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Abstract—Partial constraint satisfaction and soft constraints
enable to deal with over-constrained problems in practice. Constraint relationships have been introduced to provide a qualitative approach to specifying preferences over the constraints that
should be satisﬁed. In contrast to quantitative approaches like
weighted or fuzzy CSPs, the preferences just rely on a directed
acyclic graph. The approach is particularly aimed at scenarios
where soft-constraint problems stemming from several independently modeled agents have to be aggregated into one problem in
a multi-agent system. Existing transformations into weighted CSP
introduce unintended, additional preference decisions. We ﬁrst illustrate the application of constraint relationships in a case study
from energy management along with deﬁciencies of existing work.
We then show how to embed constraint relationships into the softconstraint frameworks of partial valuation structures and further
c-semirings by means of free constructions. We ﬁnally provide
a prototypical implementation of heuristics for the well-known
branch-and-bound algorithm along with an empirical evaluation.
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Figure 1. Two assignments v1 and v2 satisfying white and violating grey
constraints. c → c means that constraint c is more important to be satisﬁed
than c. Constraint hierarchies (with a locally predicate better comparator [7])
would deem v1 better since it satisﬁes the most important constraint, whereas
partial CSP (in particular Max-CSP) prefers v2 as it violates only c1 .

established based on the satisfaction degree of more important
layers. An assignment v1 performs better than v2 if they are
equal up to some level k and v1 is strictly better with regard to
the constraints in level k. By deﬁnition, constraint hierarchies
ignore all constraints on levels greater than k, leading to a strict
evaluation for particular cases, as illustrated in Fig. 1. Such
a “hierarchical” evaluation seems reasonable when violating
important constraints is absolutely detrimental but might not
be adequate for problems requiring a more “egalitarian” stance.

C ONSTRAINTS AND P REFERENCES

Constraint programming (CP) is a versatile paradigm for
efﬁciently modeling and solving various combinatorial problems such as scheduling, resource allocation [1], or fault diagnosis [2]. A constraint satisfaction problem (CSP) is formulated in terms of variables that are assigned values from their
domains, and constraints that restrict the validity of assignments. Traditionally, CSP treats hard constraints that must not
be violated. However, practical problems can become overconstrained, i.e., no assignment satisfying all constraints (a
solution) exists. In order to handle such cases, soft constraints
do not express hard requirements but rather desired properties.

We therefore argued that there ought to be more ﬂexibility in speciﬁcation and extended the idea of partial CSP in
[8] by introducing constraint relationships, i.e., qualitatively
specifying a set of preferences over constraints represented by
a directed acyclic graph (dag). This graph induces a partial
order on assignments such that less important constraints may
be dropped in favor of more important ones. Although a partial
order leads to a less decisive framework and reduces possible
pruning due to the existence of incomparable elements, it is
useful to leave indifference as an option during the elicitation
phase of constraints and preferences [9]. That way, users can be
informed about unspeciﬁed preferences if two solutions are not
comparable by the formalism and eventually add these preferences explicitly. On the other hand, constraint relationships
can also express a subclass of constraint hierarchies [8].

Several formalisms to grade solutions have been devised
(see, e.g., [3] for an overview): Partial constraint satisfaction
(PCSP [4]) allows that some constraints may be dropped if a
problem is infeasible. The goal is then to search for a relaxed
problem that is as close as possible to the original problem.
In particular, Max-CSP seeks to ﬁnd a solution that satisﬁes
as many constraints of the original problem as possible. However, the search for a feasible problem is agnostic towards the
individual relevance of a dropped constraint. Users may be
reluctant to ignore an important constraint even if that forces
a higher number of violated constraints. Weighted CSPs [5]
allow to annotate constraints with weights for that purpose,
and hence take a quantitative approach. However, ﬁnding appropriate weights is notoriously hard in practice, in particular
when composing constraint problems [6].

Quantitative formalisms such as weighted or fuzzy CSP
share common features: A set of values reﬂects the quality of
an assignment which is graded by each constraint. The overall
grading of an assignment is then found by combining the constraints’ individual gradings. This very general principle has
been formalized in the frameworks of c-semirings [10] and
valued constraints [11] to abstract from concrete formalisms
and to provide a common ground for algorithms and theoretical considerations (see, e.g., [2], [12], [13]). Recently, [14]
proposes to use an even more general formalism, viz., partially
ordered monoids to represent soft constraints which are useful
for lexicographical combinations.

Alternatively, in constraint hierarchies [7], users put constraints into layers represented by a family of sets of constraints H = (Hi )i∈I where H0 contains hard constraints and
a constraint in layer Hj is considered less important than a
constraint in layer Hi if j > i. A lexicographic order is then

In this paper, we show how to construct a c-semiring
from a qualitative constraint relationship speciﬁcation as an
algebraically free construction over the induced partial order.
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Therein, the notion of partial valuation structures [14] emerges
naturally, again as a free construction over partial orders. An
additional free construction from partial valuation structures
to c-semirings then enables compliance with existing c-semiring based algorithms and proofs. In previous work [8], we
presented constraint relationships for speciﬁcation along with
a mapping to weighted CSP. While this mapping allows us
to solve the resulting optimization problems with off-the-shelf
constraint solvers, it also totalizes the induced partial order, introducing unintended extra preference relations. Additionally,
algorithmic techniques from soft constraints can already be
formulated on the level of partial valuation structures. The underlying dag suggests efﬁcient heuristics for computing maximum solution degrees.

