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2 K. CIELIEBAK, H. HOFER, J. LATSCHEV, AND F. SCHLENK

better understand the space of all symplectic capacities, and discuss some further
general properties of symplectic capacities. In Section 4, we describe several
new relations between certain symplectic capacities on ellipsoids and polydiscs.
Throughout the discussion we mention many open problems.

As illustrated below, many of the quantitative aspects of symplectic geometry
can be formulated in terms of symplectic capacities. Of course there are other
numerical invariants of symplectic manifolds which could be included in a dis-
cussion of quantitative symplectic geometry, such as the invariants derived from
Hofer’s bi-invariant metric on the group of Hamiltonian diffeomorphisms, {43;
79; 821, or Gromov—Witten invariants. Their relation to symplectic capacities is
not well understood, and we will not discuss them here.

We start out with a brief description of some relations of symplectic geometry
to neighboring fields.

1. Symplectic geometry and its neighbors

Symplectic geometry is a rather new and vigorously developing mathematical
discipline. The “symplectic explosion” is described in [21]. Examples of sym-
plectic manifolds are open subsets of (R2", wp), the torus R?"/Z2" endowed
with the induced symplectic form, surfaces equipped with an area form, Kihler
manifolds like complex projective space CP” endowed with their Kéhler form,
and cotangent bundles with their canonical symplectic form. Many more exam-
ples are obtained by taking products and through more elaborate constructions,
such as the symplectic blow-up operation. A diffeomorphism ¢ on a symplectic
manifold (M, w) is called symplectic or a symplectomorphism if o*w = .

A fascinating feature of symplectic geometry is that it lies at the crossroad of
many other mathematical disciplines. In this section we mention a few examples
of such interactions.

Hamiltonian dynamics. Symplectic geometry originated in Hamiltonian dy-
namics, which originated in celestial mechanics. A time-dependent Hamiltonian
function on a symplectic manifold (M, @) is a smooth function H:Rx M — R.
Since w is nondegenerate, the equation

o(Xpg, ) = dH(-)

defines a time-dependent smooth vector field Xz on M. Under suitable assump-
tion on H, this vector field generates a family of diffeomorphisms @)y called
the Hamiltonian flow of H. As is easy to see, each map ¢}y is symplectic. A
Hamiltonian diffeomorphism ¢ on M is a diffeomorphism of the form w}I.
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Symplectic geometry is the geometry underlying Hamiltonian systems. It
turns out that this geometric approach to Hamiltonian systems is very fruitful.
Explicit examples are discussed in Section 2 below.

Volume geometry. A volume form 2 on a manifold M is a top-dimensional
nowhere vanishing differential form, and a diffeomorphism ¢ of M is volume
preserving if p*$2 = 2. Ergodic theory studies the properties of volume pre-
serving mappings. Its findings apply to symplectic mappings. Indeed, since a
symplectic form w is nondegenerate, w” is a volume form, which is preserved
under symplectomorphisms. In dimension 2 a symplectic form is just a volume
form, so that a symplectic mapping is just a volume preserving mapping. In
dimensions 2n > 4, however, symplectic mappings are much more special.
A geometric example for this is Gromov’s Nonsqueezing Theorem stated in
Section 2.2 and a dynamical example is the (partly solved) Arnol’d conjecture
stating that Hamiltonian diffeomorphisms of closed symplectic manifolds have
at least as many fixed points as smooth functions have critical points. For another
link between ergodic theory and symplectic geometry see [81].

Contact geometry. Contact geometry originated in geometrical optics. A con-
tact manifold (P, ) is a (2n — 1)-dimensional manifold P endowed with a
1-form « such that a A (de)* 1 is a volume form on P. The vector field X on
P defined by da (X, -) =0 and (X)) = 1 generates the so-called Reeb flow. The
restriction of a time-independent Hamiltonian system to an energy surface can
sometimes be realized as the Reeb flow on a contact manifold. Contact mani-
folds also arise naturally as boundaries of symplectic manifolds. One can study
a contact manifold ( P, &) by symplectic means by looking at its symplectization
(P xR, d(e'@)), see e.g. [46; 22].

Algebraic geometry. A special class of symplectic manifolds are Kéhler mani-
folds. Such manifolds (and, more generally, complex manifolds) can be studied
by looking at holomorphic curves in them. M. Gromov [39] observed that some
of the tools used in the Kihler context can be adapted for the study of symplectic
manifolds. One part of his pioneering work has grown into what is now called
Gromov—Witten theory, see e.g. [70] for an introduction.

Many other techniques and constructions from complex geometry are useful
in symplectic geometry. For example, there is a symplectic version of blowing-
up, which is intimately related to the symplectic packing problem, see [64; 68]
and 4.1.2 below. Another example is Donaldson’s construction of symplectic
submanifolds [17]. Conversely, symplectic techniques proved useful for study-
ing problems in algebraic geometry such as Nagata’s conjecture {5; 6; 68] and
degenerations of algebraic varieties [7].
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Riemannian and spectral geometry. Recall that the differentiable structure of
a smooth manifold M gives rise to a canonical symplectic form on its cotangent
bundle 7* M . Giving a Riemannian metric g on M is equivalent to prescribing
its unit cosphere bundle S; M C T*M, and the restriction of the canonical
1-form from T*M gives S* M the structure of a contact manifold. The Reeb
flow on S;M is the geodesic flow (free particle motion).

In a somewhat different direction, each symplectic form @ on some manifold
M distinguishes the class of Riemannian metrics which are of the form w(J-, -)
for some almost complex structure J.

