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ABSTRACT. The first two authors have recently defined Rabinowitz-
Floer homology groups RF H.(M, W) associated to an exact embedding
of a contact manifold (M, ) into a symplectic manifold (W,w). These
depend only on the bounded component V of W \ M. We construct
a long exact sequence in which symplectic cohomology of V' maps to
symplectic homology of V', which in turn maps to Rabinowitz-Floer ho-
mology RFH.(M, W), which then maps to symplectic cohomology of
V. We compute RFH.(ST*L,T*L), where ST"L is the unit cosphere
bundle of a closed manifold L. As an application, we prove that the im-
age of an exact contact embedding of ST L (endowed with the standard
contact structure) cannot be displaced away from itself by a Hamilton-
ian isotopy, provided dim L > 4 and the embedding induces an injection
on 71. In particular, ST* L does not admit an exact contact embedding
into a subcritical Stein manifold if L is simply connected. We also prove
that Weinstein’s conjecture holds in symplectic manifolds which admit
exact displaceable codimension 0 embeddings.

1. INTRODUCTION

Date: 18 February 2009.

EIEIEIBIRIEl =

Let (W, A) be a complete convex exact symplectic manifold, with symplectic
form w = d\ (see Section B for the precise definition). An embedding ¢ :
M — W of a contact manifold (M,¢) is called exact contact embedding if
there exists a 1-form a on M such that such that kera = £ and o — Aar
is exact. We identify M with its image «(M).
consists of two connected components and denote the bounded component
of W\ M by V. One can classically [25] associate to such an exact contact
embedding the symplectic (co)homology groups SH.(V') and SH*(V).

We assume that W\ M

We
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refer to Section [2] for the definition and basic properties, and to [22] for a
recent survey.

The first two authors have recently defined for such an exact contact em-
bedding Floer homology groups RFH,.(M,W) for the Rabinowitz action
functional [9]. We refer to Section Bl for a recap of the definition and of
some useful properties. We will show in particular that these groups do not
depend on W, but only on V' (the same holds for SH.(V) and SH*(V)).
We shall use in this paper the notation RF H, (V) and call them Rabinowitz
Floer homology groups.

Remark 1.1. All (co)homology groups are taken with field coefficients.
Without any further hypotheses on the first Chern class ¢; (V') of the tangent
bundle, the symplectic (co)homology and Rabinowitz Floer homology groups
are Zo-graded. If ¢;(V) = 0 they are Z-graded, and if ¢;(V') vanishes on
mo(V') the part constructed from contractible loops is Z-graded. This Z-
grading on Rabinowitz Floer homology differs from the one in [9] (which
takes values in § + Z) by a shift of 1/2 (see Remark B.2)).

Our purpose is to relate these two constructions. The relevant object is a
new version of symplectic homology, denoted SH,(V), associated to “\/-
shaped” Hamiltonians like the one in Figure [I] on page below. This
version of symplectic homology is related to the usual ones via the long
exact sequence in the next theorem.

Theorem 1.2. There is a long exact sequence
(1)
v+ ——=SH *(V)—=SH,.(V)—=SH,(V)—=SH **{(V)—— -~

The long exact sequence ({I]) can be seen as measuring the defect from being
an isomorphism of the canonical map SH*(V) — SH.(V), which we define
in Section 2.7 An interesting fact is that we have a very precise description
of this map. To state it, let us recall that there are canonical morphisms
induced by truncation of the range of the action H, ,(V,0V) <> SH,(V)

and SH*(V) < H*(V,0V) (see [25] or Lemma [ZT] below).

Proposition 1.3. The map SH™*(V) — SH.(V) fits into a commutative
diagram

2) SH—*(V) SH.(V)

c*i Tc*

H=1(V,0V) ——> H,1,(V,0V)

in which the bottom arrow is the composition of the map induced by the
inclusion V- — (V,0V) with the Poincaré duality isomorphism

H(V,0V) 28 Hopo(V) 25 H, 0 (V,0V).

We also define in Section [2.7] truncated versions SH*Z 0(V) and STI*SO(V) of
the symplectic homology groups SH., (V).
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Proposition 1.4. There are commuting diagrams of long exact sequences
as below, where PD denotes Poincaré duality and the top exact sequence is
the (co)homological long exact sequence of the pair (V,M):

e *+n(V)—> *+n(‘/Y,M)—> *Jrnfl(M)—) *Jrnil(V)_)...

o | l

= H (Y, A]\/_[)_>SI{*(V)—>SVI_I§0(V)_>[{f*+1+n(v7 M)—---

PD

and

= H (VM) — H (V) — H (M) = H (V) >

| »o ] T

o —> SH*(V) —> Hy n(V, M) — sH="(V) — SH*(V) — - -
- (V)

The main result of this paper is the following.
Theorem 1.5. We have an isomorphism
RFH,(V) ~ SH,(V).

Theorem is proved in Section [l It follows that the Rabinowitz Floer
homology groups fit into a long exact sequence

(3)
o ——=SH*(V)—=SH.(V)—=RFH,(V)—=SH ' (V)—— - .-

We also recall the following vanishing result for Rabinowitz Floer homology
from [9].

Theorem 1.6 ([9, Theorem 1.2]). If M = 9V is Hamiltonianly displaceable
m W, then
RFH,(V) = 0.

To state the next corollary, we recall that the symplectic (co)homology and
Rabinowitz Floer homology groups decompose as direct sums

SH,(V) = @.SHE(V), SH*(V)=®.SH*(V), RFH.(V)=®.RFHV)

indexed over free homotopy classes of loops in V. We denote the free ho-
motopy class of the constant loops by ¢ = 0.

Corollary 1.7. Assume M = 0V is Hamiltonianly displaceable in W .
e For ¢ # 0 we have
SH;(V)=0, SH:(V)=0.
e Suppose that c1(W )|,y = 0. Then for ¢ =0 we have
(4) SH(V) =0, SH}_(V)=0

if *x > n orx < —n. Moreover, if V is Stein then ([{l) holds for = # 0,
and if V is Stein subcritical then ) holds for all * € Z.
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Proof. The long exact sequence (B]) splits into a direct sum of long exact
sequences, indexed over free homotopy classes of loops in V. The assumption
that M is Hamiltonianly displaceable implies RF' H, (V') = 0, hence the map
SH*(V) — SH{(V) is an isomorphism for any c.

We now use the commutative diagram in Proposition and the fact that
the canonical map ¢, : H,1,,(V,0V) — SH, (V') takes values into the direct
summand SH=%(V), and similarly, the map c¢* : SH*(V) — H*™(V,9V)
factors through SH}_ (V') (see Lemma [2.]] and Lemma [24] below).

Let us assume ¢ # 0. Then the above discussion shows that the map
SH*(V) — SH{(V) is at the same time an isomorphism and vanishes.
This implies the conclusion.

Let us now assume ¢ = 0 and C1(W)!7r2(w) = 0, so that all homology groups
are Z-graded. By Proposition [3] the map SH,_ (V) — SHE=(V) is the
composition

SH_(V) = H*™(V,0V) =~ Hey (V) — Huyn(V,0V) — SHEZO(V),

and therefore vanishes if H,y,(V) = 0 or H.p(V,0V) = H" (V) = 0.
This is always the case if *x > n or * < —n. If V is Stein, this holds if
x #£ 0, and if V' is Stein subcritical, this holds for all * € Z. The conclusion
follows. O

Corollary 1.8 ([7]). If V is Stein subcritical and c1(V')|x,v) = 0, then
SH.(V)=0.

Proof. Any compact set in a subcritical Stein manifold is Hamiltonianly
displaceable [3]. Thus V' is displaceable in V', and therefore SH, (V) = 0 by
Corollary [T} O

Remark. The original proof of Corollary [[.8in [7] uses a handle decompo-
sition for W. The proof given above only uses the fact that the subcritical
skeleton can be displaced from itself [3]. On the other hand, the proof given
above uses the grading in an essential way and hence only works under the
hypothesis ¢1(V)|r,) = 0, whereas the original proof does not need this
assumption.

Corollary 1.9 (Weinstein conjecture in displaceable manifolds). Assume
that V' is Hamiltonianly displaceable in W and c1(W)|r,w) = 0. Then any
hypersurface of contact type ¥ C V' carries a closed characteristic.

Proof. This follows from the fact that SH],(V) = 0, as proved in Corol-
lary [L7] above. In particular the canonical map SH™ (V) — H**(V,0V)
vanishes, and thus V satisfies the Strong Algebraic Weinstein Conjecture in

the sense of Viterbo [25]. The conclusion is then a consequence of the Main
Theorem in [25] (see also [15, Theorem 4.10] for details). O

We now turn to the computation of the Rabinowitz Floer homology groups
for cotangent bundles. Let L be a connected closed Riemannian manifold,
and let DT*L C T*L be the unit disc bundle with its canonical symplectic
structure. Note that ¢q(T*L) = 0, so its symplectic (co)homology and Rabi-
nowitz Floer homology groups are Z-graded. Given a free homotopy class ¢
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of loops in L, we denote by A°L the corresponding connected component of
the free loop space of L. Rabinowitz Floer homology RF H,(DT*L) decom-
poses as a direct sum of homology groups RF HS(DT™* L) which only take into
account loops in the class ¢. We denote the free homotopy class of the con-
stant loops by ¢ = 0. We denote the Euler number of the cotangent bundle
T*L — L by e(T*L) (if L is non-orientable we work with Z/2-coefficients).

Theorem 1.10. In degrees * # 0,1 the Rabinowitz Floer homology of DT L
18 given by

—— H.(AL), *>1,

RFH,(DT"L) = { H*tY(AL), x<0.

In degree 0 we have
Ho(A°L) @ H'(AL), if c#0,
RFHS(DT*L) = { Ho(A°L)® HY(A°L), if c=0 and e(T*L) =0,
HY(AL), if c=0ande(T*L) # 0.

~—

In degree 1 we have
Hi(AL) ® H°(A®L), if c¢#0,
RFH{(DT*L) = { Hi(A°L)® H°(A°L), if ¢c=0 and e(T*L) =0,
Hi(A°L), if c=0and e(T*L) # 0.

The proof is based on the isomorphisms
(5) SH{(DT*L) ~ H,(A°L), SHX(DT*L) ~ H*(A°L),

proved in [26] [I, 19]. In particular SH§(DT*L) and SHY(DT*L) are iso-
morphic to the ground field. We also need the following Lemma.

Lemma 1.11. The map SH?(DT*L) — SH§(DT*L) in the eract sequence
of Theorem [ vanishes if ¢ # 0, and is multiplication by the Euler number
e(T*L) if c=0.

Proof. That the map SHO(DT*L) — SH§(DT*L) vanishes if ¢ # 0 follows
from the same argument as in Corollary [L71

Let us focus on the map SHO_,(DT*L) — SH§™°(DT*L). Modulo the iso-
morphisms with Hq(A°L), H°(A°L), the commutative diagram (&) becomes

HO(A°L) Hy(A°L)

H™"(DT*L,ST*L) — H,(DT*L,ST*L)
The vertical map on the left factors as
incl*

HY(A°L) ™% HO(L) =5 HO(DT*L) =5 H™(DT*L, ST*L),

where incl* is the isomorphism induced by the inclusion of constant loops,
and U7 is the Thom isomorphism given by cup-product with the Thom class
T € H"(DT*L,ST*L) (see [25]). The vertical map on the right factors as

Ho(DT*L,ST*L) 5 Ho(DT*L) = Ho(L) ™% Hy(A°L),
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where N7 is the isomorphism given by cap-product with the Thom class,
and incl, is the isomorphism induced by the inclusion of constant loops. We
also recall that the bottom map is the composition

HY(DT*L,ST*L) 28 H,(DT*L) ™% H,(DT*L, ST*L).

The Poincaré dual of the Thom class is the fundamental class [0r], and
the evaluation of the Thom class on the fundamental class is the Euler
number e(7T*L) [0, Ch.VI, §11-12]. The successive images of the generator
1 € H°(A°L) via the maps described above are therefore

1= 7+ [01] — e(T*L),

and the conclusion of the Lemma follows. O

Proof of Theorem [L10 Inserting (B]) in the long exact sequence ([B]) we ob-
tain

o == H™*(A°L) = Ho(A°L) = RFHS(DT* L) == SH—*+1(A°L) = SH, _1(A°L) —> ---

This immediately implies the result for % # 0,1. For small values of the
degree the above long exact sequence takes the form

0 > Hy(A°L) > RFH¢(DT*L) > HO(A°L) > Ho(A°L) > REHE(DT*L) > H'(AL) > 0.
The middle map is given by Lemma [[L.TT], and the conclusion follows. O
Corollary 1.12. Ifdim L > 1 we have

RFHS(DT*L) # 0.

Proof. Denote by p: A°L — L the evaluation at ¢t = 0 and by i : L — A°L
the inclusion as constant loops. Since p o ¢ = id, the induced map i, :
H.(L) — H,(A"L) is injective. So A’L has nonvanishing homology in some
positive degree (take for example the image under i, of the fundamental
class of L), and the corollary follows from Theorem [LI0 O

Remark 1.13. If L is simply connected the homology of AL, hence by
Theorem also RFHS°(DT*L), is nontrivial in an infinite number of
degrees. This follows from Sullivan’s minimal model for AL, as explained
for example in [24].

If L is not simply connected this need not be the case. For example, if the
universal cover of L is contractible the inclusion i : L — AL induces an
isomorphism i, : H,(L) — H.(A°L). On the other hand, Ho(A°L), and
hence also RFHS(DT*L), is nonzero for each nontrivial free homotopy class
c.

Corollary is used in [I1] to study the dynamics of magnetic flows. In
order to apply it to exact contact embeddings, we need the a criterion for
independence of Rabinowitz Floer homology of the symplectic filling V' given
in the following result.

Theorem 1.14. Let V' be an exact symplectic manifold of dimension 2n
with convex boundary M = OV and c1(V)|zyvy = 0. Then RFH.(V) is
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independent of V' if M admits a contact form for which the closed charac-
teristics v which are contractible in V' are nondegenerate and satisfy

CZ(y) >3 —n.

Here CZ(7y) denotes the Conley-Zehnder index of v with respect to the triv-
talization of v*T'V that extends over a spanning disk in V.

Proof. Let J be a time-independent cylindrical almost complex structure on
‘7, as defined in Section Bl The virtual dimension of the moduli space of J-
holomorphic planes in v asymptotic to a closed Reeb orbit v is CZ(y)+n—3,
so that our assumption guarantees that it is strictly positive. Thus, no rigid
holomorphic planes exist in V. Since the generators of the complex giving
rise to SH,. (V) are located near 9V, it is a consequence of the stretch-of-the-
neck argument in [5] §5.2] that, in this situation, the symplectic homology
groups SH,(V) depend only on V. Using Theorem we infer that the
same is true for the Rabinowitz Floer homology groups RFH, (V). O

Corollary 1.15. Let V' be an exact symplectic manifold of dimension 2n
with convexr boundary M = 0V and c1(V)|z,vy) = 0. Assume in addition
that the inclusion map v : M — V induces an injective map t4 : 71 (M) —
w1 (V). Then RFH,.(V) is independent of V if M admits a contact form for
which the closed characteristics v which are contractible in M are nonde-
generate and satisfy

CZ(y) >3 —n.

Here CZ(7y) denotes the Conley-Zehnder index of v with respect to the triv-
ialization of v*T (R x M) that extends over a spanning disk in M.

