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Abstract
Crystal structure, specific heat, thermal expansion, magnetic susceptibility and electrical
resistivity studies of the heavy fermion system CeNi9−x Cux Ge4 (0 � x � 1) reveal a
continuous tuning of the ground state by Ni/Cu substitution from an effectively
fourfold-degenerate non-magnetic Kondo ground state of CeNi9Ge4 (with pronounced
non-Fermi-liquid features) towards a magnetically ordered, effectively twofold-degenerate
ground state in CeNi8CuGe4 with TN = 175 ± 5 mK. Quantum critical behavior,
C/T ∝ χ ∝ − ln T , is observed for x ∼= 0.4. Hitherto, CeNi9−x Cux Ge4 represents the first
system where a substitution-driven quantum phase transition is connected not only with
changes of the relative strength of the Kondo effect and RKKY interaction, but also with a
reduction of the effective crystal field ground state degeneracy.

(Some figures in this article are in colour only in the electronic version)

1. Introduction

Since the discovery of non-Fermi-liquid (nFL) behavior in
U0.2Y0.8Pd3 characterized by a logarithmic divergence of the
Sommerfeld coefficient γ � C/T ∝ − ln(T/T0) [1],
the research activity in the field of nFL physics has been
very active [2]. Therefore, a great deal of attention was
devoted to Kondo systems, in particular to those where
nFL behavior appears to originate from critical magnetic
fluctuations. The latter may emerge near a magnetic phase
transition when a subtle balancing of competing interactions
shifts a magnetic phase transition towards 0 K. In this quantum
critical phase (QCP) scenario [3–5], Kondo interactions,
favoring a paramagnetic Fermi-liquid ground state, compete
with RKKY interactions, favoring a magnetically ordered
ground state (for recent reviews, see [6, 7]).

The relative strength of competing Kondo and RKKY
interactions, e.g. in Ce or Yb intermetallics, can be tuned
by parameters such as: (i) pressure [8], (ii) substitutions [9]
or (iii) external magnetic fields [10]. Besides these tuning
parameters controlling the relative strength of Kondo and
RKKY interactions, there is another interesting aspect of
heavy fermion quantum criticality which was considered in
theoretical studies, but hardly explored experimentally, namely
the relative magnitudes of Kondo energy and crystal field (CF)
level splittings, i.e. the effective number of the total angular
momentum degrees of freedom relevant for the Kondo ground
state formation. This parameter, abbreviated as effective spin
degeneracy N, is the number of crystal field states with energies
comparable to the Kondo energy or lower. Its variation may
also drive a system through a QCP. Coleman [11] has shown
that the critical value of the Kondo coupling constant above
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which a spin-compensated ground state is stable tends to zero
by 1/N as N increases, i.e. systems having a large effective
spin degeneracy N are less likely to order magnetically.

In this respect, the heavy fermion CeNi9Ge4 represents
a suitable model system to study the role of effective spin
degeneracy since it displays larger N values than the usual
twofold one in classical nFL systems. Recently, single-ion
nFl behavior of the specific heat and magnetic susceptibility
has been discussed for this system. Here, CeNi9Ge4 shows
the largest ever recorded value of the electronic specific heat
coefficient γ = C/T ≈ 5.5 J K−2 mol−1 at 0.08 K
for paramagnetic Kondo lattices [12, 13]. The dilution of
the f moments via Ce/La substitution, i.e. Ce1−yLayNi9Ge4,
revealed an approximate scaling of the magnetic specific
heat contribution and magnetic susceptibility with the cerium
ions’ fraction, thus indicating that the huge Sommerfeld
coefficient γ of CeNi9Ge4 is mainly due to Ce single-ion
effects, i.e. crystal field and Kondo interactions [12]. Another
remarkable feature in CeNi9Ge4 is its strongly temperature-
dependent Sommerfeld–Wilson ratio, R ∝ χ0/γ , which is
revealed by the distinct different temperature dependencies of
specific heat and magnetic susceptibility below 1 K [12].

