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TOPOLOGICAL COMPUTATION OF SOME STOKES
PHENOMENA ON THE AFFINE LINE

by Andrea D’AGNOLO, Marco HIEN,
Giovanni MORANDO & Claude SABBAH (*)

ABSTRACT. — Let M be a holonomic algebraic D-module on the affine line,
regular everywhere including at infinity. Malgrange gave a complete description of
the Fourier—Laplace transform M, including its Stokes multipliers at infinity, in
terms of the quiver of M. Let F be the perverse sheaf of holomorphic solutions

to M. By the irregular Riemann-Hilbert correspondence, M is determined by the
enhanced Fourier-Sato transform F* of F. Our aim here is to recover Malgrange’s
result in a purely topological way, by computing F* using Borel-Moore cycles.
In this paper, we also consider some irregular M'’s, like in the case of the Airy
equation, where our cycles are related to steepest descent paths.

RESUME. — Soit M un D-module holonome algébrique sur la droite affine, & sin-
gularités réguliéres y compris a ’infini. I\LIa\algrange a donné une description compléte
de son transformé de Fourier—Laplace M, y compris des multiplicateurs de Stokes
a l'infini, en termes du carquois de M. Soit F' le faisceau pervers des solutions de
M. Par la correspondance de Riemann—Hilbert irréguliére, M est déterminé par le
transformé de Fourier—Sato enrichi F* de F. Notre but est de retrouver le résultat
de Malgrange de maniére purement topologique, en calculant F* & 'aide de cycles
de Borel-Moore. Nous nous intéressons aussi & d’autres D-modules holonomes ir-
réguliers M, tels que celui provenant de I’équation d’Airy, ou les cycles que nous
considérons sont reliés aux chemins de plus grande pente.

Introduction

Let M be a holonomic algebraic D-module on the affine line V. The
Fourier-Laplace transform M of M is a holonomic D-module on the dual
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affine line V*. The Riemann—Hilbert correspondence of [4] (see [8, 15, 19] for
expositions) associates to M the enhanced ind-sheaf F' of its enhanced holo-
morphic solutions. By functoriality, the Riemann-Hilbert correspondence
interchanges the Fourier—Laplace transform for holonomic D-modules with
the Fourier-Sato transform for enhanced ind-sheaves. (This was observed
in [18], where the non-holonomic case is also discussed.) As a direct con-
sequence, if F' is defined over a subfield of C, then so is the enhanced
ind-sheaf K associated with the Fourier-Laplace transform of M.

In [21], Malgrange gave a complete description of M if M has only regu-
lar singularities, including at infinity. It turns out that M has 0 and o as its
only possible singularities, and is regular at 0. The exponential components
of M at oo are of linear type, with coefficients given by the singularities of
M. Moreover, the Stokes multipliers of M at oo are described in terms of
the quiver of M. In such a case, the regular Riemann—Hilbert correspon-
dence of [13, 22| associates to M the perverse sheaf F' of its holomorphic
solutions. As M can be reconstructed from K , our aim here is to recover
Malgrange’s result in a purely topological way, by giving a complete de-
scription of the enhanced Fourier—Sato transform of F.

Before going into more detail, let us recall the classical local classifica-
tion of a meromorphic connection at a singular point. The main idea is to
examine the growth-properties of its solutions. There are various ways to
implement this idea. One of them leads to the notion of a Stokes struc-
ture, a filtered local systems on a circle around the singular point (due to
Deligne-Malgrange, see [6, 21, 29]). Another possibility is to compute for-
mal power series solutions and then use some machinery (multi-summation
methods) to lift these to asymptotic solutions on sectors centered at the
point (see [1, 27]). In the present case, since the exponents of the exponen-
tial factors are linear, it is known that one can work with two sectors of
width slightly bigger than 7. In the Deligne-Malgrange presentation, this
means that the Stokes filtration can be trivialized on these sectors. Hence,
the information can be completely encoded by two matrices, governing the
transition of the asymptotic fundamental solutions or the glueing of the
trivialized filtered local systems. Classically, such a pair of matrices S, S_
is called the sequence of Stokes multipliers of the system. It is certainly
the most explicit way to encode the desired data. Of course, one has to be
careful keeping track of all choices involved.

In the context of the irregular Riemann-Hilbert correspondence of
D’Agnolo-Kashiwara, [4], the Stokes multipliers can be obtained from the
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TOPOLOGICAL COMPUTATION OF SOME STOKES PHENOMENA 741

associated enhanced solutions in the way described in [4, §9.8]. In par-
ticular, Lemma 9.8.1 in loc. cit. clarifies the ambiguities due to various
choices. The relation to the Deligne-Malgrange approach mentioned above
is discussed in [15, §8].

Let us describe our results (which were announced in [11]) with a few
more details. Let ¥ C V be a finite subset. Denote by Pervy(Cy) the
abelian category of perverse sheaves of C-vector spaces on V with possible
singularities in X. After suitably choosing a total order on X, we can encode
an object F' € Pervs(Cy) in its quiver (\IJ, D, U, UC)CEE’ where ¥ and @,
are finite dimensional vector spaces, and u.: ¥ — ®, and v.: &, — ¥ are
linear maps such that 1 —u.v,. is invertible for any ¢ (or, equivalently, such
that 1 — v.u,. is invertible for any c).

The main result of this paper is Theorem 5.4 which is the topological
counterpart of Malgrange’s result. It describes explicitly the Stokes multi-
pliers of the enhanced Fourier—Sato transform K of F' in terms of the quiver
of F'. We want to stress that the computation reduces to computation with
ordinary perverse sheaves, since our starting F' is so. In particular, we can
reduce the computation to perverse sheaves which are isomorphic to their
maximal extension (Beilinson’s extension) at the singularities 3.

Recall that the classical Fourier—Sato transform sends Pervy(Cy) to
Pervio1(Cy~) (see [21]). In Section 6 we also give an explicit description
of the quiver of the Fourier-Sato transform of F' in terms of that of F.
For that purpose, we introduce the smash functor, whose properties are
explained in Appendix B. Together with the computation of the Stokes
multipliers, this completes the description of K.

As another example of the method, we give in Section 7 a similar treat-
ment for the Airy equation and for some elementary irregular meromorphic
connections.

Sections 1-3 recall the formalism of enhanced ind-sheaves together with
the Riemann-Hilbert correspondence of [4], and the Fourier transforms in
this context. Section 4 makes precise the correspondence which associates
a quiver to a perverse sheaf on the affine line.

To conclude this introduction, let us mention some other works where
the Stokes multipliers of M are computed, for M a holonomic algebraic
D-module on the affine line. In the book [21], that we already mentioned,
Malgrange discusses in fact the more general case where M is regular at
finite distance, but is allowed an irregularity at infinity of linear type. This
condition is stable by Fourier-Laplace transform. In [23], Mochizuki treats
the case of a general holonomic algebraic D-module M, providing a way
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742 A. D’AGNOLO, M. HIEN, G. MORANDO & C. SABBAH

to compute the Stokes multipliers of M in terms of steepest descent paths.
An explicit description of the Stokes multipliers for some special classes of
irregular holonomic D-modules is discussed in [30] and [12].

In the context of Dubrovin’s Conjectures in mirror symmetry, a lot of
effort has been put into explicit computations of Stokes multipliers of the
associated D-module on the quantum cohomology of varieties in situations
where one has some mirror symmetry statement (e.g. [2, 10, 33]). The
mirror of the latter usually is given by the Fourier—Laplace transform of the
regular singular Gauss—Manin system of some associated Landau—Ginzburg
model. This situation therefore fits well into the framework examined in
the present work.

1. Enhanced ind-sheaves

Let us briefly recall from [4] the triangulated category of enhanced ind-
sheaves (see [5] for its natural ¢-structures). This is similar to a construction
in [32] (see [9] for an exposition), in the framework of ind-sheaves from [17].
As we are interested in applications to holonomic D-modules, we restrict
here to an analytic framework.

Let M be a real analytic manifold and let k be a field (when considering
the enhanced ind-sheaf attached to a D-module, we set k = C).

1.1. Sheaves

(Refer e.g. to [16].) Denote by DP(kjs) the bounded derived category of
sheaves of k-vector spaces on M. For S C M a locally closed subset, denote
by kg the zero extension to M of the constant sheaf on S with stalk k.

For f: M — N a morphism of real analytic manifolds, denote by ®, f~!,
Rf, and RHom, Rf., f' the six Grothendieck operations for sheaves.

1.2. Convolution

Consider the maps

Wqr,qa: M XRXR— M xR
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given by qi(z,t1,t2) = (2,t1), qa(w,t1,t2) = (2,t2), and p(z,t1,t2) =
(x,t; + to). For Fy,Fy € DP(kprxr), the functors of convolution in the
variable ¢ € R are defined by
Fi @ Fy=Ru (¢ 'Fr @ ¢ ' ),
R’Hom*(Fl, FQ) = qu*RHom (q;lFl, ,LL! FQ)
The convolution product é makes Db(k MxR) into a commutative tensor

category, with ks, (0} as unit object. We will often write ky;—o) instead of
ks 0y, and similarly for k>3, kii<oy, ete.

1.3. Enhanced sheaves

(Refer to [4, 9, 32].) Consider the projection
M xR "= M.

The triangulated category EP(kj;) of enhanced sheaves is the quotient of
DP(kasxgr) by the stable subcategory 7 1DP(kyy). It splits as EP(kys) ~
E® (kar) © EP (kar), where EZ (kp) is the quotient of DP(karxr) by the

stable subcategory of objects F' satisfying k(+;>0y é) F~0.
The quotient functor

Q: DP(knrxr) — EP(kar)

has a left and a right adjoint which are fully faithful. Let us denote by

E® (kar) C DP(karxr) the essential image of EY (kas) by the left adjoint,

that is, the full subcategory whose objects F' satisfy ky;>0y éF ~ F. Thus,
one has an equivalence

Q: EY (kar) 25 EP (ko).
The functor
(1.1) e: DP(kas) = ES (knr),  F' v kpsoy @ LF.

is fully faithful. For f: M — N a morphism of real analytic manifolds, it

interchanges the operations ®, £~ and Rf, with ®, f~! and Rfi, respec-
tively. Here, we set

f=fxidg: M xR — N xR.

TOME 70 (2020), FASCICULE 2
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1.4. Ind-sheaves

(Refer to [17].) An ind-sheaf is an ind-object in the category of sheaves
with compact support. There is a natural embedding of sheaves into ind-
sheaves, and it has an exact left adjoint o given by a(“lig”Fi) = thl
The functor « has an exact fully faithful left adjoint, denoted S.

Denote by DP(Tkjs) the bounded derived category of ind-sheaves. Denote
by ®, RZhom, f~', Rf., Rfn, f' the six Grothendieck operations for ind-
sheaves.

1.5. Enhanced ind-sheaves

(Refer to [4].) Consider the morphisms
(1.2) M= M xP "5 M, MxR-1sMxP,

where P = R U {oo} is the real projective line, io(z) = (2,00), 7 is the
projection, and j is the embedding.

The triangulated category EP(Ikj;) of enhanced ind-sheaves is defined by
two successive quotients of DP(Iky;xp): first by the subcategory of objects
of the form Riy .F, and then by the subcategory of objects of the form
7 1F. As for enhanced sheaves, the quotient functor has a left and a right
adjoint which are fully faithful. It follows that there are two realizations of
EP(Iky) as a full subcategory of DP(Tkysxp).

Enhanced ind-sheaves are endowed with an analogue of the convolution
functors, denoted é and Zhom™. For f: M — N a morphism of real ana-
lytic manifold, one also has external operations Ef ™!, Ef., Efn, EfI. Here,
Ef ™! is the functor induced by f_l at the level of ind-sheaves, and similarly
for the other operations.

There is a natural embedding E(k,;) € E°(Iky) induced by Rjy or,
equivalently, by Rj.. Set

ki = “lim” Qkyysqy € E”(Tky).
a——+oo

There is a natural fully faithful functor
e:DP(Iky) — EP(Tky) , F s k5, @77 'F.

We will need the following two lemmas on compatibility between operations
for enhanced ind-sheaves and for usual sheaves with an additional variable.
By [4, Remark 3.3.21, Proposition 4.7.14], one has
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LEMMA 1.1. — Let F, Fy, F» € D?(kyxr) and G € D?(kyxg). One has

+ + + + +
(k5 © QF1) ® (k§; ® QFy) ~ k5, @ (QF @ QF)
+ *
~ kIJEVI ® Q(Fl ® Fg),
+ + |~
EfF'Qk5 © G) ~ k5, « Qf1G.

If moreover f is proper, then

EfyQ(KE, & F) ~ KE © QRJ F.

The category EP(Ikjs) has a natural hom functor RHomE with values in
D"(kas). By [4, Proposition 4.3.10] and [19, Corollary 6.6.6], one has

LEMMA 1.2. — For F € DP(kpsxgr) one has

J,- *
RHomE (k{;0y, k5 ® QF) ~ R (k{i>0) ® F).

1.6. R-constructibility

(Refer to [4].) Denote by D .(kas) the full subcategory of objects with
R-constructible cohomologies. Using notations (1.2), denote DR __(karxr..)
the full subcategory of Dﬁ_c (karxr) whose objects F are such that Rj, F' (or,
equivalently, Rj.F') is R-constructible in M x P. Since Rj is fully faithful,
we will also consider Dﬂ%_c(kMleoo) as a full subcategory of DH%_C(kMXp).

