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Abstract 
This paper describes the use of dynamic logic in a system which provides an environment for the im- 
plementation of various verification methods. We concentrate on the logical basis of this system, In particular 
we discuss the role of so-called uninterpreted reasoning as a means to extend the basic logic by derived rules and 
tactics which then are used to implement verification strategies. 

1 Introduction 

In this paper we describe the use of dynamic logic as a logical basis of a system (the Karlsruhe 
_Interactive Verifier), see [HHRS 86], which serves as an environment to implement various 
verification and program development strategies. Apart from that the KIV System can be used as a 
proof assistant to generate proofs not following a general verification method. Among the strategies 
which are currently implemented are BURSTALL's method for proving total correctness assertions 
[Bu 74], [HRS 87] and GRIES's program development method [Gr 81]. 

We will concentrate on the logical basis of the KIV System. The formalism we use can be 
extended freely by derived rules and tactics we need for a given verification strategy. In the case of 
backward proofs tactics are subgoal generating programs which are programmed entirely in terms of 
basic and derived rifles. As far as the logic is concerned it has turned out that some sort of uninterpreted 
reasoning (we consider all interpretations of the symbols we use) is required for these purposes. 
Systems for interpreted reasoning (the symbols of our language are given a fixed meaning), see for 
example [Ha 79], are designed for a special and in some sense complete verifcation strategy. Since we 
do not want to stick to a single method we add to the system as much knowledge about our 
programming language as possible. Systems for uninterpreted reasoning, see for example [Go 82], use 
infinitary rides in order to obtain completeness. "Reasoning" by means of infinitary rules of course 
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cannot be implemented. In our setting infinitary rules are replaced by inductive arguments. Although 
we lose completeness for standard interpretations of the programming language constructs the resulting 
formalism has turned out to be well suited for the type of system we are looking for. A rich collection 
of derived rules has been programmed in the KIV System, among them being all those which are used 
in systems of interpreted reasoning and HOARE-like calculi. Known strategies like BURSTALL's 
"execution and induction strategy" have been extended by simply adding appropriate new rules. 

The paper is organized as follows. In chapter two after a brief introduction to Dynamic Logic we 
discuss general aspects of our axiomatisation. Some of the actual axioms for programming language 
constructs are presented in chapter three. By two examples we demonstrate the style of reasoning 
which is supported by our system. In chapter four we give a survey of the KIV System. In particular 
we will demonstrate how the basic logic can be extended by derived rules and tactics. 

2 Dynamic  Logic 

2.1 General Remarks 

Dynamic logic (DL) extends ordinary predicate logic (PL) by formulas [t~]~ where et is a 
program, let's say a PASCAL-program, and t~ is again a DL-formula. The intuitive meaning of [ct]~ is: 
"if ct terminates, ¢~ holds after execution of t~." For PL-formulas d? and ~g the formula ~ ---> [tx]xg 
corresponds to the well known partial correctness assertion ~{0~}xg. However, in contrast to HOARE's 
Logic (HL) we also may express termination of programs by ~[t~]~@, which is abbreviated by (¢x~, 
and program implications like [o~]~ ---> [13]~. 

Following the approach of GOLDBLATr [Go 82] a model for a Z-sorted signatureY~ and a Z- 
sorted system of variables X is given by a quadruple M = (A,  S ,  v ,  [[ ... ] ) ,  where A is a E- 
Algebra, S is a set of states, v associates with each state s~ S and each variable x~ Xg an element of 

Ag and [ ... ]] : Prog(E,X) ---> 2 SxS is a semantics of our programming language Prog(E,X). For 

box-formulas the relation M I[---- s ~ , "4 holds in M in state s " ,  is defined by: M I1--- s [tx]~ 
fff for all t~ S s [ a ]  t implies M I ~  t ~ -  

Usually we are interested in a fixed semantics of our programming language Prog(E,X). The 
programming language constructs are given their intended meanings by so-called standard model 
conditions. 

2.2 Interpreted vs. Uninterpreted Reasoning 

In his survey o f D L  HAREL [Ha 85]makes a disfincfion between two levels ofreasoning: 
interpreted reasoning and uninterpretedreasoning. In both eases we dea lwi th the  same logical 
language. 
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Using interpreted reasoning we have in mind a fixed interpretation of the function and predicate 
symbols which occur in the formulas. In [Ha 79] HAREL presents surprisingly simple axiom systems 
(for various programming languages) which are arithmetically complete. This means that we can 
deduce all DL-formulas which are valid in an arithmetical universe A if we take as additional axioms 
all first-order formulas which are A-valid. In other words DL-formulas can be effectively reduced to 
a set of PL-formulas using these axiom systems. The PL-formulas which are generated by this process 
can be viewed as "verification conditions" and have to be proved in one way or the other. However, 
due to the limited amount of "dynamic reasoning" which is incorporated in these systems we are 
restricted to a single (verification) strategy which uses invariants and convergents. Even for simple 
assertions about programs of a simple programming language this restriction is problematic, if we are 
interested in practical program verification. Things get worse for program implications and more 
sophisticated control structures. But what can we do to obtain a more flexible way of proving 
assertions about programs? 