of change. We assume qualitative preferences over soft constraints: e.g., “produce more than 500 MW” is more important
than “change the output no faster than 5 MW in 15 minutes”
elicited from an operator’s experience. Both constraints may
be dropped if necessary.
An AVPP is then composed of a set of CSPs for each of its
subordinate power plants and has to create feasible schedules
to meet the given output demand as accurately as possible. In
addition, it should consider the individual preferences speciﬁed
by each power plant over its own decision variables. Assume,
e.g., an AVPP A composed of two physical power plants, p and
q. We regard the output of each plant for two time steps from
T = {1, 2} and thus have the variables {a[t] | a ∈ {p, q}, t ∈
T } with domains Dp = {0, 1, . . . , 10}, Dq = {0, 1, . . . , 20}
for t ∈ T , where we abbreviate Da[t] by Da since we have
identical domains for all time steps. Constraints include soft,
yet important, organizational constraints org[t] : p[t] + q[t] =
D[t] for each t ∈ T , where D[t] denotes the demand at time
step t which is given as a constant. Individual power plant
models provide additional constraints:

For combining different sources into one constraint problem, as used in multi-agent systems (see, e.g., [1]), quantitative
approaches to preferences would have to aggregate gradings
that are possibly deﬁned on different scales. By contrast, qualitative formalisms like CP-nets [15] avoid such explicit aggregation and keep the underlying rationales behind the relative
importance settings of varying goals [16]. Constraint relationships also follow this proposed research direction (see [17] and
more recently [9]) and offer an alternative approach to qualitative soft constraints since we showed in [8] that constraint
relationships are formally incomparable to CP-nets. Combining
constraint relationships from different sources just amounts to
taking the union of their dags.

1) Power plants prefer economically better subranges.
2) Rates of change may be further limited.
Assume, for power plant p, that the best range was {7, 8},
followed by a good range {5, . . . , 9} and an acceptable range
{4, . . . , 10}. Values in {0, . . . , 3} are technically feasible but
less desirable for p. We denote constraints representing these
ranges by best[t], good[t], and acc[t] with t ∈ T . All qualitative constraint preference statements are captured in the constraint relationship C of p: acc[t] →C good[t] →C best[t] for
t ∈ T . Here, c →C c indicates that constraint c “precedes” c
in C, thus c is “more important” in C than c.

In Sect. II, we illustrate the use of constraint relationships
for the constraint combination problem in multi-agent systems with a case study taken from energy management, highlighting the differences between quantitative and qualitative
approaches. After summarizing constraint programming with
constraint relationships formally in Sect. III, we present our
contributions for the connection of constraint relationships and
c-semirings: We give algebraically free constructions of, ﬁrst,
a partial valuation structure from a dag that qualitatively speciﬁes preferences over constraints without enforcing a total order; and, second, of a c-semiring from a partial valuation structure (see Sect. IV). Then we present heuristics speciﬁc to constraint relationships that integrate with the well-known branchand-bound algorithm that calculates the maximum solution
degrees of a partial valuation structure-based soft-constraint
problem (see Sect. V). Moreover, we evaluate these heuristics
for constraint relationships in a prototypical solver with the
source code being available online (see Sect. VI). Finally, we
conclude with an outlook to future work.
II.

The other power plant, q, prefers to run either in a low
range {1, . . . , 5} (constraints low[t] for t ∈ T ) or in a high
range {15, . . . , 20} (constraints high[t]), but most importantly
wants to avoid high changes. This is reﬂected by the constraint
diﬀ: |q[1] − q[2]| ≤ 5. There is however no preference among
the two subranges.
Enhancing Existing Soft Constraint Approaches
When combining a set of independently modeled preferences, i.e., p and q into A in our case study, we need to deﬁne
how to compare constraints originating from different power
plants to address questions like “Is a solution violating only
p’s constraints better than one violating only q’s constraints?”.
More concretely, if we take the union of the constraint relationships and map the resulting problem to weighted CSPs (or
any quantitative, totally ordered formalism), constraints from
different power plants become comparable even though no relative importance was speciﬁed between them. Figure 2 shows
this for the exemplary constraint relationships (constraints for
economical sub-ranges exist for both time steps and we consider org[1] and org[2] to be more important than, e.g., best[1]
and best[2] individually). We highlight our analysis by focusing on time step 1. Given that the demand is 14, we have
to violate high[1] (which would force q[1] ≥ 15) in order
to satisfy org[1]. Assume two assignments v1 = {p[1] →
9, q[1] → 5} and v2 = {p[1] → 8, q[1] → 5}. Thus, v1 violates
{best[1], high[1]} and v2 violates {org[1], high[1]}, leading to
a preference of v1 as it violates a less important constraint.

C ASE S TUDY: P OWER P LANT S CHEDULING

We illustrate the qualitative constraint relationships approach and its use in multi-agent systems with a simpliﬁed
example taken from scheduling power plants [1], showing issues with quantitative approaches when it comes to comparing
unrelated soft constraints: Power plants are modeled as agents
that dynamically group to organizations, forming Autonomous
Virtual Power Plants (AVPP). The main task is to distribute the
energy demand to power plants. Feasible trajectories of power
plants are described by CSPs that consider hard constraints
like minimal and maximal productions or physically limited
rates of change as well as soft constraints such as economically better ranges or limited – yet technically feasible – rates
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by an underlying set1 |G| and a binary relation →G ⊆ |G|×|G|
such that →+
G is irreﬂexive. If x →G y, then x is a predecessor
of y, and y is a successor of x. We obtain a partial order
POG = (|G|, →∗G ) from G by taking the reﬂexive, transitive
closure of →G , and write g ≤POG h if g →∗G h.

