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k � ü¸ï�ë�ñ�ú k = 1, . . . , d − 1
��ì�÷Âë�ë�÷Âê/�

%K
ï�ñ

% → ∞ �
�gíPö\ë�÷�ù�ê4H�÷�ñ§ó�ùgö2��ñ�í	�Jù�ê ��õ�ù(�g÷Âê/� -�ï���ñ�ñ�÷ðï�êJîÂ÷ÂøJ÷Âë�ñ�ó�ù�õ"ë�ì�í

k � �¢÷Âø!í\ê�ñ�÷�ù�ê¨ï�î�þ�í\ûVíPñ�����íeø!í�ï�ñ���õ�íù�ó�ë�ì�í<��ê�÷�ù�ê ù�ó�÷Âê�ë�í\õ�ñ�íPö\ë�÷�ù�ê
k � ü¸ï�ë�ñ!ú��qí\ê�í\õXï�ë�í	� û�ô3÷Âê�ë�í\õ�ñ�íPö\ë�÷�ù�ê6ù�ó d − k

ì�ô5��í\õ���îðï�ê�íPñ��E÷Âê
%K

ó�ù�õ
k = 0, 1, . . . , d − 1

�10?ù�ë�í�ë�ì¨ï�ë5ó`ù�õ�ñ�ë����¢ôg÷Âê/�Gë�ì�íPñ�í�õXï�ê���ù�ø ë�ù�ëXï�î
k � �qù�î$��ø!íPñ�ë�ì�íöPù�ê,�qí)0¢÷Âë�ô$ù�ó

K
ö�ï�ê>û�í 
�í�ï�9qí\ê�í	�A�"émë�÷�ñ�ï�î�ñ�ù ê�ù�ë�í2
�ù�õ�ë�ì�ô$ë�ì¨ï�ë�ë�ì�í{õXï�ê/9!ù�ó�ë�ì�íEöPù�õ�õ�íPñ���ù�ê�� �÷Âê/�Jï�ñ�ô�ø���ë�ù�ë�÷�ö�öPù���ï�õ�÷ðï�ê�öPí5ø�ï�ë�õ�÷ 0Gí&�,�¨ï�î�ñ #?÷Âê�ï�ê�ô=�¢÷Âø!í\ê�ñ�÷�ù�ê

d ≥ 2
��2&ù�õ�íPù(�qí\õ(�/

í?ñ�ì�ù(


÷Âê3�gíPö\ë�÷�ù�ê ��ë�ì¨ï�ëeë�ì�í�öPù(��ï�õ�÷ðï�ê�öPí�ø�ï�ë�õ�÷ 0Gù�ó�ë�ì�í@-�ï���ñ�ñ�÷ðï�ê,îÂ÷ÂøJ÷Âëe÷Âê3�gíPö\ë�÷�ù�ê F ì¨ï�ñeó���îÂîVõXï�ê/9
ó`ù�õ�ï�ê�ô

d ≥ 2
�4
{ù�
�í2�qí\õ(�(ë�ì�í+í\ê�ë�õ�÷�íPñ ù�ó�ë�ì�÷�ñ�öPù(��ï�õ�÷ðï�ê�öPí+ø�ï�ë�õ�÷ 0 ñ�ë�õ�ù�ê/��îÂô ��í2�Ví\ê��&ù�ê ë�ì�í

ñ�ì¨ï���í>ù�ó
K

�Bémê �¨ï�õ�ë�÷�ö2��îðï�õJë�ì�íGï�ñ�ô�ø���ë�ù�ë�÷�ö:��ï�õ�÷ðï�ê�öPí$ù�ó{í�ï�öXì4öPù�ø���ù�ê�í\ê�ë�÷�ñ��/� ë�ù3ñ�ù�ø!í
öPù�ê�ñ�ëXï�ê�ë�ï$ê�ù�ê � ï��/�¢÷Âë�÷$�qí���ø!ù�ë�÷�ù�ê � ÷Âê,��ï�õ�÷ðï�ê�ë+ù(�qù�÷��&óC��ê�ö\ë�÷�ù�ê¨ï�î�ù�ó K


eì�÷�ö�ì6ñ�íPí\ø!ñ�ë�ù$ûVí+ù�ó
÷Âê�ë�í\õ�íPñ�ë5÷Âê&÷Âë�ñ{ù�
eê&õ�÷$��ì�ë(�{émê(�gíPö\ë�÷�ù�êE>4
�í���÷$�qí�ñXù�ø!í�íPñ�ë�÷Âø�ï�ë�íPñ5ù�ó"ë�ì�íPñ�í óC��ê�ö\ë�÷�ù�ê¨ï�î�ñ�ï�ê��
��í\õ�÷$�qí�í)05��îÂ÷�ö\÷Âë�ó`ù�õ�ø���îðï�ñ�÷ÂêBö�ï�ñ�í�ù�ó§û¨ï�îÂî�ñ�ú

d ≥ 2
�eï�ê��Gó�ù�õ�í\îÂîÂ÷$��ñ�íPñEï�ê��,õ�íPö\ëXï�ê/��î�íPñ+ú

d = 2
�)�

� ë�ë�ì�í�í\ê���ù�ó¢ë�ì�÷�ñ)ñXíPö\ë�÷�ù�ê@
�í"÷Âê�ë�õ�ù5�1��öPí�ñ�ù�ø!í"û¨ï�ñ�÷�ö�ê�ù�ëXï�ë�÷�ù�ê@��ñXí	��õ�í2��í�ï�ë�í	�¢îÂô�÷Âê ë�ì�÷�ñG�¨ï��Ví\õ(�
ÿ�ì�õ�ù��/��ì�ù���ë(��î�í\ë

Bd ûVíeë�ì�í σ− ï�î$�qí\û�õXï�ù�ó#5�ù�õ�í\î¨ñ�í\ë�ñ�÷Âê IRd ï�ê��!î�í\ë [Ω,A,P]
û�íEï�öPù�øJø!ù�ê

��õ�ù�û¨ï�û�÷ÂîÂ÷Âë�ô ñ��¨ï�öPí�ù�ê 
eì�÷�ö�ì6ï�îÂî�õXï�ê���ù�ø ù�û6.zíPö\ë�ñ�ï�õ�í<��íuò�ê�í	�3÷Âê&ë�ì�÷�ñ3�¨ï���í\õ(�?ÿ�ì�í�ñ�ô�ø�û�ù�î�ñ
E, Var

ï�ê��
Cov

ï�õ�í ��ñ�í	�$ó�ù�õ�í)01�VíPö\ëXï�ë�÷�ù�êG�1��ï�õ�÷ðï�ê�öPí�ï�ê��,öPù���ï�õ�÷ðï�ê�öPí 
 � õ(� ë(�"ë�ì�í ��õ�ù�û¨ï�û�÷ÂîÂ÷Âëmô
ø!í�ï�ñ���õ�í

P
�DB/��õ�ë�ì�í\õ(��î�í\ë 〈x, y〉 =

∑d
k=1 xkyk

��í\ê�ù�ë�íeë�ì�íeñ�ö�ï�îðï�õ.��õ�ù5�1��ö\ë�ù�ó�ë�ì�í�öPù�ù�õ��¢÷Âê¨ï�ë�í
�qíPö\ë�ù�õ�ñ

x = (x1, . . . , xd)
> ï�ê�� y = (y1, . . . , yd)

> ÷Âê IRd ��5
ô�ø!í�ï�ê�ñ�ù�ó¨ë�ì�í�
���ö\îÂ÷���í�ï�êJê�ù�õ�ø

F



‖ · ‖ =
√

〈·, ·〉 

í�ø�ï�ôE��íuò�ê�í!ë�ì�í$ö\î�ù�ñ�í	�6û¨ï�îÂî
Bd

r = {x ∈ IRd : ‖x‖ ≤ r} 
e÷Âë�ì õXï��¢÷$��ñ
r ≥ 0

öPí\ê�ë�í\õ�í	�Ýï�ë�ë�ì�í!ù�õ�÷$��÷Âê ï�ê��6ë�ì�í���ê�÷Âë ñ���ì�í\õ�í
SSd−1 = {x ∈ IRd : ‖x‖ = 1} ÷Âê IRd �õ�íPñ���íPö\ë�÷$�qí\îÂô � B/��õ�ë�ì�í\õ�ø!ù�õ�í���î�í\ë

SSd−1
+ = {(x1, . . . , xd)

> ∈ SSd−1 : xd ≥ 0} ûVíJë�ì�í:�/�/��í\õ
��ê�÷Âë�ì�í\øJ÷�ñ���ì�í\õ�í�ï�ê��&î�í\ë

νk(·)
��í\ê�ù�ë�í+ë�ì�íJþ�í\ûVíPñ�����í+ø!í�ï�ñ���õ�í+÷Âê

IRk ó�ù�õ
k = 0, 1, . . . , d

�
ÿ�ì�÷�ñ§ø!í�ï�ñ���õ�í7
e÷ÂîÂî�ï�î�ñXù{ûVí7��ñ�í	��÷Âê�ñ�ë�í�ï��Jù�ó¨ë�ì�í

k � �¢÷Âø!í\ê�ñ�÷�ù�ê¨ï�î 
5ï���ñ���ù�õ ��ø!í�ï�ñ���õ�í�÷Âê IRd ó�ù�õ
k = 0, . . . , d−1

� � ñD��ñ��¨ï�î �
ν0(·)

öPù�÷Âê�ö\÷���íPñ�
e÷Âë�ì!ë�ì�íeöPù���ê�ë�÷Âê/��ø!í�ï�ñ���õ�í��q÷ � í��$�
ν0(B) = #B

�
ÿ�ì�í

d � �qù�î$��ø!í ù�ó§ë�ì�í ��ê�÷Âë�û¨ï�îÂî�÷�ñ{ï�û�û�õ�í2��÷ðï�ë�í	�Bû�ô
κd = νd(B

d
1)


e÷Âë�ì

κ2k =
πk

k!