In uninterpreted reasoning we are interested in those DL-formulas which are valid in all 
structures A. Thus uninterpreted reasoning might be the formalism we are looking for. However, the 
set of valid formulas is highly inconstructive. Usually this set is given a syntactic characterisation by 
using infinitary rules, see for example [Go 82] and [Ha 85]. Obviously this approach is not well 
suited for practical applications. In our approach O-rules are replaced by an inductive arguments. 

To demonstrate this style of reasoning we present an informal example before we go into the 
details of our axiomatisation. In ordinary PL we may prove Vx.P(x,h(x,y)) ~ P(g(x),h(g(x),y)) 
(actually in many HILBERT-style axiomatisations this is an axiom). In DL things are a bit more more 
complicated. Consider the implication 

Vx. [while Q(x,y) do y:=f(x,y) od] P(x,y) ~ [while Q(g(x),y) do y:=f(g(x),y) od] P(g(x),y) . 
As in the case of PL this implication holds regardless of the interpretation of P, Q, h, g and f. We 
present an informal proof of the implication above following the lines of uninterpreted reasoning as it is 
used in our system. Recall that [~]¢ has to be read "if o~ terminates ¢ holds after execution of o~". [o~]¢ 
holds vacuously in all states where cc does not terminate. 

Vx.~ means that ¢ still holds after having assigned an arbitrary value to x. We conclude that 
Vx.[while Q(x,y) do y:=f(x,y) ofl]P(x,y) implies [x:=g(x)][while Q(x,y) do y:=f(x,y) od]P(x,y). 
We are left with the problem of proving that [x:=g(x)][while Q(x,y) do y:=f(x,y) od] P(x,y) implies 
[while Q(g(x),y) do y:=f(g(x),y) od] P(g(x),y). For a while-loop ~ we have 

[~]¢ if and only if 
for all i, if the while-loop terminates after i iterations, then ¢ holds afterwards. 

Hence in our case it is sufficient to show that 
if after the execution of x:=g(x) the first loop terminates after i iterations, then P(x,y) holds afterwards 
implies 

if the second loop terminates after i iterations, then P(g(x),y) holds afterwards. 
For the case i=0 the result holds vacuously if we have Q(g(x),y). Let us assume ~Q(g(x),y). In 

this case we have to show that P(g(x),y) holds. Since ~Q(g(x),y) implies [x:=g(x)]~Q(x,y) after 
execution of x:=g(x) the first loop terminates after 0 iterations. Hence by our assumption we have 
[x:=g(x)]P(x,y). But [x:=g(x)]P(x,y) implies P(g(x),y). 
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Assume that for i the result holds in all states in order to prove it for i+ 1. If ---O(g(x),y) holds 
then the second loop is not executed and the result is vacuously true. Note that we have to consider 
only the case where the second loop is executed (i+l)-times which means that the test must be true in 
the beginning. Q(g(x),y) implies [x:=g(x)]Q(x,y). Thus the first loop is executed at least once after the 
assignment x:=g(x). Hence according to our assumption if after execution of x:=g(x) ; y:=f(x,y) the 
first loop terminates after i iterations, then P(x,y) holds afterwards. Since for arbitrary 0 [x:=g(x) ; 
y:=f(x,y)]0 is equivalent to [y:=f(gx),y) ; x:=g(x)]0 we conclude that if after execution of 
y:=f(gx),y) and x:=g(x) the first loop terminates after i iterations, then P(x,y) holds. By the inductive 
assumption it follows that if after execution of y:=f(gx),y) the second loop terminates after i iterations, 
P(g(x),y) holds afterwards. Since we have assumed Q(g(x),y) we conclude that if the second loop 
terminates after i+l iterations, then P(g(x),y) holds afterwards. 

In the proof above we had to use the equivalence [x:=g(x) ; y:=f(x,y)]0 e-> [y:=f(gx),y) ; 
x:=g(x)]0, where 0 was a formalisation of "If the first loop terminates after i iterations .... ". In our 
approach this is an instance of an axiom scheme (see chapter three). In systems of interpreted reasoning 
we only have a single scheme for assignments: [y:=x]~ e-~ O(x/y), where ~ is a PL-formula and O(x/y) 

is obtained from ¢ by replacing all free occurrences of y by x provided that no binding conflict arises. 
This is only sufficient to prove the equivalence for PL-formulas 0. Hence using the simple axiom 
systems of interpreted reasoning we will not be able to formalize the proof above. Of course for 
suitable interpretations of f, g, P and Q the implication above can be proved using interpreted reasoning 
in the sense of HAREL. However the proof is quite different from the ours. It leads to "verification 
conditions" which depend on the interpretation we have in mind. 

But what's so special about the style of proof we have presented above? Perhaps the 
experienced reader will already have noticed that our proof can be generalized to a "recipe" which 
works for all implications of the form [x:=x][a]¢ ---> [a][x:=x]~, where x does not occur on the left 
hand side of assignments in ct. Following the ML-approach [GMW 79] in our system "recipes" for 
generating proofs are formulated using a functional metalanguage. The style of reasoning which is 
supported by systems like the one given by HAREL seem not to be suited for these purposes. On the 
other hand a metalanguage to formulate "recipes" as the one mentioned above is a means to reduce the 
complexity of systems of uninterpreted reasoning. 

