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Abstract In this paper, we propose two variants of the additive Schwarz method for
the approximation of second order elliptic boundary value problems with discon-
tinuous coefficients, on nonmatching grids using the lowest order Crouzeix-Raviart
element for the discretization in each subdomain. The overall discretization is based
on the mortar technique for coupling nonmatching grids. The convergence behavior
of the proposed methods is similar to that of their closely related methods for con-
forming elements. The condition number bound for the preconditioned systems
is independent of the jumps of the coefficient, and depend linearly on the ratio
between the subdomain size and the mesh size. The performance of the methods
is illustrated by some numerical results.
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1 Introduction

We consider the numerical solution of second order elliptic problems with dis-
continuous coefficients. Such problems play an important role in scientific com-
putation, for instance, in the simulation of fluid flow in porous media, where the
permeability of the porous media may have discontinuities across interior bound-
aries (or subdomain interfaces). It is well known that these discontinuities or jumps
in the coefficients cause difficulties for standard iterative schemes, the performance
of these methods deteriorates as the jumps increase. Over the past years, several
numerical techniques dealing with jump coefficients have been developed, includ-
ing techniques based on adaptive refinement [7,35,36], domain decomposition
[8–11,21–24,31,39], and interface relaxation [41].

Mortar techniques on nonmatching meshes have recently attracted a lot of
attention, since they provide a more flexible approach than standard discretization
techniques, for instance, in handling problems with complicated geometries and
heterogeneous materials, in developing parallel algorithms for the discretization,
etc. The general concept for mortar techniques was originally introduced by Ber-
nardi, Maday and Patera in [6] for coupling spectral element method and finite
element methods. The main characteristic of such techniques is that the meshes on
adjacent subdomains do not match across subdomain interfaces, allowing for the
mesh on each subdomain to be generated independently of the rest of the domain.
The coupling between adjacent subdomain meshes is done by requiring the jump
in the finite element function across the subdomain interfaces to be orthogonal to
some suitably chosen test space.

Since the introduction of the mortar concept, the techniques have been exten-
sively studied by many authors.A saddle point formulation for the mortar technique
was studied in [4]. Later, an extension to three dimensions was introduced in [5].
Further analysis and extensions of the mortar technique have been considered in
[12,13,29,32,36,37]. Meanwhile, a number of efficient methods have been devel-
oped in order to solve the algebraic system resulting from the mortar discretization,
including, e.g., substructuring methods [1,22], multigrid methods [14,26], additive
Schwarz methods [9,21], hierarchical methods [16], but only a few of them have
actually considered the case of jumping coefficients.

The purpose of this paper is to consider the nonconforming P1 element, also
known as the lowest order Crouzeix-Raviart element, on nonmatching grids and
develop an efficient additive Schwarz method for the corresponding algebraic sys-
tem. The mortar technique for the nonconforming P1 element was analyzed by
Marcinkowski in [29]. Even though, there exists a lot of work concerning the non-
conforming P1 element on standard grids, cf., e.g., [15,19,20,27,28,30,31,38],
the work on nonmatching grids is very limited, cf., e.g., [29,34,40].

The variants of the additive Schwarz method, which we introduce in this paper,
follow the same idea as the one used for the conforming P1 finite element in [9].
The motivations for considering the nonconforming P1 finite element are several.
First of all, there is a close relationship between mixed methods and nonconform-
ing finite element methods for second order elliptic problems, cf., e.g, [2,3]. This
relationship was further exploited for deriving efficient solvers for the mixed for-
mulation [17]. The other known fact is the regular sparsity structure of the resulting
stiffness matrices, which makes it easy for storage and writing efficient codes. The
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final and the foremost motivation is the fact that there are no degrees of freedom
associated with the nodes on the interface boundaries, which is a clear advantage
over [9] with respect to analysis and implementation.

2 The discrete problem

Let � ⊂ R2 be a bounded, simply connected polygonal domain, and let � =
∪Ni=1�i be a partition into nonoverlapping polygonal subdomains�i . We consider
the following problem: Find u∗ ∈ H 1

0 (�) such that

a(u∗, v) = f (v), v ∈ H 1
0 (�), (1)

where

a(u, v) =
N∑

i=1

ρi(∇u,∇v)L2(�i)
and f (v) =

N∑

i=1

∫

�i

f v dx.

The coefficients ρi, 1 ≤ i ≤ N, are positive constants with large jumps across
subdomain interfaces. We remark that the proposed method can also be used for
problems where the coefficients ρi depend on x and are discontinuous only across
subdomain interfaces. In this case the constant ρi can be taken as an average of
ρi(x) over the subdomain �i .

We only consider the geometrically conforming case, i.e., the intersection
between the closure of two different subdomains is either empty, a vertex, or an
edge. The subdomains together form a coarse triangulation of the whole domain�
with mesh size of order Hi , where Hi is the diameter of �i . With each subdomain
�i , we associate a quasi-uniform triangulation T h(�i) with mesh size of order
hi . The resulting triangulation can be nonmatching across subdomain interfaces.
We use Th(∂�i) to denote the set of all triangles τ ∈ Th(�i) along ∂�i , such that
∂τ ∩ ∂�i �= ∅. In the same way, Th(γm(i)) denotes the set of triangles along the
mortar side γm(i). We assume that the coarse triangulation and the triangulation of
each subdomain are shape regular in the sense of [18].