The triangulated category Eﬁ_c(k ) of R-constructible enhanced sheaves
is the full subcategory of DB _(karxgr.) whose objects F satisfy F ~
kii>o0p ® F. Tt is a full subcategory of EH(kM). Denote by EB _(kas) the
full subcategory of E? (kas) whose objects are isomorphic to QF, for some
F e ER (k).

The category ER .(Ikas) of R-constructible enhanced ind-sheaves is de-
fined as the full subcategory of EP(Ikjs) whose objects K satisfy the follow-
ing property: for any relatively compact open subset U C M there exists
Fe Eﬁ_c(kM) such that

+
T 'ky @ K ~ k5, @ QF.

The object kE, plays the role of the constant sheaf in E}__(Ikay).

TOME 70 (2020), FASCICULE 2
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2. Riemann—Hilbert correspondence

We recall here the Riemann-Hilbert correspondence for (not necessarily
regular) holonomic D-modules established in [4] (see [5] for its t-exactness).
This is based on the theory of ind-sheaves from [17], and influenced by the
works [32] and [3]. One of the key ingredients of its proof is the description
of the structure of flat meromorphic connections by [24] and [20].

Let X be a complex manifold. We set for short dx = dim X.

2.1. D-modules

(Refer e.g. to [14].) Denote by Ox and Dy the rings of holomorphic
functions and of differential operators, respectively.

Denote by DP(Dx) the bounded derived category of left Dx-modules.
For f: X — Y a morphism of complex manifolds, denote by ®°, Df*, Df,
the operations for D-modules.

Consider the solution functor

Solx : D*(Dx) — D*(Cx), M — RHomy, (M,Ox).

Denote by DP;(Dx) and Dll?eg—hol(DX) the full subcategory of D?(Dx) of
objects with holonomic and regular holonomic cohomologies, respectively,
and by Dg-hol(DX) the full subcategory of objects with good and holonomic
cohomologies.

Let D C X be a complex analytic hypersurface and denote by Ox (D)
the sheaf of meromorphic functions with poles along D. Set U = X \ D.

For p € Ox(xD), set
Dxe? =Dx/{P; Pe¥ =0on U},

&fix = Dxe? @P Ox(xD).

2.2. Tempered solutions

(Refer to [17].) By the functor 8, there is a natural notion of D x-module
in the category of ind-sheaves, cp. [17, 5.6]. We denote by D’(IDx) the
corresponding derived category.

ANNALES DE L’INSTITUT FOURIER
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Denote by O% € DP(IDx) the complex of tempered holomorphic func-
tions. It is related to the functor Thom of [13] by the relation

aRZhom (F,0%) ~ Thom (F,Ox)

for any F € DE_(Cx).
Consider the tempered solution functor

Sol%: D*(Dx)® — D*(ICx), M+ RHomp (M,0%).

2.3. Enhanced solutions

(Refer to [4].) There is a natural notion of Dx-module in the category
of enhanced ind-sheaves, and we denote by EP(IDx) the corresponding
triangulated category.

Let P = CU {0} be the complex projective line, and let

1 X XxP—=XxP

be the closed embedding. Denote by 7 € P the affine coordinate, so that
7 € Op(*00). Consider the exponential Dp-module Ep.
The enhanced solution functor is given by

Sol5: D*(Dx)® = EP(ICx), M Qi'Solk,p(MRP ELp)[2,

where ®P denotes the exterior tensor product for D-modules.

The functorial properties of SolF are summarized in the next theorem.
The statements on direct and inverse images are easy consequences of the
corresponding results for tempered solutions obtained in [17]. The state-
ment on the tensor product is specific to enhanced solutions and is due
to [4, Corollary 9.4.10].

THEOREM 2.1. — Let f: X — Y be a complex analytic map. Let M €
DY ot (Px), M1, My € D} (Dx) and N € Dy, (Dy ). Assume that supp M
is proper over Y. Then one has

SolS(DF*N) ~ Ef ' SolE (W),
Soly (Df , M)[dy] =~ Efy S0l (M)[dx],

Sol& (M1) © Sol& (Ms) =~ Sol& (M, ©° Ms).

TOME 70 (2020), FASCICULE 2
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Notation 2.2. — Let D C X be a closed hypersurface and set U = X\ D.
For ¢ € Ox(xD), we set

E? = K{1 1 Re p(2)>0) € EB.c(Kar),
E? = k§, © Q¥ € B} (Ik),
where we set for short
{t+Rep(z) 20} ={(z,t) e X xR; z € U, t + Rep(z) > 0}.
We will also need the following computation from [4, Corollary 9.4.12].
THEOREM 2.3. — With the above notations, for k = C, one has

Sol (Ef ) ~ E®.

2.4. Riemann—Hilbert correspondence

Let us state the Riemann—Hilbert correspondence for holonomic D-
modules established in [4, Theorem 9.5.3].

THEOREM 2.4. — The enhanced solution functor induces a fully faithful
functor

Sol’ : DRy (Dx ) — E(ICx).
Moreover, there is a functorial way of reconstructing M € D2 (Dx) from

Sol§ (M).

This implies in particular that the Stokes structure of a flat meromorphic
connection M is encoded topologically in Sol®(M). For this, we refer to [4,
§9.8] (see also [15, §8]).

2.5. A lemma

We will later use the following remark. Let D C X be a closed hypersur-
face, set U = X \ D, and denote by j: U — X the embedding.

LEMMA 2.5. — With the above notations, let M € DY ,(Dx) be such
that M ~ M(xD). Assume that X is compact. Then there exists F €
ER .(Cy) such that Rj F € ER (Cx) and

S0l (M) ~ CE. & QRji F.
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Proof. — Set K = Sol (M). Since M is holonomic, K is R-construct-
~ +
ible. Since X is compact, there exists F’ € ER (Cx) with K ~ C§ @ QF’.

+
Since M ~ M(xD), one has K ~ 7~ !Cy @ K ~ C§ ® Q(7~'Cy @ F').
Hence F' = 77 'F’ satisfies the assumptions in the statement. O

3. Fourier transform

By functoriality, the enhanced solution functor interchanges integral
transforms at the level of holonomic D-modules with integral transforms
at the level of enhanced ind-sheaves. (This was observed in [18], where the
non-holonomic case is also discussed.) We recall here some consequences of
this fact, dealing in particular with the Fourier transform.

3.1. Integral transforms

Consider a diagram of complex manifolds

- f\q
X Y.

At the level of D-modules, the integral transform with kernel £ € DP(Dg)
is the functor

£0L: D°(Dy) — D’(Dy), ML = Dq, (£ P Dp*M).
At the level of enhanced ind-sheaves, the integral transform with kernel
H € EP(Ikg) is the functor

+ S H:E(Iky) = E*(Iky), K & H = Eqy(H ® Ep ' K).
Combining the isomorphisms in Theorem 2.1, one has

COROLLARY 3.1. — Let M € Dg_hol(’DX) and L € Dg_hol(DS). Assume
that p~! supp(M) N supp(L) is proper over Y. Set K = Sol§ (M) and

H = SolE(L). Then there is a natural isomorphism in EY _(Tky)
SolE (M3 L) ~ K & Hldg — dy].

Remark 3.2. — There is a similar statement with the solution functor
replaced by the de Rham functor. This has been extended in [18] to the
case where M is good, but not necessarily holonomic.

TOME 70 (2020), FASCICULE 2
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3.2. Globally R-constructible enhanced ind-sheaves

Consider the diagram of real analytic manifolds induced by (3.1)
S xR
AN
X xR Y xR,

where p = p X idg and ¢ = ¢ X idg.
The natural integral transform for R-constructible enhanced sheaves with
kernel L € EE _(ks) is the functor

«0L:Eb (kx) = ER (ky), FoL=Rg(L®p 'F).
Combining Lemma 1.1 and Corollary 3.1 we get

PROPOSITION 3.3. — Let M € DY (Dx), £ € DY) (Ds), and assume

that p~! supp(M) N supp(L) is proper over Y. Let F € ED%_C((CX), L €
ER .(Cs), and assume that there are isomorphisms

(3.2) Sol& (M) ~ C& © QF, Sol5(L) ~ CE ® QL.
Then there is a natural isomorphism in EJ_(Iky)
SolE (M8 L) ~ CE & Q(F 5 L)[ds — dy].

Note that if X and S are compact, then for any M € DP (Dx) and
L € D2 (Ds) there exist F € E} (Cx) and L € E} (Cg) satisfying (3.2).

3.3. Fourier—Laplace transform

Let V be a finite dimensional complex vector space, denote by P its
projective compactification, and set H=P \ V.

DEFINITION 3.4. — Let DP_,(Dy..) be the full triangulated subcategory
of DP_,(Dp) whose objects M satisfy M ~ M(xH).

Let V* be the dual vector space of V, denote by P* its projective com-
pactifications, and set H* = P* \. V*. The pairing

VxV'=C, (z,w)—(z,w)
defines a meromorphic function on P x P* with poles along

(PxH)UMHxP*) = (P xP*)~ (Vx V).
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Consider the projections

P x P*
(3.3) / \
P P*.
DEFINITION 3.5. — Set
L= gé/zx’@upxp*? L= g&*@%’fz\%*xp'

(Beware that the signs in =(w, z) are sometimes reversed in the literature.)
The Fourier-Laplace transform of M € DP_(Dy_.) is given by

M" = M3 L € Db, (Dys ).

The inverse Fourier—Laplace transform of N € DEOI(DV;O) is given by

NY = N3 L% e Db, (Dy_).

THEOREM 3.6. — The Fourier—Laplace transform gives an equivalence

of categories
At DEOI(DVw) = DEOI(IDV&)'
A quasi-inverse is given by N+ N'V.

This result is classical, see [21, App.2]. The idea of the proof is as fol-
lows. Denoting by Dy the Weyl algebra, there is an equivalence of categories
Dp,(Dy) ~ Dp.;(Dy_. ). Under this equivalence, the Fourier-Laplace trans-
form is induced by the algebra isomorphism Dy ~ Dy« given by z; — —0y,,
821‘, — W;.

Using the Riemann—Hilbert correspondence and a result of [32], we give
an alternative topological proof of Theorem 3.6 in Remark 3.12 below.

3.4. Enhanced Fourier—Sato transform

Recall that j: V — P denotes the embedding

DEFINITION 3.7. — Let Eﬂ%_c(kvm) be the full triangulated subcategory
of ER_.(ky) whose objects F satisfy Rji F € EB_.(kp).

Consider the projections

V x V¥ x R
IS
P
VxR A\ V* x R.

TOME 70 (2020), FASCICULE 2
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DEFINITION 3.8. — Using Notation 2.2, set
L=pg&w [t =p-(wa),
The enhanced Fourier—Sato transform of F' € EE_C(kym) is given by
F*=FoL ey (kv ).
The enhanced inverse Fourier-Sato transform of G € Eu]%-c(kV;o) is given by
G =GoLcEY (ky.).

The transform F' — F* has been investigated by Tamarkin [32] (in the
more general case of vector spaces over R). He proved in particular the
following result.

PROPOSITION 3.9 ([32, Theorem 3.5], see also [18, §5.1]). — The en-
hanced Fourier—Sato transform gives an equivalence of categories

At Bk, ) = ERo(k ).
A quasi-inverse is given by G — G [2dim V].

The following result will be used when dealing with enhanced solutions
of regular holonomic D-modules. It was noticed in [3, Proposition A.3]. We
let € as in (1.1).

LEMMA 3.10. — For F’ € DR_(ky_,) in the notation analogous to Def-
inition 3.7, one has
e(F')* ~Rq (L @p ' F').

As explained in [4, §3] there is a natural notion of “bordered space”,
of which Vo, = (V,P) is an example. The notion of enhanced ind-sheaves
naturally extends to this setting (see [18] or [5]), and there is a natural
equivalence of EP(Tky_ ) with the full subcategory of E(Ikp) whose ob-
jects K satisfy K ~ 7~ lky ® K. There are a natural functor

Q: E} (ky) — EP(Ikv.),

and a natural object k€ EP(Iky_, ).
Similarly to Definition 3.8, there is an enhanced Fourier-Sato transform
for ind-sheaves

At EP(Tky, ) = EP(Tkys).
By [4, Corollary 9.4.12], one has

+
Sol§ sy (L) ~EF*):=C§_ . ® QL.

The next result is then easily checked.
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LEMMA 3.11.
(i) Let M € DP,(Dy_) and F € EE-C(CVOO) satisfy
+
(3.4) Sol§ (M) ~C5_®QF.
Then, there is an isomorphism
+

Soliy. (M") =~ Cj. @ QF*[dimV].

(ii) Let M € DP (Dy_,) and set F' = Solp(M)l|y. Then, there is an

reg-hol
isomorphism

+
Sol§. (M") ~CE. ®QRG (L ®p ' F')[dim V).
Analogous results hold for A and A replaced by V and Y, respectively.

Note that, in view of Lemma 2.5, for any M € DP_(Dy_) there is an
F € ER (Cy_) satisfying (3.4).

Remark 3.12. — Lemma 3.11 (i) and Proposition 3.9 imply Theorem 3.6,
due to the Riemann—Hilbert correspondence. In fact, with notations as
in (3.4), one has

SolE (M) ~CE_ © QF*Y[2dim V]
~ CE_ & QF ~ Solf_(M).
Hence M"Y ~ M. One similarly gets NV ~ N for N € D} (Dy-_).

4. Perverse sheaves on the affine line

The results in this section concern perverse sheaves on the affine line
and their quivers. These are classical and well-known results (see e.g. [7]).
However, we present them here from a point of view slightly different than
usual, better suited to our needs. In particular, we give a purely topological
description of Beilinson’s maximal extension.

