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Generalized Delaunay Partitions and Composite Materialéling

Daniel Peterseifm

Department of Mathematics, Humboldt-Universitat zu BeiGermany

Abstract

Given a system of closed convex domains (inclusions) dimensional Euclidean space, new computa-
tional meshes are introduced which partition the convex diuthe inclusion set into simple geometric
objects. These partitions generalize the concept of Dalatriangulations by interpreting the inclusions as
generalized vertices while the remaining elements of thitioa serve as connections between generalized
vertices and therefore assume the classical role of edgess,fetc. The proposed partitions are derived
in two different ways: by exploiting duality with respect ¢ertain generalized Voronoi partitions and by
generalizing the well known Delaunay (empty circumcirag)erion.

Generalized Delaunay partitions are of practical impasafor the modeling of particle- and fiber-
reinforced composite materials since they enable an eificenforming resolution of the highly compli-
cated component geometries. The number of elements in ttique is proportional to the number of
inclusions which is minimal.

Keywords: Delaunay triangulation, Euclidean (weighted) Voronoigidéan, conforming partition,
composite material.

1. Introduction

The Voronoi tessellation [24] and the Delaunay triangalafB] are well known (dual) concepts to study
the geometry and topology of a system (finite set) of pointgokoi tessellations generalize to systems of
sets in a natural way as it will be described later. Geneatatin of Delaunay triangulation, however, are not
straight forward in this context. In this paper, we introewgeneralized partitions which preserve duality
with respect to corresponding Voronoi tessellations. Quaties are strongly motivated by the investigation
of particle-reinforced composite materials.

Composite material¢or compositesor short) are engineered materials made from two or more con
stituent materials with significantly different physicaboperties. In a typical configuration, (hard) filler
particles (reinforcement, inclusions) are surrounded bya&ix of a second material which binds the filler
particles together. Because the characteristics andveelaitlumes of both the matrix material and the vari-
ous filler particles can be manipulated, these material& simoalmost infinite range of physical properties.
As a representative model problem we consider the compuatafiheat distributions in particle-reinforced
composites and their effective conductivities. Consideg,, packagings of integrated circuits that need to
combine stability and light weight built with high condugty for cooling purposes; a typical configuration
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is a background material (matrix) based on an epoxy bassangeolproviding the mechanical properties
with tiny ceramic inclusions (filler) providing sufficieneht conductivity.

A model for the latter setting reads as follows. L€ét= {l1,l,,...,In} be a system of closed convex
subsets of some bounded dom@ic R", ne N={1,2,...}. In the present context, the so-caliadlusions
| € .7 have a larger characteristic conductivity then the sudmgmaterial. Mathematically, we consider
the boundary value problem

—div(cOu) =f inQ, u=uy onbndQ), (1)

whereug is a given heat distribution on the boundary of the mediurd, fais some heat density. The major
difficulty is hidden in the coefficient functioa representing the different conductivities of the constitu

materials:
|1 XxeQ\US,
e = { Ceont>1, X€US, @

Cecont > 1 being a constant that represents the conductivity cdnimathe medium. The critical (large)
parameters in this context are the number of inclusidrand the conductivity contraston. A geometry

of the coefficientc of a particle-reinforced composite with circular inclussoof varying diameters in the
unit square is depicted in Figure 1. Apart from convexity atwseness there are no restrictions on the
inclusions in.#. The inclusions are not assumed to be pairwise disjoiny, éven might even overlap on
lower dimensional manifolds allowing to model inclusiomstt touch. Furthermore, certain non-convex
inclusions (see (6)) can be modeled as finite unions of coowes, without discussing this situation in
detail within this article.

The numerical solution of problem (1) with coefficient (2)ngsa state-of-the-art method, e.g. a finite
element method, requires a special treatment of the jumpiseofoefficient which might cause disconti-
nuities in the solution gradient. Our strategy is to encdaedoefficient discontinuities explicitly in the
computational partitions. Partitions which exactly resdhe interfaces between different material compo-
nents by its elements, i.e. edges, faces, etc., are c@lgdrming Their great advantage is that important
geometric parameters such as the volume fraction, i.e. ub&ent of filler and matrix volumes, are ex-
actly preserved. Moreover, the discretization error,dgfty, does not depend on the conductivity contrast.
However, the computation of standard polygonal meshesfulfdt such a conformity constraint (at least
approximately) is a major difficulty; see e.g. Section 2 ifl][@n constraint triangulations and references
therein. In addition, a conforming polygonal mesh can ber ffaith regard to the shape regularity of its
elements) or hardly available on standard computers irscakere the number of such coefficient jumps
becomes critically large as it is the case in (1).