X = {a[t] | a ∈ {p, q}, t ∈ T }, D = 14, 14
Dp = {0, . . . , 10}, Dq = {0, . . . , 20}, DA = {0, . . . , 30}
• Organizational: org[t] : D[t] = p[t] + q[t]
• Power plant p: best[t] : p[t] ∈ {7, 8}
good[t] : p[t] ∈ {5, . . . , 9}
acc[t] : p[t] ∈ {4, . . . , 10}
• Power plant q: diﬀ : |q[1] − q[2]| ≤ 5
low[t] : q[t] ∈ {1, . . . , 5}
high[t] : q[t] ∈ {15, . . . , 20}
4 org[1]

org[2]

4

best[t] 3

2

good[t] 2

high[t] 1

acc[t]

A constraint relationship over a constraint domain (X, D),
or (X, D)-constraint relationship, is given by a dag C, where
|C| is a ﬁnite set of (X, D)-constraints. We think of a constraint c ∈ |C| as more important than another constraint
c ∈ |C| if c →C c . For two sets V, W ⊆ |C|, which we
think of being sets of violated constraints representing (X, D)assignments v and w (i.e., V = {c ∈ |C| | v |= c} and
similarly for W ), we want to express that W is worse than V
w.r.t. C. We describe two kinds of liftings of the partial order
induced by the dag C to an order over subsets of |C|, represented by two dominance properties π: single-predecessor
dominance (π = SPD) and transitive-predecessors dominance
(π = TPD, note that this dominance corresponds to the hierarchical idea illustrated in Fig. 1); we write V πC W for “W
is worse than V for dominance property π over C”. Both dominance properties share the following worsening rule, expressing that violating strictly more constraints is worse (V1 V2
denotes the union of V1 and V2 simultaneously requiring that
V1 and V2 are disjoint):

diﬀ
low[t]

1

1

Power plant p

Power plant q

Figure 2. Case study with domains, constraints and combined constraint
relationship C with annotated possible weights.

V πC V

When using weighted CSPs [5], the constraints best[t] are
implicitly weighted higher than diﬀ (since p needs to distinguish good[t] from acc[t]) even though both are modeled more
important than two other constraints and have no explicit notion of importance relative to each other. With constraint hierarchies, one could design a hierarchy level including high[t],
low[t], and best[t] with acc[t] on the next level. But there is no
obvious reason that high[t] or low[t] (stemming from power
plant q) should be considered more important than acc[t] (from
the other power plant, p). Alternatively, we could categorize
good[t] and acc[t] on the same hierarchy level and weigh them
accordingly on that level – forcing again a total order.

if c ∈ |C|

(W)

The remaining rules for SPD and TPD express which constraint violations can be “traded” under a ceteris paribus assumption represented by :

V

V
V {c} SPD
C
{c1 , . . . , ck } TPD
V
C

{c } if c →C c
(SPD)

c
(TPD)
{c } if ∀i . ci →+
C

These worsening relations induce partial orders ≤πC over
sets of (violated) constraints for π ∈ {SPD, TPD}, when
deﬁning W <πC V if, and only if, V (πC )+ W (meaning
repeated sequential application of the rules); this is to be read
as “W is worse than V ”. Note that, by deﬁnition, the empty
set is the top element w.r.t. to these orderings, meeting the
intuition that “no violations” should be considered optimal.
By abuse of notation, for assignments we also write w <πC v
if {c ∈ |C| | w |= c} <πC {c ∈ |C| | v |= c}, again to be read
as “w is worse than v”.

Consequently, we search a construction of a c-semiring that
only adds the required structure enforced by a preference dag
and nothing more – a free construction [18].
III.

{c}

C ONSTRAINT R ELATIONSHIPS

Based on our case study, we now summarize constraint
programming with constraint relationships on a more formal
level. We restate the notion of constraint relationships originally given in [8], starting with classical constraint satisfaction.

In our example, this partial order does not introduce the
bias shown in Fig. 2 between best[t] and diﬀ since there is no
edge between those two constraints. Consider two assignments
v and w with v |= diﬀ and w |= best[1]. Using weights, v
would be valued with 2 and w with 3, and thus w <WCSP
v (meaning “w is worse than v” in weighted CSP) whereas
neither v <πC w nor w <πC v holds.

A constraint domain (X, D) is given by a ﬁnite set X of
variables and a family D = (Dx )x∈X of variable domains
where each Dx is a ﬁnite set representing the possible values
for variable x. An assignment for a constraint domain (X, D)
is a dependent map v ∈ Πx ∈ X . Dx , i.e., v(x) ∈ Dx ; we
abbreviate Πx ∈ X . Dx by [X → D]. A constraint c over a
constraint domain (X, D), or (X, D)-constraint, is given by a
map c : [X → D] → B. We also write v |= c for c(v) = tt.
In our case study, we have used the constraint domain (X, D)
with X = {a[t] | a ∈ {p, q}, t ∈ T } and Dx = Da for
x = a[t]. An assignment v = {p[t] → 5, q[t] → 0 | t ∈ T }
violates best[t], low[t], and high[t] for t ∈ T if D = 5, 5.

IV.

F ROM C ONSTRAINT R ELATIONSHIPS TO
C-S EMIRINGS

The embedding of constraint relationships into the established soft constraint framework of c-semirings using the special c-semiring of weighted CSP [8] has the drawback of forcing a total order on the assignments. As illustrated in Sect. II,
1 We write |G| in reminiscence of a forgetful functor, mapping an object G
in a concrete category to its underlying set.