ForDi ⊆ �i , we refer to Nh(Di) as the set of vertices and to Eh(Di) as the set
of edges of the triangulation Th(�i) inDi . For E ∈ Eh(Di), we refer to mid(E) as
the midpoint of E. Further, Pk(Di), k ∈ lN0, stands for the set of polynomials of
degree less than or equal to k on Di . We denote by

Xh(�i) := {v ∈ L2(�i) | v|τ ∈ P1(τ ) , τ ∈ Th(�i) ,
v is continuous in mid(E) , E ∈ Eh(�i),
v(mid(E)) = 0 , E ∈ Eh(∂�i ∩ ∂�)}

the nonconforming P1 (Crouzeix-Raviart) finite element space defined on the tri-
angulation Th(�i) of�i . For notational convenience, in the sequel we will refer to
�ih := Nh(�i) and ∂�ih := Nh(∂�i) as the sets of vertices, i.e., conforming P1
nodal points, in�i and ∂�i . Likewise, the sets�CRih := {mid(E)|E ∈ Eh(�i)} and
∂�CRih := {mid(E) |E ∈ Eh(∂�i)} stand for the sets of midpoints of edges, i.e., the
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nonconforming P1 (Crouzeix-Raviart) nodal points, in �i and ∂�i , respectively.
Using Xh(�i), we define the product space Xh on the whole domain as

Xh(�) = Xh(�1)×Xh(�2) · · · ×Xh(�N ).
Let �ij be an open edge common to �i and �j , i.e., �ij = �i ∩ �j . Note

that each interface �ij inherits two different discretizations from its two sides. We
select one side of �ij as the master side, called the mortar, and the other side as the
slave side, called the nonmortar. We define the skeleton S = (⋃N

i=1 ∂�i) \ ∂� of
the decomposition as follows:

S =
⋃

m

γm , with γm ∩ γn = ∅ if m �= n ,

where each γm denotes an open mortar edge. We write γm as γm(i), if it is an
edge of �i , i.e., γm(i) ⊂ ∂�i . Let δm = δm(j) ⊂ ∂�j be the corresponding open
nonmortar edge of �j that occupies the same geometrical space as γm(i), i.e.,
γm(i) = �ij = δm(j) (See Figure 1 for an illustration).

Since the triangulations on�i and�j do not match on their common interface
�ij , the functions ofXh(�) are discontinuous at the set of edge midpoints γ CRm(i)h :=
{mid(E) | E ∈ Eh(γm(i))} on the mortar side γm(i), or δCRm(j)h := {mid(E) | E ∈
Eh(δm(j))} on the nonmortar side δm(j). A weak continuity condition, called the
mortar condition, is therefore imposed (cf. [29]). Letuh ∈ Xh, whereuh = {ui}Ni=1.
A function uh ∈ Xh satisfies the mortar condition on δm(j) = �ij = γm(i), if

Qmui = Qmuj , (2)

where Qm : L2(�ij )→ Mhj (δm(j)) is the L2-projection operator defined as:

(Qmu,ψ)L2(δm(j))
= (u, ψ)L2(δm(j))

, ∀ψ ∈ Mhj (δm(j)), (3)

where Mhj (δm(j)) ⊂ L2(�ij ) is the test space of functions which are piecewise
constant on the triangulation of δm(j), and (·, ·)L2(δm(j))

denotes theL2 inner product

on L2(δm(j)).

�j hj

�ij

�ihi

γ
m
(i
)

δ m
(j
)

Fig. 1 A mortar- (γm(i)) and a nonmortar- (δm(j)) side of a subdomain interface (�ij ) with non-
matching meshes on both sides



Additive Schwarz for the Crouzeix-Raviart mortar element 555

The finite element space Vh ⊂ Xh is the subspace of functions which satisfy
the mortar condition for all δm ⊂ S. We denote by ψx the basis function of Vh
with supporting edge midpoint x ∈

(⋃
γm(i)⊂∂�i γ

CR
m(i)h

)
∪ �CRih , i = 1, · · · , N ,

cf. [29]. The values at the edge midpoints of δCRm(j)h are determined by using the
mortar condition. We note that, for a mortar side γm(i), the basis functions asso-
ciated with some of the edge midpoints of �CRih may have support on the corre-
sponding nonmortar side δm(j). These edge midpoints in�CRih are exactly the edge
midpoints that belong to the same triangles as those of γ CRm(i)h. We denote the set

of these edge midpoints, corresponding to the mortar side γm(i), by νCRm(i)h, i.e.,

νCRm(i)h := {x ∈ �CRih | supp ψx ∩ δm(j) �= ∅}, where γm(i) = δm(j). Note that

νCRm(i)h and γ CRm(i)h are two disjoint sets. The union of the sets νCRm(i)h, for all mortar

sides γm(i) ⊂ ∂�i , is denoted by νCRih , i.e., νCRih :=
⋃
γm(i)⊂∂�i ν

CR
m(i)h. We note

that the situation in the conforming P1 case is different from the one described
here. In the conforming P1 case, the basis functions associated with interior nodal
points, do not have supports on the nonmortar side, and so we have to take into
consideration this difference when extending a method from the conforming P1
case to the nonconforming P1 case.

From the definition of the finite element space Vh, the value of its any function
u on the nonmortar side is determined from values on the mortar side. Accordingly,
if we let a cross point xc, cf. Figure 2 (left), be a vertex of only one triangle inside
each of the subdomains sharing the cross point, and choose the mortar and nonmor-
tar sides such that hcδ < hcγ for all mortar and nonmortar sides meeting at the cross
point, where hcγ and hcδ denote the lengths of the triangle edges touching the cross
point from the mortar and the nonmortar sides, respectively, then it is not difficult
to see, using the mortar condition, that the value on a nonmortar side will have to
depend on the value itself. This creates a deadlock situation which is unsolvable,
and hence this particular combination of hcγ , h

c
δ and the mortar sides cannot form

a valid choice. However, if the cross point is a vertex of at least two triangles in
any one of those sharing subdomains, this deadlock breaks (anti-deadlock), and
any combination of mortar sides will give a valid choice. A common practice for
triangulation, however, is to have always two triangles sharing a corner point, cf.
Figure 2 (right).

