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PROGRAM VERIFICATION
USING
DYNAMIC LOGIC

M. Heisel, W. Reif, W. Stephan
Universitét Karlsruhe
Institut fiir Logik, Komplexitit und Deduktionssysteme
Postfach 6980
D-7500 Karlsruhe

Abstract
This paper describes the use of dynamic logic in a system which provides an environment for the im-

plementation of various verification methods. We concentrate on the logical basis of this system. In particular
we discuss the role of so-called uninterpreted reasoning as a means to extend the basic logic by derived rules and
tactics which then are used to implement verification strategies.

1 Introduction

In this paper we describe the use of dynamic logic as a logical basis of a system (the Karlsruhe
Interactive Verifier), see [HHRS 86], which serves as an environment to implement various
verification and program development strategies. Apart from that the KIV System can be used as a
proof assistant to generate proofs not following a general verification method. Among the strategies
which are currently implemented are BURSTALL s method for proving total correctness assertions
[Bu 74], [HRS 87] and GRIES s program development method [Gr 81].

We will concentrate on the logical basis of the KIV System. The formalism we use can be
extended freely by derived rules and tactics we need for a given verification strategy. In the case of
backward proofs tactics are subgoal generating programs which are programmed entirely in terms of
basic and derived rules. As far as the logic is concerned it has turned out that some sort of uninterpreted
reasoning (we consider all interpretations of the symbols we use) is required for these purposes.
Systems for interpreted reasoning (the symbols of our language are given a fixed meaning), see for
example [Ha 79], are designed for a special and in some sense complete verifcation strategy. Since we
do not want to stick to a single method we add to the system as much knowledge about our
programming language as possible. Systems for uninterpreted reasoning, see for example [Go 82], use
infinitary rules in order to obtain completeness. "Reasoning” by means of infinitary rules of course
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cannot be implemented. In our setting infinitary rules are replaced by inductive arguments. Although
we lose completeness for standard interpretations of the programming language constructs the resulting
formalism has turned out to be well suited for the type of system we are looking for. A rich collection
of derived rules has been programmed in the KIV System, among them being all those which are used
in systems of interpreted reasoning and HOARE-like calculi. Known strategies like BURSTALLs
"execution and induction strategy"” have been extended by simply adding appropriate new rules.

The paper is organized as follows. In chapter two after a brief introduction to Dynamic Logic we
discuss general aspects of our axiomatisation. Some of the actual axioms for programming language
constructs are presented in chapter three. By two examples we demonstrate the style of reasoning
which is supported by our system. In chapter four we give a survey of the KIV System. In particular
we will demonstrate how the basic logic can be extended by derived rules and tactics.

2 Dynamic Logic
2.1 General Remarks

Dynamic logic (DL) extends ordinary predicate logic (PL) by formulas [o}¢ where ovis a
program, let’s say a PASCAL-program, and ¢ is again a DL-formula. The intuitive meaning of [a]¢ is:
"if o terminates, ¢ holds after execution of a." For PL-formulas ¢ and y the formula ¢ — [a]y
corresponds to the well known partial correctness assertion ¢{a}y. However, in contrast to HOAREs
Logic (HL) we also may express termination of programs by —{o}—, which is abbreviated by {9,
and program implications like [aJ¢ — [Blo.

Following the approach of GOLDBLATT [Go 82] a model for a Z-sorted signatureX and a Z-
sorted system of variables X is given by a quadruple M = (4 ,S,v, [..D, where A isa Z-
Algebra, S is a set of states, v associates with each state se S and each variable xe X, an element of

Ay and [...1: Prog(xX) — 25%S is a semantics of our programming language Prog(Z,X). For
box-formulas the relation M|—g ¢ , "¢ holds in M in state s" , is defined by: M | [a]y
iffforallteS s[alt implies Ml—;y.

Usually we are interested in a fixed semantics of our programming language Prog(Z,X). The
programming language constructs are given their intended meanings by so-called standard model
conditions.

2.2 Interpreted vs. Uninterpreted Reasoning
In his survey of DL HAREL [Ha 85] makes a distinction between two levels of reasoning:

interpreted reasoning and uninterpreted reasoning. In both cases we deal with the same logical
language.