These (and other) connections between symplectic and Riemannian geometry
are by no means completely explored, and we believe there is still plenty to be
discovered here. Here are some examples of known results relating Riemannian
and symplectic aspects of geometry.

Lagrangian submanifolds. A middle-dimensional submanifold L of (M, w)
is called Lagrangian if @ vanishes on T'L.

(i) Volume. Endow complex projective space CP" with the usual Kihler
metric and the usual Kihler form. The volume of submanifolds is taken with
respect to this Riemannian metric. According to a result of Givental-Kleiner—
Oh, the standard RP" in CP” has minimal volume among all its Hamiltonian
deformations [74]. A partial result for the Clifford torus in CP” can be found in
[38]. The torus S x S! C $? x §2 formed by the equators is also volume min-
imizing among its Hamiltonian deformations, [50]. If L is a closed Lagrangian
submanifold of (RZ" , a)o), there exists according to [98] a constant C depending
on L such that

vol (g (L)) = C for all Hamiltonian deformations of L. (1-1)

(ii) Mean curvature. The mean curvature form of a Lagrangian submanifold
L in a Kahler—Einstein manifold can be expressed through symplectic invariants
of L, see [15].

The first eigenvalue of the Laplacian. Symplectic methods can be used to

estimate the first eigenvalue of the Laplace operator on functions for certain
Riemannian manifolds [80].

Short billiard trajectories. Consider a bounded domain U C R” with smooth
boundary. There exists a periodic billiard trajectory on U of length / with

I" < Cyvol(U) (1-2)

where C, is an explicit constant depending only on 7, see [98; 30].
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2. Examples of symplectic capacities

In this section we give the formal definition of symplectic capacities, and
discuss a number of examples along with sample applications.

2.1. Definition. Denote by Symp®" the category of all symplectic manifolds of
dimension 2n, with symplectic embeddings as morphisms. A symplectic cate-
gory is a subcategory € of Symp®" such that (M, w) € € implies (M, aw) € 6
for all @ > 0.

CONVENTION. We will use the symbol — to denote symplectic embeddings and
— to denote morphisms in the category € (which may be more restrictive).

Let B2"(r2) be the open ball of radius r in R?” and Z2"(r2) = B2(r?)xR2"2
the open cylinder (the reason for this notation will become apparent below). Un-
less stated otherwise, open subsets of R2” are always equipped with the canon-
ical symplectic form wg = Z;;l dy;j ndxj. We will suppress the dimension
2n when it is clear from the context and abbreviate

B := B?"(1), Z:=Z™().

Now let € C Symp®" be a symplectic category containing the ball B and the
cylinder Z. A symplectic capacity on 6 is a covariant functor ¢ from € to the
category ([0, o], <) (with a < b as morphisms) satisfying

(MONOTONICITY): ¢(M,w) <c(M’, &’) if there exists a morphism (M, w) —
(M, 0');

(CONFORMALITY): ¢(M,aw) =« c(M,w) fora > 0;

(NONTRIVIALITY): 0 < ¢(B) and ¢(Z) < oo.

Note that the (Monotonicity) axiom just states the functoriality of ¢. A sym-
plectic capacity is said to be normalized if

(NORMALIZATION): ¢(B) = 1.

As a frequent example we will use the set Op®" of open subsets in R*". We make
it into a symplectic category by identifying (U. a2wq) with the symplectomor-
phic manifold (aU, wg) for U C R?" and @ > 0. We agree that the morphisms
in this category shall be symplectic embeddings induced by global symplec-
tomorphisms of R2”. With this identification, the (Conformality) axiom above
takes the form

(CONFORMALITY)": c(aU) = a?c(U) for U € Op*™, a > 0.
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2.2. Gromov radius. In view of Darboux’s Theorem one can associate with
each symplectic manifold (M, @) the numerical invariant

cg(M,w) = sup{a > 0| B**(a) <> (M, a))}

called the Gromov radius of (M, ), [39]. It measures the symplectic size
of (M, ) in a geometric way, and is reminiscent of the injectivity radius of
a Riemannian manifold. Note that it clearly satisfies the (Monotonicity) and
(Conformality) axioms for a symplectic capacity. It is equally obvious that
cg(B) = 1.

If M is 2-dimensional and connected, then wcp(M,w) = f, M@, 1e. cpis
proportional to the volume of M, see [89]. The following theorem from Gro-
mov’s seminal paper [39] implies that in higher dimensions the Gromov radius
is an invariant very different from the volume.

NONSQUEEZING THEOREM (GROMOV, 1985). The cylinder Z € Symp®" sat-
isfies cg(Z) = 1.

Therefore the Gromov radius is a normalized symplectic capacity on Symp®".
Gromov originally obtained this result by studying properties of moduli spaces
of pseudo-holomorphic curves in symplectic manifolds.

It is important to realize that the existence of at least one capacity ¢ with
¢(B) = c(Z) also implies the Nonsqueezing Theorem. We will see below
that each of the other important techniques in symplectic geometry (such as
variational methods and the global theory of generating functions) gave rise
to the construction of such a capacity, and hence an independent proof of this
fundamental resuit.

It was noted in [18] that the following result, originally established by Eliash-
berg and by Gromov using different methods, is also an easy consequence of
the existence of a symplectic capacity.

THEOREM (ELIASHBERG, GROMOV). The group of symplectomorphisms of a
symplectic manifold (M, ) is closed for the compact-open C°-topology in the
group of all diffeomorphisms of M .