Since functions of Vh are not continuous, we use the broken bilinear form
ah(·, ·) defined according to

ah(u, v) =
N∑

i=1

ai(u, v) =
N∑

i=1

ρi
∑

τ∈Th(�i)
(∇u,∇v)L2(τ ).

The discrete problem takes the following form: Find u∗h = {ui}Ni=1 ∈ Vh such that

ah(u
∗
h, vh) = f (vh), ∀vh ∈ Vh. (4)

Vh is a Hilbert space with an inner product defined by ah(uh, vh). The problem has
a unique solution and a priori error estimates have been provided in [29].



556 T. Rahman et al.

←−xc
mortar

mortar

m
or

ta
r

m
or

ta
r

Fig. 2 Triangles around the cross point xc illustrating a deadlock situation, for the choice of
mortar and nonmortar sides, on the left, and an anti-deadlock situation on the right

3 The additive Schwarz method

In this section, we design an additive Schwarz method for the problem (4), the
basic idea of which is similar to the ones in [11] for the conforming P1 element,
and in [9] for the conforming P1 mortar element. For simplicity, we assume that
each cross point is a vertex of at least two triangles inside each of its subdomains
sharing it, cf. Figure 2 (right). The algorithm is easily extendable to the single
triangle case. The method is defined using the general framework for additive Sch-
warz methods [33], i.e., in terms of a decomposition of the global space Vh into
subspaces and the bilinear forms defined on these subspaces. We decompose Vh
into smaller subspaces by means of

Vh = V S + V 0 +
N∑

i=1

V i . (5)

We note that V i, 1 ≤ i ≤ N, is the restriction of Vh to�i with functions vanishing
at ∂�CRih , and νCRih , as well as on the remaining subdomains. V S is a space of
functions given by their values on SCRh =⋃

γm⊂S{γ CRmh ∪νCRmh }, and V 0 is a coarse

space having a dimension equal to the number of subdomains. The space V S is
defined as follows:

V S =
{
v ∈ Vh : v(x) = 0, x ∈

N⋃

i=1

{
�CRih \ νCRih

}
}
. (6)

For the specification of the coarse spaceV 0, we provide the notion of connectedness
of CR nodal points.

Definition 1 We say that a CR nodal point x is connected to the subdomain �i if

x ∈ �CRih . If the CR nodal point x ∈ γ CRm(i)h ∪ νCRm(i)h then x is said to be connected
to both �i and �j where γm(i) = δm(j). In other words, the CR nodal point x is
connected to �i if and only if the basis function of Vh, associated with the nodal
point x, has a nonzero support in �i .
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By making each cross point to be shared by at least two triangles within each
subdomain, the maximum number of subdomains a CR nodal point can be con-
nected to, in the two dimensional case, is three. Let χi , associated with the sub-
domain �i , be the function belonging to the space Xh(�i), defined by its nodal

values at x ∈ �CRih . For each such nodal point x

χi(x) = 1∑
j ρj (x)

,

where the sum is taken over the subdomains that x is connected to (in the sense of
Definition 1). Note that for ρi = ρj = 1, χi is 1 at x ∈ �CRih \νCRih , 1 at x ∈ δCRm(i)h,

and 1
2 at x ∈ γ CRm(i)h. χi is 1

2 at x ∈ νCRm(i)h ∪ νCRn(i)h except those which belong to

both sets νCRm(i)h and νCRn(i)h, in which case χi is 1
3 .

We partition the set of subdomains �i, 1 ≤ i ≤ N , into two subsets, the set
of interior subdomains NI and the set of boundary subdomains NB . Subdomains
belonging to NB contain at least an edge lying on ∂� while those of the interior
set NI do not.

We associate with each subdomain �i the sets Gi containing the indices of its
neighboring subdomains defined as follows:Gi contains the index j of a neighbor
�j if it shares an edge �ij (�ij = �i ∩�j ) with �i .

We are now ready to define the coarse space V 0 which is given as the span of
its basis functions, �i, 1 ≤ i ≤ N , i.e.,

V 0 = span {�i : i = 1, · · · , N} . (7)

Each function �i , associated with the subdomain �i , is a function in the finite
element space Vh.

For an interior subdomain �i (�i ∈ NI ) (cf. Figure 3), the function �i is
constructed in two steps. We first define �i on �i and then on �j where i ∈ Gj .

(i) �i on �i (cf. Figure 3) is given as

�i(x) =





1, x ∈ �CRih \ νCRih ,
ρiχi(x), x ∈ γ CRm(i)h ∪ νCRm(i)h,

ρiQm(χj )(x), x ∈ δCRm(i)h, δm(i) = γm(j).
(8)

(ii) �i on �j (cf. Figure 3), where i ∈ Gj , is given as

�i(x) =






ρiQm(χi)(x), x ∈ δCRm(j)h, δm(j) = γm(i),
ρiχj (x), x ∈ γ CRm(j)h ∪ νCRm(j)h, γm(j) = δm(i),

0, at all other x in �
CR

jh .

(9)

On the remaining subdomains, at all edge midpoints, �i = 0. This completes the
definition of �i for �i .

If �i is a boundary subdomain (�i ∈ NB ) then the function �i is defined as
above with the following additional condition.