2.3 ~-Rules  and Induction 

GOLDBLATF gives a syntactic characterisation of the formulas valid in all standard models by 
using an infinitary rule f~while to prove admissible statements ~(...} about while-loops: 

• { Cn(e,a) } for all n 

¢{  [while e do a od]¢ } 

where ¢0(e,a) -= ~e  ~ ¢ and Cn+l(e,a) -- e --> [a] ¢n(e,a). 
In our approach infinitary rules are replaced by inductive arguments which are based on built-in 
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datastructures, counters in the case of  while-loops and environments in the case of  procedures. In 
addition to these datastructures our programming language has to be augmented by additional 
constructs: loop-programs and units. The resulting formalism is of course no longer complete with 
respect to the class of  all standard models. To achieve completeness we have to drop at least the critical 
standard model conditions. However,  in this case we have to take into account non-standard 
interpretations of  some of  our programming language constructs. These interpretations cannot be 
excluded by axioms. Despite the fact that there are some built-in datastructures this type of formalism in 
our opinion still covers the basic ideas of "uninterpreted reasoning". After introducing some of the 
axioms for the programming language we demonstrate this by some examples. 

3 Axiomatising Programming Languages 

3.1 Axioms for a Simple Programming Language 

In this section we will present the axioms for a simple programming language. We will not 
mention the remaining (logical) axioms of  our system which deal with propositional logic, 
quantification and modal logic. A complete list of axioms can be found in [Re 84]. 

Basic Constructs  
[x:=~]¢ ~-~ ~b(x/x) , where ¢ is a pLiformula ; 

[x:='q[x:=<s]¢ ~ [x:=~Xx]¢ ; 

[x:='C][y:=o]~) --+ [y:=O~x][X:=X]~p , where x does not occur in y:---z ; 

[x:=x]¢ v [x:=x]~¢ (determinism) ; 
~[x:=x]false (termination) ; 

[skip]¢ ~ ¢ ; 
[abort]¢ ; 

[~;1}1¢ ~ [~][131¢ ; 
[ife then ot else [ } f i ]¢  e (e --+ [t~]¢) ^ (-~e -+ [[3]¢). 

Loop-programs  
[loop o~ times zcro]¢ ~-~ ¢ ; 

[loop o~ times next(t)]~p ~-) [oq[loop ~ times t ]¢ .  

W h i l e . l o o p s  
[while E do ~ od]¢ <--> Vi. [while e do ~ od$i]  ¢ ,  

where while e do ~ od$ i  - loop (e!~) times i ; if  e then abort else skip fi 
and (e!oO - i f e  then ~ else abort ft .  
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Apart from the fact that in our setting assignments always terminate the axioms for the basic 
constructs are identical to those given by GOLDBLATI' .  

The expression following the symbol " t imes" in a loop construct is a counter expression. 
Counter expressions, denoted by t, are made up of  the constant zero and the unary function symbol 
next. Counters and loop programs have been introduced to admit induction proofs about while-loops. 
Counter expressions are assumed not to occur in assignments in cz. From the remaining axioms for 
counters we just mention the induction scheme Vi. ( Vj.(j<i ---> ¢(j/i) ) ---> ~) ---> Vi& . The axioms 
for < ("less than") are as usual. A completeness result for the case where nonstandard interpretations of 
counters and loop constructs are admitted is given in [Re 86]. 

In standard models while e do ¢x od$i  is the "i-th approximation of while e do c~ od" in the 
sense that we have s [while  e do cz o d $ i ]  t iff t can be reached from s by exactly v(s,i) iterations 
of the while-loop. Hence [while e do cx od$i] ¢ is true in some state s iff ~ holds in all states which 
can be reached from s by exactly v(s,i) iterations. There is an obvious correspondence between 
f~while and the axiom for while-loops. In our formalism for all natural numbers n we can prove 

~n(e,a) <-->[while e do 0~ od$ln] ¢ ,  where tn-= nextn(zero). The use of  induction on counters will be 
demonstrated by the example below. 

The KIV System is based on a sequent calculus.We use " ~ "  for the sequent arrow. The 
axioms mentioned above are incorporated as ~ CAx" 

3.2 Example I 

Let cz -= whi le  xcy  do x:=suc(x) ; z:=pred(z) o d .  It  has been shown be ANTONIOU & 
SPERSCHNEIDER [AS 84] that the partial correctness assertion (x=0 A z=y) --) [CX] Z=0 is not 
provable in HL if we take as the underlying datastructure N = (Nat, 0 ,  ~ x . x + l ,  ~.x.x- 1). Instead of 
proving the above assertion directly we are going to prove the program implication [~] z=0 --~ [cz] 
z=0 ,  where ~ ~ while x¢y do y:=pred(y) ; z:=pred(z) od. It is an easy exercise to prove (x=0 A 
z=y) ---) [13] Z=0 in HL by using z=y as an invariant. Note that all the rules of  HL can be obtained as 
derived rules in our system. We give a top-down proof where goals are reduced to subgoals. The 
proof-steps presented below are "macro-steps" in the sense that they comprise more than a single 
application of  a basic rule. In our comments we will mention only the most important axioms which 
have to be used. The reader is referred to chapter four for a dicussion of  how these "macro-steps" are 
actually implemented in the KIV System. 