Remark 1.16. Corollary is the most useful consequence of Theo-
rem [L.T4 because here the condition on the Conley-Zehnder indices can be
verified entirely in M. For example, let M = ST*L = {v € T*L : |v| =1}
be the unit cosphere bundle in 7%L. Then the Conley-Zehnder indices (in
ST*L) of contractible closed characteristics are equal to the Morse indices
of the underlying closed geodesics. Hence the condition CZ(y) > 3 —n in
Corollary is satisfied if either of the conditions below holds:

e dim L > 4;

e dim L = 3, and L admits a nondegenerate metric such that the Morse
index of each contractible closed geodesic is at least 1;

e dim L = 2 and L admits a nondegenerate metric such that the Morse
index of each contractible closed geodesic is at least 2.

For dim L = 2 the condition is satisfied for all closed surfaces except S? and
RP2. For dim L = 3 the condition holds e.g. for all manifolds which admit
a metric of nonpositive sectional curvature, as well as for the 3-sphere.

Let us call an embedding ¢ : M — W mi-injective if the induced map
vy (M) — m (W) is injective. Note that this condition is automatically
satisfied if M is simply connected.

Theorem 1.17. Let L be a closed Riemannian manifold satisfying one of the
conditions in Remark [L10. Then any m1-injective exact contact embedding
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of ST*L into an exact symplectic manifold W with c1(W)|z,w) = 0 is
non-displaceable. In particular, the image of a mwi-injective exact contact
embedding of ST*L into the cotangent bundle of a closed manifold must
intersect every fiber.

Proof. Assume there exists a displaceable exact contact embedding of ST*L
into an exact symplectic manifold W with ¢;(W)|.,w) = 0, and denote by
V' the bounded component with boundary ST*L. Then RFH,(V) = 0 by
Theorem[L6l On the other hand, our assumptions on L guarantee via Corol-
lary and Remark that RFH,(V) depends only on oV = ST*L.
Therefore RFH,.(V) ~ RFH,(ST*L) and is nonzero by Corollary [[12] a

contradiction.

For the last assertion we use a result of Biran, stating that a compact set
which avoids the critical coskeleton of a Stein manifold is displaceable [2]
Lemma 2.4.A] (the critical coskeleton is the union of the unstable manifolds
of critical points of index equal to half the dimension for an exhausting Morse
plurisubharmonic function). In a cotangent bundle the critical co-skeleton
can be taken to be one given fiber, and the result follows. This argument
has already appeared in [9]. O

Corollary 1.18. Let L be a closed Riemannian manifold satisfying one of
the conditions in Remark[L.10. Then ST*L does not admit any w1 -injective
exact contact embedding into a subcritical Stein manifold W, or more gen-
erally into a stabilization W =V x C, with c1(W )|z, = 0.

Proof. Any compact set in a subcritical Stein manifold is Hamiltonianly
displaceable [3], and this also holds in a stabilization V' x C. The conclusion
then follows from Theorem [L.I7] O

Remark 1.19. Let L be a closed Riemannian manifold satisfying one of
the conditions in Remark We explain in this remark an alternative
approach to proving Corollary [[LI8] using the multiplicative structure in
symplectic homology investigated by McLean [14].

Assume there is a m-injective exact contact embedding ST*L < W into
a subcritical Stein manifold W with ¢;(W)|r,w) = 0, and let V' be the
bounded component with boundary ST*L. The exact inclusion f: V — W
induces a transfer morphism [25]

fio SH.(W) — SHL(V).

Symplectic homology carries a unital ring structure, with multiplication
given by the pair of pants product [22]. McLean showed that the transfer
morphism f; is a wunital ring homomorphism [I4]. Since W is subcritical
we have SH,(W) = 0 [7], so that the unit vanishes in SH,(W). Therefore
1= fi(1) = £i((0) =0 € SH.(V) and we obtain as in [I4] that

(6) SH,(V) = 0.

Arguing as in Remark [[LT6] that there are no rigid holomorphic planes in 17,
we deduce from the stretch-of-the-neck argument in [5, §5.2] that positive
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symplectic homology SH (V) defined in Section Bl depends only on 9V =
ST*L, i.e.

SHI(V)=SH(DT*L) = H.(AL,L).

Since SH.(V) = 0, it follows from the tautological exact sequence (@) in
Section [2] that

H, (AL, L) ~ Hy 1 (V,0V).

If w1 (L) is finite, it follows from Sullivan’s minimal model for the free loop
space that H,(AL) is supported in an infinite set of degrees, hence the same
holds for H.(AL, L), a contradiction.

If w1 (L) is infinite and contains an infinite number of conjugacy classes, we
see that Ho(AL, L) is infinite dimensional, again a contradiction.

If 71 (L) is infinite but contains only a finite number of conjugacy classes, we
still obtain a contradiction as follows. Note that this situation can only arise
if dim L > 3 and thus m (ST*L) = m(L). Pick a nontrivial conjugacy class
¢ € (L) and denote by d its image under the injective map i : 71(L) —
#(ST*L) — #1(V). Then 0 = SHYV) = SH (V) = H,(A°L, L), but
the latter group is nonzero since Hy(AL, L) = Q.

Remark 1.20. All our results remain true if one replaces the hypothesis
c1(V)lry(vy = 0 by the stronger one ¢;(V) = 0 (and likewise for W), and
mi-injectivity by the weaker assumption that every contrctible loop in V
(resp. W) is null-homologous in M. E.g. this assumption is automatically
satisfied if Hy(M;Z) = 0. For a unit cotangent bundle M = ST*L the
conditions in Remark then need to be replaced by the same conditions
on null-homologous instead of contractible geodesics.

The structure of the paper is the following. Section Bl contains all the re-
sults concerned exclusively with symplectic homology. We first recall its
definition and main properties, including the case of autonomous Hamilto-
nians [4], then prove a Poincaré duality result for Floer homology and coho-
mology (Proposition 2.2). We study in Section a version of symplectic
homology defined using Hamiltonians which vanish outside V', in the spirit
of [8]. We define in Section 27 the groups SH, (V) and prove Theorem L2}
Proposition and Proposition [[4l We discuss briefly in Section the
fact that symplectic homology does not depend on the ambient manifold W.
Section Blrecalls the definition of Rabinowitz Floer homology. We prove that
it is also independent of the ambient manifold W in Proposition Bl Sec-
tions @] and Al are of a technical nature. We exhibit admissible deformations
of the defining data for Rabinowitz Floer homology, which are crucial for re-
lating Rabinowitz Floer homology to symplectic homology. Most technical
work goes into deriving bounds on the Lagrange multiplier in the Rabi-
nowitz action functional, for which we establish a maximum principle for
a Kazdan-Warner type inequality in Section Our main result, Theo-
rem [LH] is proved in Section [6 and we give in the beginning of that section
a detailed outline.
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2. SYMPLECTIC HOMOLOGY

We use Viterbo’s definition of symplectic homology groups [25]. We follow
the sign conventions in [7], which match those in [9]. We consider an exact
manifold (V;\) with symplectic form w := dA\ and convex boundary M =
ov.

That M is convex means that Ay is a positive contact form when M is
oriented as the boundary of V, or, equivalently, that the Liouville vector
field X defined by A = txd\ points outwards along M. We denote by R)
the Reeb vector field on M defined by tr, dA\|ps = 0 and A(Ry) = 1. The set
of (positive) periods of closed Reeb orbits is called the action spectrum
and is denoted by
Spec(M, A).

Let ¢% be the flow of the Liouville vector field. We can embed the negative
symplectization of M onto a neighbourhood of M in V' by the map

((0,1] x M,d(r\)) = (V,w), (r,x) — gbl)r}r(a:)

We denote by V the symplectic completion of V', obtained by attaching the
positive symplectization ([1,00) x M,d(r))) along the boundary M identi-
fied with {1} x M.

2.1. Sign and grading conventions. Given a Hamiltonian Hy : V- R,
t € S' = R/Z the Hamiltonian vector field X, is defined by

dH; = —iyt w.
t Xt

An almost complex structure J on V is w-compatible if (-,-) = w(-,J")
is a Riemannian metric. The gradient with respect to this metric is related
to the symplectic vector field by Xy = JVH. The Hamiltonian action
ofaloopx:Sl—>\718

Ap () == /le*)\—/olH(t,x(t))dt.

A positive gradient flow line u : R x S — V of Ay satisfies the perturbed
Cauchy-Riemann equation

(7) s+ J(t,w)ug + VH(Eu) = ug + J(t, 1) (ut ~ Xpu(t, u)) — 0.

The Conley-Zehnder index CZ(z;7) € Z of a nondegenerate 1-periodic
orbit x of X7 with respect to a symplectic trivialization 7 : *TV — STxR2"
is defined as follows. The linearized Hamiltonian flow along x defines via 7
a path of symplectic matrices @, ¢t € [0,1], with &y = id and ®; not having
1 in its spectrum. Then CZ(x;7) is the Maslov index of the path ®; as
defined in [17, I8]. For a critical point = of a C2-small Morse function H
the Conley-Zehnder index (with respect to the constant trivialization 7) is
related to the Morse index by

(8) CZ(x;7) = n — Morse(x).

If ¢1 (V') = 0 we define integer valued Conley-Zehnder indices of all 1-periodic
orbits as follows. In each homology class ¢ € H1(V;Z) we choose a loop 7.
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and a trivialization 7TV — S x R?". This induces trivializations of TV
along all 1-periodic orbits x by extension over a 2-chain connecting x to
the reference loop 7. in its homology class and hence well-defined Conley-
Zehnder indices CZ(x) € Z.

If ¢1(V)|ry(v) = 0 we can still define integer valued Conley-Zehnder indices
for contractible 1-periodic orbits with respect to trivializations that extend
over spanning disks.

Without any hypothesis on ¢; (V') we still have well-defined Conley-Zehnder
indices in Zs and all the following results hold with respect to this Zo-
grading.

2.2. Floer homology. Let P(H) be the set of 1-periodic orbits of Xp.
Given x* € P(H) we denote by ./T/l\(:v, , x4 ) the space of solutions of ([7) with
limg 400 u(s,t) = x4 (). Its quotient by the R-action sq - (s,t) := (s + so,t)
on the cylinder is called the moduli space of Floer trajectories and is
denoted by

—

M(z_,zq) = M(z_,z4)/R.

Assume now that all elements of P(H) are nondegenerate and contained in
a compact set, and also that solutions of ([l) are contained in a compact
set. Assume further that the almost complex structure J = (.J;), t € S! is
generic, so that M(z_,z,) is a smooth manifold of dimension

dim M(z_,zy) = CZ(z") — CZ(z™) — 1.

For k € Z and a € RU {00} the Floer chain group CF%(H) is the Q-
vector space generated by the 1-periodic orbits of Conley-Zehnder index k&
and action less that a. We abbreviate CFy,(H) := CF.°(H). The boundary
operators 0 : CFy(H) — CFy_1(H) defined by

dr= > #Mly,2)y

CZ(y)=k—1

decrease action and satisfy 92 = 0. (Note the reversed order of the argu-
ments in M(y,x), which reflects the fact that we define homology rather
than cohomology.) So for —oo < a < b < oo they descend to boundary
operators 9(® on

CFY(H) := CF<Y(H)/CF<%(H)
which give rise to the filtered Floer homology groupsﬁ
FHP(H) := ker 9@ /im (@),
For a < b < ¢ we have long exact filtration sequences
.= FEY (1) - FH™)(H) > FEY(H) > FE"Y (H) - ...

1 Here and in the following we tacitly assume that the values a,b,... are not in the
action spectrum.
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2.3. Symplectic homology. Consider a time-independent Hamiltonian on
(0,00) x M of the form H(r,x) = h(r). Then X, = h/(r)R), so that 1-
periodic orbits of X} on level r are in one-to-one correspondence with closed
characteristics on M of period h'(r).

~

Let Ad(V') be the class of admissible Hamiltonians H which satisfy H < 0 on
V', which have only nondegenerate 1-periodic orbits, and which have the form
H(r,z) = ar+0 for r large enough, with 0 < a ¢ Spec(M, \) and b € R. The
1-periodic orbits of such a Hamiltonian are contained in a compact set and,
if the almost complex structure is invariant under homotheties at infinity,
solutions of ([7) are also contained in a compact set [I5] 25].

A monotone increasing homotopy H from H_ to H, induces chain maps
o\ (H): CF@D(H_ ) — CF@D (H,).
A standard argument shows that the induced maps Uéa’b) on homology are

independent of the chosen monotone homotopy H. We introduce a partial
order on Hamiltonians by saying H < K iff H(t,z) < K(t,x) for all (t,x) €

$1x V. The Floer homologies Fnga’b) (H) of Hamiltonians H € Ad(V) form

a directed system via the maps J,(:’b). The symplectic homology groups

~

of V are the direct limits as H — oo in Ad(V),
SH™ (V) = lig FH™ (H).

We will be interested in the following groups:
SHy(V) := SH V),
SH (V) =l SH™ (1),

SHy (V) = lim SHM (V).

Here the limits are to be understood as inverse limits with respect to canon-
ical maps SH(®?) — SH@Y) for ¢ < a’,b < . The corresponding directed
systems stabilize for a respectively b small enough. The groups SHY V),
T = 0,4+, — are independent of the contact form on M. Equivalently, they
are invariant upon replacing V' by the subset in V below the graph of a
function f: M — (0, 00).

For a < b < ¢ we have long exact filtration sequences
= SHE (V) = SH V) = SHEO (W) = SH*Y (V) > .|
hence in particular
(9) coe = SH (V) = SH.(V) — SHN(V) — SH, (V) — ...
As a matter of fact, we have

Lemma 2.1 ([25]).

1
SH_ (V) >~ H" (V) ~ Hyn(V,0V), n=dimV.
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Proof. Pick € > 0 smaller than the action of all closed Reeb orbits on M.
Let H € Ad(‘?) be time-independent, a C?-small Morse function on V,
and linear on (1,00) x M. Then the only 1-periodic orbits with action in
(—o0,€) are critical points in V', and Floer gradient flow lines u(s,t) are
t-independent and satisfy the equation us + VH(u) = 0. Thus the Floer
chain complex agrees with the Morse cochain complex, with the gradings
related by equation Bl It follows that

FHTI(H) = H'*(V) = Hoyn(V,0V)

and the lemma follows by taking the direct limit over H, followed by the
limit € — 0. U

2.4. Autonomous Hamiltonians. Floer or symplectic homology can be
defined using autonomous (i.e. time-independent) Hamiltonians [4]. Let
H :V — R be a Hamiltonian whose 1-periodic orbits are either constant
and nondegenerate, denoted by 5 for p € Crit(H), or nonconstant and
transversally nondegenerate, denoted by ~. The geometric images of the
latter are circles S, which we view as l-parameter families of orbits via
the correspondence v +— ~(0). Assume further that the nonconstant orbits
appear in the region (0,00) x M, and H = h(r) in their neighbourhood with
h"(r) # 0.

Let us choose for each circle S, a perfect Morse function f, : S, — R
with two critical points min and Max, and denote by Vin, Yarae the orbits
starting at these critical points. For a > 0 the Floer chain groups are

CFrH) = P by @ &y (Vo)

peCrit(H),|vp|=k Sy,peCrit(fy),|vp|=k

with the direct sum running over orbits with action less than a. The degree
|75] is given by the Conley-Zehnder index, whereas the degree |v,| for p €
Crit(f,) is defined by [, Lemma 3.4]

o CZg(v) + l(1 + Sign(h”(r))), p = min,
(10) ol = { CZ8 () + g((l — Sign(h”(r))), p= Mazx.