106

datastructures, counters in the case of while-loops and environments in the case of procedures. In
addition to these datastructures our programming language has to be augmented by additional
constructs: loop-programs and units. The resulting formalism is of course no longer complete with
respect to the class of all standard models. To achieve completeness we have to drop at least the critical
standard model conditions. However, in this case we have to take into account non-standard
interpretations of some of our programming language constructs. These interpretations cannot be
excluded by axioms. Despite the fact that there are some built-in datastructures this type of formalism in
our opinion still covers the basic ideas of "uninterpreted reasoning”. After introducing some of the
axioms for the programming language we demonstrate this by some examples.

3 Axiomatising Programming Languages
3.1 Axioms for a Simple Programming Language

In this section we will present the axioms for a simple programming language. We will not
mention the remaining (logical) axioms of our system which deal with propositional logic,
quantification and modal logic. A complete list of axioms can be found in [Re 84].

Basic Constructs
[x:=Tlp <> ¢(1/x) , where ¢ is a PL-formula ;

[x:=t][x:=0]¢ — [x:=0T]¢ ;

[x:=t][y:=01¢ — [y:=0" 1[x:=T]¢ , where x does not occur in y:=T;
[x:=T}$ v [x:=1]-¢ (determinism) ;
—[x:=t]false (termination) ;
[skipl¢ ¢ ;
[abort]o ;

[osBlo < [al(Bld ;
[if € then o else B fild < (€ — [0]d) A (—e — [B14) .

Loop-programs
[loop o times zeroldp & ¢ ;
[loop o times next(1)]¢ « [a][loop o times 1] .
While-loops

[while € do 0. 0d]¢ < Vi. [while £ do o odli] ¢,
where while € do o 0oddi = loop (e¢!x) times i ; if £ then abort else skip fi
and (e!o) = if € then o else abort fi.
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Apart from the fact that in our setting assignments always terminate the axioms for the basic
constructs are identical to those given by GOLDBLATT.
The expression following the symbol "times" in a loop construct is a counter expression.

Counter expressions, denoted by 1, are made up of the constant zero and the unary function symbol
next. Counters and loop programs have been introduced to admit induction proofs about while-loops.

Counter expressions are assumed not to occur in assignments in o. From the remaining axioms for
counters we just mention the induction scheme Vi. ( Vj.(j<i = ¢(/i) ) = ¢) — Vip . The axioms

for < ("less than") are as usual. A completeness result for the case where nonstandard interpretations of
counters and loop constructs are admitted is given in [Re 86].

In standard models while £ do o odJi is the "i-th approximation of while € do o od" in the
sense that we have s [while € do ccoddi] t iff t can be reached from s by exactly v(s,i) iterations

of the while-loop. Hence [while ¢ do o odli] ¢ is true in some state s iff ¢ holds in all states which
can be reached from s by exactly v(s,i) iterations. There is an obvious correspondence between

Qhile and the axiom for while-loops. In our formalism for all natural numbers n we can prove
0,(8,00) «>[while £ do o oditn] ¢, where = next"(zero). The use of induction on counters will be
demonstrated by the example below.

The KIV System is based on a sequent calculus. We use "=" for the sequent arrow. The
axioms mentioned above are incorporated as  => ¢4, -

3.2 Example 1

Let o = while x£y do x:=suc(x) ; z:=pred(z) od . It has been shown be ANTONIOU &
SPERSCHNEIDER [AS 84] that the partial correctness assertion (x=0 A z=y) — [0t] z=0 is not
provable in HL if we take as the underlying datastructure N = {(Nat, 0 , Ax.x+1 , Ax.x-1). Instead of
proving the above assertion directly we are going to prove the program implication [B]z=0 — [¢]
z=0, where P} = while xzty do y:=pred(y) ; z:=pred(z) od. It is an easy exercise to prove (x=0 A
z=y) - [B] z=0 in HL by using z=y as an invariant. Note that all the rules of HL can be obtained as
derived rules in our system. We give a top-down proof where goals are reduced to subgoals. The
proof-steps presented below are "macro-steps” in the sense that they comprise more than a single
application of a basic rule. In our comments we will mention only the most important axioms which
have to be used. The reader is referred to chapter four for a dicussion of how these "macro-steps” are
actually implemented in the KIV System.

