homogenization based on two-scale convergence, a nonlinear system of six coupled
partial differential equations is homogenized. The system describes the process of signaling in a T cell
(thymus lymphocyte) including the dynamics of calcium and of the molecule Stim1. Two of the six equations
are defined on the finely structured surface of the endoplasmic reticulum and to make global diffusion after
homogenization possible, we extend the existing theoretical convergence results and introduce the two-step
method. Therefore the membrane of the endoplasmic reticulum is given an extent in normal direction such
that it has a volume with width 0 < § <« 1. For convergence of the functions defined on the membrane we
can now use well-known two-scale convergence results and obtain fast diffusion after homogenization. To
come back to the original shape of the surface, § tends to zero in the reference cell, if some compactness
results are satisfied, which leads to a non-standard cell problem, and we obtain global diffusion on the
surface of the endoplasmic reticulum. The results justify a model for signaling in a T-cell recently proposed
heuristically.

Keywords: Periodic homogenization, two-scale convergence, T cell signaling, fast surface diffusion,
reaction—diffusion system.
2010 MSC: 35B27, 35K51, 35K58, 92C37

1. Introduction

Periodic homogenization is a method for upscaling rigorously mathematical models of multiscale pro-
cesses. Often, the multiscale nature of the given problem proceeds from a microstructure of the material.
Resolving the microstructure in detail is much too costly and mostly unnecessary, so upscaling the models
by homogenization is a suitable way to be on a level with the larger scale still regarding the fine structure of
the material. In periodic homogenization, we assume the microstructure of the material to be periodic with
respect to a reference cell and consider the limit as the periodicity length approaches zero. Monographs on
the subject include [5, 28, 26, 20, 9, 23].

An elegant technique for performing periodic homogenization is by using two-scale convergence developed
in [2, 25]. When it comes to homogenizing processes, e.g. diffusion on hypersurfaces, the theory is only
moderately developed. For results in the context of slow diffusion, we refer to [3, 24]. In order to handle fast
diffusion on hypersurfaces, a different approach seems useful: A two-step convergence method, see section 2
below, is a tool to determine macroscopic diffusion on hypersurfaces. The main idea is to regard the surface
as a thin layer of width 0 < § <« 1. Partial differential equations defined on this layer, which has a positive
volume, can be homogenized by using well-known results from two-scale convergence. After homogenization,
the thin layer, which is now a subset of the reference cell, is shrunk back to a surface by letting § tend to
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zero, making sure the macroscopic equation and the cell problem satisfy some compactness results. A similar
approach using I'-convergence can be found in [7, 6], in a wider setting the articles [22, 8, 4] are of interest.

Another question of practical relevance in the context of homogenization, which seems to have received
little attention in the literature, is the passage to the two-scale limit in Robin-boundary terms at the exterior
boundary of the domain under consideration. In section 3, we introduce a way to homogenize systems with
non-homogeneous Neumann or even nonlinear Robin boundary terms, where we regard the outer boundary
of the domain as a separate periodic domain and use two-scale convergence in one dimension less.

Having proved these general results, we apply them to the problem of homogenization of a system
of differential equations modeling T-cell signaling in section 4. One result of this analysis is a rigorous
justification of a heuristically derived model for T-cell signaling not resolving the cell microstructure, which
has been recently suggested in [12]. For this purpose, we examine a system of six coupled nonlinear partial
differential equations, which describes the dynamics of calcium and Stim1 molecules in a single cell. During
this procedure the Stim1l molecules, which only exist on the finely structured surface of the endoplasmic
reticulum, diffuse to the plasma membrane of the cell and induce so-called CRAC channels to open to let
calcium from the intercellular space into the cytosol. This leads to a high concentration of calcium in the
cytosol, which is normally poor of calcium, and the cell is in an activated state. More details on the process
are found in section 4. Since the geometry of the cell plays an important role, we use the two-step approach
in the context of periodic homogenization to handle the fine structure of the surface of the endoplasmic
reticulum, which divides the cell into cytosol and lumen of the endoplasmic reticulum.

In section 5, we prove the a-priori estimates and show strong convergence of the functions. Further, we
show the existence of a solution in section 6. In section 7, we identify the two-scale limit and in section 8 we
let 0 tend to zero by using two-step convergence, which gives us the final macroscopic system of equations.
Finally, we prove uniqueness of the limit system in section 9.

2. Two-step convergence

The two-step convergence is a mathematical tool to determine macroscopic diffusion on hypersurfaces
in the context of periodic homogenization. The idea is to regard the hypersurface as a thin domain with
thickness § > 0. Using homogenization on these blown up domains we are able to apply well known
homogenization results valid on subsets of R™ with positive volume. After homogenization the limit equation
is defined on the homogeneous domain 2 and the unit cell Y, which contains a characteristical part of the
still blown up hypersurface. To get the initial shape of the domain back, we let ¢ tend to zero in the unit
cell Y of the homogenized system. A similar idea using I'-convergence is found in [7, 6].

2.1. A generic problem

Let © € R™ be a domain and I' C Y = [0,1]™ be a smooth, compact and periodic hypersurface,
such that I'c = (J,czn €(k +T') is smooth and connected for a small parameter 0 < ¢ < 1. We define
Y ={y+dn,|y€T,de (-60)} CY for asmall § > 0, which means that the manifold gets a volume
through an additional component pointing in the normal n,-direction in every point y € I'.

Let f € C(Q,Cx(Y)) with f.(x) := f(x,Z) and h € C(0Q,Cx(0,Y)) with h.(x) := h(z, Z), where
0,Y is one side of the outer boundary of Y. The index # of the function space denotes periodicity of
the contained functions. Furthermore, let Q. = Jycz. €(k +Y?) N Q and u. be the solution of the initial
boundary value problem

Orue — DAue +ue = fe in Q.

1
—DVu. -n = a(us — he) on 9. N ON (1)

with constant diffusion coefficient D > 0 and constant a > 0. Let the initial value u.(0) be smooth
and bounded. With standard estimations, results on two-scale convergence from [2] and Theorem 5 for



the Robin boundary term we find the weak limit equation for ¢ — 0 with u € L?([0,7], H'(2)) and
ui € Lz([O,T},LQ‘(Q,H#(Y‘S))) satisfying

bl / dudhda + D/ ) [V’ 4V, ul][Veth + Vb |dyda
Q QJY

y?e Suhd S — h)ypdoy,do, = dydz (2
+ | |/Qu1[1x+/m/aowa(u )ibdoy,do. /walf’llx (2)

for all ¢y € H'(Q) and ¢ € LQ(Q,H#(Y‘S)), where u{ is related to u’ through the solution of a cell
problem ug € H;(Y‘s) with fya ,uidy = 0 and the superscript stresses the dependence of the solution on the

parameter §. The cell problem is found by setting ¥ = 0 and using Vyu‘ls =Y Vyuiﬁmku‘s in equation
(2), which leads to

D/ Z@lku /5 e + Vyui] Vyrdydz = 0. (3)
Qk 1

The scalar product and norm on L?() is given by (v,w)q = [, vwdz and ||[v[|3 = (v,v)q for v,w € L*(),
respectively.

In the following Theorem 1 we consider the behavior of equations (2) and (3) for § tending to zero.

Theorem 1. Let there be given a generic problem as (1), which two-scale converges to (2).
Then, for § — 0, the solution u must satisfy the weak limit equation

|F\/ atuwdx—F/vauvw¢dx+\l“|/u¢dx+|8l“|/ aupdo,
Q Q Q a0

:/Q/Ff¢daydx+/m/aorahwdoydox (4)

with Py = DfF (Pr(ej +Vrpy)), doy fori,j=1,...,n and p; satisfying

Vr - (Pp(ej + Vr,u,j)) =0 m I, (5)
Pr(e; +Vrp) -n=0 on 0T,

with p; being Y -periodic. Here, Pr is the orthogonal projection to I'.

Before we start the proof, we briefly illustrate the setting. Let {(Ux, @)} be an atlas of the manifold T'
such that |, Uy =T and a, : Uy — V, ¢ R*!. With n, being the normal vector of I' in the point y € I'
we define another atlas {(Uy, ay)} of the blown up domain Y° with (J, Uy = Y? by

! VA x (—5,(5) — Uy
a;1(€17 v éno1,6n) = dxl(flv ooy €n) +Enny.

€Ux




Note that the last component of the local coordinates affects just the normal direction of I", which yields
for the Riemannian metric tensor g;;, i,j = 1,...,n that g;, = ¢ = gy = g™ =0 for i = 1,...,n — 1,
where ¢, i,j = 1,...n are the components of the inverse of the matrix (gi;)i j=1,.. . The nth basis vector
is given by

d d —1 d ~—1
@@, E e = g (6 G (G ) =y
and consequently, g,, = nz;ny = 1. We choose the Riemannian metric tensor g;;, such that g;; = g% = 0 also
holds for any 7 # j on the manifold I', which means that the basis vectors d%“ i=1,...,n are orthogonal.

Note that g;; = <d%7;, d%i> > 0. The gradient of a function x : Y® — R in Uy in new coordinates is given by

n

_ iiﬁ(uoa)_\l) d

The divergence on Y? of a function x: Y? — R™ in new coordinates is given by

1 n d ;
Vouzm;dgi (u detg).