The origin of this behavior is illuminated by CeNi9Ge4

single-crystal susceptibility and polycrystal magnetic entropy
data revealing a crystal field scheme of Ce3+ with a quasi-
quartet ground state below 20 K. Thereby, a fourfold effective
spin degeneracy of the Ce ions is based on two doublets
with an energy splitting of only 0.5 meV, i.e. of the same
order of magnitude as the Kondo energy in this system, which
is about 0.3 meV [14]. Numerical renormalization group
(NRG) calculations by Anders and Pruschke [15, 16] using
the SU(4) Anderson impurity model which also accounted for
crystal field splitting demonstrated that the Kondo effect in
combination with a quasi-quartet CF ground state leads to a
SU(2) to SU(4) crossover regime with a significant variation
of the Sommerfeld–Wilson ratio as experimentally observed in
Ce1−yLayNi9Ge4.

In this work we study the solid solution CeNi9−xCux Ge4,
where Ni is gradually replaced by Cu ions up to x = 1. This
substitution modestly changes the 3d electron number and as
a consequence the position of the Fermi level relative to the
Ce 4f1 state. Replacing Ni by Cu is thus expected to influence
the Kondo and RKKY interactions. Usually such a substitution
should lower the Kondo temperature and support the formation
of long range magnetic order. The latter effect is also expected
as a consequence of an increasing unit cell volume. Even in the
absence of any lattice expansion, Ni/Cu substitution reduces
the local point symmetry at Ce sites and thus cancels the quasi-
fourfold degeneracy of the CF ground state.

It is important to mention that isostructural and
isoelectronic CeNi9Si4 with an almost 4% smaller unit cell
volume exhibits typical Kondo lattice behavior with a Kondo
temperature, TK � 80 K [17], being about one order of
magnitude larger than TK of CeNi9Ge4. X-ray photoelectron
spectroscopy on CeNi9Si4 revealed a cerium valence being
close to 3+ (Ce3.0+δ with δ < 0.1) [18], thus indicating cerium
in CeNi9Ge4 with one order of magnitude lower TK is Ce3.0+γ
with γ � 0.1.
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Figure 1. Observed and calculated (Rietveld refinement) x-ray
powder diffraction pattern of annealed CeNi8CuGe4. The dotted line
displays the difference plot. The inset shows the variation of the
lattice parameters of CeNi9−x Cux Ge4 with respect to the Cu
concentration x .

2. Sample preparation and structural
characterization

Polycrystalline samples of CeNi9−x CuxGe4 and
LaNi9−xCux Ge4 were prepared by arc-melting of pure ele-
ments, Ce: 4N, La: 3N8 (Ames MPC [19]), Ni: 4N5; Cu: 6N;
Ge: 5N, under a highly purified argon atmosphere. To obtain
the highest possible homogeneity, the samples were flipped
over several times and remelted. Subsequently, the samples
were annealed in evacuated quartz-glass tubes for two weeks at
950 ◦C. Inductively coupled plasma spectroscopy (ICP-OES)
studies were carried out and confirmed Ni to Cu ratios in good
agreement with the relative amount of the starting materials.

Standard x-ray diffraction techniques using Cu Kα
radiation were performed on carefully prepared sieved
powdered samples (grain size 40 μm). CeNi9Ge4 crystallizes
in the tetragonal space group I 4/mcm with lattice parameters
a = b = 7.9701(1) Å and c = 11.7842(3) Å (for structural
details, see [12, 13]). From Rietveld analysis (see as one
example the CeNi8CuGe4 pattern in figure 1) precise lattice
parameters of the solid solutions were determined. The high
quality of the refinement (R f = 4.14) is reflected in the
difference plot. The analysis indicates that replacement of the
Ni ions by Cu leads to a modest volume expansion, increasing
linearly up to 0.8% for x = 1 (inset of figure 1). Lattice
parameters of CeNi8CuGe4 are a = b = 7.9816(7) Å and c =
11.8441(2) Å. Total energy calculations based on the new full-
potential augmented spherical wave method [20] suggest some
degree of preferential occupation of the three inequivalent
Wyckoff positions 16k, 16l, and 4d by Cu: E(16k) < E(4d) <
E(16l). Indeed, the energy increases for Cu placed on 4d and
16l sites relative to the 16k site are about 0.1 eV and 0.2 eV,
respectively.
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Figure 2. (a) The magnetic susceptibility χ and (b) the specific heat divided by temperature C/T of CeNi9−x Cux Ge4 in semi-logarithmic
plots. AFM transitions are evident for x � 0.5. The insets show χ and C/T versus T of CeNi8.6Cu0.4Ge4: both solid lines represent
logarithmic fits over more than one decade in temperature.