2.3. Symplectic capacities via Hamiltonian systems. The next four examples
of symplectic capacities are constructed via Hamiltonian systems. A crucial role
in the definition or the construction of these capacities is played by the action
functional of classical mechanics. For simplicity, we assume that (M, ®) =
(R?", ). Given a Hamiltonian function H: S! x R2” — R which is periodic
in the time-variable t € S' = R/Z and which generates a global flow g%, the
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action functional on the loop space C*®°(S!, R?") is defined as

1
Ag(y) = /ydx—/o H(t,y(1))dt. -1
Y

Its critical points are exactly the 1-periodic orbits of go}{. Since the action func-
tional is neither bounded from above nor from below, critical points are saddle
points. In his pioneering work [83; 84], P. Rabinowitz designed special minimax
principles adapted to the hyperbolic structure of the action functional to find such
critical points. We give a heuristic argument why this works. Consider the space
of loops

E = H'2(S' R = {z€L2 (SI;RZ")

Zaknzk|2<oo}

kez

where z = 3 4o, e27kt 7, 7, € R?" is the Fourier series of z and J is the
standard complex structure of R?"” = C". The space E is a Hilbert space with
inner product
(z.w) = (z0.wo) +27 Y Ikl {zx, wr),
kez

and there is an orthogonal splitting E = ET @ E @ E*, z =27+ 2%+ 21,
into the spaces of z € E having nonzero Fourier coefficients z; € R?" only for
k <0,k =0, k > 0. The action functional sdg7: C®(S', R*") — R extends to
E as

1
dy(z) = (% s ||z—||2)—/0 H(t,z(1)) dt. 2-2)

Notice now the hyperbolic structure of the first term do(x), and that the second
term is of lower order. Some of the critical points z(¢) = const of dg should
thus persist for H # 0.

2.3.1. Ekeland-Hofer capacities. The first construction of symplectic capac-
ities via Hamiltonian systems was carried out by Ekeland and Hofer [18; 19].
To give the heuristics, we consider a bounded domain U C R?” with smooth
boundary 0U. A closed characteristic y on dU is an embedded circle in 90U
tangent to the characteristic line bundle

Pu = {(x.6) e TOU | wp(&.n) =0 forall ne TxoU}.

If dU is represented as a regular energy surface {x € R?" | H(x) = const} of a
smooth function H on R2”, then the Hamiltonian vector field X g restricted to
aU is a section of L, and so the traces of the periodic orbits of Xg on oU are
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Since the index appearing in the definition of ¢ x is monotone, it is immedi-
ate from the definition that ¢ < ¢SH < ¢EH < form an increasing sequence.
Their values on the ball and cylinder are

k+n—1
cEH(B) = [—tn"—] x  and  PNZ)=kn,

where [x] denotes the largest integer < x. Hence the existence of cfH gives
an independent proof of Gromov’s Nonsqueezing Theorem. Using the capacity
cEH Ekeland and Hofer [19] also proved the following nonsqueezing result.

THEOREM (EKELAND AND HOFER, 1990). The cube
P=RB*1)x..xB*(1)cC”

can be symplectically embedded into the ball B**(r?) if and only if r* > n.

Other illustrations of the use of Ekeland-Hofer capacities in studying embed-
ding problems for ellipsoids and polydiscs appear in Section 4.

2.3.2. Hofer-Zehnder capacity. (See {48; 49].) Given a symplectic manifold
(M, w) we consider the class $(M) of simple Hamiltonian functions H: M —
[0, 00) characterized by the following properties:

e H = 0 near the (possibly empty) boundary of M ;
o The critical values of H are () and max H.

Such a function is called admissible if the flow (pl’q of H has no nonconstant
periodic orbits with period 7" < I.
The Hofer-Zehnder capacity cyz on Symp®" is defined as

caz(M) := sup{max H | H € $(M) is admissible}

It measures the symplectic size of M in a dynamical way. Easily constructed ex-
amples yield the inequality cyz(B) = 7. In [48; 49], Hofer and Zehnder applied
a minimax technique to the action functional (2-2) to show that cyz(Z) <, so

cuz(B) = cuz(Z) = 7,

providing another independent proof of the Nonsqueezing Theorem. Moreover,

for every symplectic manifold (M, ) the inequality mcg(M') < cyz(M ) holds.
The importance of understanding the Hofer—Zehnder capacity comes from

the following result proved in [48; 49].

THEOREM (HOFER AND ZEHNDER, 1990). Let H: (M, ,w) — R be a proper

autonomous Hamiltonian. If cuz(M) < oo, then for almost every ¢ € H(M)

the energy level H~!(c) carries a periodic orbit.






QUANTITATIVE SYMPLECTIC GEOMETRY 11

for an explicit constant Cy. By a result of Chekanov [12], e (L, R?") > 0. Since
e (pr (L), R*") = e (L, R?") for every Hamiltonian diffeomorphism of L, we
obtain Viterbo’s inequality (1-1).

2.3.4. Spectral capacities. (See [31;45;49; 75; 76; 77; 86; 97].) For simplicity,
we assume again (M, w) = (R?", wy). Denote by ¥ the space of compactly
supported Hamiltonian functions H:S! x R?” — R. An action selector o
selects for each H € ¥ the action o (H) = o g () of a “topologically visible” 1-
periodic orbit y of (p}{ in a suitable way. Such action selectors were constructed
by Viterbo [97], who applied minimax to generating functions, and by Hofer and
Zehnder [45; 49], who applied minimax directly to the action functional (2-2).
An outline of their constructions can be found in [30].

Given an action selector o for (R?”,wq), one defines the spectral capacity
¢o on the symplectic category Op*" by

ce(U) 1= sup{o(H) | H is supported in S x U}.