In this article we describe an efficient way of partitioni@Qgcoformingly into elements that are explic-
itly parametrizable and that can be represented by only #¢l)) data which enables their easy use in
further finite element computations. Inspired by the trlangeck partition that has been used for mod-
eling composites with equally sized circular inclusionsd&d spherical inclusions [4], we introduce the
generalized Delaunay partitionAs in the example of circular inclusions in the plane degucin Figure
1, the inclusions will assume the classical role of vertide® neighboring inclusions will be connected
by channel-like objects and any three neighboring inchsiwill induce a triangle in the 2-dimensional
setting. By definition, the resulting partition is confongi The number of elements is proportional to the
number of inclusions which is minimal. We present a gendrabty of the aforementioned generalized
Delaunay partitions including

1. the treatment of general, possibly overlapping, conaebusions,
2. amulti-dimensional setting, and
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Figure 1: Model domain (unit square) containing 700 circutelusions with varying radii in{0.001,0.005} (left) and its gen-
eralized Delaunay triangulation containing weighted izeg (the inclusions), generalized edges (channels batweighboring
vertices), and triangles (white shaded areas betweentieighboring vertices).

3. the investigation of combinatorial structures in aliggamhwith a concept of duality with respect to its
corresponding Voronoi partitions.

Outline. Section 2 is devoted to the investigation of Voronoi panti§ with respect to systems of sets which
generalize ordinary planar Voronoi tessellations. ThesenNoi partitions, i.e. subdivisions @&" into
regions reflecting proximity with respect to the inclusipase the basis for the first definition of generalized
Delaunay partitions stated in Section 3. A second chaiiaateyn of generalized Delaunay partitions will
follow up. Thereby the well-known Delaunay criterion is gealized. Equivalence of both definitions is
shown. The analysis is illustrated by several figures. Atstmmclusion with references to future research
will close this article.

Notation. In this paper we will use capital letterd B,C,...) to indicate sets, bold letterg,f, z,...) will
indicate points im-dimensional Euclidean space. Systems of sets will be ddrnwy calligraphic capital
letters (7, 42,...) with the only exception of the power set of a set (denotedpyFor systems of sets
# we will denote the union of its elements by = |J,c.»|. We further make use of basic topological
notations: For any subset of a metric space we denote its closure dhX), its interior byint(X), its
relative interior byrelint(X), and its boundary bpnd(X). Given a mapping from a setA onto a seB we
will denote by f~! the mapping fromf (A) C B into IP(A) that assigns to evetyc B its preimage.

2. Generalized Voronoi partitions

We will first fix our notion of a partition.



Definition 1. As apartition &2 = #(X) of a set X we consider any subdivision of X into finitely many
non-overlapping subsets that cover all of X. More precisely

PNQ=0,YP#Qe ¥ and [|JP=X. (3)
Pe

We will refer to Pe &2(X) as anelementof the partition 27 (X).

Note thatZ?(X) is contained in the power s&{(X) of X. In what follows the seX, which will be
partitioned, is supposed to be a subsefR8ffor somen € N. With regard to practical applications we
consider the standard Euclidean setting rather than enmzptite discussion in general metric spaces, i.e.
we considefR" equipped with Euclidean nori || and its induced metridist(-,-) given by

n
x]| = ‘/-ZLX‘Z’ dist(x,y) := [x—y[, xyeR" (4)
1=

The classical Voronoi partition [24] is a well known and iititte concept to tessellate the space. It
has been studied intensively over the last century, bo#uréiically and computationally. Surveys from
different points of view are provided by the book of Okabe eméhuthors [19], the articles of Aurenhammer
[2], Aurenhammer and Klein [3] and to the books of Preparaid 8hamos [22] and Edelsbrunner [10].
Furthermore, nearly any textbook on computational gegnaintains at least a brief introduction to the
topic. Given a point se := {x*,...,xN} C R", theclassical Voronoi partition

Yo :={Va| A€ P(Q) A Va # 0}, whereVp := {y eER" A= argmindist(z,y)} : (5)
zeQ

is a partition ofR" in the sense of Definition 1 into parts that reflect proximitiyhwespect to the point set
Q (see Figure 2a for an illustration in the plane).

Remark 1. The introduction of the Voronoi diagram as a partition and #xplicit treatment of lower dimen-

sional elements, e.g. vertices and edges, which are iretiday “multi-valued” images cérgmindist(z, -) :
zeQ
R" — P(Q), is not common but crucial, since in the dual partitions toifteoduced in Section 3 vertices,

edges, and other elements will not be of lower dimension ireigd and therefore essential to cover the
domain of interest.

