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We are concerned with a convergence analysis of an adaptive interior penalty discontinuous Galerkin
(IPDG) method for the numerical solution of acoustic wave propagation problems as described by the
Helmholtz equation. The mesh adaptivity relies on a residual-type a posteriori error estimator that not
only controls the approximation error but also the consistency error caused by the nonconformity of
the approach. As in the case of IPDG for standard second-order elliptic boundary-value problems, the
convergence analysis is based on the reliability of the estimator, an estimator reduction property and a
quasi-orthogonality result. However, in contrast to the standard case, special attention has to be paid to
a proper treatment of the lower-order term in the equation containing the wave number, which is taken
care of by an Aubin-Nitsche-type argument for the associated conforming finite element approxima-
tion. Numerical results are given for an interior Dirichlet problem and a screen problem, illustrating the
performance of the adaptive IPDG method.

Keywords: interior penalty discontinuous Galerkin method; Helmholtz equation; adaptivity; convergence
analysis.

1. Introduction

Let £2p and £2g be bounded polygonal domains in R? such that 2 C £2z. We set 2 := 2z \ £2p and
note that 02 = I'p U I'g, where I'p :=082p and [k := 0§2g. Given complex-valued functions f in £2
and g on I, we consider the Helmholtz problems

—Au—Ku=f in£, (1.1a)
ou .
— +iku=g on [, (1.1b)
VR
u=0 onlp, (1.1¢)

which describe an acoustic wave with wave number k£ > O scattered at the sound-soft scatterer £2p.
In (1.1b), vg denotes the exterior unit normal at ¢ and i stands for the imaginary unit.

Finite element methods for acoustic wave propagation problems such as (1.1a—c) have been widely
studied in the literature (cf., e.g., Aziz & Werschulz, 1980; Colton & Monk, 1987; Ihlenburg & Babuska,



1997; Monk & Wang, 1999; Chang, 2008; as well as the survey article by Engquist & Runborg, 2003;
the monographs by Thlenburg, 1998 and Kampanis et al., 2008; and the references therein). In the case
of large wave numbers k, the finite element discretization typically requires fine meshes for a proper
resolution of the waves and thus results in large linear algebraic systems to be solved. Moreover, the
use of standard adaptive mesh refinement techniques based on a posteriori error estimators is marred
by the pollution effect (Ihlenburg, 1998; Babuska & Sauter, 2000). Recently, discontinuous Galerkin
(DG) methods (Cockburn, 2003; Hesthaven & Warburton, 2008; Riviere, 2008) have been increasingly
applied to wave propagation problems in general (Chung & Engquist, 2006) and the Helmholtz equation
in particular (Alvarez et al., 2006; Gabard, 2007; Amara et al., 2009; Feng & Wu, 2009, 2011; Gittelson
et al., 2009), including hybridized DG approximations (Griesmaier & Monk, 2011). An a posteriori
error analysis of DG methods for standard second-order elliptic boundary-value problems has been
performed in Becker et al. (2003), Karakashian & Pascal (2003), Riviere & Wheeler (2003), Ainsworth
(2007), Houston et al. (2007) and Karakashian & Pascal (2007) and a convergence analysis has been
provided in Carstensen et al. (2009), Hoppe et al. (2009) and Bonito & Nochetto (2010). However, to
the best of our knowledge, a convergence analysis for adaptive DG discretizations of the Helmholtz
equation is not yet available in the literature.

It is the purpose of this paper to provide such a convergence analysis for an interior penalty
discontinuous Galerkin (IPDG) discretization of (1.1a—c) based on a residual-type a posteriori error
estimator featuring element and edge residuals. This paper is organized as follows.

In Section 2, we introduce the adaptive IPDG method, discuss the consistency error due to the
nonconformity of the approach and present the residual a posteriori error estimator as well as the mark-
ing strategy (Dorfler marking) for adaptive mesh refinement. Section 3 shows that the consistency error
can be controlled by the estimator, provides an estimator reduction property in the spirit of Cascon et al.
(2008) and establishes the reliability of the estimator. Another important ingredient of the convergence
analysis is a quasi-orthogonality result that will be dealt with in Section 4. The particular difficulty that
we are facing here is the proper treatment of the lower-order term in (1.1a) containing the wave number
k. In order to cope with this problem, we use the conforming approximation of (1.1a—c) and take advan-
tage of an Aubin—Nitsche-type argument (cf. Lemma 4.6). This idea that can be traced back to Schatz
(1974) has been used in the convergence analysis of adaptive conforming finite element approxima-
tions of general second-order elliptic PDEs (Mekchay & Nochetto, 2005) and of adaptive conforming
edge-element approximations of the time-harmonic Maxwell equations (Zhong et al., 2012). In this
way, the quasi-orthogonality of the IPDG approximation can be established by invoking the associated
conforming approximations (cf. Theorem 4.3). Combining the reliability of the estimator, the estima-
tor reduction property and the quasi-orthogonality result, in Section 5 we prove convergence of the
adaptive IPDG in terms of a contraction property for a weighted sum of the discretization error in the
mesh-dependent energy norm and the error estimator. Finally, Section 6 is devoted to the documen-
tation of numerical results that illustrate the performance of the adaptive IPDG over a wide range of
wave numbers.

2. The adaptive IPDG method

The functions considered in this paper are complex valued. For a complex number z € C, we denote
by Re(z) and Im(z) its real and imaginary parts such that z=Re(z) + ilm(z); 7 :=Re(z) — ilm(z) is
the complex conjugate of z and |z| := v/Re(z)? + Im(z)? stands for absolute value. We further adopt
standard notation from Lebesgue and Sobolev space theory (cf., e.g., Tartar, 2007). In particular, for
D C 2, we refer to L*>(D) as the Hilbert space of Lebesgue integrable complex-valued functions in D



with inner product (-, -)o p and associated norm || - |[o.p, and to H (D) as the Sobolev space of complex-
valued functions with inner product (-, -); p and norm || - ||;p. For ¥ € 9D and a function v € H*(D),
we denote by v|x the trace of v on X.

