o
OPEN a ACCESS Universitit Augsburg
OPUS AUGSBURG w h Universititsbibliothek

A CO interior penalty discontinuous Galerkin
Method for fourth-order total variation flow, IlI:
Existence and uniqueness

Chandi Bhandari, Ronald H. W. Hoppe, Rahul Kumar

Angaben zur Veroffentlichung / Publication details:

Bhandari, Chandi, Ronald H. W. Hoppe, and Rahul Kumar. 2019. “A CO interior
penalty discontinuous Galerkin Method for fourth-order total variation flow, II:
Existence and uniqueness.” Numerical Methods for Partial Differential Equations
35 (4): 1477-96. https://doi.org/10.1002/num.22365.

Nutzungsbedingungen / Terms of use: licgercopyright

3 -._\T,t'lv}_
Dieses Dokument wird unter folgenden Bedingungen zur Verfiigung gestellt: / This document is made available under th A ))ﬂ
conditions: I %.\ [=
Deutsches Urheberrecht ﬂ?.!? | &
Weitere Informationen finden Sie unter: / For more information see: & W, yj
https://www.uni-augsburg.de/de/organisation/bibliothek/publizieren-zitieren-archivieren/publiz/ i :


https://doi.org/10.1002/num.22365
https://www.uni-augsburg.de/de/organisation/bibliothek/publizieren-zitieren-archivieren/publiz/

A C' interior penalty discontinuous Galerkin
Method for fourth-order total variation flow. 11:
Existence and uniqueness

Chandi Bhandari' Ronald H.W. Hoppe*> Rahul Kumar?®

' Department of Mathematics, University of
Houston, Houston, Texas

2Department of Mathematics, University of
Augsburg, Augsburg, Germany

3Basque Center for Applied Mathematics,
Bilbao, Spain

Correspondence

Ronald H. W. Hoppe, Department of

Mathematics, University of Houston, 651 P.G.

Hoftfman, Houston, TX 77204.
Email: rohop@math.uh.edu

Funding information
National Science Foundation, DMS-1520886.

1 | INTRODUCTION

We prove the existence and uniqueness of a solution of a C°
Interior Penalty Discontinuous Galerkin (C° IPDG) method
for the numerical solution of a fourth-order total variation
flow problem that has been developed in part I of the paper.
The proof relies on a nonlinear version of the Lax-Milgram
Lemma. It requires to establish that the nonlinear opera-
tor associated with the C° IPDG approximation is Lipschitz
continuous and strongly monotone on bounded sets of the
underlying finite element space.
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We consider the following fourth-order total variation flow (TVF) problem:

MW LAY T 0 in 0= x(0,D), (1.12)
ot | Vw |
I LAY <\?- Vw >= on £:=1"x(0,7), (1.1b)
| Vw | | Vw |
w(-,0)=w" in Q. (1.1¢)

where Q ¢ R? is a bounded domain with boundary = 0@, 7 > 0is the final time, f >0 is some
constant, ny stands for the exterior unit normal at I, and w° € L*(Q) is some given initial data. The



fourth order Equation (1.1a) has to be understood as the flow problem
_a}\ilil/ (S aEH—l (W)
ot
associated with the total variation-H~' (TV-H~!) minimization of the energy functional

E(w):ﬁ/ |[Vw| dx, B>0, (1.2)
Q

where dy-1 E(w) is the H™! subdifferential of E. In fact, if we introduce an inner product on H‘l(fl
according to

W,2)_1 g = (V(=A"'W), V(=A™12))) 4.
the subdifferential
Oy Ew)y={ve H' Q) | n.z—w)_1.a <E(z) — E(w) forall z € H'(Q)}
reads as follows (cf., eg, [1]):
O E(w) = (AV - & | £(%) € 00(Vw(R)}.
Here, @(Inl) and 0®(Ixnl) are given by

bpn/ | n| if n=0

. 1.3
{reR® | |g|<p} if n=0 4

em=p1nl. 0P = {
The fourth-order TVF problem (Equations (1.1a) to (1.1c) describes surface relaxation below the
roughening temperature. We note that similar fourth-order TVF problems occur in image recovery.
For more details we refer to Bhandari and coworkers [2] and the references therein.
In the sequel, we consider the regularized fourth-order TVF problem

%—Vf + BAV - (8 + |Vw|H) 2wy =0 in O, (1.4a)
t
nq - >+ |VwH 2w =0 on 2, (1.4b)
ng - pVV - (8> + |[VwH2Ww)=0 on 2,
w(-,00=w" in Q, (1.4¢)

where 6 > 0 is a regularization parameter. We further consider a scaling in both the time variable and
the spatial variables according to

t=680, xi=6% 1<i<2 (1.5)
Setting T := 6T, Q = 6Q, T := 0Q, Q := Qx(0,T), X := I'x (0, T), and u’(x) = w°(5~'x), as well as
o(Vu) =1+ |Vul?, (1.6)

the scaled and regularized fourth order TVF problem reads as follows

du
ot
nr - f8%(w(Vu) '\ ?Vu) = np - B8*V(V - (0(Vu)"'*Vu)) =0 on I, (1.7b)

u(-,0)=u’ in Q. (1.7¢)

+ B8*AV - (w(Vu) ' ?Vu) =0 in O, (1.7a)

The numerical solution of the regularized fourth-order TVF problem with periodic boundary con-
ditions has been considered in Kohn and Versieux [3] based on a mixed formulation of the implicitly



in time discretized problem. At each time-step, this amounts to the solution of 2 second-order ellip-
tic PDEs by standard Lagrangian finite elements with respect to a triangulation of the computational
domain Q. On the other hand, a C® Interior Penalty Discontinuous Galerkin (C°TPDG) method has been
developed and implemented in Bhandari and coworkers [2]. The advantage of the C°TPDG approach
is that it directly applies to the fourth-order problem and thus only requires the numerical solution of
one equation by using the same Lagrangian finite elements as in the mixed method.