�i(x) = 0, x ∈ ∂�CRih ∩ ∂�. (10)
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ρ
iχ
i

ρ
iQ

m
(χ
i)

ρ
iχ
i

ρ
iQ

m
(χ
i)

�i

1
�j

ρ
iQ

m
(χ
j
)

ρ
iχ
j
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ρiQm(χk)

�n

ρiχn

ρiQm(χn)

Fig. 3 Illustrations of the basis function �i associated with an interior subdomain �i , indicat-
ing the subdomain interior, the mortar sides, and the nonmortar sides where the function takes
nonzero values. On the left, �i only has mortar sides, and on the right, �i only has nonmortar
sides

Remark 1 The functions �i have the property that �i(x) +∑
j �=i �j (x) = 1 at

all x ∈ �i , where �i ∈ NI . For �i ∈ NB , this equality is true everywhere in �i
except for the triangles having at least an edge lying on the boundary ∂�.

Remark 2 Following the definition of χi ∈ Xh(�i), it is easy to see that ρiχi(x) =
1 at x ∈ �CRih \ νCRih , and ρiχi(x) < 1 and ρjχi(x) < 1 at x ∈ γ CRm(i)h ∪ νCRm(i)h.

Consequently ρiρjχ2
i (x) < 1 at x ∈ γ CRm(i)h ∪ νCRm(i)h.

We use exact bilinear forms for all our subproblems, i.e., we define bi(., .) :
V i × V i → � for i ∈ {S, 0, · · · , N} as

bi(u, v) = ah(u, v), u, v ∈ V i . (11)

For 1 ≤ i ≤ N , any function u ∈ V i is of the form u = {uj }Nj=1 where uj = 0 for
j �= i. Hence, for 1 ≤ i ≤ N , we have

ah(u, v) = ai(ui, vi), u, v ∈ V i . (12)

The projection like operators T i : Vh → V i are defined in the standard way,
i.e., for i ∈ {S, 0, · · · , N} and u ∈ Vh, T iu ∈ V i is the solution of

bi(T iu, v) = ah(u, v), v ∈ V i . (13)

Note that, for 1 ≤ i ≤ N , problem (13) reduces to a Dirichlet problem on �i with
homogeneous boundary condition. To compute the corresponding stiffness matri-
ces, we need the standard nodal basis functionsϕ(k)i associated withxk ∈ �CRih \νCRih
only. For i ∈ {S, 0}, problem (13) is a coarse space problem.

Let

T = T S + T 0 + T 1 + · · · + T N .
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Problem (4) is now replaced by the following preconditioned system,

T u∗ = g, (14)

where g = T Su∗+∑N
i=0 T

iu∗. Note that T iu∗ can be calculated without knowing
u∗, the solution of (4) (cf., e.g., [33]).

3.1 Analysis

Let T h
2
(�i) be another triangulation associated with the subdomain �i which is

obtained as a result of joining the midpoints of the edges of the elements of Th(�i).
Let W h

2
(�i) be the conforming space of piecewise linear continuous functions on

the triangulation T h
2
(�i). The functions of this space are defined by their values at

the set�
i h2

of all triangle vertices of T h
2
(�i). It is easy to see that�

i h2
= �CRih ∪�ih.

We introduce the local equivalence mapping Mi : Xh(�i)→ W h
2
(�i) as defined

in [31].

Definition 2 For u ∈ Xh(�i),

Miu(x) =






u(x), x ∈ �CRih ,
1
nx

∑
τ∈Tx u|τ (x), x ∈ �ih,

|xlx||xlxr |u(xl)+
|xxr ||xlxr |u(xr), x ∈ ∂�ih.

(15)

Here, Tx is the set of elements sharing the common vertex x. nx denotes the number
of such elements. xl and xr are the left- and the right neighboring edge midpoints
of x, respectively.

The properties of such equivalence mapping are given in the following lemma.
For a proof we refer to [29,31].

Lemma 1 Let Mi : Xh(�i) → W h
2
(�i) be the local equivalence mapping as

defined above. Then, for all u ∈ Xh(�i) there holds

|Miu|H 1(�i)
≤ c |u|h,1(�i), (16)

‖ u−Miu ‖L2(�i)
≤ c hi |u|h,1(�i) , (17)

‖ u−Miu ‖L2(�) ≤ c h1/2
i |u|h,1(�i) , (18)

where |u|2h,1(�i) =
∑
τ∈Th(�i) |u|2H 1(τ )

, and � is an edge of �i .

Lemma 2 For u = {ui}Ni=1 ∈ Vh, let u0 = ∑
i=1,··· ,N αi�i , where αi is the

average of Miui over ∂�i , i.e., αi = 1
|∂�i |

∫
∂�i

Miui ds. We have

ah(u
0, u0) ≤ cH

h
ah(u, u) (19)
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and

N∑

i=1

ρih
−1
i ‖ u0 − αi ‖2L2(�i)

≤ cHah(u, u), (20)

where c is a positive constant independent of the mesh sizes h = inf i hi and
H = maxi Hi , and of the jumps of the coefficients ρi .

Proof The outline of the proof is as follows: We first prove (19) and then show
how (20) can be derived from (19). For the proof, we look at each subdomain at a
time. Moreover, we treat the interior and the boundary subdomains separately.

(i) Interior subdomain

Let �i ∈ NI be an interior subdomain. u0 on �i can be written as

u0 = αi�i +
∑

j∈Gi
αj�j .