Here CZ4(7) is the Conley-Zehnder index of the linearized Hamiltonian flow
along v restricted to &, and sign(h”(r)) = £1 is the sign of h”(r) at the level
r on which lives . The differential 0 : CF-*(H) — CF=% (H) is given by

Oy = Z #M(Wéﬁp)%/7+ Z H#M (Ve Vo) Vg

Ivgl=lvpl—1 Ivgl=ll-1

Here ./\/1(7('7, 7p) consists of rigid tuples (u,, Um—_1, ..., u1) whose components
are solutions of ([7l) and satisfy

o limg o oo Uy = fy(’j, and lim,_, o u1 € S, belongs to the stable man-
ifold W*(p, f,):

e for i =m —1,...,1, the limit orbits lims_, 4o u;11 and limg, o u;
belong to the same S,, and are connected (in this order) by a positive
flow line of f,,.
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Similarly, M (vg, ) consists of rigid tuples (um,um—1,...,u1) whose com-
ponents are solutions of ([7) and satisfy the same conditions as above, except
the first one which is replaced by the requirement that

e lim, , . u, €S, belongs to the unstable manifold W*"(q, f/).

To define the symplectic homology groups, one first perturbs M inside v
so that the closed characteristics are transversally nondegenerate. The new
class of admissible Hamiltonians, denoted by Ado(f/), consists of functions
H : V — R which are strictly negative and C?-small on V, and which,
on the region {r > 1}, are of the form h(r) with h linear at infinity of
slope 0 < a ¢ Spec(M, \), and h strictly convex elsewhere. The symplectic
homology groups are the direct limits over H — oo in Ado(\?).

2.5. Symplectic cohomology. Symplectic cohomology is defined by dual-
izing the homological chain complex. More precisely, we denote by C'F ’; J(H)
the Q-vector space generated by the 1-periodic orbits of H of degree k and
action bigger than a. In the case of time-dependent Hamiltonians with
nondegenerate 1-periodic orbits the degree is given by the Conley-Zehnder
index, and the differential § : CF%,(H) — CFY1(H) is

ox = Z HM(z,y)y.

CZ(y)=k+1

In the case of autonomous Hamiltonians, the degree is given by (I0) and the
differential § : CF¥ (H) — CFFFY(H) is

= > H#=MOp )Y

[vg|=lvpl+1

with M (7, 7{1) having the same meaning as for homology. We deduce quo-
tient complexes CF(’Z ) (H), Floer cohomology groups F'H (ka’b) (H), and trun-

cation maps FHé“a/ by FHE  fora<a and b<V.

(a,b)
The symplectic cohomology groups are defined as inverse limits for
H — oo in Ad(V), or Ad°(V),

SH(ka,b) (V) = @1 FH(ka,b) (H)
The inverse limit is considered with respect to the continuation maps
Oty : CFlpy(Hy) = CFly(H-),  H-<H,.

Proposition 2.2 (Poincaré duality). For —co < a < b < oo and H €
Ad%(V) there is a canonical isomorphism

PD: FH"(H) — FH* _ (~H).
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Given H_ < Hy these isomorphisms fit into a commutative diagram

H(ab)

FH"Y(H_) FHP(H,)

PDlZ ZlPD

FHZ (~H,)

—k
7(~b,~a)

Proof. Let @*eZCF*(a’b) (H,{f+}, (Jt)ies1) be the homological Floer complex
of H, with the collection of perfect Morse functions {f,} and the time-
dependent almost complex structure J;, t € S = R/Z. A Floer trajectory
u: R x St — V satisfies equation (), namely
(11) Osu + Jy(u)Opu — Je(u) X (u) = 0.
Define v : Rx S* — V by v(s, t) := u(—s, —t), so that it satisfies the equation
Osv + J_4(v)Opw + J_(v) X (v) = 0. Denoting J; := J_; this equation can
be rewritten in the form (7)), namely

s + J¢(v)0v — J¢(v) X _g (v) = 0.

The correspondence u <+ v therefore determines a canonical identification

7b ~Y * 3
DuezCFY (H A fy}, (Jiest) = ©uezCFy _o(—H.{= £}, (T1)ies1)-
The homology groups do not depend on the choice of almost complex struc-
ture, nor of auxiliary Morse functions {f,}, so that we obtain

Duer FHY (H) ~ OrezF H(_y o (—H).

This identification is clearly compatible with the continuation morphisms,
and the only issue is to identify the change in grading under the correspon-

dence (H’ {f’Y}) — (_H’ {_f"/})

Lemma 2.3. Let ® : [0,1] — Sp(2n) be a continuous path satisfying ®(0) =
1, and denote ®(t) := ®(1 — t)®(1)~t. The Robbin-Salamon indices of ®
and O satisfy the relation

irs(®) = —irs(P).

Proof. Following [8 Proposition 2.2], a path x(¢)¢(t), t € [0, 1] is homotopic
with fixed endpoints to the catenation x(¢)1(0) and x(1)1(t), so that

irs(x(1)9 (1)) = irs(Xx()¥(0)) + irs (X(1)Y (¢))-

Let ®_(t) := ®(1 —t). Then irg(P_) = —irg(P) since the crossings of ®_
are in one-to-one correspondence with those of ®, and the crossing forms
have opposite signatures [I7]. Since ®_(t)®~'(t) = 1, we obtain

0 = irs(®_(t)22'(0)) +irs(P- (P! (1)
= ips(P- () ) +irs (1)
= ips(®) —irs(P-)
= ZRS(¢)+ZRS( ).
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The second equality uses that ®_(1) = 1. The third equality uses that, upon
replacing a path with its inverse, the Robbin-Salamon index changes sign,
which follows from the (Homotopy) and (Catenation) axioms in [I7]. O

Proof of Proposition (continued). Let ¢; be the Hamiltonian flow of
H. Given a periodic point = € V such that ¢y (z) = z, let ®(t) := dgy ().
The flow of —H is ¢_; and we denote ®(t) := dy_,(z). By differentiating
the identity w1+ = ¢_¢(p1(x)) with respect to ¢ we obtain dpi—¢(z) =
do_i(p1(x))dp1(z) = dp_i(x)dei(x), so that ®(t) = ®(1 — t)@(1)~L. It

follows from Lemma 23] that irg(®) = —irg(®). This proves in particular
that the grading changes sign at a nondegenerate critical point of H.

Let vy be a nonconstant orbit of H, let v be the underlying closed char-
acteristic on M = 9V, let v_p be the same orbit with reverse orientation,
viewed as an orbit of —H, let —v be the underlying closed characteristic with
reverse orientation, and denote by S+, the circle of periodic orbits obtained
by reparametrizing v+ . Then

. 1
irs(ym) = CZE(v) + 3

by [, Lemma 3.4], and from Lemma applied on vy or v we obtain

. 1

irs(y-m) = —ng(’Y) Ty
We now perturb H to H + 4 f, for some small § > 0, and —H to —H —J f,.
It is proved in [8 Proposition 2.2] that precisely two orbits survive in S,
corresponding to the critical points of f,, and we denote them by 74, for
p € Crit(fy). Moreover,

1 + 1, = min,
S it G

irs(YH) — 5, p= Max.
It follows that
irs(Y-m) + 3, p= Maz,
CZ(vy- =9 . .
(v H7p) { irs(V_n) — I p=min.
We obtain CZ(vg ) = —CZ(y—n,p) for any critical point p € Crit(f,). Since

the grading in the Morse-Bott description of Floer homology is precisely the
Conley-Zehnder index after perturbation, the conclusion follows. O

The following lemma is proved in the same way as Lemma 211

Lemma 2.4 ([25]). For e > 0 sufficiently small,

SH ", (V)= Hepn(V) = H(V,0V), n= %dim V.
2.6. Hamiltonians supported in V. We explain in this section an alter-
native definition for symplectic homology/cohomology, using Hamiltonians
which are supported in V. We denote by Ad(‘?, V') the class of Hamiltonians
H :V — R which vanish outside V', which satisfy H < 0 on V, and whose
1-periodic orbits contained in the interior of V' are nondegenerate. For tech-
nical simplicity, we also assume that H is a function of the first coordinate r
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on a collar neighbourhood ((1 —§,1] x M, d(r\)) of M = 0V. We introduce
on Ad(V,V) an order < defined by

H=<K iff H(#,2)>K(,z)forall (§,z) € S' x V.

Given —oo < a < b < oo such that |al, |b| ¢ Spec(M, \), we define

S (V) = lim FHY(H),  SH, (V)= lm FHY (H).

= = (a,b)
Ad(V,V) Ad(V,V)

The subscript/superscript V' for the Floer homology groups indicates that
we consider as generators only those 1-periodic orbits which are contained
in the interior of V. Lemma 1] below shows that the first coordinate r
satisfies the maximum principle along Floer cylinders (here we use that H
is a function of r near dV'). It follows that Floer cylinders connecting orbits
in the interior of V' cannot break at constant orbits outside the interior, so
these Floer homology groups are well-defined. Moreover, the inverse/direct
limits are considered with respect to the order < on the space of admissible
Hamiltonians Ad(V, V).

As before, we can also give the definition of SH using the class Ado(?, V)
of autonomous Hamiltonians H : V — R which vanish outside V', which
satisfy H < 0 on V, and whose 1-periodic orbits in V' are either constant
and nondegenerate, or nonconstant and transversally nondegenerate. In this
case we define the Floer homology groups via the Morse-Bott construction

of Section [2.41

Proposition 2.5. For any A > 0 such that A ¢ Spec(M, \), we have

o (A00)

SH (V)= SHTV(V),  SH{4 (V) ~ SHE_ 4(V).

Proof. We give the proof only for cohomology, the other case being similar.
We embed the symplectization M xR, < 1% and, to simplify the discussion,
we consider only autonomous Hamiltonians. We define a cofinal family in
Ado(‘/}, V') consisting of Hamiltonians H = H,,; : V >R, w>0,0<0<1
which, up to a smoothing, satisfy the following conditions:

® M?é - 0 on ‘7 \ V’
o H,s5(r,x) =pu(r—1)on [§1] x M,
e H,sisaC 2_small Morse perturbation of the constant function (5 —

1) on V'\ [0,00) x M.

(this Hamiltonian coincides on V' with the Hamiltonian K depicted in Fig-
ure Bl on page BI)). Given ¢ > 0 and 0 < § < 1, we denote by K, s the
Hamiltonian which is equal to u(r — §) on [4,00) x M, and which is a C%-
small Morse perturbation of the constant function 0 on ‘7\ [0,00) x M. We
denote K, := K, 1.

Let A > 0 be fixed as in the statement of the Proposition, and denote by
na > 0 the distance to Spec(M,\). Let us choose 0 < ¢ < 14/2, and
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0<éd<e/(A+¢e). We claim the following sequence of isomorphisms
(12) FH . ) (Hags) ~ FHi,_)(Has+ A(l—9))

= FHE%Afe,oo)(KAﬁ)

~ FHiss . o0)(Ka)

~ FH 4 (Ka).

Let us first examine the 1-periodic orbits of H 4 5. Note that the action of a
1-periodic orbit on level r of a Hamiltonian H(r,y) = h(r) is given by

Ap(r,y) = rh'(r) = h(r).
Denote by Ty > 0 the minimal period of a closed Reeb orbit on M. An easy

computation shows that the 1-periodic orbits of H 4 s fall in four classes as
follows:

(I) constants in V' \ [, 00) x M, with action close to A — §A,
(IT) nonconstant orbits around {J} x M, with action in the interval A(1—
0) + (070, 0(A —na)] = [A = 0A + 6To, A — dnal,
(ITI) nonconstant orbits around {1} x M, with action in the interval
[TO’ A— "714]’
(IV) constants in [1,00) x M, with action 0.

Under our assumption 0 < JA < & < 1n4/2, the types of orbits are ordered
by action as
IV <IIIl<A—-e<I<II

In particular, the Floer complex CF; (’;176 Oo)(H A,5) involves precisely the or-
bits of Type (I) and (II).

We can now explain the isomorphisms involved in (I2]). The first isomor-
phism follows directly from the definitions (the Hamiltonian and the action
interval are simultaneously shifted by a constant). The second isomorphism
holds because the obvious increasing homotopy from H 4 5+ A(1—6) to K5
given by convex combinations is such that the newly created orbits appear
outside the relevant action interval. The third isomorphism holds because
one can deform K5 to Ky = Ky through Ky,, 6 < 0 < 1, keeping
the actions positive or very close to zero. The last isomorphism holds be-
cause K4 = K41 has no 1-periodic orbits with action outside the interval

(0A—¢,A).
To conclude, we notice now the sequence of isomorphisms
ﬁ?A,oo)(V) ~ FH{y )(Hayes)

~ FH(*A_&OO)(HA,(;)

~ FHZLOO,A)(KA)

~ SH(*_OO’A)(V).
We again use standard continuation arguments. For the first isomorphism
we deform H 4. s within the cofinal class of Hamiltonians of the form H, ,
such that © > A and the condition u(l — o) > A always holds. Note

that for (p,0) = (A + £,0) this condition holds due to our assumption
d < g(A + ¢). During this deformation orbits of types (I) and (II) always
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have action > A, those of type (IV) have action < A, and new orbits of
type (III) appear with action > A, so FH(*A oo)(HMU) does not change and

converges to ﬁzA,m)(V) as (u,0) — (00,1). The second isomorphism
follows by simultaneously shifting the Hamiltonian and the action interval
and the third isomorphism in equation (I2)). For the fourth isomorphism
we use that, upon deforming within the cofinal class of Hamiltonians of the
form K, new orbits have action bigger than A. O

2.7. \/-shaped Hamiltonians in V. In this section we assume that the
closed characteristics on M are transversally nondegenerate. We consider
the class Ado(?) of Hamiltonians H : V — R which satisfy the following
conditions:

e The 1-periodic orbits of H are either constant or transversally non-
degenerate,

e H <0 in some tubular neighbourhood of M = {1} x M, and H > 0
elsewhere (see Figure[I),

e H = h(r) in the region {r > 1}, with h(r) = ar+b outside a compact
set, 0 < a ¢ Spec(M, ), b € R, and h strictly convex in the region
where it is not linear.

We define SH(V) as follows, with limits over H being taken with respect

~

to the usual partial order on AdO(V). Given —oo < a < b < 0o we set

(13) SH (V) = lim FE" (H),
H

(14) SH(V) = limlim SH{"" (V).
b a

The last two limits have to be understood as ¢ —+ —oo and b — +o0o. We
also define

SH W) =lm SH (V),  SH(V) = 1lm SH" (V).
a b

Remark 2.6. Let a < b be fixed. It follows from the proof of Proposition [2.9]
below that, if H is the Hamiltonian in Figure[[land the slope u is much larger
than max{|al, |b|}, only orbits of types III-V are involved in the computation

of FH"" (H).

Remark 2.7. We chose to define SH (V) by first using an inverse limit and
then a direct limit so that the inverse limit is applied to finite dimensional
vector spaces. In this case it is an exact functor [12], so that truncated exact
sequences pass to the limit.
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Remark 2.8. Whereas we have by definition SH(V) = lim SH,(;OO’b)(V),

b
it is a priori not true that SH(V) = lim SH,(:’OO)(V). The universal prop-
a

erty of direct/inverse limits only provides an arrow

lim lim SH,"" (V) — lim lim SH"" (V).
b a a b
J '
!
L
— 1 I
5 1
_6_- /+ \
11 v
vV

FIGURE 1. A \/-shaped Hamiltonian.

Proposition 2.9. For any —oco < a < 0 < b < oo such that —a,b ¢
Spec(M, ), there is a long exact sequence

(15) —=SH ' _ (V)—=sa= (v)—= gy @ () —=SH L1 (V) — -

(—o0,—a)

Proof. We consider a cofinal family in AdO(V) consisting of Hamiltonians H
which, up to a smooth approximation, satisy the following requirements (see
Figure [Il): there exist constants ¢ > 0, 0 < d < 1 and 0 < p ¢ Spec(M, \)
such that

e H=p(l-96)—conV\|[0,1] x M;
e H = h(r) on [d,+00) x M, where
h,(’l“) = —H, 6<r< 1a
h(1) = —e,
Wry=mp, r>1.
Let 1, > 0 be the distance between p and Spec(M, A), and let Ty > 0 be

the minimal period of a closed characteristic on M. The 1-periodic orbits
of H fall into five classes as follows.