Under the following assumption on the data of the problem,

fel*(2), gel*(Iy), 2.1)

the weak formulation of (1.la—c) amounts to the computation of ueV,V:= H(}, rD(Q) ={ve
H'(£2)|v|, = 0} such that for all v € V, it holds

a(u,v) — kzc(u, V) + ikr(u,v) = £(v). 2.2)

Here, the sesquilinear forms a, ¢, r and the linear functional ¢ are given by

a(u,v) :=/ Vu-Vvdx, c(u,v) ::/ uv dx,
2 Q

r(u,v) :=/ uvds, £(v) :=/f\7dx+/ gvds.
FR 2 FR

REMARK 2.1 It is well known that (2.2) satisfies a Fredholm alternative (cf., e.g., Nédélec, 2001). In
particular, if k> is not an eigenvalue of —A subject to the boundary conditions (1.1b, c), for any f, g
satisfying (2.1) there exists a unique solution u € V. In this case, the sesquilinear form a(-, -) :=a(, ) —
k2c(-, ) + ikr(-, ) satisfies the inf-sup conditions

la(v, w)] la(v, w)l

inf sup — VM _ infsup —o W g 2.3)
veV ey [VLelwllie  weViev Ve lwlie

which hold true with a positive constant 8 depending only on §2 and the wave number k.

For the formulation of the IPDG method, we assume H to be a null sequence of positive real numbers
and (7,(£2))nen a shape-regular family of geometrically conforming simplicial triangulations of £2. For
an element 7T € 7;,(£2), we denote by hy the diameter of T and set 1 := max{h7|T € 7,(§2)}. For D C 2,
we refer to £,(D) as the set of edges of T € 7,(£2) in D. For E € £,(D), we denote by hg the length of E
and denote wg := | J{T € 7,,(£2)|E C 3T} as the patch consisting of the union of elements sharing E as
a common edge. Moreover, Py (D), N € N stands for the set of complex-valued polynomials of degree
< N on D. In the sequel, for two mesh-dependent quantities A and B, we use the notation A < B if there
exists a constant C > ( independent of / such that A < CB.

We introduce the finite element spaces

Vii={vy: 2 = Clvply € Py(T), T € To(2)}, (24a)
V= {vi: 2 = CHvilr € Py(T) T € Th(2)). (2.4b)

Functions v;, € V), are not continuous across interior edges E € &,(§2). For E:=T,. NT_, Ty € 7,(£2),
we denote by {v;}g the average of v, on E and by [v;]g the jump of v, across E according to

1 .
e == 3 nlenr, +valenr ), ile :==vilenr, — valenr.,  E € En(2),

and we define {v;}g, [vi]E, E € E,(I"), accordingly.



We introduce a mesh-dependent sesquilinear form ajy : V), x V), — C by means of

0
ay (up, vp) = Z (Vuy,, Vvpor — Z <{Mh} 7[Vh]E>
E 0.E

TeTy(R2) E€E,(2UID) dvg
3Vh o
- > ([uh]E,{a} ) + Y. o -@wlsDilper  25)
Ee£,(RUID) VEJE/OE  pegyury) E

where « > 0 is a suitably chosen penalty parameter.
The IPDG method for the approximation of the solution of (1.1a—c) requires computation of u;, € V,
such that for all v;, € Vj, it holds

ay (up, vi) — kK2cQup, vi) + ikr(uy, viy) = £(vp). (2.6)

We further define uj, € Vi := Vj, N Hy 1, (§2) as the conforming finite element approximation of (1.1a—)
satisfying
a(ui, vi) — ke, vi) + ikr(ui, vi) = €(v), v € Vf. (2.7)

REMARK 2.2 If k% is not an eigenvalue of —A subject to the boundary conditions (1.1b, c), for suf-
ficiently large penalty parameter o and sufficiently small mesh size &, equations (2.6) and (2.7) have
unique solutions u;, € V;, and u;, € V;, that continuously depend on the data. In particular, there exists
h* € H,h* < 1 such that for & < h* the sesquilinear forms fl|v;xv;,‘ inherit (2.3), whereas the sesquilinear
forms & (-, ) :=alf (-,-) — k*c(-,-) + ikr(-, -) satisfy analogues of (2.3) with positive inf-sup constants
Br being uniformly bounded away from zero. Moreover, (2.6) is consistent with (2.2) in the sense that
the solution u € V of (2.2) satisfies (2.6) for v, =vj, € V;. In the sequel, we will always assume that k2
is not an eigenvalue of — A and 4 is sufficiently small such that (2.6) and (2.7) admit unique solutions.

We note that a)f (-, -) is not well defined on V. This can be remedied by means of a lifting operator
L:V +V, — Vj, according to

LO)vioe:= Y. (Veve - (Viledoe, vEV + Vi Vi€V (2.8)
Ee&,(QUIp)

As has been shown, e.g., in Schotzau et al. (2003), the lifting operator is stable in the sense that there
exists a constant C;, > 0 depending only on the shape regularity of the triangulations such that

Lo <C Y. h'lVelfe veEV + Vi (2.9)

E€&,(2UIp)
On V + V},, we define the mesh-dependent DG norm
1/2

Wihae = > IVIG-+ >  ahg' IVl | (2.10)

TeT;,(2) E€&,(2UID)

It is well known (cf., e.g., Bonito & Nochetto, 2010 and the references therein) that for a sufficiently
large penalty parameter «, the DG norm and the mesh-dependent energy norm are equivalent, i.e., there



exist constants @1 > 0,0 <y < 1 and C; > 0 such that for all « > &y and v € V 4 V}, it holds
ay v.v) 2y vl e (2.11a)
whereas, for all& > 1 and v,w € V + V},, we have
a, v,w) < Civlline Iwling. (2.11b)