Here p is the ith component of ; in the basis vectors f

Proof of Theorem 1
The proof is composed of three steps. First we show that the terms, where the limit formation takes place,
are bounded. In the second step we let ¢ tend to zero and consider the consequences in the various terms.
In the last step we deduce the cell problem and the macroscopic limit equation.

For the charts we use the abbreviating notation a(x) = ay(z) for € Uy C Y?. In the proof we indicate
the § dependence of the functions v and u; by v’ and uS.

Step 1. Boundedness of ||V |lys.
Testing the cell problem, equation (3), with ¢, = ui for every k= 1,...,n, leads to

| [ vuidante == [ [ o9 ,pidude < o 9ylonrs
= VIOl YUV s,

where we used the Cauchy—Schwarz inequality. It follows that

1
WI\VW%H%XW <1

which means that the norm of Vyui remains bounded independently of the size of the domain Y, since
Yo < 1.

Boundedness of |V u® + Vyul|lgxys-

To show boundedness also for the diffusion term in the macroscopic problem we consider equation (2), where
we perform a substitution by using charts a : V x (—4,d) — Y?. Thereby, the terms |Y°| and |0Y?| are
equal to 26|T'| and 2§|9,T| in their first order approximation, respectively.

(26|T] + O(82)) /Q outida +D [ [V + V)V + Ve
X

+ (26T +0(52))/

Q

= / / Jfi/det gdédddz + / / hypy/det gdoedddo,
QJVx(=6,8) 0 Jo,V x(—46,8)

4

u’ypda + a(26]0,T| + O(6?)) / u’pdo,
oN



for all (v,v1) € H(Q2) x LQ(Q,H;L(Y‘S)). Now we test with the functions ¢ = u® and ¢ = uj,

(28101 + 06) [ ' u'da + DIV’ + 9,y
+ @0IT) + O(2) [l |3 + a(2010,] + O]l |34

= / u‘s/ f+/det gdédddx +/ u® h+/det gdosdddo,
Q V x(—8,5) o0

9oV x(—6,5)

Furthermore, we substitute (&1,...,&,-1, %) =z=1(21,...,2n-1, 2n), With
dé =d¢&;...d¢, =dz...dz,_16dz,, and continue with

(20|T] + O(6%)) /Q Opulu’dz + D||Vu® + V1l |12, ys
+ (26T 4+ O(8%)) U I3, + a(26]9.T'| + O(52)) [|u’ ||3g,

=0 / / f+/det gdzddda + & / u’ / hy/det gdo.dddo,
Vx(-1,1) N AV, x(—1,1)

and divide by § to find
1
@1 + 0(5)) /Q Otz + <DVl + 9y
+ Q2T+ 0@) w1 + a2]d6T| + O(6)) [’ |30

1 1
< gl gl gVl
x(—1,
1 A
oo+ 31 [ h/det gdo.dd|3

O,V x(—1,1)

for any A > 0. This yields, after integration with respect to time,

1 1
@01+ 0@ 5 [1wllf + 5 DIVau’ + Vyul [fys , + U0+ O@)) [0’ [,

+ (a(2|80F| +0(9) ~ 35

1
+ 5 lu )3,

[0’ ||30., < 1+ 025

where we choose A such that A > m, but finite. The constants c¢1,cs and A are independent of §. We
find with Gronwall’s lemma that

1 1
@1+ 0@ I1llf + 5 DIVau’ + Vyul [fys , + 0T+ O@)) v’ [,

1
+ (a0 + 00) - 55 ) I o < €

for a constant C' > 0 independent of §.
Step 2. Limit of the linear terms.

Now, with u° bounded in H'(€2) we deduce the existence of a weakly converging subsequence. The equation
(2) is now tested with functions (¥, 1) € C*°(Q) x C>(Q,CF(Y)).
First we consider the limit for 6 — 0 of the first term,

(2|I‘|+(9(5))/98tu51/}da:—>2|1"\/Q(9tu1/1dx.

5



It also easily follow that
(21| +o<5))/ wipdz 2990 [ upda.
Q Q
Limit of the diffusion term.

To perform the limit formation in the diffusion term we use the same substitutions, which we used in Step
1. We consider the diffusion term of equation (2) and use the gradient formula on manifolds.

1
-D / [V’ + V,ul)[Voth + Vb |dyde
6 Q Y(S

1 (S oa™t) d
= 7D// Vaul + Oy u’y gtk —— 7 k .
52 )0 oo > Z — &

k=1 Ci

— ;01oa™h) d
V$w+;gﬂle—§j \/det gdéda.

We substitute (&1,...,&,-1, 5") =2=(21,-++y2n-1,%n), With
dé =d&;...d¢, =dzy ... dzp_10dz,. We deﬁne functions u and 1/)1 as

(B° 0 a™)(2) = (n° 0 @) (21, 22, 823), (1 0a™)(2) = (1 0@ *)(21, 22, 023),

respectively, and continue with
1 - "L dEioah) d
§=D V. 4 + O, 5 it k el
g /Q/Vx(—l,1) l ! ;; et ;g (14 6pi(0 — 1)) - 0z; d2°

(1/)1 oa” d
§ : JJ /
Vi + TETH (5 )) - o det gdzdx

with §,; =0,if j=1,...,n—1 and d,; = 1, if j = n. From Step 1 we know that

2
1 / ~ i O(oa) d
BT 06N 9" | dgdd = v <1.
@I+ 00) Jyx(-1) ; A5 0,u(6 1) 05 d= |m IV ymilis
Taking a look at the nth summand we deduce
% o~ ! TR |
Lomea™ )| o ieas |22 OT)] o 05500

O(Mkoa h

This implies that converges strongly to zero and with uf o a~! bounded in H;#(V x (=1,1))

independently of § there exists a weakly converging subsequence pf o ™ 20 poalin Hy,(V x (=1,1))

1

such that fip o = ! is independent of z,. To deduce the limit of V,u’® for § tending to zero, we set 1) = 0

and arrive at

-1 d
D/ / V u + a'vk s i Mk °a )
QJvx(-1,1) l Z Zg (14 6n:(8 — 1))0z dzt

k=1

¢1 oa” d
i
g (L5 00y (6 = )) L o v/det gdzdzx.



Now V,u® is written as ), (& 7 Val )4 and we use the definition of the scalar product on I', where here

(a,b) = 3, gisa;b; for a,b € T,Y?,

O oa )| [ ;i0(W1oa™)
D/ /VX 11)297,1 <d ) > Z(r“)mku k@Zi ] |:g 8Zi :|

dz?

1/ d 1< o (il oa™t) 1/11 oca”
- g \/d t gdzd
" (5<d"’ > 5223 50m |9 et gdzd
for any ¢ € C>(Q2, CF(Y)). Because ”vrué"‘vyu?”?}x\m(q,n is bounded (see Step 1) and %371) =9
0 for k=1,...,n, we deduce by considering the nth summand that '
d A oa )
<dn,VU>+Zazkug (562n <Cs—=0
—_— k=l bounded
—0! —0

and conclude that .
- d 50 v / d
5 _ § : \V/ § E \v4 _ \v4
Vet = i—1 <dzi’ i > i1 <dzi7 zu> v,

where Pr is the projection onto the tangent space T, T'.

Since we know that ¢"" = g,, = 1, we use /detg = \/det(gij)i’jzl’m,n,l. Because fir, and py just
differ in the last component, but also are independent of this component, we rewrite the integral using py,
k=1,...,n and f_lldzn =2.

0 [ [

1 n—1
PV, u—i-zamkng” “’“OO‘ 1 Z O ZO‘ - J\/det dz ... dz, qdz
_ J

.y

for all ¢ € C°°(Q,CF(T')), where Vr is the gradient respective to the tangent space. Hence, the limit
diffusion term is given by

PrVau+ Y O0puVrpy | Vryrdoyde,
k=1

2D/ / Zazku Preg + Vrpg] Vot + V] doydx.
L =1

Limit of the right-hand side.
For § tending to zero, the right-hand side has the following behavior. With f continuous, it easily holds
that

// flxyz1,. 00 201, 020)0(2, 21, - .+, Zn—1, 02, )/ detgdzdx
QJvx(-1,1)
209 //fle,.. s Zn—1,0)(x, 21, ..., 2n—1,0)y/detgdzdzx

:2/KZLf(x,y)¢(x,y)daydx.

Analogously, we find because of h continuous

/ / h(z,z1,. ..y 2n-1,02,)0(x, 21, .., Zn_1, 02 )/ detgdo,do,
99 Jo,vx(-1,1

ma 2/ / Mz, y)¥(z,y)doydo,.
o Jo,T



Hence, for 6 — 0 we arrive at the equation

2IT| / dpurpd + 2D/ / > Ouou[Prex + Vo] [Vt + Vg doyda
Q QJT

+2|F|/uwdx+2a|8of|/ updo,
Q Ele)
= 2/ /f(x,y)w(x,y)doydx—l—Qa/ hypdo,do,
QJr oa Jo,r

and may divide by 2.

Step 3. The limit cell problem.

It is left to find the cell problem and therefore we set again v = 0 and obtain for & = 1,...,n that
Jr(Preg + Vo) Vrrdoy, = 0. Then, the strong formulation of the cell problem is given by (5).

The limit diffusion tensor.

By setting 11 to zero we can find the diffusion tensor P by considering the diffusion term

D / / > " 0uuPr(ej + Vi) Vathdoyde = / PV, uV dzx
QJT j Q

with the diffusion tensor P = (P;;);; given by P;; = D [ (Pr(ej + Vrp;)), doy,. This leads to the desired
result (4).