The key to the definition of the classical Voronoi partitid) {s a map that projectR" onto the point
setQ (see the definition o in (5)). Since this projection is based on the Euclidearadist, the Voronoi
partitions discussed here are often called Euclidean \dmartitions. Generalizations with respect to other
metrics can be found in [3]. The classical Voronoi partitias defined in (5), groups those elementRbf
that are projected onto the same element®ofin a similar manner Voronoi partitions with respect to a
system of closed convex sets = {l1,...,In} C P(R") are introduced. The convex séts .# are denoted
asinclusionsaccording to composite material modeling and in contragtediterature where there sets are
typically called generators. We note that the inclusiomsrat assumed to be pairwise disjoint. They might
touch each other. However, general intersections are @éad|u.e. we assume that the intersection of any
two inclusions is of lower dimension:

dim(l,N12) < min{dim(l1),dim(l2)}, dim(l1 N12) < max{dim(l1),dim(lz)} forall Iy, I, € 7.  (6)

4



(a) Voronoi partition (detail) with respect to a point seigt (b) Voronoi partition (detail) with respect to a system ofai.
centers of the discs in Figure 2b).

Figure 2: Classical and generalized Voronoi partitiondclfes, edges and vertices (patch intersections) are netiadp marked
although they are genuine elements of the partition.

Condition (6) is fulfilled for all scenarios which are reldt® touching inclusions, e.g., two cuboids sharing
a common boundary face, or triangles sharing exactly a corne
Convexity and closeness of the elemdnts.# ensure that the projections onto a single inclusion

m:R"—1I, X— argrlnindist(x,y), l e 7, (7)
ye

are well defined. The projection onto the system of sétis given by

My R"—PUY), x— argmindist(x,y) = argmin dist(x,y). (8)
yeu.s yeUier T (X)
Note that in (7), due to uniqueness, argmin is interpretedsisgle-valued function while in (8) the images
of argmin are supposed to be finite sets.
The projectionr, induces a mappingy : R" — v, (R") C P(.#) which assigns a subset of inclusions
to every point inR":
v(x)={le 7| mx)Nl £0}, xeR" 9

The mapv, has a finite image and therefore induces a partitigrof R" denoted as th¥oronoi partition
with respect to the system of sefs

Yy ={Vo | & €vys(R")}, whereV,, :=v, (). (10)

We refer to the book [19] for a detailed overview on Voronaitip@ns and its generalizations. Especially
the case of# being a system of discs IR? (see Figure 2b) and” being a system of balls iR® enjoy great
popularity and has been studied in great detail under davanaes as pointed out in [3, Section 4.5.3].

The remaining part of this section addresses a meaningdssiication of the Voronoi elements. The
latter classification will be of importance for the definitiof generalized Delaunay partitions in the next
section. The criterion derived here is not straight forneand requires a closer investigation of gg{R").
Remark 2 will show later that obvious classifications suctimaslimension of the elements or the cardinality
of their corresponding sets of inclusions are not the rigloice in general.
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By definition there is a one-to-one correspondence betweekdronoi partition?, and the system of
setsv, (R"™) which gives rise to combinatorial structures. If, for imgte,.# contains only singletons (points
in the plane) therw, (R") enriched by 0 forms, up to degenerate situations, an absiraplicial complex
(we refer to Chapter IV in [1] for an overview on complexes &m{P] as well as Chapter 3 in [10] for their
applications to mesh generation). Similar results can bgatefor general inclusion setg. In this article,
we are mainly interested in the geometric aspects and waetfptopological aspects as simple as possible.
Furthermore, we want to avoid incidences of geometric deigey. Therefore we restrict ourselves to the
following trivial observation: Since/,(R") is a subset of the power sBf.#), the pair(v,(R"),C) is a
(finite) partially ordered set (poset).e. the subset relation is reflexive, transitive and gntimetric with
respect tor, (R"). In connection with the latter observation we briefly remihe reader on basic notations
from the theory of ordered sets and refer to the textbook fidisinore exhaustive studies of the topic.

Definition 2. Let (.47, C) be a (finite) poset. Thieeightof an elements € .4/, denoted by height?), is

the greatest non-negative integer h such that there existam % = { ), A, ..., 9 = o/} C A, where
o C o1 C ... C o Accordingly, theneightof a system of setg”, denoted by heigkt/”), is given by the
maximal height among its elements.