ï�ê��
κ2k+1 =

22k+1 k!πk

(2k + 1)!

ó�ù�õ
k = 0, 1, . . . .

� �?è¸ã�è¸à�çEâ�ãeÜ�� Û6ç�à�ä¸ä¨ç�â������>Þ§Ü	�+ß�ã�â�Þ
��Ü�ç���Þ�ä¨ä¸Þ�ä à�â
IRd ã�â�æ è	��Þ�à�Ü


���� ã�è�àXâEè�Þ§Ü�ä¸Þ���è¸àXç�â���ÜVç���Þ�ä¸ä¨Þ�ä��
0 ≤ k ≤ d − 1

� ê ��ê�ù�õ�÷�í\ê�ë�í	�Bì�ô?�Ví\õ���îðï�ê�í�÷Âê
IRd ö�ï�êBû�í5õ�í2��õ�íPñ�í\ê�ë�í	��÷Âê�ë�ì�í �¨ï�õXï�ø!í\ë�õ�÷���í	�Bó�ù�õ�ø

H(p, v) = {x ∈ IRd : 〈x, v〉 = p }

e÷Âë�ì����������! #"$ %�����'&��)(* #���

v ∈ SSd−1
+

ú}ë�ì�í ê�ù�õ�ø�ï�îI��ê�÷Âë��qíPö\ë�ù�õ?ù�ó
H(p, v)

�Eï�ê��
p ∈ IR1 ��÷$�qíPñ

ë�ì�í�ñ�÷$��ê�í	� �Ví\õ���í\ê��¢÷�ö2��îðï�õ �¢÷�ñ�ëXï�ê�öPí5ó`õ�ù�ø�ë�ì�í�ù�õ�÷$��÷ÂêG�
+-,�.�/10324065	/ � ñ�ëXï�ë�÷�ù�ê¨ï�õ�ô879���3:;:��$�=<?>A@B���C@	DE"����1@��F�G(A�A:;:

Φ
(d)
λ,Θ

÷Âê
IRd ÷�ñ ��íuò�ê�í	��ë�ùEûVí�ï{öPù���ê�ë �ï�û�î�í�ó�ï�øJ÷ÂîÂô {H(Pi, Vi) : i ≥ 1} ù�ó�õXï�ê���ù�ø (d − 1)− �¢÷Âø!í\ê�ñ�÷�ù�ê¨ï�î"ï �!ê�í�îÂ÷Âê�í�ï�õ?ñ���û�ñ��¨ï�öPíPñ

ù�ó
IRd ú}ì�ô5�Ví\õ���îðï�ê�íPñ��)�,
eì�í\õ�í Ψ = {[Pi, Vi] : i ≥ 1} ÷�ñ�ï�ñ�ëXï�ë�÷�ù�ê¨ï�õ�ôJ÷Âê���í2��í\ê���í\ê�ë�îÂô!ø�ï�õ�9qí	���ù�÷�ñ�ñXù�êE��ù�÷Âê�ë ��õ�ù�öPíPñXñ�ù�ê�ë�ì�í+õ�í�ï�î"îÂ÷Âê�í

IR1 
e÷Âë�ì�÷Âê�ë�í\ê�ñ�÷Âëmô
0 < λ < ∞ ï�ê�� ø�ï�õ�9;�¢÷�ñ�ë�õ�÷ �û/��ë�÷�ù�ê

Θ(·) ú`ö�ï�îÂî�í	�H�$�A�#���! #"$ %�����'I$�J:� %�A�#K�LM %�%���+ù�ó�ë�ì�í)��
+� �.��÷$�qí\ê>ù�ê>ë�ì�í{ø!í�ï�ñ���õXï�û�î�í?ø�ï�õ�9
ñ��¨ï�öPí

[ SSd−1
+ ,Bd ∩ SSd−1

+ ]
�

B�÷$����õ�í4#$N�23ù�ë�÷�ù�ê � ÷Âê?��ï�õ�÷ðï�ê�ë)��ù�÷�ñ�ñ�ù�êBîÂ÷Âê�í ��õ�ù�öPíPñXñe÷ÂêBï�õ�íPö\ëXï�ê/����îðï�õ?ï�ê��
í\îÂîÂ÷$��ë�÷�ö 
e÷Âê���ù�


J



0{ù�ë�í�ë�ì¨ï�ë5ê�ù�ê � ñ�ëXï�ë�÷�ù�ê¨ï�õ�ô �

+�"ñ5ö�ï�ê ûVí���íuò�ê�í	�&÷Âê&ë�ì�í�ñZï�ø!í@
�ïPô&û�ô�î�í\ë�ë�÷Âê/�
Ψ
ï�ê3÷Âê���í ���í\ê���í\ê�ë�îÂô:ø�ï�õ�9qí	����ù�÷�ñXñ�ù�ê ��õ�ù�öPíPñ�ñ<
e÷Âë�ì ï�ê ÷Âê�ë�í\ê�ñ�÷Âëmô ø!í�ï�ñ���õ�í

Λ(·) ù�ê [IR1,B1]
û�í\÷Âê/�

ê�ù�ë
ñ�ì�÷yó`ë � ÷Âê,��ï�õ�÷ðï�ê�ë(��ñXíPíEí�� ��� ��F�H��!� � ñ�ëXï�ë�÷�ù�ê¨ï�õ�ô �

+�
Φ

(d)
λ,Θ

ú`ù�õ�÷Âë�ñ
ù�õ�÷�í\ê�ëXï�ë�÷�ù�ê �¢÷�ñ�ë�õ�÷Âû/��ë�÷�ù�ê
Θ(·) ��÷�ñ�ö�ï�îÂî�í	� ����� � I � � �������F"$ C�§÷yó Θ(H(0, v)∩SSd−1

+ ) < 1
ó`ù�õ�ï�îÂî

v ∈ Sd−1
+

��ÿ�ì�÷�ñ§ï�ñ�ñ���ø���ë�÷�ù�ê
ù�ê

Θ(·) í\ê�ñ���õ�íPñ�ë�ì¨ï�ëEí�ï�öXìBù�ó§ë�ì�í�ñ�ëXï�ë�÷�ù�ê¨ï�õ�ô k− ü¸ï�ëe÷Âê�ë�í\õ�ñ�íPö\ë�÷�ù�ê ��õ�ùgöPíPñ�ñ�íPñ

Φ
(d,k)
λ,Θ = {H(Pi1 , Vi1) ∩ · · · ∩ H(Pid−k

, Vid−k
) : 1 ≤ i1 < · · · < id−k}

ì¨ï�ñ���ù�ñ�÷Âë�÷$�qí5ø!í�ï�ê
k � �qù�î$��ø!í5÷Âê,ë�ì�í3��ê�÷Âë�ö2��ûVí

[0, 1]d
ó�ù�õ�í�ï�öXì

k = 0, 1, . . . , d − 1
ï�ê��Gë�ì�í

ñ�ëXï�ë�÷�ù�ê¨ï�õ�ô���
?ÿ ÷Âê��1��öPí	�!û�ô
Φ

(d)
λ,Θ

öPù�ê�ñ�÷�ñ�ë�ñ�ù�ó(û�ù���ê���í	�$öPí\îÂî�ñ���ñXíPí{ý�ì¨ï���ë�í\õ7>�÷Âê ��F�J��!�§é�ê�ë�ì�í
îðï�ë�ë�í\õ õ�íuó�í\õ�í\ê�öPí!ë�ì�íJõ�í�ï���í\õ�ö�ï�ê6ò�ê��:ïGõ�÷$�qù�õ�ù���ñ�÷Âê�ë�õ�ù5�1��ö\ë�÷�ù�ê ÷Âê�ë�ù�ë�ì�í4�qí\ê�í\õXï�î�ë�ì�íPù�õ�ô�ù�ó
ñ�ëXï�ë�÷�ù�ê¨ï�õ�ô

k− ü¸ï�ë3��õ�ù�öPíPñXñ�íPñ?÷Âê
IRd 
eì�÷�öXì6ï�õ�í<��íPñXö\õ�÷Âû�í	�3ë�ì�í\õ�íJï�ñ �Vù�÷Âê�ë ��õ�ùgöPíPñ�ñ�íPñ?ù�ê ë�ì�í