O

Remark 2. If there are more linear or nonlinear terms, which are independent of y, i.e multiplied by a
factor |Y?|, theorem 1 also holds and the factor |Y?| becomes 2|T'| for § — 0.

3. Limit behavior on Neumann and Robin boundaries

In practical applications, an important question, which seems to have attracted little attention in the
literature, is what happens with Neumann and Robin boundary conditions at the exterior boundary of a
domain 2 C R™ when performing homogenization. If we consider the outer boundary as a periodic domain
— the shape of the unit cell is the shape of the outer boundaries of the unit cell Y — and if the functions
defined on that boundary are elements of L?(9S), then we could use two-scale convergence in dimension
n — 1. Therefore, the outer boundary 9, must be a union of squares, such that 0,(2. is e-periodic. For
example, the shape of a circle or ellipsoid is not possible.

We define 0,2 as the outer boundary of Q. and 9,Y as one side of the outer boundary of the unit cell
Y, cf. fig. 3. Then we have a periodic structure on 9,€). with unit cell 9,Y. We prove the following theorem
describing the two-scale convergence on 0,()..

Theorem 3. Let 2. C R™ be a domain as described above and let g € C(0Q, Cy(0,Y)) with g.(z) = g(x, T)
be 0,Y -periodic in its second argument. Then

| e (o) do = [ ] gaeten)do,don
9.0, € o0 Jo,y

for all p € C=(Q,CF(Y)).

Proof. In the given setting, the domain 0,(). is e-periodic with period 9,Y. Because the test functions ¢ €
C*(Q, 0 (Y)) are smooth, they also work as test functions on 9,§2. Then, with classical homogenization,
see [2], the claim follows. O



periodic on 9 Q.

Figure 1: Domain with periodic microstructure (left) and reference cell (right), depicting the periodicity of the exterior
boundary.

Remark 4. Theorem 3 can be used for homogenization of partial differential equations with Neumann
boundary condition with right-hand side g. at the outer boundary.

The situation is more complicated for Robin boundary conditions, because we need to identify the
function in the boundary term at the outer boundary with the solution of the partial differential equation
in the domain .. The following theorem secures two-scale convergence of the function u. on 9,€)., if u.
satisfies certain conditions.

Theorem 5. a) Let u. € HY(Q) be a sequence of functions such that ||uc||q+||Vue||o < C for a constant
C > 0 independent of €. Let u. weakly converge to a limit function ug € H'(2) and let 9,Y* C 0,Y .
Then, up to a subsequence,

() = 19,V | (ug)  weakly in L*(99),

where x. is the characteristic function on Jyczn €(k + 0,Y*) NOQ and v : H(Q) — Hz(09) is the
trace operator.

b) Let u. € L*([0,T], H'(Q)) N H([0,T], H*(2)"), then there erists a subsequence of u., also denoted by
U, such that
Y(ue) = y(ug)  strongly in L*([0,T], L?(0%))

and
Xef(v(ue)) = 105Y*| f(ug)  weakly in L*([0, T, L*(99))

for any bounded and continuous function f: R — R.

Proof. a) We know that the function u. € H'(Q) has a weak limit ug in H'(Q2) such that up to a
subsequence,
0
(ue — U0, @) 1 () xH1 () — 0

1

for all ¢ € H*(Q)" using classical weak convergence. With the trace operator v : H*(Q) — H?z(09),
which is linear and bounded, we obtain

e—0

(r(ue) = 7o), (0 43 paywmd ony — ©

for all o € C>(Q). Moreover, Hz () is compactly embedded in L2(9€2) and hence, there exists a
strongly converging subsequence y(u:) — v(ug) in L?(92). Using the characteristic function y. on

9



Urezn €(k 4 0oY™) N 0Q we ensure that the domain, where the convergence holds, does not change
with €. Now we conclude with standard results, e.g. lemma 6 in [19], that

(e (o), @) r200) = 106Y *[(7(u0), ©) 12 (00
for all p € C°(Q).

b) With the condition u. € L2([0,T], H*(Q)) N H([0,T], H(2)") we find with the trace operator that
v(ue) € L2([0,T], Hz (0Q)) N H'([0,T], H2(89)'). The embedding theorems in Sobolev spaces and
Lemma 5.10 in [13], based on the lemma of Lions—Aubin, yield a strongly converging subsequence of
y(ue) in L2([0,T], L*(89)). Using the Nemytskii operator, see [29], we also find that f(y(u.)) strongly
converges to f(v(ug)) in L2([0,T], L?(052)). Because x. is only a weak converging sequence, we deduce
that

(Xef(v(ue)), @) r200) = [0oY ™ [(f(7(u0)), ¢) L2 (a0

for all ¢ € C>(Q).

4. Signaling in Lymphocytes: Stiml and Orail

Our immune system is a very complex machinery which is orchestrated by different kinds of cells and
organs. Still many functions and procedures are not completely or just partially understood. A leading part
of the immune system are the T cells (or thymus lymphocytes). Their purpose is to pour out messengers if
they detect alien substances in the body (helper T cell) or to kill the intruder directly (cytotoxic T cell). To
accomplish their tasks, complex signaling cascades take place inside these cells. One important step is the
store-operated calcium entry through CRAC (Calcium Release-Activated Calcium) channels. If this step is
defective, immunodeficiency syndromes may develop in human patients.

To understand the function of the CRAC channels we briefly need to explain the situation in T cells.
In a non-activated T cell the calcium concentration in the cytosol is [Ca?*]; ~ 50 — 100nM, the calcium
concentration in the intercellular space is [Ca?*]. ~ 1mM, and in the lumen of the endoplasmic reticulum
it is [Ca®T|gr ~ 500uM, see [15]. This means that the concentration in the cytosol is at least 5000 times
lower than in the neighboring domains. To sustain such a strong gradient there are several pumps working
to pump permanently calcium out of the cell (PMCA, NCX) or into the lumen of the endoplasmic reticulum
(SERCA). The pump PMCA pumps calcium with the aid of ATP, the pump NCX exchanges calcium with
sodium.

On the surface of the endoplasmic reticulum (ER) the molecule Stim1 (Stromal interaction molecule 1)
exists. Usually it binds to two calcium molecules Ca?* which are in the lumen of the ER. Furthermore,
on the plasma membrane of the cell there are molecules Orail (calcium release-activated calcium channel
protein 1) to which Stim1 can also bind to.

To get the procedure of the activation of the T cell started, the lumen of the ER must be induced to
release its calcium. This can happen through molecules named IP3 directly, or a molecule TG closes the
SERCA pumps and calcium is not pumped back into the lumen of the ER. But in general IP3 is the trigger.
After depletion of the ER there is no calcium left for the Stim1 molecules to bind to. But on the surface of
the ER, that is near to the plasma membrane, unbound Stim1 bind to Orail. There two Stim1 molecules
can bind to one Orail molecule. Stim1 molecules diffuse on the surface of the ER and, in this way, reach
the plasma membrane. Once four Stim1 are connected to two Orail, they build a CRAC channel, which lets
calcium diffuse from the intercellular space into the cytosol. This state holds on as long as IP3 is present in
the T cell. When IP3 is depleted, calcium moves back into in the lumen of the ER and can bind to Stim1
again. A Stim1 molecule, that binds to Orail and Ca?*, quickly breaks away from Orail and the CRAC
channel closes. The calcium pumps restore the original state soon.

We take a closer look to the flux Icgrac of calcium molecules at the plasma membrane due to the opening
CRAC channels. It is important to know that the flux through the channels at the plasma membrane always
depends on a potential gradient. In resting state the membrane potential is about ~ —70mV’, the inside of
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the cell is negatively charged. Ionic channels are mainly responsible for the potential fluxes, amongst others
for example the CRAC channel with flux Icrac. But also the CAN channel with flux/current Ican, the K
channel with flux/current Ik and the K(Ca) channel with flux/current Ik (c,) are important. The plasma
membrane acts as a capacitor with capacity Cy,. The relation between the current I and the potential V' at
a capacitor is % = —é. For more details and the equations describing the dependences of the channels
see [12].

The channel dynamic at the plasma membrane builds a system of ordinary differential equations and, hence,
performing periodic homogenization has no bearing on it. Therefore, we omit the dynamics of the channels
to clear up and focus on the more relevant compartments of the model seen from the angle of homogenization.
We note that the influx Icrac depends on the amount of Stim1 molecules bound to the plasma membrane
in a nonlinear way, but is Lipschitz-continuous and bounded almost everywhere if the amount of the Stim1
molecules is bounded.

This information and more details on the biological background can be found in [15, 14, 16, 21, 30].

4.1. Micromodel

An effective model for the process described above is due to Patrick Fletcher and Yue-Xian Li [12]. It
was derived phenomenologically without taking into account the cell microstructure. It is the aim here to
derive a model by homogenization taking into account the microstructure of the cell explicitly.

