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A POSTERIORI ERROR ESTIMATION OF FINITE ELEMENT
APPROXIMATIONS OF POINTWISE STATE CONSTRAINED
DISTRIBUTED CONTROL PROBLEMS*

RONALD H.W. HOPPE AND MICHAEL KIEWEGH

Abstract. We provide an a posteriori error analysis of finite element approximations of point-
wise state constrained distributed optimal control problems for second order elliptic boundary value
problems. In particular, we derive a residual-type a posteriori error estimator and prove its efficiency
and reliability up to oscillations in the data of the problem and a consistency error term. In contrast
to the case of pointwise control constraints, the analysis is more complicated, since the multipliers
associated with the state constraints live in measure spaces. The analysis essentially makes use
of appropriate regularizations of the multipliers both in the continuous and in the discrete regime.
Numerical examples are given to illustrate the performance of the error estimator.

Key words. optimal control, state constraints, adaptive finite elements, a posteriori error
analysis, efficiency and reliability

AMS subject classifications. 49M15 , 656K10, 656N30, 65N50

1. Introduction. The theory and application of adaptive finite element methods
for the efficient numerical solution of boundary and initial-boundary value problems
for partial differential equations (PDEs) has reached some state of maturity as docu-
mented by a series of monographs. There exist several concepts including residual and
hierarchical type estimators, error estimators that are based on local averaging, the
so-called goal oriented dual weighted approach, and functional type error majorants
(cf. [1, 2, 3, 12, 30, 32] and the references therein).

On the other hand, as far as the development of adaptive finite element schemes
for optimal control problems for PDEs is concerned, much less work has been done.
The goal oriented dual weighted approach has been applied to unconstrained problems
in [3, 4]. Residual-type a posteriori error estimators for control constrained problems
have been derived and analyzed in [14, 15, 18, 22, 24, 26, 27|, whereas the theory of
functional type error majorants has been investigated for control constrained elliptic
problems in [16].

As opposed to the control constrained case, the difficulty associated with point-
wise state constrained optimal control problems is due to the fact that the Lagrange
multiplier for the state constraints lives in a measure space (see, e.g., [7, 8, 20, 31]).
Finite difference and finite element approximations of such problems have been stu-
died both with regard to a priori error estimates [9, 10, 13] as well as with respect
to the efficient iterative solution of the discretized problems by primal-dual active set
strategies and interior-point methods [5, 6, 19, 21, 23].

However, an a posteriori error analysis of adaptive finite element approximations
of pointwise state constrained control problems has not yet been provided. In this
paper, we attempt to close this gap by the development, analysis and implementation
of a residual type a posteriori error estimator. The paper is organized as follows:

In section 2, as a model problem we consider a distributed optimal control problem

*The authors acknowledge support by the NSF under Grant No. DMS-0411403 and Grant No.
DMS-0511611 as well as by the DFG within the Priority Program SPP 1253’PDE Constrained
Optimization’.
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for a two-dimensional, second order elliptic PDE with a quadratic objective functional
and unilateral constraints on the state variable. The optimality conditions are stated
in terms of the state, the adjoint state, the control, and a Lagrangian multiplier for the
state constraints which lives in the space of Radon measures. We further introduce
a regularized multiplier and a modified adjoint state which will play an essential role
in the error analysis.

In section 3, we describe the finite element discretization of the control problem with
respect to a family of shape regular simplicial triangulations of the computational
domain using continuous, piecewise linear finite elements for the state, the control,
the adjoint and the modified adjoint state, and the regularized multiplier, whereas
the multiplier itself is approximated by Dirac delta functionals associated with the
nodal points of the triangulations.

In section 4, we present the residual-type a posteriori error estimator for the global
discretization errors in the state, the adjoint state and the control. Data oscillations
are considered as well, since they essentially enter the error analysis which is the
subject of the subsequent sections 5 and 6.

In particular, in section 5 we prove reliability of the error estimator, i.e., we prove that
it provides an upper bound for the global discretization errors up to data oscillations.
Section 6 deals with the efficiency of the estimator by showing that, modulo data
oscillations, the error estimator also gives rise to a lower bound for the discretization
errors.

Finally, section 7 is devoted to a detailed documentation of numerical results for
two representative test examples in terms of the convergence history of the adaptive
finite element process including visualizations of the adaptively generated simplicial
triangulations.

2. The state constrained distributed control problem. Let Q C IR? be a
bounded, polygonal domain with boundary I' := 'p Uy, Ip NIy = 0. We use
standard notation from Lebesgue and Sobolev space theory and refer to W*?(Q), k €
IN,1 < p < oo, as the Sobolev spaces with norms || - |5 0. Note that for £ = 0 we
obtain the Lebesgue space LP(€). In case p = 2, we refer to (-,-)o,o as the inner
product of the Hilbert space L?(9), and we will write H*(Q) instead of W*2(Q)
and || - ||x,o instead of || - ||g2,0. For k > 1, we further refer to | - |0 as the
associated seminorm on WH?(€) which actually is a norm on Wi?(Q) = {v €
WEP(Q) | (D)|r =0, |a] < k—1}. If we consider functions in W*P(D), D C €, we
will write |- ||x,p,0 and |- |g p. D, respectively. We recall that for ¢ conjugate to p in the
sense that 1/p+1/q = 1, the space W—%4(Q) is dual to W*P(Q). Finally, we denote
by C(Q) the Banach space of continuous functions on Q. Its dual M(Q) = C(Q)* is
the space of Radon measures on 2 with (-, -) standing for the associated dual pairing.
We refer to Cy (Q) and M () as the positive cones of C'(Q) and M(). In particular,
o € My (Q) iff (o,v) >0 for all v € C ().

For given ¢ € Ry, we refer to A: V — HY(Q),V :={v e HY(Q) | v|r, = 0}, as
the linear second order elliptic differential operator

Ay = Ay + ¢y , yeV

and to a(-,-) : V. x V — R with a(y,v) := [,(Vy - Vv + cyv)dx as the associated
bilinear form. We assume ¢ > 0 or meas(I'p) # 0. In particular, this assures that A
is bounded and V-elliptic, i.e., there exist constants C' > 0 and ~ > 0 such that

(2.1) la(y,0)l < Cllylhellvlie 5 aly,y) = Ayl

2
1,0 -
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We further assume that € is such that for all u € L?(£2) the solution of the elliptic
boundary value problem

Ay = u inQ , y =0 onlp

satisfies y € VNWLT(Q) for some r > 2. We note that this allows nonconvex domains,
e.g., such with reentrant corners (cf. [17]). According to the Sobolev imbedding
theorem we have y € C(Q).