The DG approach is a nonconforming finite element method since Vj, is not contained in H , (£2) due
to the lack of continuity across interior edges E € £,(§2) and due to the enforcement of the homogeneous
Dirichlet boundary condition (1.1c) by penalty terms on the edges E € £,(Ip). The nonconformity is
measured by the consistency error

1/2
g=inf [ > IV -3 | - (2.12)

Vi,V
TeTy(82)

We refer to I1f : Vj, — Vf as the Clément-type quasi-interpolation operator introduced in Bonito &
Nochetto (2010) such that for some constant C4 > 0 depending only on the shape regularity of the
triangulations, it holds

SN P - TEu) R, <Co D> b P ualeld e 1Bl €40 1), (2.13)

Bl TeT,(82) Ee€&,(2UIDp)

It follows from (2.13) that

é 5 nh,c’
1/2

. 2 . —1/2
me= > M| - nec=hg llulellos
Ee€&,(2UIp)

(2.14)

LEMMA 2.3 Let u, € V;, and uj, € V; be the solution of (2.6) and (2.7), respectively, and let u} :=uj, —
uj,. Then, for o > 1 there exists a positive constant C,., depending on 8, C; and Cj,, such that

> el < Cuearny,. 2.15)
TeT,(82)
Proof. Obviously, we have
SR <2 Y U — ACwlldy + s, — Al ). (2.16)
TeT,(2) TeTy(£2)

It follows from (2.7) that u, — IT<uy satisfies

a(us, — Ifup, v5) = €0v5) — a(ITfuy, v5), v € Vi.



Hence, in view of Remark 2.2, there exists a positive constant Cg such that

(v} — a(ITg up, v3)|

llug — M uyll.e < Cp sup - (2.17)
V540 Ville
Since uy, satisfies (2.6) for v, =v{, and &£P|V;thr = alyexve, it holds
L) — a(IT up, v5) = & (uy, — I up, v5). (2.18)
Using (2.18) in (2.17) as well as (2.11b), we find
lu§; — I upll1e < CChllup — IT5 upllipe- (2.19)
The assertion then follows from (2.16), (2.19) and (2.13). U
We consider the residual-type a posteriori error estimator
1/2
me={ Y Y mpt >, ma| (2.20)
TeT,(82) Ee€&(2Ulp) Ee&(IR)
consisting of the element residuals
nr = hrllf + Aup + Kullor, T €T(82) (2:21)
and the edge residuals
814;,
nepi=hg||| — , Ee€&(2UIp), (2.22a)
e | ellog
dup, .
Nes:=hg||g — — — ikuy, , Ee€&Iy). (2.22b)
81)5 0.E

As a marking strategy for refinement, we use Dorfler marking (Dorfler, 1996), i.e., gi_ven a constant
0 <0 < 1, we compute a set M of elements T € 7,,(£2) and a set M, of edges E € &,(§2), such that

1/2
Onn < iy = < S+ Y oy +ni~,2)> : (2.23)

TeM; EeM,

Once the sets M;, 1 <i< 2, have been determined, a refined triangulation is generated based on a
recursive application of newest vertex bisection (cf. Cascon et al., 2008 and the references therein).
This choice of bisection yields optimal complexity as has been established for the two-dimensional
setting and a conforming initial triangulation in Binev ef al. (2004) and for higher dimensions in
Cascon et al. (2008) requiring the initial triangulation additionally to satisfy certain labelling conditions



(cf. Cascon et al., 2008, Section 4). In particular, there exist constants 0 < 8; < 8,, depending only
on the initial triangulation, such that for each triangle T of refinement level ¢ it holds 8;27%/% < hy <
B227¢/2 Hence, if 7,,(£2) is obtained from 7 (£2) by newest bisection, for T € T (£2) and T’ € T,(£2),
we have

kihy < Hr <iohy, (2.24)

where k1 : =228/, and k : =228, /B;.

3. Control of the consistency error, estimator reduction and reliability

The following result shows that the upper bound for the consistency error can be controlled by the error
estimator (Bonito & Nochetto, 2010). The proof follows the arguments of Bonito & Nochetto (2010,
Lemma 3.6), but will be given for completeness.

LEMMA 3.1 There exists a constant C; > 0, depending only on the shape regularity of 7, ($2), such that
for o > oy :=2C;/y it holds

Cy
. < 27772. 3.1

Proof. In view of (2.11a) and (2.6) with v, = u;, — H/?uh, we obtain
anﬁ,c < lwy, — HhCMhH%J,,g <y~ 'al (uy, — I wy uy, — T uy)

=y Z (f + K un, up — T wn)o
TeTu($2)

+ > (g — ikuguy — M uyop — ay (T wpuy — ) | - (3.2)
Ee&,(Ik)

Observing L(IT uy) =0, [[Tuy]g =0, for the last term on the right-hand side of (3.2), it follows
that

ay (Tfwwy — Mfw) = Y (VI u, VG — T5w))or — Y (L(un), VIS up)g

TeT,(£2) TeT,(82)
= Y (Vun, VOt — Diwor — > IV, — TFup)llg 7
TeT,($2) TeT;(2)

— Y L), VUTI )y - (33)

TeT)(£2)



An elementwise application of Green’s formula reveals

P, C c c
ay, (I wp, uy — Iy up) = E (—Aup, wp, — Iy up)or
TeT,(£2)

+ Z (e - [Vuyle, (un — IEwp)p)o e
EcE,(2UI)

+ > (g — ikup,wy — T w)ok
Ee&,(Ir)

— > IV = TG+ Y L), Vi, — TEw)g . (3.4)
TeT(2) TeT,($2)

Using (3.3) and (3.4) in (3.2), straightforward estimation yields

1/2
ay (wn — My — 5w S [ | by llun — Tl
TeT,(52)
1/2
-1 C 2
1 D> gl — Tl
Ec&,(2UI)
C 2
+ ) IV = Tun) iy
TeT,(2)
1/2 1/2
2 C 2
+ D ILwlg, S IV —Ifu) iy |- 35)
TeT;(52) TeT;(2)

The stability (2.9) of the extension operator L and the local approximation properties (2.13) of ITS imply
the existence of C; > 0 such that

C
ary,. < f(nﬁ + M) (3.6)
which readily leads to the assertion. (]

As a by-product of the preceding lemma, we obtain the following results.