From now on, let V denote a complex affine line.

4.1. Constructible complexes and perverse sheaves
Let ¥ C V be a discrete subset and let us denote by D2 .(ky,) the

full triangulated subcategory of DP(ky) whose objects F have cohomol-
ogy sheaves which are C-constructible with respect to the stratification
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(V\X,Y). In particular, H’ (F)jy~x is a locally constant sheaf. The abelian
category Pervs(ky) of 3-perverse sheaves is the heart of the middle per-
versity t-structure on DE (kv, ). Note that ky[l] and ks are objects
of Pervy(ky) and, for an object F of Pervs(ky), the shifted restriction
Fiy_s[~1] is a locally constant sheaf that we usually denote by L.

DEFINITION 4.1. — Let ¥, X C V. We say that X is ¥-negligible if it is
disjoint from ¥, locally closed, simply connected, and if RI,(V;kx) ~ 0.

LEMMA 4.2. — Let ¥ C V be a discrete subset, and let X C V be
S-negligible. If F € D2 (ky,X), then

RIL(Vikyx ® F) ~ 0.

LEMMA 4.3. — Let ¥ C V be a discrete subset, and let B, C V be
a convex open neighborhood of ¢ € ¥ such that B.NY = {c}. If F €
D2 (kv,X), then

RIL(Vik{y ® F) ~ i 'F ~ RI'(B; F),
RIL(Vikp, ® F) ~ il F ~ Ry (V; F),
where i.: {c} = V denotes the embedding.

We will also use the following general lemma.

LEMMA 4.4. — If ¢ is a semi-open interval, X is a manifold and L is a
locally constant sheaf on X x ¢, then RI.(X x ¢; L) = 0.

4.2. From perverse sheaves to quivers

Assume that ¥ C V is finite. We will denote by Quivs (k) the category
whose objects are the tuples

(\117 (I)m Uc, UC)CGE )

where ¥ and &, are finite dimensional k-vector spaces, and u.: ¥ — P,
and v.: ®,— ¥ are k-linear maps such that 1 — u.v,. is invertible for any c
(or, equivalently, such that 1 — v.u. is invertible for any ¢). Morphisms
in Quivy(k) are the natural ones. Our aim in this section is to present a
functor
Q(Ea’ﬁ): Pervs.(ky) — Quivs (k)

which, as we will recall in the next section, provides an equivalence of
categories. This functor depends on choices (a, §) that we fix now, for the
remaining part of this section.
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****************************************************

Figure 4.1. The sets B.,, B, BS, and ().

Convention 4.5. — We fix o € V. {0} and 8 € V* \ {0} such that
(4.1) Re(e, 8) =0,
(4.2) Re{c—¢,B) #0, Ve, d €X, c#c.
Notation 4.6.
(i) The R-linear projection
pg: Vg = R,  z+— Re(z, B)

enables one, according to (4.2), to define a total order on ¥ by the
formula

c<gd if pgle) < ps(d).
We will enumerate the elements of X as
c1<gca<g...<gcn,
and we will set
ri =pg(c;), 1o = —00, rpy1 =+00 (i=1,...,n),

so that —co=rog <71 <--- <71y <1rpy1 = +00.
(ii) For ¢ =1,...,n, the open bands

Be,(8) :=p5" ((ri-1,7i41))
cover V and satisfy B, (8) N X = {c¢;}. We set
BZ(B)=p5" ((ri,risa)), B5(8) = p5" ((rim1,mi]),
le,(a) = c; + Rxoq, 0X (@) := ¢; + Rxoa.
Note that the half lines /., () are disjoint, and set
Uy(a) =L, () Ul (a)U--- UL, (a).
We will write for short B, BS, (X, etc., instead of B, (8), BS(8),

Cci? TeCi) Cq

£X (), etc. These sets are pictured in Figure 4.1.
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DEFINITION 4.7. — Let ¢ € ¥ and F € D2_(ky,X). The complexes
of nearby cycles at ¢, vanishing cycles at ¢, and global nearby cycles are
respectively defined by the formulas

U F) = W (F) :=RI.(Vikyx ® F),
@A) (F) = ®,(F) :=RI[L(V;ky, @ F),
U@B)(F) = W(F) := RIL(V; ky_sy @ F)[1].
We construct below the morphisms .. : U (F) — ®(F) and v :
O (F) — ¥ .(F) and we define the monodromy as
Tee =1 = vectice : Ve (F) = W (F).

On the one hand, the exact sequence 0 — k,x — kg, — ky.} — 0 enables
us to obtain the distinguished triangle defining wu..:

U (F) 22y &,(F) — i)' F 15
In order to define the morphism
Vee : Pe(F) = U (F),
we consider the exact sequences

0— kBC> — kBL?ng — k% — 0,

(4.3)

0— ch> — ch\gC — chg . — 0.

A

Since BS \ /. and B> U {X are Y-negligible, they give rise to the isomor-
phisms

(44)  W(F) S5 RE(Vikgs @ F)[1] <5 RI(Vikg, ., @ F)[1].
On the other hand, the exact sequence

0—=kp, . > kp =k, —0
gives rise to the morphism

Vee : Pe(F) = RIL(Vikp, o, @ F)[1] ~ U.(F).

For each ¢ € ¥, we have a short exact sequence
(4.5) 0— k)_rgc\gC — kV\éE — k(V\éz)\Bc — 0,

and we note that (V~\ fs) \ B, is X-negligible. We deduce an isomorphism

(46)c We(F) = RI(Vikpnr, @ F)[1]
2 REL(V; Ky, ® F)[1] = U(F)
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Figure 4.2. The sets {., B. \ {. and V \ {x. appearing in (4.6)..

for each ¢ € X. The subsets appearing in this construction are sketched in
Figure 4.2.
Let us now apply this to perverse sheaves.

LEMMA 4.8. — Let F be an object of Pervs(ky). Recalling that L de-
notes the local system F|y.xs[—1], we have

V. (F)~ HU (F) = H°RT.(¢X; F) = H}(¢X; L),
O, (F) ~ H°®.(F) = H°RI.(¢:; F),
U(F) ~ H'U(F) = H3(V ~ ¢x; L),

and these are exact functors from Pervs(ky) to finite dimensional k-vector
spaces.

LEMMA 4.9. — Let F,G € Pervg(ky) and let p,¢ : F — G be two
morphisms. Assume that ¢ and ¢ coincide on V\X and that ®.(¢) = ®.()
for every ¢ € 3. Then ¢ = 1.

Proof. — The image F’ of ¢ — 1 is a sub-perverse sheaf of G. By the
first assumption, it is supported on X. By exactness of ®. for perverse
sheaves, the second assumption gives ®.F’ = 0, hence F’ = 0. Therefore,
w—1=0. |

DEFINITION 4.10. — Let F € Pervs(ky). The quiver of F' is the datum

CAF) = (W(F), Do(F), ttey ve) e »

with
-1
Ue :=Uge 0 (4.6)c Ve :=(4.6)c 0 Vee.
Note that the choice of o and 3 induces an orientation of V ~ R2 by the
ordered basis given by « and a vector tangent at time zero to the rotation

of £ around c in the direction of BS. (The orientation class depends on
the sign of Im{a, §).)
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This implies a canonical isomorphism 71 (B, \ {c}) ~ Z, independent on
the choice of a base point. We fix a base point b, € £, and we denote by
T2 the monodromy of Hji;ch induced by 1 € Z ~ 71 (B, ~ {c}).

Let (c,b.) denote the open interval in £. The exact sequence

0— k(c,bc) — k(Cybc] — k{bc} — O,

together with the inclusion morphism k. ;) — k,x, induce an isomorphism
Xe: ib_ch[— 1] = U.(F), according to Lemma 4.4.

LEMMA 4.11. — Let F € D2 .(ky, ). The isomorphism

Xe: iy, F[=1] =5 W (F)

intertwines T and HJ (T..) on the j-th cohomology sheaves.

Before proving the lemma, let us introduce the real blow-up ws; : {/g -V

of V at all points ¢ € X, and let us set S, = wgl(c), Sy = Ueex Sc =

wgl(E). We have a commutative diagram with cartesian square:

Vy <— Sy

]

V\E>£>V<LE.

We write for short {/c and w, instead of %’{c} and wy,y.

Notation 4.12.
(i) We identify £X with cy'£X, and we denote by 0, its closure in Vs,
with E:z@?c = ZCHSC. We also set 3 = Uees{c} and B. = wngc.
(ii) For an object F € D2 (ky,¥), we will set F :=Rjg Ly FUIEF s
in Pervs;(ky), we have F' = L[1], if L denotes the locally constant
sheaf Js . L.

Proof of Lemma 4.11. — We will prove the similar property for the
isomorphism ;' F[—~1] =% W.(F) obtained in a way similar to x.. The
composition of the morphisms

klcx — ke, = kp, e [1],
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together with (4.4), gives rise to vectice. Due to the morphism of distin-
guished triangles

Kp. (e —= kpx — kg, r[1] s

L | H

K K, +1

ch\ec [1] -

c c

we identify it with the morphism ¢. We now consider the morphism of
distinguished triangles

+1
ko (1] K, K,
A
kSc\{Z} - kBC\eC[l} - kB \Z [” -

By Lemma 4.4, the upper left horizontal morphism induces an identification
iglF[—l] = U.(F) and, with respect to this identification, vecu. is identi-

fied with the natural morphism i 'F[—1] = RIW(S.~{2}; F) induced by &,
whose cone is RI%(S,; F). By the same argument, the identification (4. 4) is
the composed isomorphism 7 T1F[~1] — RIL(S>; F) — RIL(S. ~ {¢}; F).
Here S C S, denotes the open half circle of directions in B .

In order to prove the lemma, we can now assume that F' € Pervs(ky).
Let us identify (with obvious notation) H, 1(.5' ~A{c}; L) with the cokernel of
the restriction morphism H 0([¢,¢—2m); L) — Lz ® Ls_ox that we represent
as ¥ : L: — Le® Lz given by z +— (x Tc(c) ! x), and let us set 7 : L:®
Lz — coker 1, that we identify with Le ® Lz — Lz defined by (z,z') —
x— T(O)( "). On the one hand, the identification (4.4) is the composition
z + (2,0) = n(z,0) and, on the other hand, the morphism (induced by) @
is the composition y — (y,y) — n(y,y). It follows that z = y — Tc(g)y holds
in coker(1)). O

4.3. From quivers to perverse sheaves

Our aim in this section is to recall that the functor Q(Ea’ﬁ) is an equiv-
alence of categories, by using Beilinson’s maximal extension. We continue
fixing «, 8 as in Convention 4.5 and using Notation 4.12.

Let us set (see Figure 4.3 for ¥ = {c})

V2 Tg 5
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O

|
O

}

Figure 4.3. The maps {/E — @c — V.

Notation 4.13. — Consider the following subsets of \7%, some of which
will be of use in Section 5 (see Figure 5.3)
(i) Weset Bz:i=wsy,'(B.)~{¢}, BZ :==wy ' (BZ)~{¢}, BS :=wy ' (BS)~
{¢}. We also set Sz := S, ~ {¢} and S := BZ NSz, S5 :=BSNS;.
(ii) We set £F := wy ' (fo(Fa)) ~ {C}, so that (X = £X(+a) U Sz Note
that this is a disjoint union in case of /2. We also write for short
{z instead of ﬁg.

DEFINITION 4.14. — Beilinson’s maximal extension (with respect to «)
is the functor
Ex: DR (kv, %) = D2 (kv,¥)
defined by

EE(F) = RWZ! (kvg ®F)
Note that
(47) EE (F) ~ Ez(kv\z & F) and EE(F)|V\E ~ F‘V\E.

PROPOSITION 4.15. — Let F' be an object of D2 (ky, ). We have func-
torial (in F') distinguished triangles
Rinijs'F 4 Zx(F) 2 @ Ri. V. (F) —%,
ceY

D Ri, U (F) 2 Sx(F) -2 Rjs,jg ' F — .
ceEX
The composition a”oa’ coincides with the canonical morphism Rjs, j5 ' F —
Rjz*jglF, and one has b’ o 0" = @ 5, (1 — Tec).
If moreover F € Pervs(ky), then also Ex(F) € Pervs(ky), and the above
triangles are short exact sequences in Pervs(ky):
0 = Rjs,j5'F —2 Ex(F) L5 @ Rie, U.(F) — 0,
ceEX
0= @ Rie, Ue(F) 2 Zx(F) 5 Ris,j5'F — 0.
ceEX
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Proof. — Applying the functor Reos; (¢ @ F) to the short exact sequences
0= kg, sy = kiz = ks, =0,
0= kyz = kg, = kg =0,
respectively, we get the desired distinguished triangles by using the iden-
tifications i 'F =% W.(F) and U.(F) =% RI.(S;; F) already used in the
proof of Lemma 4.11.
If F € Pervs(ky) then, since Rjg!jglF, Rjg*jglF and Ri .,V .(F) are
perverse, we obtain the perversity of Zx(F') as well as the short exact

sequences in the proposition.
The composition a” o a’ is induced by the composition

k@E\SE - kﬁ"; - k@z’
which is the morphism induced by the open inclusion @E NSy C {/E. Hence

the first assertion is clear.
The composition &’ o b” is induced by the composition

k{g} [—1} — k@z — ksé7
and coincides with the first morphism of the triangle
k{@}[—l] — ksé — kS’C +—1>,

which was denoted by ¢ in the proof of Lemma 4.11. The latter gives the
proof of the desired assertion for b’ o b”. O

COROLLARY 4.16. — Let F be an object of D2 (ky,¥) and ¢ € X.
There are natural isomorphisms

U (E(F)) ~ U (F) and @ (S.(F)) ~ U (F) @ U.(F).