Now, given a desired state y¢ € L?(§2), a shift control u? € L?(2), a regularization
parameter o > 0 and a function v € W17 (Q) satisfying 1|r,, > 0, we consider the
objective functional

1 d o d
Jyu) == 5 lly-y 150 + 5 lu—u 150

and the associated state constrained distributed optimal control problem: Find (y,u) €
V x L*(f2) such that

(2.2) inf J(y,u) ,
Y, u

subject to the constraints

(2.3) Ay = u inQ , y =0 onIp,
(2.4) Iye K = {veCQ) |v(x) <¢(x), z€Q},

where I stands for the embedding operator I : W17 (Q) < C(£2). Since the solution
y = y(u) of (2.1) lives in VNC(Q), we define G : L2(Q2) — C(Q) as the control-to-state
map which assigns to u € L?(£2) the unique solution y = y(u) of (2.1). We note that
the control-to-state map G is a bounded linear operator.
We assume that the following Slater condition is satisfied

(2.5) There exists vy € L*(Q) such that Gug € int(K) .

We note that the assumption t|r,, is necessary for (2.5) to hold true.
Substituting the state y = y(u) by y(u) = Gu leads to the reduced objective
functional

1 e}
Jrealw) = 5 1Gu—y B + & Ju— w3
which allows to reformulate the optimal control problem (2.2)-(2.4) according to

(2.6) inf Jrea(u) , Uaa = {v € L*(Q) | (Gv)(2) < ¢(x) , 2 € Q} .

u€Uqq
Since J,eq is lower semicontinuous, strictly convex and coercive, and the admissible
control set U, is closed and convex, the optimal control problem has a unique solution.

The optimality conditions for the optimal solution (y,u) € V N L?(f2) are given as
follows.

THEOREM 2.1. The optimal solution (y,u) € K x L?(Q) of (2.2)-(2.4) is charac-
terized by the existence of an adjoint state p € V, where Vs := {v € W5(Q) | v|p, =
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0} and s is conjugate to r, and a multiplier o € M () such that

(2.7) (Vy, V)o.a + (cy,v)o0 = (u,v)00 , vEV,

(2.8) (Vp, Vw)o.o + (cp,w)oa = (y — y* w)oa + (o, w) , w eV,
(2.9) p+au—ul)=0,

(2.10) (o,y—1)=0.

Proof. The proof follows the lines of [8]. Since there are stronger regularity
assumptions in [8], it will be presented here. Denoting by Ik the indicator function
of the constraint set K, the reduced problem (2.6) can be written in the formally
unconstrained form

(2.11) ueiL%f(Q) J() == Jrea(v) + (Ix 0 G)(v) .

The optimal solution u € L*(2) satisfies 0 € dJ(u), where d.J(u) stands for the
subdifferential of J at u. Due to the Slater condition, subdifferential calculus tells us
I(Ik o G)(u) = G* 0 Ik (Gu) and hence, (2.11) results in

0€ J 4u)+ G odlk(Gu) .
Consequently, there exists o € Ik (Gu) such that
(2.12)  (y(u) —y%, y(v))o.a + a(u — ut,v)o0 + (GFo,v)00 =0, v e L3(Q).
We define
(2.13) o= G'o

as a regularization of o € M(£2) and obtain from Theorem 4 in [8] that & € V; with
1 < s < 2 being conjugate to r > 2. We further introduce p € V as the unique
solution of

(2.14) (VP, Vv)o,a + (cB,v)o0 = (y(u) — yd,v)oﬂ ,veV.

Setting p := P + @, we have p € Vi := Wy*(2). Then, (2.12) gives (2.9), whereas
(2.13) and (2.14) imply (2.8). Finally, 0 € 01k (u) is equivalent to (o,v—y) < 0,v € K
which proves o € M (Q) and (2.10). O

We define the active control set A(y) as the maximal open set A C Q such that
y(z) = ¢¥(x) fa.a. x € A and the inactive control set Z(y) according to Z(y) :=
Ueso Be, where B, is the maximal open set B C € such that y(z) < ¢(x) — ¢ for
almost all x € B.

3. Finite element approximation. We assume that {7;(Q2)} is a family of
shape-regular simplicial triangulations of €2 which align with I'p, 'y on I'. We refer
to Ny(D) and &(D) , D C Q, as the sets of vertices and edges of 7¢(2) in D C Q.
We denote by hp and |T| the diameter and area of an element T' € 7,(Q2) and by hg
the length of an edge E € /(D). For E € £(Q) such that E =T, NT_, Ty € T,(Q0),
we define wg := Ty UT_ as the associated patch.

Throughout the paper, we will also use the following notation: If A and B are two
quantities, we say A < B, if there exists a positive constant C' that only depends
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on the shape regularity of the triangulations but not on their granularities such that
A<CB.

The state constrained optimal control problem (2.2)-(2.4) is discretized by con-
tinuous piecewise linear finite elements with respect to the triangulation 7,(€2). In
particular, we refer to Sy := {v; € Co(Q) | ve|r € Pi(T) , T € Ty(2)} as the finite
element space spanned by the canonical nodal basis functions ¢} , p € N;(Q), associ-
ated with the nodal points in 2 and to V} as its subspace V; = { vy € S¢ | ve|r, = 0}.
Moreover, we denote by Wy := { w; € L*(Q) | we|r € Po(T) , T € T;(Q) } the linear
space of elementwise constant functions on €.