The first goal is ~ [13] z=0 --~ [0~] z=0 . 
By the while axiom it is reduced to 

=~ Vi.V(x,y,z). ( [~$i] z=0 ~ [¢x$i] z=0 ) .  
Using the induction axiom we get as a subgoal 

•H ~ [~$i] z=O ---> [a$i] z=O, 

where the induction hypothesis is ¢I-I - Vj. ( j<i  --> V(x,y,z). ( [135j] z=O --> [aSj] z=O ) ) .  
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Case analysis yields 
i=zem, OH 

and 
i=next(Jo), CH 

Using the first loop axiom we get 

[135i] z=O ---> [a$i] z=O 

[135i] z=O ~ [~$i] z=O . 

i=zero, ~H ~ [if e then abort else skip fi] z=0 --> [if e then abort else skip fi] z=0 
which is trivial. 
To reduce the second goal we use the second loop axiom and the induction hypothesis. To get an 
appropriate instance of the hypothesis we have to use the axiom: Vx.¢ ---> [T]~, where all variables 
which occur on the left-hand side of assignments in y are members of the list x. First this axiom is used 
with " / -  J:=J0 and after that with T = (xcy ! ~bdy) ' where'13bdy - y:=pred(y) ; z:=pred(z). It remains to 
show 

i=next(J0), <~H , [(x~y ! ~bdy)][0~,~j0] z=0 ~ [o~,~i] z=0. 
Using the lemma 

=:> [(xcy [ ~bdy)][IxSk] z=0 --> [(x~¢ [ 0~bdy)][o~,~k] z=0 , 
where CZbdy -- x:=suc(x) ; z:=pred(z), and the second loop axiom we finish the main part of our proof. 

To prove the lemma we again use induction. Proceeding in the same way as above after some 
intermediate steps we get 

k=zero,  ~gH , [(x~y ! l~bdy)] [if e then abor t  else skip fi] z=0 
[(xCy ! abay)] [if e then abor t  else skip fi] z=0 

and 
k=next(jo), VH, [(xCT ! ~bdy)][(xCy ! abdy)][aSj O] z=O = [(xCy ! O~bdy)][O~,~k ] z-O, 

wherevH = Vj. (j<k--> V(x,y,z). ([(x~y ! ~bdy)][Ix,l.j] z=O --> [(x~ey ! O~bdy)][O~.~j] z=O) ). We only 

demonstrate the proof of the second subgoal. As a sublemrna for arbitrary 0 we use 

:=> [(xcy ! ~bdy)][(xCy ! O~bdy)] 0 --> [(xCy ! O~bdy)][(x~y ! ~bdy)]O 
and get 

k=next(j0), ~gH, [(x*y ! abdy)][(xCy ! ~bdy)][~,j0 ] z=0 ~ [(xCaj ! 0~bdy)][o~k ] z=0. 
Application of the induction hypothesis yields 

k=next(j0), /gH, [(xCy ! abdy)][(xCy ! abdy)][aSj0 ] z=0 = [(x~y ! 0~bdy)][aSk ] z=0. 
Using the second loop axiom we finish the proof of the lemma. 

Note that so far we have not used any knowledge about the datastructure we are dealing with. 
We now turn to the proof of the sublemma. 

[(xcy ! ~bdy)][(xCy ! O~bdy)]0 ---> [(x~y ! abdy)][(x~y ! ~bdy)]0 
simplifies to 

[(xCy ! ~bdy)][(x¢y ! f~bdy)]O = [(x¢y ! O~bdy)][(x¢y ! ~bdy)]O. 
Application of the conditional axiom yields 

[(xc~j ! ~bdy)][(x¢y ! 0¢bdy)]O , xCy =::> [0~bdy][(xCy ! ~bdy)]O 
and 
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[(xcy ! l~bdy)][(x¢y ! amy)]0 , ~x~y  ~ [abort][(x¢y ! ~bdy)]0. 
The second subgoal is trivial. The first one is reduced to 

[(xCy ! 13bdy)][(xCy ! abdy)]0 , xCy, suc(x)¢y ~ [O~bdy][~bdy]0 
and 

[(x¢y ! [3bdy)][(xc'y ! abdy)]0 , x¢y , ~suc(x)~y ~ [abdy][abort]0.  
using the conditional axiom and the first assignment axiom. Again the second subgoal is trivial. 
Simplification of  the antecedent yields 

x~y , suc(x)~y =* xCy , 
xCy , suc(x)¢y ~ xC'pred(y) , 

[~bdy] [abdy]0 ~ [abdy][~bdy]0 • 
The last goal can be proved using the assignment axioms. Note that we have not to instanciate 0 in this 
proof. The second subgoal is the only nontrivial "verification condition" which is generated. 

3.3 Axioms  for Procedures  

The programming language we have presented so far is by no means appropriate for an 
application in the area of practical program verification. Work has to be done in two directions. We 
have to add special built-in data structures like arrays, records and pointers, and we have to study 
more elaborate control structures. In this paper we shall indicate briefly how the programming 
language given above can be augmented by the declaration of local variables and (simple)recursive 
procedures. Simple recursive procedures take value and variable parameters but no procedure 
parameters. 