3. Experimental results

3.1. Susceptibility and specific heat

The temperature dependence of the dc magnetic susceptibility
was measured between 2 and 400 K in an applied magnetic
field of 0.5 T with a commercial SQUID magnetometer
(MPMS7). In the low temperature region (0.06 K <

T < 2.5 K) these measurements were completed by a self-
designed ac susceptibility device (B < 0.3 mT) installed in
a 3He/4He-dilution refrigerator. The absolute values of the
low temperature data were obtained by normalizing the ac-χ
data to the dc-χ data between 1.8 and 2.5 K. The specific heat
experiments were performed with a commercial equipment
(PPMS) between 2 and 300 K and in a 3He/4He-dilution
refrigerator down to a base temperature (BT) of 60 mK using a
standard relaxation method [21].

Figure 2 shows the susceptibility χ(T ) for various
compositions of CeNi9−x Cux Ge4. Above 100 K all samples
follow a simple modified Curie–Weiss-type law, χ(T ) =
C/(T − �) + χ0, yielding a paramagnetic Curie–Weiss
temperature � around −14 K, χ0

∼= 0.9 memu mol−1,
in reasonable agreement with the Pauli susceptibility of
LaNi9Ge4 and a Curie constant C corresponding to an effective
paramagnetic moment of ∼=2.5 μB, which is in line with the
theoretical value of 2.54 μB for a Ce3+ ion. Starting from
the parent compound CeNi9Ge4, Ni/Cu substitution initially
increases the low temperature susceptibility and reduces the
temperature below which it tends to flatten (from �1 K for
x = 0 to �0.2 K for x = 0.2). For CeNi8.6Cu0.4Ge4 we finally
observe a χ(T ) ∝ − ln(T ) behavior down to the BT of 60 mK
(see the inset of figure 2(a)) which is indicative of quantum
criticality. At higher Cu concentrations, x > 0.4, sharp cusps
in χ(T ) indicate phase transitions towards antiferromagnetic
(AFM) order. Finally, CeNi8CuGe4 exhibits magnetic ordering
below TN ≈ 175 ± 5 mK.

These observations are corroborated by specific heat
results shown as C/T versus T plots for the same compositions

of CeNi9−xCuxGe4 in figure 2(b). In comparison to CeNi9Ge4,
the initial substitution of Ni by Cu, x = 0.2, reduces the
C/T values, and the observed deviation from C/T ∝ − ln(T )
behavior (which starts below 250 ± 10 mK for x = 0) shifts
to 150 ± 10 mK. For CeNi8.6Cu0.4Ge4, a C/T ∝ − ln(T )
divergence of the Sommerfeld coefficient holds over more than
one decade in temperature down to the BT of 60 mK (see the
inset of figure 2(b)). We note that, despite the common − ln(T )
behavior of specific heat and susceptibility of CeNi8.6Cu0.4Ge4,
a simple proportionality χ ∝ C/T is not observed. Rather,
these quantities reveal a temperature-dependent Sommerfeld–
Wilson ratio, R ∝ χ0/γ , which has been discussed in terms of
CF effects in the case of CeNi9Ge4 [15, 16]. Above x = 0.4,
magnetic phase transitions are clearly indicated by specific
heat anomalies superimposed on a huge background due
to heavy electrons with Sommerfeld values C/T exceeding
9 J mol−1 K−2 for CeNi8.4Cu0.6Ge4.

To check whether the nature of magnetic ordering of
CeNi8CuGe4 is long range AFM or of spin-glass type, we
performed low temperature ac susceptibility measurements
for two different frequencies (95 and 995 Hz) which are
shown in figure 3. The absence of any significant frequency
dependence of the sharp cusp of χ ′

ac(T ) rules out a spin-
glass type of magnetic transition. Rather, it is a strong hint
towards long range AFM order (compare, for example, [22]).
The AFM nature of the magnetic transition in CeNi8CuGe4

is further supported by local probe muon spin relaxation
(μSR) studies which will be published elsewhere [23]. μSR
signals compatible with the spin-glass or cluster-glass type
of magnetism have not been observed for CeNi8CuGe4 nor
for CeNi8.6Cu0.4Ge4 or CeNi9Ge4 for measurements down to
40 mK.