The first goal is = [Blz=0 — [0] z=0 .

By the while axiom it is reduced to
= ViVEy2). ([Bli] z=0 — [adi] z=0).
Using the induction axiom we get as a subgoal
og = [Blilz=0 — [ali] z=0,
where the induction hypothesis is ¢y = Vj. (j<i = V(x,y,2). ([Bljl z=0 — [adj] z=0)).
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Case analysis yields
i=zero, oy = [Blilz=0 — [adi] z=0
and
i=next(o), ¢y = [Bilz=0 — [adi] z=0 .

Using the first loop axiom we get

i=zero, ¢y = [if € then abort else skip fi] z=0 - [if € then abort else skip fi] z=0
which is trivial.
To reduce the second goal we use the second loop axiom and the induction hypothesis. To get an
appropriate instance of the hypothesis we have to use the axiom: Vx.¢ — [y]l¢, where all variables
which occur on the left-hand side of assignments in 7y are members of the list x. First this axiom is used
with Y= ji=jy and after that with y= (xzy ! Bbdy) , where‘[ibdy = yi=pred(y) ; z:=pred(z). It remains to
show

i=next(jo) , ¢y , [(xs2y ! Bbdy)][aijo] z=0 = [odi]z=0.
Using the lemma
= [(xzy! Bbdy)][au;] z=0 = [(xzy ! abdy)][ocik] z=0 ,

where gy = x:=suc(x) ; z:=pred(z) , and the second loop axiom we finish the main part of our proof.

To prove the lemma we again use induction. Proceeding in the same way as above after some
intermediate steps we get

k=zero, Yy , [(x2y ! Bbdy)] [if £ then abort else skip fi] z=0 =
[(xy ! ocbdy)] [if & then abort else skip fi] z=0

and

k=next(io) , Wy » [(x2y ! Bygy I0xty ! o lekiol =0 =[xy ! apg)][oudk] z=0,
where Y = Vi, (j<k = V(x,y,2). ([(x#y ! Bbdy)}[oclj] z=0 — [(x#y ! osbdy)][aij] z=0) ). We only
demonstrate the proof of the second subgoal. As a sublemma for arbitrary 0 we use

= [y ! Byay Oy ! )1 8 — [0ty ! 0y kY ! By, )10

and get

k=next(jp) , Yz » [(x2y ! 0pg )I[Cxy ! ﬁbdy)]{aijo} 2=0 = [(x#y ! opg,)] [olk] z=0.
Application of the induction hypothesis yields

k=next(jo) , ¥y , [(x=y ! Otbdy)}[(x;ty ! abdy)]{aifjo] z=0 = [(xzy! ocbdy)][alk] z=0 .
Using the second loop axiom we finish the proof of the lemma.

Note that so far we have not used any knowledge about the datastructure we are dealing with.
We now turn to the proof of the sublemma.

= [(x#y ! Bpgll(xey ! ogyg )10 — [(xy ! opgy)][(xy ! Bygy)10
simplifies to
[(xy ! Bygy)l[(xty 0y )10 =[xy ! ot )[(x#y ! By, )10 .
Application of the conditional axiom yields
[(xz2y ! Bbdy)][(’#y ! abdy)]e XAy = [y [y ! Bbdy)]e
and
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[y ! By (xy 0 )10 , —x2y = [abort][(xty ! Byq, )16 .

The second subgoal is trivial. The first one is reduced to
[(xaty ! Bygg)l[(xty ! Og )10 , xsty , suc(x)zy = [0 1[Byqy 10
and
[(x=y ! ﬁbdy)][(x*y ! a,,dy)]e , X2y , —suc(x)Ey = [abdy]{abort}(-) .
using the conditional axiom and the first assignment axiom. Again the second subgoal is trivial.
Simplification of the antecedent yields
X#y , suc{X)#y = X&Yy,
x2y , suc(x)zy =  x#pred(y) ,
[f’bdy] [Oqyl0 = [0ty 1By 10 -

The last goal can be proved using the assignment axioms. Note that we have not to instanciate 0 in this
proof. The second subgoal is the only nontrivial "verification condition” which is generated.