As far as syntax is concerned we add three new constructs to our programming language: 

v a t  Xl=X 1 ; ... ; Xn=X n in a ,  

proc pl ~ k(xl:Yl).(z 1 ; ... ; p n ~  X(xn:Yn).an in c~ 
and 

call p(x:z) . 
In the declaration of local variables x i is initialized to the value of '~i. xi and Yi are the lists of the 
formal value and variable pramerters respectively and a i is the procedure body. The construct 
~,(xi,Yi).a i is called an abstraction. In the procedure call x and z are the lists of  the actual 

parameters.  The occurrences of  variables following the symbols "%" and " v a t "  are binding 
occurrences. The scope of  these binding occurrences is defined in the usual way. An occurrence of a 
variable inside the scope of  a binding occurrence of  that var iable  is called bound.  

As in the case of while-loops we have to add a new datastructure and a new construct to 
axiomatise recursive procedures. Here we consider so-called units (PI~) which consist of  an 
environment expression p and a command ~. The datastructure of  environments is used to record the 
meaning of the procedure identifiers. Environments are lists of  entries of  the form [P/(PlT)], where p is 
again an environment expression and Y is an abstraction. The environment p is used instead of the 
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current environment upon a call of  p. Entities of  the form (PLY) are called closures. As counters in the 
case of white-loops environments belong to our object language. Environment expressions are made up 
of  the constant empty, which denotes the empty environment and dyadic function symbols modp,y.  

modp,y (P0,Pl) denotes the environment which is obtained from P0 by adding a new entry [P/(PlIY)] - 

Note that since (in standard models) environments arefinite tree-like objects a unit (PLY) will allow 
only a finite number of (recursive) procedure calls. Instead of adding an infinitary rule D.proc , see 
[St 85] for an infinitary axiomatisation of this type of recursive procedures, we will prove properties of 
recursive programs by induction on the structure of  environments.  The use of  induction on 
environments (also for the case where procedure arguments are allowed) will be described more 
detailed in [St 88]. 

Local  variables  

[(P I var xl=x 1 ; ... ; Xn=X n in o~ )]~ <--> [yl:=Xl] ... [yn:=Xn] [(p I CL(yl/xl) ... (Yn/Xn))]~, 
where y l  . . . . .  Yn are pairwise distinct fresh variables. 

Procedure  declarat ions  
[(P I proc ~ in ~ )]~ <-~ Ve. (Adms(p,e)  --> [(e I ~)]~ , 

where ~ - pl ~ ~.(xl:Yl).t~ 1 ; ... ; p n ~  ~.(Xn:Yn).O~ n and for each predicate Adm~ we have 

Adm~(e0,el) 6-~ el=empty v 

3e2- (Adms(e0,e2) ^ el=e0[Pl/(e21 ~.(xl:Yl).Cx 1 )] ... [Pn/(e21 ~,(Xn:Yn).Oqa)] ) 
We have written p0[p/(plJy)] for modp,y (P0,Pl) to increase readability. 

Procedure  calls 

[(P0 [P/(P]I ~(x:y).tx)] I call p(x:z))]~ ~ [Ul:=X]] ... [Un:=Xn][(pl I (x'(u/x)(z/y))]~ 
and 

[(empty I call p(x:z))]0 , 
where u = (u 1 ..... Un) is a vector of  pairwise distinct fresh variables and c~" is obtained from ~ by a 
suitable renaming of the bound variables in (x in order to avoid a binding conflict when the elements of 
z are substituted for all free occurrences of the elements of  y. 

3.4 Example  II 

%ec - 

Consider the following two programs 0~re c and 0tit. 
proe p ~ ~.(x:y). {pbody} var  z0=0 ; z l=0 in 

if x=nil then y := l  
else call p0eft(x):z0) ; call p(right(x):zl) ; y:=z0+zl 

fi {endof pbody} 
in call p(tree:ct) 
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and 

o~it- {prep} stk:=ep~ ; ct:=l {endofprep} 
{loop} while stk~epty v tree~ai._21 

do {body} iftree~nil 
then stk:=push(tree, stk) ; 

tree:=left(tree) 
else ct:=ct+l ; 

tree:=right(top(stack)) ; 
stk:=pop(stk) 

fi {endof body} 
od {endof loop} 

It is easy to see that C~re e terminates for all inputs and computes the number of tips of a binary 
tree. For txit this is far less obvious. Hence  we might be interested in proving the implication 

(tXrec)Ct=C0 --~ (txit)ct=c0. We use an extension of BURSTALL's method ("Program Proving as 
Hand Simulation with a little Induction") [Bu 74]. The "execution" of Ctprep leads to the subgoal 

(t~a~ec)ct=e0, stk=epty, ct=l ~ (tXloop)Ct=C0 . 
If after some number of  iterations we reach a state where tree=nil and stk=epty., then the while-loop 
terminates. Using the axiom for procedure declarations we can deduce that it is sufficient to prove 

Ve 1. V(ct,stk,tree,rdy,c,s,c0,cl,tl). ( Admp,X (x:y)....(empty. el) ^ ((e I I call p( t l :c l ) )c l=c0 ^ 
t l=t  ^ tree=t ^ stk=s ^ ct=c+ 1 --~ 3i. (loop (e ! C~body) times i)(tree=nil ^ stk=s ^ ct=c+c0) ) , 

where e - stk~ept7, v tree~n_ilil. The proof is by induction on the structure of environments. We have 
to show 

((el I call p ( t l : c l ) )c l=c0 ,  Admp,7.(x:y)....(empty. e l ) ,  t l= t ,  tree=t, stk=s, c t=c+l ,  ~bi_ I 

3i. (loop (e ! C~body ) times i)(tree=nil ^ stk=s ^ ct=c+c0, 
where ~H is the inductive hypothesis. Due to the axiom for procedure calls the case el=empty is trivial. 