3.2. Volume thermal expansion

The volume thermal expansion α(T ) = 1/V (∂V/∂T ) is
ideally suited to study nFL behavior that results from a
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Figure 3. The ac susceptibility χ ′ of CeNi8CuGe4 is plotted linear
over T for two frequencies (closed diamonds: 95 Hz and open
circles: 995 Hz).

QCP, because α(T ) ∝ (∂S/∂p) directly probes the pressure
dependence of the entropy which is accumulated close to the
instability. A theoretical study in terms of a scaling analysis
suggested that the thermal expansion is far more singular than
the specific heat C(T )/T at any pressure-sensitive QCP [24].

We obtained α(T ) by means of a high-resolution capaci-
tive dilatometer (redesigned after Pott and Schefzyik [25]) at-
tached to a 3He/4He-dilution refrigerator. Measurements on
selected compositions CeNi9−x Cux Ge4 with x = 0, 0.4 and
0.5 were carried out between 0.08 K < T < 4 K and in ap-
plied magnetic fields up to 4 T. The volume thermal expan-
sion α is given by the sum of the linear thermal expansion
coefficients along three perpendicular directions a, b and c,
i.e. α = αa + αb + αc . Assuming isotropic behavior in our
polycrystalline samples, we have obtained the volume expan-
sion as α = 3αa . For the data in a magnetic field, the linear ex-
pansion coefficient along the direction of the applied magnetic
field has been determined and denoted as αc in the following.
This estimate does not take into account that texture may play
a role in particular for CeNi9Ge4.

Figure 4 shows the volume thermal expansion α(T )/T
versus T for various concentrations x = 0, 0.4 and 0.5 for
CeNi9−x Cux Ge4. It reaches remarkably high values of the
order of 10−6 K−2, typical for heavy fermion compounds. In
agreement with the susceptibility data of the undoped sample,
we find α(T )/T = constant for T < 1 K, indicative for an
FL ground state. Substituting Cu for Ni generates singular
behavior in α(T )/T which is most pronounced for x =
0.4. Further increasing the Cu content causes a saturation
of α(T )/T at lowest temperatures T < 0.2 K for x =
0.5. A suppression of the critical fluctuation is also observed
by applying a magnetic field, which is demonstrated for
CeNi8.5Cu0.5Ge4 in the inset of figure 4. While for B = 0 T,
FL behavior, i.e. αc(T )/T = const. is found only up to

K

Figure 4. Volume thermal expansion coefficient α(T )/T versus T of
CeNi9−x Cux Ge4 for x = 0, 0.4 and 0.5. The errors are indicated by
vertical bars. Inset: linear thermal expansion coefficient αc(T ) of
CeNi8.5Cu0.5Ge4 for B = 0 and 4 T. Lines represent fits
αc(T ) = a1 T with a1 = 9 × 10−6 K−2 and a1 = 4 × 10−7 K−2 for
B = 0 T and B = 4 T, respectively.

T ≈ 0.2 K, this behavior extends until T ≈ 0.8 K for
B = 4 T. At the same time, the linear coefficient a1 of the
FL contribution to the thermal expansion coefficient αc(T ) �
a1T varies by an order of magnitude from a1(B = 0 T) =
9 × 10−6 K−2 to a1(B = 4 T) = 4 × 10−7 K−2, indicating that
αc/T is strongly suppressed in a magnetic field. Such behavior
is found in many quantum critical systems [26, 27].

3.3. Electrical resistivity

The concentration-dependent crossover from Kondo lattice
behavior with unusual single-ion nFl features of the specific
heat and magnetic susceptibility in CeNi9Ge4 to long range
magnetic order in CeNi9−xCux Ge4 is also revealed by
resistivity measurements (figure 5(a)). While the LaNi9Ge4

reference sample exhibits a normal metallic Bloch–Grüneisen
behavior with a very low residual resistivity of 5 μ� cm,
CeNi9Ge4 seems to represent a classical Kondo lattice, with
a residual resistivity ρ0 � 9 μ� cm of a very pure sample.
After passing a minimum around 30 K and a logarithmic
increase, the resistivity follows a 1 − T 2 law, as is known
for Kondo systems. At lower temperatures the resistivity
passes through a maximum at a temperature T ∗ � 3 K and
follows a T 2-behavior below the Fermi liquid temperature
TFL = 160 ± 20 mK. While TFL is close to the temperature
where C/T deviates from the C/T ∝ − ln T trend, T ∗
coincides approximately with the temperature below which
the susceptibility of CeNi9Ge4 deviates from the χ ∝ − ln T
behavior of CeNi8.6Cu0.4Ge4.