3.3 Axioms for Procedures

The programming language we have presented so far is by no means appropriate for an
application in the area of practical program verification. Work has to be done in two directions. We
have to add special built-in data structures like arrays, records and pointers, and we have to study
more elaborate control structures. In this paper we shall indicate briefly how the programming
language given above can be augmented by the declaration of local variables and (simple)recursive
procedures. Simple recursive procedures take value and variable parameters but no procedure
parameters.

As far as syntax is concerned we add three new constructs to our programming language:

Var X1=T; ;..;X=T,ina ,
proc py& AX1:¥1)-0 5 . 3 Pp&= AMXy1¥n)- 0, in o
and
call p(z:z) .

In the declaration of local variables x; is initialized to the value of 7. x;and y; are the lists of the
formal value and variable pramerters respectively and «; is the procedure body. The construct
X(Xi,yi).ai is called an abstraction. In the procedure call © and z are the lists of the actual

parameters. The occurrences of variables following the symbols "A" and "var" are binding
occurrences. The scope of these binding occurrences is defined in the usual way. An occurrence of a
variable inside the scope of a binding occurrence of that variable is called bound.

As in the case of while-loops we have to add a new datastructure and a new construct to
axiomatise recursive procedures. Here we consider so-called units (pjo) which consist of an
environment expression p and a command 0. The datastructure of environments is used to record the
meaning of the procedure identifiers, Environments are lists of entries of the form [p/(ply)] , where p is
again an environment expression and 1 is an abstraction. The environment p is used instead of the
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current environment upon a call of p. Entities of the form (ply) are called closures. As counters in the
case of while-loops environments belong to our object language. Environment expressions are made up
of the constant empty which denotes the empty environment and dyadic function symbols modp,y -

modp,y (pgsp1 ) denotes the environment which is obtained from p, by adding a new entry [p/(p11¥)] .
Note that since (in standard models) environments are finite tree-like objects a unit (ply) will allow
only a finite number of (recursive) procedure calls. Instead of adding an infinitary rule mec , see
[St 85] for an infinitary axiomatisation of this type of recursive procedures, we will prove properties of
recursive programs by induction on the structure of environments. The use of induction on
environments (also for the case where procedure arguments are allowed) will be described more
detailed in [St 88].

Local variables

[plvarxy=1; ;..;%=T,in0)1¢ & [yp=14] ... [yn=1,] [(p | 0ly1/x1) ... Gn/Xa))]O,
where y1, ... ,yp are pairwise distinct fresh variables.

Procedure declarations
[(plprocdina)l¢ < Ve. ( Admg(p.e) — [(e|w)]d ,
where 8 = p1é= AX1:¥1)-0y 5 -n ; Pné= M(Xp:¥p)-0,, and for each predicate Admg we have
Admg(eg.e;) > ej=emply v
Jey. (Admg(eg,e0) A ey=eglp1/(e | Axy:y1).01)] ... [P/(€2 | MXy¥n)-04)] )
We have written pglp/(p,Y)] for modp;y (Pg»P1) to increase readability.

Procedure calls
[Py /(P! Mx:y).)] | eall p(ez)I0 & [ug:=ty] ... ag:=1,][(py | @)@y
and
[(empty | call p(v:2))1¢ ,
where u = (uy,...,up) is a vector of pairwise distinct fresh variables and o” is obtained from o by a

suitable renaming of the bound variables in o in order to avoid a binding conflict when the elements of
z are substituted for all free occurrences of the elements of y.

3.4 Example 11

Consider the following two programs Cyec and ;.
O = Proc p <= A(x:y). {pbody} var z0=0; z1=0 in
if x=nil then y:=1
else call p(left(x):z0) ; call p(right(x):z1) ; y:=20+z1
fi {endof pbody}
in call p(tree:ct)
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and
o, = {prep} stki=gpty; cti=1 {endof prep}
{loop} while stk#gpty v treenil
do {body} if treexnil
then stk:=push(tree,stk);
tree:=left(tree)
else cti=ct+l;
tree:=right(top(stack)) ;
stk:=pop(stk)
fi {endof body}
od {endof loop}

It is easy to see that o, terminates for all inputs and computes the number of tips of a binary
tree. For aij; this is far less obvious. Hence we might be interested in proving the implication

(Oeerct=c0 — {oy)ct=c0. We use an extension of BURSTALL’s method ("Program Proving as

Hand Simulation with a little Induction") [Bu 74]. The "execution" of Uprep Jeads to the subgoal
{Opct=c0 , stk=epty , ct=1 = (aloop)ct=c0 .