If moreover F' € Pervy(ky) then, with respect to these isomorphisms, ..
and v, for Z.(F) are respectively given by

(3) wel®) V(F)

0 (1-Tee —1)

U (F) = @ and & ———— U (F).
U.(F) V(F)

Proof. — We can assume that ¥ = {c}. Applying ¥, to the distinguished
triangles of Proposition 4.15, we find that U.(a') : U.(F) = U.(E.(F))
and W.(a") : U (E.(F)) = W.(F) are isomorphisms which are quasi-
inverse one to the other.

Since Rj., j1F, Z.(F) and Rj.,j ' F are respectively the push-forward
by the proper map @, of ky__ g ® ﬁ, k@; ® F and 1?', we can compute
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their vanishing cycles ®. by applying RI% (XN’Cvkwgl(zc) ® @) to the latter.
By noticing that @ *(¢,) N VE = £; = £X U S;, we get

Do(Ze(F)) = RIL(Ve,ky, @ F) = RIL(Ve, kyx ® F) & RIL(V, ks, ® F).

that we recognize, due to (4.4), to be isomorphic to ¥ .(F) ® U .(F).

Let us apply ®. to the distinguished triangles of Proposition 4.15. We
have tee 1 Ue(Rje ji ' F) =5 ®.(Rje jo 1 F) and vee @ ®e(Rje,jitF) =
V. (Rje,jo 1 F). We conclude that

S (a"0d') = veetiee =1 — Tpe : U (F) = U (F).

Moreover, ®.(a’) (resp. D.(a")) is identified with ue. (resp. ve.) for E.(F).
With respect to the above decomposition, the map ®.(a’) is given by =
(2,0) and the map ®.(V') is the second projection.

Let us now assume that F' € Pervs(ky), so that we can use linear algebra.
The morphism ®.(") : U.(F) = U.(F)® U (F) is induced by k{fcv}[—l] —
k,x ©ks,, and we can write it as y — (y, (1 —T¢.)y) according to the proof
of Lemma 4.11 for @.

Finally, the morphism ®.(a”) : U.(F) ® ¥.(F) — U .(F) is such that
O .(a")(x,0) = (1—Tee)x and ker @.(a”) = im D.(b"”), hence D.(a”)(x,y) =
(1 - ch)l‘ - Y. U

Let us consider the functor which associates to F' in Pervs;(ky) the double
complex

@CEE RiC*\PC(F) EZ(F)

(48)  Gy(F) = @ucci

b’l
. D vee
Decx; Rics®e(F)

Deex; Ric Ve (F).

We denote by G(F') the associated total complex shifted by one, so that
the first term is in degree —1 (we will omit the change of signs in the
differentials due to the shift).

COROLLARY 4.17. — If F is an object of Pervs(ky), then so is G(F),
and the functor G : Pervs(ky) — Pervg(ky) is an equivalence of categories
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which satisfies G(F') ~ F, that is,

b//
@m) EE(F)
Fr~H'Y @ Ri, U (F) ——=——— ©
cen @ Rio, ®.(F)
ceX
- Ve
(%)

D Ric*\Ilc(F)>'

ceEX

Proof. — We obviously have j5'G(F) = j5'F. For the perversity of
G(F), it is then enough to check that U.(G(F)) and ®.(G(F')) have coho-
mology in degree zero only, for any ¢ € X. This is clear for ¥ .(G(F)) =
U.(F). By the computation of Corollary 4.16, ®.(G2(F)) is isomorphic to
the double complex

v(F) L g Py @ wL(F)

Vee

O (F) —— = U (F),

and the claim follows, since the upper horizontal arrow is injective and the
right vertical arrow is onto. Note also that u.. for Go(F) is induced by the
inclusion of the first summand in U.(F) @ ¥ .(F).

We now prove the essential surjectivity of G by showing G(F) ~ F.
If I is supported on %, then G(F) = @ 5, Ric. P (F) = F. If F is equal
to Rjs iy LF then ue. is an isomorphism for every c. Let us prove that
Uee for G(F) is an isomorphism. We can assume u.. = id for F', so that
Vee = 1 =T for F. Then u,. for G(F') is induced by the vertical morphism
of complexes

0 0@ U (F)®0

0
i(O,I,O) l
—dce 0—-1
W(F) ® W (F) ® W (F) “ "L g (F

(1,1,1-Tec)
—_—

).

In such a way, the claim is obvious, and implies that G(Rjs,js g ) =
Rijs s ' F.
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Let us denote by 7 the morphism Rjs,j5'F — F. The cone of G() in

D?2_.(ky,¥) is isomorphic to the complex
@C Uce

D V(F) ——— D 2(F),

cey cey
that is, to iy' F. We obtain in this way a morphism 7’ : ig'F[-1] —
Risijs LF. We claim that this morphism is equal to the natural morphism,
which will prove G(F) ~ F. This is obvious away from X, so it suffices,
according to Lemma 4.9, to show that ®.(n’) is ®. of the natural morphism
for every ¢ € X. In other words, it suffices to show that ®.(G(n)) = ®.(n)
for every ¢ € 3. This is done by using a presentation like in the lower line
of (4.9).

The previous result also implies the fullness. For the faithfulness we note
that, if a morphism 7 : ' — F" is such that G(n) = 0, then gy s = 0, and
®.(G(n)) = 0 for every ¢ € X, which implies ®.(n) = 0 by an argument
similar to the above one. |

Note that the datum of Fjy._x is enough to recover Ex(F), and that =5
induces a faithful functor Perv(ky.s) — Pervs(ky). Then, by looking at
local systems on V ~\ ¥ as monodromy representations, and by using the
above equivalence G, we get

COROLLARY 4.18. — The functor Q{?"”

COROLLARY 4.19. — Let A, B: Pervg(Cy) — Mod(k) be two exact
functors, and let o,3: A — B be two morphisms of functors. Assume
that o and (8 coincide when restricted to the subcategory consisting of
perverse sheaves supported on ¥, and to Z(Perv(ky.x)). Then a = 3.

is an equivalence of categories.

Proof. — The assumption implies « o G = o G. We conclude by using
that G is an equivalence. O

5. Stokes phenomena

Let F € Pervs(ky), and consider its enhanced Fourier—Sato transforms

K:=e(F)* € Eg(kvs.),
(5.1) +
K :=e(F)* ~ k. © QK € Eg . (Tky ).
We will describe here the exponential components and the Stokes multipli-
ers at infinity of K, along the lines described in [4, §9.8] (see also [15, §8]).
Recall that if F' = Sol(M) for M a regular holonomic Dy__ -module, then
K ~ SolB(M™).
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5.1. Exponential form on sectors

Fix a pair (o, ) as in Convention 4.5. Set
Hy,:={we V" {0}; +£Re{a,w) > 0},
hig = :|:R>oﬂ - V*,

so that V* \ {0} = H, UH_, and H, N H_, = hg U h_g. We consider
H.,, as closed sectors centered at infinity.
Recall from Lemma 3.10 that

K~ Rff‘ (k{t+Re zw>0} ®}7771F)7

where we considered the projections

V" xR+ Vx VxR 25V,

PROPOSITION 5.1. — There are natural isomorphisms in Eﬂg_c(kv»&))
Sea: T kg, ®K =5 1k, ® @ (4 (F) @ B*)
ceEX

(using Notation 2.2 and Definition 4.7). In particular, the exponents of
e(F)* at oo are the linear functions cw, for c € 3.

Proof. — Since the proofs are similar, let us only discuss s,.
(i) In order to better motivate our geometric constructions, let us start
by computing the stalk K, ;) for w € H, and t € R. One has

Kws ~RI(Vikz, , ®F),
where we set
Zwy) = {2 € V; t+Rezw > 0}.

Note that Z, ) = —(t/|w|*)w+{z € V; Rez > 0}w is a closed half-space
with inner conormal w. Note also that Z,, ;) D Z(y,s) for s <t.

Consider the pairwise disjoint half-lines ¢.(a) = ¢ + Rxoq, for ¢ € X.
Since w € H,, one has Reaw > 0. Hence £.(a) C Z(y 4 if and only if
¢ € Zw,y if and only if £ + Recw > 0. Set

E(w,t) ={ceXjt+Recw 20} =%nN Z(w,t)a
ez(w,t) (a) = U KC(O‘)'

CEE(w,t)

Since Z(w,¢) \ 3, ., (@) is Y-negligible (see Figure 5.1), the short exact
sequence

(52) 0— kZ<w=t>\£2(w,t)(a) — kZ(w.t) — @ kgc(a) —0
CEE(,,_UJ)
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Figure 5.1.  Solid points represent elements of ¥, ), and crosses rep-
resent the other elements of X.

induces an isomorphism

(5.3) Kwn=~ @ RLLVikg@F) = @ o*I(F).
Cez(w,t) Cez(w,t)

(ii) Let us now treat the global case. For ¢ € X, set
Le(a) =Lle(a) X {(w,t) € V" xR; t+ Recw > 0},

Ly(e) = U Le(),
cey

which are closed subsets of V x V* x R. The short exact sequence

0— k{t+Ro zw20}NLy(a) k{t+Ro zw>0} 7 @ kLC(a) =0
ceX

induces a distinguished triangle
(5.4) 7 'ky, ®K = 7 kg, 9K L5 77k, @ K7
with

K" = R (K{t4Re 2030} L(a) @D F),

K’ = @ER@ (Kp,(a) @D ).
ce

For (w,t) € H,, the set
g Hw,t)N ({t + Rezw = 0} \ Lg(a)) = Zwy Nz, (@)

is Y-negligible. It follows that ICEw 1 ™ 0. Hence 7'k, @K' ~ 0, and p,
is an isomorphism. Consider the diagram with Cartesian squares

q

VXV*xR<—<Lc(a)i>{t+Recw>O}>j—>RxV*

TR

\% le(a) —— {pt}.
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One has the isomorphisms

1 ky, @K " m kg, @ K
Pa

=7 'kn, © (Boex RE (KL, () @D 'F))
(5.5) ~ 71 'kp, @ (Bex RitRa2141 H(Fle.(a))

<(TN) 7TﬁlkHo ® (@ceE RFC(V; kéc(a) & F) ® k{t+Recw20})

=7 K, @ (Bex O (F) @ B,
where (x) follows from [16, Proposition 2.6.7]. O

By convolution with k'{,* we deduce the isomorphisms

(5.6) Sta:m 'kp,, ®K =5 1k, @ @ ((F) @E)
ceX

+
with E° = kE, ® QE®? and K as in (5.1). Similar to [4, 9.8], we have the
following lemma.

LEMMA 5.2. — Let (®.)cex be k-vector spaces and set &x = @ .5, P..
Let c,d € .

(i) Assume that Re{c, 8) > Re(d, 3). Then there are natural isomor-
phisms:

HomEb(IkV;Q)(ﬂ'_lkhg QE™ @ &, 7 'kp, QEM @ )
~ Homg, (7 'kn, @ B @@, 'k, @ B @ D)
- ~ Hom, (®., ®g).
(ii) If Re(c,B) < Re(d, ), we have

Hom g, gy . (7 'kn, @B @ @, 'k, QB @ By)

~ Hompgu g . )(Filkhﬁ RE™ @&, 7 'kp, @ B @ ®y) = 0.

(iii) Each of the sectors H, contains exactly one Stokes-line for each
pair ¢ # d in X2 and

Endgo gy, )(”_1kHa D Des (B ® (I’c))
=~ Endegn g, )(77_1kHcx D en(E @ q)c)> >t

with t C End, ®x denoting the subspace of all block diagonal en-
domorphisms, for s, = P, P..
The statements (i) and (ii) hold for —f instead of § in the same way.
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By (iii) the isomorphisms of Proposition 5.1 and (5.6) above are unique
up to base-change by block-diagonal isomorphisms in t.

5.2. Stokes multipliers

We will now take up the point of view of Stokes multipliers as explained
in the introduction.

As in the previous subsection, consider the covering V* = H, U H_,,
with H, N H_, = hgUh_g. Let

Q(Eozﬂ) (F) — (\I/(F), (I)E(%/B)(F’)7 Ue, ’Uc)

be the quiver associated to F. Let us write

U:=U(F), &.:=0F) & :=*(F)

ceX

There are two types of monodromy operators attached to the quiver:
T.:=1—-ucv. € End(®,.),
T.:=1—v.u. € End(¥).
Remark 5.3. — Note that by Definition 4.10, the morphisms u. and v,
include the isomorphism (4.6). for each ¢ which identifies the nearby cycle

U.(F) at ¢ with the global one ¥(F). In particular, we observe that T,
equals the local monodromy 1 — vectee of @.(F), whereas

(5.7) Te := (4.6)c 0 Toe0(4.6). "

is conjugate by (4.6). to the local monodromy T = 1 — vectice-
Similar considerations have to be kept in mind for the composition

UeVg 2 Pe(F) = U(F) = O4(F)

for ¢,d € ¥, which will appear in the main result below and which reads as
follows in terms of the local data u.. and ve.:

UV = Uge O (4.6)671 0 (4.6)4 0 v4q.