The drastic initial rise of the residual resistivity between
x = 0 and 0.2 is also observed in the solid solution
CeNi9Ge4−x Six for x < 0.1 [28]. This increase seems
to be related to the reduction of the local site symmetry of
the cerium ions which again leads to modified crystal field
effects and Kondo coherence. In the same concentration range
the corresponding LaNi9Ge4−x Six series simply follows the

4
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Figure 5. (a) A semi-logarithmic plot of the electrical resistivity ρ(T ) of CeNi9−x Cux Ge4 normalized at 300 K to that of LaNi9Ge4 which was
measured with the Van der Pauw method. The solid lines depict T 2 fits for CeNi9Ge4 and a Bloch–Grüneisen fit for LaNi9Ge4. CeNi9Ge4

exhibits Kondo lattice behavior. (b) In a linear plot of ρ versus T the development of a long range ordered AFM phase transition is observed
for x � 0.5, while the resistivity for CeNi8.6Cu0.4Ge4 is linear down to 80 mK (solid line).

Nordheim law [29] describing the variation of the residual
resistivity upon substitutional disorder.

For the Cu substituted samples the resistivity ρ(T ) passes
through a Kondo minimum around 30 K, followed by a
logarithmic increase at lower temperatures. For x = 0.4
the resistivity increases linearly below 1 K, indicating nFL
behavior (figure 5(b)). This particular behavior was observed
for so-called disordered Kondo systems [30, 31]. For x �
0.5 the resistivity exhibits a bending at lower T for some
samples and a maximum for CeNi8CuGe4 denoting long range
magnetic order. This is in line with the evolution of the AFM
transition observed in C/T and χ measurements.

4. Discussion

4.1. Analysis of the high temperature specific heat

To track the mechanism driving the system from Kondo
lattice behavior with unusual nFL features towards RKKY
antiferromagnetism, we extract the magnetic contribution of
the specific heat by subtracting the total specific heat of
the system LaNi9−x Cux Ge4 with unoccupied 4f states. We
therefore synthesized the 4f0 reference compounds LaNi9Ge4

and LaNi8CuGe4 and interpolated the total specific heat data of
the corresponding La sample for each respective composition
linearly.

The magnetic contribution to the specific heat 
C of
all CeNi9−xCuxGe4 samples is depicted in figure 6. The
reliability of 
C is indicated by vertical error bars which
become larger at high temperature because of the relatively
large phonon background. For CeNi9Ge4, two pronounced
maxima occur around 5 and 35 K. The former is associated
with the effectively fourfold-degenerate Kondo lattice ground
state which is composed by �(1)7 and �(2)7 CF doublets with
an energy splitting of comparable magnitude as the Kondo
energy [15, 16]. Thus, a broad Kondo-like contribution rather
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Figure 6. Temperature dependence of the magnetic specific heat
C
of CeNi9−x Cux Ge4 in semi-logarithmic representation. The errors
are indicated by vertical bars exemplary for CeNi8CuGe4. The
resulting temperatures where the entropy reaches R ln 2 and R ln 4
with respect to the Cu concentration x are plotted in the inset.

than a CF Schottky anomaly becomes visible. The second
Schottky-like maximum at about 35 K is associated with a
third CF doublet (�6). With increasing Cu concentration this
specific heat maximum gains in height, but remains roughly
at the same position near 35 K. In contrast, the lower Kondo-
like maximum decreases and broadens. At a Cu concentration
of x = 0.4 a clear separation is observed dividing the broad
hump into a low lying anomaly around 0.8 K, while the upper
anomaly is shifted towards higher temperature. Finally, for
x = 1, the latter merges with the Schottky contribution
centered at about 35 K. The appearance of two separated
maxima upon Ni/Cu substitution, originating from the initially
single but broad low temperature maximum of pure CeNi9Ge4,
indicates a reduction of the effective spin degeneracy of the Ce
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ions from fourfold in the case of CeNi9Ge4 to a twofold one
for CeNi8.6Cu0.4Ge4.