ñ��¨ï�öPí Ad
k

ù�ó�ï�îÂî
k− �¢÷Âø!í\ê�ñ�÷�ù�ê¨ï�î"ï �!ê�í�ñ���û�ñ��¨ï�öPíPñ{÷Âê

IRd �
0 ≤ k ≤ d − 1

� �
(d − 1)− ü¸ï�ë��õ�ù�öPíPñ�ñE÷�ñ ��ñ��¨ï�îÂîÂô,ö�ï�îÂî�í	�,ì�ô?�Ví\õ���îðï�ê�í@��õ�ùgöPíPñ�ñ(� �gù�ø!í\ë�÷Âø!íPñEë�ì�í�ù�õ�÷�í\ê�ëXï�ë�÷�ù�ê �¢÷�ñ�ë�õ�÷Âû/��ë�÷�ù�ê3ù�ó

ï ��
)��÷�ñ�÷Âê�ë�õ�ù5�1��öPí	�4ï�ñ�ï�ê í2�qí\ê ��õ�ù�û¨ï�û�÷ÂîÂ÷Âëmô6ø!í�ï�ñ���õ�í
Θ∗(·) ù�ê:ë�ì�í$í\ê�ë�÷Âõ�íGñ���ì�í\õ�í SSd−1


eì�÷�ö�ì&÷�ñ�ë�ì�í\êBöPù�ê�ê�íPö\ë�í	� 
e÷Âë�ì
Θ(·) û�ô Θ∗(B) = 1

2

(

Θ(B ∩ SSd−1
+ ) + Θ(−B ∩ SSd−1

+ )
) ó�ù�õ

ï�ê�ô�5�ù�õ�í\î�ñ�í\ë
B ⊆ SSd−1)

ï�ê��A�)öPù�ê?�qí\õ�ñ�îÂô �
Θ(B) = Θ∗(B) + Θ∗(−B)

ó�ù�õ�ï�ê�ô�5�ù�õ�í\î�ñ�í\ë
B ∈⊆ SSd−1

+

�"ÿ�ì�í�ñ�ôgøJø!í\ë�õ�ô,öPù�ê��¢÷Âë�÷�ù�ê
Θ∗(B) = Θ∗(−B)

í)01��õ�íPñ�ñ�íPñeë�ì�í�÷���í\ê�ë�÷yò¨ö�ï�ë�÷�ù�ê ù�ó
ì�ô5��í\õ���îðï�ê�íPñ@
e÷Âë�ì ï�ê�ë�÷$�Vù?��ï�î�ù�õ�÷�í\ê�ëXï�ë�÷�ù�ê �qíPö\ë�ù�õ�ñ(� � ñ�ëXï�ë�÷�ù�ê¨ï�õ�ô(�

+�

Φ
(d)
λ,Θ

÷�ñ�ñXï�÷�� ë�ùGûVí
�J:*�$ %�F��@	�%(�ú`ù�õ�� �$ %����� � �6� & "$�A��"��! ��÷yó Θ(·) ÷�ñeë�ì�í ��ê�÷yó�ù�õ�ø �¢÷�ñ�ë�õ�÷Âû/��ë�÷�ù�ê

U(·) = 2 νd−1(·)/d κdù�ê
SSd−1

+

�q÷ � í��
Θ∗(·) ÷�ñ"ë�ì�í ��ê�÷yó`ù�õ�ø �¢÷�ñ�ë�õ�÷Âû/��ë�÷�ù�ê>ù�ê

SSd−1 �§é�ë�ë���õ�ê�ñ�ù���ë"ë�ì¨ï�ë�ë�ì�í���ê�÷�ù�ê$ñXí\ë�ñ

Ξ
(d,k)
λ,Θ =

⋃

1≤i1<···<id−k

d−k
⋂

j=1

H(Pij , Vij )
ó�ù�õ

0 ≤ k ≤ d − 1

ï�õ�í>ñ�ëXï�ë�÷�ù�ê¨ï�õ�ô:õ�íPñ��G��ø!ù�ë�÷�ù�ê � ÷Âê?��ï�õ�÷ðï�ê�ë�õXï�ê���ù�ø ö\î�ù�ñ�í	�Ýñ�í\ë�ñ(��ñ�íPí �$#(F��!�§÷ �Äë�ì�í ��
)�
Φ

(d)
λ,Θ��ù�íPñ�ñXù+÷Âê,ë�ì�í ï�û�ù��qí � ��íuò�ê�í	�3ñXí\ê�ñ�í���ÿ�ì�í�÷Âê�ë�í\ê�ñ�÷Âë�ô λ

ù�ó
Φ

(d)
λ,Θ

ö�ï�ê�ûVí�í)01��õ�íPñ�ñ�í	�Gû�ô

λ =
1

2 r
E#{i ≥ 1 : H(Pi, Vi) ∩ Bd

r 6= ∅} =
1

νd(B)
Eν(d,d−1)(Ξ

(d)
λ,Θ ∩ B)

ó`ù�õEï�ê�ô
r > 0

ï�ê��Bï�ê�ô>ûVù���ê���í	�
B ∈ Bd �

0{ù�
 
�í�ï�õ�í�÷ÂêBï �Vù�ñ�÷Âë�÷�ù�ê�ë�ù+÷Âê�ë�õ�ù5�1��öPí�ë 
�ù!ó���ê�ö\ë�÷�ù�ê¨ï�î�ñ
Ψ

(d)
k (·) ï�ê�� ζ

(d)
k (·) ù�ê�ë�ì�í5ó�ï�øJ÷ÂîÂôù�ó§ñ�í\ë�ñ

K% := %K , % ≥ 1
��
eì�í\õ�í

K
÷�ñeöPù�ê?�qí)03ï�ê��,öPù�ø��¨ï�ö\ë{ñ���öXì,ë�ì¨ï�ë

Bd
ε ⊆ K

ó`ù�õ�ñ�ù�ø!í
ε > 0

�.B�ù�õ
k = 0, 1, . . . , d − 1

��íuò�ê�í

Ψ
(d)
k (K%) =

1

(d − k) !

∑∗

i1,...,id−k≥1

χ(
d−k∩
j=1

H(Pij , Vij ) ∩ K%)
ú F1�$#��

ï�ê��
ζ
(d)
k (K%) =

1

(d − k) !

∑∗
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d−k∩
j=1
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ú F1��F �
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ó�ù�õ
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e÷�ñ�í=�¢÷�ñ�ë�÷Âê�ö\ë�÷Âê��¢÷�öPíPñ
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Ψ
(d)
k (K%)

öPù���ê�ë�ñ
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ë�ì�í�ê,��ø�û�í\õ�ù�ó�÷Âê�ë�í\õ�ñXíPö\ë�÷�ù�ê
k− ü¸ï�ë�ñ
ù�ó Φ(d)

λ,Θ

ì�÷Âë�ë�÷Âê/�
K%

�?
eì�í\õ�í�ï�ñ
ζ
(d)
k (K%)

ø!í�ï�ñ���õ�íPñ�ë�ì�í\÷Âõ
ë�ì�í�ë�ù�ëXï�î
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ÿ)ù ��í\ë�í\õ�øJ÷Âê�íJí)01��íPö\ëXï�ë�÷�ù�ê�ñ(� ��ï�õ�÷ðï�ê�öPíPñ�ï�ê��&îðï�ñ�ë5û/��ë5ê�ù�ë?î�í�ï�ñ�ë?ë�ì�íJï�ñ�ôgø���ë�ù�ë�÷�ö�û�í\ì¨ï(��÷�ù���õ
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% → ∞ �§ù�ó�ú F1�$#���ï�ê��3ú F1��F ��
�íEöPù�ê�ñ�÷���í\õ�ë�ì�í�ñ�ëXï�ë�÷�ù�ê¨ï�õ�ôJ÷Âê���í2�Ví\ê���í\ê�ë�îÂô�ø�ï�õ�9qí	� ��ù�÷�ñ�ñ�ù�ê
��õ�ù�öPíPñ�ñ

Ψ
ù�ê

IR1 ï�ñ�ï�ê�ù�ê � ñ�ëXï�ë�÷�ù�ê¨ï�õ�ô ��ù�÷�ñ�ñ�ù�ê ��õ�ùgöPíPñ�ñeù�êGë�ì�í ��õ�ù?�1��ö\ë�ñ��¨ï�öPí
IR1 × SSd−1