(I) constants in V'\ [0, 1] x M, with action —pu(l —39)+e=—p+du+-e;
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(IT) nonconstant orbits in the neighbourhood of {§} x M, corresponding
to negatively parametrized closed characteristics on M of period at
most p — 7, with action in the interval [—u(1 —0) + e — d(u —
M)y —p(1 = 0) +& = 0To] = [—p+ € + 6nu, —p + € + o — 6Tp);

(ITI) nonconstant orbits in the neighbourhood of {1} x M on levels r < 1,
corresponding to negatively parametrized closed characteristics on
M of period at most p— 1), with action in the interval [—(u —n,) +
e,—To+e]=[—p+n,+e —To+el;

(IV) constant orbits on {1} x M, with action ;

(V) nonconstant orbits in the neighbourhood of {1} x M on levels r > 1,
corresponding to positively parametrized closed characteristics on M
of period at most y1—n,,, with action in the interval [Ty+-¢, p—n,+e|.

Let —o0o < a <0 < b < oo be fixed, with —a, b ¢ Spec(M, \). Let us choose
p > max(|al, |b]) + 1, 6 < min(n,/2u,1/3) e < min(b,1/3,7,4/2)

The condition du < 7, ensures that the above types of orbits are ordered
by the action as

IN<I<IIl <a<lIIl, <IV<V_<b<V,..

Here the symbols I11_, I'11 stand for orbits of Type III which have action
smaller resp. bigger than a, and V_, V, stand for orbits of Type V which
have action smaller resp. bigger than b. We infer the short exact sequence
of complexes

0— CF Y (H) - CF " (H) —» ¢F"Y(H) = 0
which, in terms of the types of orbits involved, can be rewritten as
0 — ¢l opl=V= _, optiIViV=_
The associated long exact sequence has the form
oo 5 FHTY(H)» FHTY (H) = FEY (H) - FH S (H) -

We claim that its entries are isomorphic with the ones of the long exact
sequence in the statement of Proposition This implies the conclusion
of the proposition, since continuation maps are compatible with truncation
exact sequences and become isomorphisms if ;1 > max(|a|, |b])+1 and d,& > 0
are sufficiently small (depending on ). So it remains to prove the claim.

FH,E_OO’b)(H) o~ SH,E_OO’b)(V): This holds because ;1 > b > 0, and because
the restriction to V' of the Hamiltonian H can be deformed to the constant
Hamiltonian —e, in such a way that the action of the newly created 1-
periodic orbits does not cross the boundary of the action interval (—oo,b)
during the deformation.

FH,Ea’b)(H) ~ Sﬂia’b)(V): This holds because p > max(|al, |b]), and be-

cause, upon increasing the slope in a cofinal family of Ad (17), the action
of the newly created 1-periodic orbits does not cross the boundary of the
action interval (a,b) during the corresponding homotopies of Hamiltonians.
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FHY (H) ~ SH(_*OO _a)(V): To prove this isomorphism, we denote by

H, s a Hamiltonian which, up to a smoothing, satisfies the following condi-
tions:

e H, 5 vanishes outside V;
o H,s5(r,x) = —p(r—1) on [0,1] x M;
o Hy,5s=p(l—0)onV\I[41] x M.

Our definition is such that —H,, 5 € Ado(‘/}, V') is as in the proof of Propo-
sition We claim the following sequence of isomorphisms.

FHU™(H) ~ FHU™(H,;s—¢)

~ FH{™"9(H, ;)

~ FH™Y(H,ys)
~ FH* (~H,s)

(—a,00)

The first isomorphism holds is proved by a deformation argument: The
Hamiltonian H can be deformed outside V' via linear Hamiltonians to the
constant Hamiltonian —e, and the action of the newly created 1-periodic
orbits does not cross the boundary of the action interval (—oo,a). The
second isomorphism holds trivially from the definitions, and the third one
holds because |a| ¢ Spec(M,\) and & < 7,4//2. The fourth isomorphism
is implied by Proposition 2.2 the fifth one holds by continuation because
i > |al, and the sixth one follows from Proposition O

Proof of Theorem .2 Tt follows from the proof of Proposition that the
exact sequence (3] is compatible with the morphisms induced by enlarging
the action window, in the following sense. Given —co < a’ <a <0 < b <
b < oo and a Hamiltonian H as in the proof of Proposition we have a
commutative diagram of short exact sequences of chain complexes

(16) o —crC= ) —=or N () == CE Y (1) —> 0

| | |

cF (g —=cF Y (1) —=cFY (1) —= 0
CF!

—o0, a)(H)_>CF( oob)( )_>CF*(a’b/)(H)—>O

0 —

0 —
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Passing to Floer homologies and using the isomorphisms in the proof of
Proposition 2.9, we obtain a commutative diagram of long exact sequences

(17)

= SHT (V) == 310 (v) —= g @0 (yy —= SHT DL (V) — -
—>-SH7 )(V)—>SH( ‘X’b)(v —>SH(a b)(v)—>-SH( *;1 a)(V)—>-
e —= 8 o, a)(v)_>SH( OOb)(V)—>SH(ab)( )—>SH( *;1 a)(V)—>

Using Remark 2.7 and passing first to the inverse limit as a — —oo, and then
to the direct limit as b — oo, we obtain the conclusion of Theorem O

Proof of Proposition [I.3. We claim that, for any —co < a’ <a <0<b<
b’ < oo such that —a’, —a, b,/ ¢ Spec(M, \), there is a commutative diagram

(18) SH (V) SHT (V)

! I

SH” _»(V) SHTY ()

(—00,—a)

in which the vertical maps are the continuation morphisms, and the horizon-
tal maps are the ones appearing in the long exact sequence of Proposition 2.9]
with @ = —b. This follows from the commutative diagram below, which is
obtained by rearranging the leftmost commutative squares in (I7):

SH . _an(V) SHTM (V)

! H

SH . (V) SHT (1)

(=00,—a)

1 T

V) SH =Y (v)

SH,

(—00,—a)

Choosing b = —a = p > 0 small enough in (I8]) and passing first to the
inverse limit as @’ — —oo and then to the direct limit as b’ — oo, we obtain
a commutative diagram

SH*(V) SH.(V)

! f

SHZ o (V) SH>P(V)

By Lemma Il and Lemma 4] the bottom entries of this diagram are

SHZ (V) =~ H=(V,0V) and SH (V) ~ H.pn(V,0V). More-

over, it follows from the proof of Propositionlﬂl below that the bottom map

is the composition H**"(V,9V) £ H. i n(V) incly H, . n(V,0V) of the
map induced by inclusion V < (V,90V') with the Poincaré duality map. O
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We define two variants of the symplectic homology groups SH.,(V'), namely
(19) SH(V) = lim SH (1),
(20) SH'(V) = lmSH. =P w).

AN
Proof of Proposition [1.]. The two diagrams in the statement of Proposi-
tion [[L4] follow by specializing the commutative diagram (I7). Let us choose

0 < p < min Spec(M, ). We set a = —p, b = p in (I7) and let ¢’ — —o0,
b’ — oo to obtain the commutative diagram of long exact sequences

(21) - ——=SH*(V)—=8sH ") (V)—=sH="(V)—=SH*+1 (V) —

| i

_>SH_oop)(v)ﬁSH OOP)(V ﬁsH( PP)(V)_>SH( *+1 (V)ﬁ

R

o = SH " (V) ——= SH.(V) —— §H (V) —=SH_ 1! (V) — -
Since SHZ", (V) ~ H~**"(V, M) and SHS""/(V) ~ H.n(V, M) (cf.

Lemma[2ZTland Lemmal[24]), the top and bottom long exact sequences in (21])
are the bottom exact sequences in the diagrams of Proposition[I.4l To prove
the proposition, we need to show that the middle exact sequence in (2] is
isomorphic to the homological (resp. cohomological) long exact sequence of
the pair (V, M). This essentially follows from [2I Proposition 4.45], as we
explain now.

For our choice of parameters a and b, this last exact sequence arises by
truncating the range of the action such that only orbits of Type I-IV for a
Hamiltonian H as in Figure[Jlare taken into account. (Here we take e < p for
the parameter ¢ in the definition of H and the constant p above). Moreover,
with the notation in the proof of Proposition 29, we have ITI_ = III and
IIT, = (. A deformation argument shows that it is enough to consider such
a Hamiltonian with slope u = p, and for which IT = IT1T = (). Without loss
of generality we can further diminish p, and assume that H is small enough
in C%norm. Because V is symplectically aspherical, the Floer complex
reduces to the Morse complex [13, Theorem 6.1](see also [20, Theorem 7.3]).
Our definition of the Floer differential is such that we consider the Morse
complex for the positive gradient vector field VH. Equivalently, we are
considering Morse homology for the negative gradient vector field —V(—H)
(see Figure ). The middle exact sequence in (2]]) is associated to the short
exact sequence of Morse complexes

22) 00— CUPO(—H) - o (—H) » 0O (—H) > 0.

Denote V" :={p eV : —H(p) <r}, r € R. By [21], Prop. 4.45] the homol-
ogy long exact sequence associated to (22]) is isomorphic to the long exact
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+el

FIGURE 2. Hamiltonian with small slope.

sequence of the triple (\72p,‘70, ?_Zp). By excision and Poincaré duality,
the latter is isomorphic to the long exact sequence of the pair (V,M). O

2.8. Definitions in W and dependence only on V. Let us now assume
that M — W is an exact contact embedding of (M, ¢) into the convex exact
manifold (W, ). We denote the bounded component of W\ M by V.

Denote by Ado(‘/}; /W) the class of Hamiltonians H : W — R satisfying

e H<0onV,and H = const > 0 ouside a compact set,
e the periodic orbits of H other than constants at infinity are transver-
sally nondegenerate if nonconstant, and nondegenerate if constant.

We define the symplectic homology groups of V in W by

. — 1 o (a,oo)
SH(V, W) = i%hénFHk (H),

SH(V; W) := lim lim FH“>)(H
r (VW) GI{‘% 1 k (H),
SH (V; W) := lim lim lim FH\"" (H).
a,/00N\0 H
Proposition 2.10. We have SHI(V; W) ~ SHI(V), fort=0,+,—.
Proof. The main ingredients of the proof are the maximum principle and
Gromov’s monotonicity principle for the area of pseudo-holomorphic curves

(see also [16, Lemma 1]). The arguments are very similar to the ones in the
proof of Proposition Bl below, and we leave the details to the reader. [

Similarly to Ado(f/; W), we define the class Ado(?; W) of admissible Hamil-
tonians H : W — R by requiring the following conditions:

e H coincides with an admisible Hamiltonian H’' € Avdo(‘/}) on VU
[1,R) x M for some R > 1,

e H = const approximately equal to a(R—1) on /W\(VU [1,R) x M).

We define the groups SHL(V§W)7 T=0,>0,< 0 by formulas (I4), (I3,
[0) using direct limits over H — oo in Ado(f}; W). We then have

SHZ:(V7W)’:SVI{L(V), T:Q)’.i.: “2077701.1.: “SOn.

Moreover, the statements of Theorem and Proposition [[4 remain valid.



26 KAI CIELIEBAK, URS FRAUENFELDER, AND ALEXANDRU OANCEA
3. RABINOWITZ FLOER HOMOLOGY

Let us recall from [9] the definition of Rabinowitz Floer homology.

On an exact symplectic manifold (W, A) with symplectic form w = d\ define
the Liouville vector field X by ixw = \. We say that (W, \) is complete
and convex if the following conditions hold:

e There exists a compact subset K C W with smooth boundary such
that X points out of K along 0K.
e The vector field X is complete and has no critical points outside K.

(This includes the condition of “bounded topology” in [9]). Equivalently,
(W, \) is complete and convex iff there exists an embedding ¢ : N x [1,00) —
W such that ¢*\ = ray, where r denotes the coordinate on [1,00) and ay
is a contact form, and such that W\ ¢(N x (1,00)) is compact. (To see this,
simply apply the flow of X to N := 0K. cf. [9]).

Consider now a complete convex exact symplectic manifold (W, \) and a
compact subset V' C W with smooth boundary M = OV such that \|y
is a positive contact form with Reeb vector field R. We abbreviate by
L = C>(S*, W) the free loop space of W. A defining Hamiltonian for M
is a smooth function H : W — R with regular level set M = H~1(0) whose
Hamiltonian vector field X (defined by ix,w = —dH ) has compact support
and agrees with R along M. Given such a Hamiltonian, the Rabinowitz
action functional is defined by

AH:£XR—>R,

1 1
A (x,n) ::/ x*)\—n/ H(x(t))dt.
0 0
Critical points of A are solutions of the equations

Oy (t) =nXp(z(t), teR/Z,
) H(x(t))dt = 0.
By the first equation H is constant along z, so the second equation implies

H(z(t)) = 0. Since Xy = R along ¥, the equations (23] are equivalent to

ax(t) = nR(v(t), t€R/Z,
(24) sy teR/L }

(23)

So there are three types of critical points: closed Reeb orbits on M which
are positively parametrized and correspond to 1 > 0, closed Reeb orbits on
M which are negatively parametrized and correspond to n < 0, and constant
loops on M which correspond to = 0. The action of a critical point (z,7)
is Ag(z,m) =n.

A compatible almost complex structure J on (part of) the symplectization
(N x Ry, d(ran)) of a contact manifold (N, ay) is called cylindrical if it
satisfies:

e J maps the Liouville vector field 70, to the Reeb vector field R;
e J preserves the contact distribution ker a;
e J is invariant under the Liouville flow (y,7) + (y,€'r), t € R.
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A compatible almost complex structure J on a complete convex exact sym-
plectic manifold (W, \) is called cylindrical if ¢*J is cylindrical on the collar
(N x [1,00),d(ran)) at infinity. For a smooth family (J;)seg1 of cylindri-
cal almost complex structures on (W, \) we consider the following metric
g = gy on L xR. Given a point (z,7) € L x R and two tangent vectors
(Z1,7M), (Z2,M2) € Ty (L xR) = I'(SY, z*TW) x R the metric is given by

1
G (E1270), (2, 72)) = /O w (1 (8), Jy (£(6))o(t)) dt + ) - .

The gradient of the Rabinowitz action functional Ay with respect to the
metric gy at a point (x,7n) € £ x R reads

—Ji(z) (18tx — nXH(x)) )
— Jo H(z(t))dt.

Hence (positive) gradient flow lines are solutions (z,7) € C®(R x S!, V) x

C>(R,R) of the partial differential equation

Ost + Jy(x) (O — nXp(x)) =0 }
dsn + [ H(x(t))dt = 0.

It is shown in [9] that for —oco < a < b < oo the resulting truncated Floer
homology groups

VAp(z,n) =V Au(z,n) = (

(25)

RFH) (M, W) := FHY (Ay, J),

corresponding to action values in (a,b), are well-defined and do not depend
on the choice of cylindrical J and defining Hamiltonian H. The Rabinowitz
Floer homology of (M, W) is defined as the limit

RFH,(M,W) = limlim RFH ) (M,W), A\ — oo,
TSN

By [10, Theorem A], this definition is equivalent to the original one in [9].

3.1. Independence of the ambient manifold. Our first new observation
on Rabinowitz Floer homology is

Proposition 3.1. The Floer homology groups RFH(‘“b)(M7 W) for —oo <
a < b < oo depend only on the exact symplectic manifold (V,\) and not on
the ambient manifold W .