For the main result to follow, we will also consider the quiver (<I>g, v, Vs,
Us), where @5 := @, P, Us :="(Uy,...,Up), Vs :=(V1,...,Vp),
Ui :=u, T T .T,,
‘/’L' = UC.L

Citl ~Cit2 "

(which will turn out to be the quiver of the Fourier—Sato transform of F'
at the origin with respect to the pair (5, —a), see Proposition 6.4. Conse-
quently, the monodromy isomorphism 1 — Uy Vs of @y around 0 is the one
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Figure 5.2. The sets inducing one of the exact sequences (5.8). For the
other, replace £.(«) with £.(—a).

given by the induced orientation of (8, —«) and hence coincides with the
monodromy of ®y around oo in the orientation given by (5, «)).
By Proposition 5.1, there are natural isomorphisms

ohp 7 kns, © @ (2O EV) 5wk, © B (P @ ),
¢ c

given by o, 5 := (7 kny, ®s_a) o (7 'k, ®sa)71

On the other hand, we have a natural identification 7 : ®, = &, ob-
tained as follows. We define BZ as in Notation 4.6 (ii). Since BZ \ {.(+a)
are Y-negligible (see Figure 5.2), the exact sequences

(5.8) 0— kB? — ka — kéc(:l:a) —0

~le(£a)
induce isomorphisms
Tt @LFOI(F) 55 RI(Vikps ) @ F),
from which we define
(5.9) =7t o @A (F) 2 (R ().
Setting o153 = T 00, 5, We obtain the automorphisms
o1p € End(n 'ky,, ® @Z@c ® EY)).
c€
If Endi(@g) denotes the subspace of upper/lower block diagonal ma-

trices, the ordering ¢; <g --- <g ¢, induces, according to Lemma 5.2,
identifications

(5.10) erp: End (17 'kp,, @ @,cx(®e ® E)) = End™®(dy)),

and, using notation as in (5.6), similar identifications erg. The Stokes
multipliers are then given by

Sig = €ig(0i5) = ei,@(aig) S Endi(ﬁbg),

an upper/lower block triangular matrix, respectively.
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THEOREM 5.4. — Let F € Pervs(Cy) be a perverse sheaf with quiver
Q(Za”g)(F) = (U, D, e, Vc)cexn. Write for short u; = uc,, v; = v, and
Ti =1- U;V;.

Let K € Eb(IkV;O ) be the enhanced Fourier-Sato transform of F'. Then
the Stokes multipliers S+g of K at oo are given by the block triangular
matrices

1 wive wivg -+ uv,
1 UgV3 -+  UgUp
(5.11) Sg = . . )
1
and
T,
—U2V1 TQ
(512) S_g = —Uusv1 —U3zv2
—UnU1 —Upv2 - —UnUn—1 Tn
In particular, one has
Sgl S_g =Ty,

where Ty, :=1 — Ug Vs, is the monodromy of @y, around co.

Proof. — The equalities (5.11) and (5.12) are equalities between natural
endo-transformations of the exact functor ®x: Pervy(ky) — Mod(k). Such
equalities hold if F' is supported on ¥, where they read S4g = id. By Corol-
lary 4.19, we are then left to consider the case where F' = Z5(Rjx, L[1]) is
the Beilinson maximal extension of a local system L on V ~\ ¥. We do it in
Subsection 5.3.

Finally, in order to prove the equality S/;l S_g = Ty, one checks that

1 —U1V2 —Up TQ V3 ... —Uq T2 T3 c. Tn—l Un
1 —U2U3 —U2 T3 PN Tn—l Un
1 —Uus T4. --Tn—l Un
Syt =
B
—Up—1Un
1
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ie., for i < j one has (Sﬂ)z_gl = —U; Ti-i—l Tivo
-1
S7'S_g
u1T2T3...Tnv1 U1T2T3...Tn’02
’LLQT?,...TnUl ’U,QTg...TnUQ
= 1 —
Up—1THv1 Up—1T5v2
Up V1 Up V2

STOKES PHENOMENA 771

. Tj—l Vj. Hence

ungTg...Tnvn
’U,2T3...Tn’l)n

Up—1T5vp
UnUn

=1-UsgVy O

5.3. Proof of the main result for Beilinson’s maximal extension

We now prove Theorem 5.4 in the case where

F = Ex(Rjz, L[1])

is a Beilinson maximal extension for jx: VN X — V the open embedding
and L a local system on V~\ X. Due to (4.7), we then also have F' = Ex(F).

In the terminology of Notation 4.12,

F = Raos (ks ® L[1]),

for [ := Rjs « L. Recall Notation 4.13.
We want to prove that the isomorphism

(5.13) Sip: @ O (F) 5 @ 8L(F)

ceEX ceX

has the form given in (5.11) or (5.12) respectively.
Now, Sy is induced by the restrictions of piq (5.5) to hig:

ﬂ-_lkhiﬁ ® (@CEE (I)gayﬁ) (F) ®Ecw>

Pa

~

(5.14) 7 'ky,, ®K

Tr_lkhj:/-j ® (@ceE ¢£—a,5)(F) ®Ecw)
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followed by (5.9). Due to the natural isomorphism (5.10), the bottom line
of (5.14) is determined by the linear maps it induces on a stalk at a point
(w,t) € 7 (hepg) N N {t + Recw > 0}.
cex

Let us fix such a point (w,t), e.g. fix any w € hig and then any ¢ > 0 big
enough will satisfy this condition. Recall that

K~ Ra’ (k{t+Re zw>0} ®ﬁ_1F)

and that Z(,, ) = {z € V; t +Rezw > 0} denoted the fiber of g over (w, t).
Hence, on the level of stalks over (w,t) and invoking the real oriented blow-
up due to the definition of the maximal Beilinson extension, the morphism
pP+a reads as

RIL(Vik_ © L)) == @ RIL(Vik,= @ L[1]).

—1 =
5 Z(w,t)NVg cED

We will now pass to the dual side using Borel-Moore homology based on
subanalytic chains in the spirit of [16, §9.2]. In Appendix A, we will explain
how to adapt the methods of [16] to our situation, and in particular how
to derive Lemma 5.5 which will be the main technical tool for our compu-
tations. The definition of the Borel-Moore homology groups H ]B M(X;L)
on a real analytic manifold X with values in a local system is given in the
Appendix.

Let U C X be an open subanalytic subset, and set Y = X N U.If Lisa
local system of finite rank on X, the exact sequence

(5.15) 0—-ky —kx - ky —0
induces an exact homology sequence
(5.16) HPMN(X;L*) — HPN(U; L*) 2 HPM(Y; L) — HPM(X; 1Y)

whose morphisms are induced, at the level of chains, by restriction [S] —
[S|u], boundary value §: [S] — [95], and natural embedding [S] — [5], re-
spectively. The boundary value ¢ is also easily described using the following
lemma, proved in the Appendix.

LEMMA 5.5. — Let F € Pervg(Cy), and assume that X C V ~\ 3. Let
L = F|x[—1] be the associated local system on X.

(i) For any Z C X locally closed subanalytic, and any j € Z, one has

(H'RI.(V;kz @ F))* ~ HPN(Z; L"),
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Figure 5.3. The sets inducing the isomorphisms in (5.18).

(ii) Let U C X be an open subanalytic subset, and set Y = X \ U.
Then, by the above duality, the morphisms

HI7'RIL(V;kx @ F) — H7'RI.(V;ky @ F)
— HIRI.(V;ky ® F) — HRI.(V;kx @ F)
induced by (5.15) are adjoint to the morphisms in (5.16).

We will make extensive use of (ii) in the following. Applied to the def-
inition of Syg in (5.13), we see that the latter is the transpose of the
composition

(517) oug: @ HPM (6 L7) =5 @ HPM (65 L7)

cED T cex
_(Nl‘)% HPM(wilz(w,t) ﬁ@g,z*) % @ H1BM(£2F»E*)
ceX

where (1) and (2) are induced by the respective closed embeddings and 7
is the direct sum of the transposes of (5.9) which we now compute on the
real oriented blow-up V. Instead of (5.8), we now use the exact sequence

0— kB?\eéi —>ka —)keéi — 0.

Push-forward with respect to wy induces (5.8). We obtain the isomor-
phisms

(5.18) Tt HEM (05, L*) & HPM(BZ; L*) <~ HPM (05, L%)

induced by the closed embeddings (see Figure 5.3). The isomorphism 7
of (5.17) is the direct sum 7 = @y, 7e.
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Figure 5.4. A choice of basis for HEM (¢:k) and HPM (¢ ; k) respectively.

The decomposition ¢F = £X U S; leads to an isomorphism
(5.19) ne: HPM(E5 L) & HPM (S5 L7) = HPM (655 17),

which in turn is the transpose of the isomorphism ®.(ExF) ~ U .(F) ®
¥ (F) of Corollary 4.16.

The Borel-Moore cycles al := £X with orientation towards ¢ and b, :=
S¢ \ € in counter-clockwise orientation, represent a basis (see Figure 5.4)
for HEM (¢} :k) compatible with the decomposition (5.19). The basis a_,
b, we use for HPM (/2 ;k) can be read off in Figure 5.4.

Let us fix the index j € {1,...,n}. Consider the Borel-Moore 2-chain
pictured in Figure 5.5 twisted by a section v of the local system L. In the
following, we will write a; ® v for the induced Borel-Moore cycle, where
we consider E; as a subset of the boundary of B?j and take v to be the
restriction to ij of its extension to B?j (in other words we extend v to E;
approaching from the right in the given orientation).

Considering the boundary of this Borel-Moore 2-chain and the conven-
tion on the notation just given, we obtain the relation

(520) oy @v=af @v—bf @v+ » (af @(1—(T},) v—b} @)
v=j3+1

in HlBM(wng(w,t) N 37%, E;g), where T, is the local monodromy of ¥,
(see Lemma 4.11) and (T7,) ! is its transpose due to the following remark.

Remark 5.6. — For a local system L on the punctured disc around a
point with generic fiber L; and monodromy T, the monodromy T™ of the
dual local system L* is characterized by the requirement (T* v, Tz) =
(v,2) for z € Ly and v € L. Therefore the transpose of the monodromy
isomorphism T : L, — Ly is given by (T*)~L.
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Figure 5.5. The region Z,, ;) with t > 0 (light grey) and the Borel-
Moore 2-chain (dark grey) inducing the relation (5.20) for w € hg (left
hand side) and (5.24) for w € h_g (right hand side).

For each i € {1,...,n}, let us introduce the following notation

HPM (055 L7)
(5.21)  (Gxp)ij : ® S HBM(£+ L*)
HPM(S5:L7) "
HPM(65; 1)
O A (any 7 W N
"HPM(SH L)

Note, that HlBM(Sj;E*) ~ HlBA{(E;;E*). Since T maps
+ - - + -
(5.22) af @ui—a; ®v+b; ®v and b ®v— by Qv

we obtain from (5.20) that

0 ifi <j.
id if i = 7 and
(5.23) (08)ij =
L—(T5)70 0\ .
( 1 O> ifi>j,

The situation for o_g is similar. We obtain the relation

(5.24) a; ®v=a ®(T}, _U+Z af ®( oo+ bf @0).
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Together with (5.22), we deduce that
0 if i > 7,

(T;)~" 0 e
(5.25) (F—p)is = ( 1 1) if i = j and

*\—1 _
<(T“‘)1 ! 8) if i < j.

In order to be able to compare to the right hand side of (5.11) and (5.12),
we have to apply the transpose of (4.6). to both sides. We will use the
following variant of (4.6). involving the punctured real oriented blow-up
XN/EE In the Notation 4.12 and additionally setting f¢ = .5, £z, we consider
the short exact sequences (see Figure 5.6)

ceX

0—kp>— kBguej —kyx =0

(5.26) 0—kp> = kp,<e. >k -0

B?\ea

0= kponte 7 kg, = K@z ryan = 0

analogous to (4.3) and (4.5). Since BZ U £, BS ~ lz and (VE ~ £g) ~
Bz have no compactly supported cohomology, the remaining morphisms

induced by each of the sequences in (5.26) are isomorphisms. The resulting
isomorphism

(5.27). HPM(VE  lg; L*) = HPM(Bs ~ la; LF)
= HPM(BZ D7) =5 HPM (65 L7)
is the transpose of (4.6).. Let us write
(Gxp)ij = ((5.27); ® (5.27)i) © (Gp)ij © ((5.27); ® (5.27);) "
By (5.7) (and its dual version), we deduce from (5.23) that
0 if ¢ < j.

id if 1 = j and
L= 0) s
1 0 75
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Figure 5.6. The exact sequences (5.26).

and analogously

0 if i > 7,
(TH™L 0 e
(5.29) (G-p)yy = ( | 1 if i =j and
#\—1 _
((T”)l ! 8) if i < j.