Let Q C R™ be a domain with Lipschitz-boundary I'!. We assume  to be representable by a finite
union of axis-parallel cuboids with corner coordinates in Q™. To build the domains depending on the small
parameter ¢ > 0, the following characteristical parts Y, Y2, YER TER Y = [0,1]" are defined,

Cell Q,
Plasma membrane It
Part of cytosol Yt
Part of lumen of the ER Y2,
Part of blown up surface of the ER, width J > 0 YER
Part of surface of the ER IER,

Then we define QO = Jyczn e(k + Y1) NQ, Q2 = Upegn ek +Y?) NQ and QFF =, .50 e(k + YER) N Q.
Further, I'ER is a smooth, compact manifold, such that I'ER = Urezn ek + I'®R) N Q is smooth, connected
and periodic. The scalar products are given by (U,'U)Qé = le uvdz, respectively on Q! and QFR. On the
Riemannian manifolds TE® and I'! the scalar products are gi\;en by (u,v)rer = [rpr geuvdo,, respectively
on I'', where g. is the Riemannian metric tensor. The concentrations of the molescules are labeled as the
following:

Calcium in the cytosol C.,
Calcium in the lumen of the ER Cee,
Two unbound Stim1 on the surface of the ER Se,
Two Stim1 bound to 4 calcium on the surface of the ER Scie,
Two Stim1 bound to Orail on the plasma membrane S0.e5
Two Stim1 bound to Orail and 4 calcium on the plasma membrane Sco.e.

For convenience we introduce several abbreviations

C? C?

fserca(C:) = VSERCA 75— fr(Ce) = vp—"=5,
: C2 + K3prea : C2 + K3
ce Cee
fuex(Ce) = onex =—5— fe(Cee) = Vo=
: C2 + KRex : Ce. + K2
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for Ksgrca, Kp, Knex, Ke, USERCA, UP, UNCX, Ve > 0. All theses functions are nonnegative, smooth and
bounded by vsgrca, Up, UNCX, Ve respectively. We define the following function spaces

V(Q2) == L2([0,T), H' (1)) n H' ([0, T}, H'(QL)"),
V(Q2) := L*([0,T), H'(Q2)) n H'([0,T), H' (22)"),
V(QER) = L2([0,T), HY(QZ%) n H ([0, T}, H' (Q2Y)),
V(T N o0ERY .= L2([0, T, L*(T* n oQERY)) n HY([0, T, L2((T'! N 9QER)).

For the test functions we define the function spaces

V(Qh) = HY(Q)), V(Q2) = H'(Q?),

€ €

V(QER) = HY(QER),  V(T'nanfR) .= L2 nankr).

The weak formulation is given by finding (C:, Cec, Se, Sce, So.c, Sco.c) € V(QL) x V(Q2) x V(QER) x
V(QER) x V(T N oQER) x V(I N 9NER) such that
(0:Cc, v )1 + Do (VC:, V)i + (Lo + Lips)(Ce — Cec) + fserca, ¥i)rer
+{adcrac(So.) + fp + frox, Y1) rinaar =0
(0:Ce,c, 12 )2 + DEr(VCe o, Vi) o2
+e((Lo + Lips)(Cee — Cc) — fsprea, ¥2)rer =0
(005, ¥2)qen + Ds(VSe, Vi) ger + (kG fo(Cee)Se — kg Sce, ¥2)qen
+(k$Se — k5 S0,6, %2 ) rinaqer =0
(0eSces ¥2)aen + Dsc(VSce, VU2 )aen + (kg S — kb fe(Ce ) Se, 102 qun
+(koSce — kgoSco.e ¥ )rinager =0
(00S0.6, V2 riroaer + (koS0 — kb Se, V) naqen
+(—kgSco.e + ki fe(Ce) 50,6, ¥e)r1no0er =0
(0:Sc0.e, V) rnoner + (koo Sco.e — kEoSoe, ¥e)rnoger
+{=kt fe(Cee)So.e + kg Sco,e w§>F1ﬂ6Q§R =0

for all ¥} € V(Ql), v2 € V(Q2), ¢2 € V(QER) and ¢?2 € V(' n 0OER).

4.2. Limit macromodel

Here we state the macroscopic limit equations of problem or (6). The following system results after
homogenization and after the limit passage of width & of the blown up domain Y*® to zero. The convergence
for ¢ — 0 is proven in section 7, the convergence for § — 0 in section 8. Let (C,C,, S, S¢, So,Sco) €
V(Q)* x V(I'')? be such that
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Y(8:C, ) +(PCVC, V)
+ITFR|((Lo + Lip3)(C — Ce) + fserea(0), ¥)a
+0,Y [{alcrac(So0), @)r1 + 10.YH{fr(C) + fuex(C), ¢)r: =0,

|Y2‘(8tcea (p)Q-i-(PBVCe, V@)Q
+TPR((Lo + Lips)(Ce — C) = fsprea(C),@)a =0,

‘FER‘(at‘i QP)Q"_(PSVS» v@)ﬂ
+|FER|(kgf6(Ce)S - kE*SCa SO)Q + |80FER|<]C$S - kESOv @)Fl =0,

ITER|(0,Sc, 0)a+(PCVSe, V)
+HTER (kg Sc—kd fo(CL)S, 0)a + |0.TER (kLo Se — koo Sco, ©)r =0,

<6t507 ¢>F1+<k(_)SO - kgs - kE'SCO + kgfe(ce)S07 90>F1 = Oa

<8tSCO7 90>F1+<k5()SCO - kérOSC + kasCO - kéf@(ce)SOv 90>F1 =0,
for all p € C(Q).
The cell problems for C' and C, are given by

Vy - (e + Vyus) =0 in Y12

(ej + vyﬂf’e) ‘N2 = 0 on FER,

(8)

Cie T . . . L
and ;" must be Y-periodic for j = 1,...,n. The diffusion tensors are Pg = le Dc(6:5 + 0, iujc)dy and
Piej = fY2 DER(&] + 0 I,U/;’)dy
Furthermore, the cell problem for S and S¢ is given by

Vr - (Prej + Vrps) =0 in PER,

9
(Pre; + Vpujs) n=0 on IR ©)

with ;LJS being Y-periodic for j = 1,...,n. We note, that Pre; is depending on y and V, - Pre; is not
equal to 0 in general. The diffusion tensors are defined as Pg = fFER Dg(Prej + Vpuf)iday and ch =
fI‘ER DSC(PFej + Vr,uf)id()'y.

In the mathematical model by Patrick Fletcher and Yue-Xian Li in [12], the cytosol, the membrane
and the lumen of the ER are merged to a homogeneous cytoplasmic domain. Here, in micromodel (6), the
process is decribed in more detail, because the domains, where the molecules occur, are considered explicitly.
Furthermore, by periodic homogenization the model is rigorously upscaled to an effective model (cf. (7)).

By performing homogenization we find a similar model to the one in article [12], whereby the form of
the differential equation is the same but some of the coefficients differ. This means that the form of the
system of partial differential equations in [12] is mathematically confirmed by our considerations and the
coeflicients are improved.

The remainder of this paper is devoted to proving the convergence of solutions of (6) to solutions of (7)
in the limit as ¢ —+ 0 and § — 0.

5. A priori estimates for the Calcium—Stim1 model

In this section we show that the functions C,, C. ., S; and Sc. are elements of H I and L* and that
the functions So ¢ and Sco . are elements of L? and L>. This is necessary to apply the standard theorems
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of homogenization, [2], and to show strong convergence of a subsequence, see Remark 13.

Before we start with the estimations, we prove that the inverse trace inequality does not depend on
€, where the inverse trace operator maps from the outer boundary 9. N 9 of an e-depending domain
Q.CcOQCR™

Lemma 6. Let Q C R"™ and Q. be an e-periodic subset of 2, where ) is representable by a finite union
of axis-parallel cuboids, each of which is assumed to have corner coordinates in Q™. Then it holds for any
function f. € H () that
HfEH%Z(aQEmaQ) < CHsz%p(QE)

with ¢ > 0 independent of .
Proof. The extension operator from the article [17] gives an extension foeH Q) with f. = f- in Q. such
that HfEHHl(Q) < &||fell a1 (a.), where é is independent of e. The trace operator . : H(Q.) — L?(99. N0<Q)
maps fo — 7:(fe) and fg — *ye(fg) with v:(f:) = ya(fg) on 90, N 9N, because f. = fE in Q.. This means
for the trace operator v : H'(Q) — L?(99Q) that v.(f.) = f. = ~(f.) on 8N N Q.

We deduce the following estimation

= f5|animoﬂ

e (72 00.m00) = INe(F200.n00) < IV(FlZ200) < coll felli @) < écoll fl3m .y

where ¢g is bounded, because 7 is linear and continuous, and ¢q is independent of ¢, since € is independent
of e. O

Now we start with the estimations for the system (6). We note again that the term Icrac(So,e) is
bounded almost everywhere in [0, 7] x I'* N 9} independently of €, if Sp . is bounded almost everywhere
in [0, 7] x T' N 9OQER independently of e.

The following lemma is necessary to find a lower bound for the functions. By obtaining an upper bound,
too, in Lemma 9 the functions Se, Scc, S0, and Sco . are L*°-functions.

Lemma 7. (Positivity of S., Sc.e, So. and Sco.)
For almost every x € QFF and t € [0,T)] it holds that Sc(x,t) > 0 and Sce(x,t) > 0. For almost every
z € TP NONEE and t € [0,T) it holds that So (z,t) >0 and Sco (z,t) > 0.