It follows from the defining properties of an action selector (not given here) that
cuz(U) < ¢(U) for any spectral capacity ¢;. Elementary considerations also
imply ¢, (U) < e(U, R?"), see [30; 45; 49; 97]. In this way one in particular
obtains the important inequality (2-3) for M = R?".

Here is another application of action selectors:

THEOREM (VITERBO, 1992). Every nonidentical compactly supported Ham-
iltonian diffeomorphism of (Rz",a)g) has infinitely many nontrivial periodic
points.

Moreover, the existence of an action selector is an important ingredient in
Viterbo’s proof of the estimate (1-2) for billiard trajectories.

Using the Floer homology of (M, w) filtered by the action functional, an
action selector can be constructed for many (and conceivably for all) symplectic
manifolds (M, w), [31; 75; 76; 77; 86). This existence result implies the energy-
capacity inequality (2-3) for arbitrary open subsets U of such (M, w). which
has many applications [87].

2.4. Lagrangian capacity. In [16] a capacity is defined on the category of
2n-dimensional symplectic manifolds (M, @) with (M) = m2(M ) = 0 (with
symplectic embeddings as morphisms) as follows. The minimal symplectic area
of a Lagrangian submanifold L C M is

Amin(L) = inf{/w'a € 75 (M, L)./ @ >o} € 0. 0c).
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Important examples on Symp®" arise from the ball B = B?"(1) and cylinder
Z = Z?"(1). By Gromov’s Nonsqueezing Theorem and volume reasons we
have for n > 2:

cp(Z)=1, cZ(B)=1, cB(Z2) = o0, cz(B)=0.
In particular, for every normalized symplectic capacity c,
cp(M,0) <c(M,0) <c(Z)c?(M,0)  forall (M, w) € Symp™™. (3-2)

Recall that the capacity cp is the Gromov radius defined in Section 2.2. The
capacities cg and ¢Z are not comparable on Op*": Example 3 below shows that
for every k € N there is a bounded star-shaped domain Uy, of R?" such that

cgUp) <27%  and % (Uy) > nk?,

see also [42].
We now turn to the question which capacities can be represented as embed-
ding capacities ¢(x, ) Or (X2

EXAMPLE 2. Consider the subcategory € C Op?" of connected open sets. Then
every generalized capacity ¢ on € can be represented as the capacity ¢(X-¥ ) of
embeddings into a (possibly uncountable) union (X, £2) of objects in €.

For this, just define (X, £2) as the disjoint union of all (X, £2,) in the category
€ with c(X,, 2)) =0orc(X,, 2,) =1.

PROBLEM 1. Which (generalized) capacities can be represented as ¢X>) for
a connected symplectic manifold (X, £2)?

PROBLEM 2. Which (generalized) capacities can be represented as the capacity
¢(x,2) of embeddings from a symplectic manifold (X, §2)?

EXAMPLE 3. Embedding capacities give rise to some curious generalized capac-
ities. For example, consider the capacity ¢¥ of embeddings into the symplectic
manifold Y := Iy ey B2 (k2). Tt only takes values 0 and oo, with ¢¥ (M, w) =0
if and only if (M, ) embeds symplectically into Y'; see Example 1. If M is
connected, vol(M, w) = oo implies ¢¥ (M, w) = co. On the other hand, for
every &€ > 0 there exists an open subset U C R?", diffeomorphic to a ball,
with vol(U) < ¢ and ¢¥ (U) = 0o. To see this, consider for k € N an open
neighbourhood Uy, of volume < 27 %¢ of the linear cone over the Lagrangian
torus dB2(k?) x ... x 3B?(k?). The Lagrangian capacity of Uy clearly sat-
isfies ¢ (Uy) > mk?. The open set U := UgenUy satisfies vol(U) < & and
¢ (U) = oo, hence U does not embed symplectically into any ball. By appro-

priate choice of the Ug we can arrange that U is diffeomorphic to a ball; see
[86, Proposition A.3]. ¢
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Special embedding spaces. Given an arbitrary pair of symplectic manifolds
(X, §2) and (M, w), it is a difficult problem to determine or even estimate
cx,2)(M, w) and X2 (M, w). We thus consider two special cases.

1. Embeddings of skinny ellipsoids. Assume (M, w) is an ellipsoid E(a,...,a,1)
with 0 <a <1, and (X, £2) is connected and has finite volume. Upper bounds
for the function

eXD@) = XD (E@,....a, 1)), aec(01]

are obtained from symplectic embedding results of ellipsoids into (X, 2), and
lower bounds are obtained from computing other (generalized) capacities and
using Fact 1. In particular, the volume capacity yields

()"
(e( )(a)) N vol(B)
an—1 ~ vol(X, 2)
The only known general symplectic embedding results for ellipsoids are ob-

tained via muitiple symplectic folding. The following resultis part of Theorem 3
in [86], which in our setting reads

FACT 2. Assume that (X, §2) is a connected 2n-dimensional symplectic mani-
fold of finite volume. Then
) (e(X’m(a))n vol(B)
:}1—% an—1 = Vol(X, Q)
For a restricted class of symplectic manifolds, Fact 2 can be somewhat improved.
The following result is part of Theorem 6.25 of [86].

FACT 3. Assume that X is a bounded domain in (R*",wo) with piecewise
smooth boundary or that (X, §2) is a compact connected 2n-dimensional sym-
plectic manifold. If n < 3, there exists a constant C > ( depending only on
(X, £2) such that

n
(XD (@) vol(B) 1
< forall a < —.
an—1 vol(X, £2) (1 —Ca'/") cn
These results have their analogues for polydiscs P(a,....a.1). The analogue

of Fact 3 is known in all dimensions.