Now, let us consider the right hand side of (5.11) and (5.12). We put

By Corollary 4.16 and Remark 5.3, we obtain the commutative diagram
(5.30)

v —_ (46) — (4~6)7',71 —_— 1%
0,(ExF) —2> W,(ExF) — W(EsF) — ¥i(ExF) —> 0,(ZpF)
bj | ~ "ibq
1
(1-T; —1) (o)
U(F) @ U(F) U(F) U(F) & ¥(F),
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where b; is the composition
b : ©;(ExF) = V;(F) © V;(F) —— V(F) & U(F),
aj
being the transpose of
HEM(TE b T )
((5.27); @ (5.27);) o (5.19): ® = HPM(eE L),
HPM(VE N ls; L)

Hence

— 1-T, -1
(5.31) bjo(uivj)obj1< 0 J O>’

biO’]I‘Z-Obfl:1—b¢0(uivi)0bf1: Ti 1 .
K2 K2 O 1
By duality and Remark 5.6, the equations (5.31) together with (5.28)
and (5.29) prove Theorem 5.4 in the case where F' is a maximal Beilin-
son extension. 0

Remark 5.7. — Let us comment on the case where F = Rjx, L[1] is a lo-
calized perverse sheaf, i.e. it is associated to a regular singular meromorphic
connection by the Riemann—Hilbert correspondence. Then u; is an isomor-
phism and up to isomorphism of quivers, we can assume that u;; = id and
consequently T;; = T;; = 1 — v;;. Furthermore, u; = (4.6)[1. The Stokes
matrices Sig of Theorem 5.4 then have the form

1 1-Ty 1-T3 - 1-T,

1 1-T3 --- 1-T,
SB: . ’

Ty
Ty —1 Ty

S_B = T1 -1 T2 -1 )
Ty—1 Ty—1 --- T, 4—1 T,

where T; is the monodromy of the local system L around the singularity c¢;,
keeping in mind Remark 5.3.
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6. Quiver at finite distance
6.1. Statement of the result

Let F € Pervs(ky), and consider the embeddings
V* =" Vi = (V5 P*) <2< (V* {0}, P* < {0}).

Proposition 5.1 and Theorem 5.4 describe the structure of Ev™'e(F)*.

Our aim is to analyze Eu™'e(F)*, so that the description of e(F)* will be
complete. This is achieved in Propositions 6.2 and 6.4 below.
Consider the maps

Vel VxReg>2>VxR<<V,
where j is the open embedding, i(z) = (z,0), and y(z, s) = z/|s|.
DEFINITION 6.1. — The smash functor is given by
oy: DP(ky) — DRy (ky), F — i 'Rj,y'F.
PROPOSITION 6.2. — Let F' € Pervy(ky). Then
Eu'e(F)* ~ e(oy(F)").

Proof. — Consider the triangle

7 ky- (o} @ EuTe(F)* = Eule(F)t — 7 kyoy @ Eue(F)* SR
+

For ¢ € %, the function cw is locally bounded on V*. Hence k'{,* R BV ~
k.. Thus Proposition 5.1 implies that 7 'ky-_ {0y ® Eute(F)* ~ e(G')
with G’ = Rj'L’, for j: V* \ {0} — V* the embedding and L’ a local
system on V* ~ {0}.

One has 7 'kyoy ® Eu'e(F)* ~ ¢(G”) for some G” € DP(ky-) with
G" v+ {0y = 0. It follows that Eu~'e(F)* ~ e(Q) for G € DP(ky-) entering
a distinguished triangle

G -GG .
Since Eu~'e(F)* ~ e(G), one has
G ~ RHom" (k(1>0}, €(G))
~ RHom" (k{;0y, Eu™"e(F)")
5 R (e(F)™),

where () follows from Lemma 1.2. One then concludes using Lemma 6.3
below. 0
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LEMMA 6.3. — For F € DP(ky), one has
R, (e(F)") = ov(F)".
Proof. — One has
(F) &= (F k)
5(ij7_1F)A[1]
~ (Rjiy' F)",

where (1) follows from [3, Proposition A.3], and (2) from [3, Lemma 6.1].
Hence

R, (e(F)*) ~ R, (Rjl 7' F)"
~ (i'Rj{y )", O
PROPOSITION 6.4. — Let F' € Pervs(ky) with quiver

Q(Za,ﬁ) (F) = (\I/’ D, U, UC)ceZ-

Then oy (F)" is an object of Pervygy (ky-) with quiver
QU (ou(F)) = (Bs, T, Vo, Ux),
where @5, := @}, P, Uz :="(U1,...,Up), Vo := (V1,...,Va),
U :=ue,Te, | T T

itcCiv1tciqo o Lens
Vi =,

and T, :=1 — v.u, is the monodromy of ¥ around c € ..

Proof. — This follows from Proposition 6.7 and Lemma 6.8. O

6.2. Computation of the smash functor

In this section, we compute the smash ov(F) for objects F € DP(ky)
which are locally constant in a neighborhood of co. This is enough for our
purposes, since we are interested in the case where F' is perverse. We collect
in Appendix B some results on oy(F') for general F’s, which might be of
independent interest (e.g. perverse sheaves in a higher dimensional affine
space no longer satisfy the previous condition.)
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Fix R > 0, and consider the map c¢®: V — V given by
0 if |z| < R,

cBz) = || — R
||

that contracts the ball |z| < R to the origin

x if |z] > R,

LEMMA 6.5. — If F € D"(ky) is locally constant on |z| > R, then
oy(F) =~ Rcl'F ~ RcfF.

Proof. — Consider the maps

V< VxRey=2>VxRgyg <<V,
The isomorphism Re2F ~ Rcf*F is clear since ¢

definition of oy, we are left to prove

i Rj Ay TIF ~ RC*RF.

is proper. Hence, by the

Consider the maps
PR VX Reg =V,
P, VxRg =V,

where p and p are the natural projections, and

1
mx if |2| < RJs|,
nR(I’S) =
— R(|s| -1
= RUSI=D e 121 > Rys),
|z
- |s|x if |2| < R,
x,8) = -1
€0 = ELLRED g5 g
x

Note that one has ng(z,—1) = 2 = £%(z, 1), and
cf(z) = €"(x,0).
Consider the endomorphisms
MrR: VxR —=VxRe, (x,8) — (nr(z,s),s),
€7 VxRe = VxReo, (z,5) = (£7(x,5),5).
Note that

(6.1) ir = (€% fsc0p) "
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Figure 6.1. Some level sets of ~ (on the left) and nr (on the right).
The region |z| < R|s| is pictured in gray.

The sheaves y ' F and ' F are locally constant on |z| > R|s|. Moreover,
they coincide on |z| < R|s|, since v = ng on that region. As |z| = R|s| is a
deformation retract of || > R|s|, it follows that 7' F ~ n;'F on V x R,.
(See Figure 6.1.)

We are then left to show

i_le*n;élF ~ RcEF.

As a preliminary result, note that if G € DP(kyxr <o) is locally constant on
|z| > R|s|, then

(6.2) i'G 5 iRy TG

Indeed, one has (i~1G)o ~ (i 'Rj.j~'1G)o by direct computation, and the
isomorphism for x # 0 follows from the fact that kyxg_, = Rj*j_lkVXR@.

Note also that one has

(6.3) i 'REF ~ RefYi 1,

since £ and ¢ are proper, and there is a Cartesian square

R
VXRQOLVXRQO

]

\Y c V.
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Figure 6.2. The sets {a, £x, BX and Bi. The crosses represent the
points in X

To conclude, one has
i 'Rjnp F ~ i 'Ridjg'p ' F

(NT) i_le*R(gR|{s<0})*p_lF

~i"'Rj.jIREDTF
i RETF
(2
~ R lp7IF
(3)
~ RcEF,
where (1) follows from (6.1), (2) from (6.2), and (3) from (6.3). O

6.3. Quiver of the smash

For R > 0, let A = Ar C V be the closed ball centered at the origin
with radius R. Choose R big enough so that A D 3, and set

Iaa) == A+ Rypa,

lA(a) :=Lla(a) N A,

BX(B) ={z € V; Re(z, ) < R},

BX(B)={z € V; Re(z. ) > R}.

We will write for short £}, Bi, etc. instead of £} (), Bi (B), etc. These

sets are pictured in Figure 6.2.
Consider the short exact sequences
0—>k£2 — ko, - ka =0,

6.4
(6:4) 0—>kB>—>kV—>kB<—>O.
A A
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Figure 6.3. The sets ZA, 572, Ez and §§ The crosses represent the
points in X

LEMMA 6.6. — Let F' € Pervg(ky).
(i) Denoting ip: {0} — V the embedding, one has
io 'ov(F) ~ RIL(V;ka © F),
iyov(F) ~ RI(V; F).
(ii) There are isomorphism
Voo (F)) = RI(Vikyx © F) = RI(Viky: © F)[1,
o(0v(F)) = RIL(Vikey © F) = RI(Vikps @ F).

(iii) By the isomorphisms in (i) and (ii), the distinguished triangles

Vo (o (F)) 2 @o(0y(F)) — iy toy(F) —,

il oy (F) = @o(oy(F)) 5 Wo(oy(F)) =,

are identified with the distinguished triangles
RIL(Vik,x ® F) =5 RI.(Vike, @ F) = RIL(Vika @ F) Al

RIL(V; F) = RIL(Vikge ® F) 25 RI(Vikpz @ F)[1] =,
A

induced by (6.4).

Proof. — By Lemma 6.5 one has oy(F) ~ Re) F, where we set ¢ = cf*

By direct computation, one obtains a statement analogue to the above,
where {a, (X, BX, and Bi are replaced with the sets /4, ZZ, Eg, and Ei,
respectively, pictured in Figure 6.3. Since Re) F' is locally constant on the
closure of V \\ A, one can deform these sets to the original sets, in a way
which is compatible with the morphisms (6.4). O

PROPOSITION 6.7. — Let F' € Pervs(ky) with quiver

QE(F) = (V. Pee,ve) oy
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Then ovy(F) is an object of Pervyoy(ky) with quiver
Q%%}ﬁ)(JV(F)) = (\Ijﬂ Oy, Ué? VZID)ﬂ
where @y, := @, ., Us:="(Uy,...,U,), Vs :=(V1,...,Vp),
U, =u., T, T,

it Cip1 T Ciga t

V= Ve;
and T, := 1 — v.u, is the monodromy of ¥ around c € ¥.

Proof. — The statement is natural in F' and is certainly true for perverse
sheaves supported on X. The general case can then be proved by considering
the case of a maximal Beilinson extension. For simplicity, we will consider
the localized case. The arguments for a maximal Beilinson extension are
the same working on the real oriented blow-up Vs, instead.

Since Bi N Uy is Y-negligible, the short exact sequence

0—>kBZ—>kV\42—>k —0

Bi \ZE

induces an isomorphism

(6.5) Wo(ov(F)) ~RIL(Vikp: @ F)[1]

—% RIL(Viky g, @ F)[1] = W(F).

The isomorphism
(6.6) Po(ov(F)) ~ ?E@C(F) = O5(F)

is induced by the closed embedding Ll.cx¢. < A whose open complement
is again »-negligible. We then obtain the commutative diagram

Qo (ov(F))

~ _

RIL(Vike, ® F) == RI(Vikye ® F) =5 RIL(V; kg @ F)[1]
A

(6.7) ll ] J/Z

v
@ RI(Viky, ®F) - RI(Vikyes © F)[1]
ceEX

Since we assumed F to be localized, i.e. F' = Rjg,L[1] for a local

system L, we additionally have

RIL(Vike @ F) = RI.(V; ke? QF) ‘(4%6).% RIL (Vi ky e ® F)[1]
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We pass to the dual Borel-Moore side and are led to consider the induced
morphism

VE)

(6.8) HPM(Vtg; L) —— @ HP (eC;L*)

ceEX
@ H V N gz, )
cEX
Now, HPM(V \ /lx) is generated by the whole space as a Borel-Moore
2-cycle, denoted by T', with the orientation induced by the pair (o, ).
Following I" ® w for a section w of L* along the dual of the diagram (6.7),
we observe that it is mapped to the element

yow e HPM(0a; 1Y)

given by the boundary curve of ¢ in clockwise direction. The open subset
la ~ (7 U £y) with the obvious orientation gives a Borel-Moore 2-chain
T ® w whose boundary induces the relation

(6.9) v@waap (1—(T%) Hw

cex

where a. ®w is the Borel-Moore homology class represented by the 1-cycle
given by £ in the orientation towards ¢ (see Figure 6.4). Here, we use the
same convention we used for (5.20), so that w simply denotes the extension

of the section w to £ coming from BZ, i.e. from the right.
Tt follows that (6.8) maps
e Z a.® (1 (T7) Hw
ceEX
which proves the assertion on Vy since v. = 1 — T, in the localized case
and (T)~! is the transpose of T, (see Remark 5.6).
Let us now consider the morphism Usy.

Vo(ov(F)) = RI(Viky @ F) 2 RIL(Vike, ®F)

(6~5)i2 iz

U;
(610) RFC(V7 kV\ZZ ® F)[l] *2> @cGE RFC(V7 kfc ® F)

(4.6); Tl

RIL(V;k,« ® F)

It is important to recall that (4.6); is defined as a composition

RIL(V; kzjx ®F) = RI(V;kp, <, ® F)[1] == RI(V;ky s, ® F)[1]
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Figure 6.4. Left: The Borel-Moore 2-chain Y inducing the rela-
tion (6.9). Right: Following a; ® v around the transpose of (6.10)
results in this figure inducing (6.12).

via the open embedding B; \ ¢; — V \ /5.
Again, with F' = Rjx, L[1] being localized, we switch to the dual Borel-
Moore homology. The transpose of (6.10) reads as

*

HPM (0% L") <2 HEM(15;17)

(6.11) :T(&s)* :T

HPM (05 L) <= HPM(V N U L) <= @y HPY (5 L7)
Following the element a; ® v for a local section v of L* around the dia-
gram (6.11), recalling that % involves the cohomology of BX (see (6.5))
we obtain that
(6.11) =1 \— * =
(6.12) a; @vi—=a; @ (T;) " NTr_) " (Thy) v

see Figure 6.4. This proves the statement on Uy. O

6.4. Fourier—Sato transform

Let us pair the real vector spaces Vi and (V*)g using the scalar
product (z,w) — Re(z,w). Then the Fourier—Sato transform has kernel
K{(zw); Re(zw)<0}-

Note that Pervyy(kv) is a full subcategory of DX, (ky,). As shown for
example in [16, Proposition 10.3.18], the Fourier-Sato transform induces
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an equivalence of abelian categories

~

Pervioy (kv) == Pervyoy(ky-), F s F.