Proof. We test the weak formulations of S., Scc, So., and Sco, with kgSE,, kgosc,s—, k5S0,.—, and
kcoSco,e—, respectively. We start with S. and So ., add the equations, and multiply both sides by —1,

k& (D:Se—s Se—)amn + kG (9450,e—5 80, - )rinager + Dskd ||V Se— ||Gen
+ ké’%ll fe(ce,e)SEfH?)gR + kgk(}” fe(Ce,E)SO,EfHLQ“m&QER
+ ||k$Se— - kESO,s— H%VWQER

< —kgk$(Soe, Se)aer — kgokg (Sco,e, S0~ )rinoqer

< kgkS(Sce—, Se)aen + kgko (Sco.e—, S0 )rinoqer
< kigh® (ISc.e—IBen + 15— I3en ) + gk (I1Sco.e~inoasn + 150, IFsnogen ) -
Integration from 0 to ¢, dropping some positive terms, and merging the constants yields
1S~ llgen + 150~ lIF1nonen
< 1 (10, g + 1een s + I1Sco.e IBanonsn . + S0, Iarpasn,s) -

where we used that the initial conditions are nonnegative. We perform corresponding operations for the
equations for S¢ . and Sco,, and find

ISc,e—l1ger + 1Sco.— 11 nagen
< 1 (ISce—lBpn s + 1S IBen o + 1500, [Binonen.s + 150 [Binoen.s)
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Then we add the two inequalities and find
1Se—1Eer + 150~ [F1ra0er + 1S~ [Ger + 1Sc0 e~ [B1no08r
< c1 (1866~ Pgn s + 152 [Ben 1 + 1Sc0.0— IBaropen s + 1500 [ ponen.s) -
Using the lemma of Gronwall yields
12— e + 150,12 pogen + I1Sc.e— [Zen + [1Sco.c— [Einpgen < 0.
Hence, the functions S;, Sc, So, and Sco,. are nonnegative. O

Lemma 8. (Boundedness of S., Sc., So. and Sco. in H! or L?)
There exists a constant C' > 0, independent of €, such that

I1SellEzn + 1Sc.eliéen + 1V Selgen , + IVSc.ellgen  + 190 e lfsmonee + 1Sco.lfanane < C-

Proof. We test the weak formulations for S. and S¢, with the functions S. and Sc ., respectively, add the
equations and integrate from 0 to ¢t. With the binomial theorem we get for any A > 0

%HSEH%EER + %HSC,E”?ZER + Ds||V55||5225R,t + DSC||VSC,8H52)EER¢
kS 1Selfamanen ¢ + ko llSc.ellfsnagen. ¢
152 (0)[|Ben + §||Sc,e(0)||?z€m +c1l|SellGen , + C2||Sc llfen , + 631”56”12“%89151‘ ¢
+ caA||So, 6||Flmc')QER ¢ty ||Sc s||rlmemER ¢+ +ceAllSco, erlmaQER t

Using the trace inequality with lemma 6, merging the constants and dropping some positive terms yield

I+ IScclion + (Ds - 103 ) V8. + (Dsc - cacos, ) 195 g,
< ¢z + callSellGen ¢ + csllSeyclfer ; + coAlSo e lIFrnaner ; + crAl[Sco ellfnaqer -
Now we do similar estimates for the equations for Sp . and Sco, and find for any A > 0
HSO €||FlmaQER +35 ”SCO EHFlmaQER
< §||SO,5( )||rlmaQER +5 HSCO (0 )le“lmaﬂER + c1A||So, 6||12“108QER ¢+ +2A|Sco, 8”12“1089ER ¢

1 1
+0300 |Se |\QERt+C3CO [VSe ||QERt+C4>\CO||SC€HQERt+C4/\COHVSC€“QERt'

We sum up all inequalities to find
182+ Iclfipe + (Ds = coen} ) IV Sl

1
+ <DSC - 0200)\) ||VSC,6||?2§R¢ + ||SO,6||%1maQ§R + ”SC’O,EHI%IQBQER
< ¢z + callSel|Gen ; + csllSeycllfer ; + oMo el F1naner ¢ + crAl[Sco ellfinaqer -

For X\ greater than cocs + cgcp, but finite, Gronwall’s lemma yields

+ FIVSceléen , +150.eltinoasn + [Sco.elfinaen < C.
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Next, we want to show that the functions that represent the concentration of Stiml molecules are
bounded, i.e. they are L°° functions.

Lemma 9. (Boundedness of S., Sc.., So.. and Sco, in L)
There exists a constant C' > 0, independent of €, such that

1Sl oo (Ery + IS0 ell Lo (2r) + [1S0,ell Lo (rinanEry + [Scoell Lo (rinanEry < C
for almost every t € [0,T].
Proof. Let k > 0. We define the function

M (t) = max{[|S(0)]| =, [|Sc. (0) |, 1502 (0) [ 2=, [[Sc0. (0) | v e
with t € [0,7]. Note that the initial values are L* functions, so that M is well-defined and finite for all
te0,T).
We test the equations for S¢, Sce, So,. and Sco . with (kJOrSE — M)y, (kéoSc,a — M)y, (kgSo,.—M)4

and (koo Sco, — M), respectively, add the results and consider the time and spatial derivative of M to
obtain

1
kj(at(kgse — M)y, (k5S: — M)y )qen + —— T (3t(kcoSCa — M)y, (kGoSc.e — M)y )gen
) co

1
+ —Ds||V(k5Se — M)+ [[Ger + DSCHV(kéoSCs — M) ¢ ||Zen
ko k&o :

1 _ _
+ —(0i(koS0,e — M)+, (kgSo,e — M)+ )rinsosr
o

1 _ _
+ kf@t(kcosco,e = M)y, (kgoSco.e — M)+ )rinaaer
co
+ (kgfe(ce,e)ss - kESC,Eﬂ (kgss - M)+ - (kgOSC,s - M)+)Q§R
+ (k& fe(Cee)So.e — kgScoe, (kgSo,.e — M)y — (kgpSco.e — M)y )r1nooer
+ [|(5Se = M)y — (k5S0.c = M) [[F1rager + (kG0 Sc.e = M)+ — (kgoSco.e — M)+ [|f1naqer

1 1

< —(—kM, (k5Se — M)y )qer — (——kM, (ko Sc.e — M) 4 )ger
ko ko
1 _ 1 _
- <kikM, (koS0,e — M)+ )rinaaer — <kf/fM7 (kcoSco,e — M)4)rinaaer.
o co

We drop some positive terms, integrate from 0 to ¢ and use the binomial theorem. With f,(Ce ) bounded
and ||(¢ —M)+HQ§R < ||€0||Q§R for ¢ = 5¢, Sc,e and [[(p — M)+||FlmaQ€ER < ”‘P”FlmaQER for o = So.c,Sco..
we find

1

1
S l(kSSe = M) [Gen + = 1(kloSce — M)+ [[Gen
2kS 2k&o e

1 _ 1 _
+ —ll(k5S0.c = M) 4 F1n00me + =—Il(kcoSco.c — M)4|1fino08x
oy T g :

1 1
<1 — (o kM, (k5 Se — M)1)gen ;. — (kaM, (k&oSce — M)y )qpr
O CcO
1
< kM, (/foso e )+>Flmaﬂ§R,t - <?kM’ (kgoSCO,s - M)+>F1QSQ§R¢~
O coO

Now we distinguish two cases.
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e There exists a non-nullset V C QFF such that (k,S: — M) >0in V or (k},Sc,e — M) > 0in V; or
there exists a non-nullset V' C I'* NONER such that (k5S0,e—M)4 >0inV or (kgpSco,e—M)4 >0
in V. Then there exists a § > 0 such that

1 1
(M, (k5Se — M)1)gen 4 + (-5—M, (ko Sce — M)+ )qen ;> 6
ko ko
or 1 1
<kTM, (koS0 — M)+ )rinaaex  + <ka, (kcoSco,e — M)+ )rinaqer ¢ > 0.
o co

We choose k to be kd > ¢, which is possible since k and § is growing with k, and we find

1

(k&Se — M)y ||gen + ——
<2k,

1
| I(k&oSc.e = M)+ [[Gen
2k, :

_ 1 _
(ko S0,e = M)+|[f1no0en + 2kﬁifn(kcoSCO,e = M)+ |[f1nogen < 0.
co

o
2kg
That contradicts the existence of such a subset V' and the proof is complete.

e Otherwise it holds that (k5S: —M)4+ <0, (kfpSc,e — M)+ <0, (kgSo,. —M)4 <0 and (kgoSco,- —
M)+ <0 almost everywhere and we are finished.

O
Now we show that C. and C, . are H'-functions.

Lemma 10. (Boundedness of C. and C.. in H')
It holds that

IC:IEs + 11Ce.e Iz + IVCElIGy o + IVCe,clls , +€llCe — Ceellfen, < C

for a constant C > 0, independent of €.