+
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� ê6í&�?��÷$��ï�î�í\ê�ë�ó�ù�õ�ø@��îðï�ë�÷�ù�ê ù�ó�ë�ì�í���ù�÷�ñ�ñ�ù�êE��õ�ù��Ví\õ�ë�ô�ù�ó�ë�ì�÷�ñ �Vù�÷Âê�ë ��õ�ùgöPíPñ�ñ�í\ê¨ï�û�î�íPñ ��ñ�ë�ù
ï�õ�����í ï�ñ�ó�ù�îÂî�ù(
�ñGN8-5÷$�qí\ê�ë�ì�í/��ù�÷�ñ�ñ�ù�ê �¢÷�ñ�ë�õ�÷Âû/��ë�í	��ê,��ø ûVí\õ

N(K%) = #{i ≥ 1 : H(Pi, Vi) ∩ K% 6= ∅} =
∑

i≥1

χ(H(Pi, Vi) ∩ K%)

ù�ó!ì�ô5��í\õ���îðï�ê�íPñ3ì�÷Âë�ë�÷Âê/�
K%

��ñXï�ô
N(K%) = n

��ë�ì�í6õXï�ê���ù�ø �qíPö\ë�ù�õ�ñ
X
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i = 1, . . . , n
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N(K%)
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e÷Âë�ìGöPù�øJø!ù�ê �¢÷�ñ�ë�õ�÷Âû/��ë�÷�ù�ê
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Θ (·) 
eì�÷�ö�ì>÷�ñ7��íuò�ê�í	�A��ó�ù�õ

B ∈ B1ï�ê��
S ∈ Bd ∩ SSd−1

+

��û�ô

Q
(%)
Θ (B × S) =

1

bΘ(K%)

∫

B

∫

S

χ(H(p, v) ∩ K%)Θ(dv) dp

=
1

bΘ(K)

∫

B

∫

S

χ(H(%−1p, v) ∩ K)Θ(dv) dp ,


eì�í\õ�í
bΘ(K) =

∫

IR1

∫

SSd−1
+

χ(H(p, v) ∩ K)Θ(dv) dp .
ú F1��J �

B�ù�õeû�õ�í2��÷Âëmô4�/��ë
Xi = X

(1)
i

ó�ù�õ
i = 1, 2, . . .

ï�ê��Gî�í\ë
X0

��í\ê�ù�ë�í5ë�ì�í �qí\ê�í\õ�÷�ö5õXï�ê���ù�ø �qíPö\ë�ù�õ

e÷Âë�ì �¢÷�ñ�ë�õ�÷Âû/��ë�÷�ù�ê

Q
(1)
Θ (·) �"ÿ�ì�í\õ�íuó�ù�õ�í 

í�ø�ïPô=
eõ�÷Âë�í
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(d)
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d
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∑

1≤i1<···<id−k≤N(K%)
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d−k∩
j=1

H(X
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) ∩ K%)
ú F1� H?�
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(d)
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∑

1≤i1<···<id−k≤N(K%)
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EN(K%) = E

∑

i≥1

χ(H(Pi, Vi) ∩ K%) = λ % bΘ(K) ,
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ÿ�ì�í�÷Âê�ë�í2��õXï�î
bΘ(K)

��íuò�ê�í	�,÷Âê:ú F1��J ��ö�ï�ê�ûVí5õ�í2
eõ�÷Âë�ë�í\ê&ï�ñ

bΘ(K) =

∫

SSd−1
+

(

hK(v) + hK(−v)
)

Θ(dv) ,


eì�í\õ�í
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Θ(·) �
é�ó�ë�ì�í���
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Φ
(d)
λ,Θ

÷�ñ5ø!ù�ë�÷�ù�ê � ÷Âê,��ï�õ�÷ðï�ê�ë(��÷ � í�� Θ(·) = U(·) �Vë�ì�í\ê bU (K)
öPù�÷Âê�ö\÷���íPñ 
e÷Âë�ì ë�ì�í
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ù�ó
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eì�÷�öXì�÷�ñEï<
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(d)
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�5é�ê3ë�ì�÷�ñ?ö�ï�ñXí
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∫

SSd−1
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∫

IR1

V
(d)
k (H(p, v) ∩ K) dpU(dv) =

κd−1

d κd

(k + 1)κk+1

κk
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(d)
k+1(K)

ú F1��> �

ó`ù�õ
k = 0, 1, . . . , d − 1
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eì�í\õ�í
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k (K)
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ø!ù�ë�÷�ù�ê � ÷Âê?��ï�õ�÷ðï�ê�ë,ï�ê��Ý÷Âê�ö\õ�í�ï�ñ�÷Âê/� ù(�qù�÷��ó���ê�ö\ë�÷�ù�ê¨ï�î�ñ{ö�ï�ê�û�í ��íuò�ê�í	��û�ôGë�ì�í 
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νd(K + Bd
r ) =

d
∑

k=0

rd−k κd−k V
(d)
k (K)
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e÷Âë�ì�
 �6�
� ��� :��4��� :���LB��� � " :A:A�6�! C� � �)"�D : W
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eì�í\õ�í

µ
(k,d)
Θ (K) :=

(bΘ(K))d−k
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∫
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· · ·
∫
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∫
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∏
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∫
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v1, . . . , vd−k ∈ SSd−1

+

ï�ê��
ZΘ
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(
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�ñEë�ù���õ�ù(�qí�ë�ì�í�ó`ù�îÂî�ù�
e÷Âê/�$ö\õ���ö\÷ðï�î)íPñ�ë�÷Âø�ï�ë�í ��÷$�qí\ê�÷Âê

� ,��������	��
 7 �)��&G��I?�)I- 6< "� 
Ef2(Y1, . . . , Ym) < ∞ � ��< "�& �

E
(

R(m)
n (f)

)2 ≤ cm

n2
E f2(Y1, . . . , Ym)
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U � ñ�ëXï�ë�÷�ñ�ë�÷�öPñ÷Âê�ö\î$���¢÷Âê/�4
�í�ï�9qí\õ �qí\õ�ñ�÷�ù�ê�ñ�ù�ó�þ�í\øJø�ï4F1�$#��
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é�ê!ë�ì�÷�ñ
ñ�íPö\ë�÷�ù�ê:
�íEñ�ë����¢ô�ë�ì�í�.zù�÷Âê�ë
ï�ñ�ôgø���ë�ù�ë�÷�ö{û�í\ì¨ï(��÷�ù���õ5ú�ï�ñ
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ñ�ö�ï�î�í	�,õXï�ê���ù�ø ��ï�õ�÷ðï�û�î�íPñ
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(d)
k,%(K) = %−(d−k−1/2)
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Ψ
(d)
k (K%) − (λ % )d−k µ

(k,d)
Θ (K)
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ó`ù�õ
k = 0, 1, . . . , d− 1
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U � ñ�ëXï�ë�÷�ñ�ë�÷�öPñ=

í3÷Âê�ë�õ�ù?�1��öPí ë�ì�í

öPù�ê��¢÷Âë�÷�ù�ê¨ï�î�í)01��íPö\ëXï�ë�÷�ù�ê

g
(k,d)
χ,Θ ((p, v),K) = Eχ(

d−k−1∩
i=1

H(Xi) ∩ H(p, v) ∩ K)

ó`ù�õ
(p, v) ∈ IR1×SSd−1
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�)émê�ï�ê¨ï�î�ù���ô5ë�ù ú F1��' � 
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e÷Âë�ì
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�eë�ù:��í\õ�÷$�qí+ïJø!ù�õ�í�í)01��îÂ÷�ö\÷ÂëEó�ù�õ�ø@��îðï$ù�ó"ë�ì�í öPù�ê��¢÷Âë�÷�ù�ê¨ï�î
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�¸ê¨ï�ø!í\îÂô
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(d)
k

(d − k − 1)!
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V

(d)
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ú J1��F �

e÷Âë�ì

a
(d)
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(κd−1

d κd

)d−k−1
κd−k−1

ó`ù�õ
k = 0, 1, . . . , d − 1 .
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�í ö�ï�î�ö2��îðï�ë�í�ë�ì�í ï�ñ�ôgø���ë�ù�ë�÷�ö�öPù(��ï�õ�÷ðï�ê�öPíPñ

σ
(d)
kl (Θ,K) = lim

%→∞
Cov(Ψ

(d)
k,%(K),Ψ

(d)
l,% (K) ) .