We carry over the notion of height to the elements of the Vorpartition by simply settingpeightV ) :=
heigh{v,(V)) forV € #,. The attribute height provides the desired classificatiovboonoi elements:

¥ :={V e ¥, | heightV)=h}, h=0,1,...,heigh(¥,) <n. (11)

We call the elements of [ vertices the elements of ! edgesthe elements of/)~? faces and so forth.
Part(a.) of the following remark clarifies that this convention migiudt coincide with the geometrical
imagination of such objects in general.

(@) Voronoi partition (detail). The black (b) Generalized Delaunay partition. The De-

shaded area (including the diagonal line) replaunay edge!;l({ll7 I2}) connecting the gen-

resents the Voronoi ’edg@’}l({ll,lg}). eralized verticed; \ I> andl\ 11 is shaded
black.

Figure 3: Generalized Voronoi and Delaunay partitionsiar intersecting inclusion = [0.3,0.6]2 andl, = [0.4,0.7]2.

Remark 2.  a. The height of a Voronoi element does, in general, not cooeggo its co-dimension.
Consider, e.g.11=B4(0) and b =[1,0]". Then{l1, 15} € v, (R?) (v} ({I1,12}) = 2) and height{l1,12}) =
1since{l1},{l2} € v (R2). However, dinfv,*({l1,12})) = 0. Furthermore, y*({I2}) = (1, %) x {0}
implying that dinfv,*({I2})) = 1 while height{l,}) = 0.
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(a) Detail of a generalized Voronoi partition with a mulsipl (b) Detail of a generalized Delaunay partition with multi-
connected Voronoi edge. ply connected generalized vertices (black edge).

Figure 4: Generalized Voronoi and Delaunay partition ana gfstem of disks in the plane emphasizing possible nonewbrity
of Voronoi elements and multiple connectivity of generatiZDelaunay vertices.

b. Voronoi elements could also be classified according to tiréiicality of their corresponding inclusion

sets: cardV) :=card(vs(V)), V € ¥,. However, as the dimension, the cardinality of an element
does, in general, not coincide with its height; it holds tiheigh{V) < card(V) — 1. The latter
inequality can be strict if the combinatorial structurg (R") is not a simplicial complex: Consider,
e.g., four points in the plane that are co-circular. Then thirsection of any three corresponding
Voronoi elements will be exactly the midpoint of the circinale. However, this midpoint (a Voronoi
element of height & 2) is only represented as the intersection of all four patdheke combinatorial
structure v (R") implying cardinality4. If card(¥5) := \r/r;%card(V) = height(¥) + 1 then card-)

and height-) coincide on?.

. In the classical Voronoi partitior’s defined in(5) the elements are always convex polytopes (see
Figure 2a). This property does not carry over to the generdi setting (see Figure 2b). Delaunay
elements of height zero can be proved to be star-shaped egffect to their corresponding inclusions
but they are not convex, in general. Elements of larger figsighight not even be connected as it can
be seen from Figure 4a, where a multiply connected Voronge ésldepicted.

. The height of the Voronoi partitiotfs is limited by n due to assumptidié). We emphasize, that
(6) is not a crucial restriction concerning the construction’gf and the construction of generalized
Delaunay partition in Section 3. Consider, e.g., two in@uas ki, 1, € .# having a non-empty inter-
section of dimension n. Thdty,l>} € v (R") and height{l1,l2}) = 1 since{l1},{l2} € v+(R")
(see Figure 3a), i.e. *({I1,12}) is a Voronoi edge of dimension n, which shows that new phemame
might appear as soon g§) is violated.

It is finally important to mention that the generalized Vavopartitions can be computed efficiently,

at least for.# containing circular inclusions ii®? or spherical inclusions ifR3 [11, 17, 16, 13, 12]. By
efficient we mean that the computational complexity is, upgarithmic factors, proportional to the number
of inclusions. A detailed analysis of these algorithms weébard to their applicability to general systems
of inclusions is the topic of current research.

3. Generalized Delaunay partitions

The generalized Voronoi partition, introduced in the poengi section, and its combinatorial structure can

be used to define a generalization of thessical Delaunay triangulatiof8]. The latter is a triangulation of
a point sefQ C R? which is uniquely determined, up to degenerate setting§ddgunay’s criterion saying

7



(a) Classical Delaunay partition (detail) indicated by-ver  (b) Generalized Delaunay partition (detail): Circularirc
tices (red), edges (black) and triangles (white). sions (white circles), generalized edges (black shaded), a
triangles (white shaded).