The paper is organized as follows: After some basic notations from matrix analysis and Lebesgue
and Sobolev spaces presented in Section 2, in Section 3 we recall the C°TPDG approximation of the
implicity in time discretized, regularized, and scaled fourth-order TVF problem from Bhandari and
coworkers [2]. Section 4 is devoted to a proof of the existence and uniqueness of a solution of the
CIPDG approximation by an application of the nonlinear version of the Lax-Milgram Lemma. In
particular, this requires to show that the nonlinear operator associated with the C°TPDG approximation
is Lipschitz continuous and strongly monotone on bounded subsets of the underlying function space.

2 | BASIC NOTATIONS

For vectors X = (x1,- -+, x,)",y = (1, - -, y,)" € R" and for matrices A = (a;;)] =), B = (b))}, €
R™" we denote by x - y and A : B the Euclidean inner product x - y = "', x;y; and the Frobenius
inner product A : B = Zz,;—l a;jby;. In particular, | X |:= (x - x)"/? and | A |:== (A : A)"/? refer to the
Euclidean norm and the Frobenius norm, respectively.

We will further use standard notation from Lebesgue and Sobolev space theory (cf., eg, [4]). In
particular, for a bounded domain D C RY, d e N, we refer to LP(D), 1 < p < oo, as the Banach space
of pth power Lebesgue integrable functions on D with norm ||-||o, 5, p and to L*(D) as the Banach
space of essentially bounded functions on D with norm ||-||o, ., p- Moreover, we denote by W*?(D),
s€eR,, 1 <p< oo, the Sobolev spaces with norms ||-||,, ,, p. We note that for p =2 the spaces L*(D)
and W* 2(D) = H*(D) are Hilbert spaces with inner products (-, )o,2,p and (-, -)5, 2, p- In the sequel,
we will suppress the subindex 2 and write (-, -)o, p, (-, *)s, p and ||-|lo, b, ||*|ls, p instead of (-, -)o, 2. p,
Cy )s2.p and [|llo,2,ps IIlls,2, p- The space Wy”(D) is the closure of C with respect to the
IIll5, p, p-norm. We refer to W=*7(D), s€ Ry, 1 <p < o0, as the dual of Wy?(D), where 1/p + 1/g=1.
In particular, H=°(D) = (Hj(D)*.

3 | C'IPDG APPROXIMATION

We perform a discretization in time of Equation (1.7) with respect to a partition of the time interval
[0, T into subintervals [t,,,_1,t,], 1 <m <M, M €N, of length At: =t,, —t,,— 1 =T/M. Denoting by
1™ some approximation of u at time t,,, for 1 <m <M we have to solve the problems

W — "+ AtBSPAV - (V™) PVW™) =0 in Q, (3.1a)
nr - f82 (V™' ?vi™y =0 on T, (3.1b)
nr - f82V(V - (V™) ' ?vu™) =0 on T. (3.1¢)

We reformulate the second term on the left-hand side of Equation (3.1a) according to

AV - (@(Vu") V2™ =V - V(W - (V™) V2Vu™) =V -V - V(™)™ 2 um). (3.2)



As has been shown in Bhandari and coworkers [2], we have
V(o(Vu™)"2Vu™) = o(Vu™) > *M@u™)D*u™, (3.3)
where D?u™ is the 2 X 2 matrix of second partial derivatives of » and the matrix M(u™) is given by
()
M®u") = NE (3.4
S 1+ (5)

We note that the matrix M(«™) is symmetric positive definite with the eigenvalues

AminME™) = 1, Amax M@™) = 1+ [Vu" |, (3.5)

Setting
A ) = o(Vv) M), (3.6)

the weak formulation of the implicitly in time discretized regularized fourth order TVF problem (3.1a)
to (3.1c) reads: Find

WreVi={ve HX Q) | nr-ps’o(Vv)"?vv=0 on I'}
such that for all v € V it holds

" —u" " V)0 + Atps? / (A, @"D*") = D*v dx =0. (3.7
2

For the discretization in space we assume 7}, to be a geometrically conforming, simplicial trian-
gulation of Q. We denote by £,(Q) and &,(T) the set of edges of 7}, in the interior of Q and on the
boundary T, respectively, and set £, := E,(Q) U E,(I). For K € T, and E € &, we denote by hg and hg
the diameter of K and the length of E, and we set / := max(hx | K € Tj). Due to the assumptions on
Ty there exist constants 0 < cg < Cg, 0 < cg < Cg, and 0 < cg < Cy such that for all K € 7, it holds

crhx < hg < Crhg,  E € E(0K), (3.8a)
CQh < h[( < CQh, (38b)
csh < meas (K) < Csh’. (3.8¢)

Denoting by Pi(T), k € N, the linear space of polynomials of degree < k on 7, for k € N we define
Vi = {vi € C°Q) | walr € PUT), T €T, (3.9)

and note that V;, ¢ H'(Q), but V,, ¢ H*(Q). Further, we introduce
M, = (g € L@ | g |x € PK)™?, KET;) (3.10)

as the space of element-wise polynomial moment tensors. For interior edges E € £,(€2) such that E =
K. NnK_,K+ € T, and boundary edges on I' we introduce the average and jump of Vv, according to