B�ù�õ�û�õ�í2�g÷Âë�ô ���/��ë
σ

(d)
kl (K) = σ

(d)
kl (U,K)
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k, l = 0, 1, . . . , d − 1

�
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Ψ

(d)
λ,Θ
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σ
(d)
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(λ bΘ(K) )2d−k−l−1

(d − k − 1)! (d − l − 1)!
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(k,d)
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k, l = 0, 1, . . . , d − 1 �
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l
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eõ�÷Âë�í
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=
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∑
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∑
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∑
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Cov(Ψ
(d)
k (K%),Ψ

(d)
l (K%))

ö�ï�ê:û�í 
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+

(
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ï�ê�� ï�îÂî
(p, v) ∈ IR1 × SSd−1

+

ñ���ö�ì:ë�ì¨ï�ë
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Σd(K)

ï�ê��
Td(K)

��íuò�ê�í	��÷Âê�ÿ�ì�íPù�õ�í\ø
3.1

ï�ê��
4.1

�)õ�íPñ���íPö\ë�÷$�qí\îÂô �1, ì�í\õ�í�ï�ñ�ë�ì�í+îÂ÷Âê�í�ï�õ�ì,��îÂî"ñ��¨ï�ê�ê�í	�
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∑
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ù(�qù�÷��,óC��ê�ö\ë�÷�ù�ê¨ï�î�ñ

J
(d)
k (K) =

∫

Sd−1

+

∫

IR1

(

V
(d)
k (H(p, v) ∩ K)

)2
dpU(dv) , k = 0, 1, . . . , d − 1 ,


eì�÷�ö�ì�ï�õ�í
ø!ù�ë�÷�ù�ê � ÷Âê,��ï�õ�÷ðï�ê�ë(� ê�ù�ê � ��íPö\õ�í�ï�ñ�÷Âê/��ï�ê��+öPù�ê�ë�÷Âê,��ù���ñ(��û/��ë�ê�ù�ë�ï��/�¢÷Âë�÷$�qíeù�ê+ë�ì�í�ó�ï�ø �÷ÂîÂô>ù�ó�öPù�ê,�qí)0,ûVù?�¢÷�íPñe÷Âê
IRd �

,6í�ò�õ�ñ�ë"öPù�ø��/��ë�í
J

(d)
k (K)

ó`ù�õ"ñ�ù�ø!íeñ���íPö\÷ðï�î¨öPù�ê?�qí)0Jû�ù5�¢÷�íPñ�ñ���ö�ì>ï�ñ�û¨ï�îÂî�ñ
Bd

r

÷Âê$ï�ê�ô<�¢÷Âø!í\ê �ñ�÷�ù�êG�)í\îÂîÂ÷$��ñ�íPñ
Ea,b = {(x1, x2) ∈ IR2 : x2

1/a
2 + x2

2/b
2 ≤ 1} 
e÷Âë�ì6ê,��ø!í\õ�÷�ö�ï�î�í)0¢öPí\ê�ë�õ�÷�ö\÷Âë�ô

k =
√

1 − b2/a2 ∈ [0, 1)
ú}÷ � í��

a ≥ b
��ï�ê�� ��îðï�ê¨ï�õEõ�íPö\ëXï�ê/��î�íPñ

Ra,b = [−a, a] × [−b, b]
�

� ,�������� ��


J
(d)
k (Bd

r ) =
( (d − 1)!κd−1

(d − k − 1)!κd−k−1

)2 (2 r)2k+1

(2k + 1)!
, 0 ≤ k ≤ d − 1 .

ú >1�$#��

J
(2)
1 (Ea,b) =

32 a b2

3π
F
(π

2
, k
)

,
� <M���)�

F
(π

2
, k
)

=

∫ π/2

0

dϕ
√

1 − k2 sin2 ϕ

ú >1��F �

#('
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J
(2)
1 (Ra,b) =

16

3π

(

I(a, b) + I(b, a)
)

,
ú >1��J �

� <M��� �

I(a, b) = 3 a b2 log
(

√
a2 + b2 + a

b

)

− b2
(

√

a2 + b2 − b
)

.

ÿ�ì�íBó�ù�õ�ø@��îðï�í4ú >1�$#�� 
�í\õ�í;��í\õ�÷$�qí	� ÷Âê ��* �!�åÿ�ù ö�ï�î�ö2��îðï�ë�í&ë�ì�í3óC��ê�ö\ë�÷�ù�ê¨ï�î�ñ
J

(2)
1 (Ea,b)

ï�ê��
J

(2)
1 (Ra,b)

ú�
eì�÷�ö�ì>ï�õ�í�ê�íPí	��í	�+÷ÂêJö�ï�ñ�íPñ�ï�ñ§÷ÂîÂî$��ñ�ë�õXï�ë�í	�+÷Âê�B�÷$����õ�í #���ù�ê�í�ì¨ï�ñ�ë�ù ��í\ë�í\õ�øJ÷Âê�íeë�ì�í
î�í\ê/��ë�ì�ñ"ù�óVï�îÂî�öXì�ù�õ���ñ�ë�ì�õ�ù��/��ì

Ea,b
ï�ê��

Ra,b
��õ�íPñ��VíPö\ë�÷$�qí\îÂô ��émê �¨ï�õ�ë�÷�ö2��îðï�õ(�që�ì�íeöPù�ø��/��ëXï�ë�÷�ù�ê

ù�ó¨ë�ì�í�ö�ì�ù�õ��+î�í\ê/��ë�ì�ñ§ë�ì�õ�ù��/��ì
Ra,b

õ�í&�,��÷Âõ�íPñ§ë�ù3�¢÷�ñ�ë�÷Âê/����÷�ñ�ì!ñ�í2�qí\õXï�î�ö�ï�ñ�íPñ§ù�ó¨ì�ù�
 ï�ú}õXï�ê���ù�ø:�
îÂ÷Âê�íPñ�ö\õ�ù�ñ�ñ�íPñ5ë�ì�íJûVù���ê���ï�õ�ô

∂Ra,b
�+ÿ�ì�íPñ�í+î�í\ê/��ë�ì�ô;��õ�ù�öPí	�1��õ�íPñ ï�ê��6ë�ì�íJöPù�ø��/��ëXï�ë�÷�ù�ê�ñ ù�ó

ë�ì�í?öPù�õ�õ�íPñ���ù�ê��¢÷Âê/�J÷Âê�ë�í2��õXï�î�ñeøJ÷$��ì�ëeûVí{ù�ó�÷Âê�ë�í\õ�íPñ�ëe÷Âê>÷Âë�ñeù(
eê,õ�÷$��ì�ë�ï�ê��:
e÷ÂîÂî(ûVí?ö�ï�õ�õ�÷�í	�,ù���ë
÷Âê�ë�ì�í � �/�Ví\ê��¢÷ 0,û�í\î�ù�
 �
é�ê ë�ì�í �¨ï�õ�ë�÷�ö2��îðï�õ�ö�ï�ñ�í

a = b
õ�í\îðï�ë�÷�ù�êÄú >1��F �{öPù�÷Âê�ö\÷���íPñ 
e÷Âë�ì ú >1�$#��Eó�ù�õ

d = 2, k = 1, r = aï�ê��:ú >1��J �
õ�íPñ���îÂë�ñe÷Âê

J
(2)
1 (Ra,a) =

32 a3

3π

(

3 log(1 +
√

2) + 1 −
√

2
)

≈ 7.5712 a3 .

0{ù�ë�÷�öPí ë�ì¨ï�ë:ú >1��F �Gï�ê��.ú >1��J �Gí)0¢ì�÷Âû�÷Âë�ñ��VíPö\÷ðï�î�ö�ï�ñ�íPñ,ù�ó-(�< ���)I � @M��� ��� �3�	 C� � �)"�D : 
eì�÷�ö�ì ï�õ�í
ñ�ë����¢÷�í	���?��÷Âë�í 
�í\îÂî�÷ÂêB÷Âê�ë�í2��õXï�î �qíPù�ø!í\ë�õ�ô ��ñ�íPí ��F�F ��ï�ê��Bõ�íuó`í\õ�í\ê�öPíPñ{ë�ì�í\õ�í\÷ÂêG��B�õ�ù�ø=ÿ�ì�íPù�õ�í\ø
>1��J1� %�÷Âê ��F�F �G
�í@��í	�1��öPí�ë�ì�í5÷Âê�í&�?�¨ï�îÂ÷Âë�ô

J
(2)
1 (K) ≤ 16

3

( ν2(K)

π

)3/2 ú >1� H?�

ó`ù�õ+ï�ê�ô6öPù�ê,�qí)0 û�ù5�¢ô ÷Âê
IR2 � 
eì�í\õ�í$í&�?�¨ï�îÂ÷Âë�ô:ì�ù�î���ñ ÷ �

K = B2
r

�§ñ�íPí�ï�î�ñXù ��F�+���ó`ù�õ�ø!ù�õ�í
�qí\ê�í\õXï�îg÷Âê�í&�?�¨ï�îÂ÷Âë�÷�íPñ(� 
5ï	�g÷Âê/�{÷Âê�øJ÷Âê�� ë�ì�í8��ï�õ�÷ðï�ê�öPíPñ�ú J1� H?��ï�ê��,ú�H�� H?�Vó�ù�õ

k = l = 1, d = 2
��÷Âë

÷�ñ�÷Âê�ë���÷Âë�÷$�qí\îÂô�ö\î�í�ï�õ�ë�ì¨ï�ë(�#ó�ù�õ(ò/0¢í	��ï�õ�í�ï
ν2(K)

��ë�ì�í"ó���ê�ö\ë�÷�ù�ê¨ï�î
J

(2)
1 (K)

ø�ïPô�ëXï�9qí�ï�õ�û�÷Âë�õXï�õ�÷ÂîÂô
ñ�ø�ï�îÂî ��ï�î$��íPñ 
eì�í\ê

K
ûVíPöPù�ø!íPñ?ñ�ë�õ�÷$� � îÂ÷$9qí�� B�ù�õ5í)0�ï�ø���î�í��¸ò/0¢÷Âê/��ë�ì�í+ï�õ�í�ï

A = π a b
ù�ó"ë�ì�í

ó�ï�øJ÷ÂîÂôGù�ó§í\îÂîÂ÷$��ñXíPñ
Ea,b

ï�ê���ñ�í\ë�ë�÷Âê/�
b = A/π a

�/

í �qí\ë

J
(2)
1 (Ea,b) =

32A2

3π3 a
F
(π

2
,
√

1 − A2/π2 a4
)

−→
a→∞

0 .