Proof. We test the weak formulation for C. with C. and get
(0:Ce, Co)ar + Do||VC[g + e(Lo + Lipz)(Ce — Ce e, Cc)ren + (fsprea, Ce)ren
+ (alcrac + fp + fyox, Co)rinaa: = 0.
Also, we test the weak formulation for C¢ . with C, . and get
(01Ce.e, Cec)z + DERHVCe,sH?zg +e(Lo + Lip3){Ce,c — Cc, Ce c)rer — e(fserea, Cee)rer = 0.
Adding the equations gives for any A > 0

(atcsu CE)Q; + DCHVCE”?)é + (atCe,s; Ce,E)Qg + DERHVCE,EH?)E + E(LO + LIP3)||CE - Ce,e”%l;lr{

= —(fp + fxncx + alcrac, Ce)rinans +e(fserca; Ce,e — Cc)ren

A Co
< Zllfe + fuox + aloracllfinan; + ¢l fsereallfs +55 (IIC<I3: + IV C2113, )

<cy

o (ICecllys +€IVCeclnz) + o (ICIBy +2VC|y ) -
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Note, that we used two different trace inequalities, the standard one for homogenization and lemma 6. We
deduce

C
(0:Ce, C)en + (Do = 53 = o) IVCe s

+ (0:Ce,e; Cec)az + (Dpr — coe?) ||voe,5||52]§ +e(Lo + Lip3)||C: — C,
< et + e O + e Ce,

for some constants c;, co and c3. By integration from 0 to ¢ we get
1 2 €0 2 2
SICeBy + (Do = 55 — &%) IVCe
1
+ 5 11Cecllz + (Dur — c0e®) IV Cecllz, + (Lo + Lips)[[Ce — Cecllon

1 1
< A1+ ol Celld s + sl o3z + 3 IC ) + 51Ce.c ()3

For A big enough but finite, and small € we conclude with the lemma of Gronwall that

ICE NG + IVCell 1 + ICe.cliéz + IV Ce,

eellfen, <C

for a merged constant C. O
Next, we show that C. and C. . are also bounded in L*°.

Lemma 11. (Boundedness of C. and C, . in L*)
There exists a constant C > 0, independent of €, such that

CellLoe i) + [Ceelleo(zy < C
for almost every t € [0,T].

Proof. Let k > 0. We define the function M (t) := max{||C<(0)| e, ||Ce.c(0)| L }e**, test the equations for
C: and C. . with (C. — M)+ and (Ce — M), respectively, add them up and consider the time and spatial
derivatives. Integration from 0 to t yields

1 1
S I(Ce = M) [ + Dol V(Ce = M)y |18, + S I(Ce.e — M) ||fe + Dur[[V(Cee = M)+ [[3e 4
+ E(LO + LIP3)<(C - M) - (Ce e M)a (CE - M)+ - (Ce,s - M)+>FER,t
< afllcracl, (Ce = M) )rino0r s — (EM, (Ce — M) 4 )are — (KM, (Cee — M) )02 4
Hence, with ((Cc = M) = (Cec — M), (Cc = M) — ( — M)y )rery = [[(Ce = M)y — (Ce e —M)+||%gn,t +
((Ce = M), (Cee = M)4)rer s + ((Ce M) (Ce = M)i)reny > [[(Ce = M)4 — (Cee = M)y |[or , we

continue with

1 1
I(Ce = M)l + Dol V(Ce = M)y |1, + S I(Cee — M) 4|52
+ Der|V(Cee = M) 4|82, + (Lo + Lipa) [|(Ce = M)y = (Cee = M) || Por

< allloraclPanonri + co (I(C = M)y I3y, +IV(Ce = M) 13,.)

<ci
- (kMa (Oe - M)+)Q§,t - (kMa (Oe,e - M)+)Q§,t
<er = (EM,(C. = M)y )a1 s — (KM, (Cee — M) 1 )g2 4.
Now we distinguish two cases.
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e There exists a non-nullset V. C Q! or V. C Q2 with (C. — M)y > 0 or (Coc — M)y > 0in V,
respectively. Then there exists a § > 0 such that (M, (C. — M)y )q1; > or (M, (Cec — M)y )qz, > 0,
respectively, and we choose kd = ¢;. Then it follows that

1 1
SN = M)y + DOlIV(Ce = M)y s o+ 51 (Coe = M) I
+ Dpr||V(Ce,e = M) 462, + (Lo + Lipa) [|(Co = M)+ — (Cee — M)+ || Fer
<c - (kMa (CE - M)+)Qé,t - (kM; (Ce,s - M)Jr)ﬂg,t <0.
But this contradicts (C. — M)4 > 0 or (Cee — M)4 > 0 in a non-nullset and we are finished.
o It holds that (C. — M)+ =0 and (Ce. — M)+ = 0 almost everywhere.
From the above we conclude that C. and C. . are bounded from above. Because C. and C. . could be
negative, we also show that they have a lower bound. Biologically it does not make sense for C, or C¢ . to
be negative, but the system is created such that mathematically we can not exclude it. Therefore, we test

the weak formulations with (C: + M)_ and (Ce + M)_. With similar transformations as above we obtain
that [[(Ce+ M) B, + (o +M)_ |25 < 0. -

Finally, we estimate the time derivatives.

Lemma 12. (Boundedness of 9;C:, 8;Ce ., 0;S:, 0:Sc.c , OSo, and 8;Sco. in H™ 1)
There exists a constant C > 0, independent of €, such that

10:Ce |l 2 (10,77, 5~
10¢Sel 2 (jo, 77, 1-1 (zry) + 10eSc,ell L2 (0,17, 1-1 (@ER)) < C,

.1, (@2) < C,

10650 el L2 (0,77, L2 (11 noER)y + 106Sc0.ellL2(j0,11,22 (P na0ERY) < C.

Proof. We start with 9;C. and the definition of the H~! norm. We drop the boundary terms, because test
functions in H{ are zero at the boundary.

10:Cell -1 (1) = sup (0:Ces @) a1y x L (Q1)
peHI(L), ll=1

= sup (=Dc(VC:, Vo) pio1y xmiar) — €{(Lo + Lip3)(Cz — Cec) + fserca(Ce), p)ren
eeHG(QL), llell=1

-0
— {alcrac(S0.e) + fr(Ce) + fnex(Ce), )rinaar)
-0
< sup (DclIVCel L2 lIVellLzayy)

peH (L), llell=1
< allVOr2 ).

Integration from 0 to 7" leads to ||0;Ce||L2(jo, 77,51 (1)) < 1]V CellL2(j0,71xq1) < C, see Lemma 10. Analo-
gously we estimate [|0;Ce.c||12(j0,1),z-1(@2)) and the other estimations. O

Remark 13. With the estimations found in the lemmas of this section we know that C. € L2([0,T], H*(Q1))N
L>([0,T) x QL) NH'([0,T], H'(Q})). We apply the extension operator from [17] to deduce that there exists
an extension C. of function C. such that C. € L2([0,T], H(Q))NL>([0,T] x Q)N H([0,T], H~*(R2)). Now
we denote C. again as C. for convenience.

Analogously, we find that C. . € L2([0,T], H*(Q))NL>([0, T|xQ)NH([0,T], H~1(Q)), S. ([ , T, HL ()N
L>([0,T] x Q)N HY([0,T], H~Y(Q)) and Sc. € L*([0,T], H(Q)) N L>=([0, T xQ)ﬂHl([ ] L(Q)).
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On the boundary I'" we deduce that So. € L2([0,7], Hz(I'' N QER)). Using also Lemma 9 and
Lemma 12 we find with the extension operator that So., Sco. € L2([0,T], Hz(I'Y)) N L>=([0,T] x T) N
H(0,T), IA(T)).

With Lemma 5.10 in [13] we deduce strong convergence for the functions C., C.., S. and Sc. in
L2([0,T] x Q) and strong convergence for the functions Sp . and Sco in L?([0,T] x I't). With Theorem 5
we deduce also strong convergence on the outer boundary I'! for the functions C., C. ., S. and Sc. ..

6. Existence of a solution

The purpose of this section is to show that there exists at least one solution of the weak formulation (6)
for every e > 0, where we will use Schauder’s fixed point theorem, cf. e.g. [31]. At first we note, that for every
€ > 0 existence of Sp . and Sco, (defined in (6)) easily can be shown by using Carathéodory’s existence
theorem, see [10], because these functions are defined by ordinary differential equations. Furthermore, the
following estimate easily follows by standard techniques

150l

+1Sco.l?

2
L2([0,7],H 3~ (I NOQER)) L2([0,7],H3 ~° (D' NOQER))

<c (7’ + HSE“%2([0,7],H1*5($25R)) + HSC-,EHi2([0,7—],H1*5(QER)) +||CG£||%2([O,T},H1*5(Q§R))) :

for a constant ¢ > 0, if |So (0| < r and ||Sco.(0)|? < r for ar > 0 and

HZ (D1 NoQER) H2 =3 (I1NoQER)

Se,Scie, Cee € L2([0, 7], H}9(QER)) for a § € [0,2) and a 7 € (0,77

Because the functions fy for X € {SERCA,P,NCX, e} fulfill the growth condition |fx(z)| < c|z|%
for a constant ¢ > 0 and p = ¢ = 2 and are bounded and continuous, we deduce with the theorem of
Nemytskii (see [29]) that F : L? — L? are continuous and bounded. We also find that there are constants
Lsgrca, Lp, Lncx, Le and Lerac such that (Fsgprea(Ce))(t) < LsercaCe(t), (Fp(Co))(t) < LpCc(t),
(FNex(Ce))(t) < LnexCe(t), (Fe(Ce,e))(t) < LeCe(t) and Icrac(So,e) < LeracSo,e-

Now we apply Schauder’s fixed point theorem to ensure a solution of the complete system of differential
equations (6).

Theorem 14. (Existence)
The system of differential equations (6) has at least one solution (Ce,Ce ., S, Sce) in V(QL) x V(Q2) x
V(QER) x V(QFH).