Figure 5: Generalized and classical Delaunay partitioh vaspect to disks in the plane and their midpoints, resgegt{detail).

that the circumcircle of any triangle does not contain aeyrents fronQ apart from its own vertices (see
Figure 7a). Several generalizations of this concept arsidered in the literature. We emphasize that our
construction is different fromveighted Delaunay triangulationas they are discussed in [10, Chapter 5]
(see also [6, 14]). Furthermore, it is distinct frggeeudo triangulationgliscussed in [23] and from the
weighted Delaunay diagram for linéstroduced in [18].

We follow the concept of a geometric realizationwf(R") as it is exploited in [9] and in [1, Chapter
4] to derive a generalized Delaunay partition from proxjn{iforonoi diagram) with respect to the set of
inclusions. For the special case of equally sized circuleusions, where classical and generalized Voronoi
partitions coincide, our resulting partition is equivalémthe one introduced in [5, 4].

Given, as before, a system of closed convex gets P(R") (the inclusions) fulfilling condition (6), we
are aiming for a partition? (X ) of X, := con\U.#) fulfilling .# C &2(X,). A slightly modified form of
the projectionr, (see (8)) plays a crucial role in its derivation:

i, R"—>P(Xs), X relint(conVm,(x))). (12)

The image ok € R" under7iy is the relative interior of @olytopespanned by the corresponding image of
x underrt,. We will characterize such polytopes more precisely withibklp of the following definition.

Definition 3. a. A convex polytopdor polytopefor short) P=P(xy,...,Xm), me N, is the convex hull
of the finite point se{xs,...,xn} € R". By astrict polytopewe denote the relative interior of a
polytope. A (strict) polytope B P(x,...,Xm) is called spherical if there is a hyperspherg S R"
such that{xy, ...,xm} C Sp; Sp will be denoted as a circumsphere of P, its convex hpt-Bconv(Sp)
as a circumball of P.

b. Let.# C P(R") be a system of closed, convex sets anddet {l;,...,In} C .#, me N. A polytope
P(x1,X2,...,Xm) IS denoted as a polytope that conneets (shortly <7-connecting) if it is strict,
spherical, and fulfillsx € I forallk =1,...,m.

We justify the notion of a strict polytope by the fact that acstpolytopeP(xy,...,Xn) is the set of all
strict convex combination§ " ; Aix; of its generating elements, ..., xm, whereS"; Aj = 1, A; € (0,1)

8



fori e {1,...,m}. Note that any polytope spanned by< n-+ 1 elements is spherical. Uniqueness of
the circumsphere can be achieved for polytopes withl elements in general position. With regard to
Definition 3, the image oft, contains«-connecting polytopes for certai@ C .#. A key observation is
that the polytopes in the image @ do not give rise to improper intersections.

Lemma 1. For x,y € R" it either holds7i, (x) = 71, (y) or 7ty (X) N iy (y) = 0.

Proof. Let us assume that there exisy € R" so thatit, (x) N7, (y) # 0, 7, (X) # 71, (y), and without loss
of generality thatit, (x) N 7y (y) C 7 (X) and iy (X) N 71 (y) < 77 (y) (717 (X) € 717 (y) would contradict
the definition offt,). Then there is a hyperplath¢ which containsi, (x) N 71 (y) and separatef, (x) and
77 (y). Thereforert, (x) N7z (y) C bnd(717 (X)), i.e. z € T, (X) N 71 (y) can not be written as a strict convex
combination of elements af, (x) which contradicts our assumptiare 7, (X). O

Lemma 1 remains valid under certain sequential limits asdt@wing corollary states.

Corollary 1. Let(xk),(yk) € R" be given such that the image sequendgas(xx)), (7 (yx)) are convergent
with respect to the Hausdorff distance. Then it either h(lj(lds My (X) = Ilim s (yk) or Ilim 7 (Xk) N

lim 7 (yi) = 0.

In addition to Corollary 1 we show that the closure of the @utimg polytopes from the image @,
indeed coverX,.

Lemma 2. For everyz € X, there existgxx) C R", so thatz € |lim 7 (Xk ).