A directed acyclic graph, or dag, G = (|G|, →G ) is given
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assignments become comparable which would not be deemed
comparable considering solely the constraint relationships. To
overcome this bias, while still keeping the connection with csemirings, we search for the “most general” c-semiring that
preserves the orderings prescribed by the constraint relationships. This c-semiring should not show more orderings than
are required by the constraint relationships and the c-semiring
axioms. This task amounts to constructing the free c-semiring
over a partial order (from a constraint relationship) in the sense
of universal algebra [18, Ch. 4] and category theory [19, Ch. 3].

Incidentally, when equipping multisets with an appropriate ordering induced by the partial order from the constraint relationship, the free partial valuation structure is obtained.
Formally, a partial valuation structure M = (|M |, ·, ε, ≤)
is given by an underlying set |M |, an associative and commutative multiplication operation · : |M | × |M | → |M |, a neutral
element ε ∈ |M | for ·, and a partial ordering ≤ ⊆ |M | × |M |
such that the multiplication · is monotone in both arguments
w.r.t. to ≤, i.e., m1 ·m2 ≤ m1 ·m2 if m1 ≤ m1 and m2 ≤ m2 ,
and ε is the top element w.r.t. ≤. Requiring that ε is top
is equivalent to requiring that m1 · m2 ≤ m1 . We add subscripts to ·, ε and ≤ when different partial valuation structures
arise. A partial valuation structure morphism ϕ : M → N
is given by a structure-preserving function ϕ : |M | → |N |,
i.e., ϕ(m1 ·M m2 ) = ϕ(m1 ) ·N ϕ(m2 ), ϕ(εM ) = εN , and
ϕ(m1 ) ≤N ϕ(m2 ) if m1 ≤M m2 .

Categorically speaking, given two categories A and B and
a functor U : B → A, the free object F (A) in B over an
object A of A is characterized by a unit morphism ηA : A →
U (F (A)) in A such that for every A-morphism f : A → U (B)
with B an object of B, there is a unique lifting B-morphism
f  : F (A) → B satisfying U (f  ) ◦ ηA = f ; the free object
F (A) is unique up to isomorphism [19, Ch. 3].

Each partial valuation structure M induces a partial order
PO(M ) = (|M |, ≤M ) and each partial valuation structure
morphism ϕ : M → N induces a partial order morphism
(i.e., an ordering-preserving or monotone function) PO(ϕ) =
ϕ : PO(A) → PO(B). With this functor PO from partial
valuation structures to partial orders, we now consider the free
partial valuation structure PVS P  over a partial order P .

It turns out to be advantageous to perform the free construction from partial orders to c-semirings via an intermediate,
again freely constructed, type of algebraic structure, the partial
valuation structures by Gadducci et al. [14], where the total
ordering of valuation structures [11] is relaxed to a partial
ordering. We ﬁrst recapitulate the notion of partial valuation
structures and describe the free partial valuation structure over
a partial order. Then we recall the notion of c-semirings and
describe the free c-semiring over a partial valuation structure.
By combining these free constructions, we obtain the free csemiring over a partial order and thus the connection to constraint relationships. The proofs that the free partial valuation
structure and the free c-semiring are indeed the correct notions
can be found in the accompanying technical report [20].

−

We denote the set of ﬁnite multisets over the underlying
set |P | of P by Mﬁn |P |, its elements by p1 , . . . , pk , and
−. We deﬁne the upper or Smyth ordering on
multiset union by ∪
Mﬁn |P | as the binary relation ⊆P ⊆ (Mﬁn |P |)×(Mﬁn |P |)
given by the transitive closure of
−

−

−

T ⊆ U implies T ⊆P U ,
P
p ≤P q implies T ∪
− p ⊆ T ∪
− q .

A. The Free Partial Valuation Structure Over a Partial Order

−

This relation is indeed a partial ordering on Mﬁn |P | and
P
it is easy to check that PVS P  = (Mﬁn |P |, ∪
−, , ⊆ ) is
a partial valuation structure. Moreover, PVS P  is the free
partial valuation structure over the partial order P : Deﬁne
the unit partial order morphism ηPPVS : P → PO(PVS P )
by ηPPVS (p) = p. Then every partial order morphism
ϕ : P → PO(M ) for some partial valuation structure M
can be uniquely lifted into a partial valuation structure morphism ϕPVS : PVS P  → M with ϕPVS (p1 , . . . , pk ) =
ϕ(p1 )·M · · ··M ϕ(pk ) such that PO(ϕPVS )(ηPPVS (p)) = ϕ(p).
Thus, we have (for a detailed proof, see [20, §12]):

Like valuation structures, partial valuation structures [14]
capture essential operations for grading assignments: They
show an associative and commutative multiplication for combining gradings, a partial ordering on gradings, such that the
multiplication is monotone w.r.t. this ordering, and a top element w.r.t. the partial ordering capturing the best grade, i.e.,
total satisfaction, that simultaneously is the neutral element for
the multiplication. In contrast to valuation structures, the ordering is not forced to be total. In contrast to c-semirings, partial valuation structures do, in general, not show the suprema
required by c-semiring addition.

−

P ROPOSITION. Let P be a partial order. Then PVS P  =
P
(Mﬁn |P |, ∪
−, , ⊆ ) is the free partial valuation structure
over P .

