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proof obligations that must be met at the critical points of an argument.” A good example of
such a proof is given in [Mu'84]. In contrast to that, proofs about realistic programs rarely
require deep mathematical results. Nearly the same holds for the derivation of special proof
rules from a general axiomatization. We are trying to build an environment which makes proofs
about individual programs as well as the development of entire proof strategies routine tasks.

In a first step the KIV system uses tactical theorem proving to derive special calculi (for pro-
gram verification and development) from a powerful general logical formalism. The reduction of
the logical building blocks of a special method, like for example Burstall's strategy for proving
total correctness assertions, [Bur 74], [HRS 87], to the basic formalism is carried out com-
pletely automatically. Qur main interest is to guarantee the soundness of the newly added rules
and tactics, since as anyone will agree, a flexible verification system where one experiments
with numerous proof-rules makes no sense if there is not a rigorous proof for each of them.

To people concerned with the verification or development of individual programs the KIV
system offers a (growing) collection of strategies which leave to the user only the key decisions
of a proof. Typically these strategies ask the user for invariants or inductive hypotheses. In
most cases when the strategy has worked through a program some first-order verification
conditions remain to be proven. In principle this can be done within the KIV system itself since
we have implemented some versions of a theorem prover for first-order logic. However, it
seems to be an interesting topic to combine our system with classical provers or simplifiers.

We use Dynamic Logic (DL) as the object language. Since DL allows formulas of the form

falo, where o is a (PASCAL-like) program, this language exhibits a much richer syntactical
structure than do most of the other formalisms. The soundness of rules and tactics very often
depends on syntactic restrictions for the programs involved. Although no deep mathematical in-
sight is required, without long and tedious proofs these restrictions are subject to subtle errors.

Most calculi for DL or Hoare-like languages known from the literature are designed only for
one special proof strategy. We have therefore developed a technique for axiomatizing
programming languages, see for example [HRS 89], which is flexible enough to serve as a
basis for a universal verification system. This technique incorporates the basic ideas of
uninterpreted reasoning as described for example in the book of Goldblatt, [Go 82]. Although
proofs in this system, if carried out on paper, are completely intractable, it has turned out that in
combination with tactical theorem proving our axiomatization can be used as a basis for all sorts
of verificaction and development strategies.

The paper is organized as follows. In section two we outline the basic properties of our cal-
culus and explain why this sort of axiomatization is needed for our purposes. In section three
we introduce some technical details of our metalanguage PPL which are relevant for the rest of
the paper. In section four and five we present two specific aspects of our system, the role of va-
lidations and the use of metavariables for the development of programs. We finish with a dis-
cussion of strategies, which are programs controlling the use of the basic logical building blocks
of a method.

2 Dynamic Logic

2.1 Syntax, Semantics and Expressibility
Dynamic logic extends ordinary predicate logic (PL) by formulas [o]]¢ ("box o ¢") and ()¢
("diamond o ¢"), where o is a program, and ¢ is again a DL-formula. The intuitive meaning of
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[a;Ble < [al[Ble  [if e then avelse Bfilp > (e — [a]) A (—e — [Blo)
The inference rules are modus ponens, modal quantification, existential quantification, the
invariance rule and the convergence rule:

o(n+1) = (€ A (o)) | 00) — -¢
, where @e Fl. with free n, ng Var(o).

@(n) —> (while £ do o) ¢(0)

The convergence rule relates the control structure to the data structure. The user has to supply

a convergence formula ¢(n). Roughly, @(n) is a first-order description of what happens to the
program variables if the loop continues for n further iterations. The convergence rule makes the
calculus what it is, namely one for interpreted reasoning. It is the only rule which is sound only
in arithmetical structures.

Although the calculus is simple and has nice theoretical properties, it is not suitable as the
basis of a verification system because of some severe practical drawbacks. These are illustrated
by the following example. Consider the two programs progy and progy, which both operate
on the integers:

progy : hi=x; progy : hi=x;
{while;} while h=0 {whiles} while h=0
do {bdy,} y:= y+h; h:=h-1 od do {bdy;} y:= y+h; z:= h*z; h:=h-1 od
{end of while,} {end of whiles}
h:i=x;

{while,} while h=0
do {bdy,} z:= h*z; h:=h-1 od {end of while,}

The first loop in prog; counts down h from x to 0, summing up the intermediate values of h in

the variable y. Then the same is done in the second loop with multiplication and the variable z.
Since the two loops do not interfere with each other we can merge them into one, which is
slightly more efficient.