CorOLLARY 3.2 Let u;, € V, be the IPDG solution of (2.6), let uj, € V}; be the solution of (2.7) and let
u,¢ :=uy, — uj,. Then, there exists a constant C., > 0, depending on y, C,, and Cj, such that

Cce
M- (3.7)
o

2
”uZC”Lhﬁ <

Proof. With C., :=2(1 + C,.Cy)/y the assertion is an immediate consequence of Lemmas 2.3 and 3.1.
O

CoRrOLLARY 3.3 Let 7,(£2) be a simplicial triangulation obtained by refinement from 7z (£2) and let
uy € Vi, uy € Vy and ny, ny be the associated IPDG solutions of (2.6) and error estimators, respectively.



Moreover, let uj, € V;; and uj; € Vj; be the conforming approximations of (1.1a—c) according to (2.7).
Then, for u}¢ :=u;, — uj, and ujf :=uy — uj;, we have

iy — i 17 he S 4 (ﬂh + npp). (3.8)
Proof. The triangle inequality yields

- 2 2 12
[l — ”nHL”Lh,_Q < 2(””26”1,;,,9 + ||u;l;||1hg) 3.9)

Taking

Z i 1elie <2 ) 5 —u[u el e

Ee&, EegH

into account and using Corollary 3.2 with /& replaced by H, we find

Cee >

iy W2 <20 (3.10)
We conclude by using (3.8) and (3.10) in (3.9). ]

The residual estimator 7, has the following monotonicity property:

Mh < N (3.11)

for all refinements 7, (£2) of 75 (£2). The latter can be used to prove the following estimator reduction
result which will be used in the proof of the contraction property in Section 5.

LEMMA 3.4 Let 7,(§2) be a simplicial triangulation obtained by refinement from 7 (£2) and let u;, €
Vi, uy € Vi and ny, ny, Ny be the associated IPDG solutions and error estimators, respectively. Then,
for any t > 0 there exists a constant C; > 0, depending only on the shape regularity of the triangulations,
such that

M <400y — (=27 +C Y IV — w5y (3.12)
TeT,(82)
Proof. The proof is along the same lines as the proof of Cascon et al. (2008, Corollary 3.4). O

COROLLARY 3.5 Under the same assumptions as in Lemma 3.4, let 7(9) := (1 + 7)(1 — 27'/2)8 with 6
from (2.23). Then, it holds

M <t@Ong+Co > 1V — )7 (3.13)
TeT,(2)
Proof. The proof is a direct consequence of (2.23) and (3.12). O

Using, for example, the unified approach to the a posteriori error control of IPDG methods
(Carstensen et al., 2009), the reliability of the estimator 1;, can be easily established.

LEMMA 3.6 Letu € V and u;, € V), be the solution of (2.2) and (2.6), respectively, and let & and 1, 0, be
the consistency error, the a posteriori error estimator and jump term as given by (2.12), (2.20) and (2.14).



Then, there exists a constant C, > 0, depending only on the shape regularity of the triangulations, such
that there holds
al (u— wp,u — ) < Creatly- (3.14)

Proof. The upper bound
ay uw—wpu—uy) Snjp + &

can be derived as in Carstensen et al. (2009). Then (3.14) follows readily from (2.14) and (3.1). [

4. Quasi-orthogonality

Besides the reliability of the estimator and the estimator reduction result, a quasi-orthogonality property
is a further important ingredient of the convergence analysis (cf. Karakashian & Pascal, 2007; Hoppe
et al., 2009; Bonito & Nochetto, 2010). Here, the derivation of such a property is complicated due to the
presence of the lower-order term in the Helmholtz equation (1.1a). Adopting an idea from Gopalakr-
ishnan & Pasciak (2003) (cf. also Zhong et al., 2012) for the time-harmonic Maxwell equations, we
resort to an Aubin—Nitsche-type argument for the associated conforming approximation of the screen
problem. As will be seen below, this additionally involves the error between the IPDG approximation
and its conforming counterpart.

4.1 Mesh perturbation result

In the convergence analysis of [IPDG methods for second-order elliptic boundary-value problems, mesh-
perturbation results have played a central role as a prerequisite for establishing a quasi-orthogonality
result (cf., e.g., Karakashian & Pascal, 2007; Hoppe et al., 2009; Bonito & Nochetto, 2010). Here, we
provide the following mesh perturbation result where the coarse mesh error in the fine mesh energy norm
is estimated from above in its coarse mesh energy norm (cf. Bonito & Nochetto, 2010, Lemma 4.1):

LEmMMA 4.1 Let 7,(£2) be a simplicial triangulation obtained by refinement from 7y (§2). Then, for any
O<ey<landveV + Vy,itholds

C
AP v) <A +e)dF (v.v) + <y: + 1) e + Nire)- (4.1)
1

Proof. ForveV 4+ Vg, we have

o
afvv= Y IVIGr+ Y el
E

TeTi(52) E€&y(R2UID)
-2 Z [(Re(L(v)), Re(Vv)or + (Im(L(v)), Im(Vv)or] - (4.2)
TeT,(2)

Obviously, the following relationships hold true:

DW= > Wi (4.3a)

TeT,(2) TeTy(£2)

> Il <2 Y Il (4.3b)

Ee&,($2UIDp) 2 EeEy(R2UIp)