Proof. We show existence on a small time interval [0,7]. The existing solutions must be patched together
bit by bit.

For a 6 € (0, %) we define the spaces V; := L2([0,7], H'7°(Q})), Vo := L([0, 7], H'7°(Q?)) and VER :=
L2([0, 7], HI=(QER)).

Further, we define the function

TV x V2 x (VER)? — {u € L2([0, 7], HY(QL)| dru € L2((0,7), HY (L))}
x {u € L*([0,7], H'(Q2))| d;u € L*([0, 7], H*(Q2)')}
x {u € L2([0,7], H*(QE®)| 0,u € L2([0, 7], H (QFR)))2

with

T(C’s» Oe,sv S’a SC,E) = (067 Ce,sa Se, SC,5)7

20



given by

HC. — DoAC. = 0 o )
—DcVC.-n = g(Lo+ Lip3)(C: — Ce ) + eFsprea(Ce)
—DcVC.-n = alcrac(So,) + Fp(C:) + Fnex(Ck)
—D(;'VCE -n =0

atce,s - DERACQE = 0 _ _ }
—DgrVCe.-n = e(Lo+ Lip3)(Cec — Cc) — eFsprca(Ce)
7DERVC‘3’5 -n =0

0S. — DsAS, = —kgfe( e E)S + kCSC e
—DgVS.-n = k S — kg 506(0967867505)
—stss n = 0

0tSc.e — DscASc. = kéfe( ee)Se — kCSCE
7D50VSC75 n = kCOSC e — kCOSCO s(ce €5 Sea SC s)
_DSCVSC’E -n =0

The solution of this system is unique and the operator T is continuous, where SO’E(C'E’E,S’E,S'C’E) and
50075(6'6,5, S., Sc,s) depend on ée,s, S. and 5‘075.

The space {u € L?([0,7], H}(Q}))| dwu € L3([0,7], H (L))} is compactly embedded in Vi, {u €
L2([0, 7], HY(922))| 0yu € L2([0, 7], H*(Q2?)")} is compactly embedded in Va and {u € L2([0, 7], H'(QER))| dyu €
L2([0, 7], HY(QER))} is compactly embedded in VER (lemma of Lions-Aubin [29] and Rellich-Kondrachov
theorem [11]), and we denote the embedding with I. We deduce that the fixed-point operator that maps
(C~’67 C~’e’€, S, 5’0)5) eVixV2x (VER)2 to (Ce, Ce e, Se, Sce) € VIxVZx (VER)2 is continuous and compact.

It is left to show that for the initial value o
Yo = (C:(0),Ce.£(0),5:(0),5¢.(0),50,(0),Sco,(0)) it holds that (C‘E,C’eys,SE,ch) € By, (r) implies

(IoT) (C’s, Ce ey S, S'qe) € By, (r). This means that |C||2,, +[|Ce.c||?» + [|Sc||Zer + [|Sc.cl|Zer < 7 should

imply [|Cel|31 + [|CecllZz + 19112 6r + [|Scyel[Fer < 1 for some r > 0, where we may assume that the initial
conditions are smaller than r.
We test the weak formulation of the equation for C. with C. and integrate from 0 to ¢t < 7.

1
7”06”?21 + DC’||VCE||52) N

< cre|Cellfen , + &2 e |Cel +025||é,

L2([0,¢],H %~ (TER))

+e2 | Ce el + e[ Ce ||FERt+C4 [

L2([0,t],H 2 ~°(LER)) L2([0 t] HE (T1NoNL))

+ C5>‘HSEHL2([O,t],H1*5(QER)) + C5>\||SC75||L2([O7t]7H1—6(Q£}R)) + CGXHCEHFlﬂ(’)Qé,t

—|—C7)\H || + cgr.

L2([0,],H2 % (T1na0l))
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Using the trace inequality and Lemma 3.24 from [27] we obtain

1 1
-t + (Do = cas? = S = 3o ) IVCalRy,

1 o A
< e lIC:llga ¢ + cade ™" 1T 0,10 2)) F038 ™" [ CecllZa o0, 815 02)

<r <r

+ aM 18l 0,0, 1150y Head [1Se.elfa o, -5 @y +es

<r <r

with co, c3 large but finite for € > 0. For € small enough and A large enough we find with Gronwall’s lemma
that ||06||s22; +||VCEH?2“ < cyr. This inequality yields ||C€||2LQ([O,T],H1(Q§)) < cir and ||C’E||2LQ([O,T]X%) < Teor.
With a standard interpolation inequality (cf. [1]) we find

—26 5 -6 1) 4
IC:[3 < C3HCE”i2(2[0,T],H1(Q;))||Ce||2L2([0,T]><Qg) < cz(err)' 0 (rear)’ = ert’.
With similar transformations we also get the corresponding inequality for the equations for C. ., S, and
Sc,e. In the end, we choose 7 such that 7 < ﬁ and get
ICN3n + [1Ceellira + 1S lFmn + 1Scyellfren < 7,

and the proof is complete. O

7. Identification of the limit problem as € — 0

In this section we determine the limit equation of the system (6) for  tending to zero. We define x(y),
Y2(y) and xPR(y) with y = Z, which is 1 in QL 02 and QR respectively, and 0 otherwise.

Nonlinear terms and terms on the Robin boundary
To handle the nonlinear terms we apply Lemmas 10, 11, 8, 9, 12 and see that the functions C, Ce ¢, S and
Sc,e each have a strongly converging subsequence in L2([0,T], L?(Q2)) to Co, Ce0, So and Sc o, respectively.

We find that So . and Sco . converge strongly in L%([0,77], L*(T'")) to So,0 and Sco.o, respectively, up
to a subsequence.

e For the function fsgrca on TER we easily get that
611_13% 5<fSERCA(Cs)7906>L2(F§R) = (|FER|fSERCA(CO)7(PO)LQ(Q)

with C¢ strongly converging to Cp.

e In the domain QFF we find the nonlinear function f.(C. ) in the equations for S. and Sc.. Since
C.. and S. converge strongly in QFR| we derive that

. x
lim XER (7) kgfe(ce,s)sacpad$ = / / kgfe(ce,O)SOSOOdydx
e—=0 Jo e Q JYER

xz

where yFR is equal to 1 for Zin QER and 0 otherwise and C, . converges strongly to C o.

o To find the limit of the term containing the influx Icrac(So..) we use that Sp . converges strongly
to Soo in L2([0,T], L3(T'!)), hence

. X
lim [ ' (*) Icrac(S0,c)pedoy =/ / Icrac(S0,0)podoydo,
g 't Jovy?

e—0 T1

for every o € C*(Q).
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e For the boundary term in the equation for C, we use theorem 5 b) to deduce that C. converges strongly
in L2([0,T] x T'!) and that

lim [ X (2) (f(Co) + fuox(Co)pado, = 0,7 /F (fr(Co) + fox(Co))godo

e—0 T1
for every ¢o € C*(Q).

o We use again theorem 5 for the Robin boundary term in the equations for S,

lim [ yER (g) kg Sepedo, = [0,V ER| / kg, Sopodo
I“l

e—=0 Jr1

for all ¢g € C>(Q).

e Analogously we find

. x
lim [ X" (2) ko Sc.cpeda, = 10,V / kEoScopeda,
r

e—0 rt
for all py € C(Q).

e With theorem 5 we deduce that C, . converges strongly in L?([0,7] x I'!) and we find

. X
lim XER (7) kgfe(ce,e)so,asoadx - / / kgfe(ce,O)SO,OQDOdaydaw
e—=0 Jr1 9 rtJo,YER

for all ¢g € C>(Q).

For the following homogenization process we use the just derived limits of the nonlinear terms and on
the boundaries. As test functions . € C°°(€2, C3°(Y)) we choose functions of the form

e (2,2) = pola) + e (2. 2)

with (o, 1) € C(Q) x C=(Q, CF(Y)).

Limit equation for C. and C, .
We have the equation

T T
[ X (2)aiCpuda+ Do [ 3 () VCTpudote [ (Lot Lipa)(Ce = Cuc) + fomnon(Copeder,
Q 9 0 9 IER

+ [ () fonsclSo gados+ [ 1 (2) (Fo(C0) + fuex(Co))pedas =0

for all admissible test functions ¢. € C*°(2, CF(Y)). For e — 0 we get

| [ acuentsda+ D [ [ 19,00+ 9,100 + Vypaldyds
aJyr aJyr
+// ((L0+LIP3)(C'0*Ce,o)+fSERCA(Co))900dydCC+/ / Icrac(S0,0)podoy,doy
Q JTER rtJo, vyt
10,7 [ (£p(Ca) + fex(Co))godas =0
Fl

for all (9, 1) € C*(2)xC>(Q, CF(Y)), where Cy € L2(0,T], HY()) and C; € L2([0, T}, L2(, H (Y1))).
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Analogously we find for e — 0
/ 0, Ce opodydz + DER/ [V2Ce + VyCe1][Vapo + Vypr]dyde
QJy? QJy?2

+ / / ((Lo + L1p3)(Ce,0 — Co) — fserca(Co))podydz = 0
TER

for all (120, ¢1) € C=(Q)xC> (€, CF(Y)), where C. g € L2([0,T], HY(Q)) and C.y € L([0,T], L2(Q, H}(Y2).