Given some approximation u? € V; of u¢, we refer to J; : Vo x S¢ — R as the
discrete objective functional

1 «
(3.1) Je(ye,ue) = 5 llye —yl3a + 5 llue —ufl3a -
Further, we denote by v € Vi the Vi-interpoland of ¢ which is well defined, since
P e C().
The finite element approximation of the state constrained optimal control problem
(2.2)-(2.4) reads as follows: Find (ye,u¢) € Vi x S¢ such that

(3.2) inf Jo(ye, we)

Ye,ue

subject to the constraints

(3.3) (Vye, Vue)oo + (cye, ve)oo = (we,ve)on 5, ve € Ve,
(3.4) Y € Ky := {’Uz eV | vy < wg}
As in the continuous setting, the discrete state constrained optimal control problem

(3.2)-(3.4) admits a unique solution (yg,us) € K; X Sp.
We further choose M, C M(Q2) according to

(3.5) Mp={u e MQ) | pe= > Kby, p € R},

PEN(QUIN)

where d,, stands for the Dirac delta function associated with the nodal point p.
We obtain the discrete optimality conditions:

THEOREM 3.1. Let (ys, ue) € Ko xSy be the unique solution of (3.2)-(3.4). Then,
there exist a discrete adjoint state p; € Vp and a discrete multiplier oy € MyN M (2)
such that
(3.6) (Vye, Vug)o,o + (cye, ve)o,o = (ug, ve)o,n > ve € Vi,

(3.7) (Vpe, Voe)o.a + (cpe,ve)oe = (ye — vy ve)oa + (o0, v0) , ve € Vi,
(3.8) pe+o(ug—uf) =0,
(3.9) (o0, ye — o) = 0.

Proof. For a proof we refer to [10]. O

As in the continuous regime, we introduce a regularized discrete multiplier o, € Vj
as the solution of

(3.10) (Vﬁg,’U@)O’Q =+ (CE[,'U@)(LQ = <O’g,’0@> , vg €V,
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and define p, := p; — 7y so that p, € V; satisfies the discrete analogue of (2.14), i.e.,

(3.11) (Vs ve)o.0 + (Be,ve)o.a = (Yo — y ve)oa , ve € Va.

We further define A(yy) and Z(y) as the discrete active and inactive control sets
according to

Alye) = J{ T € Te(Q) | ye(p) = ¢u(p) for all vertices p € No(T)} ,
Z(ye) := U {T € Ty() | ye(p) < Ye(p) for at least one vertex p € Np(T)} .

4. Residual-type a posteriori error estimator. We introduce a residual-
type a posteriori error estimator

(4.1) ne = 1e(y) + 1e(D)

in terms of estimators 7,(y) and 7,(p) for the state y and the modified adjoint state
P which consist of element and edge residuals according to

(4.2) me(y) :=( > omrw+ Y. n%(y))l/z,

TeT,(2) Ee&i(2)

1/2

(4.3) @)= Y B+ > Be)
TET,(R) Ec&(Q2)

The element residuals n7(y) and nr(p), T € Ty(Q2), are weighted elementwise L?-
residuals with respect to the strong form of the state equation (2.3) and the modified
adjoint state equation (2.14), respectively:

(4.4) nr(y) = hrlleye — uellor , 17@) = hrllcby — (e — yHllor » T € To(Q).

The edge residuals ng(y) and ng(p), E € £ (), are weighted L?-norms of the jumps
vg - [Vye] and vg - [VD,] of the normal derivatives across the interior edges

(4.5) ne(y) = hy*ve - Vydloe » 1e®) = hy |ve - [VBlo,e-

Denoting by yg € W, some approximation of the desired state y?, we further have to
take into account data oscillations with respect to the data u?, y¢ of the problem

1/2
(4.6) 0scy = (oscf(ud) —|—osc§(yd)) ,

where osc,(u?) and osc(y?) are given by

1/2
(4.7) osce(u?) == ( Z osc%(ud)) , oscr(u?) = |u? —ufllor , T € Tu(Q),

TeT,(Q)

1/2

(4.8) osce(y?) = ( > 086?(3/(1)) , oser(y?) = hrlly* —yflor , T € To(Q).

TeT,(Q2)

For standard finite element discretizations of second order elliptic boundary value
problems, it can be shown that residual-type a posteriori error estimators such as
(4.2),(4.3) provide and upper and a lower bound for the global discretization error up
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to data oscillations. In this paper, we want to establish a similar result for the global
discretization errors in the state, the adjoint state, and the control. To this end, we
introduce

(4.9) ey =Y—Yo , €pi=P—DP¢ , €y i=U-—U.

As in the case of finite element discretizations of control constrained elliptic boundary
value problems (cf. [18, 22]), the a posteriori error analysis involves an auxiliary state
y(ug) € V and an auxiliary adjoint state p(yy) € V' which are defined according to

(4.10) (Vy(ue), Vo)o,o + (cy(ue), v)o,a = (ug,v)o0 , vEV,
(4.11) (VB(ye), Vv)o,0 + (cB(ye), v)o.0 = (ye — y*,v)0.0 , v E V.

We note that y(ue),p(ye) € VNWLT(Q) due the assumption on the regularity of the
solutions of the associated elliptic boundary value problems. We also introduce an
auxiliary discrete state y¢(u) € V7 as the solution of the finite dimensional variational
problem

(4.12) (Vye(u), Vog)o,a + (cye(u),ve)o,o = (u,v)0,0 , ve € Va.

The auxiliary states y(us) € V and y;(u) € V4 do not necessarily satisfy the state
constraints, i.e., it may happen that y(us) ¢ K or ys(u) ¢ K,. Therefore, we introduce
the consistency error

(4.13) ec(u, ue) == max({or, ye(u) — ) + (0, y(ue) = ),0) .

We note that for v = u; we have e.(u,up) = 0, since in this case y(uy) = y and
ye(u) = ye, and hence, e.(u,ur) = 0 due to (2.10) and (3.9). We thus define

.  eclu,up)/||u —uellon , u F# ug
(4.14) éc(u,up) := { 0wl

The refinement of a triangulation 7;(€2) is based on bulk criteria that have been pre-
viously used in the convergence analysis of adaptive finite element for nodal finite
element methods [11, 29]. For the state-constrained optimal control problem un-
der consideration, the bulk criteria are as follows: Given universal constants ©; €
(0,1) , 1 < i < 4, we create a set of edges MF C &£,(Q) and sets of elements
ML Moser T pose2 T < Ty () such that

O Z (’7515 +T]EE) < Z (773,2/E +77%,E) )

Ec& () EEME
O > (pr+me)< D, hr+mr),
TeT,(2) TemMnT
O3 Z osch(u?) < Z oscx(ud) |
TeT () TeMose1,T
Oy Z osca(y?) < Z osca(y?) .
TE'Tz(Q) TEMOSC2’T

The bulk criteria are realized by a greedy algorithm (cf., e.g., [18]). We set
MT = Mn,TuMoscl,TuMOSCQ,T
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and refine an element T € 7,(Q) by bisection (i.e., by joining the midpoint of the
longest edge with the opposite vertex), if T € M7T and an edge E € &(T') by bisection
(joining its midpoint with the opposite vertices of the adjacent elements), if £ € M¥.
Denoting by Ny := {T" € T,(Q)|T' N T # 0} the set of all neighboring triangles of
T € 7Ty(2), we define the set

Fio(ye) = 0A(ye) UOZL(ye) ,

where
0A(ye) == J{T € Alye) | Ne N Z(ye) # 0},
OZ(ye) == J {T C Z(ye) | Nr N Alye) # 0} -

The set Fy(y¢) represents a neighborhood of the discrete free boundary between the
discrete active and inactive sets A(yy) and Z(y,). In order to guarantee a sufficient
resolution of the continuous free boundary between A(y) and Z(y), at each refinement
step, the elements T' € Fy(uy) are refined by bisection.