Proof. Letz € X, \ (U.#) since otherwise the assertion is proved by chooging z. We pick up the idea
of Brown [7] and relate the Delaunay partition to the convel bf F, := {(x, f;(x)) € R™?! | x € Uu.s},
wheref, : R" — R, x — ||x — z||>. We interpret everya € R" as an affine mapping: R" — R, X —
YL 1aXi 4+ ant1. Consider the convex optimization problem

max a(z) subjectto a(x) < f;(x), Vx € U.Z. (13)

acRn+1

The admissible seA := {a € R"™?! | a(x) < f,(x), ¥x € U.#} of (13) is closed, convex, and non-empty
(0 € A). Thus, (13) admits at least one solutiah Leta" be chosen so that the set of points where the
inequality constraint is shang := {x € U.# | f;(X) = a"(x)} has minimal cardinality. From the optimality
of @ and the convexity of the inclusions we deduce % non-empty and that < relint(conv(X)). Since

the function(f, —a*)(-) is quadratic and miggn(f, —a")(x) < 0, its zeros lie on a circlend(B,-(c*))

for somec* € R" andr* > 0. ThereforeX C bnd(B-(c*)) N (U.#) andint(By-(c*)) N (U#) = 0. In fact,

X C m(c*) and there is a sequente) C R", so thatkﬂglxk =c" andkﬂm Ty (x) = relint(conv(X)). O

Following Corollary 1 and Lemma 2, the sequential closurgtpfR") induces a (possibly infinite)
partition of X,. The generalized Delaunay partition is derived from thefatne by grouping its elements
in a suitable manner, i.e. by grouping those elements tleatedated to the same Voronoi element. This is
realized by the mappindj, : v, (R") — P(X,), where

d (/) :=U{m 7 (i) | (Yikent CV;2(), T (yi) isconvergen} for o €V (R").  (14)



(a) Generalized Delaunay partition indicated by circutar i (b) Detail of the left hand picture visualizing the orthogo-
clusions (red circles) and generalized edges (black shaded nality relation (17) between Voronoi and generalized De-
transparent). The colored background patches represent launay edges.

the corresponding generalized Voronoi partition.

Figure 6: Generalized Voronoi Delaunay duality.

Due to continuity offf, with respect to single Voronoi elements; is well defined. The mag}, has a
finite image since/, (R") is finite and therefore induces a finite system of sub$gtof X, denoted as the
generalized Delaunay partition with respect to the systésets.7:

9y :={Dy | o €vs(R"}, whereD,, :=dj (). (15)

By definition there is a one-to-one correspondence betweemrlements of,(R") and 2, and conse-
quently between the elements 6§ and 7, which is expressed by the mappiuag odj,. The following
theorem justifies the denotation 9f, as a partition.

Theorem 1. 2 is a partition of X, = con(U.#) in the sense of Definition 1.

Proof. The assertion is a simple consequence of Corollary 1, Lemraad®the fact that’, is a partition
of R". O

As it can be seen from Figure 5b, where a part of a generalizddubay partition is illustrated, the
elements ofZ, are in general not simplicial, i.e. intervals, trianglestrahedrons, etc., but they share
certain features with classical triangulations. This Wwélcome clearer after applying the notion of height
(see Definition 2) to the Delaunay elements: By = dj («/) € 9y, o/ € vy (R") the heightof D, is
defined byheigh{D_,) := heigh{.<7). Again, we group the elements according to their height:

2% :={D € 2, | heigh{D) =h}, h=0,1,...,heigh{ 2,) = heigh(#,) < n. (16)

Provided the inclusions are pairwise disjoint, the elemeaitheight O are exactly the inclusions itself.
Otherwise the elements of height 0 are formedlhyU.# \1) # 0, | € .#. In accordance to classical
simplicial subdivisions elements of height 0 are denote¢heseralized) verticesElements of7% share
the property that they connect exactly two (generalized)ogs and will therefore be denotedgeneralized
edges Further denotation is straight-forward. The elementsafdst height”}} are in fact strict spherical
polytopes since they are defined via the verti¢gsof the Voronoi partition which are just points. Apart
from degenerate situations they are in fact relatively apeplices.
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(a) Circumcircles (dotted, red curves) of the triangles in a (b) Circumcircles (dotted, red curves) of the triangles in a
Delaunay triangulation. generalized Delaunay triangulation.

Figure 7: The Delaunay criterion for the triangulation ofaarp set and its generalization for a system of discs.