Using (4.3a) in (4.2), we find

o o
ayvn =g+ Y Vel = Y Il

Ee&,(@ulp) E EcEn(2uly) E

-2 Z [(Re(L(v)),Re(Vv))or + (Im(L(v)), Im(Vv))or]
TeT,(52)

+2 > [(Re(L(v)), Re(V¥)or + (Im(L(v)), Im(Vv))o7]. “4.4)
TeTy($2)

The assertion follows by using Young’s inequality in (4.4) and taking (2.9), (2.11a) and (4.3a, b) into
account. O

4.2 Lower-order term

The following result will be needed in the derivation of the quasi-orthogonality result (cf. Theorem 4.3).
It is concerned with an estimate of the lower-order term

2k*>Re(c(u — uy,, uy, — ugy) + ikr(u — uy, uy — ug;)),

where uj, € Vi, uf, € Vj; are the conforming approximations of (2.2). The proof is based on an applica-
tion of the Aubin—Nitsche trick which was used in the framework of indefinite problems first by Schatz
(1974) and later by Mekchay & Nochetto (2005) in the convergence analysis of conforming finite ele-
ment approximations of indefinite linear second-order elliptic boundary-value problems. The proof uses
the following regularity assumption (cf. Melenk, 1995; Cummings & Feng, 2006; Hetmaniuk, 2007):

(A) For any f € L*(£2) and g€ L*(Iy), the solution u of (2.2) (as well as the solution of the adjoint
problem) is (1 + r)-regular for some r € (%, 1], i.e., it satisfies u € V. N H'*"(£2) and for some positive
constant C it holds

lullisre < CA+E)f lloe + 11gllo.r)- 4.5
As a consequence of assumption (A), we obtain

lu —unlline S A+OAf lloe + llgllorn)- (4.6)

LEmMMA 4.2 Let 7,(£2) be a simplicial triangulation obtained by refinement from 7 (§2) and let uj, €
Vy,,ug; € Vi; be the conforming approximations of (2.2). Then, under assumption (A), there exists a



constant C;7(k) = O(k>), depending further on the local geometry of the triangulations, such that
2Re(k*c(u — uy,, uy, — ugy) + ikr(u — up, uj, — us;))
< Cor (ju — il @ + = uy | ). 4.7

Proof. Using a trace inequality, by straightforward estimation we deduce the existence of a constant
Cp1(k) = O(k?) such that

2Re(k*c(u — u, u§ — usy) + ikr(u — ul, u$, — us;))
< Ci(B)u — uyl e (luj, — uglloe + lluy, — ugllo,r)- (4.8)
We define z° € V as the solution of
a(v’,z%) — k2c(v*, 2°) + ikr(v¢, 2°)
= (uy, — Uy, Voo + W, — uy, Vo, VeEV. 4.9)

Due to the regularity result (4.5), we have 2 e VN H 147(£2) and there exists a constant Cg > 0 depend-
ing on the domain £2, such that

12 MN+r.2 < Cr(L 4+ k) (llu, — ufyllo.e + luj — ugllo.r)- (4.10)

Choosing v¢ = uj — u§; in (4.9) and observing Galerkin orthogonality, the trace inequality, the interpo-
lation estimate

1z° = Inzllh.e < Cih' 12140,

where I;, stands for the Lagrangian nodal interpolation operator, and (4.10), we deduce the existence of
a constant C, (k) = O(k®), depending further on C;, Cg, Cr and k, from (2.24), such that

27 (g — iy llo.e + Nluf, — uy llor)* < llu, — M%”%,g + luj, — “fq”(z),pR
=a(uj, — uj;, z°) — kzc(uz — ufy, 2°) + ikr(u), — ug;, 2°)
=a(u, — u$,, 2 — Iuz") — kK e(us — uy, ¢ — Iyz°)
+ ikr(uj, — ufy, 25 — Inz")
< Ca(R)h |uy, — ug|1o(luy, — uyllo.e + lluy, — ugllo.r)s

whence

luj, — uyllo. + uf; = uylo.re < 2Ce2 () — w0 @.11)

Hence, choosing Cyr (k) :=4Cyp(k)Cy,(k), the assertion follows from (4.8) and (4.11). O

4.3 Quasi-orthogonality
In this subsection, we prove the following quasi-orthogonality result.

THEOREM 4.3 Let 7,(£2) be a simplicial triangulation obtained by refinement from 7y (£2), and let
up € Vi, ug € Vg and ny, ny be the associated solutions of (2.6) and error estimators, respectively.
Further, let ej, :== u — u;, and ey := u — uy be the fine- and coarse-mesh errors. Then, for any 0 < ¢ < 1,



there exists a mesh width %, > 0, depending on the wave number k, the domain §2 and ¢, and a
constant Cy > 0, which does not depend on the wave number k, such that for all /2 < A,y it holds

y C
ay (en,en) < (1+ &) apy (en, en) — gl — up i e + ;Q(n,% + 3. (4.12)

Proof. We refer to S, and Sy as the finite element spaces of conforming P1 finite elements with respect
to the triangulations 7, and 7 vanishing on I and we denote by uj € S;, and u§, € Sy the conforming
P1 approximations of (2.2). Then we have

1P 1P g d
a;, (enen) = ay, (en + uy — Uy, en + uj, — uy)
—2Rea)f (ep, ul; — usy) — af (ul, — uS;, u§ — usy). (4.13)

The three terms on the right-hand side in (4.13) will be estimated separately. These estimates will be
provided by the following three lemmas. (]