5. Reliability of the estimator. We prove reliability of the residual-type error
estimator (4.1) in the sense that it provides an upper bound for the discretization
erTors €y, €y, and ez := P—P, up to the data oscillations oscy(u?) and oscy(y?) and the
consistency error €.(u,us). Since the adjoint state p and the discrete adjoint state py
are related to the control v and the discrete control uy, by means of the fundamental
relationships (2.9) and (3.8), this leads to an upper bound for the L?-norm of the
discretization error e, as well.

THEOREM 5.1. Let (y,u,p,o) and (ye,ue, pe, 0¢) be the solutions of (2.7)-(2.10)
and (3.6)-(3.9) and let ng, osce(u), and é.(u,up) be the error estimator, the data
oscillation, and the consistency error according to (4.1),(4.7) and (4.14), respectively.
Further, let D and P, be the modified adjoint states as given by (2.14),(3.11). Then,
there holds

(5.1) lleylli,o + llew 003N+ osce(ud) + éc(u, up).

0.0+ llepllia + llep]
The proof of Theorem 5.1 will be given by the following two Lemmas 5.2 and 5.3.

LEMMA 5.2. In addition to the assumptions of Theorem 5.1 let y(ue) and p(y,) be

the auziliary state and auziliary adjoint state according to (4.10),(4.11). Then, there
holds

(5.2) leyllna + llesllia + llewllon =
= Nly(ue) — yelli,o + 1P(ye) — Pell1.e + osce(u?) + &c(u, ue).

Proof. Obviously, e, and ep can be estimated from above by
(5.3) leyllne < lly —y(wollie + lly(ue) = yellra,
(5.4) lepllie < [P —P(ye)lho + [[P(ye) — Pellr.0-

Setting v = y —y(u¢) in (2.7),(4.10), and M := C/~ with y, C from (2.1), for the first
term on the right-hand side in (5.3) we readily get

ly = y(ue)li o < Mlleullo.elly = y(uo)lo.e < Mlleulloally — y(ue)llh.o.
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and hence,

(5.5) ly —y(udle < Mlleulo.q-

Likewise, choosing v = p — D(ye) in (2.14) and (4.11), for the first term on the right-
hand side in (5.4) it follows that

17— Pwo)llF .o < Mlleyllo.oll — B(ye)llo.o < Mlleyllrollp — B(ye) |10
Consequently, in view of (5.3) and (5.5) we obtain

(5.6) 15— DP(ve) 1o < M?|lewllon + Mlly(ue) — yell1.0-

Lo < Mley|

It remains to estimate |le,|0,o. Taking advantage of (2.9) and (3.8) and observing
p=DP+0, pe =D+ 0¢, we find

1
(5.7) lewlld.o = (eusu” —uf)o.o — =(eu, ep)oa =
’ (6%
1
= (€u,ud - U‘Z)O,Q + > ((emﬁe — Do+ (ey,T¢ — 5)0,9)-

Using Young’s inequality, the first term on the right-hand side in (5.7) can be easily
estimated according to

(5.8) (ey,ud — ug)m = Z (e, u® — u‘lj)o’T <
TeT,(Q2)
<Y el ) D> oser(u?)?)V? =
TET,(RQ) TET,(RQ)

1
= lleullon osco(u) < glleullﬁ,g + 20scj (u?).
The second term on the right-hand side in (5.7) will be split by means of

(59) (6uap2 - p)O,Q = (euaﬁf - ﬁ(yé))o,ﬂ + (euap(yf) - ﬁ)O,Q-

and the resulting two terms will be further estimated separately. Using Young’s
inequality once more, for the first term we get

_ o 2, _
(5.10) (easPe = Pwoa < Sleuld o+ =P — Bl o

On the other hand, setting v = p(y,)—p in (2.7),(3.6) and v = y(ue)—y in (2.14),(3.11),
for the second term it follows that

(5.11) (ew: P(ye) — Do = (¥ — Yo, y(ue) — Y)o.o = —lly — y(w)llg o +
(W (we) = ye,y(ue) — Yoo < [[y(ue) — yellolly — y(ue)lia <
2
e
< Mly(ue) — yellr,alleulloo < glleullg,n +——lly(ue) —ye T

where we further used (5.5) and Young’s inequality.
Finally, as far as the third term on the right-hand side in (5.7) is concerned, in view
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of (2.7),(3.6),(4.10),(4.12) as well as (2.13),(3.10) and the complementarity relations
(2.10) and (3.9) we obtain

(5.12) (eu,ﬁg — 7)079 =
= (V(ye(u) —ye), Vae)oa + (c(ye(u) — ye),7e)0.0 —
—(V(y = y(ur)), Va)oa — (cly —y(ue)),7)o.0 =
= (00, ye(u) — ye) + (o, y(ue) — y) = (o0, ye(u) — ) +
+ (o0, Y — ye) Ho, y(ue) — ) + (0,9 —y) <
N NSRS

=0 =0

2.
Ec(u,ug) < ||€uHo oty HORTE

Using (5.8),(5.10)-(5.12) in (5.7) results in

(ue) —

Collecting the estimates (5.5),(5.6) and (5.13) gives the assertion. O

(5.13) B(ye) = Pillre + osce(u?) + éc(u, u).

LEMMA 5.3. Under the same assumptions as in Lemma 5.2 there holds

(5.14) ly(we) — yellr,0 = ne(y),
(5.15) 2(ye) = Delli0 = 1e(P)-

Proof. Due to Galerkin orthogonality, the assertion follows by standard arguments

from the a posteriori error analysis of adaptive finite element methods (see, e.g., [32]).
0

Proof of Theorem 5.1. Combining the results from Lemma 5.2 and Lemma 5.3, we
obtain

(5.16) eyl + llewllo.e + llellie = ne + osce(u®) + &c(u, ).