Proof. Since the Liouville vector field X is complete, its flow defines an
embedding ¢ : M x Ry < W of the symplectization of (M, Ay := )
such that ¢*A = rAys (see [9]). Pick a cylindrical almost complex structure
Jyr on M x R,. By Gromov’s Monotonicity Lemma [23, Proposition 4.3.1],
there exists an € > 0 such that every Jjs-holomorphic curve in M x R4
which meets the level M x {3} and exits the set M x [2,4] has symplectic
area at least . Rescaling by R > 1, it follows that every Jjs-holomorphic
curve which meets the level M x {3R} and exits the set M X [2R,4R)] has
symplectic area at least Re.

Now fix —00 < a < b < oo and pick R > 1 such that Re > b—a. Pick a loop
J¢ of cylindrical almost complex structures on (W, \) such that ¢*J; = Jy
over M x [2R,4R)]. Pick a defining Hamiltonian H which is constant outside
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VU (M x[1,2R]). We claim that under these conditions the first component
x of every gradient flow line (z,7) of V Ay connecting critical points with
actions in the interval (a,b) remains in V U (M x [1,3R)).

To see this, we argue by contradiction. Thus suppose that (z,7) is a gradi-
ent flow line with asymptotics (x*,n*) having actions in (a,b) whose first
component z meets the level M x {3R}. Since the asymptotics of x are
contained in M x {1} it exits the set M x [2R,4R]. Let U C R x S! be
a connected component of x71(M x [2R,4R]) meeting the level M x {3R}.
Since Xy vanishes on M x [2R,4R], the first equation in (20 shows that
x|y is Jpr-holomorphic, hence by the preceding discussion it has symplectic
area at least Re. The following contradiction now proves the claim:

b—a>Ag(xt,nT) — Ag(z,n7)

-/ IV A () ()]s

—00

> / |05 ?ds dt
U

:/x*w
U

> Re.

The claim shows that the Floer homology group RFH (a’b)(M ,W) can be
computed from critical points and gradient flow lines in the completion
V Uy M x[1,00) and is therefore independent of the ambient manifold W. [

In view of Proposition Bl we will denote from now on the Floer homology
groups REH@Y) (M, W) by RFH®(V), and the Rabinowitz Floer homol-
ogy by
RFH,(V) =limlim REHCM(V), A p— oo.
Y
We further introduce
RFHZO(V) := RFH™)(V),  RFHS(V):= REH (V)

and

REHY(V) := RFH ) (V)
for 6 > 0 small enough. It then follows from the definition [9] that

RFHO(V) = Hoina (M).

We note that there are morphisms

Hyin1(M)— RFHZ(V)
and

RFHZ(V) = Hopp (M) = H*(M)

induced by action truncation. However, there is no morphism between
Hyipn_1(M) and RFH,(V) since the latter group is defined using both a
direct and an inverse limit.
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Remark 3.2. Rabinowitz Floer homology is Z-resp. Zo-graded under the
same conditions as symplectic homology, see Section 21l The Z-grading on
RFH, (when it is defined) used in this paper is obtained from the original
one in [9] by adding % for the generators with positive action and subtracting
% for the generators with negative action.

As usual for R-filtered homology theories, given —oo < a < b < ¢ < 0o there
is a long exact sequence of homology groups induced by truncation by the
values of the Rabinowitz action functional

co- > RFH™ (V) > RFH™) (V) - REE®) (V) > RFH"Y (V) > ...

4. PERTURBATIONS OF THE RABINOWITZ ACTION FUNCTIONAL

In this section we introduce a family of perturbations of the Rabinowitz
action functional which will be used later to show that Rabinowitz Floer
homology is isomorphic to symplectic homology. These perturbations are
perturbations in the second variable n. In particular, the perturbed Rabi-
nowitz action functional is not linear any more in 7, so that the interpreta-
tion of n as a Lagrange multiplier is not any more true for the perturbed
functional.

Assume that (V,\) is a compact exact symplectic manifold with boundary
M = 0V such that Ay := A|p is a positive contact form. Denote by

Vi=VU(M x[1,0))

its completion and extend the 1-form A from V to 1% by A := rAjy on
M x [1,00). Suppose further that H € C°°(V,R) is an autonomous Hamil-
tonian and b,¢ € C*°(R,R) are smooth functions. We abbreviate by £ =
C> (St V) the free loop space of V. Consider the perturbed Rabinowitz
action functional

AH,b,c: LxR—R

defined for (z,n) € L x R by

1 1
Aprpel,n) = /0 A — b(n) /0 H(x(t))dt + c(n).

Note that
AH,n,O = Apgy.
The critical points of Ay . are pairs (z,7) such that
{ & =b(n)Xu,
b'(n) [ H(z(t))dt = ().

The gradient of the action functional Ap . with respect to the metric g;
induced by a circle J; of cylindrical almost complex structures at a point
(z,m) € L X R reads

—Ji(x) (O — b(n) Xn (x)) )

ViAmpe(z,n) = < —¥'(n) fOl H(x(t))dt + (n).
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Hence (positive) gradient flow lines are solutions (z,7) € C®(R x S1, XA/) X
C*(R,R) of the partial differential equation

Osz + Ji(2) (O — b(n) Xpa (2)) = 0
(26) Isn+V(n 5 dt—c():O.}

Compactness up to breaking for solutions of (2] of fixed asymptotics was
shown in [9] in the unperturbed case and for H a defining Hamiltonian for
M. In the general case, this involves the following uniform bounds:

e a uniform L*°-bound on the loop x,
e a uniform L°°-bound on the Lagrange multiplier ),
e a uniform L°°-bound for the derivatives of x.

Given these bounds compactness up to breaking then follows from the usual
arguments in Floer homology. The bound on the derivatives of z is standard
once the uniform bounds on z and 7 are established: By usual bubbling
analysis, an explosion of derivatives would give rise to a nonconstant .J-
holomorphic sphere, which does not exist since the symplectic form d\ is
exact.

In the remainder of this section we will establish uniform bounds on z and
n under suitable hypotheses.

Note that the Liouville flow defines an embedding M x Ry < V, where
we use the notation Ry = (0,00). In this section we will restrict to radial
Hamiltonians

H(y,r) = h(r)
depending only on the coordinate » € Ry. Here h : Ry — R is a smooth
function which is constant near 0 and H is extended to V by this constant.
Moreover, we assume throughout that

h'(r) >0 for all r € R4,

4.1. A Laplace estimate. In contrast to [9] we cannot always assume that
the Hamiltonian H has fixed compact support. Instead of that we also want
to consider Hamiltonians which grow linearly in the symplectization. In this
case gradient flow lines of the Rabinowitz action functional do not reduce to
holomorphic curves outside a compact set and hence we cannot use convexity
at infinity directly. Nevertheless we show in the following subsections how
we can obtain an L°°-estimate for gradient flow lines which only depends on
the energy of the flow line.

Consider the subset M x Ry C V as above. The symplectic form w = dX is
given on M x R, by
w=d(rAy) =dr ANy +7rdiy.

The Liouville vector field X is given on M x Ry by

0
X—’I"E

and its flow is the map

gbp(y,r) = (y,rep), pe Ra (y,?”) € M x RJr'
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Fix a smooth family of cylindrical almost complex structures J;. We are
interested in partial gradient flow lines of the perturbed Rabinowitz
action functional, i.e. solutions

w= (z,n) € C¥([-T,T] x S, V) x C=([-T,T],R)
of ([26) on some compact time interval [—T,T]. Here we assume the the
Hamiltonian H(y,r) = h(r) is radial. Using the formula
ViH(x) = h(r)X(z)
for the gradient of the metric w(-, Jy-) on M x R, we observe that a partial

gradient flow line (z,7) satisfies at points where z(s,t) € M x R, the
equation

Os + Jtatx + b( )h’( ) X (x) }
(27) dsn +b'(n fo d(n)=0.
We define f: M x Ry — R by

fy,r):=m,
and for a partial gradient flow line w we define
p(s,t) = In(f(x(s,1)))

whenever z(s,t) € M xR,. Our L>-bounds for z are based on the following
inequality for the Laplacian of p.

Lemma 4.1. Let H(x) = h(r) be a radial Hamiltonian and let (z,n) €
C®([-T,T] x S*,V) x C([-T,T],R) be a partial gradient flow line for
Appe. Then at points (s,t) where x(s,t) € M x Ry the Laplacians of fox
and p satisfy

(28) A(fox) = (9sz,d5w)r — ds (I (r)b(n)) f o =,
(20) Ap > —0, (K (r)b(n)).
Proof. If (-); denotes the Riemannian metric induced from the cylindrical
almost complex structure J;, we note that on M x R, we have
(X, X)) = f.

All the following computations are done at a point (s,t) where z(s,t) €
M x Ri. We first compute d°(f(z)) = d(f(x)) o using the first equation

in (27):
—d°(fox) = —(df(x)0x)ds + (df (xz)0sx)dt
= —(df (2)(Ji(2)0p)) dt — (df () (Ji(x)Ds)) ds
(df (z )((9333+Jt( )Ox))dt + (df (z)(Jy(x)0sx — Oyx))ds
= —(Vif (@), Ji(2)0px),dt — (Vi f(x), Jy(x)Ds) ds
—I(r )b(n)Wtf( z), X (x)),dt
=W ()b()(Vif (@), Ji(2) X (x)),ds
= w(X(z),0 )dt—l—w(X(x),@sx)
—I (r)b(n){X (z), X (2)),d
= a*ixw — K (r)b(n)f(x)dt.
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Applying d we obtain
A(fox)ds Ndt = —dd®(f o x) = a*duxw — 05 (R (r)b(n) f(z))ds A dt.
Using again the first equation in ([27]) we find
rfdixw = T Lxw
= 2w
= w(0sw, J(2)0sx + W' (r)b(n) Jy(x) X (x))ds A dt
(Osz, Os)pds A dt + B (r)b(n){(Osx, Vi f (x))ds A dt
(Osz, Os)rds A dt + B (r)b(n)df (x)Osxzds A dt
(Osz, Os)pds A dt + B (r)b(n)s(f o x)ds A dt,

and hence the Laplacian of f oz is given by

A(f o .%') = <35$, 8sx>t — 0Os (h,(r)b(n))f(x)
This proves the first statement in the lemma.

Since J; interchanges the Reeb and the Liouville vector field on M x R,
i,e. R = J; X, we conclude that

(R, X): =0, [R|f =X} =f.
In particular, we can estimate the norm of dszx in the following way:

(052, X)? (D57, R)?

2
e (A T

_ 03, Vif)} 4 {=Jdex = B (r)b(n) X, R)?
) 7o)

o (df (z)0sz)?  (JiOpx, R)?

- @)

(@) (0, X}
@ i@

@@ @)
ORI

Combining the above two expressions we obtain the following estimate for
the Laplacian of fox

@@ @@
) A(fow) - L PR 45 (b)) o) > 0
Replacing f by e” and dividing by f we obtain

Ae?  (0s(eP))?  (Oy(e”))?

0 = eP N e2p n e2p + (95 (h/(T)b(n))
= Ap+(9sp)* + (Oip)* = (95p)* = (Dep)® + D5 (W' (r)b(n))
= Ap+95(W(r)b(n)).

This proves the second statement and hence Lemma .11 O
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4.2. L*°-bounds on the loop z. To draw conclusions from Lemma [£.T],
we now make the following assumptions on the functions (H, b, ¢):

(31) H(y,r)=A(r—R)+E forr>R, AE>0, R>1.

(32) sup|V'(n)| = B < oo, sup|d(n)|=C < occ.

neR neR
The crucial observation of the following lemma is that we can get a uniform
bound from below on the Laplacian of p along a partial gradient flow line
provided only that the derivatives of b and ¢ are uniformly bounded, but
not necessarily b and c itself.

Lemma 4.2. Suppose that (H,b,c) satisfy assumptions BI) and B2) and
let D := |min H|. Suppose further that (z,n) € C*([-T,T] x SL, W) x
C>®([-T,T],R) is a partial gradient flow line for Apyp.. Then at points
(s,t) where x(s,t) € M x [R,00) the Laplacian of p o x satisfies

A(pox) > —A’B*D — ABC.
Proof. Let (s,t) be a point where z(s,t) € M x [R,00). The assumption on
h implies h'(r) = A at this point, so the estimate ([29) reads
Ap > AV (n)dsn.

Using the second equation in (27)), assumption B2) and H(z) > —D we
obtain from this the estimate

Ap > —AV(n)dsn

1
_ A2y /0 H(x)dt — AV ()¢ (1)

> =A% ()*D — AV ()¢ ()
> —A’B?D — ABC.
This proves Lemma O

The crucial hypothesis for the following proposition is a uniform bound on
x for nearly critical points (z,7). More precisely, we assume that there
exists a family of cylindrical almost complex structures J; on W such that
for (z,n) € L x R the following implication holds:

(33) IVoAmpe(@mlly e = maxf(z(t)) < 5.

We define the energy of a partial gradient flow line w = (x,n) by

T

Eui= [ IV Aune(w)]Pds = Anpe(w(T)) = Aspe(w(~T)).
-T

Proposition 4.3. Suppose that the triple (H,b,c) € C*°(R4,R) x C*(R) x

C>*(R) satisfies assumptions BI) and B2)) as well as condition B3] for

some (g,9). Let w = (z,n) € C®°([-T,T] x SL, W) x C®([-T,T],R) be a

partial gradient flow line of V Ay . satisfying

(34) feusli flz(£T,t)) < S.
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Then for each (s,t) € [-T,T] x S the following estimate holds

(A2B2D + ABC)55,>

f(z(s,t)) < max(R,S)exp < 5

Proof. Fix sg € [-T,T]. We abbreviate
0% (sg) = inf {o €0, T Fs0]: ||[VAmp(w)(so £0)|| <e}.

We claim that
Ew

€

(35) O'i(S()) <

We prove this assertion only for o (sp). Indeed,

T so+ot(s0)
£, = / 1V Apg o ()| 2ds > / IV Apgpo(w)|Pds > €0 (s0),
T

S0

proving the claim. It follows from (B4)), the definition of 0¥ (sq) and condi-
tion (33]) that

(36) max p(z(sg £ 05 (s0),t)) < In S.
teSt

We introduce the following finite cylinder
Z, =[50 — 0 (s0),50 + 0 (s0)] x St.
For a constant
v > A’B*D + ABC
we introduce the function x € C*(Zy,) by

v(s — s0)?
2

Using ([B5) and ([B6) we estimate x at the boundary of the cylinder:

X(S’t) = p(m(s,t)) +

2

v€
37 <InS 4+ —%.
(37) maxx < IS+ 55

Lemma yields the following implication for (s,t) € Zg,:

52
x(s,t) >InR+ I;?Z’ — f(z(s,t)) > R = Ax(s,t) = Ap(z(s,t)) +v > 0.
Thus x cannot have an interior maximum bigger than In R+ % Combining
this with the boundary estimate (31 yields
vE
supp < supx < Inmax(R,S) + —=.

4
0 Zsp 2¢

This finishes the proof of Proposition O
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4.3. L*°-bounds at nearly critical points. In order to apply Proposi-
tion 3] we need to establish condition (B3] for given triples (H,b,c). For
the unperturbed Rabinowitz functional this was proven in [9]:

Lemma 4.4 ([9], proof of Proposition 3.2, Step 2). Suppose that (h,b,c)
satisfy the following conditions:

(1) A(r
(2) b(
(3) ¢

r—1forre[l—46,1+4];
n;

3
~— v
I

0.

Then for there exists an ¢ = €(d) > 0 such that condition [B3]) holds with
S=1+54.

Before proving a corresponding result for other triples (h, b, ¢), we first make
two general observations.

Denote by | |; the metric A ® A + dA(+, J;-) on M and by || ||z the L?norm
with respect to this metric. For A ¢ Spec(M,\) denote by n4 > 0 the
distance from A to Spec(M, \).

