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Comparison results for first-order FEMs
MIRA SCHEDENSACK
(joint work with Carsten Carstensen, Daniel Peterseim)

Various first-order finite element methods are known for the Poisson Model Prob-
lem (1) and for linear elasticity (2). The recent publications [1] started the com-
parison between some of these methods for the Poisson Model Problem, which is
completed in this presentation and its underlying paper [3].

Given a bounded polygonal Lipschitz domain €2 in the plane and data f €
L?(2), the Poisson model problem seeks the weak solution u € H'(Q) of
(1) —Au=fin Q and u =0 on 9.

This presentation compares the error of three popular finite element meth-
ods (FEM) of Figure 1 for the numerical solution of (1), namely the conform-
ing Courant FEM (CFEM) [4], the nonconforming Crouzeiz-Raviart FEM (CR-
NCFEM) [5], and the mixed Raviart-Thomas FEM (RT-MFEM) [7] with respec-

tive solutions uc, ucr, and (prr, urT) based on a shape-regular triangulation T
of Q into triangles. The finite element space of CFEM reads P () N Cy(92) for

Fi1cure 1. CFEM (left), CR-NCFEM (middle), RT-MFEM (right).

Co(€2) the continuous functions with zero boundary conditions. The finite element



496 Oberwolfach Report 09/2012

space of Crouzeix-Raviart CRé('T) consists of all piecewise affines which are con-
tinuous at the midpoints of interior edges and vanish at the midpoints of exterior
edges. The Raviart-Thomas finite element space for the flux approximation reads
RT()(T> = {pRT S Pl(T, R2) n H(le,Q) |VT e T3ar,br,cr € R: pRT|T(1'> =
(aT, bT) + CT:L'}.

The comparison is stated in terms of A < B which abbreviates the existence
of some constant C' which only depends on the minimal angle in 7, but not on
the domain 2 and not on the mesh-size h, such that A < C'B. The comparison
includes data oscillations, namely osc(f, T) := |h7(f — Hpf)|| where Iy denotes
the L? orthogonal projection onto the piecewise constants.

The comparison result for CFEM, CR-NCFEM and RT-MFEM states that the
errors of CFEM and CR-NCFEM are equivalent up to data oscillations, in the
sense that

IVu — Vug|| S [[Vu — Vncucrl| S |Vu — Vucl| + osc(f, T).
The error of RT-MFEM is superior in the sense that
[Vu — Vncucr|l S A7 fll + [IVu = pre|l S Ve — Vncucrl|| + ose(f, T),
but the converse is false, i.e.,
IVu — Vncucrl| Z IVu — prel| + ose(f, T).

The proof of the inequalities is an example of the medius analysis for it combines
arguments of an a priori with those of an a posteriori error analysis. It is em-
phasised that no regularity assumption is made and the results hold for arbitrary
coarse triangulations and not just in an asymptotic regime. The proof of the su-
periority of RT-MFEM considers a sequence of domains, on which the RT-MFEM
has a steeper convergence rate than CR-NCFEM.

The results for the Poisson Model Problem can be generalised for the Navier-
Lamé equations from linear elasticity, which seek u € Hg(Q;R?) with

(2) f+2uAu+ (p+ ANV(dive) =0 in Q.

The compared FEMs are the conforming Courant FEM (CFEM) [2], the noncon-
forming Kouhia-Stenberg FEM (KS-NCFEM) [6], and the nonconforming Crouzeiz-
Raviart FEM (CR-NCFEM) [2] with respective solutions o¢, oks and ocr. The
finite element space of KS-NCFEM reads KS := (P, (T) N Cy(Q)) x CRY(T). The
discretisation of CFEM and KS-NCFEM is based on the bilinear form

a(uks, vks) = / enc(uks) : Cenc(vks) dz,
Q
while the discretisation of CR-NCFEM involves the bilinear form
a(ucr,VcR) = / (u Dycucr : Dncver + (1 + A) divie ucr divne ’UCR)d:L'.
Q

The comparison result for linear elasticity involves the Lamé modulus A, which
effects the locking and the < notation means, that, in addition, the underlying
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constants do not depend on the Lamé modulus A\. Then
lo —ocll S Mlo = oxs]| < A (llo = ocll + osc(f,T))
and

llo = oxs|| +osc(f, T) =~ |lo — acr|l + osc(f, 7).
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Quasi optimal adaptive pseudostress approximation of the Stokes
equations
DIETMAR GALLISTL
(joint work with Carsten Carstensen, Mira Schedensack)

The pseudostress-velocity formulation [3, 5] of the stationary Stokes equations
(1) —Au+Vp=f and divu=0 inQ

with Dirichlet boundary conditions along the polygonal boundary 9Q2 allows the
stresses-like variables o in Raviart-Thomas mixed finite element spaces [2] RT(T)
with respect to a regular triangulation 7, and hence allows for higher flexibility
in arbitrary polynomial degrees.

The weak form of problem (1) is formally equivalent and reads: Given f €
L?(Q;R?) and g € H'(R?) N HY(E(0Q);R?) with [, g - vds = 0 seek 0 €
H(div, Q; R?*?) /R and u € L?(2;R?) such that

/devo:7d:c+/u~div7d:c: / g-Trds,
Q Q o

/v~div0d:c: f/f%)dz
Q Q

(2)
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