At this point probably every programmer would agree that the two programs are equivalent
despite the sparse explanations given so far, This is obvionsly due to a programmer's familiarity

with control structures. Formally, the equivalence can be expressed by {prog)E «* {prog,)E ,
where E = h=hy A x=x3 A y=y( A =2,
A formal proof in the above system requires several applications of the convergence rule.
The user has to supply the corresponding convergence formulas @(n). One of them is
o) =(hp=0 A h=n A yy=y+(n*(n+1) )2 A zg=z+n! A x=X;) .
This application of the convergence rule leads to the following two verification conditions in
the proof, which are both true in the integers:

h=n+1 — ((+D)* @+2))2=h+(n*(n+1))/2)
h=n+1 - (hsn!l=@+1)!) .

So far everything seems to be completely fine, but there is something special with this proof.
First we left the original signature and introduced the factorial function and the integer division
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by 2 in order to express the convergence formula. Furthermore, the verification conditions are
very misleading. They suggest that the "deeper” reason for the equivalence of prog; and progy
is somehow related to the above properties of the factorial function and the sum of the first n
integers. This impression is definitely wrong. The equivalence does not rely on any arithmetical
property and even holds in any data structure. This means, that during the proof, verification
conditions (proof obligations) arise, which stem from the proof technique and not from the
theorem. From a practical point of view, this situation is very unsatisfactory. The calculus is
based on one hard-wired proof technique, using invariants and convergents, and ignores
knowledge about control structures.

To avoid this drawback, we have adopted a calculus for uninterpreted reasoning. In this case
all the axioms and inference rules are sound in any data structure. The effects of programs are
expressed in terms of other programs. The basic guideline for the following axiomatization is
Goldblatt's system for uninterpreted reasoning [Go 82] and can be found in [Re 84], [St 85]
and [HRS $9].

2.3 The Logic Underlying the KIV System

In addition 1o the above substitution axiom for assignments and the decomposition axioms
for compounds and conditionals which are the same as in Harel's axiomatization, we have
algebraic computation rules for assignments, like

[x:=t][x:=0]¢ - [x:=0,T]¢ and [x:=T][y:=0]¢p — [y:=0,"][x:=1]@, where y not in x:=G.
The first one, for instance, states that two assignments to x are the same as a single one with x

replaced by tin ¢ . In order to capture the while loop, we use an auxiliary counter structure
which is not at the programmer's disposal. This counter structure with a constant zero and a
successor function next is used to talk about the number of iterations of a while loop. The i-th

approximation of a while loop, (while £ do o odli), is a program which simulates the loop iff
the loop terminates after exactly i iterations. A statement about a loop then holds iff it holds for
every such approximation. Consequently, statements about loops are proved by induction on

the approximations. The axiom for the while-loop is:

[while € do o 0d]¢ «> Vi. [while € do o odli]o
For the i-th approximation of a while loop we have the following schemes:

[while € do o, odlzerolp < —e—¢
[while € do o od{next(i)]o ¢ [if € then « else abort fi][while € do o odii]<p

For recursive procedures, we also add an auxiliary structure to the logic, namely environ-
ments, which are tree-like objects. The actual axiomatization captures higher-order procedures.
Here we only consider the simpler case where there are only call-by-value and call-by-reference
parameters. In this case environments are only used to store procedure definitions. Now,
commands are always considered together with an environment (e | o) (e omitted if irrelevant).
Environments are needed to talk about the fixed-point environment e’ with respect to some cur-
rent environment e and a set of new mutually recursive declarations & . The n-th approximation
of the fixed-point environment with respect to e and 3 is an environment term, able to simulate
the behaviour of the new definitions iff during execution there are no more than n recursive calls
of the procedures which are declared in 8. The predicate Apg(e,e’) is true if e' is an approxima-

tion of the fixed-point environment with respect to e and 8. A statement about a procedure dec-
laration evaluated in some environment e holds iff it holds for the main program in every ap-
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stepwise instantiation of the metavariables. We stop if there are no further uninstantiated
metavariables in the proof. Then the conclusion of the proof tree is the total correctness
assertion with the original pre- and postconditions but with the generated program instead of the
metavariable. The premises of the proof tree are first-order verification conditions entailing the
conclusion.

There are two types of proof refinements applied to the specification and the intermediate
proof trees: (i) operations to instantiate a metavariable with a new code fragment possibly
containing other metavariables and (ii) operations which reduce a goal containing such a code
fragment to sufficient subgoals (subspecifications for the remaining metavariables in it). The
central operation of type (i) is the specialization of proofs which takes a proof tree, a
metavariable and an expression of the same syntactic category and yields an instance of the
given proof where the metavariable is replaced by the expression throughout the proof. The
operations of type (ii) are refinements with verification rules for the various PASCAL-like
instructions.