Constraint relationships and the induced orderings of
Sect. III lifting the dag to sets of (violated) constraints apparently ﬁt quite naturally to such a monoidal structure, where the
multiplication should be the union. The empty set, representing
the fact that no constraints are violated, is the top element
and simultaneously the neutral element for the union. But set
union is idempotent. Consider the exemplary constraint relationship C in Fig. 2 including the constraints org[2] and diﬀ
{diﬀ}. Multiplying
with diﬀ →C org[2]. Then {org[2]} <SPD
C
on both sides with {org[2]}, i.e., taking the union, would result
{org[2], diﬀ} by the required monotonicity
in {org[2]} ≤SPD
C
of the multiplication. Hence, violating org[2] only would be
worse than violating both org[2] and diﬀ, contradicting (W).
However, we can patch this defect by not considering sets and
their union but multisets and the multiset union; the disjointness assumptions in (SPD) and (TPD) indicate this necessity.

The upper ordering on ﬁnite multisets mimics the eponymous ordering used in powerdomain constructions [21, Ch. 9].
There, partial orders are lifted to semi-lattices where multiplication is idempotent. On the other hand, our upper ordering,
when employed for sets, exactly corresponds to ≤SPD
C −1 for a
constraint relationship C: We need to invert C, i.e., consider
PVS POC −1 , as violating more important constraints has
to lead to worse solutions – e.g., diﬀ ≤POC org[2] but
org[2] should be worse than diﬀ. Further reconsidering
our discussion based on the constraint relationship C presented
in Fig. 2 with diﬀ →C org[2], we ﬁnd that multiplying on both
sides with org[2] by now taking the multiset union, which
is not idempotent, results in org[2], org[2] ≤PVS POC−1 
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It can be shown that cSRngM  is indeed a c-semiring (see
[20, §29]). Moreover, it is the free c-semiring over M : We
cSRng
have the partial valuation structure morphism ηM
:M →
cSRng
(m) = {m}, serving as a unit,
PVS (cSRngM ) with ηM
such that if A is an arbitrary c-semiring and ϕ : M → PVS (A)
some partial valuation structure morphism, then there is the
unique lifting c-semiring morphism ϕcSRng : cSRngM  → A
deﬁned by ϕcSRng ({m1 , . . . , mk }) = ϕ(m1 )⊕A · · ·⊕A ϕ(mk )
cSRng
◦ PVS (ϕcSRng ) = ϕ is satisﬁed. We thus
such that ηM
obtain (for a detailed proof, see [20, §29])

org[2], diﬀ. This relation clearly holds, but the other direction does not as org[2], org[2] does not worsen to
org[2], diﬀ since we cannot “trade” the remaining occurrence of org[2] for diﬀ. However, the transitive-predecessors
dominance presented in (TPD) can only be achieved by using
a more specialized ordering (see Sect. V-B).
The free partial valuation structure over a partial order P
does not show suprema of ﬁnite multisets, in general: Consider
the partial order P given by ({g, h, i, j}, {g < h, g < i, h <
j, i < j}), which has suprema. In PVS P, however, we have

P ROPOSITION. Let M be a partial valuation structure. Then
≤M
˜ M ,˜·M , ∅, {εM }) is the free c|M |, ∪
cSRngM  = (Iﬁn
semiring over M .

−

−

−

This construction of the free c-semiring over a partial valuation structure shares the deﬁnition of addition and multiplication with the set-based encoding of “preference degree structures” as a semiring by Fargier et al. [22, Sect. 4.3]. However,
in order to obtain a c-semiring proper (rather than a plain
semiring), we had to rely on the neutral element being the
top element for the ordering. A similar construction has been
suggested by Bistarelli et al. [23], although starting from a csemiring. The freeness of the resulting (c-)semiring (which corresponds to the lower or Hoare powerdomain construction [21,
Ch. 9]) has not been considered by either previous works.

−

− −

−

−

and no T ∈ Mﬁn |P| exists with g, h, i ⊂P T ⊂P h, i
since, e.g., for g ⊂P T , T can only be  by the ﬁrst rule
(with g, h, i ⊂P ), or h, i, or j by the second rule
(where h, i ⊂P j); but h and i are incomparable
w.r.t. ⊆P . We therefore need to introduce additional structure
to obtain a c-semiring which requires suprema.
B. The Free C-Semiring Over a Partial Valuation Structure
A c-semiring [10] A = (|A|, ⊕, ⊗, 0, 1) is given by an
underlying set |A|, a binary addition ⊕ : |A| × |A| → |A|, a
binary multiplication ⊗ : |A| × |A| → |A|, a zero 0 ∈ |A|, and
a one 1 ∈ |A| such that

Reconsidering our previous counterexample for the existence of suprema in partial valuation structures, no supremum
for g and h, i exists in PVS P but in the free c-semiring
cSRngPVS P, the supremum of {g} and {h, i} is
{g, h, i}. Indeed, {g, h, i} ≤cSRngPVS P {x}
holds for both x = h and x = i. Considering {h}, we
P
˜ cSRngPVS P {h} = Max⊆ ({g, h, i,
get {g, h, i} ∪
h}) = {h} since g ⊂P h and h, i ⊂P h – analogously for {i}.
−

1) ⊕ is associative and commutative, has 1 as annihilator and
0 as neutral element;
2) ⊗ is associative and commutative, has 0 as annihilator and
1 as neutral element;
3) ⊗ distributes over ⊕.

−

In particular, ⊕ is idempotent (since a⊕a = (a⊗1)⊕(a⊗1) =
a ⊗ (1 ⊕ 1) = a ⊗ 1 = a). Thus the relation ≤ ⊆ |A| × |A|
deﬁned by a1 ≤ a2 iff a1 ⊕ a2 = a2 is a partial ordering
on |A|, i.e., reﬂexive, transitive, and antisymmetric. In fact,
a1 ⊕ a2 yields the supremum of a1 and a2 with respect to ≤.
Moreover, 0 is the least and 1 the greatest element in |A| w.r.t.
≤. A c-semiring morphism ϕ : A → B from a c-semiring A
to a c-semiring B is given by a structure-preserving function
ϕ : |A| → |B|, i.e., ϕ(a1 ⊕A a2 ) = ϕ(a1 ) ⊕B ϕ(a2 ), ϕ(a1 ⊗A
a2 ) = ϕ(a1 ) ⊗B ϕ(a2 ), ϕ(0A ) = 0B , and ϕ(1A ) = 1B .