The evolution of the temperature-dependent magnetic
entropy gain, 
S(T ), further supports a change of energy
scales. The inset in figure 6 shows those temperatures where
the entropy approaches R ln 2 and R ln 4 in dependence on
the Cu concentration. Both values, T (S = R ln 2) and
T (S = R ln 4), increase significantly from CeNi9Ge4 to
CeNi8.4Cu0.6Ge4, thus indicating a distinct change of the CF
scheme and/or Kondo energy scale. An increase of the Kondo
energy may be anticipated from the observed increase of
T (S = R ln 2), but this trend contradicts the expectation
of the change in electron number and unit cell volume,
namely a reduction of TK when proceeding from CeNi9Ge4 to
CeNi8CuGe4.

4.2. Discussion of the low temperature specific heat

To obtain a more reliable estimate for the trend of the Kondo
energies in CeNi9−x Cux Ge4 we utilized the resonant-level
model by Schotte and Schotte [32] in combination with a
molecular field approach to account for long range magnetic
order [33, 34].

For a spin-1/2 system the magnetic contribution of the
specific heat Cmag(T ) follows in this model from

Cmag = 2kB Re

{
z

T

[
1 −

(
z

T
− ∂z

∂T

)
ψ ′

(
1

2
− z

T

)]}
, (1)

where z = TK + iE(T )/2πkB, with TK the Kondo temperature,
E the Zeeman energy and ψ ′ the derivative of the digamma
function. By factoring the mean-field theory into the resonant-
level model, E gets temperature-dependent with

E(T ) = gμBλM(T ) = J
M(T )

gμB
. (2)

Here g is the Landé factor (for Ce3+: g = 6/7), λ is
the molecular field constant, J describes the s–f exchange
interaction and M(T ) is the simple magnetization for a two-
level system. Since the levels are broadened by the Kondo
effect the simple Brillouin function becomes modified and
M(T ) is

M(T ) = gμB

π
Im

[
ψ

(
1

2
+ TK + iE(T )

2πkBT

)]
. (3)

Finally, while equations (2) and (3) are implicit equations for
E(T ) and M(T ), respectively, we have to calculate the specific
heat (equation (1)) numerically.

Model calculations for specific heat data were done for all
samples with x � 0.5. In this composition range, T (S =
R ln 2) and T (S = R ln 4) are roughly constant at values
almost twice as large as for CeNi9Ge4 (inset of figure 6).

The results are plotted in figure 7. The simple molecular
field model plus the Kondo effect within a doublet ground
state, of course, does not account for any kind of short range
magnetic correlations or fluctuations. Therefore it cannot be
taken into account for the experimental data over an extended
temperature range. Nevertheless, it qualitatively reproduces
the evolution of the magnetic specific heat anomalies and
Kondo contributions of CeNi9−xCuxGe4 for x > 0.5.
The exchange interactions J and the Kondo temperatures
TK obtained from the resonant-level model are recorded in
figure 7(b). In addition, TK is depicted in a magnetic phase
diagram of CeNi9−x Cux Ge4 (see section 4.4). A linear
extrapolation of the TK values above x = 0.5 results in
a TK = 3.5 K for CeNi9Ge4, which is in line with TK

revealed by the quasi-elastic linewidth observed by quasi-
elastic neutron scattering [14]. The substantial reduction of
TK with increasing Cu concentration is in accordance with the
usual trend observed in the case of Ni/Cu substitution in other
cerium heavy fermion systems [35]. In addition, the drop of

6
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Figure 8. Temperature dependence of the dimensionless Grüneisen
ratio �(T ) = Vm/κTα(T )/C(T ) of CeNi9−x Cux Ge4 in
semi-logarithmic representation (Vm = 7.485 × 10−28 m3,
κT = 1 × 10−11 Pa−1, see text for details).

TK combined with the lowering of the exchange interaction
parameter J is in agreement with the Doniach picture [36].
Therefore, the change of the magnetic entropy gain observed
from x = 0 to 0.5 is attributed to CF effects causing a reduction
of the effective spin degeneracy of Ce ions from fourfold in the
case of CeNi9Ge4 to a twofold one for CeNi8.6Cu0.4Ge4.