2. Packing capacities. Given an object (X, £2) of € and k € N, we denote by
LI (X, 2) the disjoint union of k copies of (X, £2) and define

[[X.a2)— (M.a))}.
k

C(X,.Q;k)(M, w) = Sup{a >0
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3.3. Operations on capacities. We say that a function f:[0, 00]” — [0, o0] is
homogeneous and monotone if
Sflaxy,...,axp) =af(x),...,x,) foralla > 0,
S, oxi o X)) S (X e Yin e Xn) for x; < y;.

If f is homogeneous and monotone and ¢y, ..., ¢, are generalized capacities,
then f(cy,...,cn) is again a generalized capacity. If in addition

andcy, ..., cy are capacities, then f(cy, ..., c,) is acapacity. Compositions and
pointwise limits of homogeneous monotone functions are again homogeneous
and monotone. Examples include max(xy, ..., X,), min(x;,..., x,), and the
weighted (arithmetic, geometric, harmonic) means
A 1
Arxy+ ..o+ Apxy, xllmx,),‘",

My 4k
withdAq,..., A, >0, A +...+ Ay, =1.

There is also a natural notion of convergence of capacities. We say that a
sequence ¢, of generalized capacities on ‘6 converges pointwise to a generalized
capacity c¢ if ¢,(M, ®) — ¢(M, w) for every (M, w) € €.

These operations yield lots of dependencies between capacities, and it is natu-
ral to look for generating systems. In a very general form, this can be formulated
as follows.

PROBLEM 5. For a given symplectic category €, find a minimal generating
system  for the (generalized) symplectic capacities on €. This means that every
(generalized) symplectic capacity on @ is the pointwise limit of homogeneous
monotone functions of elements in 6, and no proper subcollection of § has this
property.

This problem is already open for El*" and Pol*". One may also ask for generat-
ing systems allowing fewer operations, e.g. only max and min, or only positive
linear combinations. We will formulate more specific versions of this problem
below. The following simple fact illustrates the use of operations on capacities.

FACT 6. Let € be a symplectic category containing B (resp. P). Then every
generalized capacity ¢ on 6 with c(B) # 0 (resp. ¢(P) # 0) is the pointwise
limit of capacities.

Indeed, if ¢(B) # 0, then c is the pointwise limit as k — oo of the capacities

¢ = min{c.kcp).
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and likewise with ¢(P), cp instead of ¢(B), cp.

EXAMPLE 4. (i) The generalized capacity ¢ = 0 on Op*" is not a pointwise
limit of capacities, and so the assumption ¢(B) # 0 in Fact 6 cannot be omitted.
(ii) The assumption c(B) # 0 is not always necessary:

(a) Define a generalized capacity ¢ on Op*" by

0 if vol(U) < o0,
) = { cp(U) if vol(U) = co.

Then ¢(B) = 0 and ¢(Z) = 1, and ¢ is the pointwise limit of the capacities
Cp = max (c, —}(—C‘B) .
(b) Define a generalized capacity ¢ on Op*" by

_J0 ifep(U) < oo,
() = {oo if cp(U) = oo,

Then ¢(B) = 0 = ¢(Z) and ¢(R*") = 00, and ¢ = limg_,0 JCB-
(iii) We do not know whether the generalized capacity cge» on Op® is the
pointwise limit of capacities.

PROBLEM 6. Given a symplectic category € containing B or P and Z, char-
acterize the generalized capacities which are pointwise limits of capacities.

3.4. Continuity. There are several notions of continuity for capacities on open
subsets of R?", see [1; 18]. For example, consider a smooth family of hyper-
surfaces (St)—g<t<¢ in R?", each bounding a compact subset with interior Uy.
Recall that Sy is said to be of restricted contact type if there exists a vector field
v on R2” which is transverse to So and whose Lie derivative satisfies Lywo = wy.
Let ¢ be a capacity on Op?. As the flow of v is conformally symplectic, the
(Conformality) axiom implies the following (see [49, p. 116]):

FACT 7. If S¢ is of restricted contact type, the function t — c(Uy) is Lipschitz
continuous at (.

Fact 7 fails without the hypothesis of restricted contact type. For example, if
Sp possesses no closed characteristic (such Sy exist by [32; 33; 35]), then by
Theorem 3 in Section 4.2 of [49] the function ¢ + cyz(U;) is not Lipschitz
continuous at 0. V. Ginzburg [34] presents an example of a smooth family of
hypersurfaces (S;) (albeit not in R2") for which the function ¢ > cpz(U,) is
not smoother than 1/2-Hoélder continuous. These considerations lead to

PROBLEM 7. Are capacities continuous on all smooth families of domains boun-
ded by smooth hypersurfaces?
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U — V, (see 4.1.2 below). By Fact 10 below the answer to Question 2 is “yes”
on EIP’",

(iv) Let U and V be polydiscs in Pol?". Again, the answer to Question 1 is
unknown even for Pol*. However, in this dimension the Gromov radius together
with the volume capacity determine a polydisc, so that the answer to Question 2
is “yes” on Pol’. ¢

PROBLEM 9. Are two polydiscs in dimension 2n > 6 with equal generalized
symplectic capacities symplectomorphic?

To conclude this section, we mention a specific example in which c(U) = ¢(V)
for all known (but possibly not for all) generalized symplectic capacities.