In particular, this estimate is satisfied by each norm on the left-hand side. In view of
(2.9),(3.8) we have e, = a(uy — u) + a(u? — uf) whence

(5.17) lepllose = llewllog + osce(u?).

Then, (5.1) is a direct consequence of (5.16) and (5.17). O

6. Efficiency of the estimator. In this section, we show that up to data oscil-
lations the error estimator n also provides a lower bound for the discretization errors
in the state, the modified adjoint state and the control.

THEOREM 6.1. Let (y,u,p,0) and (ye, us, pr,0¢) be the solutions of (2.7)-(2.10)
and (3.6)-(3.9) and let g and osce(y?) be the error estimator and the data oscillation
as given by (4.1) and (4.7), respectively. Further, let D and D, be the modified adjoint
states as given by (2.14),(3.11). Then, there holds

(6.1) n—osco(y?) X lleylna + lleulloe + leglie.
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The proof of Theorem 6.1 will be a direct consequence of the subsequent Lemmas 6.2
and 6.3. In particular, these Lemmas will establish local efficiency of the estimator in
the sense that the element and edge residuals can be bounded from above by norms
of the discretization errors on the elements and associated patches, respectively.

LEMMA 6.2. Let np(y) and nr(p), T € To(R2), be the element residuals as given
by (4.4). Then, there holds

(6.2) () 2 lleylir + A7 lleul§r -
(6.3) 17(B) = lleglli 7 + hilleyllg 7 + oscr(y?) -

Proof. We denote by pr, T € T4(Q), the element bubble function given by the
product of the barycentric coordinates associated with the vertices of T" and set z, :=
(u¢ — cye)pr. Taking advantage of the fact that zy is an admissible test function in
(2.7) and Aye|r = 0, we obtain

na(y) = A3 (ue — cye, 2e)o,r = hQT((u, ze)o,r + (Aye — cye, ze)o,r + (ue — u, Ze)o,T)
= h% ((V(y — ), Vze)or + (c(y — ye, z0)o,r + (g — u, Ze)o,T).

Using standard estimates for ||Vz¢llo,r and ||z¢|lo.r (cf., e.g., [32]) readily gives (6.2).
The proof of (6.3) follows along the same lines. O

LEMMA 6.3. Let nT(y)vnT(ﬁ)aT € %(Q); and nE(y)anE(ﬁ)aE € 5€(Q>7 be the
element and edge residuals as given by (4.4),(4.5). Further, let oscr(y?), T € To(9),
be the element contribution to the data oscillation in y¢ according to (4.8). Then,

there holds

(6.4) () = lleyllf o, + hElleald w, + 15, ),
M5 (0) = llepllt wp + hElleyl§ wy + 12, (B),
where 1, (y) = (77%+ (y) + 12 (¥)'/? and 1., (P) are defined analogously.
Proof. We denote by pg,E € &/(Q), the edge bubble function given by the
product of the barycentric coordinates associated with the two vertices of E. We set

Ce = (vg - [Vy))|g and z, := CNEgaE, where is the extension of (g to wg as in [32].
Since z, is an admissible test function in (2.7) and Ay,|r = 0, it follows that

ng(Y) X he(e - [V, Cevp)os =
=he Y {wor, - Vi, 2)0.0r, — (Ayr, 21)o.1,}
i€{+,*}
= 1 (Ve = 1), Var)ows + (eye = 1), )0 +
(u — ue, 20)0,wp + (e — cye, Ze)o,wE).
Using standard estimates for zp (cf., e.g., [32]) results in (6.4). The estimate (6.5) can
be proved in much the same way. O

Proof of Theorem 6.1. Summing up the estimates (6.3)-(6.5) over all T' € 7,(Q2) and
E € &(R), respectively, and using the fact that the union of the patches wp has a
finite overlap, immediately proves (6.1). |
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7. Numerical results. In this section, we illustrate the performance of the
residual-type a posteriori error estimator by two representative numerical examples.
The first example features a solution that strongly oscillates around the origin.

Example 1: Constant Obstacle
The data of the problem are as follows

Q:=(-2,2?2 , yli=ylr) + Ap(r) + o(r) , ul:=u@)+apr),
Yv:=0 , a:=01 , ¢c=0 , I'p:=90.

Here, y = y(r),u = u(r),p = p(r), and o = o(r),r := (23 + 23)"/2, (21, 22)" € Q, are
chosen according to

y(r) = —rd (), ulr) = —Ay(r)
p(r) = a(r) (= 293 Lp2y U“%:{ 0,7r<075

2 16 0.1 , otherwise
where
1,r<0.25
V1= —192(r — 0.25)° +240(r — 0.25)* = 80(r — 0.25)> +1,0.25 <r < 0.75

0, otherwise

(1,r<075
273 0 , otherwise

It is easy to check that the above functions satisfy the optimality conditions (2.7)-
(2.10).

Figures 7.1, 7.2 and 7.3 display the desired state y¢, the control shift u¢, the control
uy, the state y;, the adjoint state p; and the modified adjoint state p;, respectively, on
an adaptively generated net with 11775 nodes.

The initial simplicial triangulation 7, was chosen according to a subdivision of
Q by joining the four vertices resulting in four congruent triangles and one interior
nodal point. The parameters ©; in the bulk criterion have been specified according
to ©; = 0.7,1 < i < 4. Figure 7.4 shows the adaptively generated triangulations after
twelve (left) and fourteen (right) refinement steps.