LeEMMA 4.4 Under the same assumptions as in Theorem 4.3, there exists a constant C, > 0, depending
ony,Cy, C.,Cy and Cy, such that forany 0 < € < 5 there holds

ay (en + uj, — ugy, e + uj, — ugy) < (1 + &)y (en, en) + % My + 1ip)- (4.14)
Proof. 'We split the first term on the right-hand side of (4.13) as
ay (u—wy, + u, — usy,u— uy + u — usy) =ay (ey +ufy — ), ey + Uy —ul). (4.15)
Using (2.11b), Young’s inequality and Corollary 3.3, we find
ay (ey +uff — ul ey +ujy —u)°

n 1 2 n
< ah (eH, en) + C ||”ZL m||1hg + 2Cl (eH7eH) / ||14m MnHL”l,h,Q

1
< (1 +e)ay (en,en) + C (1 + 82) Il — w13 )0

Ce 1
< (14 &)d¥ (ey, - <1 + 8) o} + ). (4.16)
2

For the first term on the right-hand side in (4.16), the mesh perturbation result (4.1) and a subsequent
application of (2.14) tell us

§<n,% +115p). @.17)

a) (ey,en) < (1 +e1)ay (en,en) +

Choosing 0 < &; < 1,1 <i < 2 such that & _81+€2+5182<—and

1
+4C1Cce <1 + ) P
&2

Cr:=2(1 + 2)

the assertion follows from (4.16) and (4.17). ]



For the estimation of the second term on the right-hand side in (4.13), we will use a result
which shows that |[u, — ujllo, is of higher order than ||u, — uj |1 . This result is a consequence
of assumption (A).

LEmMMA 4.5 Let uj, € V;, be the conforming approximation of (2.2). There exists a positive constant C4
depending on the local geometry of the triangulations, such that

lun — upllo,e < Ca(l + K0 NJuy — tjll1p0- (4.18)
Proof. For z € L*(R2), we define ¢. € V and ¢, € V), as the solutions of

ah'™(w, ) =w,2)0.0, wev, (4.19a)
ah™ Wy, o) =Wi, 20,2, Wi € Vi (4.19b)

We may choose w = uj, in (4.19a) and w, = uj, in (4.19b), which readily gives
(. — @1) =0. (4.20)
Using (4.20) as well as aif (uy, — u, I¢,) = 0, it follows that
(4, — up, 2o.0 = @, (U, ) — @y (wp, 1)
= ay W, — up, on — Ipy),
from which we obtain
[(uy, — up, Do.2l < Cillup — uplline (e — enlling + lo: — Lo lline).

The assertion follows from [: — galline S (1 + 0N Izl and llg: — Lig:lline S A+ KA zlloge
(cf. (4.5), (4.6)). O

LEmMMA 4.6 Under the same assumptions as in Theorem 4.3, there exist positive constants C;(k),3 <
i <5, depending on y, C., and the wave number k, such that

c c r r C (k)hr
2Re (g1, — 1) < CoM'a enen) + (5 + Coll”) Ny = w1} .0 + = + 7).

4
4.21)
where C3(k) :=2Crr(k)/y, Ca(k) :=3Crr(k) and Cs(k) grows with the wave number k according to
Cs(k) = O®>).

Proof. For the second term on the right-hand side of (4.13), we have

2Re(a§lp(e;,, u, — usy)) = 2Re(k%c(ep, uj, — uyy) + ikry(ep, uj, — ugy))
=2Re(k’c(u — up, uy, — uyy) + ikr(u — up, uj, — usy))

+ 2Re(k*c(uf — up, ufy — ;) + ikr(u§, — up, uf; — us))). (4.22)



In view of Lemma 4.2, the first term on the right-hand side in (4.22) can be estimated as follows:

2Re((K2c(u — ul, ul, — uly) + ikr(u — u, u§ — us;))

< Cor(Oh (lu = w1, + e, = ufy i) 0)- (4.23)
Taking advantage of (2.11a) and Corollary 3.3, for the two terms on the right-hand side in (4.23), we find

212 2 - 112
lu — ”;,h)h,_o <2(Jlu — Mh”],h,_Q + llup — u;,||1,h,_(2)

cez

2
< =af(en en) + 2
14
lu, — w1350 < 3(lun — unll} )0 + ||uh — U3 pe + e — w13 5,.0)
3||uh_uH||1hQ +6 (m,+77H)
and hence,
2Re(k%c(u — uj,, g, — ugy) + ikr(u — uj, uj, — ug;))

2 . . CeeCrr(k)
< Curoh al (en, en) + 3Cr(k)h ||uh—uH||%,h,9+8%h(h ). (4.24)

We split the second term on the right-hand side in (4.22) according to
2Re(K2cp (U — up, ul, — uSy) + ikry (U, — wp, us — us;))
=2 Re(k*c; (uf, — up, uf, — up) + ikry (6, — up, u§, — up))
+ 2 Re(kcp(uf, — up, up — upg) + ikry (e, — wp, up — up))
+ 2Re(kzch(u2 — up, uy — usy) + ikry (uf, — wp, ug — ugy)). (4.25)

By (3.7), Young’s inequality and (4.18), the three terms on the right-hand side in (4.25) can be estimated
as follows:

. . . . Cce
2Re(k2ch(u§1 — up, uy, — up) + ikrp g — up, uy, — up)) S4—(1+ k)kzh’nﬁ,
a
2 c . c Y 2 4Cce )
2 Re(k“cp(uy, — up, up, — up) + ikry (uy, — up, up, — ug)) S Z”uh —unllipe + W(l + k)K" h

2Re(k2ch(u; — up, ug — uyy) + ikry(uy, — wp, up — ug)) S2 oje

(1 + KK (1 + 177).-
Then, (4.21) follows from (4.22 — 4.25) and the preceding estimates. O

LeEmMA 4.7 Under the same assumptions as in Theorem 4.3, there exists a constant C;7 > 0 such that

) . . . Y C7
alf (u§, — uly, uf — uly) > 5 Nl — ug e — ;(n,% + 7). (4.26)



Proof. Taking into account (2.11a) and using Young’s inequality and (3.7), we find
ay (uf, — gy ufy — ) =y lluj, — ufy |10
>y (lun — unlli o + lufy — wn + ug — w17 0
— 2| (up — upg, uy, — wp + ug — uz)ipel)
> (7= 3) ln =l = 4ve™ (il 10 + 065 13 0)
zj (7 =+ 115y)- (4.27)