H after some number of iterations we reach a state where tree=nil and stk=gpty , then the while-loop

terminates. Using the axiom for procedure declarations we can deduce that it is sufficient to prove

= Vei. V{ctstk, treexdy,c,s,c0,c1,t1). { Admp,;b xy). _(empty, e1) A {(eq | call p(t1:c1))cl=cO A
ti=t A tree=t A stk=$ A ct=c+1 — 3i. (loop (g ! abody) times i)(tree=nil A stk=s A ct=c+c0) ) ,

where € = stkeepty Vv tree#nil . The proof is by induction on the structure of environments. We have
to show

{(eq | call p(tl:c1))cl=c0, Admp’x(x:y)_ {(empty, e1) , tl=t, tree=t, stk=s , ct=c+1, ¢y =
3i. (loop (! Opody) times i)(tree=nil A stk=s A ct=c4c0,
where ¢y is the inductive hypothesis. Due to the axiom for procedure calls the case e;=empfy is trivial.
For the case ey=empty[p/(e; | K(x:y).(prody)] and Admy 3 (x.y). .. (empty, ep) we eliminate the

procedure call, the local variable declaration and the conditional by the corresponding axioms. In the
case of "else” we are left with

[12:=t1][c2:=0][c3:=0]{(e; | call p(left(t2):c2); call p(right(t2):c3); c1:=c2+c3))c1=c0 ,
Admy j (x.y). .(€MDLY, €3), tl=t, tree=t, stk=s ct=C+1, ¢y, t#pil =
3i. (loop (! e‘body} times i)(free=nil A stk=s A ct=c+c0) .

Simplification yields

{(e; | call p(12:c2)))c2=c4 , [t2:=t1][c3:=0]{(e; | call p(right(t2):c3); cli=c4+c3))cl=cO , ...

ey 2=left(t)  tl=t, .. =
3i. (loop (g ! abody) times i)(free=nil A stk=s A ct=c+c0) .

‘We reduce this subgoal by "executing” (e ! “body) once. Note that t#nil. We get
.. » tree=left(t) , stk=push(s,t) , .. = 3i. (loop (g! “body) times i)(tree=nil A stk=s A ct=c+c0) .
We have now reached a situation where we can apply a suitable instance of the inductive hypothesis.
For example we instanciate t1 with 12, c1 with c2, c0 with c4, t with left(t) and s with push(s,t). We
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get
[£2:=t1][c3:=0]{(e, | call p(right(t2):c3); cl:=c4+c3))cl=c0, ...
. ..,tl=t, tree=nil , stk=push(s,f) , ct=c+c4 =
3i. loop (e! abody) times i)(tree=nil A stk=s A ct=c+c0) .
Note that t1, t etc. are not changed by Opody” Simplification yields
{(e, | call p(t2:c3))c3=c5 , {cl:=c4+c5)c1=c0, ..., t2=right(t) , ...=>
3i. {loop (€ ! “body) times i)(tree=nil A stk=s A ct=c+c0) .
"Executing the body" leads to the subgoal
..., tree=right(t) , stk=s , ct=c+c4+1, .=
3i. (loop (e ! abody) times i)(tree=nil A stk=s A ct=c+c0) .
Again we have reached a situation where we can apply the inductive hypothesis. This time c is
instantiated with c+c4 and ¢0 with c5. We get
(cl:=c4+c5)cl=c0, tree=nil , stk=s , ct=c+cd+c5, ... =
3i. {loop (¢! abody) times i)(tree=nil A stk=s A ct=c+c0) .
We now finish the induction proof by choosing i=zero
{cl:=c4+c5)c1=c0, tree=nil , stk=s , ct=c+cd+c5 , ..... = (tree=nil A stk=s A ct=c+c0).