1
-V +V E € £,(Q

(Vo) = >(Vvilenk, + Vvalenk ) n(€2) ’ (3.11a)
Vvnle E € &)
Vv -V E € &,(Q

Vo lp o= vilenk, = Vvnlenk_ n(€2) . (3.11b)
Vile E e &)



The average {Av,}r and jump [Av,]g are defined analogously. We further denote by ng the unit
normal vector on E pointing in the direction from K to K_. In the sequel, for E € £, we will frequently
use

| {viwn}e |< 2{Ival}e{Iwnl}E, (3.12a)

| viwnle 1< 4{val Y e{Iwnl e (3.12b)
In fact, for E € £,(Q) Equations (3.12a) and (3.12b) follow from

1
| {vawn}e IS §(|Vh|E+|Wh|E+ + [vale_ Iwnle ) < 2{|val}e{lwnl}E,

| vawnle IS (il wnle, + viele_ wale ) < 4{val}ellwal }e,

whereas it is obvious for E € £,(I"). We will also use

Z viwple = Z {(vi}elwple + Z vale{wn)E- (3.13)

Eeg, Eeg, E€&,(Q)

Following the general approach [5] for DG approximations of second-order elliptic boundary value
problems, in Bhandari and coworkers [2] we have derived the following C°IPDG approximation of
Equation (3.7): Find u} € V), such that for all v;, € V}, it holds

Wl vioa + Atps*al P Wl vis ) = W) vidogs Vi € Vi (3.14)

Here, for z, € V), the mesh-dependent semilinear C°IPDG form af”(-,;z,) @ Vy XV, = Riis
given by

ap” (un, vi: 2) = 2 (A, @)D*un, D*vj)ok

KeT,
= Y g - {A, @)D b eng, ng - [0(V2) ™ 4Vl e
EEE,
- Y (g - {A, @)D v} eng, ng - [0(V2) ™ 4Vuple)o
EEE,
+a Y hg g - [0(V2) ™ 4Vl ng - [0(V2) ™ 4Vvleo s, (3.15)
Eeé,

where a > 0 is a penalty parameter and

A @) = o(Vz) " M(z). (3.16)

4 | EXISTENCE AND UNIQUENESS OF A SOLUTION OF THE C’IPDG
APPROXIMATION

The existence and uniqueness of a solution of the C’IPDG approximation Equation (3.14) can be shown
using the following nonlinear analogue of the Lax-Milgram Lemma.

Theorem 4.1 Let V be a Hilbert space with inner product (-, -)y and associated norm
I-llv and let V* be the dual space with norm ||-||y-. We denote by {-, -)y- v the dual pairing
between V* and V. Let A : V — V" be a nonlinear operator with A(0) = 0 that is Lipschitz
continuous on B(0, R) := {ve VI ||v|lly R}, R > 0, that is, there exists a constantI'(R) > 0
such that for all v, w € V it holds

IAW) = AW)llv: <TR) [Iv —wlly. 4.1)



Moreover, assume that AV — V" is strongly monotone on B(0, R), that is, there exists a
constant y(R) > 0 such that for all v, w € B(0, R) it holds

(AW) = AW),v = why-y 2 y(R) |Iv — w3 4.2)
Then, for any ¢ € V" with

12 < T®? (1 . J1- Y(R)2>R, 4.3)

—r®) IRy

the nonlinear equation

Au=7¢ 4.4

has a unique solution u € B(0, R).

Proof.  Wereferto 7: V" — V as the Riesz mapping, that is,
<Lﬂ, V>V*,V = (Tf, v, e V*, vev. (45)

Then, u € B(0, R) is a solution of Equation (4.4) if and only if « is a fixed point of the
nonlinear map 7' : V — V defined by means of

TW):=v—p(rAQWy) —10), veV, p>0.
Due to Equation (4.5) we have
IT) = T = Iy = il = 20(A0) =AW,y = w)v-y + P2 IAV) =AW (4.6)
Now, using Equations (4.1) and (4.2) it follows that
IT0) =TI < gllv=wlf.  g:=1-2prR) + p’T(R)".

For p € (0, 2y(R)/T(R)*) we have ¢ < 1 and hence, T is a contraction on B(0, R). We
note that ¢ attains its minimum g,,;, = 1 — y(R)>/I'(R)? for pui, = y(R)/T(R)*. Moreover,
choosing w =0 in Equation (4.6) and observing A(0) =0, we have

ITG) = TOF < GuinlIVIT
and hence, for v € B(0, R) it holds

ITMIlv < IT() =TO)lv + ITO)lv < y/gminR + plIZ ]Iy~

Consequently, we have
ITMIlv <R, 4.7

if £ € V" satisfies Equation (4.3). We deduce from Equation (4.7) that T(B(0, R)) C B(0, R). The
Banach fixed point theorem asserts the existence and uniqueness of a fixed point in B(0, R).