Limit equation for S, and Sc,g
We have

/QXER ( ) 0y Sepedr + Ds/Q (g) VS.Vp.dz

+/QXER( )(kéfe( Ce,e)Se kESc,E)gode+/

€T _
VPR (7) (k5S. — kS0 )pdog =0
Tt 13

for all p. € C*(Q,CF(Y)). For ¢ — 0 we get
/ BSopodyda + Ds / [VaSo + V,81][Vapo + Vo1 ]dyde
Q JYER YER

/ / C’fe e, 0 SO — k- SC o)goodydx +/ / k‘-iO_So(podO'ydO'g;
YER 9, YER

—/ / k5So0,0p0doydo, =0
rt Jo,yER

for all (o, p1) € C=(Q)xC>(Q,CF(Y)), where Sy € L*([0, T], H' () and Sy € L*([0,T], L*(Q, H (Y "R))).
Analogously we obtain

/ 0¢Scopodydr + Dsc / / [VaSco+ VyScil[Vapo + Vypi|dyde
o JyEr YER

/ / (k5Sco — ki fo(Coo)So)podydz + / / ko Scovodo,do,
Q JYER rt Jo,yER

— /1/3 . kcoSco,opodoydo, =0
r Jo,y

for all (¢o, 1) € C=(Q) x C*(Q, CP(Y)), where Sco € L*([0,T], H'(Q)) and
Scq € L2([0,T],L2(Q7H;E(YER))).

Now we consider the functions Sp . and Sco,. which are only defined on the boundary r'n 8Q§R and
homogenization takes place in one dimension less.

Limit equation for 5'075 and SCO,s
The equation for Sp . is given by

/Fl XER ( )atSO cpedoy + /1“1 XER ( ) (k SOE kgSs - kESCO,s + kéfe(ce,s)SO,s)Sosdaz =20

for all . € C>°(I'",C(9Y)). For & — 0 we get
/ / (9t5070g00d0yd0'r
Tt 6OYER

+ / / oR (kESO,O - kgSO — kESCO,O + kgfe(ce,O)SO,O)(POdayde = 0
0,Y
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for all g € C=(I',CF(0,Y)), where Sp o € L*([0,T], L*(I'", L*(9,Y FR))).
Analogously we obtain

/ / 0¢Sco,0podoydo,
Tt 6OYER

Jr/ / ER(kEoSCO,o —k&oSco+koScoo — ki fe(Ce0)So,0)podaydo, =0
rt Ja,y

for € = 0 for all g € C>(I'",CF(9,Y)), where Sco 0 € L*([0,T], L*(T'!, L*(9,YFR))).

Weak formulation of the homogeneous model
Now we consider the y-dependence of the functions and summarize some terms. Because the functions Ce o,
So and Sc,o and the initial conditions Sp,0(0) and Sco,0(0) are y-independent and So 9, Sco,0 are given
by ordinary differential equations, also Sp,¢ and Sco, are y-independent and we simplify the just found
equations to the following weak system of equations.

Let (Co, Ce’o, So, SC,O» So’o, SCO,O) S V(Q)4 X V(F1)2 and (Cl, Ce,l, S1, SCJ) S V(Q, Y) such that

[Y1(8:Co, v0)a + Dc(ViCo + V,C1, Vapo + Vypr)axyt
+ |TPR|((Lo + Lip3)(Co — Ceo) + fserca(Co), o)
+ (adcrac(50,0), o)t xa, vt + 10Y (fr(Co) + fruex(Co), go)rt =0,

|Y2‘(atce,05 @O)Q + DER(vxCe,O + vyce,h VmSDO + vy‘pl)QXY2
+ ITER|((Lo + Lip3)(Ce,0 — Co) — fserea(Co), o)a = 0,

[YER((0;S0, p0)a + Ds(VuSo + VyS1, Vo + Vye1)axyer
+ [YER|(k fe(Ce0)So — kS0, 00)
+ 10, YER|(k} S0 — k550.0, po)rt = 0,

[YER((8,5¢.0, 90)a + Ds(ViSco + VySc1, Vepo + Vyp1)axyer
+ [YER|(k5Sc0 — kd fo(Ce0)So, ¢0)a
+ 10, Y "R [(kt oS0 — koo Sco.0. po)r = 0,

(0650,0, o)1 + (k5 S0,0 — kb So — kg Sco,0 + ki fe(Ce0)So,0, 0o)rt =0,

(0:Sc0,0, o)1 + (kGoScoo — kEoSco + kaSco.o — ki fe(Cen)So.,0, po)rt = 0,

for all pg € C*°(Q2) and p1 € C=(Q, CF(Y)).
The next step is to shrink the blown up membrane YR back to I'F*R. From now on, we rename the
functions (Cy, Ce 0, S0, Sc,0, 50,0, Sco,0) by (C,C., S, Sc,So,Sco) to avoid confusion.

8. Identification of the Calcium—Stim1l limit model

It is our aim to let YPR tend to I'PR as described in section 2. We use the two-step convergence
and Theorem 1 for the functions S and Sco. The condition that T'ER is a smooth manifold and that
YER = {p+dn,| p e TPR d € (=6,6)} needs to be satisfied, where n,, is the outer normal in p € TR, This
also implies 9,YER = {p + dn,| p € 9,I'™R,d € (—4,0)}.
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First we consider the behavior of the functions S and Sc. The functions Sp and Sco are hardly
influenced by the §-limit formation since we divided the corresponding equations by |0,YER|. Then, we
consider the impact of the limit formation for § tending to zero for the functions C' and C,.

0-limit for the equations for S and S¢
We are able to easily use the two-step convergence and Theorem 1, because the equations for S and S¢ have
the same form as used in Theorem 1. For equations of this form, boundedness independently of § and limit
passage are proven and performed in the proof of Theorem 1 and we deduce that

|FER|/Q<9tS<p0dx + /Q Z@ijDS /FER(Pp(ej + Vpuf))iday Ox, podz
%,

:Pii
+ [TER| / (kL fe(C.)S — kzSc)poda + \aorER|/ (k5S — k5S0)podo, =0
Q Tt
with

Ve (Pr(ej+Vrpi)) =0  inTPR
Pp(@j + VFMf) -n=20 on 8FER,

and ,uf being Y-periodic, where S1 = Y1 V.S p?. Analogously we find the d-limit for the equation for
Sc.

0-limit for the other functions
The cell problem of the equation for C is found by standard approach, see [18]. We find that C
Sy 0, Cla, ) (y) with p§ satisfying

Vy - Dc(ej +Vyu§) =0 inY?!,
Dc(ej +Vyu§)-n =0 on I'FR,

and ujc must be Y-periodic for j = 1,...,n. Further, we define the diffusion tensor Pg = le D¢ (65 +
82/@,%@)(19-

Analogously, we find for the cell problem of the equation for C, the functions p; such that Ce
2?21 0z, Ce(,t)p§(y) with p satisfying the cell problem

Vy . DER(ej + Vyuj) =0 in Y27
Dgr(ej + Vypu§)-n =0 on I'ER

gnd ;L)j must be Y-periodic for j = 1,...,n. Further, we define the diffusion tensor PER = fyz Dgr (05 +
y: 145)dy-

Then, we obtain (7) as the final macroscopic problem after homogenization and 6 — 0.
9. Uniqueness of the limit model
We conclude by showing that there exists just one solution of the limit model (7).

Theorem 15. (Uniqueness)
There exists at most one solution for the limit model (7).

Proof. First we note that the tensors P¢, P¢ and P® are unique, see [18] for details. To show uniqueness
of the model (7), we assume there are two solutions
(C1,Ce1,51,8¢,1,50.1,5c0.1) and (Ca,Ce 2,52, 5¢,2, 50,2, Sco,2) of the system of equations (7) with the

26



same initial values. Starting with the equation for C; and Cy, we test the weak formulations with ¢ = C1—C5
and subtract the two results.

[Y(9,(C, — Cy),Ch — Co)q + (PE(VC, — V), VO, — VCs)q
+ ITER| (Lo + Lip3)(C1 — Oz — (Cep — Ce2),C1 — Ca)g
+ ITER|(fsrrea(C1) — fserea(C2), C1 — Ca)a

>0, since fsgrca monotone, increasing
+ a(Icrac(S0,1) — Icrac(50,2), C1 — C2)rixa, v
+10,Y (fp(C1) + fuex(Ch) — fp(C2) — fnex(Ca), C1 — C2)q = 0.

>0, since f,, fncx monotone, increasing

Integrating from 0 to ¢ gives

1
§|Y1|HCI — Col|g + [VPEV(Cy — Co)l3 4
< TER|(Lo + Lip3) [(Cet — Ce 2, Cy — Ca)a| + [0,Y | aLerac [(So1 — S0,2,C1 — Ca)riy

)

where we used that Icgrac is Lipschitz-continuous. The initial conditions for C; and Cs cancel each other.
Next, we use the binomial theorem with a factor A and the trace inequality. We merge the constants leading
to

1
§|Y1||\Cl — Caollgy + (P€ = esN)[|[V(CL — Ca) |13,
< 1]|Cer = Ceallds + c2llCy — Calld 4 + sl Soa — So 2l -

We perform a similar estimation for C,, S, S¢, So and Sco. With Gronwall’s lemma we deduce that

|C1 — Cal|g + [[Ce — Ce2lld + 151 — Salld + [1Se1 — Seelld
+[|S0,1 = So.2lf: + [1Sco1 — Scollfr <0

and uniqueness of the solution of system (7) holds.
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