For the case el=empty[p/(e21 ~(x:y).Ctpbody)] and Admp,7~ (x:y) .... (empty,  e2) we eliminate the 
procedure call, the local variable declaration and the conditional by the corresponding axioms. In the 
case of "else" we are left with 

[t2:=tl][c2:=0][c3:=0]((e2 1 call p(left(t2):c2); call p(right(t2):c3); c1:=c2+c3))c1=c0, 
Admp,~.(x:y)....(errtp .~, e2), t l= t ,  tree=t, stk=s ,c t=c+l ,  SrI,  t ~ j !  

3i. (loop (e ! C~body) times i)(tree=nil ^ stk=s ^ ct=c+c0) . 
Simplification yields 

((e2 I call p(t2:c2)))c2=c4 , [t2:=tl] [c3:=0]((e 2 1 call p(right(t2):c3); c 1 :=c4+c3))c l=c0 . . . .  
..... t2=left(t), t l=t ..... 

3i. (loop (e ! C~body) times i)(tree=nil ^ stk=s ^ ct=c+c0) . 
We reduce this subgoal by "executing" (E ! tXbody) once. Note that t~_i!il. We get 
.... tree=left(t), stk=push(s,t) .... =~ 3i. (loop (e ! tXbody) times i)(tree=nil ^ stk=s ^ ct=c+c0) . 
We have now reached a situation where we can apply a suitable instance of the inductive hypothesis. 
For example we instanciate tl  with t2, e l  with c2, cO with c4, t with left(t) and s with push(s,t). We 
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get 
[t2:=tl][c3:=0]((e2 I call p(right(t2):c3); c1:=c4+c3))c1=c0 .... 

. . ,  t l= t ,  tree=nil, stk=push(s,t), ct=c+c4 
3i. (loop (e [ O~body) times i)(tree=nil A stk=s ^ ct=c+c0) . 

Note that tl ,  t etc. are not changed by O~body. Simplification yields 

((e21 call p(t2:e3))c3=e5, (c1:=c4+c5)c1=c0 ..... t2=right(t) .. . .  
3i. (loop (e ! t~body) times i)(tree=nil ^ stk=s ^ ct=c+c0) . 

"Executing the body" leads to the subgoal 
.... tree=right(t), s tk=s,  ct=c+e4+l .... 

3i. (loop (e t ¢tbody) times i)(tree=nil ^ stk=s ^ ct=c+c0) . 
Again we have reached a situation where we can apply the inductive hypothesis. This time c is 
instantiated with c+c4 and c0 with c5. We get 

(c l :=e4+c5)c l=c0,  tree=nil,  s tk=s,  ct=e+c4+c5 ..... 
3i. (loop (e ! O:body) times i)(tree=nil ^ stk=s ^ ct=c+c0) . 

We now finish the induction proof by choosing i=z¢r9 
(c1:=c4+c5)c l=c0 ,  tree=nil, s tk=s,  ct=c+c4+c5 ...... ~ (tree=nil ^ stk=s ^ ct=c+c0). 

4 T h e  K I V  S y s t e m  

4.1 The Metalanguage PPL 

In the preceding chapters we have tried to convince the reader that in principle DL on the 
uninterpreted level is a powerful and flexible logical formalism which can be used for many different 
purposes and which supports many proof styles. However it seems to be hopeless to carry out formal 
proofs in a step by step manner using only the basic formalism. Most of  the "macro-steps" in example 
II require more than ten applications of basic rules. Even a proof checker will not suffice to make 
proofs like this one feasible. At least we need a system that allows the user to carry out formal proofs 
(following a given strategy) in just the way we have presented it above. This means that one only has 
to type in "execute" ,  "simplify by ...", "use the induction hypothesis",  e tc . ,  and the system will 
carry out the corresponding goal reduction automatically. As a next step the user can be provided with 
some bookkeeping facilities which tell him/her what has still to be done and where to step back if a 
wrong decision has been made. An even more ambitious aim is to carry out parts of  the proofs 
automatically. For example we might look for heuristics to select the appropriate tactic. For a first step 
in this direction the reader is referred to [HRS 87]. 

Following the ideas of ML [GMW 79] our basic logical formalism is embedded in a functional 
language which can be used to program the construction of proofs. The central data structure of PPL 
~ r o o f  Programming Language) are so-called proof-trees: The proven sequent is the root of  the tree, 
the axioms and hypothesis are its leaves, and fl  . . . . .  fn are sons of a node f iff f can be derived from 
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fl . . . . .  fn by application of some rule. The sequents which are attached to the nodes may contain 
metavariables for any syntactical category like for example formulas and programs. The use of 
metavariables enables us to carry out schematic proofs, a feature which can be exploited to implement 
program development strategies in the KIV environment. 