5.2 An Example

Due to space limitations we will not display the applied rules. They are standard, and a rough
understanding of what they do is enough for the purpose of this example.

Suppose we wanted to develop a function computing the length of a list. The initial specifi-
cation is

F (proc lg < A(l:n). $C in ig(l: n)) n = length(l)
where the implementation of the procedure body is left open. We decide to develop a recursive
version of lg and apply the induction rule (with respect to the input list 1y although we do not
know all the details by now. Applying the rule yields a proof tree of height one with the above
specification at the root and the following subgoal as the only premise
Ind[$C] + (proc lg & A(l: n). $C in lg(: n)) n = length(l).
Ind{$C] is the induction hypothesis and the notation displays the metavariables occurring in it.
Ind[$C] =V (', n).(I'<1 — (proc 1g ¢=A(l: n). $C in lg(1': n)) n = length(1"))
Now we apply the verification rule for procedure calls as a reduction rule and get a proof tree
of height two with the original specification at the root and the following premise
Ind[$CI+ (proc 1g <= A(l:n). $C in $C) n = length().
It is noteworthy that with most of the rules there is associated a variable check or a validation.
However, these checks cannot be performed immediately, since the sequents still contain
unspecified parts. Here we make use of the possibility to postpone the validations until the end
of the proof. In our example we decide to specialize the current proof tree by inserting a
conditional for $C. All the occurrences of $C in the current proof tree are replaced by if 1 = nil
then $B else $G fi. This yields
Ind[$B; $G1F {(proc g < A(l: n). if | = nil then $B else $G fi
in if]=nil then $B else $G fi) n = length(l).
This goal can be reduced by the splitting rule for conditionals. The proof tree branches and we
get two premises (the above procedure body is abbreviated by bdy)
Ind[$B, $G], 1 =nilk (proc 1g & A(1: n).bdy in $B) n = length(l)
Ind[$B, $G], 1= nill (proc 1g <= A(l: n).bdy in $G) n = length(l).

We now deal with the first one. We specialize the proof by inserting n:=0 for $B and apply the
assignment reduction rule to the first premise. This results in the verification condition
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Abstracting from the example, when supplied with a specification of the shape n=0
F ($C)xp=®(n), we generate the following schema for $C:

ir= 0, xg:= O(0); {0<i<n Axp=D()}
while i#n do

xg:=Xo+71(1);

$body;

ii=i+1 od {0<i<n Axg=0(3)}

where 71(1) := ®({+1) - ®(G). If 71(1) does not contain nonelemenatry operations, the strategy
terminates. Otherwise a new variable xy is introduced with invariance property x; = T1(i), and
the schema is augmented by the initialization x:= 71(0) and the assignment x; 1= x; + T3(i) in
the loop body, where t,(i) := T1(i+1) - T;(i). The invariant is augmented by the conjunction x; =
t1(i). This process is repeated until a t; is found that contains no nonelementary operations.

Implementation in the KIV System
1. Generate a proof tree with premises

(1) TF ($C1) (Srest A y)
(2) $rest, ¥, $b k- ($C) (Srest A )
(3)  $rest, y,—%b k- x,=P(n)
@) ., $b, $rest - bf >0 (bf is the bound function)
(5) v, $b, $rest, bf=t - ($C)bf<t
and conclusion I" - ($C1;while $b do $C od)x,=P(n) .
2. Instantiate $C1 with i:=0; $init, $b with i#n, and $C with $body; i:=1i+1.
3. Split the second premise into

$rest, y, i#n - {$body; i:=i+1) $rest (new second premise) and

$rest, y, i#n - ($body; i:=i+1)y (new third premise),
where y has the shape X, = tj(i). X is the j-th new variable to be introduced. We have
To(i)=P(), and Tj+1(i) = ’tj(i+1)-1:j(i). The next steps only deal with the third premise. Thus, it
has to be shown

A ($body; i= i+1)xj=‘cj(i) ,
where A = Srest, xj=1j(i), 10,
4. Generate the specification for the assignment in the loop body, i.e. eliminate the assignment
i:=i+1; the new goal is
AR ($body)wp(i:=i+1, xj='cj(i)) .

5. compute initialization for variable xj; xj:= tj(()) .
6. compute ’cj+1(i) = 'tj(i+1) - ‘c}.(i). If tj+1(i) contains no nonelementary operations, instantiate

$body with xj:=xj+1j+l(i) , instantiate $rest with true and terminate the strategy. Otherwise in-

stantiate $bhody with xj:=xj+xj+1; $body , where X, is a new variable; instantiate $rest with
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