−

−

−

g ⊂P h and g ⊂P i ,
h, i ⊂P h and h, i ⊂P i

The composition of two free constructions again yields a
free construction [19]. Thus we obtain the free c-semiring over
a partial order P as cSRngPVS P . For a constraint relationship C this means to consider cSRngPVS POC −1 .
V.

S OLVING C ONSTRAINT R ELATIONSHIP P ROBLEMS

Solving a c-semiring based soft constraint satisfaction
problem generally results in a set of several optimal solutions
due to the partiality of the induced order. We show how to
apply the well-known branch-and-bound algorithm (see, e.g.,
[24], [12]) to soft-constraint problems speciﬁed using partial
valuation structures as this algorithm does not rely on the ⊕operation of a c-semiring (such as, e.g., dynamic programming
based approaches [10]) but works directly with the induced
order. Consequently, we can use the free partial valuation
structure from a constraint relationship to obtain a solver for
constraint relationship problems.

An arbitrary c-semiring A gives rise to the partial valuation structure PVS (A) = (|A|, ⊗A , 1A , ≤A ), and a c-semiring
morphism ϕ : A → B induces a partial valuation structure
morphism PVS (ϕ) = ϕ : PVS (A) → PVS (B). With this
functor PVS from c-semirings to partial valuation structures,
we now consider the free c-semiring cSRngM  over a partial
valuation structure M .
To obtain a valid ⊕-operation yielding suprema that do
not necessarily exist in a partial valuation structure, we move
from the set |M | to the ﬁnite subsets of |M | only containing
pairwise incomparable elements w.r.t. ≤M . We denote these
≤M
≤M
˜ M ,˜·M , ∅,
(|M |). Deﬁne cSRngM  = (Iﬁn
|M |, ∪
by Iﬁn
{εM }) with

An M -soft constraint over a constraint domain (X, D) for
a partial valuation structure M , or (X, D)-M -soft constraint,
is given by a map μ : [X → D] → |M |. For a constraint
relationship C over (X, D) and a partial valuation structure
M , we convert each c ∈ |C| into an M -soft constraint via an
embedding partial order morphism ϕ : POC −1  → PO(M ):

I1 ˜·M I2 = Max≤M {m1 ·M m2 | m1 ∈ I1 , m2 ∈ I2 } ,
˜ M I2 = Max≤M (I1 ∪ I2 ) .
I1 ∪
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1) α(p) ≤M M(v) ≤M ζ(p) for all p ∈ [X → D? ] and
v ∈ p↑;
2) M(v) = ζ(v) for all v ∈ [X → D].

We deﬁne cM,ϕ : [X → D] → |M | by

ϕ(c) if v |= c
cM,ϕ (v) =
,
otherwise
εM

Concretely, for a constraint relationship C and an embedding
ϕ, we deﬁne αM,ϕ , ζM,ϕ : [X → D? ] → |M | by

αM,ϕ (p) = M {ϕ(c) | c ∈ |C|, sc(c) ⊆ def(p), p |= c} ·M

{ϕ(c) | sc(c) ⊆ def(p)} ,
M
ζM,ϕ (p) = M {ϕ(c) | c ∈ |C|, sc(c) ⊆ def(p), p |= c} .

We leave ϕ as a parameter of cM,ϕ to allow for different (monotonic) representations of a constraint as element
of |M | (e.g., a violated constraint could embed itself along
with its predecessors to accommodate alternative assignment
orderings). Inverting the constraint relationship C is motivated by the upper (Smyth) ordering used in the free partial valuation structure (see Sect. IV-A). In particular, we can
deﬁne the embedding of C into the free partial valuation
POC −1 
−, , ⊆
) by
structure PVS POC −1  = (Mﬁn |C|, ∪
PVS
ϕ(c) = ηPOC
−1  (c) = c – corresponding to the singlepredecessor dominance lifting.
−

Intuitively, αM,ϕ represents the worst case by assuming all
partially deﬁned constraints to be violated, and thus satisﬁes
the ﬁrst part of condition (1) for bounding pairs. Analogously,
ζM,ϕ idealizes that no additional constraints will be violated,
thus satisfying the second part of (1) and (2).

Let M be a ﬁnite set of (X, D)-M -soft constraints. For an
assignment v ∈ [X → D] the solution degree for M of v,
written as M(v), is obtained 
by combining the gradings with
respect to ·M , i.e., M(v) = M {μ(v) | μ ∈ M}. Then the
maximum solution degrees of M are given by

The following branch-and-bound algorithm for partial valuation structures using bounding pairs ﬁnds the maximum solution degrees of a soft constraint problem given a partial assignment and a set of known lower bounds:
Assume: – (X, D) constraint domain
– M partial valuation structure
– M ﬁnite set of (X, D)-M -soft constraints
– (α, ζ) bounding pair for M
In: – p ∈ [X → D? ] partial valuation for (X, D)
– L ⊆ |M | ﬁnite and pairwise incomparable w.r.t. ≤M
Return: Max≤M (L ∪ {M(v) | v ∈ p↑})