In order to apply the previous result to the C°IPDG method Equation (3.14), we introduce a
mesh-dependent semi-norm |-l ;, o and weighted norm ||-||2, . o on V), according to

12
[Valong = <Z / D% : Dy dx+ a ) hg' / Ing - [Vvale|® ds> : (4.82)
K Eeg,

KeT, Eeg,

Vallane = (vl g + val3 )" (4.8b)



We further note that (3.14) can be written as the nonlinear equation
APGy = ¢, 4.9)
where the nonlinear operator AP : Vj, — V; and the linear functional £), € V;' are given by
(ARCvn wi)vew, = s widoo + ABS™ ap®n, wisvi), v wi € Vi, (4.10)
nn) = @ vidoqs v € Ve (4.11)

For the proof of Lipschitz continuity on bounded sets and strong monotonicity of the nonlinear
operator A,?G we need the inverse estimates (cf., eg, [6, 7]): For p €[1, o0] and £, m € Ny it holds
Cinv

11
mux(O,E—[-) ) h%_f

Villmpx < Iville ks v, € Vi, (4.12)

meas(K)

where Cy,, is a positive constant that only depends on k, £, m, p, and the shape regularity of the

triangulation. We further need the trace inequalities (cf., eg, [8,9]): Forp € [1, 0], m €Ny, and K € T},
it holds

IVVillmpox < Crhg P NVvillmpks Vi € Vi (4.13)

ID*Villmpox < Crhg P ID*Villmpks Vi € Vi, (4.13b)

where Cr is a positive constant that only depends on &, m, p, and the shape regularity of the trian-
gulation. Moreover, we will frequently use the following Poincaré-Friedrichs inequality for piecewise
H2-functions (cf., eg, [10])

IVvilloe < Cprlvilong, Vi € Vi, 4.14)

where Cpp > 0 is a constant that only depends on Q and the shape regularity of the triangulation.
In the sequel, we will frequently use some basic estimates for the weight function w(Vvy). In
particular, for >0 and v € V}, it holds

oWy P =1+ |vH P <1, (4.15a)
o(Vv)" D | 7y |< o) P01 + V)P /2
< (Vv P2 <, (4.15b)

Moreover, for v, w € Vj, and &(s): = w+s(v — w), s € [0, 1], it holds

1
oV —w(Vw)™? = =28 / w(VE(S) PIVEES) - V(v —w) ds, (4.16a)
0

1
o(Vv) M) — o(Vw)"M(w) = / o(VE(s)) PEE(s);v —w) ds
0

1
—2p / (V&) P7IVEES) - V(v — w)M(E(s)) ds, (4.16b)
o =
where the matrix E (v;w),v,w € V}, is given by
99w ov 9w dv  Ow dv.
0x, 0x, ox; 0x, 0x, 0x,
F(v;w) = , v,wE V. “4.17)
- ow v, 9w dv. ow v
0x| 0x, 0x, 0x, ox; 0x;

An easy computation yields

[Ev;w)l> <5 Vv [Vwl?. (4.18)



It follows from Equations (4.15b) and (4.16a) that
| 0(Vv)? —(Vw)? |<28|V(v—w)|, (4.19a)
whereas in view of Equations (3.5), (4.15b), (4.16b), and (4.18) we have
| 0(Vv) M) — (VW) "M(w) |< (28 + Vo) Ive-wl, (4.19b)
We will first show that the nonlinear operator AP is Lipschitz continuous on the ball
By(0,R) := {vy € V), | lIvallane < R}. (4.20)
Theorem 4.2  The nonlinear operator AP is Lipschitz continuous on the ball By(0, R).
In particular, there exists I'(h, R) > 0 such that

AR v = AP willv: TR, R) llvi = willzngs v wh € Ba(0, R). 4.21)

Proof.  For vy, w, € B;,(0, R) we set &,: = v, — wy,. In view of the definition (4.10) of

the nonlinear operator A?¢ we have
DG DG
AR v — A} willy; = sup | (AR = Aj] Wh’Zh>VZ,V,l |=
lzsll2s 051
2 (DG . DG .
sup | (En znlo.a + AtS” (ap Vi, znsvi) — ay” (Why Zns wi)) | - (4.22)

lzpll2 =1

According to the definition (3.15) of the semilinear form a;, DG (. .;.) we find

aP® n, zns va) — ap® (Wi, zns wy) = (4.23)

/ A, (vi)D*v;, — A (Wl1)D2Wh) D*z, dx
KeT,

/(nE {A (vi)D*vi}e ng g - [0(Vvy) ™4V 2,]E
Eeg,
—ng - {A, w)D*wi}e ng 0g - [0(Vw) ™ /*V2,]E) ds

- / (g - {A, (D2} g ng - [@(Vv) ™4V,
E€g,

—ng - {A WDz} g ng - [0(Vw) ™ *Vw,le) ds
ta 2 hg! /(nE [o@v) 4 Vvile ng - [o(Vv) ™4V 2,]E

E€E,
= ng - [o(Vwn) ™ Vwile ng - [o(w) ™ *V2le) ds.

We will estimate the four terms on the right-hand side of Equation (4.23) separately.
(1) For the first term on the right-hand side of Equation (4.23) we obtain

/ A, WDy, — A (Wh)DZWh) D%z, dx

KeT,
/ A (D&, = D'z dx+ ) / (A, () = A, wi)D*wy, : D’z dx.
Ker, Ker, /K

=l =l



In view of Equations (3.5), (3.6), and (4.15a) and using Holder’s inequality as well as
the Cauchy-Schwarz inequality, we get the following upper bound for /;:

|1 < / | D*&4||D%z, | dx
KeT,

1/2 /2
< ¥ ([war ax) ([ dx)
KeT, \/K

1/2
< (2 ID*&,115 ¢ dx) <Z 1Dz 15« dx> : (4.24)

KeT, KeT,

Likewise, using Equations (3.8b), (3.8c), (4.16b), the inverse inequality Equation
(4.12), the Poincaré-Friedrichs inequality for piecewise H2-functions (4.14), and observ-
ing |ID*willox < lwillare < R K € T, we can estimate I, from above as
follows:

1< 3 [ 18,00=A,0IDwD%, | dx
K

KeT,

<B+V5) Y / | V& IDwill D2 | dx
K

KeT,

1/2 1/2
<G+V5) Y, ||th||o,m,1<< / RTAR dx) ( / [2EAE dx)
K K

KeT,

<G+ V55 PCuR Y BV ENox 1D 2nllok
KeT,

1/2 1/2
<GB+ V)egles' CinuRh—l( D ||V¢h||%,,<> <Z ||02zh||é,K>

KeT, KeT,

1/2
<G+ V5)eg'es 2 CinCpr R |fh|2,h,g< > ||D2zh||%,,<> :

KeT,

Hence, setting C| := (3 + \/—)c‘1 2¢,.CpER, we thus have

1/2
| |< C&‘>h‘1léh|z,h,g< > ||D2zh||%,K> : (4.25)

KeT,

(2) Setting @(Vvy,, Vwy) = @(Vvy)~"'/* — @(Vw,)"1/4, the second term on the
right-hand side of Equation (4.23) can be written as

/ (g - {A, Dy }e ng g - [@(Vv) ™4V 2]e
E€€,

—ng - {A w)D*wi}g g 0 - [0(Vw) ™4V, ds

= 2 ng - {A D&} e ne g - [o(Vv) Ve ds
Eeg, JE

. >
g

=I1,




+ Y / ng - {(A, ) — A, wi)D*wi}g 0 g - [0(Vv) ™ *Vale ds
E

EeE,
(- ~ >
=11,

+ Z /nE {A,w)D*wi}e ng g - [B(Vv, YW)V2le ds.
EeE, Y E
. ~ J
=11,

Setting Ey: = E, E>: = E_, for E € £,(Q), and using Equations (3.5), (3.8a), (3.16),
(4.15a), and the trace inequality Equation (4.13b), for the first term I7; we find

111 Y, [ 10 adelne - Tale ) ds
E

Eeg,

/Z ID*& g |Ing - [Vzle | ds+ Z / | D&, | |Ing - [Vzule | ds

Eeg,M) Y E

1/2
Zhl/2</|D2§h| I’ ds) h21/2</|nE-[Vzh]E|2 ds)
Ee&,(Q) i= E
1/2 1/2
) < hy!? / D% ds) h;“2< / g - V2]l ds>
EEE,(T) E E
1/2 12
1/2(2 hi||\D 5h||0,>,<> (Z hg! / Ing - [Vz)el® ds)
KeT, E€E, E
172
1/2CT<2”D2511”0K> (Z hz! /lnE-[VZh]E|2 ds) .
KeT, Eeé,

‘We thus have

1/2 172
| 11, |< c?(leDzéhu%,K) <Z hg! / Ing - [Vzulel® ds> , (4.26)
E

KeT, Eeg,

1
2 E€E,(Q)

where C? = C}*Cr. In a similar way, using (3.5),(3.82)-(3.8¢).(3.16),(4.16b), the
inverse inequality (4.12), the trace inequality (4.13a), the Poincaré-Friedrichs inequality
for piecewise H2-functions (4.14), and observing ||D*wp|lox < IWillong < R.K € T,
the second term /I, can be estimated from above according to

1/2
|11, |s< +V5) C§/2<levghllowh;</ 1Dy 2 ds)
0K

KeT,

12
(Z hg! /|nE - [Vanlel® dS)
E€é,

1/2
( +V5) cl/ZcT<Z||v:h||owK/|Dzwh|2 ds>

KeT,



12
(Z iz /lnE-[Vzh]EF ds)
EeE,

1/2
3 B _
< <§ + \/§> c5'¢s' CinoCi/>CrRA 1( > ||V§h||3,l<>

KeT,
1/2
<Z hg! /|nE - [Vanlel? dS>
Eeg,
1/2
< Ci”h‘wém,h,sz(Z hg! / Ing - [Vzulel® ds> : 4.27)
E

Eeé,

where Cf) = <§ + \/§> CQICEICMUCPFCIIQHCTR. In a similar way, for /I3 we obtain

1/2
| 115]< Cé”(ann%,m,th / |Dzwh|2ds> (ZhE / |nE-[Véh]E|2ds)
oK

KeT, E€é,
1/2 1/2
<cl/2cf<2||\7zh||é,m,,< / |D2wh|2dx> <Z hg! / |nE-[V¢h]E|2ds>
KeT, K E€g, E
1/2
sc@lcglcinucpfc;/chRh‘lIz,,lz,h,g<2 hg! / Ing - [V&]el? ds) :
E€éE, E
and hence,
1/2
| IT5 |< c;‘”h-wzuz,h,gz(}‘, hg! / Ing - V&gl ds> : (4.28)
Eeég, E

where C{ = ¢! ¢5' CinoCprCyf *CrR.
(3) For the third term on the right-hand side of Equation (4.23) we have

/ (g - (A, Dz} g Mg 0 - [0(Vv) ™4 Vvle

EeE,
—ng - {A,wp)D*z} e ng 0g - [0(Vw) ™ *Vw,lE) ds

/ ng - {(A, ) = A, wi)D’z}eng g - [o(Vv) ™ Vv le ds
Eeé‘h

o ’
+ ) / ng - (A, D2 eng ng - [B(7vs, Vwi)Vvile ds
Eeé’,
+ Z /nE A, WDz} g g - [@(Vv) "V E ] ds.
Eeg,

. »

g

=111,



The terms 111, III,, and 1115 can be estimated from above in much the same way as
the corresponding terms for /1. We obtain