—-0224

FiG. 7.1. Example 1: Visualization of the desired state y® (left) and the control shift u® (right))
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Fic. 7.2. Ezample 1: Visualization of the discrete state y; (left) and the discrete control u;
—0.00556

(right) on a triangulation with 11775 nodes
i
-

Fic. 7.3. Ezample 1: Visualization of the discrete adjoint state p (left) and the discrete modified
adjoint state p (right) on a triangulation with 11775 nodes.
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Z-Coords 2-Coords
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—00117

I:u.auw
000761

More detailed information is given in Table 1 - Table 4. In particular, Table 1
displays the error reduction in the total error

|z =zl == ly—wilo+ lu—wlon

and the H'-error in the state, the L?-errors in the control, and in the adjoint state,
and the H'-error in the modified adjoint state, respectively. The actual compo-
nents 7,75 of the residual type a posteriori error estimator, the data oscillations
oscp,(u), 0scy (y?), and the consistency error é.(u,uy,) are given in Table 2, whereas
Table 3 contains the average values of the local element and edge contributions of the
error estimator as well as the average values of the data oscillations. Finally, Table
4 lists the percentages of elements and edges that have been marked for refinement
according to the bulk criteria. Here, M70T M7T ArosenT and Mose2T stand for the
level ¢ elements marked for refinement due to the resolution of the free boundary, the
element residuals, and the data oscillations, respectively, whereas M™F refers to the
edges marked for refinement with regard to the edge residuals. On the two coarsest
grid, the sum of the percentages exceeds 100 %, since an element T € 7,(€)) may
satisfy more than one criterion in the bulk criteria. We see that at the very beginning
the refinement is dominated by the resolution of the free boundary, whereas at later
stages the element residuals prevail. The edge residuals do not play a dominant role,
since in this example both the state and the modified adjoint state are smooth.
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Fi1G. 7.4. Example 1: Adaptively generated grid after 12 (left) and 14 (right) refinement steps,
0; =0.7

- adapive = unfom

D 1000 2000 300 400 5000 6000 7000 000 8000
#D0Fs

F1c. 7.5. Ezample 1: Adaptive versus uniform refinement, ©; = 0.7

Figure 7.5 shows the benefit of adaptive versus uniform refinement by displaying the
total discretization error as a function of the number of degrees of freedom.

TABLE 7.1
Ezample 1: Convergence history of the adaptive FEM, Part I: Total discretization error and
discretization errors in the state, the control, the adjoint state, and the modified adjoint state

] Naot || llz—zell | ly—yelr | [lu—uello | llp—pello | [P —Pelr
0 5 2.48e+01 2.13e+00 2.11e+01 9.45e-01 7.54e-01
1 13 2.58e+01 1.51e+00 2.37e+01 2.06e+00 6.74e-01
2 41 1.46e+01 1.02e+4-00 1.35e+01 1.28e-01 1.06e-01
4
6

105 1.02e4-01 7.34e-01 9.41e+00 9.54e-02 7.88e-02
244 || 6.58e+00 | 5.41e-01 6.01e+00 4.78e-02 6.02e-02

8 532 3.47e+00 | 2.80e-01 3.18e+00 3.92e-02 4.53e-02
10 | 1147 || 2.09e400 1.74e-01 1.91e+00 2.36e-02 3.44e-02
12 | 2651 1.39e4-00 1.03e-01 1.29e+00 1.81e-02 2.02e-02
14 | 6340 1.04e+00 | 6.32e-02 9.74e-01 1.22e-02 1.17e-02
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TABLE 7.2
Example 1: Convergence history of the adaptive FEM, Part II: Components of the error esti-
mator and data oscillations and consisteny error

Naof Ny Ui oscg(u?) | osci(y?) | Eclu,up)
5 3.95e+01 7.05e+00 1.48e+01 4.99e+00 5.14e-02
13 2.19e+01 | 2.04e+00 | 1.37e+01 5.42e-01 0.00e+-00
41 9.83e+00 8.10e-01 1.36e+01 6.22e-01 8.48e-02

105 3.67e+4-00 4.35e-01 9.42e+00 3.32e-01 0.00e+-00
244 1.63e+-00 2.60e-01 5.99e+00 1.11e-01 0.00e+00
532 1.17e4+00 1.69e-01 3.17e+00 4.47e-02 0.00e+-00

10 1147 7.72e-01 1.22e-01 1.90e+-00 2.17e-02 0.00e+00

12 2651 4.71e-01 7.37e-02 1.29e+-00 9.27e-03 0.00e+00

14 6340 2.93e-01 4.55e-02 9.74e-01 4.62e-03 0.00e+-00

0N O~

TABLE 7.3
Example 1: Convergence history of the adaptive FEM, Part III: Average values of the local
estimators

¢ | Naot My, T 5.7 Ny, B 5. E oscr(u?) | oser(y?)
0 5 1.88e+01 | 2.32e+00 | 6.05e+00 | 2.65e4+00 | 7.40e+00 | 2.49e+00
1 13 || 3.53e+00 | 2.39e-01 6.56e-01 2.97e-01 1.71e4-00 | 6.77e-02
2 41 6.11e-01 6.26e-02 3.13e-02 1.66e-02 7.57e-01 2.61e-02
4
6

105 1.42e-01 2.22e-02 1.54e-02 4.57e-03 3.49e-01 1.07e-02
244 3.84e-02 8.12e-03 4.70e-03 1.43e-03 1.37e-01 2.28e-03

8 532 2.14e-02 3.44e-03 1.34e-03 4.89e-04 4.08e-02 6.28e-04
10 | 1147 1.03e-02 1.56e-03 3.73e-04 1.79e-04 1.32e-02 2.01e-04
12 | 2651 4.50e-03 6.53e-04 9.77e-05 5.04e-05 3.68e-03 5.17e-05
14 | 6340 1.88e-03 2.70e-04 2.46e-05 1.33e-05 1.11e-03 1.41e-05

TABLE 7.4
Ezxample 1: Convergence history of the adaptive FEM, Part IV: Percentages of the bulk criterion

¢ Not MIeT MnE MnT Moser,T Mosc2, T

0 15 100.0 75.0 75.0 75.0 75.0

1 13 100.0 20.0 18.8 18.8 18.8

2 41 43.8 13.6 12.5 7.8 6.2

4 105 22.2 4.7 16.7 13.9 8.3

6 244 29.7 8.0 12.2 10.7 8.5

8 532 16.0 8.1 16.1 4.2 6.5
10 | 1147 11.6 8.3 19.8 1.4 4.0
12 | 2651 8.7 10.0 25.9 0.1 2.0
14 | 6340 5.1 11.0 28.3 0.1 1.2

The second example which has been taken from [28] features a Lagrange multiplier
in M(Q) = C*(Q2) and an adjoint state p which is in W1#(Q) for any s € (1,2).
Example 2: Lagrange multiplier in C*(12)
The data of the problem are as follows