4 The KIV System

4.1 The Metalanguage PPL

In the preceding chapters we have tried to convince the reader that in principle DL on the
uninterpreted level is a powerful and flexible logical formalism which can be used for many different
purposes and which supports many proof styles. However it seems to be hopeless to carry out formal
proofs in a step by step manner using only the basic formalism. Most of the "macro-steps” in example
1I require more than ten applications of basic rules. Even a proof checker will not suffice to make
proofs like this one feasible. At least we need a system that allows the user to carry out formal proofs
(following a given strategy) in just the way we have presented it above. This means that one only has
to type in "execute" , "simplify by ...", "use the induction hypothesis” , etc. , and the system will
carry out the corresponding goal reduction automatically. As a next step the user can be provided with
some bookkeeping facilities which tell him/her what has still to be done and where to step back if a
wrong decision has been made. An even more ambitious aim is to carry out parts of the proofs
automatically. For example we might look for heuristics to select the appropriate tactic. For a first step
in this direction the reader is referred to [HRS 87].

Following the ideas of ML [GMW 79] our basic logical formalism is embedded in a functional
language which can be used to program the construction of proofs. The central data structure of PPL
(Proof Programming Language) are so-called proof-trees: The proven sequent is the root of the tree,
the axioms and hypothesis are its leaves, and fy, ... ,f, are sons of a node f iff f can be derived from
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notation we write [$e#$bi«i]$p1 as an abbreviation for [while $e do $b 0dli]$p; . Terms of the object
langunage like sequences, formulas and programs are quoted by "

def induction_step =
letrec
conclusion =

"i=next($0) , Vj. (<i — Vv.($e#$bl jisp; — $pp)) = ([$e#$blil$q; — $gp)"
and

hypl =

"j=next($1) , Vj.(<i — V$v.([$e#$bd j1$p; — $po)) , [$e ! $b][j:=$t1$py = $q,"
and

hyp2 = " = (8q; — $py)"
and
val = lambda (s, s*)

let

equation = exp;(s) (exp; selects the instance of i=next($t) from s) and
ind_hyp = expa(s) (exp, selects the instance of V$v.([$e#$bd j1$p; — $py)

froms) and
alpha = exp3(s*) (expy selects the instance of $e! b from s*) and
phil = expy(s) (expy selects the instance of $p; froms) and
thetal =exps(s) (exps(s) selects the instance of $q; from s)

in letrec
t1 = specialize_ind_hyp (ind_hyp, equation) and
12 = apply_o-axiom ( suc (t1), alpha) and
t3 = distribute_and_fold (suc (£2)) and
t4 = reduce (mkstree (mkseq (suc (t3), subst (suc (t3), phil,thetal)))) and
t5 = infer (cut, list (1, 2),
list (infer (cut, list (1, 2),
list (infer (cut, list (1, 2), list (t1, t2)), £3)), t4))
in
infer (cut, list (1, 2),
list (5,
reduce (mkstree (mkseq (attach (suc (concl (t5)), ant (concl (t5))),
suc (conclusion)))))
in mktree (mkstree (conclusion), list (mkstree (hypl), mkstree (hyp2)), val)

In the notation of textbooks the rule would take the form:

i=next($t) , oy, [$e! $b1[j:=$t}$p; = $q; | = ($q;-%pp)

i=next($t), oy = ([$e#$bei]$Q1 - $q,)
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where ¢y = V. (j<i — V$v.([$e#$bd j15p; — $pp))

If this rule is used to reduce (+) we obtain the following instanciations for the metavariables:
$t &= jo, $v &= (xy.2) , $e &= x2y, $b = Py, $q1,8p1 &= 20, 3@z = [oudi]z=0 and $py =
[odjlz=0 . We get the subgoals:

i=next(jg) , dgg » [(x2y ! Bpgy)Ilis=jollodilz=0 = [odi]z=0 ()
and
= (z=0 - z=0) (**%)

The first is reduced to (++) by simplification, and the second is trivial. So we are done with our

reduction if the validation val can be executed successfully for this instantiation of the rule.

In the rest of the section we give a trace of the validation function val called with the
instantiations given above.