The following fact is well known. We give here an easy proof in terms of
our definition of nearby and vanishing cycles.

LEMMA 6.8. — Let F' € Pervgy(ky), and consider its quiver

Q) (F) = (U, ®,u,v).

Then the quiver of F e Pervyoy (ky-) is given by

QU (F) = (..0,u).

Proof. — Considering the Fourier—Sato transform on the real line R,
paired with itself by the product (u,v) — uv, we have

(6'13) (kRgo)A = k]R<07 (kR>o)/\ = kRgo[_l]'
Note that the R-linear maps

pp: VR%R, z»—>Re<z,5>,
PP R — (V)R, u— uf,
are transpose to each other. Moreover, the sets
Bg (8) = {z: Re(z,w) > 0} = p5" (Rx0),
B3 (8) = {z: Re(z,w) <0} = p;' (Reo),
hg = R0 C V* =i (Rso)
o(B) = Rx08 C V* =i’ (Rx),

are conic for the radial action of RT on V.
We deduce from (6.13) the isomorphisms

(kpz ()" = (p5 ' keg,)" (kps(s)" = (05 ko)
~ Riy (ka_,)" ~ Rif (kp_,)"
~ Rz’? kr_, ~ Ri? ki_,[1]
=~ (kn,)", =~ (key(p))[—1],
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and hence we get the commutative diagram

u

RIL(V*; Ky, © F) RI(V*i k(9 © F)

| (1) L (2)

RI(V*; (K> )M ® F) —— RI(V*; (K= () @ F)[1]

5«9))
1 (3) 1| (4)

v

RI(Vikp> 5 © F) RIL(Vi ks (5 ® F)[1].

Recalling that F ~ F% (with the canonical orientation ory ~ ky), we
deduce the commutative diagram

u

RIL(V; Kp(o) @ F) RIL(V; Ky (o) @ F)

14 14

RIL(VE K> @F) — > RIL(V: kp<, o @ F)[1].

BZ (—a) o (—a)

Summarizing, we have shown that there are commutative diagrams
v (F) o TE) eI () —— a7 (F)

14 l ¢ 14

i

o P == (), () = w ().

)

This implies the statement, since ¥(, >~ ¥y and ®( =~ Py. O

7. More Stokes phenomena

Theorem 5.4 describes the Stokes phenomenon at infinity for M , where
M is a holonomic Dy-module regular everywhere, including at infinity. In
this section we will consider some special cases where M is not regular,
reducing to the regular case after some geometric manipulations.

7.1. Airy equation

The Stokes phenomenon was first analyzed in [31], in relation with the
Airy function Ai(y). This is an entire solution of the Airy equation

Qu =0, where Q= 85 — .
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The corresponding D-module A = D¢, /D¢, @ has 0 and oo as its only
singularities, with 0 regular and oo irregular. In this section we will com-
pute the exponential components and the Stokes multipliers of A at oo by
analyzing its enhanced solutions

A= 8ol ) (A).

Denote by x the dual coordinate to y. Since Q = Pfor P = 0, — x2, and
De, /De, P~ E7°/3, we have

A (£ /3,

We know a priori (e.g. from [28]) that the formal structure of (5“’3/ HN at
oo is ramified. We therefore consider the ramification

r: C, = C,, v 02,
and restrict ourselves to analyze the pull-back Er~'A.
Notation 7.1. — For j = 1,...,6, consider the closed sectors in CJ
Hi={v=re¥;1r>0,0€(j—1)T +[-T, 1]},
and the open half-lines
0= (H; N Hj) =Roge¥ 73
(with H7 := H;), as in the picture below.
Lo

ls

Note that ¢; are the anti-Stokes lines for the exponentials Ei%ﬁ"B, and
that there are identifications

e;: End (w‘lkg]. ® (E-3V1" ¢ B} -1v3)) 5 End "V (C2),
where End*!(C?) C End (C?) denotes the vector subspace of lower/upper

triangular matrices.
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ProrosITION 7.2. — With the above notations, let j = 1,...,6.

(i) The exponential components of Er ' A at co are E=3V1Y More
precisely, there are isomorphisms

sy 'k, @B A S Tk, @ (E73VT @ BSVIYY),
(ii) The Stokes multipliers of Er ' A at oo, defined by
Sj = e;((n ke, @s5) 0 (1 ke, @ s71)),

are given by

So = (1 01) ;o Sop—1 = ((1) 11) :
for k=1,2,3.
Before entering the proof, note that one has
Er A~ BrtSolf ) ((€77%)")
~ Er (B3
~ Er~'Eq, B"V /5[]
~ Eq!!EzU2+I3/3[1].

(7.1)

As it is customary in the study of the Airy equation, consider the change
of variables C,, x CX = C, x CJ given by

- fo=am

and consider the maps
f:C,—=C, =V, u~u®—3u,
g:Cy = Cyp =V*, v V-103/3,
so that zy + 23/3 = xv? + 23/3 = f(u)g(v) = zw. Set
F:=Rfike,[1] € D"(ky).
The following two lemmas will be proved at the end of this section.
LEMMA 7.3. — One has

T kex @ErT A~ ke @ BgT((eF)M).
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LEMMA 7.4. — One has F € Pervy(V) for ¥ = {—2,2}. Moreover, the
quiver of F' is given by

Do (F) k
w8
U(F) =~ 3 .
A Y
O _o(F) k.

Proof of Proposition 7.2. — By Lemma 7.3, it is enough to compute the
exponential components of Eg~*((eF)*) at oo, and its Stokes multipliers.
Let a =+v-1€C,, =1 € C,. By Lemma 7.4 and Proposition 5.1, the
exponential components of (eF)* at co are E¥?_ and its Stokes multipli-

ers are
-1 0 1 1
w0 8) sl

To conclude, note that Eg~' E+2% ~ Eigﬁvs,
g "Hy = LkJszfh g H o = LkJsz,
and hence
Sor, =S, Sop—1 = S:é- O

Proof of Lemma 7.3. — By (7.1) and (7.2), one has

ﬂ_flkCE ® ET’_IA ~ ,n_flkcz< ® Eq”Erv2+z3/3[1]
~ Wﬁlkci %) Eq”E‘f(u)g(U) [1]

Considering the commutative diagram with Cartesian squares

C,<2—C, xC,

fl f’:=f><idl \
p q

C,-—C,xC, ——C,

p
\ lg”i—idxfl lg

C, x Cp > Co,
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N

Cy

\% P—Q 4y

-2

N

Figure 7.1. The map f :u v+ z = u® — 3u.

one has
qu!Ef(“)g(”)[l] = EQI!Ef,_lEZg(U) [1]

~ EqEf'y(Ef' B ® eke,xe, [1])
~ Eqy(E*™) @ eRf{ ke, xc, [1])
~ Eqy(Eg" " E** @ Ep~'eRfike, 1)
~ EquEg" " (E*" ® Ep~'eRfike, [1])
~ Eg~'Eqy(E*" ® Ep~'eRfike,[1])
=Eg ' ((eF)™). O

Proof of Lemma 7.4. — The map f is a 3:1 cover branched at z €

¥ = {-2,2}. One has f~(-2) = {1,-2} with u = —2 a single point,
and v = 1 a double point. Analogously, f~%(2) = {—1,2} with u = —1
of degree two and u = 2 of degree one. This is pictured in Figure 7.1.
(Write z = 21 + V-1zy and u = uy + v-1ug. To draw the picture we
used the fact that the pull-back of the real line zo = 0 by f is given by
0=TIm(u?/3 —u) =uz(uf —u3/3 - 1).)

It follows that the restriction of Rfike, to V N\ X is a local system, and
hence F' = Rfikc,[1] € Pervg (V).
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N AN
/\\ N

Figure 7.2. The pullback by f of the paths v+ and y~.

Since F is concentrated in degree —1, F @ ks[—1] is perverse. Hence the
distinguished triangle
F®ky.s - F - F9ky ——
induces the short exact sequence of perverse sheaves
0= F®ks[-1] > Fky.s — F = 0.
In terms of quivers, this reads

iy F-1] 2

f
(7.3) 0 0 U(F)

e

L1 2 w(F)

Let us compute the maps bis and T.o, referring to Figure 7.2. Choose
a base-point e € V with Re z > 2, and choose a numbering e, es and e3 of
the preimages of e by f. These choices induce isomorphisms

3
(7.4) k? ~ @ (ke )e, = Fe[-1] = U(F) +—~— U5(F).
j=1 (UES

Choose a path y* starting at the base-point e, running parallel to the
real axis to the point £2 respectively, circling around it in counter-clockwise
orientation and returning to e afterwards. Denote by ’y]i the lift by f of
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the path 4+ starting at e;. (The course of vji can be determined by taking
into account the various intersections of ¥ with the curves drawn in black,
blue and red.)

As Ty is induced by the monodromy around 7%, with the identifica-
tion (7.4) one has

1 00 0 0 1
To,=10 0 1|, T2={(0 1 0
010 1 00
Recall that f~1(2) = {—1,2}, and fix an isomorphism
(7.5) k? ~ (kc,)-1 ® (kg )2 ~ iy ' F[-1].
Denote by a™ and a~ the blue and red half-lines in V, and by aji the lift
of a* in C, first encountered by vf.

The morphism 15 Loby is induced by the boundary value map from at to
its origin 2 = 2. Since the origin of aj” is u = 2 and the origin of a5 and of

aj is u = —1, with the identifications (7.4) and (7.5) one has by = (? é).

. 10
Similarly, b_o = (? (1))

Then, by (7.3), one has

(1)
Dy (F) k? —5 K3 k
| G
sl D lGED | ]l

5 k? ——k k
o (if)

7.2. Elementary meromorphic connection

Proceeding as in the previous section, we will describe here the Stokes
multipliers at infinity of the Fourier-Laplace transform of £/% := D¢, el/*.
A more general situation has been considered in [12], using other methods.

Setting

N := SolE. (EY*)M),
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we know (e.g. from [28]) that its formal structure is ramified at co. We
therefore consider the ramification

r:Cy = Cy, w = w2,
and restrict ourselves to analyze the pull-back Er ' N.
Notation 7.5. — In C,,, consider the closed half spaces in C§
Hy ={w; £ Rew > 0},

and the open half-lines
ly = £V-1R5,

Note that ¢4 are the anti-Stokes lines for the exponentials E+2*  and
that there are identifications

ex: End (77 'k, ® (E72" @ E*")) =5 End*!(C?),
where we recall that End*!(C?) ¢ End (C2) denotes the vector subspace

of lower /upper triangular matrices.

ProPOSITION 7.6. — With the above notations.

(i) The exponential components of Er~'N at oo are E¥2¥. More pre-
cisely, there are isomorphisms

sy 'ky, @ErTIN S5 1k, ® (BT @ E?V).
(ii) The Stokes multipliers of Er ' N at oo, defined by
St i=e4 ((71'_11{zi ®sy)o (W_lkzi & 8;1)),

are given by
-1 0 1 2
S+<—2 —1>’ S‘(o 1>'
As before, note that one has
1 1 L
(7.6) Er 'N ~ Er 'Eq E™Y" = [1]
1
~ Eq”E’mwz+§ [1]
Now consider the change of variables C,, x C}¥ =+ C, x C given by
—u
(7.7) {x w?
w=w,

and consider the meromorphic function

fC,—=-C, =V, u»—>u+%,

ANNALES DE L’INSTITUT FOURIER



TOPOLOGICAL COMPUTATION OF SOME STOKES PHENOMENA 797

so that zw? + L = f(u)w = zw. Set
F:=Rfike,[1] € D"(ky).

As in the case of the Airy equation the proof of Proposition 7.6 is ob-
tained from the following

LEMMA 7.7.
(i) One has
71'711(@; QEr !N ~ T ke @ (eF)*.
(ii) One has F € Pervs(V) for ¥ = {—2,2}. Moreover, the quiver of F
is given by

P5(F)
u 2

)

(1-1)

Iy
)

1
.w-<—w a—

—2

b_5(F)

Proof of Lemma 7.7. — (i) The proof follows the steps of the proof of
Lemma 7.3.

(ii) The proof follows the steps of the proof of Lemma 7.4. We are giving
the details of the differences in the present case.

The map f is a branched covering of degree two with branch locus {£2}
and f~1(£2) = 1. The restriction of F[—1] to C, ~ {£2} is a local
system of rank two. With ¥ := {42}, we denote by L the local system
L= F|(Cw\2[_1]-

We choose the same paths in C,, as in the case of the Airy-function. See
Figures 7.3 and 7.4. (Write z = 21 + V125 and u = w1 + V-1 us. To draw
the picture we used the fact that the pull-back of the real line zo = 0 by f
is given by Im(u + 1/u) = 0, which is equivalent to us(u? +u3 — 1) = 0.)

Let e = x + v/-1e € C,, with > 0 and small € > 0 with pre-images e;
and ey, and choose paths v+ as before.

The choice of the numbering identifies L, = G}?Zl(kcu)ej ~ k2. For the

generic stalk, with o = v/-1 € C,, B =1 € C,,, we get

Uyo(F) =03 (F) = L, ~ K2

TOME 70 (2020), FASCICULE 2



798 A. D’AGNOLO, M. HIEN, G. MORANDO & C. SABBAH

Figure 7.3. The map f: ur z =u+ 1. Note that f(0) = oco.