M∗ = Max≤M {M(v) | v ∈ [X → D]} .
A. Branch and Bound
For the branch-and-bound algorithm for computing the
maximum solution degrees over a partial valuation structure,
we now move from assignments to partial assignments. For a
constraint domain (X, D) we ﬁx an extended constraint domain (X, D? ) setting D? = (Dx? )x∈X with Dx? = Dx {?},
where ? is fresh, to represent a partial assignment which is a
dependent map p ∈ Πx ∈ X . Dx? = [X → D? ]. The domain
of deﬁnition def(p) of a partial assignment p for (X, D) is the
set {x ∈ X | p(x) = ?}. For p, q ∈ [X → D? ], we write
p  q if x ∈ def(p) implies x ∈ def(q) and q(x) = p(x) for
each x ∈ X; by p↑ we denote the set {v ∈ [X → D] | p  v}
of (X, D)-assignments. The scope of a constraint c over a
constraint domain (X, D) is given by the set of variables it
depends on, i.e.,

maxSolDegs(α,ζ) (p, L) ≡

if ∀x ∈ X . p(x) = ? — Is p already an assignment?
then return Max≤M (L ∪ {M(p)}) ﬁ
x ← choose {x ∈ X | p(x) = ?}
— Add worst-case estimates
L ← Max≤M (L ∪ {α(p{x → d}) | d ∈ Dx })
for d ∈ Dx — Test against best-case estimates
do if ¬∃l ∈ L . ζ(p{x → d}) ≤M l
then L ← maxSolDegs(α,ζ) (p{x → d}, L) ﬁ od
return L

Starting the algorithm with a partial assignment mapping
all variables to ? and the empty set of known lower bounds,
we get from the return assertion that

sc(c) = {x ∈ X | ∃v ∈ [X → D], d1 = d2 ∈ Dx .
c(v{x → d1 }) = c(v{x → d2 })} .
For a partial assignment p ∈ [X → D? ], we write p |= c if
sc(c) ⊆ def(p) and v |= c for some v ∈ p↑ (which is well
deﬁned, since then c only depends on variables that are in the
domain of deﬁnition of p).

maxSolDegs(α,ζ) (λx ∈ X . ?, ∅) =

Max≤M {M(v) | v ∈ [X → D]} = M∗ .
The correctness proof can be found in [20, §34, §36].

For our algorithm, we use a “best case/worst case” bounding pair that maps to the best (worst) possible solution degree of a partial assignment. In branch-and-bound, we usually
only need a best case to compare it to already found solution
degrees. If, however, a worst-case estimation of extending a
p ∈ [X → D? ] by p{x → d1 } is better than the best-case
estimation for p{x → d2 }, we should prune the path following
p{x → d2 } before ﬁnding a (complete) assignment.

B. Extensions to the Free Partial Valuation Structure

−

Practice suggests additional structure to the free partial valuation structure. First, constraint relationships only consider
soft constraints by design. The free partial valuation structure
PVS POC −1  does not offer an element for complete dis−1
satisfaction, i.e., ⊆POC  has no smallest element.

Formally, a bounding pair (α, ζ) for a ﬁnite set of (X, D)M -soft constraints M is given by two maps α, ζ : [X →
D? ] → |M |, with α representing the worst case and ζ the
best case estimate satisfying

Using the terminology of [14], a partial valuation structure
M is bounded if |M | has a smallest element w.r.t. ≤M ; we
denote this element by ⊥M if it exists. In a bounded partial
valuation structure M it holds that m·M ⊥M = ⊥M for all m ∈
|M |, i.e., ⊥M is an absorbing element. Each partial valuation
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structure M which is not bounded can be lifted into a bounded
partial valuation structure [14].

Table I.
Modeling inﬂuence: Comparison of mean runtimes in seconds
and recursive calls for SPD vs. TPD and weighted CSP vs. constraint
relationship-based CSP with standard deviations given in parentheses.

Consequently, we can use ⊥M to represent the violation
of hard constraints in a bounded partial valuation structure M
by using csM,ϕ = cM,ϕ for all soft constraints and chM,ϕ for
the conversion of hard constraints deﬁned as chM,ϕ (v) = ⊥M
if v |= c and chM,ϕ (v) = εM otherwise.
Furthermore, for a subclass of constraint hierarchies [8],
we also consider the transitive-predecessors dominance lifting
⊆ (Mﬁn |C|) × (Mﬁn |C|) of C to the ﬁnite multisets
TPD
C
Mﬁn |C| over the elements of C, given by

WCSP-RC

CRCSP-RT

CRCSP-RC

0.86 (2.79)

2.08 (5.77)

TPD

0.83 (2.81)

7183.78
(22617.88)
6888.38
(22622.73)

13323.36
(32050.35)
12721.54
(31996.98)

2.00 (5.73)

arithmetical expressions including +, −, ∗, /, and <, ≤, =,
≥, > as relational operators. In each experiment, n random
problems were solved by differently parametrized solvers.