Lemma 4.5. For each A ¢ Spec(M, \) there exists d4 > 0 such that

1 1
|y —aR(y)|la > 64 forally € C=(S', M) and a € [A — 577A,A + 577,4].

Proof. This is an immediate consequence of the Arzela-Ascoli theorem. [

Lemma 4.6. Suppose h'(r) =1 for 1 < A <r < B and let b, c be arbitrary.
Let (z,m) € L x R and suppose that for x = (y,r) there are t,t' € S* with
r(t) < A and r(t') > B. Then

B-A

VApgpelx, > .
IVAgp.c(z,n)|ls 75

Proof. Recall that on M x [1,00) the almost complex structure J; maps the
Liouville vector field X = r0d, to the Reeb vector field R and preserves the
contact structure & = ker A. It follows that the metric at (y,r) € M X [1, 00)
is given by

[uX +vR+w|f =7 u2+v2+d)\(w,th)], u,w e Rw € .

So at points (s,t) with z(s,t) = (y(s,t),7(s,t)) € M x [A, B] we have

-2
. r .
&= bX (@)l = — + 71y — bR)[;-
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By assumption there exist tg < t; with r(tg) = A, r(t1) = B and r(t) €
[A, B] for all ¢ € [tp,t1]. Now the lemma follows from the estimate

1
IVAfpc(z,m)lls > \//0 & — b(n) X g () |2dt
1
> /0 & — b(n) Xpr ()| dt

> / i — b() X (a))dt

to

"1
> —dt
G
I,
o to \/E
B—A

75

V

v

Now for A ¢ Spec(M,\) let bs : R — R be a smoothing of the function

_Aa 77 S _A’
(38) ba(n) =< n, —A<n<A,
A, A<Zn,

see Figure [[l on page Here the smoothing is done in such a way that
v, (n) = 1 whenever ba(n) € [-A+ 314, A — 3na4l.

Lemma 4.7. Suppose that (h,b,c) satisfy the following conditions:

(1) h(r) =7 — R+ D for r > R with constants R > 1 and D > 0;
(2) b="by as in BY) with A ¢ Spec(M, \);
3) [/l <C.

Then condition [B3)) holds with
e =min(d4,1/V3), S=3(R+0(),
where 04 is the constant from Lemma[{.5
Proof. Let (z,n) € L x R with |[VAg(z,n)||s <e. Recall from the proof

of LemmalL6] that at points (s, t) with z(s,t) = (y(s,t),7(s,t)) € M x[R, c0)
we have

22
&= bXp (@)} = — +rlj — bR(y) I}
Now we prove the lemma in two steps. Set
EFE=R+C>R>1.
Step 1: Either maxr < 3F or minr > 2F.

Otherwise there exist ¢,¢ with r(t) = 2E and r(t') = 3E, so Lemma
with A = 2F and B = 3F yields

FE FE
VAp ()l > e = /2
VAL p.c(z,n)|ls Wer 3
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This contradicts the hypothesis ||V Awpc(z,n)l|s < 1/V3 < /E/3 and
proves Step 1.

If maxr < 3E = S we are done, so assume from now on that minr > 2F.
Step 2: |b(n)| < A— %77,4.
By hypothesis we have
2B6% > 6%
> [VAmpe(z,n)5

1
> / rli — b(n)R|2dt
0

1
> 2F / |9 — b(n) R|*dt,
0

hence ||y—b(n)R(y)||2 < 4. By definition of 64 this implies | [b(n)|—A| > &
and Step 2 follows.

By construction of b, Step 2 implies b'(n) = 1. Using this and the hypothesis
|| < C we estimate

1
IV Amselemls > |- [ H@a+ o)

1
2/ (r—=R+D)dt—C
0
>2F—-R-C=F.

But this contradicts the hypothesis || VAg c(z,n)||;7 < 1 < E, so the second
case in Step 1 cannot occur and the Lemma [A.7] is proved. O

4.4. L*°-bounds on the Lagrange multiplier 7. In this section we es-
tablish bounds on the Lagrange multiplier n along gradient flow lines. For
the unperturbed Rabinowitz functional and defining Hamiltonians that are
constant at infinity, such a bound was proven in [9]. The following result is
a refinement of this.

Proposition 4.8. Suppose that the triple (h,b, c) satisfies the following con-
ditions:

(1) h(r) =r
(2) b(n) = n;
(3) ¢=0.

Let w = (xz,n) : R = L xR be a gradient flow line of VjApy,o with
asymptotic linits (x*,n%). Then x and 1 are uniformly bounded in terms of

constants which only depend on the actions AH,mO(azi,ni), the constant
and the constants R, A in (31).

—1 forr € [1 = 9,1+ 0] and condition ([BI));

Proof. By LemmalZ4] condition (B3] holds for S = 146 and some ¢ = £(d) >
0. Since the asymptotic limits 2 lie on the level set H~'(0) = M x {1},
we have r(s,t) < S for |s| sufficiently large. Hence Proposition 3] provides
a uniform bound on z in terms of the constants R, S, A and the action
difference &, = Apyo(zt,nt) — Agpolz™, 7).
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The uniform bound on 7 now follows from Corollary 3.5 in [9]. In fact, the
result in [9] is stated for Hamiltonians that are constant at infinity. But
inspection of the proof shows that it only uses a bound on |H (z)| along the
gradient flow line, which we just established. The bound for n only depends
on this bound, the actions A, o(z*, nF) and the constant 4. O

Next we observe that for suitable perturbations a bound on 7 becomes in
fact much easier:

Lemma 4.9. For arbitrary H, suppose that there exists A > 0 such that the
following conditions hold for the perturbations b and c:

V(n) =0, Inl>A4,
(39) CI(T/) S 07 T] S _A7
d(n) >0, n=>A

Let (x,n) : R = L xR be a gradient flow line of V jApp . with asymptotic
limits (z*,n%). Then

In(s)| < max{|n™|,|n"[,A}  forallse€R.

Proof. 1t follows from (B9]) and the second equation in (26) that if |n| > R
then Os|n| > 0. This implies the stated uniform bound on |n(s)|. O

4.5. Generalized Rabinowitz Floer homologies. Consider quintuples
Q = (H,b,c,a,3), where H = h(r) is a radial Hamiltonian, b,c : R — R
are smooth functions, and —co < a < 8 < co. We fix a cylindrical almost
complex structure J and define the L?-gradient V ;A H.,b,c S above.

Definition 4.10. We call (H,b,c,«, 8) admissible if the following condi-
tions hold:

(1) There are no critical points of A p.. with action  or B, and the set
Crit®) (A ) of critical points with action in (a, B) is compact.

(2) The loop x is uniformly bounded on all gradient flow lines (x,n) :
R — L xR of Agp.c connecting critical points with action in (o, ).

(3) The Lagrange multiplier n is uniformly bounded on all gradient flow
lines (x,m) : R = L xR of Ay connecting critical points with
action in (o, 3).

As discussed at the beginning of this section, for an admissible quintuple
(H,b,c,a,3) the space of gradient flow lines of Apy . connecting critical
points with action in (¢, ) is compact modulo breaking. So we can define
its Floer homology

FH@B) (Appe)
as in Section [l We omit the almost complex structure J from the notation
since the Floer homology does not depend on it.
We call a homotopy @ = {Q:}e[o,1] of quintuples Q¢ = (Hy, by, ¢, ay, )

admissible if all the (); are admissible, the union Ute[O’l]Crit(at’Bt) (AH, brcr)
is compact, and the bounds on z and 7 can be chosen uniformly in ¢. The
following two results follow by standard arguments in Floer homology [18].
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Proposition 4.11. An admissible homotopy Q = {Q¢}ic(o1) of quintuples
Qr = (Hy, by, cry 0, By) induces an isomorphism

¢Q N FH(a07ﬁ0) (AHo,bo,Co) — FH(O“’BI)(AHlyblyCI)'

The induced isomorphisms are functorial with respect to concatenation

Qoat te€0,1/2],

(Q#R)t = {ta_l ‘e [1/27 1]

and inverse Qt_l = Q1+, namely

bQur=PrROQ, o1 =0y -

Proposition 4.12. Define a partial order on admissible quintuples by QQ =
(H?b’c?a?ﬁ) S Q, = (H/’b,7cl’a/518/) Zﬁla S al} IB S IBI and (H?b’c) =

(H',V,). Then for Q < Q' the obvious inclusions induce homomorphisms
g - FHOP (Agpe) — FH ) (Agy ).
They are functorial in the following sense:

LRQ" = LQ'Q"” ° LY’ fOT Q < QI < Q”, LQQ = id.
Moreover, if Q = {Qt}eo1) and Q' = {Q} }ejo,1) are admissible homotopies
with Qo < Qf, and Q1 < Q) then

PQ © LQuqy = LQ1Q) © PQ-

Now we first consider the case of the unperturbed Rabinowitz functional,
i.e. b(n) = n and ¢ = 0, with Hamiltonians H = h(r) satisfying the following
condition for some constants A, E > 0 and R > 1 (which may depend on h):

(40) h(r) =7 —1 near r =1, h(r) = A(r — R) + E for r > R.

Proposition 4.13. For any h satisfying {AQ) and for any o, 5 ¢ Spec(M, \),
we have
FH“9(Ay,0) = RFH®P(V).

In particular, for any such h we have

RFH,(V) =limlim FH. ) (A y0), A — .
DY

Proof. Note that critical points of A, o for h(r) = — 1 near r =1 corre-
spond to closed Reeb orbits on M and their action equals their period, so the
first condition in the definition of admissibility is satisfied. Proposition
provides uniform bounds on gradient flow lines (x,n) between critical points
with action in («, 8) for any such triple (h,n,0), and these bounds are also
uniform for homotopies of such triples. Hence all such triples are admis-
sible and connected by admissible homotopies, and the result follows from
Proposition 111 O

Remark 4.14. Proposition T3] allows us to compute Rabinowitz Floer
homology using Hamiltonians that are linear at infinity rather than constant
at infinity as in the original definition in [9]. This last case is also included
in the statement of Proposition and corresponds to A = 0.
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From now on we will always assume that h satisfies

(41) h(r)y=r—1 for r > 2.

The second class of triples (h, b, c) we wish to consider are those satisfying
the following conditions:

h(ry=r—1 forr>2,

b=by as in Lemma [T with A ¢ Spec(M, \),

/
) d(n) <0 forn<—A,
)| =C  forneR, and { d(n) >0 forn> A

(42)

By LemmalL9 |n| is bounded along gradient flow lines by max{|n™|, [n~|, A}.
Lemma[Zand Proposition[E3lprovide a uniform bound on = along gradient
flow lines. Hence admissibility of (h,b,c) comes down to the first condition
in Definition .10 and we have proved

Proposition 4.15. A quintuple (h,b,c, a, B) with (h,b,c) satisfying [@2) is
admissible, and hence its Floer homology FH(O‘ﬁ)(AH,b,C) is defined, provided
that there are no critical points of Apyp . with action o or B and the set
Crit(a’ﬁ)(AHb,c) of critical points with action in («, 3) is compact.

A homotopy (hy, by, cey o, By) with (hy, by, ct) satisfying [@2) is admissible,
and hence FH©0B) (A 4 ) = FHOUP) (Ag, 4 ), provided that there
are no critical points of Am, p, e, with action oy or By and provided the set
Ute[o,l] Crit(“t’ﬁt)(Atht,ct) is compact.

In general, the hypotheses of Proposition 4.15] may fail for two reasons:

e critical values may cross the end points of the intervals [ay, B];
e there may exist families of critical points (x,7n) with x constant and
1 unbounded.

Thus the Floer homology FH(O‘ﬁ)(AH,b,C) need not be defined, and if it is
it may depend on the quintuple (h,b,c,«, 3) even if a and S are fixed. In
Section [6] we will construct specific homotopies satisfying the hypotheses of
Proposition .15l in order to interpolate between Rabinowitz Floer homology
and symplectic homology.

5. PREPARATION FOR THE PROOF OF THE MAIN RESULT

In the previous section we studied the Floer homology of the perturbed
Rabinowitz functional Ag . in two cases:

(1) b(n) =n, ¢ =0 and h satisfying ([@0);
(2) (h,b,c) satistying ([42).

The main result of this section is an interpolation between these two classes:

Theorem 5.1. Suppose —o00 < a < 3 < o0 satisfy o, f ¢ Spec(M, ), and h
satisfies h'(r) > 0 forr >0 and h(r) = r—1 for r > 1/2. Then there exists
a constant A(a, B) such that for b= by as in Lemma[{. 7] with A > A(«, )

we have
FH P (Ag0) 2 FHD (A p.0).
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This result allows us to replace the original function b(n) = n by a function
ba which is constant at infinity. Its proof will occupy the remainder of this
section.

5.1. An improved L°°-bound on the loop z. In this subsection we will
derive from Lemma [£]] the following L°°-bound on the loop z. In contrast
to the bounds in Section €2}, this bound does not rely on condition (33]) and
thus holds uniformly for all b satisfying 0 < &’ < 1. On the other hand, this
bound only works for ¢ = 0.

Proposition 5.2. Suppose the triple (h,b,c) satisfies the following condi-
tions:

(1) h(r) = const € (—1,0) near r = 0, h(r) = r—1 forr > 2, and
B (r) >0 for all r € Ry;

(2) 0<V(n) <1 forallneR;

(3) c=0.

Letw = (z,n) : R — L xR be a solution of [28) whose asymptotic limits x*
are contained in VU (M x [1,2)). Then x is uniformly bounded by a constant
depending only on the action difference Appc(xt,n%) — Agp(z7,n7).

Proof. By the assumption on b inequality (29]) in Lemma [Tl simplifies for
p(s,t) >1In2 to

(43) Aost) > —0,(s),  B(s) = b(n(s))
Since ¢ = 0, the second equation in (26]) yields

- sﬂ(s) = _bl(n)asn

= b/ (n)* /01 h(r(s,t))dt
(44) = b/ (n)* /01 <ep(s’t) — 1) dt,

where for the last equality we redefine p by p :=In(h+ 1). (This is possible
since h > —1 and does not change p for p > 2.) The assumption on the
asymptotic limits #& implies p(s,t) < In2 for |s| large, so

Q:={(s,t) e Rx S| p(s,t) > In2}

has compact closure. If ¥/ (n(s)) = 0 for some s € R, then the second
equation in (26]) implies that n, hence £, is constant. Equation [@3]) becomes
Ap > 0, hence p < In2 by the maximum principle and we are done. So
assume from now on that b’ (77(3)) > 0 for all s € R. Then we can uniquely

write 1 as a function of 3, and hence b'(n(s))2 = f(B(s)) for some smooth
function f: R — [0,1]. Then ([@4]) becomes

—9:6(s) = f(B(s)) /0 l(e”(s’” - 1)dt.

Hence the pair (p, ) satisfies the hypotheses of Proposition below (with
A=1).
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Pick any 7' > In 2 and define the T-wild set Wr by
Wr = {s eR: It,t' €S p(s,t) > T, p(s,t') < ln2}.

Lemma .6 with A =2 and B = e’ yields
el —2
IVAmp,c(2,n)(s)ls = Tz Cr forall s € Wr.

Thus we can estimate the Lebesgue measure |Wr| in terms of the action
difference by

A = AH,b,c(x+, 77+) - AH,b,c(x_, 77_)

=1/ IV Agr o, m)(s)]2ds

—00

zu/ IV Ao, m)(s)|[2ds
Wr

> |WT|012“’
hence A
Wr| < — =: 0.
| T| = C%
Now Proposition below (with A = 1) yields the uniform estimate

max p < T + 462,
RxS?t

where the right hand side only depends on the action difference A (take
for example T' = 2). This concludes the proof of Proposition modulo
Proposition below. O

5.2. An upper bound for a Kazdan-Warner type inequality. Assume
that Q is an open subset of the infinite cylinder R x S' whose closure is
compact, A is a positive real number, and f € C*(R, [0, A]). We consider
solutions

(p.B) € C(R x S",R) x C™(R,R)
of the following Kazdan-Warner type inequality:
(5) AM&@Z—@M$=fwwnﬁ(w@ﬂ—0dn<&neﬁ}
Plrxsno < In2.