1 1 1
=B 1 I'n = d = 4 T2 1
0,1) , Tp=0 , y*r) +— = ot ()
1
wl(ry =4+ —r’— —In(r) , a =10 , ¢ =10 |, Y(r) = r+4.
47 2
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ulr) =4 , o = 0.
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2-Coords Z-Coords 7
a24 a8
3@ a7
—259 —an
-7 - @

v
~0943 < ~ 453 .
~x

0119 2
—-0704 - a3s

—-153 - a2
235 418
[—a.m [ 409
-4 4

FIG. 7.6. Example 2: Visualization of the desired state y® (left) and the control shift u® (right)
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FiGc. 7.7. Ezample 2: Visualization of the discrete state y; (left) and the discret control u;
(right) on an adaptive generated mesh with 6735 nodes
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Fic. 7.8. Ezample 2: Visualization of the discrete adjoint state p; (left) and the discrete
modified adjoint state p; (right) on an adaptive generated mesh with 6735 nodes

Figures 7.6,7.7, and 7.8 show a visualization of the desired state y?, the control
shift u?, discrete state 1y, the discrete control uy, the discrete adjoint state p, and the
discrete modified adjoint state p, with respect to a simplicial triangulation consisting
of 6735 nodal points.
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Fi1G. 7.9. Example 2: Adaptively generated grid after 12 (left) and 14 (right) refinement steps,
0; =0.7

ERT T wiom]

005

12000

Fic. 7.10. Example 2: Adaptive versus uniform refinement, ©; = 0.7

The initial simplicial triangulation 7}, has been chosen by means of the five nodal
points (0,0), (1,0), (0,1), (-1,0), (0,-1), resulting in five congruent triangles. During
the refinement process each new point on a boundary edge has been projected onto
0B(0,1).

Table 4 - Table 8 contain the same data as in Example 1 documenting the his-
tory of the adaptive refinement process, whereas Figure 7.10 displays adaptive versus
uniform refinement. In this example, the coincidence set consists of the single point

(0,0)7.

TABLE 7.5
Ezample 2: Convergence history of the adaptive FEM, Part I: Total discretization error and
discretization errors in the state, control, adjoint state and modified adjoint state

£ ] Naot | llz=zell [ lly —wells | [lu—uello | llp—pello | 1P — Pella
0 5 1.55e-01 1.20e-02 1.43e-01 6.46e-02 3.81e-02
1 13 1.13e-01 8.51e-03 1.04e-01 3.73e-02 1.74e-02
2 41 7.39e-02 4.43e-03 6.95e-02 1.86e-02 9.01e-03
4 73 5.96e-02 2.30e-03 5.73e-02 1.00e-02 7.36e-03
6 121 3.60e-02 1.79e-03 3.42e-02 7.41e-03 6.11e-03
8 243 2.10e-02 1.07e-03 1.99e-02 4.13e-03 4.02e-03
10 604 1.18e-02 4.02e-04 1.14e-02 1.95e-03 2.43e-03
12 1621 6.55e-03 1.60e-04 6.39e-03 9.26e-04 1.52e-03
14 3991 3.62e-03 6.81e-05 3.55e-03 4.55e-04 8.79e-04
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TABLE 7.6
Ezxample 2: Convergence history of the adaptive FEM, Part II: Components of the error esti-
mator and the data oscillations and the consistency error

£ | Ngof My 5 osco(u®) | osce(y®) | ec(u,u;)
0 5 1.91e-01 | 1.38e-01 1.73e-01 1.36e-01 | 0.00e+00
1 13 7.32e-02 | 7.62e-02 | 1.29e-01 | 4.36e-02 | 0.00e+00
2 41 2.45e-02 | 3.83e-02 | 8.14e-02 1.26e-02 | 0.00e+00
4
6
8

73 1.02e-02 | 2.54e-02 | 5.95e-02 | 7.78e-03 | 0.00e+00
121 3.11e-03 | 1.97e-02 | 3.56e-02 | 4.96e-03 | 0.00e+4-00
243 || 9.10e-04 | 1.32e-02 | 2.06e-02 | 1.87e-03 | 0.00e+-00
10 604 || 2.59e-04 | 8.07e-03 | 1.17e-02 | 8.27e-04 | 0.00e+00
12 | 1621 7.22e-05 | 4.75e-03 | 6.54e-03 | 3.16e-04 | 0.00e+00
14 | 3991 2.01e-05 | 2.89e-03 | 3.62e-03 | 1.41e-04 | 0.00e+00

TABLE 7.7
Ezample 2: Convergence history of the adaptive FEM, Part III: Average values of the local
estimators

Nyof Ny, T N5, T Ny,E 5. E osce(u?) [ osce(y?)
5 9.95e-02 | 6.73e-02 | 8.01le-03 1.43e-02 8.67e-02 6.80e-02

13 1.03e-02 1.58e-02 1.01e-03 | 3.21e-03 1.91e-02 8.67e-03
41 9.39¢-04 | 3.61e-03 | 8.46e-05 | 6.85e-04 3.39e-03 1.08e-03
73 3.20e-04 1.94e-03 1.99e-05 | 3.14e-04 1.75e-03 4.88e-04
121 8.10e-05 1.19e-03 8.36e-06 1.74e-04 7.40e-04 2.49e-04
243 1.44e-05 | 5.36e-04 | 1.33e-06 | 5.34e-05 2.16e-04 7.00e-05
10 604 2.20e-06 2.15e-04 1.37e-07 1.44e-05 5.28e-05 1.85e-05
12 1621 2.80e-07 | 7.80e-05 1.24e-08 | 3.36e-06 1.15e-05 4.07e-06
14 3991 4.32e-08 | 3.09e-05 1.31e-09 | 8.29e-07 | 2.76e-06 1.04e-06

0NN OS

TABLE 7.8
Ezxzample 2: Convergence history of the adaptive FEM, Part IV: Percentages in the bulk criteria

¢ Ndof MIeT ME M T Moscr, T Mosce, T
0 5 100.0 75.0 75.0 75.0 75.0
1 13 25.0 30.0 25.0 31.2 25.0
2 41 6.3 27.3 7.8 6.2 12.5
4 73 6.5 10.8 25.8 5.6 17.7
6 121 3.9 7.5 30.0 3.4 16.4
8 243 1.8 11.3 31.7 1.6 21.4
10 604 0.7 15.2 37.9 0.5 17.1
12 | 1621 0.3 8.1 39.8 0.2 15.9
14 | 3991 0.1 8.7 47.4 0.1 9.8
REFERENCES

[1] M. AINSWORTH AND J.T. ODEN (2000). A Posteriori Error Estimation in Finite Element Analy-
sis. Wiley, Chichester.

[2] I. BABUSKA AND T. STROUBOULIS (2001). The Finite Element Method and its Reliability. Claren-
don Press, Oxford.