ÿ�ì�÷�ñ�ø!í�ï�ê�ñ�ë�ì¨ï�ë�î�ù�ê/�?ï�ê���ë�ì�÷Âê���îðï�ê¨ï�õ�öPù�ê?�qí)0�û�ù5�¢÷�íPñ
K

�¢÷ÂøJ÷Âê�÷�ñ�ì ë�ì�í.��ï�õ�÷ðï�ê�öPí�ù�ó
Ψ

(d)
0,%(K)

�
þ(÷$9qí2
e÷�ñ�í���ó`ù�õ�ò/0¢í	�

νd(K)
�"ë�ì�í$óC��ê�ö\ë�÷�ù�ê¨ï�î

J
(d)
d−1(K)

ö�ï�ê ûVí>øJ÷Âê�÷ÂøJ÷���í	�4ë�ù ��í\õ�ù ÷Âê4í�ï�ö�ì
�¢÷Âø!í\ê�ñ�÷�ù�ê

d ≥ 2
��émê,öPù�ê�ë�õXï�ñ�ë�ë�ù�ë�ì�÷�ñ(�gë�ì�í?óC��ê�ö\ë�÷�ù�ê¨ï�î

J
(3)
1 (K)

÷�ñ�ûVù���ê���í	�>ó}õ�ù�ø ûVí\î�ù(
 û�ô
π ν3(K)

��ÿ�ì�÷�ñe÷�ñeõXï���÷��¢îÂôGñ�íPí\ê,û�ô,ï��/��îÂôg÷Âê/�Jë�ì�í�÷�ñ�ù��Ví\õ�÷Âø!í\ë�õ�÷�ö�÷Âê�í&�?�¨ï�îÂ÷Âë�ô (
V

(2)
1 (H(p, v) ∩

K)
)2 ≥ π V

(2)
2 (H(p, v) ∩K)

��ñ�íPí ��F1#2�!�5�G�.J�F�J1�¢ó�ù�õ�ï�îÂî ��îðï�ê¨ï#õ{öPù�ê,�qí)0Gû�ù5�¢÷�íPñ
H(p, v) ∩K

�
ÿ)ù��qí\ë�ì�í\õ 
e÷Âë�ì ý�õ�ù�ó}ë�ù�ê#� ñ�ó`ù�õ�ø���îðï�ú F1��> ��ó�ù�õ

d = 3, k = 2


í�ù�û�ëXï�÷Âê

#(*



J
(3)
1 (K) ≥ π

∫

SSd−1

+

∫

IR1

V
(3)
2 (H(p, v) ∩ K) dpU(dv) = π ν3(K) ,


eì�í\õ�í�ë�ì�í�í&�?�¨ï�îÂ÷Âë�ôGì�ù�î���ñ�÷ �
K = B3

r

�
�gù�ó�ï�õ(�¢ë�ù+ë�ì�í5ûVíPñ�ë�ù�ó�ë�ì�í�ï���ë�ì�ù�õ�� ñ 9�ê�ù�
eî�í	�1�qí��¨ñ�ì¨ï�õ�� �/�/�Ví\õeûVù���ê���ñ�ù�ó

J
(d)
k (K)

ú
1 ≤ k ≤

d− 1 , d ≥ 3
�"÷Âê�ë�í\õ�ø!ñ�ù�ó�÷Âê�ë�õ�÷Âê�ñ�÷�ö �qù�î$��ø!íPñ�ù�ó

K
ñ�íPí\ø ë�ù�ûVí���ê/9gê�ù(
eêG��,6í?öPù�ê�ö\î$����í{ë�ì�÷�ñ

�¨ï���í\õ�
e÷Âë�ì ï�öPù�ê .�íPö\ë���õ�í�öPù�ê�öPí\õ�ê�÷Âê/��ï�ê �/�/�Ví\õ ûVù���ê��:ù�ó
J

(d)
d−1(K)

ó�ù�õ�ï�ê�ô
d ≥ 2

�,ÿ�ì�í
õ�í\îðï�ë�÷�ù�ê�ñ�ú >1�$#��eï�ê��:ú >1� H?����÷$�qí�õ�÷�ñ�í5ë�ù���õ�íPñ���ø!í�ë�ì¨ï�ë�ë�ì�í�íPñ�ë�÷Âø�ï�ë�í

J
(d)
d−1(K) ≤

(

(d − 1)!κd−1

)2

(2d − 1)!

(2d νd(K)

κd

)(2d−1)/d

ì�ù�î���ñ�
e÷Âë�ìBí&�?�¨ï�îÂ÷Âë�ô>ó�ù�õeû¨ï�îÂî�ñ
K = Bd

r

�
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(2)
1 (Ea,b)

�C5 �
a ≥ b

�Eê�ù�õ�÷�í\ê�ë�í	�Jñ�ë�õXï�÷$��ì�ë�îÂ÷Âê�íPñ
g(p, ϕ)

÷ÂêJï5ý�ï�õ�ë�íPñ�÷ðï�ê
xy � öPù�ù�õ��¢÷Âê¨ï�ë�íeñ�ôgñ�ë�í\ø ö�ï�ê�û�í�õ�í2��õ�íPñ�í\ê�ë�í	�

÷Âê�ë�ì�í?ó`ù�õ�ø
g(p, ϕ) = { (x, y) ∈ IR2 : x cosϕ + y sinϕ = p } 
e÷Âë�ì

0 ≤ ϕ ≤ π , p ∈ IR1 ,
ú %5�$#��


eì�÷�ö�ì öPù�õ�õ�íPñ��Vù�ê���ñGë�ù:ë�ì�í&õ�í2��õ�íPñ�í\ê�ëXï�ë�÷�ù�ê ù�ó ì�ô5��í\õ���îðï�ê�íPñ
H(p, v)

ï�ë$ë�ì�í3ûVí2��÷Âê�ê�÷Âê/�Ýù�ó
�gíPö\ë�÷�ù�ê F4
e÷Âë�ì�ù�õ�÷�í\ê�ëXï�ë�÷�ù�êE�qíPö\ë�ù�õ

v = (cos ϕ, sin ϕ) ∈ SS1
+

� B�ù�õ�õ�í�ï�ñ�ù�ê�ñ�ù�ó�ñ�ô�øJø!í\ë�õ�ô3÷Âë
ñ��6��öPíPñ�ë�ù+öPù�ê�ñ�÷���í\õ�ö�ì�ù�õ���ñ 
e÷Âë�ì�í\ê�� � �Vù�÷Âê�ë�ñ g(p, ϕ) ∩ ∂Ea,b = {(x1, y1), (x2, y2)}

ù�ê�îÂô�ó`ù�õ
0 ≤ ϕ ≤ π/2

ï�ê��
p ≥ 0

�
ÿ�ì�í�öPùgù�õ��¢÷Âê¨ï�ë�íPñ{ù�ó�ë�ì�í�ë 
�ù:��ù�÷Âê�ë�ñEù�ó�÷Âê�ë�í\õ�ñ�íPö\ë�÷�ù�ê
(x1, y1)

ï�ê��
(x2, y2)

ï�õ�í�ù�û�ëXï�÷Âê�í	�3ï�ñ�ñXù�î$��ë�÷�ù�ê�ñEù�ó§ë�ì�í�ñ�ôgñ�ë�í\ø�ù�ó§í&�?�¨ï�ë�÷�ù�ê�ñ

b2 x2 + a2 y2 = a2 b2 ï�ê��
x cos ϕ + y sinϕ = p

ó`ù�õ
0 ≤ ϕ < π/2 , 0 ≤ p ≤

√

a2 cos2 ϕ + b2 sin2 ϕ
�

5�ôGñ�ù�î$�g÷Âê/�Jë�ì�í�öPù�õ�õ�íPñ��Vù�ê��¢÷Âê/� �?�¨ï��¢õXï�ë�÷�ö�í&�?�¨ï�ë�÷�ù�ê 
�í5ò�ê���ë�ì¨ï�ë(�¢ó`ù�õ
i = 1, 2

�

xi =
p − yi sinϕ

cos ϕ
, yi =

p b2 sinϕ + (−1)i a b cos ϕ
√

a2 cos2 ϕ + b2 sin2 ϕ − p2

a2 cos2 ϕ + b2 sin2 ϕ
,


eì�í\ê�öPí�÷Âëeó�ù�îÂî�ù(
�ñ

y2 − y1 =
2 a b cos ϕ

√

a2 cos2 ϕ + b2 sin2 ϕ − p2

a2 cos2 ϕ + b2 sin2 ϕï�ê��
x2 − x1 = −2 a b sinϕ

√

a2 cos2 ϕ + b2 sin2 ϕ − p2

a2 cos2 ϕ + b2 sin2 ϕ

F�+



ñ�ù?ë�ì¨ï�ë"ë�ì�í�ñ �,�¨ï�õ�í	�+î�í\ê/��ë�ì$ù�ó¸ë�ì�íeö�ì�ù�õ���öPù�ê�ê�íPö\ë�÷Âê/�
(x1, y1)

ï�ê��
(x2, y2)

ö�ï�êJûVí
í)01��õ�íPñ�ñ�í	�
û�ô

(x2 − x1)
2 + (y2 − y1)

2 =
4 a2 b2 ( a2 cos2 ϕ + b2 sin2 ϕ − p2 )

( a2 cos2 ϕ + b2 sin2 ϕ )2
.