Here we understand that the limit in the last equation of (5] as s — oo is
uniform in the ¢-variable. Given a solution (p, 5) of [{@H]) we introduce for a
real number 7' > In 2 the T-wild set of (p, f)

Wr =Wr(p,B) CR
by
Wr = {s eR: It e Sl,p(s,t) >T, p(s,t') < ln2}.

Assume that 6 > 0 and 7' > In2. We will consider solutions (p, 8) of (45)
for which the Lebesgue measure of the T-wild set of (p, ) satisfies

(46) [Wr| <d.
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The main result of this section is the following uniform upper bound for the
first factor of solutions of (4H]) satisfying (40).

Proposition 5.3. Assume that 6 > 0, T > In2, and (p,3) is a solution of
(Z2) satisfying Q). Then

max p < T + 4A46°.
RxS?t

Proof. We prove Proposition in two steps. To formulate Step 1 we intro-
duce the following superset of the T-wild set

Vr={seR: 3te S p(s,t)>T}.

Note that its closure cl(Vr) is compact since the closure of € is compact.
We abbreviate

Zr=c((VrxSHNQ) CRx S

] D
R x & = W Q

FIGURE 3. Domains on R x S*.

We further introduce the following space of functions
Fr= {,u e C? (cl(Vr),[0,00)) : Ap+ 02|z, > 0}.
We define the following number

= inf e [0, 00).
cr ulerifme%?é)“(s) [0,00)

Step 1: maxg, g1 p <1 +cr.

For e > 0 pick p € Fr such that

max (< cr + €.
cl(Vr)

We abbreviate
X =p+plz € C*(2r,R).
Note that by definition of
Ax >0

and hence, since Zp is compact,

max = maxyy.
Zr X OZr X
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Using this and the fact that, by definition, p is nonnegative, we estimate

maxp < %§X(p+u)
= maxx
-

Faxp+ maxp

T+cr+e

IN

IN

Since on the other hand

max p<T <T+Hecr+e
(Rx S\ Z7

we conclude that

max p < T +cr + €.
Rx ST

Because ¢ was arbitrary Step 1 follows.
Step 2: cp < 4A6°.

We first assume that cl(Vr) equals an interval [0, R] for R > 0. We let
p i [0,R] — [0,00) be the piecewise C? function which is uniquely deter-
mined by the following conditions.

® 11(0) = 9sp(0) =0,
e 0?u(s) = max(9s4(s),0) for every s € [0, R] at which dspu(s) = 0,
o 02u(s) = 0s8(s) for every s € [0, R] at which dspu(s) > 0.

Note that the function p is monotone and hence, because of its initial con-
dition, nonnegative. Moreover, by construction pu satisfies

(47) 02 > 0,
and hence, by the inequality in the first line of (45]), we conclude that
Ap+ |z > 0.
Hence
w e Fr.

We set R? = 0 and define recursively for j € N

R; = inf{se[R""',R]:0,8(s) > 0},

R = inf{se (R;,R]:B(s)=B(R;)},
where we understand here that the infimum of the empty set is R. We refer

to Figure d for the construction of the function p. We denote I; := [R;, R7],
j > 1, and it follows from the definition that

supp(dsp) € |J 1.
j=1

We see in particular that p is of class C? at all points of [0, R], except for
R’; j > 1. However, the map p can be smoothened at these points while
still preserving condition (7).



RABINOWITZ FLOER HOMOLOGY AND SYMPLECTIC HOMOLOGY 45

Y

|/\. N

FI1GURE 4. The construction of the function pu.

We further put
Aj =R —R; > 0.
We claim the following inequality

(48) > A <24
=1

To prove ([@8) we introduce for s € R

K(s) = /01 (ep(s’T) - 1) dr.

We claim that for every j € N

RI
(49) / k(s)ds = 0.
R

To see this, first note that if f(8(sg)) = 0 for some sy € [0, R], then the
equality in the first line of ([@5]) implies that [ is constant on [0, R], so Ry = R
and there is nothing to prove. Hence we may assume f(3(s)) > 0 for all
s € [0, R]. Pick a function F: R — R with F/ = 1/f. Now B(R;) = B(R’)
and the equality in the first line of (@3] imply the claim:

‘ RI RI
0= F(B(R) - F(a(R) =~ [ J?(Sg)ds: /R " (s)ds.

Next we define the following four subsets of I; = [R;, R]:
IF={selj:n(s) <0}, [[=L\I;, I=LnWr, Ij=IL\I

We observe that, by definition of the wild set and because I; C cl(Vr), we
have

J
In particular,

t o~ 7+
(51) I; C I
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Using (Z9H5T)) and the fact that k > —1 we estimate

(52) oz/ﬁ:/n+/+n2/n+/n2—uj—y+u§\.
I i 1 i I

Taking complements in (5II) we obtain

(53) I cIy.
Combining (52)) and (53] we conclude
(54) 15| < 117

Hence we estimate using (54) and (44])

DA =D (LI + 1P <2 I < 2Wr| =26,
j=1

J=1 J=1

proving the inequality claimed in ([8]). By construction of u it holds that
o0

(55) {s + 02pu(s) > 0} C supp(Osp) C U I;.
j=1

Moreover, we observe using the equation in the first line of (@5]) and the
assumption that the function f is bounded from above by A that

(56) max (92p) < max (max 0,43,0) < A.
From (@8),([E5), and (B6) we deduce
(57) max (Jsp) < 20A.
Combining (B7) again with (&) and (B5) we conclude that
max p < 4462,
and hence
er < 4A68°.

This finishes the proof of Step 2 in the case that cl(Vp) is an interval. In the
general case cl(Vr) is a countable union of intervals and, possibly, accumu-
lation points. Ignoring the latter, we can apply the previous construction
to each component, always setting u = J;u = 0 at the left end point of
each interval. This concludes the proof of Proposition and hence of
Proposition O

5.3. A useful dichotomy. In this subsection we prove a general result
which says that, under certain hypotheses, the Morse complex of a functional
f: X xR — R splits into two subcomplexes for small/large n which are not
connected by gradient flow lines. In the next subsection we will apply this
result to the Rabinowitz functional Agp.: L xR — R.

Let (X,gx) be a (maybe infinite dimensional) Riemannian manifold and
f: X xR — R a smooth function. We consider on the manifold X x R the
Riemannian metric ¢ = gx & gr where gr is the standard metric on R. We
denote by V f the gradient of f with respect to the metric g and by || - || the
norm with respect to the metric g.
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Definition 5.4. We say that f is of Rabinowitz type if there exists a
quadruple of positive constants (e, D, c1,ca) such that for all (x,n) € X xR
the following two conditions hold

@: V@)l <e [l <D = ol <er(lf (@)l +[[Vf(zml);
(ii): |0y f(z,m)| < c2 along gradient flow lines connecting critical points.

We refer to the quadruple (e, D, c1,c2) as a Rabinowitz quadruple for f.
In the following we assume that f is of Rabinowitz type and (e, D, ¢y, o) is

a fixed Rabinowitz quadruple for f. Moreover, we assume without loss of
generality that

D > cye.

We define the functions b4 : Ry — R,

2ac 2ac
b_(a):= cl(a—i—e)—l—e—;, by(a) =D — 622
We further introduce the quantity
(D - cqe)
€2+ deo

and note that
b_(a) < by(a) for a < k.

Now assume that w = (z,7) € C*(R, X x R) is a gradient flow line of f,
i.e. a solution of the ODE

Osw(s) =V f(w(s)), seR
For a gradient flow line we abbreviate

Ay = sup | f(w(s))|-

seR
We refer to A, as the absolute action of w. The following proposition
shows that there is a dichotomy of gradient flow lines of Rabinowitz type

functions of small absolute action into gradient flow lines with large |n| and
small |n].

Proposition 5.5. Suppose that f is of Rabinowitz type with Rabinowitz
quadruple (e, D, c1,c3) and define bi(a),k as above. Let w = (z,n) €
C*®(R, X xR) be a gradient flow line of f with absolute action A, = a < K.
Then exactly one of the following two cases holds:

(1): |n(s)| <b_(a) for all s € R;
(ii): |n(s)| > by(a) for all s € R.

Proof. For o € R we abbreviate

7(0) = inf {7’ >0:||Vf(w(e+71))| < e}.
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Using the gradient flow equation we estimate

)
ero) < [7 VIS
o+7(0)

= [ rtws)as
= fuw(o+7(0)) = F(u(o))
< 244,

implying that

(58) 7(0) < ng.

Since the metric g on X x R is of product form, the gradient flow equation
for n reads

83"7 = anf(w)
Hence using assertion (ii) in Definition [5.4] we obtain that
(59) 0] < ca.
Using (58)) and (B9) we get
o+71(0) 2¢9 Aw
00 [n(e) = nfo+r@)| < [ ounlds < carlo) < Z2.

We distinguish the following two cases.

Case 1: |n(c + 7(0))| > D.

In this case we obtain using (60) that
1(0)] = (o +7(0)] ~ 22 > p 2200 _p (4,

Case 2: |n(o +7(0))| < D.

In this case we estimate using the assertion (i) in Definition [£.4] and again
inequality (G0)

In(o)] < |n(o +7(0))] +

Since b4 (Ay) > b_(A,), continuity of n implies that either |n(s)| < b_(Aw)
for all s € R or |n(s)| > by(Ay) for all s € R. This proves Proposition
U

262 Aw

200 Ay,
Zr <A+ )+ ot = b (Ay).

5.4. Proof of Theorem [B.1l Let us fix —o0 < a < 8 < oo such that
a, ¢ Spec(M,)\), and a function h satisfying h'(r) > 0 for r > 0 and
h(r) = r —1 for r > 1/2. We consider Rabinowitz functionals Apy . for
H = h(r), c =0, and b satisfying
(61) 0<V(n) <1, bn)=nfory <D,
with a constant

D > 2max(|al, 8]

to be determined later.
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Recall that critical points (z,7) of Appo with = (y,r) satisfy
g = bmh'(r)R,
b'(n)h(r) =0.

The action of such a critical point is
Appo(z,n) =bn)(rh (r) = h(r)).

(in the region v \ M x R,, the formula is to be read via the convention
h'(0) = 0 and h(0) = ct.). There are two types of critical points as above:
Type 1: b'(n) # 0. In this case h(r) = 0 and hence r = 1 and Appo(z,n) =
b(n)-

Type 2: b/(n) = 0. In this case suppose first » > 1/2. Then the action
Appo(z,m) = b(n) cannot lie in the interval («, 3) because b(n) = 1 on this
interval. Hence we must have r < 1/2, so that h(r) < —1/2 and therefore
rh'(r) — h(r) > —h(r) > 1/2. This implies |[Agpo| > |b(n)]/2 > D/2, and
the action does not lie in (a, 3).

We thus proved that all critical points with action in (e, §) satisfy r = 1.
Hence by Proposition there exists a constant ¢y depending only on 5 — «
such that r(s,t) < ¢ along all gradient flow lines of A ; o connecting critical
points with action in («, 3).

By the proof of Proposition 3.2 in [9] there exist constants €,¢; > 0 such
that for the unperturbed Rabinowitz functional the following holds:

IVAzgo(z )l < e = nl < er(|Ammo(@,n)| +[IVAgo(z,0)ll).
Since b(n) = n for |n| < D, for the perturbed Rabinowitz functional this
implies
VAol <€ [nl < D= [nl < c1(|Aupol, )]+ IVAmpo(2,n)l]).
This shows that Ap ;o is of Rabinowitz type in the sense of the previous
subsection with Rabinowitz quadruple (g, D, ¢, ¢2). Moreover, note the cru-
cial fact that the constants e, ¢, co work for all functions b satisfying (61J),
independently of D! Thus we can choose D = D(«,3) so large that the
quantities k and by (a) defined as in the previous section satisfy

k> max(|al, |8]),  b-(k) >max(|al,[8]).
This implies that for a < x we have b_(a) < by (a) and
bi(a) > by (k) = b_(x) > max(|al, |8]).
On the other hand, the discussion above shows that all critical points (x,n)
with action in (o, 3) satisfy
Ampolz,n) =bn) =n € (a,B).
Now we apply Proposition to the functional Agpo: U — R with

U:=={(z,n) € LXR| Agpo(z,n) € (a, B)}.

The preceding discussion shows that case (ii) in Proposition does not
occur, so along every gradient flow line connecting critical points in (a, )
we have

n(s)| < b (k).
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Now a short computation shows

b (k)= D (% 4 O(e)) +0(),

where the implicit constants in O(e) depend only on ¢; and cp. Assum-
ing without loss of generality that ¢ is sufficiently small, we may therefore
assume b_ (k) < D. The resulting estimate

In(s) < D

shows that gradient flow lines of Af ¢ connecting critical points with action
in (o, 8) stay in the region where b(n) = n and therefore agree with gradient
flow lines of the unperturbed Rabinowitz functional Ag ;0. Hence the chain
complexes of App o and Ag, o in the action interval («, 3) coincide and we
conclude
FH“P)(Ayp0) = FHP (Ag o).

This conclusion holds for all functions b satisfying (61), in particular for
functions b = b4 as in Lemma L7 with A > D(a, )+ 1. This concludes the
proof of Theorem (.11 O

6. PROOF OF THE MAIN RESULT

In this section we prove Theorem in the Introduction, i.e. the isomor-
phism
RFH,(V)~SH,.(V).

For this we consider deformed Rabinowitz action functionals of the form
1 1
Anpelwn) = [ a2 =b() [ Hla(o)it + clo),
0 0

with H: V — R and b,c: R — R smooth functions.

We start with a summary of what we achieved in Sections [ and Bl Let
(v, B) be a fixed action interval, such that ||, |3| ¢ Spec(M, \). By defini-
tion, we have RFH,Ea’ﬁ)(V) = FHP) (Amy0) for a defining Hamiltonian
H : V — R which is constant at infinity. In the sequel, we only consider

Hamiltonians of the form H = h(r), where r € R is the second coordinate
in the symplectization M x R,. By Proposition [£13], we also have

RFH"P (V) = FH (Ap,0),
for a Hamiltonian H = h(r) with h(r) = r —1 for r > 1/2. By Theorem [5.1]
we have
(62) FH? (Apn0) = FHS? (Ap),
with b = by as in (B8]) and A ¢ Spec(M, \) sufficiently large. Finally, by
Proposition the right hand side of (2] is isomorphic to

FH™ (Ag5.)

for every triple (ﬁ,g, c) satisfying ([42)) that can be connected to (H,b,0) by
a homotopy of such triples during which the critical points do not cross the
boundary of the action interval (a, 3), and form a compact set.
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In this section we construct a homotopy to a triple (f[ ,1,¢) for which
FH,EQ’B)(AELC) = SHia’ﬁ)(V). We achieve this in five steps, as follows.
Step 1. We rescale (H,b,0) to (uH,b/u,0) for a suitable x> 0.

Step 2. We replace (uH,b/u,0) by (uH,b/u,c) for a suitable ¢ (Figure [@).

Step 3. We replace (uH,b/u,c) by (K,b/u,c), where K is a flattening of
H near r =1 (Figure ().