The formal parameter s is bound to (+) and s* to the list made up of (*) and (**). The
declarations of the let-block in val provide the relevant parts of s and s*. The execution part of this
block actually produces the proof. At first the subfunction specialize ind_hyp yields a proof (t1) of:

(1)  i=next(ip) , Vi. (j<i = V(xy,2)(Bd jlz=0-[adjlz=0)) =
Y(x,y,2). (B jolz=0 — [adjolz=0)
This is done by specializing the induction hypothesis: j becomes jg .

For the next step the validation uses the o-axiom: = Vv.0 — [a]¢ , where the assignment

variables of o must be a subset of v. The result (t2) is a proof of
2 Yy.2). (Bdjolz=0 - [adjolz=0) = [xzy! ﬁbdy]([ﬁijo]z=o — [odjglz=0)

The function distribute_and_fold applies the distribution law of modal logic and the axiom for

loops. It generates and binds to 13 a proof of
(3) [x=#y! ﬁbdy}([ﬁljg]z:() - [odjglz=0) = ([Binext(i@]z:() — [x=zty ! [dey]{ai jolz=0)

Since both phil and thetal have the value z=0 the argument of the reduce function is frivial.
Reduce proves (and binds to t4)

@) ([Bnext(ig)lz=0 — [x#y ! Byg,Jotdjolz=0) = ([Bdnext(Go)lz=0 — [xy ! Byg,Jordjolz=0)
In this case the proof is trivial. In more general cases where phil and thetal are different the function
reduce will not be able to prove (4) completely. Instead it will end up with the single unproved subgoal
stating that thetal implies phil, which is the second premise of the rule.

Putting together (1), (2), (3), (4) by the cut rule we get a proof (bound to t5) for

(5)  i=next(ig) , Vi. (j<i = V(xy,2). (B} jlz=0-[0djlz=0)) =
[Blnext(jo)z=0 — [xsy ! BygyIloriglz=0
In the execution part of the inner letrec-block the function reduce computes a proof of
i=next(jp) , Vj. (j<i 2V (x,y,2). (B jlz=0-[oj]z=0)),
([B»l«ncxt(jo)]z=0 ~> [x=y ! Bbdy][aijo]ZzO) = ([Blilz=0 - [aldilz=0)  (§)
leaving as an unproved subgoal '
i=next(jg) , O , [(x2y ! Bbdy)][j:=j0][a¢j]z=o = [odi]z=0
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which is the first premise of the rule. Finally the validation applies the cut rule to t5 and (§), and returns
a proof for (+) with (*) as an open subgoal. Since the set of the remaining subgoals is a subset of the
premisses of the rule the validation terminates successfully, and thus demonstrates the triple (+), (*),
{(**) to be a sound instance of the rule induction_step.

Note that if we remove the quantifier V(x,y,z) from the inductive hypothesis the validation fails
when the o-axiom is used. In this way validations can be used to detect logical errors.

4.3 Tactics and Strategies

Tactics are more general than derived rules in the sense that (in backward proofs) we can
generate subgoals by performing a step which cannot be expressed schematically. For example given a
sequent x=T , I => A we might wish to substitute © for x in I" and A. This can be accomplished by a
tactic (which fails if a binding conflict arises). As opposed to derived rules a tactic cannot be applied
without running the corresponding PPL program. Hence all formulas which are accessed by a tactic
must be fully instanciated. For example we can apply the rule = [x:=T]{a}¢ —[a][x:=1]¢ in a given
context without running its validation. However, we must be aware of the fact that this is only a "first
guess” because the rule might not be valid for this instanciation. This feature of rules is exploited to
perform "schematic proofs” which are used for example in program development where we have to
deal with partly instanciated programs and formulas.

Derived rules and tactics represent the logical building blocks of the verification method we are
going to implement in the KIV environment. The nonlogical aspects, like the overall structure of a
method, bookkeeping facilities, backtracking and heuristics, are realized by PPL programs we call
strategies. Step by step we enlarge the degree of automatisation which is incorporated in a strategy.
Using heuristics we may try to guess the right instanciation of a induction hypothesis, generate the
induction hypothesis automatically (generalization), select tactics and detect dead ends of a proof. If
we consider the degree of automatisation, the strategies which are currently implemented, like
BURSTALL"s method, are still far from systems like the one of BOYER & MOORE [BM 79]. In our
system however, all deductions are logically valid with respect to the basic formalism.
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