ExAMPLE 7. Consider the subsets
U=EQ2,6)xFE3,3,6) and V =F(2,6,6)xE(3.3)

of R1. Then ¢(U) = c(V') whenever ¢(B) = ¢(Z) by the Nonsqueezing Theo-
rem, the volumes agree, and cfH(U )=c f H (v for all k by the product formula
(3-8). It is unknown whether U — V or V — U or U — V. Symplectic
homology as constructed in [28; 93] does not help in these problems because a
computation based on [29] shows that all symplectic homologies of U and V
agree.

3.7. Hamiltonian representability. Consider a bounded domain U C R2" with
smooth boundary of restricted contact type (see Section 2.3.1 for the definition).
As in 2.3.1 we consider the action spectrum

W) = {k ]fyydxl |k =1,2,...; y is aclosed characteristic on GU}

of U. This set is nowhere dense in R (compare {49, Section 5.2]), and it is easy
to see that X' (U) is closed and 0 ¢ X(U). For many capacities ¢ constructed
via Hamiltonian systems, such as Ekeland—Hofer capacities cf” and spectral
capacities ¢,, one has c(U) € X (U), see [19; 41]. Moreover,

cuz(U) = ¢FH(U) = min (Z(U))  if U is convex. (3-6)
One might therefore be tempted to ask

QUESTION 3. Is it true that mc(U) € X(U) for every normalized symplectic
capacity ¢ on Op® and every domain U with boundary of restricted contact
type?

The following example due to D. Hermann [42] shows that the answer to Ques-
tion 3 is “no”.
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(ii) On the family of polydiscs ]_[;’,"=1 Pol’", the Gromov radius, the Lagran-
gian capacity and the unnormalized Ekeland—Hofer capacities c,f‘H all have the
product property (see Section 4.2). The volume capacity is not stable.

(i) Let U € Op®*™ and V € Op® have smooth boundary of restricted contact
type (see Section 3.4 for the definition). The formula

LU xV) = mingy o (P U) + (1)), (3-8)

in which we set ch = 0, was conjectured by Floer and Hofer [95] and has
been proved by Chekanov [13] as an application of his equivariant Floer ho-
mology. Consider the collection of sets U x ... x Uj, where each U; € Op”"
has smooth boundary of restricted contact type, and Z,l-___l n; = n. We denote
by RCT?" the corresponding category with symplectic embeddings induced by
global symplectomorphisms of R?” as morphisms. If v; are vector fields on
R2™ with Ly,wo = wo, then Ly, 4 14,00 = wp on R2" . Elements of RCT?"
can therefore be exhausted by elements of RCT?" with smooth boundary of
restricted contact type. This and the exhaustion property (3—4) of the C]EH shows
that (3-8) holds for all U € RCT?" and V € RCT?", implying in particular that
Ekeland-Hofer capacities are stable on RCT := ]_I:i s RC 72", Moreover, (3—8)
yields that
R (U x V) < min (g7 (U), gH (V)),

and it shows that c‘l':H on RCT has the product property. Using (3-8) together
with an induction over the number of factors and ch (E(ay,....an)) <2a, we
also see that clz”:H has the product property on products of ellipsoids. For k > 3,
however, the Ekeland-Hofer capacities C’EH on RCT do not have the product
property. As an example, for U = B*(4) and V = E(3, 8) we have

EHU x V) =7 <8 =min (5" (U). 5 (V).
PROBLEM 10. Characterize the collections of (generalized) capacities on poly-
discs that have the product (resp. stability) property.

Next consider a collection ¢ of generalized capacities on open subsets op™".
In general, it will not be stable. However, we can stabilize ¢ to obtain stable

generalized capacities ¢*:][32, Op*" — [0. oc],
eT(U) = limsupe(U xB*), ¢~ (U) :=liminf (U x R*).
k—>00 k—o0
Notice that ¢(U) = ¢t (U) = ¢~(U) forall U € | [;2, Op”" if and only if ¢ is
stable. If ¢ consists of capacities and there exist constants a. A > 0 such that

a< c(32"(1)) < c(zz"u)) <A forallneN,
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4. Ellipsoids and polydiscs

In this section we investigate generalized capacities on the categories of el-
lipsoids EI*" and polydiscs Pol’" in more detail. All (generalized) capacities ¢
in this section are defined on some symplectic subcategory of Op®" containing
at least one of the above categories and are assumed to have the exhaustion
property (3—4).

4.1. Ellipsoids.

4.1.1. Arbitrary dimension. We first describe the values of the capacities
introduced in Section 2 on ellipsoids.
The values of the Gromov radius cp on ellipsoids are

cg(E(ay, ..., an)) =minfay.....an}.

More generally, monotonicity implies that this formula holds for ali symplectic
capacities ¢ on Op?" with ¢(B) = ¢(Z) = 1 and hence also for %c‘;‘”, %ng,
%e(-, R2") and ¢Z.

The values of the Ekeland—Hofer capacities on the ellipsoid E(a;,....an)
can be described as follows [19]. Write the numbers ma;n, m e N, 1 <i <n,
in increasing order as d; < d; < ..., with repetitions if a number occurs several
times. Then

i (E(ay,....an)) =dy.

The values of the Lagrangian capacity on ellipsoids are presently not known.