It follows from the definition of u0 and Remark 1 that

u0 − αi =
∑

j∈Gi
(αj − αi)�j on �i,

whence

ai(u
0, u0) = ai(u0 − αi, u0 − αi)

≤ c
∑

j∈Gi
ρi(αj − αi)2

∑

τ∈Th(�i)
|�j |2H 1(τ )

. (21)

In order to find an estimate for the right hand side above, we try to estimate the
term (αj − αi)2 first. We refer to u� as the average of u ∈ L2(�) over the edge
�, i.e. u� = 1

|�|
∫
�
u ds. We note that, for any function u = {ui}Ni=1 ∈ Vh,

(ui)γm(i) = (uj )δm(j) where γm(i) = δm(j). Hence,

(αj − αi)2 ≤ c
{ (

αj − (Mjuj )δm(j)

)2 +
(
(Mjuj )δm(j)

− (uj )δm(j)
)2

+
(
(ui)γm(i) − (Miui)γm(i)

)2 +
(
αi − (Miui)γm(i)

)2
}

Following the lines of the proof of the first lemma in [9], and using (16), we can
bound the first and the last terms inside the curly brackets above, by c|uj |2h,1(�j )
and c|ui |2h,1(�i), respectively. The second and the fourth terms can be estimated
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using the Cauchy-Schwarz inequality and (18). Below, we derive explicitly the
estimate for the second term only, as for the fourth term it is then straightforward.

(
(ui)γm(i) − (Miui)γm(i)

)2 =
(
(ui −Miui)γm(i)

)2

≤ c 1

Hi
‖ ui −Miui ‖2L2(γm(i))

≤ c|ui |2h,1(�i).

Similarly, for the fourth term, we have
(
(uj )δm(j)

− (Mjuj )δm(j)

)2 ≤ c|uj |2h,1(�j ).
Hence,

(αj − αi)2 ≤ c
{
|ui |2h,1(�i) + |uj |2h,1(�j )

}
. (22)

The inverse inequality yields

ρi
∑

τ∈Th(�i)
|�j |2H 1(τ )

≤ cρi
∑

τ∈Th(�ij )
h−2
τ ‖ �j ‖2L2(τ )

(23)

since �j is zero at all triangles τ ∈ Th(�i) except those in Th(�ij ), where �ij ⊂
∂�i is either a mortar or a nonmortar.

If �ij = �i ∪ �j is a mortar γm(i) in �i , by definition of the basis functions
(cf. (9)) we have

�j (x) = ρjχi(x) at x ∈ γ CRm(i)h ∪ νCRm(i)h . (24)

Using (24) and the fact that ρjχi(x) < 1 and ρiρjχ2
i (x) < 1, for all x ∈ γ CRm(i)h ∪

νCRm(i)h, cf. Remark 2, we obtain

ρi
∑

τ∈Th(γm(i))
h−2
τ ‖ �j ‖2L2(τ )

≤ cρi
∑

x∈γCR
m(i)h
∪νCR

m(i)h

ρ2
jχ

2
i (x)

≤ c min(ρi, ρj )
Hi

hi
. (25)

On the other hand, if �ij is a nonmortar δm(i) in �i , we get (cf. (9)),

�j (x) = ρjQm(χj )(x) at x ∈ δCRm(i)h . (26)

We observe that�j is piecewise constant on δm(i). In view of (26), the L2-stability
of the projection operator Qm (cf. [29]), i.e.,

‖ Qm(χj ) ‖L2(δm(i))
≤ c ‖ χj ‖L2(γm(j))

,
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and the fact that ρjχj (x) < 1 and ρiρjχ2
j (x) < 1, for x ∈ γ CRm(j)h ∪ νCRm(j)h, cf.

Remark 2, we arrive at

ρi
∑

τ∈Th(δm(i))
h−2
τ ‖ �j ‖2L2(τ )

≤ cρi
∑

x∈δCR
m(i)h

�2
j (x)

≤ cρih−1
i ‖ ρjQm(χj ) ‖2L2(δm(i))

≤ cρih−1
i ‖ ρjχj ‖2L2(γm(j))

≤ cρih−1
i hj

∑

x∈γCR
m(j)h
∪νCR

m(j)h

ρ2
jχ

2
j (x)

≤ c min(ρi, ρj )
Hj

hi
. (27)

Hence, combining (21)–(27), for �i ∈ NI , we have

ai(u
0, u0) ≤ cH

h




ai(ui, ui)+
∑

j∈Gi
aj (uj , uj )




 . (28)

(ii) Boundary subdomain

In case when �i ∈ NB is a boundary subdomain (�i ∈ NB ), we introduce an
auxiliary function û0 by means of

û0 =
∑

�i∈NI
αi�̂i +

∑

�i∈NB
αi�̂i,

where the function �̂i , �i ∈ NB , is defined as follows: Let {�̂i}�i∈NB be the set
of functions constructed in exactly the same way as the functions �i associated
with the interior subdomains, are constructed assuming that any edge of �i ∈ NB
which lies on the boundary ∂� is a mortar in �i . Accordingly, �̂i(x) = 1 at
x ∈ ∂�CRih ∩ ∂�.

On �i , the function û0 takes the form

û0 = αi�̂i +
∑

j∈Gi , �j∈NI
αj�j +

∑

j∈Gi , �j∈NB
αj �̂j .

Obviously,

ai(u
0, u0) ≤ 2

{
ai(u

0 − û0, u0 − û0) + ai(û
0, û0)

}
. (29)

On �i , the function û0 has the same form as u0 on an interior subdomain. There-
fore, the second term can be estimated as in (28). For the first term, we note that
�̂j = �j on �i . Hence, we get

(u0 − û0) = αi(�i − �̂i) on �i .
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Consequently,

ai(u
0 − û0, u0 − û0) = ρi

∑

τ∈Th(�i)
|u0 − û0|2

H 1(τ )
.