The basic rule schemes of our formalism are given by elementary proof-trees. The operation 
mktree can be used to define arbitrary new rules which are called user-defined or derived rules. To 
guarantee soundness the user has to supply a validation for each of them. A validation is either a 
proof-tree verifying the rule directly, or a PPL function which can be used to generate a (verifying) 
proof-tree at any time the user wants. Typically a validation is called after the metavariables have been 
instantiated by a refine or infer operation, see below. However, if for example we deal with schematic 
programs in program development, validitions can be postponed till the end of the whole process. 

Proof-trees are modified by operations infer(x, [i 1 ..... in], Ix 1 ..... Xn] ) and refine(o 1 , i ,  ~2)" 
The infer operation performs a forward proof-step by using the conclusions of n proof-trees x 1 ..... x n 
as premisses of the proof-tree O(x) yielding a new conclusion. The refine operation performs a 
backward proof-step by replacing one premise of the proof-tree ~1 by the proof-tree O(0 2) yielding 

the premisses of 0(o2) as new subgoals. Both operations use matching: The proof-trees x and if2 can 
be considered as generalized inference rules and thus be instanciated by applying a marcher O to some 
of the metavariables. O satisfies the following conditions: the ik-th premise of O(x) is equal to the 
conclusion of x k for k = 1 ..... n in case of the infer operation and O(cr 2) is equal to the i-th premise of 
O I in the case of refine. PPL allows arbitrary combination of forward and backward proof steps. 

The control structures of PPL include conditionals, recursion, explicit failure and alternatives. 
The last two consmlcts, or  and fail, are used to implement backtracking. 

4.2 Derived Rules 

Recall the following part of the informal proof in example I. In order to carry out the induction 
step we had to reduce: 

i=next(J0), t~i ~ [~$i]z=0 ~ [ct$i]z=0 (+) 
to 

i=next(J0),~I,[(x#Y!~bdy)][ctSj0]z=0 ~ [o~$i]z=0, (++) 
where ~A was the induction hypothesis: 

Vj. (j<i--> V(x,y,z). ([~$ j]z=0--) [o~$j]z--0) ) . 
The reduction comprises some intermediate steps providing the appropriate instance of the 

hypothesis. This is a simple technical procedure that has to be repeated in every induction proof. 
We will now discuss a slightly simplified version of the derived rule which plays a central role 

in the reduction process mentioned above. We present a PPL definition of the rule (named 
induction_step) including its validation. In PPL metavariables are prefixed by $ to destinguish them 
from other entities like object variables and PPL identifiers. For example in [while $e do $b od$i]$pl 
$e stands for an arbitrary expression while i denotes an object variable of sort counter. To shorten our 
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notation we write [$e#$b,l,i]$Pl as an abbreviation for [while $e do $b od$i]$Pl .  Terms of the object 
language like sequences, formulas and programs are quoted by"  

def induction_step = 
le t ree  
conclusion = 

"i=next($t), Vj. G<i -~ V$v.([$e#$b~j]$pl --> $P2)) ~ ([$e#$b'~i]$ql -~ $q2)" 
anti 
hypl  = 
"i=next($t), Vj.(j<i -~ V$v.([$e#$b,l,j]$pl --~ $P2)), [$e ! $b][j:=$t]$p 2 ~ $q2" 
and 
hyp2 = " ~ ($ql ~ $ p l ) "  
and  
val = lambda (s, s*) 

let 
equation = exp l(s) 
ind_hyp = exp2(s) 

alpha = exP3(S*) 
phil = exp4(s) 
thetal = exp5(s) 
in le t ree  

(expl selects the instance of i=next($t) from s) and 
(exP2 selects the instance of V$v.([$e#$b$ J]$Pl --') $P2) 

from s) and 
(exp3 selects the instance of $el $b from s*) and 

(exp4 selects the instance of $Pl from s) and 
(exp5(s) selects the instance of $ql from s) 

in 

tl  = speciafize ind hyp ( ind_hyp, equation) and 
t2 = apply_cz-axiom ( suc (tl), alpha) and 
t3 = distribute and fold (suc (t2)) and 
t4 = reduce (mkstree (mkseq (suc (t3), subst (suc (t3), phil,thetal)))) and 
t5 = infer (cut, list (1, 2), 

list (infer (cut, list (1, 2), 
list (infer (cut, list (1, 2), list (tl, t2)), t3)), t4)) 

in 
infer (cut, list (1, 2), 

list (t5, 
reduce (mkstree (mkseq (attach (suc (concl (t5)), ant (concl (t5))), 

suc (conclusion)))))) 
mktree (mkstree (conclusion), list (mkstree (hypl), mkstree (hyp2)), val) 

In the notation of textbooks the rule would take the form: 

i=next($t), ~-t, [$e! $b][j:=St]$P2 ~ $q 2 ] ~ ($ql ~ $Pl) 

i=next($t), ~ ~ ([$e#$b,l,i]$ql ---) $q2) 
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where ~H = Vj. (j<i --~ VSv.([$e#$b.l.j]$pl --> $P2) ) 
If this rule is used to reduce (+) we obtain the following instanciations for the metavariables: 