4.3. Thermal expansion and Grüneisen ratio

To analyze the nature of the QCP indicated by the
thermodynamic data of CeNi8.6Cu0.4Ge4 we calculate the
dimensionless Grüneisen ratio �(T ) = (Vm/κT)×α(T )/C(T )
displayed in figure 8 for CeNi9−x Cux Ge4 with x = 0, 0.4
and 0.5. In this calculation of �(T ), the molar volume is
Vm = 7.485 × 10−28 m3 and the isothermal compressibility
is assumed to be κT = 1 ×10−11 Pa−1, which is a typical value
for heavy fermion systems. The temperature-independent
Grüneisen ratio of CeNi9Ge4 [�(T ) = const.] below 200 mK
and the enhanced values of � compared to the usual metals
characterize CeNi9Ge4 as a Kondo lattice system [37]. In
contrast to the latter system, both CeNi8.6Cu0.4Ge4 and
CeNi8.5Cu0.5Ge4 exhibit an order of magnitude higher � value
which is typical for heavy fermion systems close to a magnetic
instability [26, 38, 39]. For the antiferromagnetic system
CeNi8.5Cu0.5Ge4, a negative Grüneisen ratio is expected below
the Néel temperature (TN = 55 mK). The decrease of
�(T ) below 0.2 K may indicate short range order above
TN. In particular for CeNi8.6Cu0.4Ge4 the high � values
[�(0.35 K) = 340] and the strong temperature dependence of
�(T ) above 0.35 K are quite different to the parent compound
CeNi9Ge4 and suggest the vicinity of a QCP. Below 0.35 K,
�(T ) saturates and passes a broad maximum, indicating that
quantum critical behavior, i.e. the divergence of �(T →
0) suggested by Zhu et al [24], is vanishing at very low
temperatures. This could be explained by assuming that either
the x = 0.4 system is located somewhat away from the QCP
or that the quantum phase transition is slightly rounded by

x (Cu)

x = 0.4

T
K
 / 10

0 0.2 0.4 0.6 0.8 1

T
N

;T
F

L 
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)

0

0.1

0.2

0.3

0.4

Figure 9. Magnetic phase diagram of CeNi9−x Cux Ge4: the squares
and triangles depict TN as extracted from the C/T and χ data,
respectively, while the diamond represents TFL derived from ρ. The
Kondo temperature TK (full circle) for x = 0 is revealed by the
quasi-elastic linewidth observed by inelastic neutron scattering
studies [14]. For x � 0.5 (open circles) TK is roughly estimated from
comparison with model calculations in terms of the resonant-level
model of Schotte and Schotte [32] (see figure 7(b)).

disorder in line with the results of the electrical resistivity.
Above 0.35 K the Grüneisen ratio follows, within experimental
resolution, a logarithmic dependence, which clearly deviates
from the scaling prediction for a standard QCP by Zhu
et al [24]. We speculate that the reduction of the effective
crystal field ground state degeneracy near the quantum phase
transition may modify quantum criticality in our system.

4.4. Evolution of quantum criticality and crystal field

The phase diagram of CeNi9−x Cux Ge4 illustrates the presence
of a quantum phase transition near x = 0.4 (figure 9). The FL
temperature TFL of CeNi9Ge4 is estimated from the deviation
from T 2 behavior of the resistivity at low temperature (see
figure 5). In addition, the Néel temperature TN is derived
from the sharp kink of C/T and the susceptibility found in
the AFM region. At the critical composition, CeNi8.6Cu0.4Ge4,
C/T and χ(T ) display a logarithmic temperature dependence
over more than one decade in temperature at least down to
60 mK and the thermal expansion coefficient α/T diverges.
These results signify the presence of a heavy fermion QCP.
In CeNi8.6Cu0.4Ge4, the nFL state develops from a crossover
between a Kondo state (x � 0.4) to an antiferromagnetic
coherent state (x � 0.4) starting from TN = 0 K at x �
0.4. The question arises whether this crossover is mainly
driven by ‘disorder’ in the energy phase space (originated
by substitutional disorder) or mainly by the reduction of
the effective ground state degeneracy in combination with a
reduction of the Kondo energy. The latter scenario implies
that the crossover from the paramagnetic to the AFM ground

7
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Figure 10. The magnetic contribution of the specific heat
C of
CeNi8CuGe4 is plotted from 70 mK to 100 K. The dashed and solid
lines are theoretical adjustments to the data taking into account the
resonant-level model [32] and two Schottky terms originating from
only one (dashed line) or two (solid line) different CF environments,
respectively (see text). The inset shows the energy-loss spectra of an
inelastic neutron scattering experiment taken at 4 K with λ = 2.2 Å
(instrumental resolution: 1.0 meV full width at half-maximum of the
elastic line).

state is connected with a QCP similar to the one discussed for
CeCu6−x Aux [40].