1/2
| 111} |< Cf)h"lmz,h,g(Z / D%z, 2 ds) : (4.29)

KeT, /K
where ) = (g + \/5) ¢5'¢5' CneCrrCYCrR, and

1/2

| 1115 |< C?)h“le:uz,h,g(Z / D%z, ds) : (4.302)
KeT, /K

172
| 1115 |< Cff)h“lmz,h,g(Z / D%z, 2 ds) : (4.30b)
KeT, /K

where Cﬁf) = C,(Z) = CQICEIC,‘WCPFC}Q/ZCTR.
(4) Finally, for the fourth term on the right-hand side of Equation (4.23) we get

@« Y hE' / (g - (@)™ *Vvle g - [0(Vv) V21

E€E,

—ng - [(Vw) 4 Vwle ng - [Wwy) 4V 2,0E) ds

=a Y i / ng - [@(Vv) Ve e - [w(Vv,) 4V z]e ds
EE€E,

o J

=1v,

+a 0! / ng - [o(Vwi) ™ *Vwile ng - [V, Yw)VzlE ds

E€E,
- ~- _
+a 2 hg! / ng - [@(Vvy, Vwp)Vwile ng - [@Vwy) /4Vz]e ds. 4.31)
=
N ~ y

Using Equation (3.8a), (4.15a), the trace inequality (4.13a), and the
Poincaré-Friedrichs inequality for piecewise H?-functions (4.14), for IV we obtain

[1Vilsa 30t [ e Walelng - Wale | ds
E

E€E,

1/2 1/2
<a h;”( / ;- [V:h]EPds) h;‘“( / ng - [Vzh]EPds)
E€E, E E

1/2 1/2
sdP(Zhg' / |nE-[v:h]E|2ds) < / hg' I - (V24| ds) ,
E€&, E E€E,

where C¢ := a. Setting K;: = K, and K,: = K_ for EEEHNQ), E=K, NK_, and

Ki=K,=K for E€ &,(I), E€ E,(KNT), the term IV, can be estimated from above as



follows:

1/2
[ 1Val<a ) Z 1V &0 ( / Iz Ing - [thlEPds)

E€éE, i=I

1/2
(/hillng . [VZh]E|2d5> .
E

Using Equations (3.8b), (3.8c), the inverse inequality (4.12), and the
Poincaré-Friedrichs inequality for piecewise H2-functions (4.14), for IV, we have

2

2
D IVenllowk, < ck'es' Cinoh™ D IVENI0k,
i=1

i=1

< 2CE1C§1Cinuh_1”V§h”0,Q < 2CR CSICmUCPFh |§h|2h§2

1/2
Hence, observing ( Y hgl /E Ing - [Vw;,]E|2ds> < wnllane < R, we obtain

E€g,

1/2
| IV, |< Cg9>h“|§h|2,h,g< / h' g - [Vzh]EPds) . (4.32)
E

where ng) = 2aclglc§1C,»,,uC prR. In the same way we get

1/2
| 1V3 1< C{2n " Eane < / hi' ng - [Vzh]EPds) . (4.33)
E

where C(IO) C(9)
Setting Cy = Zi= Y, it follows from Equations (4.22) and (4.33) that
| (AP vy —A;?Gwh,zﬁv;,v,l |< max(1, BAtS2Cah™") ||Enllanallzallzngs

which implies Equation (4.21) with T'(h, R): = max(1, At6>Cah™"). =

Theorem 4.3  Under the assumption that there exist constants 0 <k < 1 and Cp > 0
such that
PALS> < Cpah*tr, (4.34)

for sufficiently small 0 <h < I there exists y(h, R) > 0 such that for vy, w;, € B,(0, R) it
holds
ARV = AR wivi = Wiz, 2 Y (s R)lv = will3 .0 (4.35)

Proof.  For vy, w, € By(0, R) we set £,: = vy, — wy,. Taking the definition (4.10) of the
nonlinear operator A? G
(AR = AR wi, E)ve v, = l1&ll5 o + BALS (@ (vn Ens vi) — ai® (Wi, Ens wh)). (4.36)

Recalling the definitions (3.6), (3.16) of é . and éz’ for the second term on the
right-hand side of Equation (4.36) it follows that

into account, we have

ay® (vas & vi) — ag® (wn, Ens wi) = / (A, ()D*vy — A (wi))D*wy) : D*&, dx
KeT,

/ (g - {A, Dy }e ng g - [0(Vvy) ™ /4VE
Eeg,



—ng - {A,w)D*wi}g 0 g - [0(Vw) 4V EE) ds
/(nE {A, (vD*E) e ng ng - [0(Vv) V4V v,]E
E€E,

—ng - {A )D&} e ng g - [0(@wy) ™ Vw,le) ds
+a ) hg' / (g - [o(Vvi) ™ *Vvile ng - [o(Vv) ™4V
E€é,
—ng - [w(Vw) Vil ng - [0(Vw,) ™ /*VEE) ds. (4.37)

As in the previous theorem, we will estimate the four terms on the right-hand side of

Equation (4.37) separately.
(1) For the first term we obtain

/(A (vi)D*vy, -A (Wh)DZWh) D&, dx

KeT,
/ A (D¢, 1 D*g, dx + 2 / (A, ) = A, (w)D’w), : D*&, dx.
KeTh KeT

As far as I} is concerned, due to Equations (3.5) and (3.6) we have

/ A D& D&y dx 2 (1 + IVvillf oo )2 ID*Enlo -
K

Using Equations (3.8b), (3.8c), the inverse inequality (4.12), the Poincaré-Friedrichs
inequality for piecewise H2-functions (4.14), and observing ||[vy|l2. n. o <R, we get
IVVill§ ok < 5> Crnhi NVVlIG &k < c5°cs” Canh NV WAllG 0