&
= ()/ - §> [|lun — MH“%,;,,Q — 4y

Then, (4.26) follows from (4.27) for ¢ = y with C7 :=4C,,. O

Proof of Theorem 4.3. Using the estimates from Lemmas 4.4, 4.6 and 4.7 in (4.13), we obtain

1+& (y/4) — Cy(k)h"
P < P _ _ 2
ay (en-en) S T Gy (enen) = o X0 lun — ur |17,
CS(k)hr + C7 2 2
_—— . 4.28
a(l — C3()I) (77}, + 7][-]) ( )
‘We choose /. > 0 such that
1+¢ 4) — Cy(k)H,
+¢€ <1428 (y/4) 4 (k) hyax > Z (4.29)
1 — Cs(k)h! 1 — C3(k)h! . 8

Then, (4.12) follows from (4.28) with ¢ :=2¢ and C¢ := (Cs(k)h,,, + C7)/(1 — C3(k)h ).

Recalling the definition of the constants C3(k) and Cy4(k) (cf. Lemma 4.6), the two inequalities in
(4.29) give rise to

1/r
B < (min( Y 4 )) . (4.30)
4Crr(k)(1 +¢) 22Cpr(k)

Inequality (4.30) expresses the dependence of the maximum mesh size on both r and k.
If we choose A, according to (4.30) and Cs(k)h’ <1, for sufficiently small &, we can find a

max ~~

constant Cp > 0, independent of the wave number k, such that (4.12) holds true. U

5. Contraction property

We now use the monotonicity result (3.12) and the quasi-orthogonality (4.12) to prove the following
contraction property.

THEOREM 5.1 Letu e H(}’ r, (£2) be the unique solution of (2.2). Further, let 7,(£2) be a simplicial tri-
angulation obtained by refinement from 75 (£2), and let u, € V,,, uy € Vg and n,, ny be the associated
solutions of (2.6) and error estimators, respectively. Then, there exist constants 0 <§ < 1 and p > 0,
depending only on the shape regularity of the triangulations and the parameter 6 from the Dorfler mark-
ing, such that for a sufficiently large penalty parameter « and sufficiently small mesh widths &, H, the
fine-mesh and coarse-mesh discretization errors ej, :=u — u;, and ey = u — uy satisty

af (en, en) + pni < 8@l (en,en) + pniy). (5.1



Proof. Multiplying the estimator reduction property (3.13) by y/(8C;) and substituting the result into
the quasi-orthogonality estimate (4.12), for p > 0, we get

Co y Co vT(09)
ay (en,en) + pmy < (1 + e)ay, (en, en) + (a T 3C, + ,0) n, + ( + SC. ) - (5.2)

For the choice
8Co(k)C C
. Q( ) T 0= Y _ 0

) = 5.3
y 8C; o (5-3)
it follows from (5.2) that
C 7(0)
alf (enen) + pnp < (1+ o)l Gerroem) + (2 + 227 ) .
o 8C,
Invoking the reliability (3.14) of the estimator, we find
P 2 P o P YT\ »
ay (en,en) + pnj, < day (eq,en) + | (1 +¢&) — 8)ay (en, en) + 8C. Ny (5.4
(0
< Say (en.en) + < Cra((1 +¢) —8)+—+ VSC(‘ )> - (5.5)
We choose § such that
y  Colk) y7(0)
- _ =" Ca((l -8+ — : 5.6
p SC. a 1((1+¢) )+ °+ 8C. (5.6

Solving for §, we obtain
5— Cre(1 + &) + (Co/a) + (y7(8)/8C:) 5.7)
(y/8C:) — (Co/a) + Cre ' '

Now, we choose

1 -2 1 550
=rf=—— = = .
T TS —2 1 "4 4
1yl — )
ALY 5.8b
2 8Crelcr* = ( )
It follows that
Cre 1 *)/16C;+ C
5 1+ lyd+t9/ ]+ (Co/a) (5.9)

Crel + (y/gcr*) - (CQ/a)

Looking for « such that
v+ G v Co
16C,. « 8Ch o




we find that 0 < § < 1 for

32CoC,+
o>z = itk (5.10)
(I =19y
This concludes the proof of the contraction property. O

REMARK 5.2 The lower bounds «y, o, and a3 on the penalty parameter « in (2.11a), Lemma 3.1, and
(5.10) do not depend on the wave number k. As far as the dependence of 6 € (0, 1) in the Dorfler marking
on the wave number k is concerned, we note that for the contraction property to hold true, there is no
restriction on 6, since (5.8a) is valid for any 6 € (0, 1).

REMARK 5.3 A wave-number-explicit a priori error analysis of finite element approximations of the
Helmbholtz equation with an application to #p methods has been provided recently in Melenk & Sauter
(2011). For domains §2 with smooth boundary I, the analysis reveals stability and quasi-optimality for
sufficiently small ki/N and 1 4+ Clogk < N (cf. Melenk & Sauter, 2011, Theorem 5.8). For polyhedral
domains, this scale condition has to be modified by requiring sufficient mesh refinement in small neigh-
bourhoods of the vertices. Hence, in this case and for other types of singularities, it would be desirable to
have an adaptive #p method to which the convergence analysis of this paper can be extended. Although
various criteria for the combination of / and p refinement are known (for a systematic comparison, see,
e.g., Mitchell & McClain, 2011), we are not aware of any that fits the framework of this paper.

REMARK 5.4 With appropriate modifications, the convergence analysis extends to three-dimensional
problems and carries over to Bassi/Rebay-2-type fluxes. However, it does not carry over to the local
discontinuous Galerkin (LDG) method: as has been shown in Arnold et al. (2001) for elliptic problems,
DG methods can be derived from a mixed formulation involving suitably chosen numerical fluxes. For
IPDG and Bassi/Rebay 2, these fluxes do not depend on the dual variable that can thus be eliminated,
leading to (2.6) for IPDG and a slightly modified equation for Bassi/Rebay 2. For LDG methods, the
fluxes depend on the dual variable and hence a convergence analysis has to be based on the variational
system representing the mixed formulation.