To elucidate the change of the CF scheme in the
solid solution from CeNi9Ge4 with a quasi-fourfold ground
state [12, 14] to CeNi8CuGe4 we have quantitatively
analyzed the magnetic contribution to the specific heat 
C
of CeNi8CuGe4 by model calculations combining specific
CF schemes with an energy-split ground state doublet as
considered above in the resonant-level model for CeNi8CuGe4

with J = 2.3 K and TK = 1.3 K (see figure 7(b)). The
bases for these calculations are preliminary inelastic neutron
scattering (INS) data, where two crystal field transitions at
8.7 meV (≈101 K) and 12.0 meV (≈139 K) were obtained
from energy-loss spectra (inset, figure 10). In figure 10
two model cases considering different crystal field tuning
mechanisms are displayed. The first one is based on a unique
crystal field environment for each cerium atom using the CF
level extracted from the INS experiment. Here the CF splitting
of the j = 5/2 state, 
1 = 101 K, is significantly larger than

1 ∼ 6 K of the undoped CeNi9Ge4, whereas 
2 = 139 K is
of similar magnitude [14] (see the dashed line in figure 10).
The second model scenario considers two or more different
CF environments arising from a stochastic occupation of the
Cu atoms on the Ni1 site (Wyckoff position 16k; section 2).
For example, the solid line in figure 10 represents a model
calculation based on two weighted CF schemes consisting of

1 = 26 K, 
2 = 101 K (40%) and 
1 = 71 K, 
2 = 139 K
(60%). Here the two CF transitions from the INS studies
were utilized to describe each upper CF level 
2 of the two
different environments. The latter model is in better agreement
with the experimental specific heat data of CeNi8CuGe4, thus
indicating some variability of the local CF level schemes due

to substitutional disorder, but nevertheless, relatively defined
excitation energies and a twofold degenerate CF ground state.
The model (solid line in figure 10) with a doublet ground state
split by molecular field and Kondo effect and finite excitation
energies, 
 � 26 K, to further CF doublets accounts rather
well for the overall entropy gain revealed by the magnetic
contribution to the specific heat. It confirms that the increase of
T (S = R ln 2) in the solid solution CeNi9−x Cux Ge4 displayed
in the inset of figure 6 is the consequence of the change of
the CF ground state from effectively fourfold- to twofold-
degenerate. Therefore, the trend of T (S = R ln 2) upon Ni/Cu
substitution is not inconsistent with a reduction of the Kondo
temperature TK which is expected from the lattice expansion
in CeNi9−x Cux Ge4 and also indicated by the comparison with
model calculations displayed in figure 7.

The nFL behavior of CeNi8.6Cu0.4Ge4 is thus attributed
to a QCP caused by a reduction of the Kondo temperature
in combination with a disorder-induced reduction of the local
site symmetry of cerium ions which alters the effective ground
state degeneracy. While the Kondo disorder model considers
a Kondo singlet ground state with varying local coupling
strength, a different aspect is more relevant in the present case,
namely the reduction of the local site symmetry of cerium
ions which changes the local ground state from effectively
fourfold- to twofold-degenerate. Such symmetry changes
would generally be expected to be very susceptible to disorder:
as we have seen above, this kind of scenario could consistently
explain our experimental results.

5. Summary

In conclusion, in the system CeNi9−xCuxGe4 (0 � x � 1) the
change from an effectively fourfold-degenerate to a twofold-
degenerate ground state is accompanied by a quantum phase
transition near CeNi8.6Cu0.4Ge4 which separates CeNi9Ge4,
a Kondo lattice with unusual nFL features, from the
antiferromagnetically ordered state for x � 0.4. In this
solid solution Ni/Cu substitution crucially alters the local CF
environment of the Ce ions. This leads to a quantum phase
transition, which is not only driven by the competition between
the Kondo effect and RKKY interaction, but also by a reduction
of the effective CF ground state degeneracy.
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