[3] W. BANGERTH AND R. RANNACHER (2003). Adaptive Finite Element Methods for Differential
FEquations. Lectures in Mathematics. ETH-Ziirich. Birkh&user, Basel.

[4] R. BECKER, H. KAPP, AND R. RANNACHER (2000). Adaptive finite element methods for optimal
control of partial differential equations: Basic concepts. STAM J. Control Optim. 39, 113—
132.

[5] M. BERGOUNIOUX, K. ITO, AND K. KUNISCH (1999). Primal-dual strategy for constrained optimal
control problems. SIAM J. Control and Optimization 34, 1176-1194



State constrained distributed control problems 19

[6] M. BERGOUNIOUX, M. HADDOU, M. HINTERMULLER, AND K. KUNISCH (2000). A comparison of a

Moreau- Yosida based active set strategy and interior point methods for constrained optimal
control problems. STAM J. Optim. 11, 495-521.

[7] M. BercouUNIOUX AND K. KUNISCH (2002). On the structure of the Lagrange multiplier for

state-constrained optimal control problems. Systems and Control Letters 48, 169—176.

[8] E. Casas (1986). Control of an elliptic problem with pointwise state controls. SIAM J. Control

Optim. 24, 1309-1318.

[9] E. Casas AND M. MATEOS (2002). Uniform convergence of the FEM applications to state con-

(10]

(11]
(12]
13]

(14]

[15]

[16]

[17]
(18]

(19]

20]
(21]

(22]

23]
[24]
(25]
(26]
27]

28]

29]
(30]

(31]

strained control problems. Comp. Appl. Math. 21, 67-100.

K. DECKELNICK AND M. HINZE (2006). Convergence of a finite element approzimation to a state
constrained elliptic control problem. Preprint, Dept. of Mathematics, Dresden University of
Technology.

W. DORFLER (1996). A convergent adaptive algorithm for Poisson’s equation. SIAM J. Numer.
Anal. 33, 1106-1124.

K. ErikssoN, D. Estep, P. HaNsBO, AND C. JOHNSON (1995). Computational Differential
FEquations. Cambridge University Press, Cambridge.

F. FALK (1973). Approxzimation of a class of optimal control problems with order of convergence
estimates. J. Math. Anal. Appl. 44, 28-47.

A. GAEVSKAYA, R.H.W. HopPPE, Y. ILiASH, AND M. KIEWEG (2006). A posteriori error analysis
of control constrained distributed and boundary control problems. Proc. Conf. Advances in
Scientific Computing, Moscow, Russia (O. Pironneau et al.; eds.), Russian Academy of
Sciences, Moscow.

A. GAEVSKAYA, R.H.W. HopPPE, Y. ILiasH, AND M. KIEWEG (2007). Convergence analysis of
an adaptive finite element method for distributed control problems with control constraints.
Proc. Conf. Optimal Control for PDEs, Oberwolfach, Germany (G. Leugering et al.; eds.),
Birkh&user, Basel.

A. GAEVSKAYA, R.H.W. HOpPPE, AND S. REPIN (2006). A Posteriori Estimates for Cost Func-
tionals of Optimal Control Problems. In: Numerical Mathematics and Advanced Applica-
tions (A. Bermudez de Castro et al.; eds.), pp. 308-316, Springer, Berlin-Heidelberg-New
York.

P. GRISVARD (1985). Elliptic Problems in Nonsmooth Domains. Pitman, Boston.

M. HINTERMULLER, R.H.W. HopPPE, Y. ILiASH, AND M. KIEWEG (2007). An a posteriori error

analysis of adaptive finite element methods for distributed elliptic control problems with

control constraints. to appear in ESAIM, COCV.

HINTERMULLER AND K. KUNISCH (2006). Feasible and non-interior path-following in con-

strained minimization with low multiplier reqularity. SIAM J. Control Optim., 45, 1198—

1221.

M. HINTERMULLER AND K. KUNISCH (2006). Stationary state constrained optimal control prob-

lems. Preprint IFB-Report No. 3, Karl-Franzens-University of Graz.

HINTERMULLER AND K. KUNISCH (2007). Path-following methods for a class of constrained

minimization problems in function space. to appear in STAM J. Optimization.

R.H.W. HoppE, Y. ILiasH, C. IYYUNNI, AND N. SWEILAM (2006). A posteriori error estimates
for adaptive finite element discretizations of boundary control problems. J. Numer. Anal.
14, 57-82.

K. KuniscH AND A. ROscH (2002). Primal-dual active set strategy for a gemeral class of con-
strained optimal control problems. SIAM J. Control and Optimization 42, 321-334.

R. L1, W. Liu, H. Ma, AND T. TANG (2002). Adaptive finite element approximation for distrib-
uted elliptic optimal control problems. SIAM J. Control Optim. 41, 1321-1349.

J.L. Lions (1971). Optimal Control of Systems Governed by Partial Differential Equations.
Springer, Berlin-Heidelberg-New York.

W. Liu AND N. YAN (2001). A posteriori error estimates for distributed optimal control prob-
lems. Adv. Comp. Math. 15, 285-309.

W. Liu AND N. YAN (2003). A posteriori error estimates for convex boundary control problems.
Preprint, Institute of Mathematics and Statistics, University of Kent, Canterbury.

C. MEYER, U. PRUFERT, AND F. TROLTzSCH (2005). On two numerical methods for state-
constrained elliptic control problems. Preprint, Dept. of Mathematics, Berlin University of
Technology.

P. MorIN, R.H. NOCHETTO, AND K.G. SIEBERT (2000). Data oscillation and convergence of
adaptive FEM. STAM J. Numer. Anal., 38, 2, 466-488.

P. NEITTAANMAKI AND S. REPIN (2004). Reliable methods for mathematical modelling. Error
control and a posteriori estimates. Elsevier, New York.

F. TrOLTZSCH (2005). Optimale Steuerung partieller Differentialgleichungen. Vieweg, Wies-

M.

=

M.

=



20 Ronald H.W. Hoppe and Michael Kieweg

baden, 2005
[32] R. VERFURTH (1996). A Review of A Posteriori Estimation and Adaptive Mesh-Refinement
Techniques. Wiley-Teubner, New York, Stuttgart.



	A posteriori error estimation of finite element approximations of pointwise state constrained distributed control problems
	Ronald H. W. Hoppe, Michael Kieweg
	Nutzungsbedingungen / Terms of use:
	licgercopyright  