$t ~ J0,  $v ~ (x,y,z), $e ~ x~y,  $b ~ I~bdy, $ql,$Pl ~ z--0, $q2 ~ [a$i]z=0 and $P2 ~ 
[aSj]z=0. We get the subgoats: 

i=next(J0), ~I-I, [(x¢3' ! ~bdy)][j:=j0][cxSj]z=0 ~ [a$i]z=0 (*) 
and 

(z=0 ~ z=0) (**) 
The first is reduced to (++) by simplification, and the second is trivial. So we are done with our 

reduction if the validation val can be executed successfully for this instantiation of the rule. 
In the rest of the section we give a trace of the validation function val called with the 

instantiations given above. 
The formal parameter s is bound to (+) and s* to the list made up of (*) and (**). The 

declarations of the let-block in val provide the relevant parts of s and s*. The execution part of this 
block actually produces the proof. At f~st the subfunction specialize ind hyp yields a proof (tl) of: 

(1) i=next(j0), Vj. (j<i ~ V(x,y,z)([13,1, j]z---0~[aSj]z=0) ) 
V(x,y,z). ([~J, j0]z=0 ---> [aSjo]z=0) 

This is done by specializing the induction hypothesis: j becomes J0- 
For the next step the validation uses the a-axiom: ~ Vv.~ --> [a]¢ ,  where the assignment 

variables of a must be a subset of v. The result (t2) is a proof of 
(2) V(x,y,z). ([~$j0]z=0 ~ [aSj0]z=0) =* [xCy ! ~¢ty]([[~$J0lz=0 --> [aSj0lz=0) 

The function distribute and fold applies the distribution law of modal logic and the axiom for 
loops. It generates and binds to t3 a proof of 

(3) [xcy ! ~bdy]([~,~j0]z=0 ~ [aSj0]z=0 ) ~ ([~,~next(j0)]z=0 ~ [x;~y [ ~bdy][a$ j0]z=0) 
Since both phil and thetal have the value z=0 the argument of the reduce function is trivial. 

Reduce proves (and binds to t4) 

(4) ([~,~next(j0)]z---0 ----> [xcy ! 13bdy][aSj0]z=0) =~ ([~,~next(j0)]z=0 ~ [xCy ! I~bdy][aSj0]z=0) 
In this case the proof is trivial. In more general cases where phil and thetal are different the function 
reduce will not be able to prove (4) completely. Instead it will end up with the single unproved subgoal 
stating that thetal implies phil, which is the second premise of the rule. 

Putting together (1), (2), (3), (4) by the cut rule we get a proof (bound to t5) for 
(5) i=nextfj0), Vj. (j<i ---> V(x,y,z). ([~$ j]z=0~[aSj]z=0) ) 

[~,~next(j0)lz--0 ---> [xcy ! ~bdyl[aSj0]z--0 
In the execution part of the inner letrec-block the function reduce computes a proof of 

i=next(j0), Vj. ( j<i -->V(x,y,z). ([l~$j]z--0~[aSj]z=0)), 
([~,next(j0)]z=0 ---> [x~y ! ~dy][aSj0]z----0) ~ ([~$i]z=0 --> [a$i]z=0) (§) 

leaving as an unproved subgoal 
i=next(J0), ¢~H, [(x•y ! l~bdy)][j:=j0][aSj]z=0 ~ [a$i]z=0 
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which is the first premise of the rule. Finally the validation applies the cut rule to t5 and (§), and returns 
a proof for (+) with (*) as an open subgoal. Since the set of the remaining subgoals is a subset of the 
premisses of the rule the validation terminates successfully, and thus demonstrates the triple (+), (*), 
(**) to be a sound instance of the rule induction_step. 

Note that if we remove the quantifier V(x,y,z) from the inductive hypothesis the validation fails 
when the a-axiom is used. In this way validations can be used to detect logical errors. 

4.3 Tactics and Strategies 

Tactics are more general than derived rules in the sense that (in backward proofs) we can 
generate subgoals by performing a step which cannot be expressed schematically. For example given a 
sequent x=x, F ~ A we might wish to substitute x for x in F and A. This can be accomplished by a 
tactic (which fails if a binding conflict arises). As opposed to derived rules a tactic cannot be applied 
without running the corresponding PPL program. Hence all formulas which are accessed by a tactic 
must be fully instanciated. For example we can apply the rule ~ [x:='~][(x]~ --->[a][x:=z]qb in a given 
context without running its validation. However, we must be aware of the fact that this is only a "first 
guess" because the rule might not be valid for this instanciation. This feature of rules is exploited to 
perform "schematic proofs" which are used for example in program development where we have to 
deal with partly instanciated programs and formulas. 

Derived rules and tactics represent the logical building blocks of the verification method we are 
going to implement in the KIV environment. The nonlogical aspects, like the overall structure of a 
method, bookkeeping facilities, backtracking and heuristics, are realized by PPL programs we call 
strategies. Step by step we enlarge the degree of automatisation which is incorporated in a strategy. 
Using heuristics we may try to guess the right instanciation of a induction hypothesis, generate the 
induction hypothesis automatically (generalization), select tactics and detect dead ends of a proof. If 
we consider the degree of automatisation, the strategies which are currently implemented, like 
BURSTALL's method, are still far from systems like the one of BOYER & MOORE [BM 79]. In our 
system however, all deductions are logically valid with respect to the basic formalism. 
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