≤ cρiα2
i

∑

τ∈Th(�i)
|�i − �̂i |2H 1(τ )

. (30)

Observing that Miui is zero on a boundary edge of �i , a simple trace inequality
and Friedrichs’ inequality yield

α2
i =

{
1

|∂�i |
∫

∂�i

Miui ds

}2

≤ cH−1
i ‖Miui ‖2L2(∂�i)

≤ c|Miui |2H 1(�i)

≤ c|ui |2h,1(�i). (31)

Using the inverse inequality, we get

ρi
∑

τ∈Th(�i)
|�i − �̂i |2H 1(τ )

≤ cρi
∑

τ∈Th(∂�i)
h−2
τ ‖ �i − �̂i ‖2L2(τ )

≤ cρi
∑

x∈∂�CRih
(�i(x)− �̂i(x))2

= cρi
∑

x∈∂�CRih ∩∂�
�̂2
i (x)

≤ cρiHi
hi
, (32)

where we have used the fact that �i(x) = �̂i(x) at all x ∈ �CRih \ ∂�, and that
�̂i(x) = 1 at all x ∈ ∂�CRih ∩ ∂�.

Now, combining the inequalities (30)–(32) and replacing the resulting estimate
together with the estimate (the same as in (28)) for ai(û0), û0)) in (29), we obtain a
similar bound as (28). Since the subdomains are shape regular, the maximal num-
ber of neighbors in Gi can be bounded independently of the total number N of
subdomains. The proof of (19) thus follows by summing (28) over all subdomains.

(iii) Proof of (20)

For �i ∈ NI , we have

ρi ‖ u0 − αi ‖2L2(�i)
≤ c

∑

j∈Gi
ρi(αj − αi)2

∑

τ∈Th(�i)
‖ �j ‖2L2(τ )

,

where we have replaced theH 1-seminorm with the L2-norm in (21). The estimate
for ‖ �j ‖2L2(�i)

will gain a factor h2
i compared with |�j |2H 1(�i)

(cf. (25) and (27)).
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This results in a factor hiH instead of H
hi

. If we now follow the same steps as in
the proof of the first part of the lemma, we obtain

ρi ‖ u0 − αi ‖2L2(�i)
≤ chiH




ai(ui, ui)+
∑

j∈Gi
aj (uj , uj )




 . (33)

For �i ∈ NB , we use exactly the same arguments, which again leads to the factor
hiH instead of H

hi
, and follow the same steps as in the proof of the first part of the

lemma for�i ∈ NB to get the same estimate as (33). The proof of (20) thus follows
by summing (33) over all subdomains. This concludes the proof of Lemma 2. ��
Theorem 1 There exist positive constants c0 and c1, independent of the mesh sizes
h = inf i hi and H = maxi Hi , and of the jumps of the coefficients ρi , such that
for all u ∈ Vh

c0
h

H
ah(u, u) ≤ ah(T u, u) ≤ c1ah(u, u) . (34)

Proof The proof relies on the general Schwarz framework (cf. [33]). According to
the general Schwarz framework, the proof of the theorem follows as soon as the
following three key assumptions are verified.

Assumption 1 For all u = {ui}Ni=1 ∈ Vh, there exists a splitting

u = uS + u0 +
N∑

i=1

ui,

and a constant c, independent of the mesh sizes h and H and of the jumps of the
coefficients ρi , such that

bS(uS , uS)+ b0(u0, u0)+
N∑

i=1

bi(ui, ui) ≤ cH
h
ah(u, u) . (35)

Proof of Assumption 1 For u = {ui}Ni=1 ∈ Vh, we define u0 ∈ V 0 as

u0 =
N∑

i=1

αi�i,

where αi and �i, 1 ≤ i ≤ N , are as defined before (cf. Lemma 2). Let w =
u − u0 = {wi}Ni=1 and let uS = {uS

i }Ni=1 ∈ V S be defined by the nodal values as
follows

uS
i (x) =

{
wi(x), x ∈ ∂�CRih ∪ νCRih ,

0, x ∈ �CRih \ νCRih .
Similarly, let uj = {uji }Ni=1 ∈ V j , 1 ≤ j ≤ N, be defined by the nodal values
according to

u
j
j =

{
wj (x), x ∈ �CRjh \ νCRjh ,

0, x ∈ ∂�CRjh ∪ νCRjh ,
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with uji = 0 for all x ∈ �CRih whenever i �= j . Clearly, u = uS +∑N
i=0 u

i . We
now use this splitting of u to prove Assumption 1.

For uS = {uS
i }Ni=1 ∈ V S , we have

bS(uS , uS) =
N∑

i=1

ai(u
S
i , u

S
i ) . (36)

In view of the inverse inequality we get

ai(u
S
i , u

S
i ) = ρi

∑

τ∈Th(�i)
|uS
i |2H 1(τ )

≤ cρi
∑

τ∈Th(∂�i)
h−2
τ ‖ uS

i ‖2L2(τ )

≤ cρi
∑

x∈∂�CRih ∪νCRih
w2
i (x) (37)

≤ cρi
∑

τ∈Th(∂�i)
h−2
τ ‖ ui − u0 ‖2

L2(τ )

≤ cρih−2
i

∑

τ∈Th(∂�i)

{
‖ ui −Miui ‖2L2(τ )

+ ‖Miui − αi ‖2L2(τ )

+ ‖ αi − u0 ‖2
L2(τ )

}

= cρih−2
i {I1 + I2 + I3} . (38)

It follows immediately from Lemma 1 that I1 can be estimated as follows

I1 :=
∑

τ∈Th(∂�i)
‖ ui −Miui ‖2L2(τ )

≤ ‖ ui −Miui ‖2L2(�i)

≤ ch2
i |ui |2h,1(�i) .