B�÷Âê¨ï�îÂîÂô �5��ñ�÷Âê/��ë�ì�íEñ�ôgøJø!í\ë�õ�ô�ï�ê��$÷Âê�ë�í2��õXï�ë�÷Âê/��ú`ù(�qí\õ
ϕ
��
 � õ(� ë(��ë�ì�í���ê�÷yó�ù�õ�ø �¢÷�ñ�ë�õ�÷Âû/��ë�÷�ù�ê>ù�ê

SS1
+

�1

í�ù�û�ëXï�÷Âê

J
(2)
1 (Ea,b) =

4

π

π/2
∫

0

√
a2 cos2 ϕ+b2 sin2 ϕ

∫

0

(

(x2 − x1)
2 + (y2 − y1)

2
)

dp d ϕ

=
16 a2 b2

π

π/2
∫

0

√
a2 cos2 ϕ+b2 sin2 ϕ

∫

0

a2 cos2 ϕ + b2 sin2 ϕ − p2

(a2 cos2 ϕ + b2 sin2 ϕ)2
dp dϕ

=
32

3π
a2 b2

π/2
∫

0

dϕ
√

a2 cos2 ϕ + b2 sin2 ϕ

=
32

3π
a b2

π/2
∫

0

dϕ
√

1 − k2 sin2 ϕ
,


eì�í\õ�í
k =

√

1 − b2

a2
. 2

 {êBö�ï�ê ��õ�ù(�qí ë�ì�í5ó`ù�îÂî�ù�
e÷Âê/��í)01�¨ï�ê�ñ�÷�ù�ê�ñ{ï�ê���íPñ�ë�÷Âø�ï�ë�íPñEù�ó
F
(

π
2 , k
) ó�ù�õEï�ê�ô

k ∈ [0, 1)
N

F
(π

2
, k
)

=
π

2

∞
∑

n=0

k2n

42n

(

2n

n

)2

≤ π

2

∞
∑

n=0

k2n

4n n!

n
∏

k=1

(4k − 3) =
π

2
(1 − k2)−1/4 .


{í\õ�í 

í�ì¨ï	�qí ��ñ�í	�Gë�ì�í�÷Âê�í&�?�¨ï�îÂ÷Âë�ô n!
4n

(2n
n

)2 ≤ (4n − 3) · (4n − 7) · · · 5 · 1 ó�ù�õEï�ê�ô n ≥ 1
�

é�ê�ñ�í\õ�ë�÷Âê/�
k2 = 1 − b2/a2 ï�ê��GëXï�9g÷Âê/�!÷Âê�ë�ù$ï�öPöPù���ê�ë{ë�ì¨ï�ë ν2(Ea,b) = π a b

ô�÷�í\î��

J
(2)
1 (Ea,b) ≤

32

3
π a b2 π

2

(a

b

)1/2
=

16

3
(a b)3/2 =

16

3

( ν2(Ea,b)

π

)3/2
,


eì�÷�ö�ì3öPù�÷Âê�ö\÷���íPñ 
e÷Âë�ì ú >1� H?��ó�ù�õ
K = Ea,b

�
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(2)
1 (Ra,b)

5�ô:��íuò�ê�÷Âë�÷�ù�ê,ë�ì�í?í	�1�qíPñeù�ó�ë�ì�í{õ�íPö\ëXï�ê/��î�í
Ra,b

ï�õ�í3�¨ï�õXï�îÂî�í\îVë�ù�ë�ì�í5ï 0¢÷�ñeï�ê��>÷Âë�ñ�ë�ì�í �qí\õ�ë�÷�öPíPñ
÷Âê ï�ê�ë�÷ � ö\î�ùgö�95
e÷�ñ�í�ù�õ���í\õ�÷Âê/�&ï�õ�í (−a,−b)

�
(a,−b)

�
(a, b)

�§ï�ê��
(−a, b)

� � ñ5÷Âê6ë�ì�íJö�ï�ñ�íJù�ó
í\îÂîÂ÷$��ñ�íPñ7
�í?öPù�ê�ñ�÷���í\õ
öXì�ù�õ���ñeï�õ�÷�ñ�÷Âê/� ó`õ�ù�ø ë�ì�í{÷Âê�ë�í\õ�ñXíPö\ë�÷�ù�êGù�ó�ë�ì�í{ûVù���ê���ï�õ�ô

∂Ra,b

e÷Âë�ì>ë�ì�í

ñ�ë�õXï�÷$��ì�ë�îÂ÷Âê�í
g(p, ϕ)

��íuò�ê�í	�,÷Âê ú %5�$#��
ù�ê�îÂô>ó`ù�õ
0 ≤ ϕ ≤ π/2

ï�ê��
p ≥ 0

��5
ôGöPù�ê�ë�õXï�ñ�ë 
e÷Âë�ì
í\îÂîÂ÷$��ñ�íPñ(�¢ñ�í2�qí\õXï�î �¢÷ �Ví\õ�í\ê�ëeë�ô5��íPñ
ù�ó�ö�ì�ù�õ���ñ�ë�ì�õ�ù��/��ì

Ra,b
í\ø!í\õ��qí���5eï�ñ�÷�ö�ï�îÂîÂô �1
�í3�¢÷�ñ�ë�÷Âê/����÷�ñ�ì

ö�ï�ñ�í!ú`é �
0 ≤ ϕ < x(a, b) := arctan a

b

ï�ê��Bö�ï�ñ�í!ú`é�é��
x(a, b) ≤ ϕ < π

2

�
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é�ê!ö�ï�ñ�í�ú`é��)��ó`ù�õ
ϕ
ûVí\÷Âê/�5ò/0¢í	�A��ë�ì�í\õ�íEí)0g÷�ñ�ë�öPí\õ�ëXï�÷Âê

p1
ï�ê��

p∗
��í2��í\ê��¢÷Âê/� ù�ê

a, b, ϕ
ñ���öXì!ë�ì¨ï�ë

ë�ì�íJí\ê�� � ��ù�÷Âê�ë�ñ ù�ó�ë�ì�íJö�ì�ù�õ�� g(p, ϕ) ∩ Ra,b
ï�õ�í {(x1,−b), (x2, b)}

õ�íPñ��G� {(a, y1), (x2, b)}ó`ù�õ
0 ≤ p ≤ p1

õ�íPñ��G�
p1 ≤ p ≤ p∗

�/
eì�í\õ�í

x1 cos ϕ − b sinϕ = p , x2 cos ϕ + b sinϕ = p , a cos ϕ + y1 sinϕ = p

ï�ê��
p1
õ�íPñ��G�

p∗
÷�ñ�. ��ñ�ëEë�ì�í �¢÷�ñ�ëXï�ê�öPíPñ?ù�ó§ë�ì�í�îÂ÷Âê�í öPù�ê�ëXï�÷Âê�÷Âê/�

(a,−b)
õ�íPñ��G�

(a, b)
ó`õ�ù�ø�ë�ì�í

ù�õ�÷$��÷ÂêG��ë�ì¨ï�ë�÷�ñ(�

p1 = p1(a, b, ϕ) = a cos ϕ − b sinϕ
ï�ê��

p∗ = p∗(a, b, ϕ) = a cos ϕ + b sinϕ .


{í\ê�öPí��¢ó�ù�õ
0 ≤ p ≤ p1(a, b, ϕ)

�"
�í �qí\ë

(x2 − x1)
2 + (2 b)2 =

(2 b sinϕ

cos ϕ

)2
+ (2 b)2 = 4 b2

(

1 + tan2 ϕ
)

=
4 b2

cos2 ϕ

ï�ê��A�¢ó`ù�õ
p1(a, b, ϕ) ≤ p ≤ p∗(a, b, ϕ)

�

(x2−a)2+(b−y1)
2 =

(p − b sinϕ

cos ϕ
−a
)2

+
(p − a cosϕ

sinϕ
−b
)2

=
( p − a cos ϕ − b sinϕ

sinϕ cos ϕ

)2
.