6. Numerical results

We present documentation of numerical results for two examples. In order to illustrate the convergence
history of the adaptive IPDG approach in terms of the exact discretization error e, :=u — u;, in the
mesh-dependent energy norm aXf (e, e,)'/?, as a first example we choose an interior Dirichlet prob-
lem for the Helmholtz equation where the exact solution is known. In particular, we consider (1.1a)
in a bounded polygonal domain 2 C R? with the boundary conditions (1.1b, ¢) replaced by a Dirich-
let boundary condition on " := d£2. We note that the preceding convergence analysis applies to such
interior Dirichlet problems as well. For both examples, we have chosen a = k (N + 1)? with k =20.0
(cf. Remark 5.2 and Hesthaven & Warburton, 2008).

EXAMPLE 6.1 We choose £2 as the L-shaped domain £2 := (—1,41)?\ [0, +1) U (—1, 0] and consider
the interior Dirichlet problem

—Au—Ku=f in$2, (6.1a)
u=g onl. (6.1b)



k=10, N=6, Level=8, L-shaped domain
Analytic solution k=20
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FiG. 1. Exact solution for k =20 (left) and adaptively refined grid after eight refinement steps for k=10, N =6 and 6 =0.3
(right).

. k=5, N=6, L-shaped domain ] k=10, N=6, L-shaped domain
0.5
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0
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-3 6=0.5 6=0.5
——6=0.7 —2.51+-6=0.7
——uniform ——uniform
-4 . L . ] _ . L . ]
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log(DOF) log(DOF)

Fi1G. 2. Convergence history of the adaptive IPDG method. Mesh-dependent energy error as a function of the degrees of freedom
(DOF) on a logarithmic scale: k =5, N = 6 (left) and k = 10, N = 6 (right).

The source terms f, g are chosen such that u(r, ¢) = J1 2 (kr) (in polar coordinates) is the exact solution,
where J;,, stands for the Bessel function of the first kind. The solution is an oscillating function with
decreasing amplitude for increasing r which exhibits a singularity at the origin (cf. Fig. 1, left).

We have applied the adaptive IPDG method to (6.1a, b). For k =10, N =6 and 0 =0.3, Fig. 1
(right) shows the adaptively refined mesh after eight refinement steps with a pronounced refinement in
the vicinity of the singularity at the origin.

Figure 2 reflects the convergence history of the adaptive process. The mesh-dependent energy norm
llu — uplla == alf (u — up, u — uy)'/? of the error is displayed as a function of the total number of degrees



0.5¢

Fi1G. 3. Real part of the computed IPDG approximation for k = 15 (left) and k = 20 (right).

N=6 level 12, screen problem N=6 level 8, screen problem
1 b
0.5}
)/
0 b
-0.5
-1+
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1

FIG. 4. Adaptively refined mesh for k = 10, N = 6 after eight refinement steps (left) and for k = 20, N = 6 after twelve refinement

steps (right).

of freedom on a logarithmic scale. The curves represent the decrease in the error both for uniform
refinement and adaptive refinement in the case of different values of the constant 6 in the Dorfler
marking. In particular, Fig. 2 (left) refers to the wave number £ =5 and the polynomial degree N =6,
whereas Fig. 2 (right) shows the results for the wave number k = 10 and the same polynomial degree
N = 6. As for adaptive IPDG applied to standard second-order elliptic boundary-value problems (Hoppe
et al., 2009), we observe optimal convergence rates for small 6. Moreover, as can be expected, for a
high wave number the asymptotic regime is reached later, i.e., for finer meshes, compared with lower
wave numbers.

The second example deals with the screen problem (1.1a—c).

EXAMPLE 6.2 We choose §2 := (—1,+1)2\ (S; U S,), where

S :=conv((0,0), (—0.25,40.50), (—0.50, +0.50)),
S5 := conv((0, 0), (+0.25, —0.50), (+0.50, —0.50)),
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——uniform
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k=10, N=6, screen problem
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F1G. 5. Convergence history of the adaptive IPDG method. Error estimator as a function of the DOF on a logarithmic scale:

k=10, N =4 (left) and k = 10, N = 6 (right).

25 k=15, N=4, screen problem
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k=15, N=6, screen problem
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FiG. 6. Convergence history of the adaptive IPDG method. Error estimator as a function of the DOF on a logarithmic scale:

k=15,N =4 (left) and k = 15, N = 6 (right).

such that Ix =3(—1,+1)? and I'p := 35S, U 3S,. The right-hand sides f and g are chosen according to

f=0and

g = cos(kxy) + isin(kxy).

The real part of the computed IPDG approximation is shown in Fig. 3 for wave number k£ = 15 (left)

and for wave number k = 20 (right).

Figure 4 contains the adaptively refined mesh for wave number k = 10 and polynomial degree N = 6
after twelve refinement steps (left) and for wave number k = 20 and polynomial degree N = 6 after eight

refinement steps (right).



Since we do not have access to the exact solution of the screen problem, we document the con-
vergence history of the adaptive IPDG method by representing the decrease in the error estimator
n;, as a function of the total number of DOF on a logarithmic scale. In particular, Fig. 5 shows the
results for wave number £ = 10 and polynomial degree N = 4 (left) and N = 6 (right). Likewise, Fig. 6
displays the convergence history for wave number k =15 and polynomial degrees N =4 (left) and
N =6 (right). We observe similar behaviour to the case of the interior Dirichlet problem (Exam-
ple 6.1). For higher wave numbers, the asymptotic regimes require fine meshes. Moreover, as we
expect, higher polynomial degrees can handle higher wave numbers better, at the expense of increased
computational work.
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