Remark 3.  a. For sets of points in the plane, i.e# = {{x;} |i=1,...,m} C R?, 2, coincides with
the well-knowrstraight-line dua(see, e.g., [22]) of the Voronoi patrtition, i.e. the clagdiDelaunay
triangulation, assuming that no four points frotfi are co-circular. Sometimes this duality is also
referred to as polarity since corresponding edges/ofand 4, are orthogonal. In the generalized
setting, the orthogonality property generalizes to: kgre v, (R") andz v;l(ﬂ’) it holds

X=Y) LT 1) (2), VXY € T(2); (17)

Ty;l(d)(z) being the tangent space of the manifolj;ilégz%) in the pointz. An algorithm for the
construction of generalized Delaunay partitions can tifiene be given as follows: Compute the
generalized Voronoi partitions and derive the Delaunaymedats by exploiting the orthogonality
relation (17). This is a well known procedure for the derivation of Delaytr@angulation for planar
point sets.

b. 2+ is a geometric realization of the combinatorial structuge(R"). It does not preserve the subset
relation, butez C # € v, (R") implies that c{D_./) Ncl(Dy) # 0.

c. In general, there the height of a Delaunay element and itsedsion do not coincide. For instance,
n-dimensional vertices (inclusions) can be considered isd, most of the generalized Delaunay
edges will have full dimension n, as shown in Figure 6.

d. Delaunay elements inherit their connectivity propertiestf the corresponding Voronoi elements.
Therefore, in contrast to the classical setting, connégtig not guaranteed, e.g., generalized vertices
might be connected by a multiply connected edge as it igréltes] in Figure 4b.

Classically, Delaunay triangulations of point sets in gahposition are uniquely defined by the empty
circumcircle criterion mentioned at the beginning of therent section. This criterion is illustrated in
Figure 7a. In the remaining part of this section we will imluge a generalized Delaunay criterion and
show that the partitions characterized by such a conditioleeéd are equivalent to (15). In contrast to
the classical criterion, the generalized criterion detitere is not only related to the triangles but all to
Delaunay elements of any height.

Definition 4. Let.# C P(R") be a system of closed, convex sets anddet {l4,...,In} € .#. An /-
connecting polytope P fulfills generalized Delaunay criterion with respect4oif it has a circumball B
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that is either a subset of.# or a subset of ¢R"\ U.#). We shortly denote such a polytope P as a Delaunay
polytope.

In addition we will use a notion of maximality. Lete X,. An <7-connecting Delaunay polytope P
which containsx is maximalif there does not exist agg-connecting Delaunay polytope which contains
forall & C B C 7.

The generalized Delaunay criterion suggests the follovdefinition of a mapd, : X, — ds(Xs) C
P(.7):

ds(X) = &« ;< There exists a maxima¥'-connecting Delaunay polytope P which contains  (18)

Corollary 1 ensures unigueness of the polyt&da (18) while existence is due to Lemma 2. Note tfrat
defined in (12), maps points ontg-connecting Delaunay polytopes.

Lemma 3. The mappings ¥ and d, induce the same combinatorial structure, i.(R") = d,(Xs).

Proof. Let.«/ € ds(X,) be given. Then there exitsc X, and a maximak7-connecting Delaunay polytope
P that containsx, i.e. P has a circumbalBp that is either a subset of.# or a subset ofl(R"\ U.7).
Consider the non-trivial cagBp N (U.#) = 0. If further BpN (U.# \ U/) = 0 then the centec of Bp is
an element of7,*(</) which implies thate € v, (R"). If otherwiseBpN (U.¥ \ U</) # O then there is
an «7-connecting Delaunay polytog® = P'(Bp N .#). Due to maximality,P C bnd(P') andPNP =0
which implies that there is a sequene®), Xk —k—w C, such thatit, (xx) — P. Thus,m, (xx) = < for large
enoughk and.«Z € v, (R").

Let converselyes = {l1,...,Im} € Vs (X,) be given. Then there existe R" and {x4,...,Xm} such
thatxy € I forallk € {1,...,m} and 7y (X) = {X1,...,Xm}. In fact 1 (x) spans a maximat7-connecting
Delaunay polytope which implies that € d,(X»). O

Lemma 3 states that if a set of inclusions is connected by aubaly element then it is also connected
by an element of the partition that is induced by the prein@ge, and vice versa. In fact, the connecting
elements are equal in the geometric sense.

Theorem 2. Itholds thatZ, = {d,*(«) | & € d,(X,)}, i.e. the generalized Delaunay partition is induced
by ds.

Proof. Given</ € v, (R"), we will show thatd}; (<) = d,*(</). Letx € d’ (7). Then there is a conver-
gent sequencéyk) C v, () so thatx € I!m s (yk) which implies thak € d ;! (<) sincekirg s (yk) is a
maximal.e7-connecting Delaunay polytope that contaxas

Let conversely d}l(sz/), then there is a maxima¥/-connecting Delaunay polytogethat contains
x. Following the first part of the proof of LemmaR= 71,(c), wherec is the midpoint of a circumball
of P, or there is a sequendey) C v, *(«/) such thatxy —k .. ¢ and i, (xx) — P. Both cases imply that
P C d} (/) and thereforex € d, (7). O

For the purpose of further illustrating the discussion wedwo more examples of generalized Delau-
nay partitions. In Figure 8 the generalized Delaunay patitvith respect to a set of squares in the plane
is visualized to make clear that there are no smoothnestctissts to the inclusions. In Figure 10 the gen-
eralized Delaunay partition with respect to a set of ballspace is depicted to emphasize that generalized
Delaunay partitions ameot limited to the 2-dimensional setting.
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(a) Generalized Delaunay partition. (b) Generalized Delaunay partition and generalized
Voronoi partition (colored background patches).