0{ù�
 �/
�í ï�õ�í�÷ÂêBï ��ù�ñ�÷Âë�÷�ù�ê,ë�ù!í2��ï�î$�¨ï�ë�í�ë�ì�í5÷Âê�ë�í2��õXï�î

K(a, b) =

x(a,b)
∫

0

p∗(a,b,ϕ)
∫

0

(

ν1(g(p, ϕ) ∩ Ra,b)
)2

dpdϕ .

ÿ�ì�í5ò�õ�ñ�ë�ñ�ë�í2��÷�ñ�ë�ùJö�ï�î�ö2��îðï�ë�í�ë�ì�í5÷Âê�ê�í\õ�÷Âê�ë�í2��õXï�î

p∗(a,b,ϕ)
∫

0

(

ν1(g(p, ϕ) ∩ Ra,b)
)2

dp =

p1(a,b,ϕ)
∫

0

4 b2

cos2 ϕ
dp +

p∗(a,b,ϕ)
∫

p1(a,b,ϕ)

( p∗(a, b, ϕ) − p

sinϕ cos ϕ

)2
dp

=
4 b2 p1(a, b, ϕ)

cos2 ϕ
+

(

p∗(a, b, ϕ) − p1(a, b, ϕ)
)3

3 sin2 ϕ cos2 ϕ

=
4 a b2

cos ϕ
− 4 b3 sinϕ

3 cos2 ϕ
,


eì�÷�ö�ìBõ�íPñ���îÂë�ñe÷Âê

F�F



K(a, b) = 4 a b2

x(a,b)
∫

0

d(sinϕ)

1 − sin2 ϕ
+

4 b3

3

x(a,b)
∫

0

d(cos ϕ)

cos2 ϕ

= 4 a b2

sin(x(a,b))
∫

0

dz

1 − z2
− 4 b3

3

1
∫

cos(x(a,b))

dz

z2

= 2 a b2 log

(

1 + sin(x(a, b))

1 − sin(x(a, b))

)

− 4 b3

3

(

1

cos(x(a, b))
− 1

)

= 2 a b2 log

(√
a2 + b2 + a√
a2 + b2 − a

)

− 4 b2

3

(

√

a2 + b2 − b
)

=
4

3
I(a, b) .


{í\õ�í 

í�ì¨ï	�qí ��ñ�í	�Gë�ì�í�õ�í\îðï�ë�÷�ù�ê�ñ

∫ x

0

dz

1 − z2
=

1

2
log

1 + x

1 − x

ó`ù�õ
0 ≤ x < 1 ,

ú %5��F �

sin(x(a, b)) =
tan(x(a, b))

√

1 + tan2(x(a, b))
=

a√
a2 + b2

,
ú %5��J �

cos(x(a, b)) =
1

√

1 + tan2(x(a, b))
=

b√
a2 + b2

.
ú %5� H?�

0{í)0¢ë 
�í3ë�õ�í�ï�ë�ë�ì�í3ö�ï�ñ�í ú`éXé �)��B�ù�õ�ò/0¢í	�
ϕ ∈ [x(a, b), π/2]

��ë�ì�í\õ�í3í)0g÷�ñ�ëGï;��ê�÷ �?��í
p2 =

p2(a, b, ϕ) ∈ [0, p∗]
ûVí\÷Âê/� í&�?�¨ï�î?ë�ù:ë�ì�í �¢÷�ñ�ëXï�ê�öPí&ù�ó ë�ì�í�îÂ÷Âê�í 
e÷Âë�ì ù�õ�÷�í\ê�ëXï�ë�÷�ù�ê�ï�ê/��î�í

ϕöPù�ê�ëXï�÷Âê�÷Âê/�Ýë�ì�í �qí\õ�ë�í)0
(−a, b)

�e÷ � í��
p2 = −a cos ϕ + b sinϕ

� ÿ�ì�íBí\ê�� � �Vù�÷Âê�ë�ñGù�ó�ë�ì�íö�ì�ù�õ��
g(p, ϕ) ∩ Ra,b

ï�õ�í {(−a, y1), (a, y2)}
õ�íPñ��G� {(x1, b), (a, y2)}

ó�ù�õ
0 ≤ p ≤ p2

õ�íPñ��G�
p2 ≤ p ≤ p∗

�1
eì�í\õ�í

−a cos ϕ + y1 sinϕ = p , a cosϕ + y2 sinϕ = p , x1 cos ϕ + b sinϕ = p

ñ�ù+ë�ì¨ï�ë(�¢ó�ù�õ
0 ≤ p ≤ p2(a, b, ϕ)

��

í �qí\ë

(2 a)2 + (y2 − y1)
2 = (2 a)2 +

(2 a cos ϕ

sinϕ

)2
= 4 a2

(

1 + cot2 ϕ
)

=
4 a2

sin2 ϕï�ê��A�¢ó`ù�õ
p2(a, b, ϕ) ≤ p ≤ p∗(a, b, ϕ)

�

(x1 − a)2 + (b− y2)
2 =

(p − b sinϕ

cos ϕ
− a

)2
+
(p − a cos ϕ

sinϕ
− b
)2

=
( p∗(a, b, ϕ) − p

sinϕ cos ϕ

)2
.

é�êBï�ê¨ï�î�ù���ôGë�ù!ö�ï�ñ�í!ú`é��8
�í�ì¨ï	�qí�ë�ùJöPù�ø��/��ë�í ë�ì�í ��ù���û�î�í�÷Âê�ë�í2��õXï�î
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L(a, b) =

π/2
∫

x(a,b)

p∗(a,b,ϕ)
∫

0

(

ν1(g(p, ϕ) ∩ Ra,b)
)2

dpdϕ .

,6í ï���ï�÷Âê�ë�õ�í�ï�ë�ë�ì�í�÷Âê�ê�í\õE÷Âê�ë�í2��õXï�î�ò�õ�ñ�ëGN
p∗(a,b,ϕ)
∫

0

(

ν1(g(p, ϕ) ∩ Ra,b)
)2

dp =

p2(a,b,ϕ)
∫

0

4 a2

sin2 ϕ
dp +

p∗(a,b,ϕ)
∫

p2(a,b,ϕ)

( p∗(a, b, ϕ) − p

sinϕ cos ϕ

)2
dp

=
4 a2 p2(a, b, ϕ)

sin2 ϕ
+

(

p∗(a, b, ϕ) − p2(a, b, ϕ)
)3

3 sin2 ϕ cos2 ϕ

=
4 a2 b

sinϕ
− 4 a3 cos ϕ

3 sin2 ϕ
,

ñ�ù+ë�ì¨ï�ë�
�í ö�ï�ê ��õ�ù�öPíPí	� 
e÷Âë�ì

L(a, b) = − 4 a2 b

π/2
∫

x(a,b)

d(cos ϕ)

1 − cos2 ϕ
− 4 a3

3

π/2
∫

x(a,b)

d(sinϕ)

sin2 ϕ

= 4 a2 b

cos(x(a,b))
∫

0

dz

1 − z2
− 4 a3

3

1
∫

sin(x(a,b))

dz

z2

= 2 a2 b log

(

1 + cos(x(a, b))

1 − cos(x(a, b))

)

− 4 a3

3

(

1

sin(x(a, b))
− 1

)

= 2 a2 b log

(√
a2 + b2 + b√
a2 + b2 − b

)

− 4 a2

3

(

√

a2 + b2 − a
)

=
4

3
I(b, a) .

B�÷Âê¨ï�îÂîÂô ��÷Âë�õ�í\ø�ï�÷Âê�ñ�ë�ùJñ���øJø�ï�õ�÷���í ë�ì�í�ï�û�ù��qí�÷Âê�ë�í2��õXï�î�ñ�
eì�÷�ö�ì&öPù�ê¢ò�õ�ø!ñ�ú >1��J �eï�ñeó`ù�îÂî�ù�
�ñ

J
(2)
1 (Ra,b) =

1

π

π
∫

0

p∗(a,b,ϕ)
∫

−p∗(a,b,ϕ)

(

ν1(g(p, ϕ) ∩ Ra,b)
)2

dpdϕ

=
4

π

π/2
∫

0

p∗(a,b,ϕ)
∫

0

(

ν1(g(p, ϕ) ∩ Ra,b)
)2

dpdϕ

=
4

π

(

K(a, b) + L(a, b)
)

=
16

3π

(

I(a, b) + I(b, a)
)

. 2
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� ñeû�ô � ��õ�ù5�1��ö\ë�

í�ø�ïPô ��í	�1��öPí5ó`õ�ù�ø�ú >1� H?��ó�ù�õ
K = Ra,b

ë�ì�í5÷Âê�í&�?�¨ï�îÂ÷Âë�ô

I(a, b) + I(b, a) ≤ 8 a b

√

a b

π

ó`ù�õEï�îÂî
a, b > 0 .
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