% %

Figure 7.4. The lifts of yT.

and the monodromies 715 are determined by following the lifts vf of the
paths v*. We obtain,

(7.8) T o=T) = ((1’ (1)) .
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To conclude, we notice that we have
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Appendix A. Complements on Borel-Moore homology

Let X be a subanalytic space, and consider the space BM;( (@) of sub-
analytic Borel-Moore p-chains relative to an R-constructible sheaf G. The
definition of BM;( (G) is parallel to the definition in [13] of the sheaf TH (G)
of tempered homomorphisms. Both constructions are best understood in
the framework of subanalytic sheaves of [17]. There, one defines the sub-
analytic sheaf Dbk, of tempered distributions, which satisfies TH(G) ~
aHom (LG, DY) (with ¢ is the embedding of sheaves into subanalytic
sheaves, and « its left adjoint). Here, we introduce the subanalytic sheaf of
Borel-Moore p-chains B./\/l;(, which satisfies BMff (G) ~ Hom (.G, B./\/l;().
We then indicate how to adapt the arguments in [16, §9.2] in order to prove
the results we used in Section 5.3.

A.1. Borel-Moore chains

Let X be a subanalytic space, that is, an R-ringed space locally modeled
on closed subanalytic subsets of real analytic manifolds. Recall from [16,
§9.2] that, for p € Z>o, the sheaf CS? of subanalytic p-chains is the sheaf
associated with the presheaf CSif defined as follows. For V' C X an open
subset, CS]‘;( (V) is the k-vector space generated by the symbols [S], where
S ranges through the family of p-dimensional oriented subanalytic subman-
ifolds of V', with the relations

(a) [51 @] SQ] = [Sl] + [52} if S1NSy =2,
(b) [S] = [9'] if S’ is an open dense subset of S with the induced
orientation,
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(¢) [S*] = —[S]if S* denoted the manifold S endowed with the opposite
orientation.

There is a boundary map 0: CSif — CSf,il, whose construction is de-
tailed in [16, §9.2], inducing a complex of sheaves CS? . The map 0 coincides
with the “naif” boundary map in the case of interest to us, which is as fol-
lows. Let S C X be an oriented p-dimensional subanalytic submanifold such
that the embedding S C S is locally isomorphic in the category of suban-
alytic spaces to the embedding {z1 > 0} C {z1 > 0} in R? 3 (z1,...,2,).
Then 0[S] = [95], where 95 is endowed with the induced orientation.

For G € Modg..(kx), we define the space of subanalytic Borel-Moore
p-chains relative to GG as the subspace

BM;Y(G) € Hom (G,CS;)

of morphisms ¢ € Hom (G,CS 1)7( ) such that for any relatively compact open
subanalytic subset U of X, and s € G(U), there exists o € CSif (X) with
oly = ¢(s). (This last condition is equivalent to asking that supp ¢(s),
which is a closed subanalytic subset of U, is subanalytic in X.)

One has a complex BM{ (@) with boundary map induced by 0.

A.2. Subanalytic sheaves

For the theory of subanalytic sheaves we refer to [17] (see also [25]). Let
us also mention the paper [26], where subanalytic sheaves are used for anal-
ogous purposes. Roughly, a subanalytic sheaf on X is a presheaf defined on
the relatively compact subanalytic open subsets of X satisfying the patch-
ing conditions on finite covers. One denotes by Mod (k5P) the category of
subanalytic sheaves and by Db(kgyb) its bounded derived category. There
is a natural fully faithful functor

¢ Mod(kx) — Mod(k5P),

which has an exact left adjoint functor .. The restriction of ¢« to R-construct-
ible sheaves is exact, and induces a fully faithful functor

t: DR (kx) — DP(KSEP).

One says that J € Mod(k%‘gb) is quasi-injective if the restriction map
JU) — J(V) is surjective for every V' C U relatively compact suban-
alytic open subsets. Quasi-injective objects are injective for the functors
Hom (¢G, e) and Hom (.G, e), where G € Modg..(kx). In particular, the
functors Hom (e, J) and Hom (e, J) are exact on Modg_¢(kx).
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A.3. Borel-Moore homology

For p € Z>o and V C X an open subanalytic relatively compact subset,
let B./\/l;( (V) be the k-vector space generated by the symbols [S], where
S ranges through the family of p-dimensional oriented analytic subman-
ifolds of V' which are subanalytic in X, with the relations (a)-(b)-(c¢) in
Section A.1. Then V BM;( (V) is a quasi-injective subanalytic sheaf.

Note that, for G € Modg_.(kx ), one has

(A.1) BM,) (G) ~ Hom (:G, BM.Y).

Note also that oz(BM;() ~ CS;(.
There is a boundary map 0: BM;( — BM;(_D inducing a complex of
subanalytic sheaves BMZX,

as for the boundary map on CSZ explained in [16, §9.2].

whose construction goes along the same lines

PROPOSITION A.1. — There is a natural isomorphism in DP (k5P)
wyx = BMEY,
where wx denotes the dualizing complex.

Proof. — Let us assume for simplicity that X is smooth. One can follow
the lines of the proof of the analogue result in [16, §9.2]. Then the part of the
proof of Theorem 9.2.10 in loc. cit. where exactness is checked on stalks has
to be adapted. Let U C X be a relatively compact subanalytic open subset,
and o € I'(U; BM;() with p < n a subanalytic cycle (i.e. a chain satisfying
0o = 0). We have to show that o is locally a boundary, i.e. that there exist
a finite cover U = |J, U; and subanalytic chains 7, € I"(U;; BM;(H) such
that 07; = oly,. By the arguments in Theorem 9.2.10, we know that for
any © € U there are an open neighborhood V, of x and a section 7, €
F(Vm;BM;(H) such that 97, = o|y,. We can assume that V, is relatively
compact and subanalytic. Since U is compact, we have U = J,; Vi for
some I C U finite. We then set U; = V; NU and 7; = 7|y, O

Consider the complex BM{ (G) with boundary map induced by 8. We
can now prove

(A.2) BMZ¥(G) ~ RHom (G, wx).

Proof of (A.2). — One has
BMX(G) ~ Hom (:G, BMY)
(fTV) RHom (:G, wwx)

(A.3)

~ RHom (G, wx),
)
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where (1) follows from the fact that ¢ is fully faithful on D} (kx), and (2)
follows from Proposition A.1. a

Remark A.2. — As pointed out in [16, Exercise 9.1], one has
RHom (G,wx) =~ Hom (G,CSY).

However, RHom (G, wx) % Hom (G,CSY) in general, since CSY is a c-
soft resolution of wx, not a flabby resolution. In particular, the previous
isomorphism does not hold in one of the cases of interest for us, that is
when G is the extension by zero of a local system of finite rank on a closed
subanalytic subset of X.

In particular, if L is a local system of finite rank, and Z C X is a locally
closed subanalytic subset, one has

BM{ (kz ® L) ~ RHom (kz ® L,wx)
(A.4) ~ RHom (L, RI"zwx)
~ RINX;RIzwx @ L*).
It is thus natural to set the
DEFINITION A.3. — Let L be a local system of finite rank, and Z C X

a locally closed subanalytic subset. For j € 7Z, the Borel-Moore homology
of Z, relative to X, with coefficients in L* is given by

HPM(Z; L*) == H;BM (kz ® L).

A.4. Long exact homology sequence

Let U C X be an open subanalytic subset, and set Y := X\ U. By (A.1),

one has
(45) HEM(Y; L*) ~ H,Hom (u(ky ® L), BM)
D

~ H,Hom (.L, I'y BMY).

LEMMA A.4. — With the above notations, one has

. BM{ (L)

HJBM(U;L )= Hj—— .

BM (ky ® L)

Proof. — By (A.5), we have to prove

H X
HPM(U; L*) ~ H, Om(LL’BM'; :
Hom (L, 'y BM )
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Since the subanalytic sheaves B./\/ll)f are quasi-injective, the functor
Hom (4(L ® @), BMY): Modg..(kx) — C*(k),

with values in the category of bounded complexes of k-vector spaces, is
exact. Applying it to the exact sequence

0—>ky - kx - ky — 0,
we get the exact sequence of complexes

0 — Hom (L, I'y BMZX) — Hom (.L, BMX) — Hom (oL, Ty BMY) — 0.

Then
Hom (L, BMY
Hom (1L, [y BMY) ~ om (1L, M'))( )
Hom (oL, I'y BM{)
and the statement follows by taking homology groups. O

Remark A.5. — If Z C X is a locally closed subanalytic subset, there is
an isomorphism

(A.6) HPM(Z,L*) ~ HPM(Z; L*|2).
In fact, by (A.4) there is an isomorphism in DP (k)
BMX(kz ® L) ~ RHom (L, RIzwx)

~ RHom (L|z,wz)

~ BMZ(L|2).
If Z =Y is closed, one also has BM;((ky ®L) ~ BMZ (L|y). However, since
BM;( (kz®L) % BMf(L|Z) in general, the description of the two homology
groups in (A.6) is different. For example, if Z = U is open and S C U is a p-
dimensional oriented subanalytic submanifolds of U, then [S] € BMpU (L|y)

even if S is not subanalytic in X. This makes the boundary value map §
less explicit when written as

* 5 *
HPN(U; L |y) == HPM(Y; L |y).
As we detail below, Lemma 5.5 follows from the next lemma.

LEMMA A.6. — For G € Modg..(kx), there is a functorial isomorphism

DRI.(X;G) ~ Hom (1G, BMY),
where D(e) = RHom (e,k) is the dual in D (k).
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Proof. — Denoting ax : X — {pt} the map to a singleton, one has
DRI.(X;G) = RHom (RI.(X;G),k)
~ RHom (Rax, G, k)
~ RHom (G,wx)
= Hom (.G, BMY),
where (x) follows from (A.3). O
Proof of Lemma 5.5. — (i) Lemma A.6 gives an isomorphism
DRI.(X;ky ® F) ~ Hom (1(kz @ F), BMY),

and the statement follows by taking homologies.
(ii) follows by applying the functorial isomorphism from Lemma A.6

DRI.(X;e® F) ~ Hom (u(e @ F), BMZY)
to the exact sequence (5.15), and taking homologies. g

Appendix B. Complements on the smash functor

In this section, one may take for V any real vector space of finite dimen-
sion.

B.1. Stalk at the origin

Recall the maps

Vel VxReg>2>VxR<<V,
where j is the open embedding, i(z) = (z,0), and v(z, s) = x/|s|.
LEMMA B.1. — For F € D(ky) one has
oy(F) ~i'Rjjy' F.

Proof. — We give a proof analogue to that of [16, Lemma 4.2.1]. The
distinguished triangle

RI(s—0y (Rj17 ' F) = RI(c0y (Rjiy ™ F) = Rls0y (Rjty 1 F) —
is isomorphic to the distinguished triangle

Riyi'Rjiy 'F = Rjiy 'F — Rj,y1F 5 |
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Applying i~ we get
i'RjyTIF ~ ' RjyyTLE(]
~i'Rj~y'F. O
LEMMA B.2. — F € DP(ky). Then, denoting ig: {0} — V the embed-
ding, one has
ig'ov(F) ~ RO(V; F),
igoy(F) ~ RIL(V; F).
Proof. — Let i(g,0y: {(0,0)} = V x R be the embedding. One has
igtoy(F) =ig i 'Rj.y I F
~ i(_ofo) Rj.v'F
5 RI(V x R;Rj.y "1 F)

~RI(VxReg;y 1F)
~RI(V;Ry.y'F)

~ RI'(V; F),
5 (Vs F)

where (1) follows from [16, Proposition 3.7.5] since Rj.y 'F is conic,
and (2) follows from the fact that « has contractible fibers.

This proves the first isomorphism in the statement. The proof of the
second isomorphism is similar, using Lemma B.1. O

B.2. Smash and specialization functors

Let U = TP, where P = VU {0} is the one-point compactification. In
the next lemma, we relate the smash functor to Sato’s specialization

vioy: D"(ky) = D’(ky), G ' '"Rilm™'G,

where we considered the maps

’

(B.1) U< UxRop>2>UxR~—<T,

with j’ the open embedding, i'(z) = (x,0), and m(z,t) = tx the action of
R* on U. More precisely, we will consider the induced functor

vioy: D" (ku (0y) = D" (ku{0});
obtained by replacing U with U ~\ {0} in (B.1) (cf. [16, Exercise IV.2]).
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The stereographic projections induce a bijection
u: VN {0} = U~ {0}, 2~ 2/|2]*=1/7,

as indicated in the picture below, where P is represented as a sphere.

00 |t u(x)

0 Jaf *

LEMMA B.3. — Let F € DP(ky). Then one has
ov(F)|vjoy = u w0y (Rur (Fly{0}))-

Proof. — Consider the commutative diagram with cartesian squares

V\{O}éV\{O}XR<0>L>V\{O}XR<—i<V\{O}

U\LZ u><7¢2 u><7‘ll U\LZ
V* {0} <2 V* {0} x Rsg >j—>V*\{0} XR&V*\{O},

where 7(s) = —s. One has

u_ly{o}(Ru! (F|V\{O}>) e Rjim_l Ru, (F|V\{O})

>~ (u X 7)) TRyR(u X T)iyT 10
g1 IR/'R "(F {0}
7 ) IRILR(u X )y (Fly o)

~ ' x ) IR (u % 1)Rjy ™ (Flyqoy)

~ i T'Rjy T (Flvoy)

= oy(F)lv{o}-
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