In [16], Cieliebak and Mohnke make the following conjecture:

CONJECTURE 1.
T
l/a;+...+1/ay
Since vol(E(ay, . . .,an)) =4aj - - - apvol(B), the values of the volume capac-
ity on ellipsoids are

CVOI(E(alv""aﬂ)) = (a; "'an)l/n-

In view of conformality and the exhaustion property, a (generalized) capacity
on EIP" is determined by its values on the ellipsoids E(aj..... ay) with 0 <
a; <...<a,=1. So we can view each (generalized) capacity ¢ on ellipsoids

as a function

cL(E(al,...,a,,)) =

clay,....ap—1)=c(Ela;..... dp_1. 1))
on the set {0 < a; <...<a,-; < 1}. By Fact 7, this function is continuous.
This identification with functions yields a notion of uniform convergence for
capacities on El*".
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For what follows, it is useful to have normalized versions of the Ekeland-
Hofer capacities, so in dimension 2n we define

EH
Cy = ——ck
= T
[£H2=d

PROPOSITION 1. As k — oo, for every n > 2 the normalized Ekeland—Hofer
capacities ¢y, converge uniformly on EIP" to the normalized symplectic capacity
Coo given by

n
la, +...+1/ay
REMARK. Note that Conjecture 1 asserts that co agrees with the normalized
Lagrangian capacity ¢z, = ncy /7 on EI*".

oo (Elay,...,an)) =

PROOF OF PROPOSITION 1. Fix ¢ > 0. We need to show that {¢; (a) — coo(a@)| <
¢ for every vector a = (ay,...,ap) withO <a, <a, <...<a, =1 and all
sufficiently large k. Abbreviate § = ¢/n.

Case 1. ay <6. Then
g (a) < kb, & (a) < né, Coola@) <né

from which we conclude |cx(a) — coo(@)] <né =ceforall k = 1.

Case2. ay > 6. Letk > 2”6;' + 2. For the unique integer / with
mlap < g a) < n(l + ay

we then have / > 2. In the increasing sequence of the numbers ma; (m € N,
1 <i <n), the first [/ a, /a;] multiples of a; occur no later than / a,. By the de-

scription of the Ekeland—Hofer capacities on ellipsoids given above, this yields
the estimates

U-Dan U= Dan_
ai an a an

With y :=a,/a; + ...+ ay/an this becomes

k m.i,.“_}.(l__’__l_)_fﬁ'

=Dy <k <(+1Dy.
Using ¥ > n, we derive the inequalities

[k+n—l]513+1<(l+1)y+n<(l+2)y
n n - n - n
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and Fact 1 applied to cyo yields ¢B(a) > /a. Folding constructions provide
upper bounds for ¢B(a). Lagrangian folding [94] yields cB(a) <1(a) where
1 1
- < <l —

(k+Da for 7oy 4= G DE+)

1 1 1

— <

¥ O G ST RRED

I(a) =

A

and multiple symplectic folding [86] yields ¢B(a) < s(a) where the function
s(a) is as shown in Figure 1. While symplectically folding once yields cBa) <
a+1/2 fora € (0, 1/2], the function s(a) is obtained by symplectically folding
“infinitely many times”, and it is known that

Byl B(1
L (5) =Pl ¢ 8
liminf (2) (2 ) > —.
£—>0t & 7
A F3
14 I(@) N
s(a) cvol(a) = \/E
1]
2 cpla)=a
1
1
1]
3
— —t ; — - a
111 1 1 1 1
1286 4 3 2

Figure 1. Lower and upper bounds for ¢ (a).

Let us come back to Problem 15.

LEMMA 2. If the Ekeland—Hofer capacities and the volume capacity form a

generating system for symplectic capacities on EIP", then ¢B (%) = %

We recall that ¢8 (;f'—) = % means that the ellipsoid E(1,4) symplectically em-
beds into B*(2 + ¢) for every & > 0.

PROOF OF LEMMA 2. We can assume that all capacities are normalized. By
assumption, there exists a sequence f; of homogeneous and monotone functions
in the ¢x and in ¢\, forming normalized capacities which pointwise converge to
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cB. Asis easy to see, & (E(3, 1)) < & (B*(1)) for all k, and ¢y (E(3.1))=
cvol(B"'(%)). Since the f; are monotone and converge in particular at E ( %, 1)
and B4(%) to ¢ B, we conclude that cB(%) = cB(E(%, 1)) < cB(B“(%)) = %
which proves Lemma 2. a

In view of Lemma 2, the following problem is a special case of Problem 15.
PROBLEM 16. Is it true that cB(}) = 12

The best upper bound for ¢® (1) presently known is s (1) & 0.6729. Answering
Problem 16 in the affirmative means to construct for each ¢ > 0 a symplectic
embedding E (4, 1) — B*(3 +¢). We do not believe that such embeddings can
be constructed “by hand”. A strategy for studying symplectic embeddings of

4-dimensional ellipsoids by algebrogeometric tools is proposed in [6].

Our next goal is to represent the (normalized) Ekeland—Hofer capacities as
embedding capacities. First we need some preparations.

From the above discussion of ¢# it is clear that capacities and folding also
yield bounds for the functions ¢£ (1,8) and ¢ E(1,6)- We content ourselves with
noting

LEMMA 3. Let N € N be given. Thenfor N <b < N + 1 we have

1/(N+1D)<a<1/b,
EQD) gy = 1/ For N AD=asl/ “=3)
a for 1/b<acx1
and
a for 0<ax1/b,

_ 44
CE(1,)(@) {l/b for 1/b<a<1/N, =

see Figure 2.

REMARK. Note that (44) completely describes cg(j ) on the whole interval
0,1} for1 <b <2.

PROOF. As both formulas are proved similarly, we only prove (4-3). The first
Ekeland-Hofer capacity gives the lower bound BB (q) > q for all a € (0. 1.
Note that for a > 1/b this bound is achieved by the standard embedding, so that
the second claim follows.