Step 4. We homotope the action functional Ag /. t0 Ajg 1 c-

Step 5. By our special choice of ¢ and K, we have

FH? (A1) = FHOP (1K) = SHSD (V)

Proof of Theorem[LA. Let —oo < a < 5 < +00 be fixed, such that |al, |3] ¢
Spec(M, A). Given 0 < § < 1 and p > 0 we define the following Hamiltoni-
ans. Let H = Hs : V — R be such that, up to smooth approximation in the
neighbourhood of {0} x M, it satisfies (Figure [
H=0-1 on V'\ [4,1] x M,
H(r,x) = h(r) on [§,00) x M, with A(r) =r — 1.
Let K = K5, : V — R be such that, up to smooth approximation in the
neighbourhood of {6} x M and {1} x M, it satisfies (Figure [
K=puld—-1) onV\ [41] x M,
K(r,x) = k(r) on [d,00) x M,
with k(1) = &/(1) =0 and

kK >0 for r €]d,00) \ {1},
k(r) = u(r — 1) outside small neighbourhoods of § and 1.

F1GURE 5. The Hamiltonians H, K, and |K]|.

We define now ¢ : R — [0,00) to be an even function such that (Figure [6)
c(0) =0,

(63) 0 <supc=c¢y < o0,
d(n)=0iff n=0.
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FIGURE 6. A suitable function c.

We recall that, given A > 0, we defined in Section the function b = b4 :
R — R such that, up to smooth approximation in the neighbourhood of
17 = A, it satisfies the conditions (Figure [1)

=—-A n<-A

b=A, A<

Y

F1GURE 7. The function b.

For any p ¢ Spec(M, \), we recall that 7, > 0 is the distance from p to the
closed set Spec(M, \). Let A(c, ) > 0 be the constant from Theorem [5.1]
and let us denote Ty = min Spec(M, A) > 0.

Assumptions.
o (assumption on p and A) We require that ;= A ¢ Spec(M, \) and
= A 2 10max{|a|, |/8|’ 15T05 A(Oé,ﬁ)}

(we distinguish in notation between p and A since they play different roles).
e (assumption on §) We require § < 3.
e (assumption on b) The smoothing of b takes place in small enough
intervals near A, so that

0<b(n) <1l = b(n) €[-A,~A+na) U (A—na,A.
o Let
daa,p =min{lp—q| : p# q € Spec(M,\) U{0,a,8}, p,qg < A} > 0.
Let 9 > 0 be such that
p=nu < (1 —eo)p < p
Let
(64) €A,a,8 = da,ap/10A.
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It follows from the definition of d4 g that €4 , g satisfies the con-
dition
(65) |r—1|<eaap = |rp—p| <daagp, ¥ peSpec(M,\) N (0,A4).

o (assumption on c¢) We require that
1
sup |¢] < min{§, da.a,p/10}

and .
sup|d| < min{i, €05A.0,804 0,5/10A%}.
e (assumption on k) Let ¢ := 2 min{|c'(n)| : [n—A| <na or [n+A4| <
na}. Let b(n) := b(n)/u, and let ¢ > 0 be such that
[V ()] < ea = b)) < To/p-

Let ¢3 := min(cy, ). We require that, in the neighbourhood of
r =1, we have

|k(r)] > cs = K(r)=p.

(This means that k differs from a linear function only in a small
neighbourhood of r = 1).

Before proving Steps 1 to 5, we recall that critical points of Agy . are pairs
(z,m) such that

{ @ =b(n)Xm,
v'(n) [ H(x(t))dt = (n).

This is equivalent to the following:

(1) Either () = 0, in which case ¢/(n) =0 and & = b(n) Xy,
(2) or b'(n) # 0, in which case & = b(n) Xy and

w(t) € H7H((n)/b'(m), teSh

We refer to (z,n) as a critical point of Type (1), respectively Type (2). In
case H = h(r), critical points (z,7) appear on levels r = ct. and have action

Appe(,m) = b(n) (rh' (r) = h(r)) + c(n).
As above, we use the convention A'(0) = 0 and h(0) = H(z).

Step 1. We have a canonical identification of complexes

CF*(Q’B)(AH,I;,O) = CFﬁ&’ﬁ)(Aqub/mO)

This follows directly from the equality Ay po0 = A, mp/u,0- O

Remark. From now on the functions pH and b/p remain unchanged out-
side a compact set, so that moduli spaces of gradient trajectories are com-
pact modulo breaking (Proposition [£15]) and the Rabinowitz-Floer homol-
ogy groups are well-defined.
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Step 2. There is a chain map inducing an isomorphism in homology

creP (Aump/uo) = CF, () (Apmb/pe)-

We denote H := pH, h := ph, b := b/u, and consider the homotopy As =
A p(s)e> With s € R and p: R — [0,1] a smooth increasing function, equal
to 0 near —oo and equal to 1 near +oo. To prove that the induced chain
map is a quasi-isomorphism it is enough to examine the action of the critical
points of each Ay, and show that none of these actions crosses the boundary
of the interval (a, ). We prove that the actions of critical points of A Abe
stay away from « and § (the same computation shows that this holds true
for any A, since 0 < p < 1).

A critical point (x,n) of Ag ;. with x on level r satisfies

{ =b(n)Xg,
"(mh(r) =),

so that |n| < A and ¥'(n) # 0. We distinguish several cases according
to the value of the strictly increasing function f(n) = < (n)/V'(n) on the
interval (—A, A) (see Figure§). We have h(r) = f(n) and the cases that we
distinguish correspond to the various types of orbits of H.

Case 1. f(n) = p(0 —1) < —5. Then we must have n € [-A, —A + 4],
because f(n) = pc'(n) > —4 for n € [-A+14,0]. As a consequence b() is
close to —1 (here we use for the first time that ;4 = A). Moreover X = 0,
 is constant and the action is Az .(z,1) = —b(n)h(r) +c(n) < -5+ 1<
a—1.

S

SUESH
>I

Case 2. f(n) is close to u(d — 1) and the slope of h varies between 0 and
i, so that x lives on a level r close to . As in Case 1 we get that n €

[—A, —A +nal, b(n) is close to —1 and the action satisfies Agj .(z,n) =
b(n) (W (r)r = h(r)) + c(n) < =b(n)h(r) +c(n) <o —1.
Case 3. f(n) is bigger than u(§—1), and &’ = p. Thenn € [~A+na, A—nal,
b(n) = n/uand b'(n) = 1/p (otherwise b(n) ~ +1 and, since 1 ¢ Spec(M, \),
there are no solutions of & = b(n)h'(z)Ry = b(n)uRy). Such a critical point
(z,m) satisfies

{ & =nRy,

H(x) = pc'(n),

and the set of critical points in Case 5 is in bijective correspondence with
the set of critical points of Ay 0= Ag o With action in [—A+na, A—n4]
(the correspondence assigns to (z,7) the pair (z,n), where Z represents
the same characteristic as x, but located on the level » = 1 instead of
r=h""(ud (n)) =1+ (n)). Theaction is Ay 5 .(,1) = nr—nc (n)+c(n) =
n 4+ c(n). By assumption we have sup |c| < da,,5/2, and this ensures that

Agpe(@n) — Agpo(@,0)] < daag.

The action of the critical points therefore varies by at most d4 . g during
the deformation, and cannot cross the bounds of the interval (o, (). O
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Step 3. There is a chain map inducing an isomorphism in homology

crP (Aprb/ue) = CF*P) (AK b/pe)-

We use the notation H = uH, h = ph, b= b/u from Step 2, and recall that
K = k(r) on [§,00). Let p: R — [0, 1] be a smooth increasing function equal
to 0 near —oo and equal to 1 near +o0o. We consider the homotopy A =
Ap, e s € Rwith Hy = (1 — p(8))H + p(s)K. To prove that the induced
chain map is a quasi-isomorphism we show that, under our assumptions
on the perturbation k of h, the critical points of Ay stay fixed during the
homotopy together with their action. We prove this for A = A3 ., and
the same computations work for any s € R since we do not use the fact that
K(1)=0

A critical point (z,7) of Ay ;. with  on level 7 satisfies

so that || < A and ¥'(n) # 0. As in Step 2 we distinguish several cases
according to the value of f(n) = ¢/(n)/V'(n), and it is clear that critical
points falling in Cases 1 and 2 of Step 2 are the same, with the same action
throughout the homotopy.

We now examine critical points (z,7) such that f(n) is bigger than u(d—1).
The critical points such that &'(r) = p are the same as those of Ay j ., and
have the same action. Thus, the relevant new situation is when the value of
K'(r) is strictly smaller than p.

We first claim that n € [~ A+n4, A—na]. Otherwise b(n) ~ +1 and |k(r)
|c'(n)/b'(n)| > c1. Then, by assumption, we have &'(r) = u ¢ Spec(M,
so that there are no solutions of & = b(n)Xx = b(n)uR).

| =
A),
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We now claim that the only critical points (z,7n) such that x lies on a level
r > 0 with k/(r) < p are of the form (x,0) and satisfy »r = 1 (moreover, they
have the same action along the homotopy). Indeed, by our assumption on k
we must have |k(r)| < ca, so that |b(n)|u is smaller than T and any solution
of the equation & = b(n)k’(r)Ry must be constant. Thus, we either have
K'(r) =0and r =1, or b(n) = 0 and i = 0. These conditions are equivalent
because V' (n)k(r) = ¢/(n), and this completes the proof. O

Step 4. There is a chain map inducing an isomorphism in homology

CFP (A i) = CFYP (A 1.0)-

For 0 < e <1 we denote

Ac(z,m) = (1 —e)Agpc(r,n) + ek 1,(z,n)

- /x*(r)\)—(l—e)l_)(/ —s/lk‘ )|+ ()

Let p: R — [0,1] be a smooth increasing function, equal to 0 near —oco and
equal to 1 near +oo. We prove the following claim, which implies that the
chain map induced by the homotopy A,(), s € R is a quasi-isomorphism.

For each critical point (x°,1°) of A. there is a critical point (z',0) of Ay
such that |Ac(2,7°) — Ay (21,0)| < daap-

The claim is obvious for ¢ = 1, so that we can assume without loss of
generality that 0 < e < 1. The equations for a critical point (z¢,7%) of A,
on level r¢ are
{ i° ((1 —e)b(n°)K'(r°) + |kl (r¥)) R,
(L =)t/ (°)k(r°) = ' (n°).

We denote b. := (1 — £)b + ¢ and distinguish three cases.

Case I. n° = 0. Then r =1, ¥/ (r) = |k|'(r®) = 0, 2 = ct. and A.(a%,0) =
0. The claim holds with z! := z°.

Case II. ° > 0. Then 7 > 1, |k|(r®) = k(r°), we have

@° = be(n°)K' (1) R,

(1 =)t/ (n°)k(r®) = (),
and the action is A.(2%,7°) = b-(0°)(rk'(r¢) — k(r)) + c(n®).
Case I1.i. If 0 < e < 1 — gg we distinguish the following cases.
Case ILi.1. 17 € (0,A —na). Then ¢/(1 — )b/ < psup|d|/ep is so small
that b.(n°)k(r®) < pk(r®) < daap/10. Moreover, we have u(r® — 1) ~
k(re) = c¢(n®)/(1 — )b/ (n°) < psup|d|/eo < dap/10p, which implies
1l<re<1+ dA,o{ﬁ/lO,u2 <1+e4,03, Where eg o = dA@’B/lO,UL was intro-
duced in (@). Since 1 < 7° <1444 we obtain A.(z°,n°) =~ b.(n:) k' (r)
by (@5). The claim therefore holds with 2! being the 1-periodic orbit of k sit-

uated on a level close to 1 and corresponding to the positively parametrized
characteristic underlying x¢.
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Case I11.i.2. n° € [A—n4a,A). We claim that this case is impossible. Indeed,
we would have b(n°) ~ 1 and b.(n°) ~ 1, and in particular z° cannot be
constant. There are now two cases. Either k'(r®) = p, which is excluded
since p ¢ Spec(M,\), or k'(r¢) € (0, ). We would then have k(r€) < ca,
hence ¢ (n°) /b (n°) < (1 — €)ea < 2, so that b(n®) < To/p, which is again
impossible if x° is not constant. This proves the claim.

Case ILii. If 1 —gy < e < 1 then 1 > b.(n°) > 1 —&g. Then, by our
assumption on g, we must have r ~ 1 (indeed, we cannot have k'(r¢) = p
since b.(n°)p ¢ Spec(M, \)). The claim therefore holds with z! chosen as in
Case I1.i.1.

Case I1I. n° < 0. This case is treated similarly to Case II. We have r¢ < 1,
|k|(r®) = —k(r®), and

{5652(5_5(?75)—26)’6’(7“6) A @{ (be(n®) = 2e)|k['(r*) R,
(1 =)' (n°)k(r=) = (), (1- )b’( F)k(re) = (7).

The action is

A(2®,0f) = (be(n®) — 26)(r°K'(r°) — k() + ()

= —(0=(1") = 2e) (¥ Ik[ (r%) — [KI(r)) + ().

Case II1.i. If 0 < e < 1 — g9 we distinguish the following cases.

Case IILi.1. 17 € [-A+n4,0). Then |/|/(1 —e)b' < psup|d|/eg is so
small that 7€ ~ 1, k(r®) ~ 0 and A.(2%,1°) ~ (bs(n:) — 2¢)k’(r®). This last
quantity belongs to Spec(M, \) because it is the action of z¢, and the claim
holds with 2! being the 1-periodic orbit of |k| situated on a level close to

1 and smaller than 1, corresponding to the negative parametrization of the
characteristic underlying x¢.

Case II1.i.2. n° € (—A,—A +na]. Then b(n°) ~ —1 and b.(n°) — 2e ~ —1.
If 2° is not constant then, arguing as in I1.i.2., we see that r® ~ ¢ because
p ¢ Spec(M,)). The claim therefore holds with x! being the 1-periodic
orbit of |k| situated on a level close to ¢ and corresponding to the negative
parametrization of the characteristic underlying z°. If ¢ is constant (and
hence r¢ < §), the claim holds with 2! := 2°.

Case IILii. If 1 — g < e < 1 then —1 < b.(n°) — 2¢ < —1 4 &o. Then, by
the assumption on gy, we must have either r* ~ 1, or ¢ ~ §, or ¢ < 4. In
all three cases the claim holds with z! chosen as in Case IIL.i. O

Step 5. For any Hamiltonian ]TI, there is a canonical identification of Floer
complezxes

CF,Sa’ﬁ)(AH) = CF*(a’ﬁ) (AH,l,c)-
This holds in particular for H = |K]|.
To identify the generators of the two complexes we note that the critical
points of Az, are pairs (z,7) satisfying # = Xz and ¢/() = 0, while the

second equatlon is equivalent to n = 0. A gradlent line for A~ , is a pair

Hl,.c
(u,n) with u a gradient line of A5 and n: R — R a map samsfymg n=:d(n)
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and limg_,4.7n(s) = 0. Since ¢/(n) # 0 for n # 0 we deduce n = 0, which
shows that the Floer differentials are also canonically identified. O

We have thus proved that RFH,EO"@(V) ~ FH™P) (Ajx|).- On the other
hand |K| —¢ € Avdo(‘/}) for any € > 0 and, because the slope p is bigger

than max(|a|, |B]), we infer that rHY (Ajx|) =~ SH&Q’B)(V). This proves
the Theorem. g

Remarks on the proof of Theorem

1. The phenomenon underlying Step 4 is that the action oscillates close to
the period. This principle holds for all the action estimates in the proof.

2. Another recurrent phenomenon is that the n-component of the critical
points coagulates at +A, respectively in (—A+n4,A—n4). These two cases
correspond to 7 ~ ¢, respectively » ~ 1. In all our action estimates we
repeatedly used that b(n) ~ 1 for n ~ A, respectively b'(n) = 1/u on the
interval (—A +n4, A —na).
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