Using Lemma 6 of Chapter 5 in [33], the Poincaré inequality, and Lemma 1 for I2,
we obtain

I2 :=
∑

τ∈Th(∂�i)
‖Miui − αi ‖2L2(τ )

≤ cHihi |Miui |2H 1(�i)

≤ cHihi |ui |2h,1(�i).

As far as I3 is concerned, we note that u0(x) = αi , x ∈ �CRih \ νCRih , and hence

I3 :=
∑

τ∈Th(∂�i)
‖ αi − u0

i ‖2L2(τ )
=‖ αi − u0

i ‖2L2(�i)
.
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Now replacing the estimates in (38), adding over i = 1, · · · , N , and finally using
Lemma 2 for I3, we obtain

bS(uS , uS) ≤ cH
h
a(u, u). (39)

Taking advantage of Lemma 2, it follows immediately that

b0(u0, u0) ≤ cH
h
a(u, u) . (40)

Finally,

N∑

i=1

bi(ui, ui) =
N∑

i=1

ai(u
i
i, u

i
i)

≤ c
N∑

i=1

{
ai(u, u)+ ai(u0

i , u
0
i )+ ai(uS

i , u
S
i )

}

= c
{
a(u, u)+ b0(u0, u0)+ bS(uS , uS)

}

≤ cH
h
a(u, u). (41)

The inequality (35) is a consequence of (39), (40) and (41).

Assumption 2 The subspaces V i, 1 ≤ i ≤ N , have no common support. Hence,
ρ(E) = 1, where ρ(E) is the spectral radius of E = (δij )1≤i,j≤N .

Assumption 3 For the subproblems onV i , where i ∈ {S, 0, · · · , N}, exact solvers
are used, cf. (11), hence ω = 1.

4 A more parallel variant of the additive Schwarz method

In this section we split the space V S one step further in order to get an algo-
rithm which will have much better parallel properties. For the sake of simplicity
we assume that the sets {νmh} are disjoint. This can be ensured, for instance, by
avoiding the case where two mortars meet at a cross point shared by at most two
triangles (cf. Fig. 4(left)), or by having at least three triangles in a subdomain, to
share a cross point (cf. Fig. 4(right)). The result of the analysis presented in this
section applies to the nondisjoint case as well.

Accordingly, we decompose the space VS into smaller subspaces V γm associ-
ated with the mortars γm ⊂ S, by means of

V S =
∑

γm⊂S
V γm,

where V γm is the subspace of V S , defined as the following.

V γm =
{
v ∈ V S : v(x) = 0, x ∈ SCRh \ {γ CRmh ∪ νCRmh }

}
.
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mortar

m
or

ta
r

mortar

m
or

ta
r

Fig. 4 On the left, two mortar sides meeting at a cross point shared by two triangles in the south-
east subdomain, which results into nondisjoint sets {νmh}. On the right, the number of elements
sharing a cross point in each subdomain is three, giving disjoint sets {νmh} for any combination
of mortar sides

The functions in this space are determined by their values at γ CRmh ∪ νCRmh . Note that

the splitting: Vh =∑
γm⊂S V

γm+V 0+∑N
i=1 V

i remains valid. As in the previous
method, we use exact bilinear forms for all our subproblems. The operator T in
(14), then takes the form: T =∑

γm⊂S T
γm + T 0 +∑N

i=1 T
i .

Theorem 2 There exist positive constants c0 and c1, independent of the mesh sizes
h = inf i hi and H = maxi Hi , and of the jumps of the coefficients ρi , such that
for all u ∈ Vh

c0
h

H
ah(u, u) ≤ ah(T u, u) ≤ c1ah(u, u) . (42)

The proof is similar to that of the previous theorem, and so we sketch only the differ-
ences here. For Assumption 1, we use the splitting: u = ∑

γm⊂S u
γm +∑N

i=0 u
i ,

where ui , i = 0, · · · , N are the same as before. So it remains only to define uγm .
uγm = {uγmi }Ni=1 ∈ V γm is defined by their nodal values as follows. We note that
γm is either γm(i) or γm(j) here. If γm = γm(i) ⊂ ∂�i , then

u
γm(i)
i (x) =





wi(x), x ∈ γ CRm(i)h ∪ νCRm(i)h ,

0, x ∈ �CRih \ {γ CRm(i)h ∪ νCRm(i)h} ,
and, if γm = γm(j) ⊂ ∂�j , where γm(j) = δm(i) ⊂ ∂�i , then

u
γm(j)
i (x) =





wi(x), x ∈ δCRm(i)h, γm(j) = δm(i) ,

0, x ∈ �CRih \ δCRm(i)h ,

It is not difficult to see that u = ∑
γm⊂S u

γm +∑N
i=0 u

i . For uγm = {uγmi }Ni=1 ∈
V γm , we have

∑

γm⊂S
bγm(uγm, uγm) =

N∑

i=1

∑

γm⊂S
ai(u

γm
i , u

γm
i ) .
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By the inverse inequality, we obtain

∑

γm⊂S
ai(u

γm
i , u

γm
i ) =

∑

γm⊂S
ρi

∑

τ∈Th(�i)
|uγmi |2H 1(τ )

≤ c
∑

γm⊂S
ρi

∑

τ∈Th(∂�i)
h−2
τ ‖ uγmi ‖2L2(τ )

≤ cρi
∑

x∈∂�CRih ∪νCRih
w2
i (x),

an expression which is the same as in (37). The proof of Assumption 1 thus follows
from before. For Assumption 2, we treat only V 0 as the coarse problem. Though
the subspaces V i , i = 1, · · · , N , do not have common support with each other,
they do have with the subspaces V γm . The later may even have common support
with each other. Using the strengthened Cauchy Schwarz inequality, one can bound
ρ by a constant which depends on the maximum number of subdomains sharing a
cross point. The proof of the theorem then follows.