For1/(N+1)<a<1/N wehaveiny41(E(a.1))=1and cy+ (E(1. b)) =
b. By Fact 1 we see that cELD) > 1/b on this interval, and this bound is again
achieved by the standard embedding. This completes the proof of (4-3). U
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with the fastest possible rate until it reaches the level of the next lower plateau
and then stays there, showing the minimality. Similarly, going right from the
right end point b; of some plateau a normalized Ekeland—Hofer capacity grows
with the fastest possible rate until it reaches the next higher level, showing the
maximality. O

PROOF OF COROLLARY 1. The right end points of plateaus for ¢, are given
by b; = 57—. Thus we compute

_ ) i is _ is _ i
Car T == =C2rs ; = Car ;
2r —i r rs 2rs—is S\2r—i

and the claim follows from the characterization of ¢», by maximality. O

Lemma 3 and the piecewise linearity of the ¢ suggest that they may be repre-
sentable as embedding capacities into a disjoint union of finitely many ellipsoids.
This is indeed the case.

PROPOSITION 2. The normalized Ekeland~Hofer capacity ¢ on EIl is the
capacity ¢*k of embeddings into the disjoint union of ellipsoids

()HU (k JJ)

where m = [l‘%]

PROOF. The proposition clearly holds for k = 1. We thus fix k > 2. Recall from
Lemma 4 that ¢ has [£] plateaus, the j-th of which has height L and starts at
aj:=j/(k+1~j)andends at b; := j/(k — j). The j-th ellipsoid in Proposi-
tion 2 is found as follows: In view of (4-3) we first select an ellipsoid E(1, b) so
that the point %.conesponds to b;. This ellipsoid is then rescaled to achieve the
correct height # of the plateau (note that by conformality, acE@@b) = £ 1.6
for & > 0). We obtain the candidate ellipsoid

m m
-e(225)
k—jj

The slope of ¢ ck following its j-th plateau and the slope of ¢ £/ after its plateau
both equal ’ . The cylinder is added to achieve the correct behavior near
a=0. We are thus left with showing that for each 1 < j < [%]

Grla) < b (@) forall a€(0,1].
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According to Lemma 5 (a) it suffices to show that foreach 1 < j < [%] and
each 1 </ <[£] we have

e(a) = — < cFi(ap). (4-6)

{
m
For [ > j, the estimate (4-6) follows from the fact that ¢ = cEi nearb ; and from

the argument given in the proof of Lemma 5 (a), and for / = j the estimate (4-6)
follows from (4-3) of Lemma 3 by a direct computation. We will deal with the

] 2

by estimating ¢/ (a;) from below, using Fact 1 with ¢ = ¢y and ¢ = ¢;.
Fix j and recall that ¢y ( E(x, ¥)) = /XV, s0

By > CoB@) | k=) k=)
T (E (Lﬂ)) k+1-Dm? G+1=DI

k—j’J

gives the desired estimate (4-6) if j(k — j) > —I? + (k + 1)/. Computing the
roots /4 of this quadratic inequality in /, we find that this is the case if

lSl_=%(k+1—\/1+2k+(k—2j)2).

Computing the normahzed second Ekeland-Hofer capacuy under the assump-

tion that @; < 7, we find that &(E(ay, 1)) = 2a; = 557 and 02(Ej) < z,
SO
cEi(ay) = c2(E(ap, 1)) > R |
=7 (£ (. m)) kIl m k+1-1
2

k—jJ
which gives the required estimate (4-6) if
I>k+1-2j.
Note that for § <a; <1 we have ¢2(E(a;. 1)) = 1 and hence
HE@) _J !

a(E(23) "

trivially, because we only consider / < j.







QUANTITATIVE SYMPLECTIC GEOMETRY 37

The case / = j follows from (4-4) in Lemma 3 by a direct computation. For

the remaining cases
k
1<j<ll<]|—
S [2]

we use three different methods, depending on the value of j. If j < k , then
Fact 1 with ¢ = ¢y gives (4-7) by a computatlon snmlar to the one in the proof
of Proposition 2. If j > k+1 ,thena; = k+1— > 2, so that (4—4) in Lemma 3
shows that cg, ; is constant on [a;, 1], proving (4-7) in this case. Finally, if
j= % and / > j + 1, then ¢,(Ey ;) = and ¢, (b;) = 1, so with Fact 1
we get

k+1 —j
k+1—j

2m
which is smaller than for the values of j and / we consider here. This com-
pletes the proof of Proposmon 3. O

g ; (b)) =

Here is the corresponding conjecture for the normalized Lagrangian capacity.

CONIJECTURE 3. The restriction of the normalized Lagrangian capacity ¢y, to
EIP" equals the embedding capacity ¢P(1/n,...1/n) of the cube of radius 1/ Jn.

4.2. Polydiscs.

4.2.1. Arbitrary dimension. Again we first describe the values of the capacities
in Section 2 on polydiscs.
The values of the Gromov radius cg on polydiscs are

cg(P(ay,....ap)) =minfay, ..., an}.

As for ellipsoids, this also determines the values of cl , CHz, ¢ (-, R?") and cZ
According to [19], the values of Ekeland-Hofer capacities on polydiscs are

g (P(ay, ... an)) =k min{ay, ..., an}.

Using Chekanov’s result [11] that Amin(L) < e(L, R2") for every closed La-
grangian submanifold L C R?", one finds the values of the Lagrangian capacity
on polydiscs to be

cr(Play..... ap)) = mmin{ay.....an}.

Since vol(P(al, ...,an))=ay---ap 7" and vol(B?") = —’f—l',—' the values of the
volume capacity on polydiscs are

cvol(P(al, .an) = (ay 1 R
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