_ 0), —
< 25 ChChph 2 il 0 < VAR,

where 7\ := cg'c5*Cr,CppR?. Observing h < 1, it follows that

1nv
L+ IVl )™ 2 B + 7)™ 2 P14 1) = 1o,
where 7{) := (1 + 7)¥/2. Hence, we obtain the following lower bound for I, :
L2y Y IDPE & (4.38)
KeT7,

In order to estimate I, from above, we use Equations (3.8b), (3.8¢c), (4.19b), Holder’s
inequality, the inverse inequality (4.12), the Cauchy-Schwarz inequality, and observe
I1D*willo,x < lwallzng < R, K € Ty:

FASCEREDY / | VallD*wil| D28, | dx

KeT, /K

1/2 1/2
<G+v5) Y ||v:h||o,m,K( [ dx> < [iar dx)
K K

KeT,

<G+ V5 Cw D B NnlloxID*willo I1D*Ello.x

KeT,



<G+VHG'CLR Y, i lnlloxhIEnllox

KeT,
<G+ V5)eges R Y (& k-
KeT,
Hence, it follows that
| b 1< C R NI&IG 00 (4.39)

where Cy == (3 + V/5)c5'cs €2, R.
(2) We now deal with the second term on the right-hand side of Equation (4.37) which
we rewrite as follows:

D / (ng - {A, D }g ng ng - (V)™ 4V &1

Eeg, E
—ng - {A w)D*wy}p g ng - [0(Vw) V&) ds

= Z /nE A, D&} e ng ng - [0(Vv) Vg e ds
Eeg, VE

. )
g

=11,

+ ) / ng - {(A, ) = A,w)D*wy}e g ng - [0(Vv) Ve e ds

Ee€é&,

N ~- y
+ ) / ng - {A,w)D*wile ng ng - [@(Vvy, Vwi)VE e ds,

EeE, Y E

N - y

where @(Vvy, Vwy,) = o(Vvy) ™ /*—o(Vw,)~1/*. In view of Equations (3.5), (3.8b), (3.12),
(3.16), (4.15), Holder’s inequality, the Cauchy-Schwarz inequality, the inverse inequality
(4.12), and the trace inequality (4.13b) we can estimate /I; from above as follows:

111158 % [ 0anevale ds

EEE,

1/2 1/2
(/{ID2§h| }e ds) (/{lml }e ds>
Eeg,
1/2 /2
</ D%, ds> </ 72 ds>
KeT,

<dcy'n™! Z h1/2||D2§h||oath IVEnllo,ox

KeT,

1/2 1/2
<4cg'Chh <2||D2¢huo,<> <Z||V<:hné,,<>

KeT, KerT,

<4eg* Ch,Crh ™ Y &G &

KeT,

< 4c§4C,-2,,UC%h_4||§h||(2),Q~



Hence, we obtain
2y, _
| 11, 1< CPR &3 o

where C$ := 4cy'Ch,,Ch. Likewise, for II; we have

2+45) Z/ P& 1DPwil )

EEE,

5 \/_ 1/2 1/2
S+V5 Ve d> </ Dwy|? d>
S+ >Ezg</E” alye ds) ([ upwiPye ds

12 12
¥ ( [ war ds> ( [ 0P ds>
Keﬂ 0K 0K

|11, |<4

—1,-1 1/2 2 /2112
g Y P IVENS 4 ol 21D willo.ox
KeT,

)
)
2+ V5)@ C%h“< ) ||V:h||‘o‘,4,,<)l/2< > ||D2Wh||%,,<>l/2
)
)

KeT, KeT,

1/2
-1 —1/2 —
+V5) ¢5'es*Cns C3 RA 2( > ||V¢h||é,,(>

KeT,

KeT,

It follows that
| 115 |< COR &I o

where Cg) =2 <g + \/5) o csl/2C3 C2%R. Finally, II5 can be bounded from above

v

in much the same way as /1. We get
| 115 1< C'h* )&l
where Cy = 2c5%cs /2G5, C3R.

v

(3) For the third term on the right-hand side of Equation (4.37) we have

/(HE {A, (vi)D*&,} e ng ng - [o(Vv,) V4V, ]E
Eeg,

—ng - {A w)D*&)e ng g - [@Vwy) ™ *Vwilp) ds

/ ng - {(A, () = A,w))D*& ) g g - [0(Vvy) Vv, leds

Eeé’
+ Y / ng - {A,wi)D*& ) eng ng - [V vy, VW)V vyled's
Eeg, Y E
N ~ y
+ ) /E g - {A, ()D&} eng ng - [0(Vv)™ 4V, eds.
EE€E,

=III,

(4.40)

4.41)

(4.42)



The three terms can be estimated from above in a similar way as the corresponding
terms in /1. We obtain

| IT1 1< CO e o, | TTT | CORERa, | TTI5 1< CPR &R, (4.43)

o v

(4) For the fourth term on the right-hand side of Equat1on (4.37) we obtain

where €& ::2<§+ 5>c—3 1203, C2R, €9 1= 263 ¢5 2 €3, COR, and € = CP.

a Y by / (g - [0(Vv) ™ *Vvile g - [0(Vv) ™ /4VE, ]

EEE,
—ng - [@Vw) /4 Vwyle ng - [0(Vw) V&) ds (4.44)
=a ) ' / ng - [0(Vv) Ve ng - [0(Vv) Ve e ds
Ee€g,
+a ) hg / Ao (Vwn) 4 Vwile ng - [BVvi, Vwi)Véle ds
E€é, E

+a ) hy / @V Vi, Vwi)Vwile g - [o(Vwi) 4VE]E ds.
Eeg,

.