5 Numerical results

In this section, we show the performance of our additive Schwarz methods for
the lowest order Crouzeix-Raviart mortar finite element, introduced in this paper.
For the experiments, we define our model problem to be defined on a unit square
domain, and consider the domain to be the union of 2× 2 nonoverlapping square
subregions, each with a coefficient ρi (the material property) chosen from {ρ, 1}
in a checkerboard order (cf. Figure 5). So, ρ defines the size of the jumps in the
coefficients. We refer to an interface between two such subregions as a material
interface. The forcing function f is chosen such that the exact solution u is equal
to sin(πx) sin(πy). Note that ∇u · η vanishes along the subregion interfaces.

The numerical solution to this problem is then found either by solving the
original system (4) using the Conjugate Gradients (CG) method, or by solving the

ρ 1

1 ρ

Fig. 5 Distribution of coefficients in the model problem (left), and an example of a nonmatching
discretization of the 2×2 subdomains (right)
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equivalent preconditioned system (14) using the Preconditioned Conjugate Gradi-
ents method (PCG). Note that both systems result in symmetric and positive definite
operators. The CG (PCG) iteration stops whenever the residual norm is reduced by
the factor 10−6. An estimate for the condition number of the corresponding system
is calculated using the Lanczos connection to the CG iteration [25].

The discretization is done as follows: Initially, for some nonzero d the domain
is partitioned into d × d nonoverlapping rectangular subdomains. For the model
problem, d is always chosen as an integer multiple of 2 so that no material inter-
face can cut a subdomain. Each subdomain is then discretized uniformly using, in
a checkerboard order, either 2n2 or 2(n−1)2 right angle triangles of the same size,
for some n > 1. Note that every two neighboring subdomains get nonmatching
grids across their interface. See Figure 5 for an illustration.

An overlapping Schwarz method with minimal overlap We note that the methods
proposed in this paper are of nonoverlapping nature, i.e., nonoverlapping in the
sense that the subproblems associated with the subdomains can be solved inde-
pendently, and for the other subproblems we can have their copies in as many
processors (virtual processors) as necessary in order to avoid exchange of infor-
mation between processors. For the sake of comparison, we introduce, without the
convergence analysis, a new overlapping variant of the additive Schwarz method
with minimal overlap and a coarse space. Numerical experiments have shown
that its convergence behavior is similar to that of the standard overlapping Sch-
warz method with a coarse space for conforming elements. We split Vh as Vh =
V 0+∑N

i=1 V̂
i , where the subspace V̂ i , associated with the subdomain�i , is cho-

sen as V̂ i = V i +∑
γm(i)⊂S V

γm(i) , where the sum is taken over the mortars, γm(i),

those belonging to �i only. The coarse space V 0 is the same as in the proposed
methods, and the subproblem solvers are the exact solvers.

In our first experiment (cf. Table 1), we compare the three variants of the addi-
tive Schwarz method, the overlapping variant(“Overlappingγ ”), and the proposed
variants, the original (“Proposedorig”) and the modified (“Proposedmod”), show-
ing condition number estimates for the preconditioned systems, the number of
PCG iterations (in parentheses) for a fixed H

h
ratio. This ratio has been kept fixed

by fixing the number of triangles in each subdomain which, in this experiment,
equals to either 72 or 50 (n = 6). In order to have disjoint sets {νmh}, we choose
the north- and the south sides or the east- and west sides of a subdomain as the
mortar sides. As seen from the table, for the fixed H

h
ratio, the condition number

Table 1 Condition number estimates, PCG-iteration counts (in parentheses) for a fixed H
h

ratio
and the jump size ρ = 104

Subdomains Additive Schwarz method

d × d Overlappingγ Proposedorig Proposedmod
6× 6 30.32 (39) 35.22 (44) 38.14 (46)

8× 8 30.96 (42) 35.57 (47) 38.03 (47)

12× 12 32.03 (44) 36.33 (48) 37.92 (50)



570 T. Rahman et al.

Table 2 Condition number estimates and PCG-iteration counts (in parentheses) for different
values of jumps in the coefficients.

Checkerboard distribution of coefficients {ρ, 1}
{100, 1} {102, 1} {104, 1} {106, 1}

PCG 31.01 (34) 31.61 (34) 31.64 (31) 31.64 (31)

CG 9.03 ·102 (91) 2.28 ·104 (469) 2.25 ·106 (1099) 2.24 ·108 (1250)

estimates and consequently the number of iterations remain bounded illustrating
that the methods are all quasi-optimal (optimal with respect to a fixed H

h
ratio).

Although the overlapping method has the best estimates, the proposed methods
show the corresponding estimates which are comparable to those. As seen from
the table, the proposed original method converges slightly faster than the proposed
modified method. However, the latter one is expected to be more attractive with
respect to their parallel properties. Further experiments have confirmed the linear
dependence of the condition number estimate on the above mesh size ratio as the
theory predicts.

Finally, we state that the additive Schwarz methods are all robust with respect to
coefficient jumps. In the Table 2, we report results for the proposed original method
only (cf. the first row “PCG”). Estimates in the table, are given for different values
of jumps in the coefficients, varying as 1, 102, 104, and 106. Here, a partition of
4× 4 subdomains has been considered, where each subdomain contains either 72
or 50 (n = 6) triangles. For comparison, results for the original system are also
provided (cf. the second row (“CG”) in the table). As we can see from the table, the
condition number estimates - consequently the number of CG iterations - for the
original system deteriorate rapidly with the increase in the jumps, whereas those
for the preconditioned system remain bounded.
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