T∪
− c ,
T TPD
C
TPD
c 1 , . . . , c n →+
T∪
− c ,
− c1 , . . . , cn  C
C c implies T ∪

A. Modeling Inﬂuence
First, we investigate how the selected dominance property and choice of partial valuation structure (using constraint
relationships directly or weights according to [8]) affect the
solver’s efﬁciency in order to select the formalism for which
to evaluate the proposed heuristics in more detail. We ﬁxed
the used bounding pairs (as deﬁned in Sect. V-A), the variable
ordering to use MIF (most important ﬁrst), and the usage of
a local consistency check (LC). We compare weighted CSPs
(WCSP) and constraint relationship-based CSPs (CRCSP) with
regard to runtime (RT) and recursive calls (RC). The concrete
weights for a constraint relationship C are computed recursively, as suggested in [8], by

which is in one-to-one correspondence to the rules (W)
for ((TPD
)∗ )−1 and
and (TPD) in Sect. III. Writing ≤TPD
C
C
TPD
using the fact that ≤C
is monotonic w.r.t. multiset union,
−, , ≤TPD
) is a partial valuation
we have that (Mﬁn |C|, ∪
C
structure. Using the same embedding ϕ leaves us with a TPDconstraint relationship problem.
C. Variable Ordering and Local Consistency Heuristics
It is well known that the success of systematic tree search
methods is greatly inﬂuenced by the variable and value ordering and several heuristics have been devised for classical
constraint problems [25]. This not the case for weighted CSPs
or soft constraint problems in general. Successful heuristics
typically take into account the domain cardinality or the effect
assignments make [26]. We propose heuristics for the investigated soft-constraint problems over constraint relationships:

SPD
SPD 
(c) = 1 + max{wC
(c ) | c ∈ C : c →C c} ,
wC

TPD
TPD 
wC (c) = 1 + c ∈|C|:c →C c (2 · wC
(c ) − 1) .

This experiment consists of 50 runs with 7 variables having
domains of 5 to 15 values and 10 constraints arranged in a
random constraint relationship.

1) Most important ﬁrst (MIF) variable ordering: A topological
ordering of a constraint relationship lists most important
constraints ﬁrst and assigns values to their variables ﬁrst.
2) Local consistency (LC): We improve lower and upper
bounds inspired by soft-arc consistency [27]. For each partially assigned (binary) constraint, we include constraints
that are violated irrespective of the value of the remaining
variable into the best-case ζ and exclude those that are
certainly true from the worst-case α.
VI.

WCSP-RT
SPD

As expected, Table I shows that weighted CSPs require
less runtime and recursive calls to ﬁnd the maximum solution
degrees. This is mostly due to the presence of incomparable
elements in constraint relationships which reduce the possible
pruning and to the more complicated evaluation of the upper
(Smyth) ordering. However, the stronger dominance property
TPD only improved the pruning by about 5% in the constraint
relationship case and 4% in the weighted CSP case. This is
still a considerable gain but does not completely rule out SPD
in terms of performance. Consequently, we focus on weighted
CSP instances to examine the proposed solver heuristics.

E VALUATION

In a ﬁrst test-bed, we implemented the branch-and-bound
algorithm presented in Sect. V in Java. For replicability of our
experiments, the source code is available online.2 The solver
is only in a prototypical state and serves to investigate the
inﬂuence of the proposed heuristics and modeling aspects instead of being directly applied to the (in reality more complex)
problems presented in our case study. In particular, we wanted
to compare our heuristics to a naïve branch-and-bound implementation that is intractable for a larger number of variables.

B. Algorithmic Efﬁciency
With a weighted CSP based on constraint relationships and
TPD semantics, we investigate how variable ordering using
the most-important-ﬁrst heuristic, bounding pairs, as well as
local consistency affect the performance. The CSPs for this
experiment had 6 variables, 10 constraints and domains with 10
to 30 values, and 150 runs were made. We compare values for
random order (RO) vs. most-important-ﬁrst (MIF) with ﬂags
for worst-case boundaries (WCB) and local consistency (LC).

We test several parameters regarding algorithmics (variable
orderings, local consistency, and bounding pairs) and modeling
(using SPD or TPD semantics) on randomly generated CSP
instances and measure running time as well as the number
of recursive branch-and-bound calls. Constraints are simple

For clarity, we discuss the number of recursive calls to
measure the pruning performance of the algorithm. Table II
clearly shows that using the most-important-ﬁrst heuristic signiﬁcantly improves the performance. Similar improvements
can be achieved using local consistency checks for improved

2 https://github.com/Alexander-Schiendorfer/constraint-relationshipscsemiring
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[9]

Table II.
Algorithmic efﬁciency: Comparison of mean number of
recursive calls (·103 ) for different combinations of using bounding pairs,
local consistency and the most-important-ﬁrst variable heuristic for a ﬁxed
weighted CSP with standard deviations given in parentheses.

RO
MIF

¬ WCB + ¬ LC

¬ WCB + LC

WCB + ¬ LC

WCB + LC

1,914 (1,359)
1,264 (1,290)

472 (993)
218 (649)

1,914 (1,359)
1,264 (1,289)

472 (993)
217 (649)

[10]

[11]

boundaries. Using a worst-case boundary only does not lead
to better results in our experiments. These results hint that
variable ordering heuristics using “important” variables should
be researched further in conjunction with traditional ordering
heuristics based on, e.g., the cardinality of the domains.
VII.

[12]

[13]

C ONCLUSIONS AND F UTURE W ORK

We have motivated constraint relationships to qualitatively
specify soft constraint preferences. In a case study, abstracted
from a realistic scenario, we have illustrated the beneﬁts for
decision making in multi-agent systems. We have also provided
a connection of constraint relationships to c-semirings via free
constructions, ﬁrst from the dag over constraints to partial valuation structures, second from partial valuation structures to csemirings. This connection suggests partial valuation structures
as a direct means for soft constraints and we have evaluated
different heuristics for ﬁnding the maximum solution degrees.

[14]

[15]

[16]

Partial valuation structures offer lexicographical products [14] with which we plan to revisit the encoding of constraint hierarchies as c-semirings [28]. Due to the conceptual
simplicity constraint relationships offer towards users, we also
plan to use this formalism for preference elicitation and preference learning. A process of asking preference decisions over
solutions to elicit constraint relationships is envisioned.

[17]
[18]
[19]

[20]
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