~

=1V,

In view of Equation (3.13), the first term IV can be further split according to

wi=a ) i / ng - {@(Vv) ™) elVEe ng - {o(Vvi) ™ elVele ds

E€E,
+a Y hg' / g - [o(Vv) (Ve e ng - [oVv) (Ve ds
E€E(Q) E

+a Y kg / ng - [0(Vvi) (Ve e - {o@v) ™/} elVE]E ds
EE€E,(Q) E

.

e
ta Dby / ng - {o(Vv) /Y elVEE ng - [@(Vvi) ™ e{VE e ds.
E€E,(Q) E
=1“,/14

For IV, setting E|: = E and E;: = E_ for E € £,(Q2), we have
) -1/2
1 _
Wiuza Y (145 DIVl hg! /|nE - [V&lel*ds
E€E,(Q) 2 i=1 E
h

+a Y (L [Vl o )7 2! / Ing - [V&,]el’ds.
E

E€EE, ()



Taking advantage of Equations (3.8b), (3.8c), the inverse inequality (4.12), and
the Poincaré-Friedrichs inequality for piecewise H-functions (4.14), it follows that for
E € £,(0K) it holds

17villo.o.r < ||Vvh||ooo,< < o5 2 Cinhig 17 villo.x

< cg'es P Cinh ™ IVvillog < ¢5'cs* ConsCorh™ Ihllang < ¢5'cs'* CinsCprh™'R,
and hence, observing i < 1, we get
A+ Vvlld o)™ 2 (1 + cglcs ' ChuChpRoN2) ™2
= (1 + cg’cs Ch,CopR) ™ Ph > (1 + cgies €L Ch p R/,
Consequently, we obtain

Vi >ayh Y ! / Ing - [V&]e|2ds, (4.45)
EEE,

where yﬁ) = a(l +cj o2cg1CE, C% .R?)~1/2. The remaining terms IVy;, 2 <i <4, can be

v
estimated from above 51m11ar1y as the corresponding terms in Theorem 4.2:

| IV IS COR MR, 1TV ISCYR EIRe, 1TV iaIS C3OnMERq,  (4.46)

where Cy = 2acgtcz! C3,C2 and €y = €y := 2C. The remaining two terms

v

1V, and IV3 can be estlmated from above in the same way. Using Equations (3.8a), (3.8b),
(4.19a), the inverse inequality (4.12), the trace inequality (4.13a), the Cauchy-Schwarz
inequality, and observing

172
(Z hg! /lnE - [Vwalel? dS) < lwillzpe <R,

E€é,
we obtain

| 1V |< dacy P P2 Y ' / | ng - [Vwale | {IVE1VE ds
= E

1/2 12
< 40(051/20,;1/2}1_1/2 Z hgl/2</ Ing - [Vw]e|? ds> </{|V§h|}45 dS)
E E

EEE,

1/2 1/2
< 2acj/2c,;”2h‘3/2<2 h' / Ing - [Vwlgl® ds> <Z hi||vgh||3,4,aK)
EE€E, E KeT,

1/2
-3/2 —-1/2 —_
< 2acycx'*CrRh 3/2< > ||V¢h||g,4,,(>

KeT,

1/2
< 2acg *ci' 2, CrRIC 7/2< > ||¢h||o,<>

KeT,
-7/2 —1/2 _
< 2acyeg*C,CrRAT Y Nl k.
KeT,

Hence, it follows that
| 1V 1< Cy V218013 6, (4.47)



where C§" := 2(1Cé7/ 2¢x'*C2, CrR. Moreover, we get
| 1V5 1< CPRT2 812 (4.48)

where Cfglz) = CE;“). Setting Cp = 211:21 Cg) and observing (4.34) as well as h <1, it
follows from Equations (4.36) to (4.48) that
(AR v — AP, vy — Wh)vey,
> (1= CaCalt™) llanligq + min(ryy s ary W |&43 - (4.49)
We choose h,,;, > 0 such that
q=CaCphltyy <1 and  min(yly, ay i, <1—gq. (4.50)
Then, for h < h,,;,, (4.35) follows from Equations (4.49) and (4.50) with
y(h,R) == min(y,, ay "), _(@5D)

Corollary 4.1  Assume that u'™' satisfies

m-1 LR ([, _r®?
llup ™ llo.e < +(R) <1 1 F(R)2>R

for some R >0 and that (4.34) holds true. Then, for sufficiently small grid size h, the
C’IPDG approximation (3.14) has a unique solution u)' € Bj(0,R).

Proof.  Using the Lipschitz continuity (4.22) and the strong monotonicity (4.35)
of the nonlinear operator APC, the result follows from the nonlinear analogue of the
Lax-Milgram Lemma (Theorem 4.1). ]

Remark 4.1 If we choose hni, > 0 such that Equation (4.49) is satisfied as well as
Bmin < PCACy, for h < hyiy we have I'(h, R) = fCAC4h~! in Theorem 4.2 and the appli-
cation of Theorem 4.1 for V=V, and A = AP @ implies that the fixed point operator T is
a contraction as long as

ey TR min(yy,, ays;)

= n. (4.52)
['(h,R)? CiC3

In other words, the contraction property degenerates for 4 — 0. This reflects the very singular

character of the fourth-order TVF.
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