Figure 8: Generalized Delaunay partition with respect tmses in the plane.

Remark 4. Generalized Delaunay partitions can be computed easily ftoeir Voronoi counterparts as
indicated in Remark 3(a). We have already given referenedast algorithms (almost’(card(.#))) for
computing generalized Voronoi partitions at the end of thevipus section (see page 7) for the special
case of circular/spherical inclusions. Algorithmic astseof generalized Delaunay partitions for general
(convex) inclusion sets are a topic of current research.

To indicate the simple usage of generalized Delaunay jgasitve want to explain its construction from
its Voronoi counterpart in a model situation. Moreover, giadlle parametrization of its elements (edges) is
given to show that these partitions can be used easily wiithite element methods.

Example 1. Consider pairwise distinct circular inclusiong and let”, and 4, denote the corresponding
Voronoi and Delaunay partitions. Let/& 7 denote the Voronoi edge separating two inclusions,!
By E5 we denote the corresponding Delaunay edge connecting théntusions {,1,. Without loss of
generality we assume that+ By, (x!) and b = B,(x?), where ,r, > 0, x! =0, x> = [0,8]7, & > ry + 2.
Assuming connectedness gf &hd by, respectively, there exis{’—zT <a<B< g in such a way that

7 (Ev) = (risin([a, B]),ricog[a, B]))"  and
TR (Ev) = (rzsin([a, B]), 8 —rzcod[a, B])) " .

The parametersr and 3 can be computed easily by simply projecting the Voronoiieestwhich bound
Ev onto one of the inclusions. As indicated in Remark 3(a) a pataization of i can be given by the
(diffeomorphic) mappingg] :]a, B[]0, 1[— int(Ep)
B ((1—=A)r1+Ary)sin(s)
Jeo(S.4) = ( ((L—=A)rp—Arz)cogs) +6A /- (19)

The mapping is visualized in Figure 9. Note that the geneealiedge E is uniquely determined by the
inclusion data and the values af, 3, andd.
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[o,B]x]0,1

Figure 9: Parametrization (isolines) of a generalized edg@ecting two discl = By, ([0,0]) andl; = By,([0,9]); 6=1,r; =0.2,
r,=01,a=-1,8=05.

(a) Generalized Delaunay pdb) Generalized vertices arid) Generalized vertices ar{d) Height-3 elements (sim-
tition. edges. faces (cut by a plane). plices).

Figure 10: Generalized Delaunay partition with respectdetaof balls in space.

Finally, we want to mention that the generalized Delaunayitmmns can also be derived as the limit
of classical Delaunay partitions with respect to a conuergequence of polygonal approximations of the
inclusions. We refer to [20] for an intuitive descriptiontbfs procedure.

Conclusion and future workWe have introduced a new concept for partitioning domairth wéspect to
a given system of subdomains. Driven by applications frompmasite material modeling we have thereby
generalized the concept of a Delaunay partition. A germgdlconcept of duality with respect to Voronoi
tessellations has been derived. The paper provides the floaginite element computations on composite
materials as well as other problems where the meshes neealtth oertain geometric details of the prob-
lem. Currently, in [21], generalized Delaunay partitioms amployed within finite element computations
the heat conductivity problem (1). Generalized Delaunayitmms can also be used to define structural
(network) approximations to the conductivity problem adicated in [5, 4]. Furthermore, these partitions
provide a conforming mesh which is helpful within composjtedrature formulas on complicated domains.
The main advantage of generalized Delaunay partitions imihimality with respect to the problem
data. Its elements are simple geometric objects compartg:tgeometry of the inclusions. The focus in
this article was clearly on the conceptual development oegaized Delaunay partitions. Algorithms and
its complexity analysis are not given in the general sethingreferences to existing literature in special
cases are given (see Remark 4). The derivation of fast #igusifor general (convex) inclusions is a task
of future research. To the same degree, non-convex indsi$iave to be considered to successfully bridge
the gap to a wide range of practical applications.
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